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VERMA TYPE MODULES OF LEVEL ZERO

FOR AFFINE LIE ALGEBRAS

VIATCHESLAV FUTORNY

Abstract. We study the structure of Verma type modules of level zero in-
duced from non-standard Borel subalgebras of an affine Kac-Moody algebra.
For such modules in “general position” we describe the unique irreducible quo-
tients, construct a BGG type resolution and prove the BGG duality in certain
categories. All results are extended to generalized Verma type modules of zero
level.

Introduction

One of the significant differences between finite-dimensional and affine Kac-
Moody algebras is the existence of root system partitions which are not “equiv-
alent” to the standard partition into positive and negative roots. All W × {±1}-
inequivalent partitions for affine root systems (W is the Weyl group) were classified
in [10], [11] and in [5], [6]. There exist only a finite number of them (always more
than one) and each such partition, labeled by some finite set of integers X , defines
a non-standard Borel subalgebra BX of the affine Lie algebra G and a Verma type
module MX(λ) induced from BX . Verma type modules were introduced in [10]
and [6]. The main difference between the classical Verma modules [12] and the
modules induced from the non-standard Borel subalgebras is that the latter always
have both finite and infinite-dimensional weight spaces. Verma type modules of
a non-zero level, i.e. when the central element acts with a non-zero charge, were
extensively studied in [1] and [9]. In this case the structure of a module MX(λ)
is completely determined by its subspace Mf (λ) containing all finite-dimensional
weight subspaces of MX(λ). The subspace Mf(λ) has a module structure for

a certain infinite-dimensional Lie subalgebra G̃f with a triangular decomposition
[13], and, when the central element acts with a non-zero charge, any submodule

N ⊂MX(λ) can be recovered from Nf = N∩Mf
X(λ). This leads to the equivalence

between a certain category OX
λ of G-modules and a certain category of G̃f -modules,

which implies the BGG duality in OX
λ and a BGG type resolution for MX(λ) [2].

These results were extended in [3] for the generalized Verma type modules of a
non-zero level induced from a non-standard parabolic subalgebra.
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2664 VIATCHESLAV FUTORNY

In the present paper we study the Verma type modules on which the central
element acts with a zero charge. When X = ∅ such modules were considered in [10],
[11], [6] and [7]. The case of a zero level is apriori more difficult than that of a non-
zero level since the moduleMX(λ) may have subquotients that are not the quotients
of Verma type modules [7]. Nevertheless, a similar approach can be developed for λ
in “general position”. In particular, we describe the submodules and the irreducible
quotients LX(λ) of MX(λ) when λ is in “general position”. The equivalence of
suitable categories for “general position” then leads to the BGG duality in a certain
category OX(λ) and to the construction of a strong BGG resolution for LX(λ0),
X connected, λ0 trivial. All results are extended for generalized Verma modules of
zero level induced from a non-standard parabolic subalgebra.

Now we briefly describe the structure of the paper. In section 2 we recall the con-
struction and the basic properties of Verma type modules and generalized Verma
type modules. In section 3 we establish an important technical result (Proposi-
tion 3.2) and discuss the properties of the imaginary Verma modules M∅(λ).

Since the central element of G acts trivially, the module MX(λ) is reducible and

can be substituted by a certain quotient M̃X(λ). The central result of section 4 is

Theorem 4.8, which establishes the criterion of irreducibility for modules M̃X(λ).
Section 5 is devoted to the study of modules MX(λ) under the assumption that

M̃X(λ) is irreducible. In section 6 we discuss the irreducible quotients of MX(λ)

(Theorem 6.1) in the particular case when M̃f
X(λ) is an irreducible G̃f -module. We

lift that restriction in section 7 and describe the irreducible quotients of MX(λ)
for λ in “general position” (Theorem 7.7). A strong BGG resolution for modules
LX(λ0) with connected X and trivial λ0 is constructed in section 8 (Theorem 8.2),
and the BGG duality in certain categories OX(λ) of G-modules with λ in “general
position” is established in section 9 (Theorem 9.6). The generalized Verma type
modules of level zero are discussed in section 10, and suitable categories OX,S(λ, q)
with the BGG duality in section 11. Some subcategories of OX,S(λ, q) with the
BGG duality are considered in section 12.

1. Preliminaries

Let C denote the complex numbers, C∗ = C \ {0}, A = (aij), 0 ≤ i, j ≤ n, be a
generalized Cartan matrix of affine type and G = G(A) be the corresponding affine
Kac-Moody algebra of rank n+1 with a Cartan subalgebra H and a one-dimensional
centre Z = Cc ⊂ H. Let also ∆ = ∆re ∪∆im be the root system of G, where ∆re

is the set of real roots, ∆im = {kδ|k ∈ Z \ {0}} is the set of imaginary roots and δ
is an indivisible imaginary root. We use [12] as our main reference for Kac-Moody
algebras. It follows from [5] that one can choose a basis π0 = {α0, α1, . . . , αn} of ∆
such that δ =

∑n
i=0 kiαi, where k0 = 1 and either −α0 + δ ∈ ∆ or 1

2 (−α0 + δ) ∈ ∆.
Each α ∈ ∆ defines a root subspace Gα, and G = H ⊕∑α∈∆ Gα. Fix a basis Xα

in each Gα, α ∈ ∆. Unless otherwise stated we will always refer to this fixed basis.
For ε ⊂ π0 let Q±

ε be the semigroup in H∗ generated by ±ε, Qε be the free abelian
group generated by ε, ∆(ε) = Qε∩∆, ∆±(ε) = Q±

ε ∩∆. Set π = π0\{α0}, Q = Qπ0 ,

Q̇ = Qπ, ∆̇ = ∆(π), ∆̇± = ∆±(π). A subset P ⊂ ∆ is called a partition if P is
closed under addition (i.e. α, β ∈ P , α + β ∈ ∆ imply α + β ∈ P ), P ∩ −P = ∅
and P ∪ −P = ∆.

Let I = {1, 2, . . . , n}, X ⊂ I, φX =
∑
i∈I\X α

∗
i − (

∑
i∈I\X ki)α

∗
0 if X 6= I

and φI =
∑n
i=0 α

∗
i , where α∗i (αj) = δij , i, j = 0, 1, . . . , n. Define P (X) = {α ∈
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∆|φX(α) > 0} ∪ {α ∈ ∆|φX(α) = 0, φI(α) > 0}. It was shown in [10] and [5] that
any partition P is W ×{±1}-equivalent to some P (X), where W is the Weyl group
of ∆.

We will fix X throughout the paper. Note that if X = I then P (X) = ∆+(π0).
Let (·, ·) be the standard form on H∗ such that

2(αi, αj)

(αi, αi)
= aij , i, j = 0, . . . , n,

πf = {αi, i ∈ X}, π′ = π \ πf , π̃ = {α ∈ π′ | (α, β) = 0 for all β ∈ πf}, Qf =

Qπf + Zδ, ∆f = Qf ∩∆, ∆̇f
± = ∆f ∩ ∆̇±, ∆f

± = ∆f ∩ (±P (X)), ∆̃± = ∆(π̃)∩ ∆̇±,

∆′± = ∆̇± \ ∆(πf ∪ π̃), and let Qf± (resp. Q±) be the monoid generated by ∆f
±

(resp. ±P (X)).
For a Lie subalgebra A ⊂ G, U(A) denotes the universal enveloping algebra of

A. Clearly, U(A) is a Q-graded algebra,

U(A) =
⊕
η∈Q

U(A)η.

An element u ∈ U(A) is called homogeneous if u ∈ U(A)η for some η ∈ Q. We will
identify G with its injective image in U(G). If y, y1, . . . , ym ∈ G we set

[y, y1, . . . , ym] =
m∑
i=1

y1 . . . yi−1[y, yi]yi+1 . . . ym

and then define [y, u] for any u ∈ U(G) by linearity.

For ε ⊂ π, φ = φ̇+ nδ ∈ Q, φ̇ ∈ Q̇, n ∈ Z and 0 6= u ∈ U(G)φ denote by htε(φ)

the number of elements of ±ε in the decomposition of φ̇, and let htε(u) = htε(φ),

|u| = n, ‖ u ‖= |n|. We also set htf (φ) = htf (u) = htπf (φ̇) and |u|+ =
∑m

i=1|ni| if
u is a monomial in U(G), u = Xφ1+n1δ . . . Xφm+nmδ, φi ∈ Q̇.

Define G±
X =

∑
G±β , β ∈ P (X). Then we have an X-analog of the Cartan

decomposition G = G−
X ⊕ H ⊕ G+

X . A subalgebra BX = H ⊕ G+
X is called a non-

standard Borel subalgebra.
For ε ⊂ π′ consider the subalgebras G±(ε) =

∑
Gβ , β ∈ (Q±

ε + Zδ) ∩∆re, and

let G(ε) be a subalgebra of G generated by G±(ε). In particular, set G̃± = G±(π̃),

G̃ = G(π̃). Also let G′
± =

∑
G±β , β ∈ P (X), ht′(β) 6= 0, Gf

± (resp. Gf ) be

a subalgebra generated by ∆f
± ∩ ∆re (resp. ∆f ∩ ∆re), m± =

∑
Gβ , β ∈ ∆f

±,

m = m−⊕H⊕m+ and G̃f = Gf+H. Clearly, [G̃,Gf ] = 0 and G±
X = m±⊕G′

±⊕G̃±.

If the Coxeter-Dynkin subdiagram corresponding to X is connected, then Gf is the
derived algebra of an affine Lie algebra of rank |X |+1 with a root system ∆f . IfX is
not connected then ∆f does not have a basis consisting of real roots. Nevertheless,
G̃f (resp. m) is a Lie algebra with a triangular decomposition [13] with respect to
Q (cf. [2], Remark 1.4) and it satisfies the conditions (T1) and (T2) of [14]. Let
X =

⋃m
i=1Xi, and let the diagrams corresponding to each Xi be connected. Then

Gf =

m∑
i=1

Gf
i , [Gf

i ,G
f
j ] = 0, i 6= j,

m⋂
i=1

Gf
i = Z

and Gf
i is the derived algebra of an affine Lie algebra of rank |Xi|+ 1 for each i.

Let

G± =
∑

G±kδ, k ∈ Z+ \ {0}, G = G− ⊕ Z ⊕G+,
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Ḡ = {g ∈ G− ⊕G+ | [g,Gf ] = 0}, Ḡ± = Ḡ ∩G±.

Then G = (G∩Gf )⊕ Ḡ (cf. [6]), m = G̃f ⊕ Ḡ, m± = Gf
±⊕ Ḡ±. Also consider the

subalgebras u±X =
∑

G±β , β ∈ P (X) \∆f , and pX = u+
X ⊕m.

Let A be a Lie subalgebra of G and H ⊂ A. An A–module V is called weight if

V =
⊕
λ∈H∗

Vλ, Vλ = {v ∈ V | hv = λ(h)v for all h ∈ H}.

Set P (V ) = {λ ∈ H∗ | Vλ 6= 0}. For λ, µ ∈ H∗, we say µ ≤ λ if λ− µ ∈ Qf+.
Let Ω be a subcategory of weight A-modules with irreducible objects {Lt, t ∈ T }

indexed by a certain subset T ⊂ H∗. An A–module V ∈ Ω has a local composition
series [4] if for any µ ∈ P (V ) there exist a sequence V = Vn ⊃ . . . ⊃ V0 = 0 of
modules in Ω and a subset J ⊂ {1, 2, . . . , n} such that

1. If i ∈ J , then Vi/Vi−1 = Lti , ti − µ ∈ Q+.
2. If i 6∈ J , then (Vi/Vi−1)ν = 0 for all ν ∈ µ+Q+.

We will denote by [V : Lt] the multiplicity of Lt in V , i.e. the number of i’s in
J such that t = ti.

2. Verma and generalized Verma type modules

Let λ ∈ H∗, and let Cvλ be the 1-dimensional BX -module, where G+
Xvλ = 0 and

hvλ = λ(h)vλ for all h ∈ H. Consider a G-module

MX(λ) = U(G)⊗U(BX) Cvλ
associated with X and λ. This module is called a Verma type module of level λ(c)
[8], [9]. It is a weight module, and when X = I the module MX(λ) is a usual Verma
module [12]. In this case all weight subspaces are finite-dimensional. If X ( I, then
MX(λ) possesses both finite and infinite-dimensional weight spaces, µ ∈ P (MX(λ))
if and only if λ − µ ∈ Q+, 0 < dimMX(λ)µ < ∞ if and only if µ ≤ λ. It has a
unique maximal submodule, and we will denote by LX(λ) the unique irreducible
quotient [6]. It follows from the construction that MX(λ) is a free U(G−

X)-module.
From now on we will assume that X 6= I. Set Mf(λ) =

∑
µ≤λMX(λ)µ and

Lf(λ) =
∑

µ≤λ LX(λ)µ. Both Mf(λ) and Lf (λ) are m-modules, and Lf (λ) is the

unique irreducible quotient of Mf (λ). It follows from the construction of MX(λ)
that Mf (λ) is the Verma m-module with highest weight λ with respect to the
triangular decomposition m = m−⊕H⊕m+ [13], and in particular it is m− –free.
We can also view the modules Mf (λ) and Lf(λ) as pX -modules with the trivial
action of u+

X .
When λ(c) 6= 0, the structure of MX(λ) is completely determined by Mf(λ),

and the irreducible quotients of Verma type modules in this case were described in
[1] and [9].

Theorem 2.1 ([1], [9]). Let λ ∈ H∗, λ(c) 6= 0. Then

LX(λ) ' U(G)⊗U(pX ) L
f (λ)

Suppose thatX 6= ∅ and let S ( πf , N±
S =

∑
G±α, α ∈ Q+

S , mS = N−
S ⊕H⊕N+

S ,

u±X,S =
∑

(G±α ∩ Gf ), α ∈ ∆f
+ \ Q+

S , pX,S = mS ⊕ u+
X,S , HS = [N−

S , N
+
S ],

T±X,S = u±X,S ⊕ u±X ⊕ Ḡ± and NX,S = mS ⊕ T+
X,S = pX,S ⊕ u+

X ⊕ Ḡ+. Thus

mS is a finite-dimensional reductive Lie algebra, G̃f = pX,S ⊕ u−X,S and G+
X =
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u+
X ⊕ u+

X,S ⊕ N+
S ⊕ Ḡ+. The subalgebra NX,S is called a non-standard parabolic

subalgebra [3].
Let λ ∈ H∗ and λS be the restriction of λ to HS . Suppose that λS is dominant

integral and consider a finite-dimensional irreducible mS-module VS(λ) with highest
weight λ (i.e. λ+α 6∈ P (VS(µ)) for any α ∈ S). We can view VS(λ) as NX,S-module

with a trivial action of T+
X,S and define the G-module

MX,S(λ) = U(G)⊗U(NX,S)VS(λ)

associated with X,S and λ. The module MX,S(λ) is called a generalized Verma
type module. If S = ∅ then MX,∅(λ) is the Verma type module associated with
X and λ. The properties of modules MX,S(λ) were discussed in [3]. Clearly,

MX,S(λ) is a weight module, MX,S(λ) ' U(T−X,S)⊗CVS(λ) and LX(λ) is the unique

irreducible quotient of MX,S(λ). Also note that 0 < dimMX,S(λ)µ <∞ if and only

if µ ∈ P (MX,S(λ)) and µ ≤ λ. Consider the subspace Mf
X,S(λ) =

∑
MX,S(λ)µ,

dimMX,S(λ)µ < ∞, which is an m-module. We can also view Mf
X,S(λ) as a pX -

module with trivial action of u+
X .

Since VS(λ) is an NX,S-module, it is a pX,S ⊕ Ḡ+-module where u+
X,S and Ḡ+

act trivially.

Proposition 2.2 ([3]). 1. Mf
X,S(λ) ' U(m)⊗U(pX,S⊕Ḡ+) VS(λ).

2. Lf (λ) is the unique irreducible quotient of Mf
X,S(λ).

3. If λ(c) 6= 0, λS is dominant integral and N ⊂ MX,S(λ) is a submodule,

then N ' U(G) ⊗U (pX)Nf , where Nf = N ∩Mf
X,S(λ), and in particular,

MX,S(λ) ' U(G)⊗U(pX) M
f
X,S(λ).

3. Imaginary Verma modules

In this section we discuss the properties of the modules M∅(λ). Such modules
were studied originally in [10], [11] and [7]. Following [7] we call them imaginary
Verma modules.

First we establish the following technical lemma and proposition which will be
used later.

Lemma 3.1. 1. If ψ ∈ ∆′
+, ht′(ψ) = 1 and htf (ψ) 6= 0, then there exists

φ ∈ ∆′
+ such that φ− ψ ∈ ∆̇f

−.

2. If ψ ∈ ∆′
+ (resp. ψ ∈ ∆̃+) and htπ(ψ) 6= 1, then there exists φ ∈ ∆̇+ such

that ht′(φ) = 1 (resp. h̃t(φ) = 1) and φ− ψ ∈ ∆̇−.
3. Let φ ∈ ∆′

+, htf(φ) = 0, n ∈ Z and −φ+ nδ ∈ ∆. Then there exists m ∈ Z,
m+ n 6= 0, such that φ+mδ ∈ ∆ and

Tm,n = [Gφ+mδ,G−φ+nδ] 6⊂ Ḡ.
4. Let φ, ψ ∈ ∆̇+, φ 6= ψ, n ∈ Z, −ψ + nδ ∈ ∆ and φ − ψ ∈ ∆̇−. Then there

exists m ∈ Z+ such that φ±mδ ∈ ∆ and φ− ψ + (n±m)δ ∈ ∆.
5. If ε ⊂ π′, ε′ ( ε, ε′′ ⊂ ε′, ψ ∈ ∆−(ε) \ ∆−(ε′) and htε′′(ψ) 6= 0, then there

exists φ ∈ ∆̇+ with htε′′(φ) = 1 and φ+ ψ ∈ ∆−(ε) \∆−(ε′).

Proof. Statements (1), (2) and (5) are obvious. Let φ ∈ ∆′
+ and n ∈ Z as in

(3). Since φ 6∈ ∆̃ and htf (φ) = 0, there exists β ∈ πf such that β + φ ∈ ∆′ and
β − φ 6∈ ∆′. Suppose first that G is a non-twisted affine Lie algebra. In this case,
for any m ∈ Z, m + n 6= 0, [Gβ , Tm,n] 6= 0, which implies that Tm,n 6⊂ Ḡ. Now

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2668 VIATCHESLAV FUTORNY

let G be a twisted affine Lie algebra and G 6= D
(3)
4 . If n is even then for any even

m, [Gβ , Tm,n] 6= 0 and Tm,n 6⊂ Ḡ. Assume that n is odd. If β + δ ∈ ∆ then
for any m ∈ Z, m + n 6= 0, [Gβ+δ, Tm,n] 6= 0, implying that [Gβ , Tm,n] 6= 0 and
Tm,n 6⊂ Ḡ. Let β + δ 6∈ ∆. Since [Gβ , [Gφ+mδ,Gδ]] = Gβ+φ+(m+1)δ 6= 0 for any
odd m, we conclude that β + ψ + mδ ∈ ∆ and thus for any odd m, m + n 6= 0,

[Gβ , Tm,n] 6= 0 and Tm,n 6⊂ Ḡ. Suppose now that G = D
(3)
4 . If n ≡ 0(mod 3)

then [Gβ , Tm,n] 6= 0 for any m ≡ 0(mod 3), m + n 6= 0, and hence Tm,n 6⊂ Ḡ. Let
n ≡ 1(mod 3). Then φ + mδ ∈ ∆ for any m ≡ 2(mod 3). If β + δ ∈ ∆ then
[Gβ+δ, Tm,n] 6= 0 for any m ≡ 2(mod 3). Hence [Gβ , Tm,n] 6= 0 and Tm,n 6⊂ Ḡ. Let
β + δ 6∈ ∆. Then 0 6= [Gβ , [Gφ+mδ,Gδ]] = [Gβ+φ+mδ,Gδ] and β + φ +mδ ∈ ∆ for
any m ≡ 2(mod 3). Hence, [Gβ , Tm,n] 6= 0 and Tm,n 6⊂ Ḡ for any m ≡ 2(mod3).
The case when n ≡ 2(mod 3) can be treated similarly. This completes the proof of
(3). The proof of (4) is analogous to the proof of (3).

For ε ⊂ π′ and µ ∈ H∗ set ε(µ) = {β ∈ ε | (β, µ) = 0}, G±(ε, µ) =
∑

Gφ,
φ ∈ (Q±

ε + Zδ) ∩∆re, htε\ε(µ)(φ) 6= 0.

Proposition 3.2. Let V be a weight G-module, µ ∈ H∗, µ(c) = 0, 0 6= v0 ∈ Vµ,
Gnδv0 = 0 for all n > n0 ≥ 0, ε ⊂ π′, G+(ε)v0 = 0, N = U(G−(ε))v0, and let V be
free as G−(ε, µ)-module. Then the following statements are equivalent:

1. v0 ∈ U(G(ε))v for any non-zero v ∈ N .
2. β ∈ ε(µ) implies G−βv0 = 0.

Proof. Let Ñ = U(G(ε))v. Suppose that β ∈ ε(µ) but G−βv0 6= 0. Since G+(ε)v0 =
0, G+(ε)G−nδv0 = 0 for any n ∈ Z \ {0} and (µ, β) = 0, we immediately conclude
that U(G(ε))G−βv0 63 v0 and hence (1) implies (2).

Assume now that G−βv0 = 0 for all β ∈ ε(µ). If ε(µ) = ε then N ' Cv0 and
the statement (1) is trivial. Let ε(µ) 6= ε and v an arbitrary non-zero element of
N . Then v = uv0, u ∈ U(G−(ε)), and we may assume that u is homogeneous. We
divide the proof of statement (1) into several steps.

Step 1. Suppose that htε(µ)(u) = d > 0. Using the fact that N is free over
G−(ε, µ) and the PBW Theorem, we can write u as a linear combination of the
monomials

X`1i
φ1i+n1iδ

. . .X
`s(i)i
φs(i)i+ns(i)iδ

ui,

where ui ∈ U(G−(ε, µ)), htε(µ)(ui) = 0, htε\ε(µ)(φij) 6= 0, φij ∈ ∆−(ε) or 1
2φij ∈

∆−(ε) (the latter is possible only if G = A
(2)
2` ), 0 < htε(µ)(φs(i)i) ≤ . . . ≤ htε(µ)(φ1i)

for all i and `in, nij ∈ Z, `ij > 0. We can also assume that htε(µ)(φs(1)1) ≤
htε(µ)(φs(i)i) for all i, and if φs(1)1 + ns(1)1δ = φij + nijδ then i = s(j). Suppose

that φs(1)1 ∈ ∆−(ε). Then applying Lemma 3.1, (5) we can find an element φ ∈ ∆̇+

for which htε(µ)(φ) = 1 and φ + φs(1)1 ∈ ∆−(ε). Also by Lemma 3.1, (4) one can
choose n ∈ Z+ such that n > |u|+, φ+ nδ ∈ ∆ and φ+ φs(1)1 + (ns(1)1 + n)δ ∈ ∆.
Since [y, ui] = 0 for y ∈ Gφ+nδ \ {0} and for all i, the chosen ordering and n
guarantee that [y, u] contains a monomial

X`11
φ11+n11δ

. . . X
`s(1)1−1

φs(1)1+ns(1)1δ
Xφ+φs(1)1+(ns(1)1+n)δu1

and thus [y, u] 6= 0. We conclude that yv = yuv0 = [y, u]v0 6= 0 and htε(µ)([y, u]) =

d− 1. If 1
2φs(1)1 ∈ ∆−(ε) then

X− 1
2φs(1)1

v = [X− 1
2φs(1)1

, u]v0 6= 0 and htε(µ)([X− 1
2φs(1)1

, u]) < d.
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By induction on d we find an element z ∈ G+(ε) such that zv ∈ N and htε(µ)(zv) =
0.

We will assume that

u =
∑
i

ciX
`1i
φ1i+n1iδ

. . . X
`s(i)i
φs(i)i+ns(i)iδ

,(3.1)

where
∑s(i)
j=1 φji = η ∈ Q−

ε for all i and htε(µ)(φij) = 0 for all i, j.

Step 2. Suppose that u ∈∑i ciXβ1+n1iδ . . .Xβk+nkiδ, −βi ∈ ε \ ε(µ), i = 1, . . . k,
β1 + . . .+ βk = η, βi 6= βj if i 6= j. If n0 = 0 then 0 6= X−β1−n11δ . . .X−βk−nk1δv ∈
Ñ is proportional to v0 since µ([X−βi−ni1δ, Xβi+ni1δ]) 6= 0 for all i = 1, . . . , k.
Now let n0 > 0. We may also assume that nk1 ≤ nki for all i. Denote yi =
Xβ1+n1iδ . . . Xβk−1+nk−1iδ. Then X−βk−nk1δv ∈ Ñ is proportional to

w1 =
∑

i:nki=nk1

ciyiv0 +
∑

i:nki=nk1+1

c′iyiXδv0 + . . .+
∑

i:nki=nk1+p1

c′iyiXp1δv0,

where p1 ≤ n0. Note that

−βk + (p1 − nk1)δ ∈ ∆ and X−βk+(p1−nk1)δv ∈ Ñ
is proportional to

w2 =
∑

i:nki=nk1

ciyiXp1δv0

+
∑

i:nki=nk1+1

c′′i yiX(p1+1)δv0 + . . .+
∑

i:nki=nk1+p2

c′′i yiX(p1+p2)δv0,

where p1 + p2 ≤ n0. Continuing this process we find s > 0 for which 0 6= ws+1 =∑
i:nki=nk1

ciyiX(p1+...ps)δv0 ∈ Ñ and hence X(p1+...+ps)δv0 ∈ Ñ by induction on

k, implying that
∑
i:nki=nk1+ps

c′′i yiX(p1+...+ps)δv0 ∈ Ñ . Combining the inductions

on ps and s we conclude that
∑

i:nki=nk1
ciyiv0 ∈ Ñ , and then induction on k

completes the proof.

Step 3. Let G 6= A
(2)
2` , u ∈ U(G−(ε))2β+mδ, −β ∈ ε\ε(µ). Then u can be written

in the form

u =
∑
k,n

aknXβ+kδXβ+nδ,(3.2)

where akn ∈ C∗, k+n = m, k ≥ n, and the basis of G is chosen in such a way that
[Xβ+pδ, Xqδ] = 2Xβ+(p+q)δ, p, q ∈ Z, q 6= 0, [X−β+pδ, Xβ+qδ] = X(p+q)δ, p, q ∈ Z,
p + q 6= 0. We will assume that there are at least two terms in (3.2); otherwise
Step 3 can be easily reduced to Step 2. If p > n0 − m and −β + pδ ∈ ∆, then
X−β+pδv = X−β+pδuv0 = −2(

∑
k,n akn)Xβ+(p+m)δv0 and thus we can apply Step

2 if X−β+pδv 6= 0. Suppose that X−β+pδv = 0. Since N is free as G−(ε, µ)-module,
we conclude that

∑
k,n akn = 0. Let n̄ be the minimal number among all n’s in

akn and let n0 = 0. Since (µ, β) 6= 0, it implies that X−β−n̄δv is proportional to
Xβ+(m−n̄)δv0 and hence we can apply Step 2. Suppose now that n0 > 0. Since
m− n̄ > n̄, an element of type

X−β−(m−n̄)δX−β−n̄δv

is proportional to

w1 = v0 + b11X−n11δXn11δv0 + . . .+ bk(1)1X−nk(1)1δXnk(1)1δv0 ∈ Ñ ,
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where bi1 ∈ C∗, 0 < ni1 < ni+11 ≤ n0 and Xni1δv0 6= 0 for all i = 1, . . . , k(1). Since
β + (nk(1)1 + n̄)δ ∈ ∆, it implies that

−β + (nk(1)1 − n̄)δ ∈ ∆ and X−β−(m−n̄)δX−β+(nk(1)1−n̄)δv

is proportional to

w2 = Xnk(1)1δv0 + b12X−n12δXn12δv0 + . . .+ bk22X−nk(2)2δXnk(2)2δv0 ∈ Ñ ,
where bi2 ∈ C∗, nk(1)1 < ni2 < ni+12 ≤ n0 and Xni2δv0 6= 0 for all i = 1, . . . , k2.
Continuing this procedure we find s > 0 for which

0 6= ws+1 = Xnk(s)sδv0 ∈ Ñ , ws − bk(s)sX−nk(s)sδws+1 ∈ Ñ ,
and we conclude by induction that

Xnk(s−1)s−1δv0 ∈ Ñ , . . . , Xnk(1)1δv0 ∈ Ñ ,
and v0 ∈ Ñ , which completes the proof.

Step 4. Let G = A
(2)
2` , u ∈ U(G−(ε))2β+mδ, −β ∈ ε \ ε(µ). Then

u = amX2β+mδ +
∑
k,n

aknXβ+kδXβ+nδ,(3.3)

where there are at least two terms in (3.3)

[Xβ+mδ, X2kδ] = 2Xβ+(m+2k)δ,

[Xβ+mδ, X(2k+1)δ] = 6Xβ+(m+2k+1)δ,

[X−β+mδ, Xβ+pδ] = X(m+p)δ,

[X−β+2mδ, X2β+(2`+1)δ] = Xβ+(2m+2`+1)δ,

[X−β+(2m+1)δ, X2β+(2`+1)δ] = −Xβ+2(`+m+1)δ, p, k,m, ` ∈ Z, k 6= 0, m+ p 6= 0;

akn ∈ C∗, am ∈ C and am = 0 if m is even. Let p ∈ Z and 2p > n0 −m. Then
X−β+2pδv = (am − 2

∑
k−even akn − 6

∑
k−odd akn)Xβ+(m+2p)δv0 and

X−β+(2p+1)δv = (−am − 6
∑

k−even

akn − 2
∑
k−odd

akn)Xβ+(m+2p+1)δv0.

If X−β+2pδv 6= 0 or X−β+(2p+1)δv 6= 0 we can apply Step 2; otherwise

am − 2
∑

k−even

akn − 6
∑
k−odd

akn = am + 6
∑

k−even

akn + 2
∑
k−odd

akn = 0

and one can show following the procedure in Step 3 that v0 ∈ Ñ .
Step 5. Suppose that η = 2β1 + . . . + 2βn, −βi ∈ ε \ ε(µ), i = 1, . . . , n, and

for each φij in (1) either htε(φij) = 1 or htε(φij) = 2 and 1
2φij ∈ ε. The proof of

statement (1) in this case follows from Steps 3 and 4 using induction on n.
Step 6. Suppose that in (3.1) there exist i and j for which htε(φji) ≥ 2 and

1
2φji 6∈ ε or there exists β ∈ −(ε \ ε(µ)) such that η − 3β ∈ Q−

ε . Using Lemma 3.1,
(2) and (4) one can find an element y ∈ U(G+(ε)) such that yv = yuv0 = u′v0
where u′ ∈ U(G−(ε)) and it has the same form as in Step 5. We leave the details
to the reader. This completes the proof of the proposition.
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Now assume that X = ∅ and consider the properties of the modules M∅(λ). One
can easily see that 0 < dimM∅(λ)µ <∞ if and only if µ = λ − kδ, k ∈ Z+, which
together with Theorem 2.1 implies that M∅(λ) is irreducible if and only if λ(c) 6= 0
[10], [7].

Suppose that λ(c) = 0 and denote π(λ) = {β ∈ π | (λ, β) = 0}. Let 0 6= v ∈
M∅(λ). Then N = U(G)(G−(π(λ))⊕G−)v is a proper submodule of M∅(λ), and we
consider the G-module M ′(λ) = M∅(λ)/N . Clearly, L∅(λ) is the unique irreducible
quotient of M ′(λ). Moreover, we have the following result.

Corollary 3.3 (cf. [10], Proposition 6.2 and [7], Theorem 1, (ii)). The module
M ′(λ) is irreducible.

Proof. Follows immediately from Proposition 3.2 with n0 = 0, ε = π and µ = λ.

Assume that π(λ) = ∅. Then the maximal submodule of M∅(λ) is generated by
M1 =

∑∞
n=1M∅(λ)λ−nδ by Corollary 3.3. Moreover, any submodule M ⊂ M∅(λ)

is generated by M ∩M1. A more general statement (Lemma 5.1) will be proved
in section 5. Clearly, M∅(λ) has a local composition series with all irreducible
subquotients isomorphic to M ′(λ − nδ), n ∈ Z+, and [M∅(λ) : M ′(λ − nδ)] does
not depend on the choice of a local composition series for any n ∈ Z+.

Proposition 3.4 ([7], Theorem 2). Let λ ∈ H∗, λ(c) = 0 and π(λ) = ∅. Then
HomG(M∅(µ),M∅(λ)) 6= 0 if and only if µ = λ−nδ for some n ∈ Z+, and moreover
dim HomG(M∅(λ− nδ),M∅(λ)) = [M∅(λ) : M ′(λ − nδ)] = dimM∅(λ)λ−nδ .

Remark 3.5. If λ ∈ H∗, λ(c) = 0 and π(λ) = π, then L∅(λ) is the trivial one-
dimensional module and the maximal submodule of M∅(λ) has irreducible subquo-
tients which are not of type L∅(µ) [7].

4. Verma type modules of zero level

From now on we assume that X 6= I ∪ ∅. In this section we begin a study of
Verma type modules MX(λ) with λ(c) = 0. Consider a subspace M̄ = U(Ḡ−)Ḡ−vλ
of MX(λ).

Lemma 4.1. U(G)M̄ is a proper submodule of M(λ).

Proof. If U(G)M̄ = MX(λ) then, by the PBW Theorem, vλ =
∑
i u

−
i u

+
i Xivλ,

where u−i ∈ U(G−
X), u+

i ∈ U(G+
X)G+

X , Xi ∈ U(Ḡ−)Ḡ−. But [G+
X , Ḡ] ⊂ G+

X ⊕ Z.

Thus vλ =
∑

i u
−
i Xiu

+
i vλ +

∑
i u

−
i [u+

i , Xi]vλ = 0, and this contradiction completes
the proof.

Let ν : U(G) → U(G)/U(G)G+
X be the natural map. We will identify the

elements of U(G−
X) with their images under ν. Also consider the natural map

ν̃ : U(G) → U(G)/U(G)(G+
X ⊕ Ḡ−) and the following decomposition of U(G−

X) :

U(G−
X) ' U(G′−) ⊗C U(m−) ⊗C U(G̃−). Then ν̃(U(G−

X)) = U(G−
X)/U(G−

X)Ḡ− '
U(G′−)⊗C U(Gf

−)⊗C U(G̃−).

Denote M̃(λ) = MX(λ)/U(G)M̄ . Then M̃(λ) ' U(G′
−) ⊗C U(Gf

−) ⊗C U(G̃−)

as a vector space. Let M̃f(λ) =
∑
M̃(λ)µ, dim M̃(λ)µ < ∞. Clearly, M̃(λ) '

Mf(λ)/U(Gf )M̄ , and hence it is a Verma G̃f–module with highest weight λ with

respect to the triangular decomposition G̃f = Gf
− ⊕ H ⊕ Gf

+ [13]. In particular,

M̃f(λ) ' U(Gf
−) as a vector space. Consider the natural map τ : MX(λ)→ M̃(λ)

and let ṽλ = τ(vλ).
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Lemma 4.2. Let 0 6= v0 ∈ M̃f (λ)µ, µ ∈ H∗. A G̃-module V = U(G̃)v0 is irre-
ducible if and only if (µ, β) 6= 0 for all β ∈ π̃.

Proof. Since G̃+v0 = Ḡv0 = 0, then V is isomorphic to U(G̃−) as a vector space,
and the lemma follows from Proposition 3.2 if we let ε = π̃ and n0 = 0.

Lemma 4.3. Let 0 6= u ∈ U(G−
X), u homogeneous, and ht′(u) > 1. Then there

exist φ ∈ ∆′
+, n ∈ Z+ and y ∈ Gφ−nδ such that ν̃(yu) 6= 0 and ht′(ν̃(yu)) 6= 0.

Proof. Using the PBW Theorem we can write

u =
∑
k

X`1k
−φ1k+n1kδ

. . . X
`s(k)k
−φs(k)k+ns(k)kδ

uk,

where ht′(φik) 6= 0 for all i, k, −φik + nikδ 6= −φjk + njkδ if i 6= j for all k; nik,

`ik ∈ Z, `ik > 0, and uk ∈ U(Gf
− ⊕ G̃−). By the assumption,

∑
i ht

′(φik) = ht′(u)
for each k. Consider a subset Ω ⊂ {φik} consisting of all ψ such that ht′(ψ) =
mini,k ht

′(φik). We may assume that φs(1)1 ∈ Ω, ht′(φ1k) ≥ . . . ≥ ht′(φs(k)k) for all
k, and that −φs(1)1 + ns(1)1δ = −φik + nikδ implies i = s(k). If φs(1)1 ∈ ∆ then

by Lemma 3.1, (2) there exists φ ∈ ∆′
+ such that ht′(φ) = 1 and φ− φs(1)1 ∈ ∆̇−.

By Lemma 3.1, (4), we can choose sufficiently large n ∈ Z+ for which φ− φs(1)1 +
(ns(1)1 − n)δ ∈ −P (X), n > |nik| for all i, k and n > |uk|+ for all k. For 0 6= y ∈
Gφ−nδ it follows that ν̃(yX−φs(1)1+ns(1)1δ) 6= 0, ν̃(yu) 6= 0 and ht′(ν̃(yu)) 6= 0. If
1
2φs(1)1 ∈ ∆ then ν̃(X 1

2φs(1)1
u) 6= 0, which completes the proof.

Lemma 4.4. Let ψ ∈ ∆′
+, ht′(ψ) = 1, n ∈ Z and 0 6= X−ψ+nδ ∈ G−ψ+nδ. Then

there exists y ∈ U(G) such that 0 6= ν̃(yX−ψ+nδ) ∈ U(Gf
−).

Proof. If htf (ψ) = 0 then the statement follows from Lemma 3.1, (3). Let htf (ψ) 6=
0. By Lemma 3.1, (1) and (4) there exist φ ∈ ∆′

+ for which φ−ψ ∈ ∆̇f
−, and t ∈ Z+

such that φ− ψ + (n− t)δ ∈ −P (X) and φ− tδ ∈ ∆. Then for 0 6= y ∈ Gφ−mδ we

have 0 6= ν̃(yX−ψ+nδ) ∈ U(Gf
−), and the lemma follows.

Proposition 4.5. Let 0 6= u ∈ U(G−
X), u homogeneous, ht′(u) 6= 0 and ν̃(u) 6= 0.

Then there exists y ∈ U(G) such that 0 6= ν̃(yu) ∈ U(Gf
−)⊗C U(G̃−).

Proof. Let u =
∑

kX
`ik
−φ1k+n1kδ

. . .X
`s(k)k
−φs(k)k+ns(k)kδ

uk + u0, where ht′(φik) 6= 0 for

all i, k, φik are ordered as in the proof of Lemma 4.3, `ik, nik ∈ Z, `ik > 0,

uk ∈ U(Gf
−)⊗C U(G̃−) and u0 ∈ U(G)Ḡ−. Suppose that ht′(u) =

∑
i ht

′(φik) = r.
Using Lemmas 4.3 and 4.4 and induction on r, we can choose ψ1, . . . , ψr ∈ ∆′

+ and

sufficiently large t1, . . . , tr such that 0 6= ν̃(yr . . . y1u) ∈ U(Gf
−) ⊗C U(G̃−), where

0 6= yi ∈ Gψi−tiδ, i = 1, . . . , r.

Remark 4.6. Proposition 4.5 is also valid in the case when the element u is not
homogeneous, i.e., u =

∑
i ciui where ui ∈ U(G−

X)ηi , ηi ∈ Q and ηi 6= ηj if i 6= j.

Proposition 4.7. Let 0 6= v ∈ M̃(λ)µ, µ ∈ H∗, and (λ, α) 6= 0 for all α ∈ π̃. Then

there exists y ∈ U(G) such that 0 6= yv ∈ M̃f (λ).

Proof. Let v = uṽλ where u ∈ U(G−
X)µ−λ. By Proposition 4.5 there exists y′ ∈

U(G) such that 0 6= ν̃(y′u) ∈ U(Gf
−)⊗U(G̃−) and thus y′v = y′uṽλ = ν̃(y′u)ṽλ 6= 0.
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Using the PBW Theorem we can write ν̃(y′u) =
∑

k u
(1)
k u

(2)
k , where u

(1)
k ∈ U(Gf

−)

and u
(2)
k are the monomials in U(G̃−). Let

u
(2)
k = X`1k

−φ1k+n1kδ
. . . X

`s(k)k
−φS(k)k+ns(k)kδ

,

where φik ∈ Q+
π̃ , nij , `ij ∈ Z, `ij > 0. Among all monomials u

(2)
k consider those with

smallest |u(2)
k | and denote them by ũ

(2)
k . Thus ν̃(y′u) =

∑
n u

(1)
n ũ

(2)
n +

∑
t u

(1)
t u

(2)
t .

Note that h̃t(ũ
(2)
n ) = h̃t(u

(2)
t ) for all n, t and ũ

(2)
n ∈ U(G̃−)η for a single η ∈ Q

for all n. By Lemma 4.2 there exists z ∈ U(G̃)−η such that z(
∑

n ũ
(2)
n )ṽλ ∈ C∗ṽλ

and hence 0 6= z(
∑

n u
(1)
n ũ

(2)
n )vλ ∈ M̃f(λ). Since zṽλ = 0 and ν(z(

∑
t u

(1)
t u

(2)
t )) ∈

U(Ḡ+)Ḡ+, this implies that 0 6= zy′v = zy′uṽλ = zν̃(y′u)ṽλ = z(
∑
n u

(1)
n ũ

(2)
n )ṽλ ∈

M̃f(λ). We complete the proof by setting y = zy′.

Now we are in a position to prove the criterion of irreducibility for modules
M̃(λ).

Theorem 4.8. Let λ(c) = 0. The module M̃(λ) is irreducible if and only if the
following two conditions hold:

1. M̃f (λ) is an irreducible Gf -module.
2. (λ, α) 6= 0 for all α ∈ π̃.

Proof. Assume M̃(λ) is an irreducible G-module. If Nf is a proper Gf -submodule

of M̃f (λ) then U(G)Nf is a proper G-submodule of M̃(λ). Thus Nf = 0 and

M̃f(λ) is an irreducible Gf -module. Suppose that (λ, α) = 0 for some α ∈ π̃.
Since [Gα+nδ,G−α] ⊂ Ḡ for any n ∈ Z \ {0} and [Gα,G−α]ṽλ = 0, we have

that U(G)G−αṽλ is a proper G-submodule of M̃(λ), which again contradicts the

irreducibility of M̃(λ).
Conversely, suppose that conditions (1) and (2) of the theorem are satisfied. Let

N be a non-zero G-submodule of M̃(λ) and 0 6= v ∈ N . Then by Proposition 4.7

there exists y ∈ U(G) such that 0 6= yv ∈ M̃f (λ). Since M̃f (λ) is an irreducible

Gf -module, yv generates M̃(λ). Thus, N = M̃(λ) and M̃(λ) is irreducible.

5. Structure of modules MX(λ) when M̃(λ) is irreducible

Let λ ∈ H∗, λ(c) = 0. In this section we will assume that M̃(λ) is an irreducible
G-module, i.e. it satifies the conditions (1) and (2) of Theorem 4.8. If N is a
submodule of MX(λ) we will denote [N ] = N ∩ M̄ .

Lemma 5.1. Suppose that M̃(λ) is an irreducible G-module. Then for every non-
zero submodule N of MX(λ), [N ] 6= 0 and N is generated by [N ].

Proof. Let N be a non-zero proper submodule of MX(λ) and 0 6= v ∈ N . Then
v = uvλ for some u ∈ U(G−

X). Using the PBW Theorem we can write u as the
following linear combination:

u =
∑
k∈K0

aku
(1)
k u

(2)
k u

(3)
k u

(4)
k ,(5.1)

where ak ∈ C∗ and u
(i)
k are monomials such that u

(1)
k ∈ U(G′−), u

(2)
k ∈ U(Gf

−),

u
(3)
k ∈ U(G̃−), u

(4)
k ∈ U(Ḡ−). We will also assume that u is homogeneous. If
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u
(4)
k = 0 for at least one k ∈ K0, then ν̃(u) 6= 0 and by Theorem 4.8 M̃(λ) ' τ(N)

where τ : MX(λ) → M̃(λ). Thus vλ ∈ N and N = M , which contradicts our

assumption. Therefore we can assume that u
(4)
k 6= 0 for all k ∈ K0. Denote by `(u)

the number of different u
(4)
k , k ∈ K0, in (5.1). Suppose that `(u) = 1. Then

u =

(∑
k∈K0

aku
(1)
k u

(2)
k u

(3)
k

)
u(4).

Consider an element u′ =
∑

k∈K0
aku

(1)
k u

(2)
k u

(3)
k ∈ U(G′− ⊕ Gf

− ⊕ G̃−). By The-

orem 4.8 there exists y ∈ U(Gf
X) such that yu′vλ = ν(yu′)vλ ∈ C∗vλ, and hence

ν(yu′) ∈ S(H). Then we have yuvλ = yu′u(4)vλ = u(4)ν(yu′)vλ ∈ C∗u(4)vλ, which
implies u(4)vλ ∈ [N ] and v ∈ U(G)[N ]. We conclude that N = U(G)[N ].

Suppose now that `(u) > 1. Applying the same procedure as in the proof of
Proposition 4.5 (see also Remark 4.6) we find an element y1 ∈ u(G) such that

y1uvλ = (
∑

m ãmũ
(2)
m ũ

(3)
m ũ

(4)
m )vλ 6= 0, where ũ

(2)
m ∈ U(Gf

−), ũ
(3)
m ∈ U(G̃−), ũ

(4)
m ∈

U(Ḡ−) and for each m there exists k ∈ K0 such that ũ
(4)
m = u

(4)
k . Note that

(
∑

m ãmũ
(2)
m ũ

(3)
m )vλ ∈ M̃f (λ).

Let u2,3
m = ũ

(2)
m ũ

(3)
m for all m and d = maxm ||u2,3

m ||. Consider the element

w =
∑
m

ãmũ
(2)
m ũ(3)

m =
∑

m:||u2,3
m ||=d

ãmu
2,3
m +

∑
m:||u2,3

m ||6=d
ãmu

2,3
m .

Since Mf
X(λ) is irreducible by Theorem 4.8, there exists an element y2 ∈ U(Gf

+)
such that

y2(
∑

m:||u2,3
m ||=d

ãmu
2,3
m )vλ ∈ C∗vλ.

Also, note that y2(
∑

m:||u2,3
m ||6=d ãmu

2,3
m )vλ = 0. Thus y2w ∈ C∗vλ and

y2y1v = y2y1uvλ = (
∑
`∈L

b`˜̃u`)vλ 6= 0,

where for each ` ∈ L there exists k ∈ K0 such that ˜̃u` = u
(4)
k and ˜̃um 6= ˜̃un if m 6= n.

We conclude that 0 6= y2y1v ∈ N ∩ M̄ , and hence [N ] 6= 0.
Suppose that bt 6= 0. Then we can write u in the form

u = ût ˜̃ut +
∑

`∈L\{t}
û` ˜̃u` +

∑
k∈K

ûku
(4)
k ,

where ûm ∈ U(Gf
− ⊕ G̃− ⊕ G′

−), ˜̃u` 6= u
(4)
k for all `, k and u

(4)
m 6= u

(4)
n if m 6= n.

Then `(u) = |L|+ |K|. Consider the element

ζ = u− 1

bt
ût(
∑
`

b` ˜̃u`) =
∑

`∈L\{t}
(û` − b`

bt
ût)˜̃u` +

∑
k∈K

ûku
(4)
k .

Then ζvλ = v − 1
bt
ûty2y1v ∈ N . If ζvλ = 0 we obtain that K = ∅, û` = b`

bt
ût for

all ` ∈ L, u = ût ˜̃ut +
∑

`∈L\{t}
b`
bt
ût ˜̃u` = 1

bt
ût(
∑

`∈L b`
˜̃u`), and v = uvλ ∈ U(G)[N ].

Lemma 5.1 is proved.
Suppose now that ζvλ 6= 0. Since `(ζ) = |K|+ |L \ {t}| = `(u)− 1, we can apply

induction on `(u) and conclude that ˜̃u`vλ ∈ [N ], ` ∈ L \ {t} and u
(4)
k vλ ∈ [N ],
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k ∈ K. Hence u
(4)
k vλ ∈ [N ] for all k ∈ K0. It implies that uvλ ∈ U(G)[N ] and

N = U(G)[N ]. This completes the proof of the lemma.

LetN ⊂MX(λ). It follows from Lemma 5.1 thatN has a local composition series

with all irreducible quotients isomorphic to M̃(λ − mδ), m ∈ Z+. Moreover the

number [N : M̃(λ−mδ)] does not depend on the choice of a local composition series
for any m ∈ Z+. The following statement is a generalization of Proposition 3.4.

Proposition 5.2. Suppose λ ∈ H∗, λ(c) = 0, m ∈ Z+ and M̃(λ) is irreducible. If
N ⊂MX(λ) and µ ∈ H∗, then

1. M̃(λ−mδ) is an irreducible G-module.

2. [N : M̃(λ−mδ)] = dim(M̄ ∩Nλ−mδ).
3. HomG(MX(µ),MX(λ)) 6= 0 if and only if µ = λ − nδ for some n ≥ 0 and

dim HomG(MX(λ − nδ),MX(λ)) = dim(M̄ ∩MX(λ)λ−nδ).

Proof. Statement 1 follows from Theorem 4.8, while 2 and 3 follow from Proposi-
tion 5.2.

6. Irreducible quotients of MX(λ) (case of irreducible M̃f (λ))

Let λ ∈ H∗, λ(c) = 0. By Theorem 4.8, if M̃f(λ) is an irreducible Gf -module

and (λ, α) 6= 0 for all α ∈ π̃, then LX(λ) ' M̃(λ) ' U(G′
−) ⊗C U(G̃−) ⊗C M̃f(λ)

as vector spaces. In this section we consider the case when M̃f(λ) is an irreducible
Gf -module and there exists at least one α ∈ π̃ such that (λ, α) = 0, which implies

that M̃(λ) is no longer irreducible.
Set A = G−(π̃(λ)), where

π̃(λ)={α ∈ π̃|(λ, α)=0}, Û=U(G′
−)⊗ (U(G̃−)/U(G̃−)A),B=U(G)Aṽλ

and M̂(λ) = M̃(λ)/B. Let ν̂ : U(G) → Û ⊗C U(Gf
−) and τ̂ : M̃(λ) → M̂(λ)

be natural maps and v̂λ = τ̂(ṽλ). We will identify the elements of Û with their

representatives in U(G′
−)⊗ U(G̃−).

Theorem 6.1. LX(λ) ' Û ⊗C M̃f(λ) as vector spaces.

Proof. One can easily see that B is a proper submodule of M̃(λ). But B ' Û ⊗C
U(A)A ⊗C M̃f (λ), and thus M̂(λ) ' Û ⊗C M̃f(λ) as vector spaces. We will show

that the G-module M̂(λ) is irreducible. Let N ⊂ M̂(λ) and 0 6= v ∈ N , v = uv̂λ,

where u ∈ U(G′
−)⊗ U(Gf

−)⊗ (U(G̃−)/U(G̃−)A). If ht′(u) 6= 0, it follows from the

proof of Lemma 4.4 that there exists y ∈ U(G) such that 0 6= ν̂(yu) ∈ U(Gf
−) ⊗C

(U(G̃−)/U(G̃−)A).

Thus we can assume that ht′(u) = 0. If h̃t(u) 6= 0, then following the proof

of Proposition 4.7 we find an element y1 ∈ U(G) such that 0 6= ν̂(y1u) ∈ U(Gf
−).

Hence we may assume that u ∈ U(Gf
−) and v = uv̂λ ∈ M̃f (λ). But M̃f(λ) is an

irreducible Gf–module, which implies that N = M̂(λ). The theorem is proved.

Remark 6.2. Let α ∈ π̃ and (λ, α) = 0. The structure of the module MX(λ) in this
case is quite mysterious. For example, MX(λ) has irreducible subquotients which
are not of type LX(µ) [7].
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7. Irreducible quotients of MX(λ) (case of reducible M̃f(λ))

In this section we will assume that the Gf–module M̃f (λ) is reducible. Thus

LX(λ) is the unique irreducible quotient of M̂(λ) and Lf (λ) is the unique irreducible

quotient of M̃f(λ).

Remark 7.1. One would expect that LX(λ) ' Û ⊗ LfX(λ), but this is not always

the case. For example, if LfX(λ) = Cv and (λ, β) = 0 for some β ∈ π′, then

U(G)(G−β ⊗ v) is a proper submodule of Û ⊗ Cv and thus LX(λ) 6' Û ⊗ Cv.

Conjecture 7.2. If λ ∈ H∗, λ(c) = 0 and dimLfX(λ) > 1, then LX(λ) ' Û ⊗
LfX(λ).

We will prove this conjecture for λ in “general position”.

Definition 7.3. Let λ ∈ H∗, λ(c) = 0. We will say that λ is in general position if
(µ, β) 6= 0 for all µ ∈ λ+Qπf and any β ∈ π′ \ π̃.

Example 7.4. Any λ ∈ H∗ such that λ(c) = 0 and 2(λ,β)
(β,β) 6∈ Z for all β ∈ π′ \ π̃ is

in general position.

Let u ∈ Û⊗U(Gf
−) be a homogeneous element. We will say that u is represented

in a normal form if u =
∑

k∈K uku
f
k , where uk ∈ Û , ufk ∈ U(Gf

−), uk are linearly

independent and ufi 6∈ C∗ufj if i 6= j. Obviously, if |K| > 1 then u has many
different normal forms.

Using the PBW Theorem we can choose a basis in U(Gf
−) consisting of the

monomials u(δ)u(f) where u(δ) ∈ U(G−) ∩ U(Gf
−) and u(f) contains no elements

of U(G−). Thus any element u ∈ U(Gf
−) can be written uniquely as a linear

combination of certain monomials u
(δ)
i u

(f)
i . Suppose that u ∈ U(Gf

−)η+mδ, u
(f)
i ∈

U(Gf
−)ηi+miδ and η, ηi ∈ Q,m,mi ∈ Z for all i. Then we set d(u) = maxi|mi| and

d̄(u) = |m| − d(u). With each homogeneous element u ∈ Û ⊗U(Gf
−) represented in

a normal form u =
∑

k∈K uku
f
k we will associate D(u) = maxk∈K d(u

f
k) and the set

S(u) = {k ∈ K | d(ufk) = D(u)}. Note that D(u) is independent of the choice of a
normal form and depends only of u. On the other hand the set S(u) is determined
by a given normal form.

Let H′ = H ∩ G(π′), G′ = G ∩ G(π′). Consider the following decomposition of
U(G(π′)) : U(G(π′)) = U(H′⊕G′)⊕ (U(G(π′))G+(π′)+G−(π′)U(G(π′))), and the
corresponding projection ν0 : U(G(π′))→ U(H′ ⊕G′).

Proposition 7.5. Let λ, µ ∈ H∗, λ(c) = 0 and λ is in general position, N ⊂ M̂(λ),

0 6= uv̂λ ∈ Nµ and u =
∑

k∈K uku
f
k is a normal form of u such that htf (uk) = 0

for all k ∈ K. Then ufk v̂λ ∈ N for all k ∈ K.

Proof. Denote v = uv̂λ. Assume that uk ∈ Ûηk and set µk = µ−ηk, ηk ∈ Q, k ∈ K.
Then (µk, β) 6= 0 for any β ∈ π′ and k ∈ K, since λ is in “general position”. We
will prove the statement by induction on |K|, D(u) and |S(u)| simultaneously.

Step 1. Let |K| = 1. Then u = u′uf , where u′ is a homogeneous element

of Û and htf(u′) = 0. Consider a U(G−(π′))-module V = U(G−(π′))uf v̂λ with
G+(π′)uf v̂λ = 0 and G−β(uf v̂λ) = ufG−β v̂λ = 0 for all β ∈ π̃(µ). Obviously,
v ∈ N ∩ V , and it follows from Proposition 3.2 that uf v̂λ ∈ U(G(π′))v ⊂ N .
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Step 2. Suppose now that |K| > 1 and D(u) = 0. Consider K̃ = {k ∈
K | d̄(ufk) ≤ d̄(ukj ) for all j ∈ K}. Let k0 ∈ K̃. Then by Step 1 there ex-

ists y ∈ U(G(π′)) for which yuk0u
f
k0
v̂λ = ak0u

f
k0
v̂λ, ak0 ∈ C∗. Since u is ho-

mogeneous and htf (uk) = 0 for all k, we have ν0(yuk) ∈ U(H) ⊗ U(G)0, k ∈
K̃ \ {k0} and ν0(yuk) ∈ U(H) ⊗C U(G)0G+, k ∈ K \ K̃. As d(ufk) = 0 for

all k ∈ K, we conclude that yuku
f
k v̂λ = aku

f
k v̂λ, ak ∈ C, k ∈ K̃ \ {k0}, and

yuku
f
k v̂λ = 0, k ∈ K \ K̃. Hence yv =

∑
k∈K yuku

f
k v̂λ =

∑
k∈K ν0(yuk)u

f
k v̂λ =∑

k∈K̃ aku
f
k v̂λ. Suppose that

∑
k∈K̃ aku

f
k = 0. Then ufk0 =

∑
k∈K\{k0}

ak
ak0

ufk

and u =
∑

k∈K\{k0} uku
f
k + uk0u

f
k0

=
∑
k∈K̃\{k0}(uk + ak

ak0
uk0)u

f
k +

∑
k∈K\K̃ uku

f
k.

Applying induction on |K|, we conclude that ufk v̂λ ∈ N for all k ∈ K \ {k0},
and thus ufk v̂λ ∈ N for all k ∈ K. Suppose now that

∑
k∈K̃ aku

f
k 6= 0. Then

yv 6= 0 and 0 6= ak0v − uk0yv = (ak0u − uk0yu)v̂λ = u′v̂λ ∈ N , where u′ =∑
k∈K̃\{k0}(ak0uk − akuk0)u

f
k +

∑
k∈K\K̃ ak0uku

f
k is represented in a normal form.

The induction on |K| implies that ufk v̂λ ∈ N for all k ∈ K \ {k0}, and therefore

ufk v̂λ ∈ N for all k ∈ K.
Step 3. Now let |K| > 1, D(u) > 0 and |S(u)| = 1. Suppose that S(u) =

{k0} and consider an element y ∈ U(G(π′)) as in Step 2. Let yuk0u
f
k0
v̂λ =

ak0u
f
k0
v̂λ, ak0 ∈ C∗. Since |S(u)| = 1, we obtain yv = yuv̂λ = ak0u

f
k0
v̂λ +∑

k∈K\{k0} ν0(yuk)u
f
k v̂λ 6= 0 and N 3 ak0v − uk0yv = u′v̂λ, where

u′ =
∑

k∈K\{k0}
ak0uku

f
k −

∑
k∈K\{k0}

uk0ν0(yuk)u
f
k .

If ηk = ηk0 then ν0(yuk) ∈ S(H)⊗ U(G)0; otherwise

ν(yuk) ∈ S(H)⊗ (U(G)(G− ⊕G+)).

Since the uk are linearly independent, this implies that 0 6= u′v̂λ ∈ N and D(u′) <
D(u). Rewriting u′ in a normal form if necessary, we can apply induction on D(u).

Hence ufk v̂λ ∈ N for all k ∈ K \{k0}, implying ufk v̂λ ∈ N for all k ∈ K by induction
on |K|.

Step 4. Suppose now that |K| > 1, D(u) > 0 and |S(u)| > 1. Denote K̃ =

{k ∈ S(u)|d̄(ufk) ≤ d̄(ufj ) for all j ∈ S(u)}. Let k0 ∈ K̃. Note that µk = µk0 for

all k ∈ K̃. As in Step 2, consider an element y ∈ U(G(π′)) for which ν0(yuk0) ∈
S(H) ⊗ U(G)0 and yuk0u

f
k0
v̂λ = ak0u

f
k0
v̂λ, ak0 ∈ C∗. Then N 3 ak0v − uk0yv =

(
∑

k∈K\{k0} ak0uku
f
k −

∑
k∈K\{k0} uk0ν0(yuk)u

f
k)v̂λ, ν0(yuk) ∈ S(H) ⊗ U(G)0 if

µk = µk0 , and ν0(yuk) ∈ S(H)⊗ (U(G)(G+⊕G−)) otherwise. Clearly, ν̂(yuku
f
k) =

aku
f
k + u′k, ak ∈ C, u′k ∈ U(Gf

−) for k ∈ K̃ \ {k0}, and ν̂(yuku
f
k) = u′k ∈ U(Gf

−)

for k ∈ K \ K̃, where d(u′k) < D(u) for all k ∈ K \ {k0}. Set u′′ =
∑

k∈K\{k0} u
′
k,

d(u′′) < D(u). Thus ak0v − uk0yv = u′v̂λ 6= 0, where

u′ =
∑

k∈K̃\{k0}
(ak0uk − akuk0)ufk +

∑
k∈K\K̃

ak0uku
f
k − uk0u′′.

If u′′ 6∈ C∗ufk for all k ∈ K \ K̃, then u′ is represented in a normal form, |S(u′)| <
|S(u)| and induction on |S(u)| implies ufk v̂λ ∈ N for all k ∈ K \ {k0}. By induction

on |K| we conclude that ufk v̂λ ∈ N for all k ∈ K. Suppose now that u′′ = aufj
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for some j ∈ K \ K̃ and a ∈ C∗. Then u′ =
∑

k∈K̃\{k0}(ak0uk − akuk0)u
f
k +∑

k∈K\K̃
k 6=j

ak0uku
f
k + (ak0uj − auk0)ufj is the normal form of u′ and |S(u′)| < |S(u)|.

By induction on |S(u)| and |K| we conclude that ufk v̂λ ∈ N for all k ∈ K, which
completes the proof.

Let u ∈ Û⊗U(Gf
−) be a homogeneous element. We will say that u is represented

in the reduced normal form u =
∑

i uiu
f
i if ui =

∑
j aij ūij for each i, where

aij ∈ C∗, ūij are monomials in û and ūij = ūk` only if i = k, j = `. Obviously, any

non-zero homogeneous element of Û ⊗ U(Gf
−) has a reduced normal form.

Lemma 7.6. Let u =
∑
i uiu

f
i be the reduced normal form of u ∈ Û ⊗ U(Gf

−),

where htf (ui) ≤ d for all i. Then there exists y ∈ G′
+ such that û = ν̂(yu) 6= 0 and

û has the reduced normal form û =
∑

j ûjû
f
j , where ûfj = ufi for at least one pair

of indexes (i, j) and htf (ûj) ≤ d− 1 for all j.

Proof. Let J = {i | htf(ui) = d}. For simplicity we may assume that all ui
are monomials in Û and ui = X−φ1i+n1iδ . . . X−φs(i)i+ns(i)iδu

′
i, where ht′(φji) 6= 0

for all i, j,
∑

j ht
f(φji) ≤ d, 0 < htf (φs(i)i ≤ . . . ≤ htf (φ2i) ≤ htf (φ1i) and

htf(u′i) = 0 for all i. We can also assume that ui are numerated in such a way
that 1 ∈ J , htf (φs(1)1) ≤ htf (φs(i)i) for any i ∈ J , if htf (φs(1)1) = htf (φs(i)i)
then ht′(φs(1)1) ≤ ht′(φs(i)i), and −φs(1)1 + ns(1)1δ = −φki + nkiδ implies k =
s(i). Suppose that φs(1)1 ∈ ∆. By Lemma 3.1, (5), there exists ψ ∈ ∆′

+ such

that htf (ψ) = 1 and ψ − φs(1)1 ∈ ∆′
−. Then for large enough m ∈ Z+ and for

0 6= y ∈ Gψ+mδ we have that [y, u′i] = 0, ν̂(yufi ) = 0, [y, ui] ∈ Û , htf ([y, ui]) ≤
d − 1 for i ∈ J and htf([y, uj ]) ≤ d − 2 for j 6∈ J . Also note that a monomial
x = X−φ11+n11δ . . .X−φs(1)−11+ns(1)−11δ[Xψ+mδ, X−φs(1)1+ns(1)1δ]u

′
1 6= 0, and it will

appear in [y, ui] only for i = 1. Hence, û = ν̂(yu) = ν̂([y, u]) =
∑

i[y, ui]u
f
i 6= 0,

and if û =
∑

j ûjû
f
j is the reduced normal form then ûk contains x for some k

and ûfk = uf1 . If φs(1)1 6∈ ∆ then 1
2φs(1)1 ∈ ∆, ν̂(X 1

2φs(1)1
u) 6= 0, and the same

arguments as above complete the proof.

If N is a G-submodule of M̂(λ), we set Nf =
∑

µ∈H∗ Nµ, 0 < dimNµ < ∞.

Clearly, Nf is isomorphic to a Gf -submodule of M̃f(λ).

Theorem 7.7. Let λ ∈ H∗, λ(c) = 0 and λ is in general position.

1. If N ⊂ M̂(λ) then N ' Û ⊗C Nf as vector spaces.

2. LX(λ) ' Û ⊗C Lf(λ) as vector spaces.

Proof. Let 0 6= v ∈ N . Without loss of generality we can assume that v is a

weight vector. Then v = uv̂λ for some homogeneous element u ∈ Û ⊗ U(Gf
−).

Let u =
∑
i uiu

f
i be the reduced normal form of u and d = maxi ht

f(ui). Using
Lemma 7.6 we construct a sequence y1, . . . , yd ∈ G′

+ such that ûj = ν̂(yj . . . y1u) =∑
i[yj . . . [y1, ui] . . . ]u

f
i 6= 0, [yj . . . [y1, ui] . . . ] ∈ Û , htf ([yj . . . [y1, ui] . . . ]) ≤ d − j,

j = 1, . . . , d, and for each j, if ûj =
∑
k∈Kj

ûjkû
f
jk is the reduced normal form of ûj,

then one can find a pair (k, `) for which ûfjk = ûfj−1`. Since yd . . . y1v = ûdv ∈ N
and htf (ûdk) = 0, we can apply Proposition 7.5 and conclude that ûfdkv̂λ ∈ N

for all k ∈ Kd. In particular, ûfd−1`v̂λ ∈ N for some ` ∈ Kd−1. Thus ûd−1v̂λ −
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ûd−1`û
f
d−1`v̂λ =

∑
k∈Kd−1\{`} ûd−1kû

f
d−1kv̂λ ∈ N and ûfd−1kv̂λ ∈ N for all k ∈ Kd−1

by induction on |Kd−1|. We conclude by induction on d that ufi v̂λ ∈ N for all i,

which completes the proof of (1). Since M̂(λ) ' Û ⊗C M̃f(λ) and LX(λ) is the

unique irreducible quotient of M̂(λ), the statement (2) follows immediately from
(1).

Set A = G−(π̃(λ)).

Corollary 7.8. Let λ ∈ H∗, λ(c) = 0 and assume λ is in general position.

1. If N ⊂ M̂(λ) then N ' (U(G)/U(G)A) ⊗U(pX ) N
f , where u+

X acts trivially

on Nf .
2. LX(λ) ' (U(G)/U(G)A)⊗U(pX) L

f(λ), where u+
X acts trivially on Lf (λ).

Proof. Since u+
XN

f = u+
XL

f(λ) = ANf = ALf(λ) = 0, the statements follow from
Theorem 7.7.

Denote M̌(λ) = MX(λ)/U(G)Avλ. We have a chain of epimorphisms: MX(λ)→
M̌(λ) → M̂(λ) → LX(λ). Thus LX(λ) is the unique irreducible quotient of M̌(λ)
and M̌f (λ) 'Mf (λ).

Corollary 7.9. Let λ ∈ H∗, λ(c) = 0 and λ is in general position. If N ⊂ M̌(λ)
then N ' (U(G)/U(G)A)⊗U(pX) N

f , where u+
X acts trivially on Nf .

Proof. Follows from Corollary 7.8, (1).

Corollary 7.10. Let µ, ν ∈ H∗, µ(c) = ν(c) = 0 and assume both µ, ν are in
general position.

1. HomG(M̂(µ), M̂(ν)) = HomG̃f (M̃f (µ), M̃f (ν)).

2. HomG(M̌(µ), M̌(ν)) ' Homm(Mf(µ),Mf (ν)).

3. Modules M̂(µ) and M̌(µ) have local composition series and [M̂(µ) : LX(ν)] =

[M̃f (µ) : Lf(ν)], [M̌(µ) : LX(ν)] = [Mf (µ) : Lf(ν)].

Proof. Follows from Corollaries 7.8, 7.9 and the fact that both Mf (µ) and M̃f (µ)
have local compositon series [13].

Corollary 7.11. Let µ, ν ∈ H∗, µ(c) = ν(c) = 0 and assume both µ, ν are in
general position. Then

1. HomG(M̌(µ), M̌(ν)) 6= 0 if and only if [M̌(ν) : LX(µ)] 6= 0.

2. HomG(M̂(µ), M̂(ν)) 6= 0 if and only if [M̂(ν) : LX(µ)] 6= 0.

Proof. Since

Homm(Mf (µ),Mf (ν)) 6= 0⇔ [Mf (ν) : Lf(µ)] 6= 0

and

HomG̃f (M̃
f (µ), M̃f (ν)) 6= 0⇔ [M̃f (ν) : Lf(µ)] 6= 0

by [13] (Ch.2.11, Theorem 1), the statements follow from Corollary 7.10.
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8. Strong BGG resolution for modules M̂(λ0)

In this section we assume that X is connected, i.e. the corresponding Coxeter-
Dynkin diagram is connected, and thus Gf is the derived algebra of an affine Lie
algebra. Let π̄f be a basis of ∆f containing πf and λ0 ∈ H∗ such that (λ0, α) = 0
for all α ∈ π̄f . Let WX be the Weyl group of Gf , ` be a length function and
sβ denote the reflection corresponding to the root β. For w and w′ in WX we

write w ← w′ if there exists a root β ∈ ∆f
+ ∩ ∆re such that w = sβw

′ and
`(w) = `(w′) + 1. The Bruhat order on WX is defined by : w ≤ w′ if w = w′ or if
there are w1, . . . , wr ∈WX such that w = w1 ← . . .← wr = w′.

For w ∈WX and µ ∈ H∗, define w ◦ µ = w(µ+ ρX)− ρX , where ρX ∈ H∗ is any
fixed element such that ρX(α) = 1 for all α ∈ π̄f .
Theorem 8.1 (cf. Theorem 5.2 in [3]). Let X be connected, λ0 ∈ H∗, (λ0, α) = 0
for all α ∈ π̄f and w, w′ ∈WX . Then

dim HomG(M̂(w′ ◦ λ0), M̂(w ◦ λ0)) = 1⇔ w′ ≤ w
⇔ [M̂(w ◦ λ0) : LX(w′ ◦ λ0)] 6= 0.

Proof. Since HomG(M̂(w′ ◦ λ0), M̂(w ◦ λ0)) ' HomG̃f (M̃f (w′ ◦ λ0), M̃
f (w ◦ λ0))

by Corollary 7.10, (1) and [M̂(w ◦ λ0) : LX(w′ ◦ λ0)] = [M̃f (w ◦ λ0) : Lf(w′ ◦ λ0)]
by Corollary 7.10, (3), the statement follows from [14], Theorem 8.15.

For any i ∈ Z+, denote W
(i)
X = {w ∈ WX |`(w) = i} and set

Ci =
⊕

w∈W (i)
X

M̂(w ◦ λ0).

If w, w′ ∈WX we fix 0 6= iw,w′(λ0) ∈ HomG(M̂(w′ ◦λ0), M̂(w ◦λ0)). Let dj : Cj →
Cj−1, j ≥ 1, defined by dj =

⊕
bjw,w′iw,w′(λ0), w ∈ W

(j)
X , w′ ∈ W

(j−1)
X , where

bjw,w′ ∈ {±1} are defined by [14], Lemma 9.6 if w ← w′ and bjw,w′ = 0 otherwise.

Theorem 8.2 (cf. Theorem 5.4 in [3]). Let X be connected, λ0 ∈ H∗, (λ0, α) = 0

for all α ∈ π̄f and η : M̂(λ0) → LX(λ0) be the canonical projection. Then the
sequence

. . . Cj
dj→Cj−1 → . . .→ C1

d1→M̂(λ0)
η→LX(λ0)→ 0, (j ≥ 1)

is exact.

Proof. Follows from Corollary 7.8, (1), Corollary 7.10, (1) and Theorem 9.7 in
[14].

9. Category OX(λ)

In this section, following [2], we define certain categories of G-modules, which
contain the Verma type modules and their irreducible quotients, and show that the
BGG duality holds in these categories.

Let λ ∈ H∗, λ(c) = 0 and λ be in general position. Consider the full subcategory
Of(λ) of the category of weight m-modules, whose objects V satisfy

1. P (V ) ⊂ {µ ∈ H∗ | µ ≤ λ}.
2. dim Vµ <∞ for all µ ∈ P (V ).
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The category Of (λ) is stable under the operations of taking submodules, quo-
tients and finite direct sums. Note that for any µ ≤ λ, the modules Mf (µ) and
Lf(µ) are objects of Of (λ) and, moreover, the modules Lf (µ) exhaust all irre-
ducible objects in Of(λ).

Recall that m has a triangular decomposition and thus all the results of [14],
sections 4-6, can be applied to the category Of (λ). In particular, each module
Lf(µ), µ ≤ λ, has the indecomposable projective cover I(µ) by [14], Corollary 4.13,
and I(µ) has a Verma composition series: I(µ) = I0 ⊃ I1 ⊃ . . . ⊃ I` ⊃ 0, where
Ii/Ii+1 ' Mf (µi), µi ≤ λ, i = 0, . . . , `, by [14], Corollary 4.10. We denote by
(I(µ) : Mf(ν)) the number of indices i in {0, . . . , `} such that µi = ν.

Theorem 9.1 (cf. [14], Theorem 6.4). Let µ ≤ λ and ν ≤ λ. Then

(I(µ) : Mf(ν)) = [Mf (ν) : Lf (µ)]

The main object of our study in this section is the category OX(λ), the full
subcategory of the category of weight G-modules V such that

1. P (V ) ⊂ {µ ∈ H∗ | λ− µ ∈ Q+}.
2. dim Vµ <∞ for all µ ≤ λ.
3. The module V is generated by V f =

∑
µ≤λ Vµ.

4. G−(π̃(λ))v = 0 for all v ∈ V f .
Remark 9.2. 1. A similar category with λ(c) 6= 0 was introduced and studied

for non-twisted affine algebras in [2], and in general in [3].

2. The modules M̌(λ), M̂(λ) and LX(λ) are objects of OX(λ). Moreover, it
follows from Theorem 7.7 that any submodule N ⊂ M̌(λ) belongs to OX(λ)
as well.

3. If λ is not in general position, the category OX(λ) may not be closed under
the operation of taking of submodules. For example, if (λ, α) = 0 for all α ∈ π
and N is the maximal m-submodule of Mf(λ), then Mf (λ)/N ' C and any
G-submodule of M̌(λ)/U(G)N is not an object of OX(λ) [7].

4. If N ∈ OX(λ) then Nf ∈ O(λ).

Proposition 9.3. If V is an irreducible module in OX(λ), then V ' LX(µ) for
some µ ≤ λ.
Proof. Let V be an irreducible module in OX(λ). Then V f ∈ Of (λ) and V f is
an irreducible m-module. Thus V f ' Lf(µ) for some µ ≤ λ. Since P (V ) ⊂ {µ ∈
H∗ | λ− µ ∈ Q+}, we conclude that u+

Xv = 0 for all v ∈ V f , and hence there exist

µ ∈ P (V ) and a non-zero element v ∈ V fµ for which G+
Xv = 0. This implies that V

is a homomorphic image of M̌(µ), and thus V ' LX(µ).

Proposition 9.4. The category OX(λ) is closed under the operations of taking
submodules, quotients and finite direct sums.

Proof. The proof is based on Theorem 7.7, (1) and is analogous to the proof of
Corollary 6.6 in [3].

We will prove the equivalence of the categories OX(λ) and Of(λ) for λ in general
position. Define an exact functor F : OX(λ)→ Of (λ) by F (V ) = V f and F (f) =
f |V f for any V ∈ OX(λ) and any f ∈ HomG(V, V ′) in OX(λ). Also define an exact
functor Y : Of (λ)→ OX(λ) as follows. Let M and M ′ be the objects in Of (λ) and
g ∈ Homm(M,M ′). We can make M into a pX -module with a trivial action of u+

X
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and consider a G-module Y (M) = (U(G)/U(G)G−(π̃(λ)))⊗U(pX )M ∈ OX(λ) and

Y (g) = 1⊗g. By Corollary 7.9 we immediately conclude that Y ◦F (M̌(µ)) ' M̌(µ)
and F ◦ Y (M f (µ)) 'Mf(µ) for µ ≤ λ.
Theorem 9.5. Let λ ∈ H∗, λ(c) = 0 and λ in general position. Then the categories
OX(λ) and Of (λ) are equivalent.

Proof. The proof is absolutely analogous to the proof of Theorem 6.7 in [3].

For µ ≤ λ denote IX(µ) = Y (I(µ)). Then IX(µ) is an indecomposable projective
cover for LX(µ) by Theorem 9.5, and it has a Verma composition series: IX(µ) ⊃
I0 ⊃ I1 ⊃ . . . ⊃ I` ⊃ 0, Ii/Ii+1 ' M̌(µi), µi ≤ λ, i = 0, . . . , `. Let (IX(µ) : M̌(ν))
be the number of j’s such that µj = ν.

Since any object of Of (λ) has a local composition series [13], it follows from
Theorem 9.5 that any object V ∈ OX(λ) has a local composition series, and
[V : LX(µ)] denotes the multiplicity of LX(µ) in V .

Theorem 9.6 (BGG duality). Let λ ∈ H∗, λ(c) = 0, λ in general position and
µ ≤ λ, ν ≤ λ. Then

(IX(µ) : M̌(ν)) = [M̌(ν) : LX(µ)].

Proof. It follows from Theorems 9.5 and 9.1 that (IX(µ) : M̌(ν)) = (I(µ) : Mf(ν))
= [Mf (ν) : Lf (µ)] = [M̌(ν) : LX(µ)].

10. Generalized Verma type modules of level zero

Let X 6= I ∪ ∅, S ( πf , λ ∈ H∗, λ(c) = 0 and λS is dominant integral. Set
A = G−(π̃(λ)) and consider the G-submodules MS = U(G)(Ḡ− ⊕ A)(1 ⊗ VS(λ))

and M ′
S = U(G)A(1 ⊗ VS(λ)) of MX,S(λ). Let M̂S(λ) = MX,S(λ)/MS and

M̌S(λ) = MX,S(λ)/M ′
S . Then both M̂S(λ) and M̌S(λ) are weight G-modules with

the unique irreducible quotient LX(λ), and one has the following chain of surjective
homomorphisms:

M̌S(λ)
↗ ↘

MX(λ) → M̌(λ) M̂S(λ) → LX(λ).
↘ ↗

M̂(λ)

Clearly, M̌f
S (λ) 'Mf

X,S(λ) and M̂f
S (λ) 'Mf

X,S(λ)/(Mf
X,S(λ) ∩MS).

Remark 10.1. If S = ∅ then M̂∅(λ) ' M̂(λ).

The next statement describes the structure of modules M̂S(λ) and M̌S(λ) with
λ in general position.

Theorem 10.2. Let X 6= I ∪ ∅, S ( πf , λ, µ ∈ H∗, λ(c) = µ(c) = 0, both λ and µ
in general position and both λS and µS dominant integral.

1. If N ⊂ M̂S(λ) (resp. N ⊂ M̌S(λ)), then N is generated by Nf and

N ' (U(G/U(G)A)⊗U(pX) N
f ,

where u+
X acts trivially on Nf .
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2. HomG(M̌S(λ), M̌S(µ)) ' Homm(Mf
X,S(λ),Mf

X,S(µ)),

HomG(M̂S(λ), M̂S(µ)) ' HomG̃f (M̂
f
S (λ), M̂f

S (µ)).

3. Both M̌S(λ) and M̂S(λ) have local composition series, [M̌S(λ) : LX(µ)] =

[Mf
X,S(λ) : Lf (µ)] and [M̂S(λ) : LX(µ)] = [M̂f

S (λ) : Lf (µ)].

Proof. Let τ̂S : M̂(λ) → M̂S(λ) (resp. τ̌S : M̌(λ) → M̌S(λ)) be a natural epi-

morphism. There exists a submodule N̂ ⊂ M̂(λ) (resp. Ň ⊂ M̌(λ)) such that

τ̂S(N̂) = N (resp. τ̌S(Ň) = N) and τ̂ (N̂f ) = Nf (resp. τ̌S(Ňf ) = Nf ). Thus,
statement (1) follows from Corollary 7.8 and Corollary 7.9. Further, (1) implies

that M̌S(λ) (resp. M̂S(λ)) is generated by Mf
X,S(λ) (resp. M̂f

S (λ)), and hence (2)

and (3) follow. This completes the proof.

Remark 10.3. Let X 6= I ∪ ∅, S ( πf , S is connected, λ0 ∈ H∗ and (λ0, α) = 0
for all α ∈ π̄f . Using [14], Theorem 9.12 and following [3], Theorem 5.7, one can

construct the generalized strong BGG resolution for modules M̂S(λ0). We omit the
details.

11. “Truncated” categories OX,S(λ, q)

Let X 6= I ∪ ∅, S ( πf , λ ∈ H∗, λ(c) = 0 and q ∈ Z+. Define qQ
+ =

{µ =
∑
mαα ∈ Qf+ | α ∈ π,mα ∈ Z+,

∑
mα > q}, Π = {µ ∈ H∗ | µ − λ =∑

α∈πmαα ∈ Qf ,mα ∈ Z, (µ − λ)+ =
∑

mα∈Z+
mαα ∈ Qf+ \q Q+}, ΠS = {µ ∈

Π | µS is integral dominant}. Clearly, there is a one-to-one correspondence between
elements of ΠS and irreducible finite-dimensional mS-modules VS(µ) with highest
weight µ ∈ Π.

Consider the full subcategory O
f
S = Of

S(λ, q) of the category of weight m-
modules, whose objects V satisfy

1. dim Vµ <∞ for all µ ∈ H∗.
2. V is a direct sum of VS(µ)′s, µ ∈ ΠS (cf. [14] and [3]).

The category Of
S is stable under the operations of taking submodules, quotients

and finite direct sums. Note that Mf
X,S(µ) and Lf (µ) belong to Of

S for all µ ∈ ΠS ,

and the modules Lf(µ), µ ∈ ΠS , exhaust all irreducible objects in Of
S.

Fix µ ∈ ΠS and set DX,S = u+
X,S ⊕ Ḡ+, U(DX,S)(µ) =

∑
U(DX,S)α, α ∈ Q,

ν + α 6∈ Π for all ν ∈ P (VS(µ)). Then A(µ, S) = (U(DX,S)/U(DX,S)(µ)) ⊗ VS(µ)
is a weight pX,S ⊕ Ḡ+-module where DX,S acts on the left and mS by the tensor
product action. Let Ā(µ, S) =

∑
A(µ, S)ν , ν ∈ H∗ \Π, and

Ã(µ, S) = A(µ, S)/U(pX,S ⊕ Ḡ+)Ā(µ, S).

Then PS(µ) = U(m)⊗U(pX,S⊕Ḡ+) Ã(µ, S) is a projective object in Of
S . Again, by

[14], Corollary 4.13, there is a one-to-one correspondence between the irreducible

objects in Of
S and the indecomposable direct summands of the PS(µ)’s, µ ∈ ΠS .

Let IS(µ) be the indecomposable projective cover for Lf(µ).
By [14], Corollary 4.10, the module IS(µ) has a generalized Verma composition

series, i.e. there exists a filtration IS(µ) = I0 ⊃ I1 ⊃ . . . ⊃ I` ⊃ 0 where Ii/Ii+1 '
Mf
X,S(µi), µi ∈ ΠS . Denote by (IS(µ) : Mf

X,S(ν)) the number of i’s such that
ν = µi.
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Theorem 11.1 (cf. [14], Theorem 6.4). If µ, ν ∈ ΠS, then (IS(µ) : Mf
X,S(ν)) =

[Mf
X,S(ν) : Lf (µ)].

Now suppose that λ is in general position, and consider the full subcategory
OX,S = OX,S(λ, q) of the category of weight G-modules V such that

1. P (V ) ⊂ ∪µ∈Π{ν ∈ H∗ | µ− ν ∈ Q+}.
2. dim Vµ <∞ for all µ ∈ Π.
3. The module V is generated by V f =

∑
µ∈Π Vµ.

4. V f is a direct sum of VS(µ)’s, µ ∈ ΠS .
5. G−(π̃(λ))v = 0 for all v ∈ V f .

Remark 11.2. 1. If µ ∈ ΠS , then the modules M̌S(µ), M̂S(µ) and LX(µ) are
objects of the category OX,S.

2. If V ∈ OX,S then V f ∈ Of
S.

3. If V ∈ OX,S is irreducible then V ' LX(µ) for some µ ∈ ΠS . The proof is
analogous to the proof of Proposition 9.3.

4. The category OX,S is closed under the operations of taking submodules, quo-
tients and finite direct sums (cf. Proposition 3.4).

5. OX,∅(λ, 0) = OX(λ).

Theorem 11.3. Let λ ∈ H∗, λ(c) = 0, λ in general position and q ∈ Z+. Then

the categories OX,S(λ, q) and Of
S(λ, q) are equivalent.

Proof. As in section 9 define exact functors F : OX,S → Of
S and Y : Of

S → OX,S .

Then Y ◦ F (M̌S(µ)) ' M̌S(µ) and F ◦ Y (Mf
X,S(µ)) ' Mf

X,S(µ) for all µ ∈ ΠS by

Theorem 10.2. Moreover, F and Y establish an equivalence of OX,S and Of
S . The

proof follows the proof of Theorem 6.7 in [3].

For µ ∈ ΠS let ISX(µ) = Y (IS(µ)). Then ISX(µ) is an indecomposable projective
cover for LX(µ) in OX,S by Theorem 11.3, and it has a generalized Verma com-

position series with factors M̌S(µi), µi ∈ ΠS . Denote by [ISX(µ) : M̌S(ν)] the

multiplicity of M̌S(ν) in a generalized Verma composition series for ISX(µ) and by

(M̌S(ν) : LX(µ)) the multiplicity of LX(µ) in a local composition series for M̌S(ν).

Theorem 11.4 (BGG duality). If λ is in general position and µ, ν ∈ ΠS, then

[ISX(µ) : M̌S(ν)] = (M̌S(ν) : LX(µ)).

Proof. Follows from Theorems 11.3 and 11.1.

12. Some subcategories of OX,S(λ, q)

Consider the full subcategory Ōf
S = Ōf

S(λ, q) ⊂ Of
S(λ, q) consisting of m-

modules V such that Ḡv = 0 for all v ∈ V , and the full subcategory ŌX,S =

ŌX,S(λ, q) ⊂ OX,S(λ, q) consisting of G-modules M such that Mf ∈ Ōf
S . Obvi-

ously, M̂S(µ) and LX(µ) are objects of ŌX,S for any µ ∈ ΠS .
Let µ ∈ ΠS . If we replace Ḡ+ by Ḡ in the construction of PS(µ) we obtain

a projective module P̄S(µ) in Ōf
S, whose indecomposable summands exhaust all

indecomposable projectives in Ōf
S . Let ĪS(µ) be the indecomposable projective

cover for Lf (µ).
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Since F (M) ∈ Ōf
S for any M ∈ ŌX,S and Y (N) ∈ ŌX,S for any N ∈ Ōf

S , the

functors F and Y induce the exact functors F̄ : ŌX,S → Ōf
S and Ȳ : Ōf

S → ŌX,S .
Denote ĪSX(µ) = Y (IS(µ)), the indecomposable projective cover for LX(µ) in ŌX,S .

Theorem 12.1. Let µ, ν ∈ ΠS(λ, q).

1. [ĪS(µ) : M̂f
S (ν)] = (M̂f

S (ν) : Lf (µ)).

2. If λ is in general position, then the categories ŌX,S and Ōf
S are equivalent.

3. If λ is in general position, then

[ĪSX(µ) : M̂S(ν)] = (M̂S(ν) : LX(µ)).

Proof. The proof of (1) follows the general lines of [14], Theorem 6.4; the proof of
(2) is analogous to the proof of Theorem 6.7 in [3]; and (3) follows from (1) and
(2).
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