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THE SECOND VARIATION OF

NONORIENTABLE MINIMAL SUBMANIFOLDS

MARTY ROSS

Abstract. Suppose M is a complete nonorientable minimal submanifold of a
Riemannian manifold N . We derive a second variation formula for the area of
M with respect to certain perturbations, giving a sufficient condition for the
instability of M . Some simple applications are given: we show that the totally
geodesic RP2 is the only stable surface in RP3, and we show the non-existence
of stable nonorientable cones in R4. We reproduce and marginally extend some
known results in the truly non-compact setting.

1. Introduction

Suppose M and N are complete and connected Riemannian manifolds and sup-
pose Ψ: M→N is an isometric minimal immersion. Let V be a smooth, compactly
supported vector field alongM , the “initial velocity” of a perturbation of M . (More
precisely, V is a section of the pull-back bundle on M obtained fromN via Ψ, giving
a perturbation of Ψ; to avoid such cumbersome expressions, we shall think of M
lying in N and suppress mention of the immersion Ψ.) Since M is minimal, the
first variation of the area of M with respect to V is zero. The second variation is
given by ([LaS, Th1], [Si1])

A′′(V ) =

∫
M

n∑
i=1

|∇⊥
τiV |2 + (divM V )

2 −
n∑

i,j=1

〈
τi,∇τjV

〉 〈τj ,∇τiV 〉

−
n∑
i=1

R (τi, V, V, τi) .

(1)

Here, 〈, 〉 is the metric on N , dimM = n, ∇ is the Riemannian connection on N , ⊥
indicates the orthogonal complement to the tangent bundle TM in TN , τ1, . . . , τn
is an orthonormal basis for TpM (for any given p ∈ M), divM V ≡ ∑

i 〈τi,∇τiV 〉,
and R is the Riemannian curvature tensor on N . We say M is stable if A′′(V ) ≥ 0
for every such V .

In certain contexts one can hope to give a complete classification of the stable
submanifolds of N , and there has been much recent research devoted to obtaining
such “Bernstein theorems” —see [Ca1] for a short survey and some references.
Commonly, there is an implicit or explicit assumption that the submanifold M be
orientable; most often N is also assumed to be orientable, and M is assumed to be
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of codimension 1 in N (note as exceptions [Sy, Th1], [Sm, Th5.1.1], [LaS, Cor1, 8],
[Mi]). With these extra hypotheses there exists a smooth unit normal ν globally
defined on M , and it is then sufficient ([Si1, p19]) to consider variations of the form

V = φ ν

where φ : M→R is a smooth, compactly supported test-function. (1) then simplifies
to

A′′(φ) =

∫
M

|∇Mφ|2 − (|B|2 + Ric (ν)
)
φ2,(2)

where ∇M is the connection on M , |B|2 ≡∑i,j |∇⊥
τiτj |2 is the norm-squared of the

second fundamental form ofM , and Ric(ν) =
∑

iR(τi, ν, ν, τi) is the Ricci curvature
of N in the direction ν. This form of the second variation is of course much easier
to interpret and to apply. We note especially the application of (2) in [FS], where
it is proved that there are very strong restrictions on stable, orientable M when
N is a 3-manifold of nonnegative scalar curvature ([FS, Th3])—in particular, it is
proved there that if N = R3 then the only stable orientable submanifolds are flat
planes ([FS, Cor4]).

The number of articles which allow or assume M to be nonorientable is small.
Apart from our own work, cited below, we are aware of the following results:

(a) [Sm, Th5.1.1], [LaS, Cor1] prove the non-existence of stable submanifolds
(more generally, integral varifolds) of the unit sphere Sn. They take as V the
projection into TSn of constant vector fields in Rn+1 and apply (1).

(b) [Ch, Th6], [LiS, Cor8] prove that if M⊂R3 is a finitely punctured projective
plane or Klein bottle with finite total curvature then M is unstable. As in
(a), the proofs use constant vector fields in the ambient space, here to show
the existence of a Jacobi field on a compact portion of M .

(c) [LiS] also establishes the instability of nonorientable M ⊂ R3 with infinite
total curvature and finite topology. Outside of a compact set M is orientable,
permitting the use of (2), and thus the results of [F] can be applied. (The
same argument applies if R3 is replaced by any 3-manifoldN with nonnegative
scalar curvature).

(d) Similar to (c), [Yp, Th3.1] makes the assumption that M is “two-sided” in N ,
permitting application of (2). Arguing as in [P], this permits a generalization
of [FS, Th3].

It is not difficult to find reasons for this scarcity of results in the nonorientable
setting. To begin, it is only in special cases that the ambient manifold provides
us with natural (Killing) vector fields V to use in (1), and even then the space of
such fields is small. On the other hand, (2) is not available to us except in very
special circumstances. Moreover, the existence in certain contexts of non-trivial
stable nonorientable surfaces (see below, and §3) suggests that these are not just
technical difficulties: it really is easier for a nonorientable minimal submanifold to
be stable. Nonetheless, there are definitely contexts in which one expects there to
be few if any stable nonorientable submanifolds (when N = R3, for instance), and
a more systematic approach is certainly desirable.

In [R1, Th3] we generalized (b), proving that if M is a complete nonorientable
minimal surface of finite total curvature in R3 then M is unstable. The approach

there was to consider symmetric variations of the orientable double cover M̃ of M ,
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allowing the use of (2) for antisymmetric functions on M̃ . The idea then was to

use in (2) the components of a low energy map F : M̃→S2⊂R3, a technique used
previously in similar contexts (see, for example, [LY, Th1], [Ya, p126], [LR, Th2],
[RR, Th4], [EI, Cor2.8]). This approach was used again in [RS, Cor2] to study the
quotients of periodic minimal surfaces in R3 of finite total curvature: it was proved
there that the only such stable singly-periodic surface is the helicoid and the only
stable doubly-periodic surfaces are Sherk’s surfaces.

Our intention here is to generalize the argument outlined in the previous para-
graph. In §2 we consider a special case of (1) for nonorientable M , introducing a

“penalization” associated with a map F : M̃→S2 (Proposition 1). The resulting ex-
pression (1′) gives a sufficient condition for the instability of M . In the special case
when M is a hypersurface of an orientable manifold N , we obtain a generalization
(2′) of (2) which applies to any test-function φ : M→R.

The underlying philosophy is this: if the related orientable problem is well un-
derstood and if we can find a satisfactory map F , then we may be able to say
something about the nonorientable problem. Of course, neither of these “ifs” is
trivial; in particular, the only case in which we know of half-way decent candidates
for F is when M is compact and 2-dimensional (one should include M having finite
total curvature under this heading, as discussed in §2): the maps here are given by
[Ma, p481], and will be our source for the rest of the paper (Lemma 2). Concen-
trating on the compact setting, we show in §3 that the totally geodesic RP2 is the
only stable surface in RP3 (Proposition 3), and we show in §4 that there are no
stable nonorientable cones in R4 (Proposition 6).

It is readily apparent that there are limitations to the proposed method, and we
suggest it less as a panacea for the nonorientable than merely as the best current
choice from an unpromising lot. There are severe problems, even in the compact
2-dimensional case, and it is not at all clear how to approach the truly noncompact
and higher dimensional cases. In §5 we take some tentative steps towards addressing
the noncompact case, considering nonorientable immersions into 3-manifolds of
nonnegative scalar curvature. We use the arguments of [GL, §3] to recover and
slightly generalize (c) (Propositions 7,8).

2. A Second Variation Formula

Suppose M is a nonorientable submanifold of N and let M̃ be the orientable

double cover of M (see, e.g. [H, Th2.12], [Ca2, p34]). Associated to M̃ is the 2:1

projection π : M̃→M and the antipodal map I : M̃→M̃ , an orientation-reversing

fixed-point-free isometric involution satisfying π ◦I = π. A vector field V on M̃
projects to a vector field on M iff

V ◦ I = V(3)

and, conversely, every vector field on M lifts to a vector field on M̃ satisfying (3).
It is thus easy to show that studying variations of M is equivalent to studying

variations of M̃ by fields satisfying (3).

Suppose, now, that W is an antisymmetric vector field on M̃ ,

W ◦ I = −W,(4)
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and that f : M→R is also antisymmetric,

f ◦ I = −f.(5)

Then the product V = fW satisfies (3) and so may be substituted in (2). We are
interested in applying this when given a map

F = (f1, . . . , fl) : M̃→Sl−1 ⊂ Rl, l ≥ 2,

for which each component is antisymmetric. Then, taking variations fαW for α =
1, . . . , l and summing, a standard calculation gives:

Proposition 1 (Second Variation Formula).

l∑
α=1

A′′(fαW ) = A′′(W ) +

∫
M̃

|∇̃F |2|W⊥|2(1′)

=

∫
M̃

n∑
i=1

|∇⊥
τiW |2 +

(
div

M̃
W
)2 − n∑

i,j=1

〈
τi,∇τjW

〉 〈τj ,∇τiW 〉

+

∫
M̃

−
n∑
i=1

R (τi,W,W, τi) + |∇̃F |2|W⊥|2.

Here |∇̃F |2 ≡∑α

∑
i(τi(fα))2 is the energy density of F . �

The obvious consequence of (1′) is to give a sufficient condition for the instability
of M : for any choice of antisymmetric W and F

A′′(W ) +

∫
M̃

|∇̃F |2|W⊥|2 < 0 =⇒ M is unstable.

Of course for this implication to be of any use, we need candidates for W and F .
We begin to specialize by assuming that the ambient manifold N is orientable and
that M is codimension 1 in N . Then we can choose a smooth unit normal ν globally

onM̃ , and we note that ν will satisfy (4). Next, suppose φ : M→R is any smooth,

compactly supported function on M and let φ̃ = φ ◦ π : M̃ → R be the lift of φ.

Then W = φ̃ν also satisfies (4). Thus, for any choice of antisymmetric F , we have

legitimate variations fαφ̃ν, and

l∑
α=1

A′′
(
fαφ̃

)
=

∫
M̃

|∇̃φ̃|2 − (|B|2 + Ric (ν)
)
(̃φ)2 + |∇̃F |2 (̃φ)2(2′)

= 2

∫
M

|∇Mφ|2 − (|B|2 + Ric (ν)
)
φ2 + |∇̃F |2φ2 .

(Note that |∇̃F |2 is well-defined on M .)
We now confront the second and more serious of our problems, that of finding

suitable maps F ; of course, to be of any use, |∇̃F |2 must be at least comparable

to |B|2 + Ric (ν). As mentioned in §1, the only case we know of where there are
candidates for F is when M is (essentially) compact and 2-dimensional. Restricting

to oriented isothermal coordinates, M̃ is then a compact Riemann surface. We can
thus apply
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Lemma 2 ([Ma, p481]). SupposeM̃ is a compact Riemann surface of genus γ with

antipodal map I : M̃→M̃ . Then there is an antisymmetric and conformal F : M̃→
S2 with

degF ≤ γ + 1.(6)

Consequently, for any metric compatible with the conformal structure of M̃ ,∫
M̃

|∇̃F |2 = 8π(degF ) ≤ 8π(γ + 1).(7)

�

Lemma 2 will be our source of maps in the sections to follow; here, we end with
some comments.

(a) [LY, p272] claims a result along the lines of Lemma 2, but the argument there
appears to be invalid.

(b) If M has finite total curvature then M̃ is conformally a finitely punctured
compact Riemann surface. So, choosing φ to be a suitable cut-off function as
in [F, p131], we can apply F as given in the lemma. This is essentially the
argument used in [R1, Th3] and [RS, Cor2].

(c) In general, the estimate (6) is the best we can hope for ([Ma], [R1, p73]). It is
not clear whether or when the estimate (7) can be lowered by the consideration
of non-conformal maps.

(d) If one does not demand antisymmetry then F can be chosen to have degree
≤ 1

2 (γ + 3) (see [GH, pp261,358]). This better estimate is used in [Ya, p126],
[RR, Th4], [EI, Cor2.8], and is the reason that the results there are more
definitive than our own below.

3. Compact Surfaces in 3-Manifolds
of Nonnegative Ricci Curvature

[FS, Th3] essentially classifies the stable orientable surfaces in 3-manifolds of
nonnegative scalar curvature, and genus bounds can be obtained for orientable index
one minimal surfaces and stable constant mean curvature surfaces in 3-manifolds of
nonnegative Ricci curvature ([Ya, p126], [EI, Cor2.8], [RR, p294]). We can give no
results of comparable strength for nonorientable surfaces (see Remark (c) below),
but a little information can be obtained. Here we investigate the situation for
compact surfaces; we study noncompact surfaces in §5.

If M is compact then of course it is natural to take φ ≡ 1 in (2′). Taking F as
given by Lemma 2, (7) implies

3∑
α=1

A′′(fα) ≤ 8π(γ + 1)−
∫
M̃

|B|2 + Ric (ν) .

Now, as in [SY, p139], we have

|B|2 + Ric (ν) = −2K + Ric (τ1) + Ric (τ2) ,(8)



3098 MARTY ROSS

where K is the Gauss curvature of M̃ . Therefore, by the Gauss-Bonnet theorem,

3∑
α=1

A′′(fα) ≤ 16π −
∫
M̃

Ric (τ1) + Ric (τ2) .

It is clear that for this inequality to help, we need a strong condition on the curva-
ture of N ; taking κ > 0 and assuming the Ricci curvature of N is at least 2κ, we
have

|M | > 2π

κ
=⇒ M is unstable,

where |M | is the area of M .
If N = S3 (so κ = 1), we see that M is unstable if |M | > 2π. In fact, for any

minimal M ⊂ S3, |M | ≥ 4π with equality iff M is a totally geodesic S2 (see [LY,
Cor10] and Lemma 5 below). This gives a special case of [Sm, Th5.1.1]. Extending
the argument slightly, we obtain a new result:

Proposition 3. Suppose M is a compact minimal surface in RP3. Then M is
stable iff M is a totally geodesic RP2.

Proof. If M is orientable then M is trivially unstable (take φ ≡ 1 in (2)). Suppose
M is nonorientable. Since π1(RP3) = Z2, the induced map π1(M) → π1(RP3)
on the fundamental groups either is trivial or gives rise to an index 2 subgroup of

π1(M). By standard covering theory ([Mu, 8.14.2, 8.14.4]), there is a surfaceM̂⊂S3

which either singly or doubly covers M . In the former case |M | = |M̂ | ≥ 4π, and

so M is unstable. In the latter case we obtain the same contradiction unless M̂ is
a totally geodesic S2, implying M is a totally geodesic RP2. Finally, it is easy to
see that such an RP2 is in fact stable: one considers (2) on the double cover and
applies, for example, [BCE, 3.4, 3.5]. �

Remarks.

(a) [La, Cor9.1] shows that RP3 contains many minimal surfaces, both orientable
and nonorientable.

(b) The above arguments are related to the (more involved) analysis of stable
constant mean curvature surfaces in spherical space forms, given in [RR]. [FR]
continues the work of [RR] and [EI], using the notion of conformal volume.
In particular, [FR] uses not only conformal maps into Sl but also isometric
immersions of the ambient spaceN into Sl (see [FR, pp372-374]). There seems
to be no analogous application of such maps in the nonorientable setting.

(c) The problem of classifying the stable surfaces in other spherical space forms
seems to be difficult. By [A, Lemma1], stable (even just minimal) projective
planes cannot arise. On the other hand, quotients of the Clifford torus will
give rise to flat embedded Klein bottles in the lens spaces L(4n, 1) for n ≥ 1
(see [La, §9]), and these quotients will be stable by [RR, Cor5]. More generally,
the following argument (due to H. Rubinstein) shows that for any g ≥ 1 there
is a lens space L containing a stable embedded nonorientable surface of genus
g. (Writing a nonorientable surface S as a connected sum of projective planes,
the genus of S is defined to be the number of projective planes needed.) Fix
L = L(2k, q) with gcd(2k, q) = 1 and let S⊂L be an embedded nonorientable
surface of smallest possible genus g ≡ N(2k, q). S is incompressible ([H,
Lemma 6.3]) and so, by [MSY, Th.1], S is isotopic to an embedded stable
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nonorientable surface (necessarily of the same genus N(2k, q)). Allowing k
and q to vary, [BW, Th.8.3] shows that N(2k, q) can take on any positive
integer.

Another interesting special case is that of the quotients of triply-periodic minimal
surfaces in R3 (so N = R3/L where L is a discrete lattice of rank 3). Here, non-
trivial stable surfaces exist. For example, nonorientable quotients of the genus 3
Schwarz P and D surfaces are stable, as are certain perturbations of these surfaces
([R2, Th1, p193]). We do not know if stable higher genus examples exist: (2′)
cannot be used here to prove results of great generality, though it can be used
to deduce the instability of many known surfaces (i.e. those permitting better
estimates than (6)).

It is also worth noting that sufficiently stretched versions of the D surface are
unstable, this following from a direct test-function argument using the ideas of [R2,
§4]. However, the instability of these surfaces cannot be deduced by an application
of (2′) with Lemma 2. This provides strong evidence that satisfying (2′) for all F ,
though necessary for stability, is not sufficient.

4. Nonorientable Cones in R4

If M is a compact surface in S3⊂R4, then we define the cone C(M) over M by

C(M) = R4 ∩ {rp : r ≥ 0, p ∈M}.

C(M) will be singular at the origin (unless M = S2, implying C(M) = R3) but
will elsewhere be a regular immersion or embedding as M is. Also, it is easy to see
that C(M) is minimal iff M is ([Sm, Prop6.1.1]).

Suppose now thatM is minimal and orientable. IfM = S2 then C(M) is trivially
stable. [A, Lemmas1,2] proved that in any other case C(M) is unstable. It is our
intention here to extend that result to nonorientable M by applying (2′) to the

orientable double cover C(M̃ ). To do this, note that Lemma 2 provides us with

an antisymmetric function F on M̃ and that we can extend F naturally to C(M̃)
by setting F c(p, r) ≡ F (p). Now, mimicking [A], we consider a radial function
φ = φ(r) on C(M) with spt(φ)⊂⊂C(M) − {0}. With these choices, (2′) gives

3∑
α=1

A′′
(
fαφ̃

)
= 2

∫
C(M)

(φ′)2 +
(|∇cF |2 − |Bc|2 )φ2,

where Bc and ∇c are, respectively, the second fundamental form and Riemannian
connection on C(M). Clearly

|∇cF c|2(p, r) =
1

r2
|∇̃F |2(p)

and, by [Sm, Lemma6.1.1] and (8),

|Bc|2(p, r) =
1

r2
|BM |2(p) =

2

r2
(1−K) .
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In the same manner the metric on C(M) can be compared to that on M , and we
find that

3∑
α=1

A′′
(
fαφ̃

)
= 2

∫
C(M)

(φ′)2 +
1

r2

(
|∇̃F |2 + 2K − 2

)
φ2

= 2|M |
∞∫
0

r2 (φ′)2 + 2

∫
M̃

|∇̃F |2 + 2K − 2

 ∞∫
0

φ2

≤ 2|M |
∞∫
0

(
r2 (φ′)2 − 2φ2

)
+ 16π

∞∫
0

φ2,(9)

where we have used the Gauss-Bonnet theorem and (7) in the last step.
To continue the argument, we need to show that for suitable φ the first integral

in (9) is negative and we need a suitable lower bound on |M |. These facts are
provided by the following two lemmas:

Lemma 4 ([Sm, Lemma 6.1.5]). For any c > 1
4 there exists a smooth φ : [0,∞)→

R with spt(φ)⊂⊂(0,∞) and for which

∞∫
0

r2 (φ′)2 < c

∞∫
0

φ2 .(10)

�
Lemma 5 ([LY, Corollary 10], and see below). Suppose M is a compact minimal
surface in S3. Then |M | ≥ 4π with equality iff M is a totally geodesic S2. If M is
nonorientable then |M | > 8π. �

Combining (9), Lemma 4 (with c = 1) and Lemma 5, we immediately have the
desired result:

Proposition 6. Suppose M is a compact nonorientable minimal surface in S3.
Then the cone C(M) over M is unstable. �
Proof of Lemma 5. The first part of Lemma 5 is well-known, but this is perhaps
not so true for the second part on nonorientable M (notice that we do in fact need
the stronger estimate to establish Proposition 6): [LY, Cor10] gives a proof of both
results, the argument involving the notion of conformal volume (a related argument
is given in [K1, Prop1.3, Fact1.5]). There is also a short proof of Lemma 5 using
geometric measure theory, well known in the field, and we would like to end this
section by presenting that argument here. (The following can be done in great
generality, but we will stay within the context of our desired application).

Suppose M ′ is a 3-dimensional minimal “surface” in R4. For p ∈ R4 and r > 0
consider the volume ratio

Dr(M
′, p) ≡ |M ′ ∩Br(p)|

4
3πr

3
,

where Br(p) is the open ball in R4 of radius r about p. Suppose R > 0, M ′ has
no boundary in BR(p) and |M ′ ∩ Br(p)| < ∞. Then the monotonicity formula
([Si2, 17.3]) states that Dr(M

′, p) is a monotonically increasing function of r for
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0 < r < R; this result holds even if M ′ is quite singular, in particular if M ′ = C(M)
is a cone over a smooth, compact, minimally immersed surface in S3 (for any r and
p, because the underlying integral characterization of minimality, [Si2, 16.3], is
everywhere valid).

Given M ′ = C(M), we have the inequality

Dr(C(M), p) ≤ |C(M) ∩Br+|p|(0)|
4
3πr

3
=

(r + |p|)3
4πr3

|M |, p ∈ R4, r > 0.(11)

Now let p ∈M be a point around which M is an embedding. Then Dr(C(M), p)
≈ 1 for small r and thus, by monotonicity, Dr(C(M), p) ≥ 1 for all r. Letting
r→∞ in (11), we find that |M | ≥ 4π. Equality can only occur if Dr(C(M), p) ≡ 1,
implying C(M) is a cone about p ([Si2, 19.3]): it then follows that C(M) is a plane
and M must be a totally geodesic S2.

Finally, if M⊂S3 is nonorientable then M must have non-trivial self-intersection.
Thus, taking suitable p ∈M , we have Dr(C(M), p) ≈ k ≥ 2 for small r. Repeating
the above argument, we find that |M | ≥ 8π, and here it is clear that equality is
impossible. �

5. Noncompact Surfaces in 3-Manifolds of
Nonnegative Scalar Curvature

Suppose N is a 3-manifold with nonnegative scalar curvature S, and suppose M
is a complete and noncompact nonorientable minimal surface in P . By (8),

|B|2 + Ric (ν) =
1

2
|B|2 + S −K ≥ 1

2
|B|2 −K on M.

Therefore, if M is stable and if F : M̃ → S2 is an antisymmetric function on the
orientable double cover, then, by (2′),

∫
M

|∇Mφ|2 + (K − 1

2
|B|2 + |∇̃F |2)φ2 ≥ 0(12)

for any smooth compactly supported φ : M → R. [GL, §3] analyses a surface M
under the assumption that, for some constant β > 1

2 , the operator ∆M − βK is
positive. Our intention is to use in (12) the inequalities obtained there.

Following [GL], let Ω0 ⊂M be a (rather arbitrary) compact set with analytic

boundary, and define s(x) = dist(x,Ω0). For R > 0 let φR(x) = ψ( s(x)
R ), where

ψ(t) is a smooth approximation to max(1− t, 0). By [GL, 3.13, β = 1] and (12)

1

2

∫
M

|B|2φ2
R +

1

R2
|ΩR − Ω0| ≤ 2π +

2

R2
L(0) +

∫
M

|∇̃F |2φ2
R ,(13)

where ΩR = M ∩ {x :s(x) = R} and L(0) is the length of ∂Ω0. If F can be chosen
to have finite energy, then we can let R→∞:

Proposition 7. Suppose M is a complete and noncompact, nonorientable stable
minimal surface in a 3-manifold N of nonnegative scalar curvature. If the orientable

double cover M̃ of M admits an antisymmetric map F : M̃ → S2 of finite energy
then M has quadratic area growth and

∫
M
|B|2 <∞. �
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Remark. Note that when N = R3 this result is complemented by [R1, Th3]. We
discuss this further below.

Suppose Ω ⊂ Ω′ are piecewise smooth compact nonorientable subdomains of
M . Then Ω′ has no smaller genus than Ω. We can therefore define the (possibly
infinite) genus of M .

Suppose in fact that genusM = γ < ∞. Let R > 0 be such that ∂ΩR is
piecewise smooth (which will be true for most R—see [GL, p224]). By smoothly
capping the ends of ΩR and taking the orientable double cover, we obtain a compact
Riemann surface ΩR of genus at most γ − 1. Lemma 2 provides an antisymmetric
FR : ΩR→S2 with

∫
ΩR

|∇̃FR|2 ≤ 1

2

∫
ΩR

|∇̃FR|2 ≤ 4πγ .(14)

One can now use weak compactness in the Sobolev spaces H1,2(ΩR, S2), diagonal-
izing on R to obtain an F on the entire double cover of M which satisfies the same
estimate (14). Alternatively, since |φR| ≤ 1, we can use (14) directly in (13) and
then let R→∞. Using either method, we find

Proposition 8 ([LS]). The conclusions of Proposition 7 continue to hold if the
hypothesis of the existence of a finite energy map is replaced by the hypothesis that
M has finite genus. �

Final Remark. Of course, without some special hypothesis there is no reason to
expect that M will admit an antisymmetric F of finite energy: the problem in
general, then, is to show that F can be chosen to have suitably slow energy growth.
Though plausible, this appears to be difficult.
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