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INTERSECTION LAWSON HOMOLOGY

PAWE L GAJER

Abstract. The aim of this paper is to construct and describe basic properties
of a theory that unifies Lawson homology and intersection homology. It is
shown that this theory has a localization sequence, is functorial, satisfies a
property analogous to the Lawson Suspension Theorem, and is equipped with
an operation analogous to the Friedlander-Mazur s-operation.

Intersection theory plays a key role in the theory of smooth manifolds in both
differential and algebro-geometric contexts. The main ingredient of intersection
theory is intersection pairing. If X is a smooth orientable manifold of dimension n,
then intersection pairing is defined on the level of the ordinary homology of X

Hk(X ; Z)×Hl(X ; Z) −→ Hk+l−n(X ; Z).(1)

If X is a smooth complex algebraic variety of dimension n, then intersection pairing
is defined on the quotients of the spaces of algebraic cycles of X by the appropriate
equivalence relations. For example, there is a refinement

Ak(X)×Al(X) −→ Ak+l−n(X).(2)

of the pairing (1), where Ak(X) is the group of algebraic k-cycles on X modulo
algebraic equivalence.

Friedlander and Gabber showed that the intersection pairing (2) is a special case
of a much more general pairing that takes place on the level of spaces of algebraic
cycles [FG] . In particular, they showed that for every smooth complex projective
variety X of dimension n if k + l ≥ n, then there is a pairing

Zk(X) ∧ Zl(X) −→ Zk+l−n(X),(3)

which extends, up to homotopy, the usual intersection pairing on cycles that meet
in proper dimension. This pairing is homotopy commutative and associative. As a
consequence, we get a pairing

πrZk(X)× πsZl(X) −→ πr+sZk+l−n(X),

which for r = s = 0 is the classical intersection pairing (2). The homotopy groups
πrZk(X) of the spaces Zk(X), k ≥ 0, of algebraic cycles on X are called the Lawson
homology of X (for more details on this subject see the survey [L1]).

In the case of singular varieties the situation is much more complicated. It is
easy to see that on a generic singular variety neither of the pairings (1), (2) is well
defined. In the category of pseudo-manifolds this problem was overcome around
1980 by Goresky and MacPherson who came up with an appropriate analogue of
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1528 PAWE L GAJER

ordinary homology for pseudo-manifolds [GM]. For every stratified space X and
every function p̄ : Z+ → Z+ so that

p̄(k) ≤ p̄(k + 1) ≤ p̄(k) + 1

they defined the intersection homology groups Ip̄Hk(X ; Z) of X so that

Ip̄Hk(X) ∼=
{
HdimX−k(X) for p̄ = 0̄,

Hk(X) for p̄ = t̄,

where 0̄(k) = 0 for k ≥ 0, t̄(0) = t̄(1) = t̄(2) = 0, and t̄(k) = k − 2 for k ≥ 2.
The functions p̄ are called perversities and they control the excess of intersection of
cycles with singular strata. The key property of intersection homology is existence
of intersection product

Ip̄Hk(X)× Iq̄Hl(X) −→ Ip̄+q̄H(k+l)−n(X)

on any orientable pseudomanifold X of dimension n.
One of the questions Goresky and MacPherson raised in their foundational paper

[GM] concerned existence of an analogue of intersection homology for the groups
A∗(X). A similar question was asked by Friedlander and Lawson in connection
with Lawson homology. The goal of this paper is to describe a candidate for such a
theory. We will refer to it as intersection Lawson homology. Although we were un-
able to construct an intersection pairing for intersection Lawson homology, we prove
a localization and complex suspensions results whose ordinary Lawson homology
versions, extended to the realm of quasi-projective varieties, were key ingredients
in the construction of the Friedlander-Gabber intersection pairing (3). Before we
formulate the properties of intersection Lawson homology let us describe the con-
struction of this theory.

Dold and Thom proved that for every polyhedron X there is an isomorphism

πr(Z0(X)) ∼= Hr(X ; Z).

Thus the ordinary Lawson homology of a variety X corresponds on the level of zero
cycles to the ordinary homology of X . It is natural to expect that on the level of
zero cycles the intersection Lawson homology of X corresponds to the intersection
homology of X . In [Gr] we have introduced a notion of intersection homotopy
groups and proved the following result.

The Intersection Dold-Thom Theorem. For every perversity q̄ and r ≥ 0
there is an isomorphism

Iq̄πr(Z0(X)) ∼= Iq̄Hr(X ; Z),

where Iq̄πr(Z0(X)) stands for the intersection homotopy groups of Z0(X), taken
with respect to a finite filtration Z0(X) of Z0(X) induced by a stratification X of X.

The key idea behind the construction of intersection Lawson homology is to
apply intersection homotopy groups to spaces of algebraic cycles equipped with
some finite filtrations generalizing the filtration Z0(X) of Z0(X). In the next few
paragraphs we outline the construction of intersection homotopy groups, state their
basic properties, and describe certain finite filtrations on spaces of algebraic cycles.

If X is a space equipped with a finite filtration

X : X = X0 ⊃ X1 ⊃ X2 ⊃ · · · ⊃ Xn ⊃ ∅,
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INTERSECTION LAWSON HOMOLOGY 1529

then the elements of the intersection homotopy group Iq̄πr(X) are homotopy classes
of pointed maps f : Sr → X from the unit r-dimensional sphere Sr into X , where
both maps and homotopies satisfy the perversity q̄ condition

dim f−1(X i) ≤ dim
(
dom(f)

)
− i+ q̄(i)

with respect to the filtration X = {X i} of X , where dom(f) is the domain of the
map f . Intersection homotopy groups have many properties analogous to those of
ordinary homotopy groups. For example, for every q̄, the perversity q̄ fundamental
group Iq̄π1(X) acts on Iq̄πr(X), there is an intersection Hurewicz homomorphism

Iq̄πr(X) −→ Iq̄Hr(X ; Z),

and there are long exact sequences of intersection homotopy groups for filtered
fibrations and pairs.

A finite filtration

Z0(X) : Z0(X) = Z0(X)0 ⊃ Z0(X)1 ⊃ Z0(X)2 ⊃ · · · ⊃ Z0(X)n ⊃ ∅,
of Z0(X) from the Intersection Dold-Thom Theorem is called a Lawson filtration
of Z0(X) and it is defined as follows.∑

nixi ∈ Z0(X)k

if there is ni 6= 0 so that xi belongs to the codimension k skeleton Xk of the
stratification X = {Xs}ns=0. It turns out that for every k ≥ 1 the space Zk(X) has
many filtrations that are natural generalization of the Lawson filtration of Z0(X)
and all of them can be parametrized by perversities. Thus, with every stratification
X of X and every perversity p̄ we can associate a finite filtration

Zk(X)p̄ : Zk(X) = Zk(X)p̄,0 ⊃ Zk(X)p̄,1 ⊃ Zk(X)p̄,2 ⊃ · · · ⊃ Zk(X)p̄,n ⊃ ∅
of Zk(X) so that for k = 0 and p̄ = t̄c the filtration Z0(X)t̄c is the Lawson filtration
of Z0(X), where t̄c is the complex top perversity so that t̄c(0) = t̄c(1) = 0 and
t̄c(i) = i − 1 for i ≥ 1. The strata of the filtration Zk(X)p̄ have the following
structure. The regular stratum Zk(X) − Zk(X)p̄,1 consists of algebraic k-cycles
c =

∑
nici of X satisfying for every skeleton Xj of a stratification X = {X i} of X

the following perversity p̄ condition:

dim(|c| ∩Xj) ≤ k − j + p̄(j),(4)

where |c| is the support of the cycle c. The formal codimension i stratum Zk(X)p̄,i−
Zk(X)p̄,i+1 consists of those k-cycles of X that violate the perversity p̄ condition
(4) on the codimension i skeleton X i of X and satisfies perversity p̄ condition on
skeleta of X of codimension greater than i.

The intersection Lawson homology groups of a variety X are the intersection
homotopy groups

Iq̄πr(Zk(X), Zk(X)p̄)

of Zk(X) with respect to the perversity p̄ filtration Zk(X)p̄ of Zk(X). Thus every
element of the group Iq̄πr(Zk(X), Zk(X)p̄) is represented by a continuous family of
algebraic k-cycles of X

f : Sr −→ Zk(X)

for which there is a filtration

Sr = V 0 ⊃ V 1 ⊃ V 2 ⊃ · · · ⊃ ∅
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1530 PAWE L GAJER

of the sphere Sr by closed subsets so that dim V i ≤ m − i − q̄(i), for every x ∈
Sr − V 1 the cycle f(x) satisfies the perversity p̄ condition (4) on every skeleton of
the stratification X of X , and f restricted to V i−V i+1 represents a family of cycles
that satisfy the perversity p̄ condition on all skeleta of X of codimension greater
than i and violate the perversity p̄ condition on the codimension i skeleta of X.

Since there is an isomorphism

Iq̄πr(Z0(X), Z0(X)t̄c) ∼= Iq̄Hr(X ; Z)

the groups Iq̄πr(Z0(X), Z0(X)t̄c) do not depend of the choice of a stratification
X of X . Unfortunately, we cannot prove a similar result for spaces of higher di-
mensional cycles. To ensure that the groups Iq̄πr(Z0(X), Z0(X)t̄c) depend only
on the isomorphism type of X in the sequel we take X to be the canonical Whit-
ney stratification Xcan of X (for more details on this stratification see Section 1
and [Tr]). By the abuse of notation we will write Iq̄πr(Zk(X)p̄) in the place of
Iq̄πr(Zk(X), Zk(Xcan)p̄) and we will denote by Zk(X)p̄ the canonical perversity p̄
filtration Zk(Xcan)p̄ of Zk(X).

For some extreme choices of perversities p̄, q̄, and integers r, k the intersection
Lawson homology groups Iq̄πr(Zk(X)p̄) of X have the following description.

As was mentioned above the groups Iq̄πr(Z0(X), Z0(X)t̄c) are isomorphic to the
intersection homology groups Iq̄Hr(X ; Z) of X . If p̄ and q̄ are the identity maps,
then Iq̄πr(Zk(X)p̄) is isomorphic to the ordinary Lawson homology πr(Zk(X)) of
X . When r = 0 and q̄ is a perversity so that q̄(0) = q̄(1) = 0, then there is an
isomorphism

Iq̄π0(Zk(X)p̄) ∼= π0(Ip̄Zk(X)),

where Ip̄Zk(X) = Zk(X) − Zk(X)p̄,1 is the set of perversity p̄ k-cycles of X . The
group π0(Ip̄Zk(X)) can be identified with the quotient of Zk(X) by a perversity p̄
algebraic equivalence relation (for more details see Section 1). The groups Ip̄Zk(X)
essentially coincide with Flannery’s groups Zk,p̄(X) of p̄-allowable k-cycles on X ,
which are defined using perversity conditions in terms of real dimensions of inter-
sections of cycles with strata [Fl]. Flannery takes the homotopy groups of Zk,p̄(X)
as an another extension of Lawson homology to the singular context.

The following two theorems are the main results of this paper.

Theorem 2.1. If V ⊂ X is a pair of projective varieties so that V l
can = V ∩X l

can for
every canonical skeleton V l

can of V , then there is a localization long exact sequence

· · · → Iq̄πr(Zk(V )p̄) → Iq̄πr(Zk(X)p̄) → Iq̄πr(Zk(X,V )p̄) → Iq̄πr−1(Zk(V )p̄) → · · ·
where Zk(X,V )p̄ is the image of the canonical perversity p̄ filtration Zk(X)p̄ of
Zk(X) by the projection

Zk(X) −→ Zk(X,V )
def
= Zk(X)/Zk(V ).

Theorem 3.3. If X is a projective variety and OX(1) → X is the hyperplane
line bundle on X ⊂ Pn, then for every pair of non-negative integers k, r, every
perversity q̄, and every perversity p̄ so that for every i ≥ 0 there is an inequality
k − i+ 1 + p̄(i) ≥ 0 the projection OX(1) → X induces an isomorphism

Iq̄πr(Zk(X)p̄) −→ Iq̄πr(Zk+1(OX(1))p̄).
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INTERSECTION LAWSON HOMOLOGY 1531

The space Zk+1(OX(1)) can be identified with Zk+1(Σ/X), where Σ/X be a com-
plex join of X with a point x0 in Pn+1−Pn, for some linear embedding Pn ↪→ Pn+1.
The filtration Zk+1(OX(1))p̄ of Zk+1(OX(1)) has the following skeleta:

Zk+1(OX(1))p̄,0 = Zk+1(OX(1))

and c ∈ Zk+1(OX(1))p̄,l for some l ≥ 1 if there is j ≥ l so that

dim(|c| ∩ π−1Xj
can) ≥ k − j + p̄(j) + 1.

Theorem 2.1 is a generalization of Lima-Filho’s localization long exact sequence

· · · −→ πr(Zk(V )) −→ πr(Zk(X)) −→ πr(Zk(X,V )) −→ πr−1(Zk(V )) −→ · · ·
and Theorem 3.3 generalizes the Lawson Suspension Theorem, which says that for
every projective variety X , and every pair of non-negative integers k, r, there is an
isomorphism

πr(Zk(X)) −→ πr(Zk+1(Σ/X)).

We also show that Friedlander’s and Mazur’s s-operation

s : πrZk(X) −→ πr+2Zk−1(X),

lifts to the intersection Lawson homology of X .

Theorem 4.1. Let X be a projective variety. Then for every pair of non-negative
integers k, r, every perversity q̄, and every perversity p̄ so that for every i ≥ 0 we
have k − i+ p̄(i) ≥ 0, there is a homomorphism

sp̄,q̄ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr+2(Zk−1(X)p̄),

so that the diagram

Iq̄πr(Zk(X)p̄)

��

//sp̄,q̄
Iq̄πr+2(Zk−1(X)p̄)

��
πrZk(X) //s

πr+2Zk−1(X)

commutes.

As a corollary we get the following result.

Corollary 4.2. The composition of st̄c,q̄ and s homomorphisms induces the follow-
ing commutative diagram:

Iq̄πr(Zk(X)t̄c)

��
srt̄c,q̄

// πrZk(X)

��
sr

Iq̄Hr+2k(X) // Hr+2k(X)

Intersection Lawson homology is functorial with respect to filtered and cofiltered
maps. A map f : X → Y of complex quasi-projective varieties is called filtered (resp.
cofiltered) if for every l ≥ 0 we have f−1(Y l

can) ⊃ X l
can (resp. f−1(Y l

can) ⊂ X l
can).

The examples of both filtered and cofiltered maps include: smooth morphisms,
embeddings of Zariski open subsets, embeddings of generic hyperplane sections
into a projective variety.
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1532 PAWE L GAJER

We show that for every pair of projective varieties X and Y each cofiltered proper
morphism f : X → Y induces a homomorphism

f∗ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr(Zk(Y )p̄)

and each filtered flat morphism f : X → Y of relative dimension s induces a
homomorphism

f∗ : Iq̄πr(Zk(Y )p̄) −→ Iq̄πr(Zk+s(X)p̄).

The paper is organized as follows. In Section 1 we define perversity p̄ Law-
son filtrations, recall a definition of intersection homotopy groups and their basic
properties, define intersection Lawson homology, study its functoriality properties,
and discuss some examples. In particular, we describe intersection homology ana-
logues of the groups A∗(X) of algebraic equivalence classes of algebraic cycles of
X . Section 2 is devoted to localization long exact sequence for intersection Lawson
homology. Section 3 deals with the intersection Lawson homology version of the
Lawson Suspension Theorem, and in Section 4 we discuss the intersection Lawson
homology analogue of the Friedlander-Mazur s-operation.
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1. Basic constructions

In this section we define intersection Lawson homology and discuss some elemen-
tary properties of these groups. In this paper by a projective variety we mean a
reduced scheme over C admitting a closed embedding in some complex projective
space Pn.

1.1. Perversity p̄ Lawson filtrations. A filtered space (X,X) is a space X with
a filtration

X : X = X0 ⊃ X1 ⊃ · · · ⊃ Xn ⊃ Xn+1 = ∅(5)

of X by closed (if X is of finite dimension) subsets of X . We refer to the element
Xk of the filtration X as the formal codimension k skeleton of X. The differences
Xk − Xk+1 are called strata of X. The codimension zero stratum X − X1 is
called the regular stratum of X. The most important examples of filtrations are
different types of stratifications (decompositions of a space into disjoint unions of
manifolds). Every complex quasi-projective variety admits a Whitney stratification
[Wh1, Wh2, Lo]. Moreover, for every complex quasi-projective variety there is a
unique stratification, the canonical Whitney stratification, which is the coarsest
in the class of all Whitney stratifications on the given variety [Tr]. Recall, that
a stratification X coarsens another stratification X′ of X if every stratum of X is
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the union of connected components of strata of X′. For example, if X is a quasi-
projective variety of dimension n with isolated singularities Σ = {x0, . . . , xn}, then
the canonical Whitney stratification takes the form (5) with X i = Σ for 0 < i ≤ n.
A generic Whitney stratification of the variety X may have some extra skeleta
between X and Σ.

Let X be a stratification of a variety. The l-skeleton Zk(X)l of the Lawson
filtration

Z0(X) : Z0(X) = Z0(X)0 ⊃ Z0(X)1 ⊃ Z0(X)2 ⊃ · · · ⊃ Z0(X)n ⊃ ∅,
of Zk(X), associated with X, consists of the 0-cycles

∑
nixi of X so that

dim(|
∑

nixi| ∩X l) ≥ 0.

The way one can extend the definition of Lawson filtration from spaces of zero
cycles to higher dimensional cycles becomes clear if one rewrites the definition of
the Lawson filtration of Z0(X) in the following form.

∑
nixi ∈ Zk(X)l if there is

j ≥ l so that

dim(|
∑

nixi| ∩Xj) ≥ dim(
∑

nixi)− j + t̄c(j) + 1,

where t̄c is the complex top perversity so that t̄c(0) = t̄c(1) = 0 and t̄c(i) = i− 1 for
i ≥ 1. Replacing, in the above definition of Lawson filtration, the zero cycle

∑
nixi

by a cycle c of dimension k ≥ 0 and the complex top perversity t̄c by a perversity
p̄, we get the following definition of perversity p̄ Lawson filtration:

Zk(X)p̄ : Zk(X) = Zk(X)p̄,0 ⊃ Zk(X)p̄,1 ⊃ Zk(X)p̄,2 ⊃ · · · ⊃ Zk(X)p̄,n ⊃ ∅
of Zk(X) induced by the stratification X. c ∈ Zk(X)p̄,l if there is j ≥ l so that

dim(|c| ∩Xj) ≥ k − j + p̄(j) + 1.

In other words, c ∈ Zk(X)p̄,l if c violates the perversity p̄ condition

dim(|c| ∩Xj) ≤ k − j + p̄(j),

on a skeleton Xj of X of codimension j ≥ l. The perversity p̄ Lawson filtration
Zk(X)p̄ of Zk(X) induces a perversity p̄ Lawson filtration Ck(X)p̄ of the monoid

Ck(X) =
∐

r+s≥0

Ck,r(X)× Ck,s(X),

of effective cycles of dimension k on X , where Ck,r(X) is the Chow variety of degree
r k-cycles of X ⊂ Pn.

In the sequel, we will be dealing only with the canonical perversity p̄ Lawson
filtration Zk(Xcan)p̄, which, by the abuse of notation, will be denoted by Zk(X)p̄.

If X is a complex projective surface, then the space of 1-cycles Z1(X) of X
has only two Lawson filtrations corresponding to the zero and the complex top
perversities.

Z1(X) ⊃ Z1(X)t̄c,1� _
��

⊃ ∅ � _
��

Z1(X) ⊃ Z1(X)0̄,1 ⊃ Z1(X)0̄,2 ⊃ ∅
where Z1(X)t̄c,1 consists of 1-cycles of X with at least one component contained

in the canonical codimension one skeleton X1
can of X , Z1(X)0̄,2 consists of 1-cycles
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of X with at least one component intersecting the codimension two skeleton X2
can,

and

Z1(X)0̄,1 = Z1(X)t̄c,1 ∪ Z1(X)0̄,2.

1.2. Intersection homotopy groups. Before we define intersection Lawson ho-
mology we recall the definition and basic properties of intersection homotopy groups.
For more details on intersection homotopy groups we refer the reader to [Gr].

Let P be a polyhedron of dimension k and let X be a space with a finite filtration

X : X = X0 ⊃ X1 ⊃ · · · ⊃ Xn ⊃ ∅.
A continuous map f : P → X is p̄ allowable with respect to X if for every skeleton
Xs of X the subset f−1(Xs) is contained in a subpolyhedron of P of dimension
less than or equal to k − s + p̄(s). In the sequel, we will sometimes abuse the
notation and write dim f−1(Xs) ≤ m instead of saying that f−1(Xs) is contained
in a subpolyhedron of P of dimension less than or equal to m.

Let M be a pl manifold of dimension k. A continuous map f : M → X is of
perversity p̄ with respect to a filtration X of X , or perversity p̄ (rel X), if f and
its restriction f |∂M to the boundary ∂M of M are both p̄ allowable maps with
respect to X. Two maps f0, f1 : M → X are p̄-homotopic if there is a homotopy
F : M × I → X between f0 and f1, which is a perversity p̄ map.

Let (X,X) be a filtered space with a base point x contained in the top di-
mensional stratum X0 − X1 of X . The r-th perversity q̄ intersection homotopy
group Iq̄πr(X,X;x) of (X,X) consists of q̄-homotopy classes of perversity q̄ maps
(Sr, s) → (X, x) where s is the south pole of the unit sphere Sr of dimension r.

The addition of elements of Iq̄πr(X,X) is defined as in the ordinary homotopy
groups. It is well defined (it preserves the perversity q̄ condition), because the base
point x of X is in the top dimensional stratum of X .

In the sequel we will use another definition of intersection homotopy groups given
in terms of simplicial set theory.

Let ∆r be the standard k-dimensional simplex. A perversity q̄ singular simplex
of a filtered space (X,X) is a continuous map σ : ∆r → X so that for every face
∆ of ∆r the inverse image (σ|∆)−1(X l) is contained in a subpolyhedron of ∆ of
codimension greater than or equal to l− q̄(l) in ∆. Let Iq̄Sr(X,X) be the set of all
perversity q̄ singular r-simplexes of the filtered space (X,X) and let

Iq̄S(X,X) =
∐
r≥0

Iq̄Sr(X,X)

be the simplicial complex of perversity q̄ singular simplexes of (X,X). Directly from
the definition of simplicial homotopy groups it follows that for every perversity q̄
and every r > 0 there is an isomorphism

Iq̄πr(X,X) ∼= πr(Iq̄S(X,X)),

which is an intersection analogue of the classical isomorphism

πr(X) ∼= πr(S(X)).

A map f : (X,X) → (Y,Y) of filtered spaces is called filtered (resp. cofiltered) if
for every l ≥ 0 we have f−1(Y l) ⊃ X l (resp. f−1(Y l) ⊂ X l). If f : X → Y is a
cofiltered map, then f induces a simplicial map

f] : Iq̄S(X,X) → Iq̄S(Y,Y)
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and hence a homomorphism

f∗ : Iq̄π∗(X,X) → Iq̄π∗(Y,Y).

A pair ((X,X), (A,A)) is called a filtered pair if an embedding i : A ↪→ X is a
cofiltered map. For example, if x ∈ X , then ((X,X), x) is a filtered pair if and
only if x is an element of the regular stratum of X . A triple ((X,X), (A,A), (B,B))
is called a filtered triple if both pairs ((X,X), (A,A)), ((A,A), (B,B)) are filtered
pairs.The r-th perversity q̄ intersection homotopy group Iq̄πr((X,X), (A,A);x) of
a filtered triple ((X,X), (A,A), x) is the r-th simplicial homotopy group of the
simplicial triple (Iq̄S(X,X), Iq̄S(A,A), Iq̄S(x)).

For every filtered triple ((X,X), (A,A), x) there is a long exact sequence of in-
tersection homotopy groups

· · · → Iq̄πr(A,A) → Iq̄πr(X,X) → Iq̄πr((X,X), (A,A)) → Iq̄πr−1(A,A) → · · · .
A map π : (E,E) → (B,B) of filtered spaces will be called a filtered fibration if

for every perversity q̄ it induces a simplicial fibration πq̄ : Iq̄S(E,E) → Iq̄S(B,B).
If π : (E,E) → (B,B) is a filtered fibration so that for some b in a regular stratum
of B the fiber F = π−1(b) is a filtered subspace of E, then there exists a long exact
sequence of intersection homotopy groups

· · · → Iq̄πr(F,F; e) → Iq̄πr(E,E; e) → Iq̄πr(B,B; b) → Iq̄πr−1(F,F; e) → · · · .
1.3. Intersection Lawson homology. Let X be a complex projective variety.
The group Zk(X) of algebraic k-cycles of X has a natural topology induced by the
quotient map

Cr(X)× Cr(X) −→ Zr(X), (c, c′) 7→ c− c′,

where

Cr(X) =
∐
d≥0

Cr,d(X)

is the Chow monoid with Cr,d(X) being the Chow variety of effective r-cycles of
degree d in X [L1]. For a quasi-projective variety U ⊂ Pn with closure Ū we set

Zk(U)
def
= Zk(Ū)/Zk(Ū − U).

It turns out that the homeomorphism type of the space Zk(U) does not depend on
the closure Ū (for more details on Lawson homology of quasi-projective varieties
see [LF1]).

The intersection Lawson homology groups of a complex projective variety X are
the intersection homotopy groups

Iq̄πr(Zk(X), Zk(X)p̄) = πr(Iq̄S(Zk(X), Zk(X)p̄)).

If V ⊂ X is a pair of projective varieties, then we define the relative intersection
Lawson homology groups of the pair (X,V ) by

Iq̄πr(Zk(X,V ), Zk(X,V )p̄),

where Zk(X,V )p̄ is the image of the canonical perversity p̄ filtration Zk(X)p̄ of
Zk(X) by the projection

Zk(X) −→ Zk(X,V )
def
= Zk(X)/Zk(V ).
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By the abuse of notation we will denote by Iq̄πr(Zk(X)p̄) the intersection Lawson
homology of X and by Iq̄πr(Zk(X,V )p̄) the relative intersection Lawson homology
of the pair (X,V ).

Examples. 1. Let q̄ be a perversity so that q̄(0) = q̄(1) = 0. Then for every
filtered space (X, {X l}l≥0)

Iq̄π0(X, {X l}l≥0) = π0(X −X1).

In particular,

Iq̄π0(Zk(X)p̄) = π0(Zk(X)− Zk(X)p̄,1) = π0(Ip̄Zk(X)).

The group π0(Ip̄Zk(X)) can be identified with the quotient of Zk(X) by a perversity
p̄ algebraic equivalence relation, where two k-cycles c0, c1 of X are perversity p̄
algebraic equivalent if there are a non-singular variety T of dimension m and a
finite family of subvarieties Wi of X × T of dimension m + k with flat projections
Wi → T so that all fibers of the projections are perversity p̄ cycles and there are
t0, t1 ∈ T so that cj is the fiber of one of the projections over tj for j = 0, 1.
The proof of the isomorphism between π0(Ip̄Zk(X)) and the group of perversity p̄
algebraic equivalence classes of perversity p̄ k-cycles of X is an easy modification
of the proof from [Fr].

2. Let X be a complex projective variety of dimension n with isolated singular-
ities Σ = {x0, . . . , xn}. Then for every k ≥ 0 there is only one non-trivial Lawson
filtration

Zk(X) = Zk(X)0 ⊃ Zk(X)1 ⊃ Zk(X)2 ⊃ · · · ⊃ Zk(X)n ⊃ ∅
of Zk(X) so that

Zk(X)i = {c ∈ Zk(X)| dim(|c| ∩ Σ) 6= ∅}
for 0 < i ≤ n. The intersection homotopy groups of Zk(X) with respect to this
filtration will be denoted simply by Iq̄πr(Zk(X)). The intersection fundamental
groups of Zk(X) are given by the following formula:

Iq̄π1(Zk(X)) ∼=


π1(Zk(X)|X−Σ) for 2− n+ q̄(n) < 0,

im(π1(Zk(X)) −→ π1(Zk(X)|X−Σ)) for 2− n+ q̄(n) = 0,

π1(Zk(X)) for 2− n+ q̄(n) > 0,

where Zk(X)|X−Σ is the subgroup of Zk(X) consisting of cycles with support in
X − Σ. For higher dimensional intersection homotopy groups of Zk(X) it is easy
to see that

Iq̄πr(Zk(X)) ∼= πr(Zk(X)|X−Σ) for r + 1− n + q̄(n) < 0,

but for other values of r + 1 − n + q̄(n) the groups Iq̄πr(Zk(X)) are difficult to
compute.

Recall that in all our considerations we deal with the canonical (the coarsest)
Whitney stratifications of complex varieties. Thus, when talking about filtered
or cofiltered maps between complex varieties we always mean filtered or cofiltered
maps with respect to these canonical stratifications. Under the above assumption,
the class of complex varieties together with filtered (resp. cofiltered) maps form
a category. Now we are going to show that intersection Lawson homology is a
covariant (resp. contravariant) functor on this category. In what follows all spaces
are complex projective varieties.
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Proposition 1.1. Any proper cofiltered map f : X → Y of projective varieties
induces a homomorphism

f∗ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr(Zk(Y )p̄).

Moreover, if f : X → Y and g : Y → Z are both proper and cofiltered maps of
projective varieties, then (g ◦ f)∗ = g∗ ◦ f∗.
Proof. Since f is proper it induces a continuous map [LF2]

f] : Zr(X) −→ Zr(Y ).

We will show that for every perversity p̄ the map f] is cofiltered with respect to
perversity p̄ filtrations on Zr(X) and Zr(Y ) and hence induces a homomorphism of
intersection homotopy groups. We want to show that for an arbitrary p̄ and every
l ≥ 0

f−1
] (Zr(Y )p̄,l) = f−1

] (f](Zr(X)) ∩ Zr(Y )p̄,l) ⊂ Zr(X)p̄,l.

In other words, we want to prove that if for some r-cycle c of X and some i ≥ l

dim(|f](c)| ∩ Y i) ≥ (r − i) + p̄(i) + 1,

then

dim(|c| ∩X i) ≥ (r − i) + p̄(i) + 1

where dim denotes complex dimension of the corresponding complex algebraic sets.
The above implication results from the following sequence of equalities and in-

equalities

dim(|c| ∩X i) ≥ dim(|f](c)| ∩ f(X i)) ≥ dim(|f](c)| ∩ f(X) ∩ Y i)

= dim(|f](c)| ∩ Y i)

where the second inequality follows from the cofiltration property of f .

Proposition 1.2. Let X and Y be projective varieties. Any filtered flat map f :
X → Y of relative dimension s induces a homomorphism

f∗ : Iq̄πr(Zk(Y )p̄) −→ Iq̄πr(Zk+s(X)p̄).

Moreover, if f : X → Y and g : Y → Z are both flat and filtered, then (g ◦ f)∗ =
f∗ ◦ g∗.
Proof. If f : X → Y of relative dimension s, then it induces a continuous map
[LF2]

f ] : Zr(Y ) −→ Zr+s(X).

We will see that for every perversity p̄ this is a cofiltered map with respect to
perversity p̄ filtrations on Zr+s(X) and Zr(Y ). Actually, the inclusion

(f ])−1(Zr+s(X)p̄,l) ⊂ Zr(Y )p̄,l

is a consequence of the following sequence of equalities and inequalities:

dim(|c| ∩ Y i) + s = dim(f ](|c| ∩ Y i)) = dim(|f ](c)| ∩ f−1(Y i))

≥ dim(|f ](c)| ∩X i).
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2. Localization sequence

Recall that a pair (X,V ) of projective varieties is a stratified pair if V l = V ∩X l

for every l ≥ 0. For example, if V is a generic hyperplane section of X , then (X,V )
is a stratified pair. If (X,V ) is a stratified pair, then there is a long exact sequence
of intersection homology groups

· · · → Iq̄Hr(V ) → Iq̄Hr(X) → Iq̄Hr(X,V ) → Iq̄Hr−1(V ) → · · · .(6)

The aim of this section is to prove the following refinement of the above result.

Theorem 2.1. If X is a projective variety and (X,V ) is a stratified pair, then
there exists a long exact sequence

· · · → Iq̄πr(Zk(V )p̄) → Iq̄πr(Zk(X)p̄) → Iq̄πr(Zk(X,V )p̄) → Iq̄πr−1(Zk(V )p̄) → · · ·
where Zk(X,V )p̄ is the image of the canonical perversity p̄ filtration Zk(X)p̄ of
Zk(X) by the projection

Zk(X) −→ Zk(X,V )
def
= Zk(X)/Zk(V ).

Remarks. 1. The above long exact sequence specializes to the intersection homology
long exact sequence (6) for q̄ = t̄c and k = 0.

2. If X is a quasi-projective variety and (X,V ) is a stratified pair so that
X has a projective closure X̄ so that (X̄, X̄ − X) and (X̄, V̄ − X) are stratified
pairs, then the standard diagram chasing argument involving long exact sequences
of (X̄, X̄ − X), (X̄, V̄ − X), and (X̄ − X, V̄ − X) gives an intersection Lawson
homology localization sequence for the pair (X,V ).

Proof. Recall that a map π : E → B of filtered spaces is a filtered fibration if for
every perversity q̄ it induces a simplicial fibration

πq̄ : Iq̄S(E) −→ Iq̄S(B).

Filtered fibrations are intersection homotopy-theoretic analogues of fibrations in
the sense that they induce long exact sequences of intersection homotopy groups.

Theorem 2.2 ([Gr]). If π : E → B is a filtered fibration so that for some b in a
regular stratum of B the fiber F = π−1(b) is a filtered subspace of E, then there
exists a long exact sequence of intersection homotopy groups

· · · → Iq̄πr(F, e) → Iq̄πr(E, e) → Iq̄πr(B, b) → Iq̄πr−1(F, e) → · · · .
In order to prove Theorem 2.1 it is enough to show that every stratified pair

(X,V ) and every perversity q̄ the projection

π : Zk(X) −→ Zk(X,V )

is a filtered fibration with respect to perversity q̄ filtrations of Zk(X) and Zk(X,V )
and that the fiber Zk(V ) of π is a filtered subspace of Zk(X). The last statement
is a trivial consequence of the fact that (X,V ) is a stratified pair. In order to prove
that π : Zk(X) −→ Zk(X,V ) is a filtered fibration we will use the following result.

Theorem 2.3 ([Gr]). Let π : E → B be a locally trivial fibration with fiber F
and let {Ei}, {Bi}, and {F} be filtrations of E,B, and F respectively. If there is a
covering U of B so that for every U ∈ U there is a trivialization ϕ : π−1(U) → U×F
so that for every l ≥ 0 and U l = U ∩Bl
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ϕ(π−1(U) ∩ El) = U l × F ∪ U × F l,(7)

then π is a filtered fibration.

Actually, in the case when E is a topological group and B is its quotient group
it is enough to show that there is a single neighborhood U of 0 in B for which the
condition (7) is satisfied. The required covering of B is obtained by the action of
E on U and the appropriate change of the trivialization map for π−1(U). Thus we
have to prove the following result.

Proposition 2.4. There is a neighborhood U of 0 in Zk(X,V ) and a trivialization

ϕ : π−1(U) −→ U × Zk(V )

so that for every l ≥ 0 and U q̄,l = U ∩ Zk(X,V )q̄,l

ϕ(π−1(U) ∩ Zk(X)q̄,l) = U q̄,l × Zk(V ) ∪ U × Zk(V )q̄,l.(8)

In the course of the proof of Proposition 2.4 we will use the following notation.

C = Ck(X), Z = Zk(X), C′ = Ck(V ), Z′ = Zk(V ), Q = Z/Z′,
p : C× C −→ Z, π : Z −→ Q are the quotient maps,

(C× C)d = (Ck(X)× Ck(X))d =
⋃

s+l≤d
Cr,s(X)× Cr,l(X),

Zd = p((C× C)d), Qd = π(Zd),

Zq̄,l = Zk(X)q̄,l, Z
q̄,l
d = Zd ∩ Zq̄,l,

(C× C)q̄,l = p−1(Zq̄,l), (C× C)q̄,ld = (C× C)d ∩ (C× C)q̄,l,

Qq̄,l = π(Zq̄,l).

Proof of Proposition 2.4. We want to construct a neighborhood U of 0 in Q and a
section s : U → Z of π : Z → Q so that the associated projection onto the fiber

σ : π−1(U) −→ Z′,

σ(x) = s(π(x)) − x

induces a trivialization

(π, σ) : π−1(U) −→ U × Z′

so that

(π, σ)
(
π−1(U) ∩ Zq̄,l

)
= U q̄,l × Z′ ∪ U × (Z′)q̄,l(9)

where U q̄,l = U ∩ Qq̄,l.
zWe will construct a family {Ud} of open neighborhoods of 0 in Qd and sections

sd : Ud −→ Z

so that

Ud|Qd−1
= Ud−1 and sd|Ud−1

= sd−1(10)

and

(π, σd)
(
π−1(Ud) ∩ Z

q̄,l
d

)
= U q̄,l

d × Z′ ∪ Ud × (Z′d)
q̄,l(11)
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where U q̄,l
d = Ud ∩ Qq̄,l and σd is the following projection onto the fiber:

σd : Zd ∩ π−1(Ud) −→ Z′,

σd(x) = sd(π(x)) − x.
(12)

Then we set U =
⋃
Ud and s : U → Z so that s|Ud

= sd. The properties (10), (11)
of sds imply that s is well defined and satisfies (9).

Since Q0 = 0 we set U0 = 0 and s0(0) = 0. Suppose, we have already constructed
an open neighborhood Ud−1 of 0 in Qd−1 and a section of π

sd−1 : Ud−1 −→ Z

that satisfies the conditions (10) and (11). Let us consider an extension of sd−1 to
a map

σd−1 : Zd ∩ π−1(Ud−1) −→ Z′

given by the same formula as in (12).
We will extend σd−1 to a map σd on a neighborhood Wd of 0 in Zd, set Ud =

π(Wd), and show that sd : Ud −→ Z given by sd(π(x)) = σd(x)+x is a well defined
required section. We will choose Wd so that there is a retraction

rd : Wd −→ Zd ∩ π−1(Ud−1)

and then define σd = σd−1 ◦ rd.
The next few paragraphs are devoted to a construction of a retraction rd so that

the resulting trivialization will have the required properties.
First, note that (C× C)d ∩ (π ◦ p)−1(Qd−1) is a Zariski closed subset of (C×C)d.

Actually, it consists of those (c, c′) ∈ (C × C)d so that c or c′ has a component
contained in V .

Every complex projective varietyX has a triangulation. Moreover, for any family
of semialgebraic subsets V1, V2, . . . , Vn of X there is a triangulation of X compatible
with V1, V2, . . . , Vn [Hi]. Applying the above theorem to (C × C)d, (C × C)d ∩
(π ◦ p)−1(Qd−1), and the closures of

¯
(C× C)q̄,ld for l ≥ 0 we get a triangulation

of (C × C)d compatible with these subsets. Since (C × C)d ∩ (π ◦ p)−1(Qd−1) is a
subpolyhedron of (C× C)d it is a NDR of (C× C)d.

Lemma 2.5. Let X be a polyhedron and let A,B1 ⊂ B2 ⊂ · · · ⊂ Bn be its closed
subpolyhedra. Then there are an open neighborhood U of A in X and a retraction
r : U → A so that for every i ∈ {0, 1, . . . , n}

r (U ∩ (Bi −Bi−1)) ⊂ A ∩ (Bi − Bi−1).

Proof. Fix a triangulation of X compatible with A and all Bis. Let U be a derived
neighborhood of A in X . For every simplex ∆ of Ū the required retraction is given
by the projection along the intervals of the join (∂Ū ∩∆) ? (A ∩∆) = ∆.

From Lemma 2.5 and the fact that

p :
(
(C× C)d, (C× C)d ∩ (π ◦ p)−1(Qd−1)

) −→ (
Zd,Zd ∩ π−1(Qd−1)

)
is a relative homeomorphism [LF93] it follows that there are a neighborhood Vd of
Zd ∩ π−1(Qd−1) in Zd and a retraction

Rd : Vd −→ Zd ∩ π−1(Qd−1)
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so that

Rd

(
Vd ∩ (Zq̄,l

d − Z
q̄,l+1
d )

)
⊂ (Zq̄,l

d − Z
q̄,l+1
d ) ∩ π−1(Qd−1).

Let

Wd = (Rd)
−1(Zd ∩ π−1(Ud−1))

and let rd be the restriction of Rd to Wd. The set Wd is open in Zd because
Zd ∩ π−1(Ud−1) is open in Zd ∩ π−1(Qd−1) and Rd is a continuous map. Since π is
the quotient map the set Ud = π(Wd) is open in Qd. Note that Ud ∩ Qd−1 = Ud−1.

The map

σd : Wd −→ Z′,
σd = σd−1 ◦ rd

is an extension of σd−1 to Wd. We will show that the map

sd : Ud −→ Z,

sd(π(x)) = σd(x) + x

is a well defined section of π that satisfies the conditions (10), (11).
In order to prove that sd is well defined we have to show that if x, x′ ∈ Wd are

so that π(x) = π(x′), then

sd(π(x)) = sd(π(x′)).

There are two cases.

• If π(x) = π(x′) ∈ Ud−1, then σd(x) + x = sd−1(π(x)) − x + x = sd−1(π(x)).
Hence sd|Ud−1 = sd−1 and sd(π(x)) = sd(π(x′)).

• If π(x) = π(x′) ∈ Ud − Ud−1, then x = x′ because

π :
(
Wd,Zd ∩ π−1(Ud−1)

) −→ (Ud, Ud−1)

is a relative homeomorphism.

sd is a section of π because

π(sd(π(x))) = π(σd(x) + x) = π(σd(x)) + π(x) = π(x).

Now we will prove that sd satisfies the condition (11).
First note that

π−1(Ud) ∩ Z
q̄,l
d = Wd ∩ Zq̄,l.

For every element c of Wd ∩ Zq̄,l there are two possibilities.

A: c has a component c′ contained in V so that

dim(|c′| ∩X l) ≥ r − l + q̄(l) + 1.(13)

B: c has no components in V satisfying the above inequality.

In the second case π(c) ∈ U q̄,l
d and hence

(π(c), σd(c)) ∈ U q̄,l
d × Z′.

We will show that in the first case σd(c) ∈ (Z′)q̄,l.
Suppose that c is an element of Zd ∩ π−1(Ud−1) ⊂ Wd ∩ Zq̄,l, all components

of c are contained in V , and one of them satisfies the inequality (13). From the
definition of σd it follows that σd(c) = σd−1(c). Since all components of c are in V
we have σd−1(c) = −c and therefore σd(c) ∈ (Z′)q̄,l.
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If c ∈ Zd∩π−1(Ud−1) has a component contained in V that satisfies the inequality
(13), but not all of the components of c are in V , then we can delete one of the
components of c not contained in V and get a cycle ĉ ∈ Zd−1∩π−1(Ud−1) = Wd−1.
We have σd(c) = σd−1(c) = σd−1(ĉ) with the last equality following directly from
the definition of σd−1. The induction assumption implies that σd−1(ĉ) ∈ (Z′)q̄,l.

If c ∈ Wd −
(
Zd ∩ π−1(Ud−1)

)
, then σd(c) = σd−1(rd(c)). Since rd preserves

strata of the perversity q̄ filtration on Zd the cycle rd(c) ∈ Zd ∩ π−1(Ud−1) still
satisfies the condition (A). Hence, arguing as above we prove that σd(c) belongs to
(Z′)q̄,l. This ends the proof of Theorem 2.1.

3. Intersection Lawson Suspension Theorem

Let X ⊂ Pn be a complex projective variety and let Σ/X be a complex join of
X with a point x0 in Pn+1 − Pn, for some linear embedding Pn ↪→ Pn+1. We will
call Σ/X a complex suspension of X . The complex suspension induces a continuous
map [L2]

Σ/ : Zk(X) −→ Zk+1(Σ/X).

One of the central results concerning homotopy type of spaces of cycles is the
following Lawson Suspension Theorem.

Theorem 3.1 ([L2]). The map

Σ/ : Zk(X) −→ Zk+1(Σ/X)

is a homotopy equivalence.

Note that Σ/X − x0 is the hyperplane line bundle OX(1) over X . Since

Zk+1(OX(1))
def
= Zk+1(Σ/X)/Zk+1(x0) ∼= Zk+1(Σ/X)

the Lawson Suspension Theorem can be reformulated as follows.

Theorem 3.2. The hyperplane line bundle projection map π : OX(1) → X induces
a homotopy equivalence

π] : Zk(X) −→ Zk+1(OX(1)).

In other words, for every non-negative integer r the map π : OX(1) → X induces
an isomorphism

(π])∗ : πrZk(X) −→ πrZk+1(OX(1)).

In this section we prove the following intersection version of the Lawson Suspen-
sion Theorem.

Theorem 3.3. For every pair of non-negative integers k, r, every perversity q̄, and
every perversity p̄ so that for every i ≥ 0 there is an inequality k − i+ 1 + p̄(i) ≥ 0
the projection map π : OX(1) → X induces an isomorphism

Iq̄πr(Zk(X)p̄) −→ Iq̄πr(Zk+1(OX(1))p̄),

where Zk+1(OX(1))p̄ is a filtration of Zk+1(OX(1)) with the following skeleta:

Zk+1(OX(1))p̄,0 = Zk+1(OX(1))

and for l ≥ 1 Zk+1(OX(1))p̄,l so that c ∈ Zk+1(OX(1))p̄,l if there is j ≥ l with

dim(|c| ∩ π−1Xj
can) ≥ k − j + p̄(j) + 1.
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Remark. After some minor modifications in the following proof of Theorem 3.3
one can show that for any finite filtration F of X if k ≥ t̄c − p̄, then the map
π : OX(1) → X induces an isomorphism

Iq̄πr(Zk(X), Zk(F)p̄) −→ Iq̄πr(Zk+1(OX(1)), Zk+1(π
]F)p̄).

The main part of the proof of Theorem 3.3 is a description of some deformation
of compact families of algebraic cycles of bounded degrees. As was pointed to us by
Paulo Lima-Filho, the general case can be proved without reference to any group
completion or stabilization result, by exploiting the fact that the spaces of algebraic
cycles have compactly generated topology (for more details see [FL], [LLM]).

Proof. The map π : OX(1) → X induces a homomorphism

(π])∗ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr(Zk+1(OX(1))p̄),

because for every perversity p̄

π](Zk(X)p̄,l) = π](Zk(X)) ∩ Zk+1(OX(1))p̄,l.

In other words,

dim(|c| ∩Xj) ≥ dim |c| − j + p̄(j) + 1

if and only if

dim(|π]c| ∩ π]Xj) ≥ dim |π]c| − j + p̄(j) + 1.

Let F ⊂ Ck+1(OX(1)) be the monoid of effective (k+1)-cycles c of OX(1) satisfying
for every l ≥ 0 the equality

dim(|c| ∩X l) = dim(|c| ∩ π]X l)− 1.

Let F̃ be the subgroup of Zk+1(OX(1)) generated by F. We equip F and F̃ with

the induced by Zk(X)p̄ filtrations Fp̄ and F̃p̄ respectively

Fp̄,l = F ∩ Ck(X)p̄,l,(14)

F̃p̄,l = F̃ ∩ Zk(X)p̄,l.(15)

It is easy to see that the homomorphism

Iq̄πr(Zk(X)p̄) −→ Iq̄πr(Zk+1(OX(1))p̄)

factors through Iq̄πr(F̃
p̄). Thus the proof of Theorem 3.3 can be divided into two

parts.

Assertion 1. The composition

Zk(X)
π]−→ π]Zk(X) −→ F̃

induces an isomorphism

Iq̄πr(Zk(X)p̄) −→ Iq̄πr(F̃
p̄).

Assertion 2. For every perversity p̄ so that for each i ≥ 0 there is an inequality

k − i+ 1 + p̄(i) ≥ 0 the inclusion F̃ ↪→ Zk+1(OX(1)) induces an isomorphism

Iq̄πr(F̃
p̄) −→ Iq̄πr(Zk+1(OX(1))p̄).
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It is clear that the map Zk(X)
π]−→ π]Zk(X) from Assertion 1 induces an iso-

morphism

Iq̄πr(Zk(X)p̄) −→ Iq̄πr(π
]Zk(X)p̄).

Thus to prove Assertion 1 one has to show that the inclusion π]Zk(X) → F̃ induces
an isomorphism

Iq̄πr(π
]Zk(X)p̄) −→ Iq̄πr(F̃

p̄).

Lawson showed (see [L2]) that there is a deformation retraction ϕt : F̃ →
π]Zk(X) of F̃ onto π]Zk(X). It is easy to see that if X and Y are spaces equipped
with finite filtrations X = {X l} and Y = {Y l} respectively and f : X → Y is a
homotopy equivalence so that f(X l) = Y l, then f induces an isomorphism of the
intersection homotopy groups

Iq̄πr(X,X) −→ Iq̄πr(Y,Y)

for every r ≥ 0 and every perversity q̄. Thus, the deformation retraction ϕt induces
an isomorphism on intersection homotopy groups if for every t ∈ [0, 1]

ϕt(F̃
p̄,l) = π]Zk(X)p̄,l.

The above equality is proved as follows.
The deformation retraction ϕt : F̃ → π]Zk(X) for t ∈ [0, 1) is given by scalar

multiplication by − ln(1 − t) in the fibers of OX(1). On F̃ the family ϕt extends
continuously to t = 1. The map

ϕ1 : F̃ −→ π](Zk(X))

is the retraction defined by the formula

ϕ1(c) = π](c ·X),

where c ·X is an algebro-geometric intersection of c with the zero section of OX(1).

Since for every c ∈ F̃

dim(|c| ∩X l) + 1 = dim(|c| ∩ π]X l)

and

dim(|ϕ1(c)| ∩ π]X l) = dim(|π]c| ∩ π]X l) = dim(|c| ∩X l) + 1,

we have the required equality

ϕ1

(
F̃ ∩ Zk+1(OX(1))p̄,l

)
= π](Zk(X)p̄,l).

The proof of Assertion 2 is based on the following lemma whose proof is deferred
to the end of this section.

Lemma 3.4. Let p̄ be a perversity so that for every i ≥ 0 there is an inequality
k− i+ 1 + p̄(i) ≥ 0. Then for every compact subset K of the monoid Ck+1(OX(1))
there is a constant d0 so that for every d > d0 there is a continuous family

F d
t : Ck+1(OX(1)) −→ Ck+1(OX(1))

of continuous monoid homomorphisms defined for 0 ≤ t ≤ 1 with the property that

(A) F d
0 is the multiplication by d.

(B) F d
t (K) ⊂ F̃ for all t > 0.
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(C) For every t ∈ [0, 1] the map Ft preserves the filtration Ck+1(OX(1))p̄ of
Ck+1(OX(1)). That is,

F d
t (K ∩ Ck+1,r(OX(1))p̄,l) = F d

t (K) ∩ Ck+1,r(OX(1))p̄,l.

Suppose f : Sr → Zk+1(OX(1)) is of perversity q̄ with respect to the filtration
Zk+1(OX(1))p̄. There is a non-negative constant e so that f : Sr → Zk+1(OX(1))≤e,
where Zk+1(OX(1))≤e is the image of the compact set∐

r+s≤e
Ck+1,r(OX(1))× Ck+1,s(OX(1))

by the quotient map

Ck+1(OX(1))× Ck+1(OX(1)) −→ Zk+1(OX(1)).

Let K from Lemma 3.4 be the sphere Sr and let

F d
t : Ck+1,r(OX(1)) −→ Ck+1,dr(OX(1))

be the associated map for some d ≥ d0. Every F d
t induces a map

Φd
t : Zk+1(OX(1))≤e −→ Zk+1(OX(1))≤de

given by the formula

Φd
t (c− c′) = F d

t (c)− F d
t (c′)

for any pair

(c, c′) ∈
∐

r+s≤e
Ck+1,r(OX(1))× Ck+1,s(OX(1)).

Consider the homotopy

ft = Φd+1
t ◦ f − Φd

t ◦ f.
The condition (A) of Lemma 3.4 implies that f0 = f . From the condition (B) for

every t > 0 we have ft(x) ∈ F̃ for every x ∈ Sr. The last condition of Lemma 3.4
implies that Φd

t preserves the filtration Zk+1(OX(1))p̄ and hence ft is a map of
perversity q̄ for an arbitrary q̄. This finishes the proof of surjectivity of the map
from Assertion 2. The injectivity is proved in the similar way.

The proof of Lemma 3.4. In his fundamental paper [L2] Lawson proved that for
every compact subset K of the monoid Ck+1(OX(1)) there is a constant d0 so that
for every d > d0 there is a continuous family

Ft : Ck+1(OX(1)) −→ Ck+1(OX(1))

of continuous monoid homomorphisms defined for 0 ≤ t ≤ 1 with the property that

(A) F0 is the multiplication by d.
(B) Ft(K) is contained in the space of effective (k+1)-cycles of OX(1) intersecting

the base X of OX(1) properly.

We are going to sketch a construction of the family Ft and show that it satisfies
the conditions of Lemma 3.4 under the assumption that for every i ≥ 0 there is an
inequality k − i+ 1 + p̄(i) ≥ 0.

Fix a linear embedding Pn+1 ⊂ Pn+2 and two points x0, x1 ∈ Pn+2 − Pn+1. The
projections

πk : Pn+2 − {xk} −→ Pn+1, k = 0, 1,
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give each set Pn+2 − {xk} the structure of a holomorphic line bundle over Pn+1.
Let πk be the restriction of πk to (πk)

−1(OX(1)) and let D be an effective divisor
of degree d in Pn+2 so that x0, x1 /∈ |D|. Any effective cycle c ∈ Ck+1(OX(1)) can
be “lifted” to a cycle with support in D ∩ (π0)

−1(OX(1)). This lifting is defined to
be the intersection

ΨD(c) = (π0)
−1(c) ·D

of the divisor D with the inverse image of c by the projection π0. This gives us a
continuous map

ΨD : Ck+1(OX(1)) −→ Ck+1(π
−1
0 (OX(1)) ∩ π−1

1 (OX(1))).

Consider now the family of divisors tD, 0 ≤ t ≤ 1, given by scalar multiplication
by t in the bundle

π0 : (π0)
−1(OX(1)) −→ OX(1).

We assume x1 /∈ tD for all such t. The above construction gives us a family of
transformations

Ft
def
= (π1)∗ ◦ΨtD : Ck+1(OX(1)) −→ Ck+1(OX(1))

for 0 ≤ t ≤ 1 such that F0 is the multiplication by d.
Using the same arguments as in [L2] it is easy to see that for a fixed cycle

c ∈ Ck+1(OX(1)) the set Bc of those D ∈ Cn+1,d(Pn+2) for which for some l and t

Ft(c · π]X l) ⊂ X

is of codimension greater than or equal to

min
l

{(
dim(c · π]X l) + d

d

)
− 1

}
.

For every c ∈ Ck+1(OX(1))p̄,l the dimension of the intersection c · π]X l is greater
than or equal to one, because for each l ≥ 0 we have k− l+ 1 + p̄(l) ≥ 0. Thus the

codimension of Bc in Cn+1,d(Pn+2) is greater than or equal to

(
d+ 1
d

)
− 1 = d.

Suppose K is a compact subset of Ck+1(OX(1)) and let D be an effective divisor
which lies in the complement of the union

⋃
c∈K Bc, which is the set of real codimen-

sion greater than or equal to 2(d− dimK) in Cn+1,d(Pn+2). We set d0 = 2 dimK.
It is clear that Ft satisfies the condition (A). The other two properties of Ft are
proved as follows.

It is easy to see that for all l and t

Ft(c · π]X l) ⊂ π]X l.(16)

If D is chosen as above, then the inequality

Ft(c · π]X l) ⊂ X

does not hold. Therefore

Ft(c · π]X l) * X l

and hence

dim
(|Ft(c · π]X l)| ∩X l

)
= dim

(|Ft(c · π]X l)| ∩ π]X l
)− 1 = dim

(|c| ∩ π]X l
)− 1.

The last equality together with the inclusion (16) implies that

dim
(|c| ∩ π]X l

)
= dim

(|Ft(c · π]X l)|) = dim
(|Ft(c)| ∩ π]X l

)
.
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Thus, Ft preserves dimensions of intersections of c with π]X l, but lowers by one
the dimension of intersection of c with X l. It is easy to see that the above two
properties imply that Ft satisfies the conditions (B) and (C) of Lemma 3.4.

4. Operations in intersection Lawson homology

Friedlander and Mazur defined an operation

s : πrZk(X) −→ πr+2Zk−1(X),

which is a natural transformation of Lawson homology functor and is compatible
with flat pull-back of cycles and localization [FM]. In this section we show that
under certain conditions the s-operation lifts to intersection Lawson homology .

Theorem 4.1. Let X be a projective variety. Then for every pair of non-negative
integers k, r, every perversity q̄, and every perversity p̄ so that for every i ≥ 0 we
have k − i+ p̄(i) ≥ 0, there is a homomorphism

sp̄,q̄ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr+2(Zk−1(X)p̄),

so that the diagram

Iq̄πr(Zk(X)p̄)

��

//sp̄,q̄
Iq̄πr+2(Zk−1(X)p̄)

��
πrZk(X) //s

πr+2Zk−1(X)

commutes.

Corollary 4.2. The composition of st̄c,q̄ and s homomorphisms induces the fol-
lowing commutative diagram:

Iq̄πr(Zk(X)t̄c)

��
srt̄c,q̄

// πrZk(X)

��
sr

Iq̄Hr+2k(X) // Hr+2k(X)

The rest of this section is devoted to the proof of Theorem 4.1 and Corol-
lary 4.2. Let us start from a description of the Friedlander-Mazur s-operation.
The s-operation is defined as the composition

πrZk(X)
S2∧−→ πr+2(S2 ∧Zk(X)) ∼= πr+2(P1 ∧Zk(X))

i∗×id−→ πr+2(Z0(P1)∧Zk(X))

]∗−→ πr+2(Zk+1(P1 ∧X)) ∼= πr+2(Zk+1(Σ/
2
X))

Σ/−2

−→ πr+2Zk−1(X),

where S2∧ is the wedge homomorphism assigning to a map Sr −→ Zk(X) its wedge

Sr+2 = S2 ∧ Sr −→ S2 ∧ Zk(X)

with the sphere S2, the isomorphism

πr+2(S2 ∧ Zk(X)) ∼= πr+2(P1 ∧ Zk(X))

is induced by an identification of the sphere S2 with the projective line P1, the map
i : P1 → Z0(P1) is the embedding i(p) = p− p∞,

] : Z0(P1) ∧ Zk(X) −→ Zk+1(P1 ∧X)
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is the complex join map, and

Σ/−2 : πr+2(Zk(Σ/
2X)) −→ πr+2Zk−1(X)

is the inverse of the Lawson suspension isomorphism

Σ/2 : πr+2Zk−1(X) −→ πr+2(Zk(Σ/
2X)),

where P1 is identified with the line in Pn+2 ⊃ Σ/
2
X so that P1]X = Σ/

2
X .

Note that Σ/2X−P1 = OOX(1)(1) and for k ≥ 1 the inclusion OOX(1)(1) → OΣ/X(1)
induces an isomorphism

πrZk+1(Σ/
2
X) ∼= πrZk+1(OOX (1)(1)).

Hence, the map

]∗ ◦ (i∗ × id) ◦ (S2 ∧ (−)) : πrZk(X) −→ πr+2Zk+1(Σ/
2X)

can be identified with a map

µ : πrZk(X) −→ πr+2Zk+1(OOX(1)(1)).

It is easy to see that for every pair of perversities p̄, q̄ the map µ lifts to a map

µp̄,q̄ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr+2(Zk+1(OOX (1)(1))p̄).

Let π : OX(1) → X and Π : OΣ/X(1) → Σ/X be the projections. From Theorem 3.3
we know that for k − 1 ≥ t̄c − p̄ the map

π∗ : Iq̄πr+2(Zk−1(X)p̄) −→ Iq̄πr+2(Zk(OX(1))p̄)

is an isomorphism. Let us put on Σ/X a filtration F that is obtained from the coarsest
Whitney stratification of OX(1) by adding the vertex of Σ/X to every skeleton of
OX(1). As was pointed out in the remark after Theorem 3.3, for k ≥ t̄c − p̄ the
map

Π∗ : Iq̄πr+2(Zk(Σ/X),Fp̄) −→ Iq̄πr+2(Zk+1(OΣ/X(1)), (Π])p̄)

is an isomorphism. If k ≥ 1, then the inclusion OOX(1)(1) → OΣ/X(1) induces an
isomorphism

Iq̄πr+2(Zk+1(OOX (1)(1))p̄) −→ Iq̄πr+2(Zk+1(OΣ/X(1)), (Π])p̄).

Hence, for k − 1 ≥ t̄c − p̄, the composition (Π∗ ◦ π∗)−1 ◦ µp̄,q̄ gives a map

sp̄,q̄ : Iq̄πr(Zk(X)p̄) −→ Iq̄πr+2(Zk−1(X)p̄),

which is a lift of the Friedlander-Mazur operation s to the intersection Lawson
homology of X . In other words, for k− 1 ≥ t̄c− p̄, there is a commutative diagram

Iq̄πr(Zk(X)p̄)

��

//sp̄,q̄
Iq̄πr+2(Zk−1(X)p̄)

��
πrZk(X) //s

πr+2Zk−1(X)

with the vertical arrows the forgetful homomorphisms.
Note that, for every k ≥ 1, the iteration of sp̄,q̄ gives a map

srt̄c,q̄ : Iq̄πr(Zk(X)t̄c) −→ Iq̄πr+2k(Z0(X)t̄c),

which is a lift of the map
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sr : πrZk(X) −→ πr+2kZ0(X) ∼= Hr+2k(X ; Z)

to the intersection Lawson homology of X .
The above property implies that the diagram

Iq̄πr(Zk(X)p̄)

��

// πr(Zk(X))

��

srIq̄πr(Zk(X)t̄c)

��
srt̄c,q̄

Iq̄πr+2k(Z0(X)t̄c) // πr+2k(Z0(X))

with the unmarked arrows the forgetful homomorphisms, commutes. Hence, the
diagram

Iq̄πr(Zk(X)t̄c)

��
srt̄c,q̄

// πrZk(X)

��
sr

Iq̄Hr+2k(X) // Hr+2k(X)

commutes.
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