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SEMIDIRECT PRODUCTS OF REGULAR SEMIGROUPS

PETER R. JONES AND PETER G. TROTTER

Abstract. Within the usual semidirect product S ∗ T of regular semigroups
S and T lies the set Reg (S ∗ T ) of its regular elements. Whenever S or T is
completely simple, Reg (S ∗T ) is a (regular) subsemigroup. It is this ‘product’
that is the theme of the paper. It is best studied within the framework of
existence (or e-) varieties of regular semigroups. Given two such classes, U
and V, the e-variety U ∗ V generated by {Reg (S ∗ T ) : S ∈ U, T ∈ V} is
well defined if and only if either U or V is contained within the e-variety CS
of completely simple semigroups. General properties of this product, together
with decompositions of many important e-varieties, are obtained. For instance,
as special cases of general results the e-variety LI of locally inverse semigroups
is decomposed as I ∗RZ, where I is the variety of inverse semigroups and RZ
is that of right zero semigroups; and the e-variety ES of E-solid semigroups
is decomposed as CR ∗ G, where CR is the variety of completely regular
semigroups and G is the variety of groups.

In the second half of the paper, a general construction is given for the e-free
semigroups (the analogues of free semigroups in this context) in a wide class
of semidirect products U ∗ V of the above type, as a semidirect product of
e-free semigroups from U and V, “cut down to regular generators”. Included
as special cases are the e-free semigroups in almost all the known important
e-varieties, together with a host of new instances. For example, the e-free lo-
cally inverse semigroups, E-solid semigroups, orthodox semigroups and inverse
semigroups are included, as are the e-free semigroups in such sub-e-varieties
as strict regular semigroups, E-solid semigroups for which the subgroups of
its self-conjugate core lie in some given group variety, and certain important
varieties of completely regular semigroups. Graphical techniques play an im-
portant role, both in obtaining decompositions and in refining the descriptions
of the e-free semigroups in some e-varieties.

Similar techniques are also applied to describe the e-free semigroups in a
different ‘semidirect’ product of e-varieties, recently introduced by Auinger
and Polák. The two products are then compared.

The semidirect product has a venerable history in semigroup theory. In con-
junction with the wreath product, it has played a central role in the decomposition
theory of finite semigroups. In the context of regular semigroups, variations on the
usual product have been introduced for inverse semigroups and, recently, for locally
inverse semigroups. We take a different approach, by studying the set Reg (S ∗ T )
of regular elements of the usual semidirect product of regular semigroups S and T .
In many important cases, these elements form a (regular) subsemigroup of S ∗ T .
These cases are most easily interpreted in the framework of e-varieties.
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An e-variety (sometimes called existence variety or bivariety) is a class of regular
semigroups that is closed under products, quotients and regular subsemigroups. For
an introduction to this topic see §1. We show (Theorem 3.1) that for e-varieties
U,V, the property that Reg (S ∗T ) is a subsemigroup of S ∗T for every S ∈ U, T ∈
V (under a standard assumption on the actions) holds if and only if either U or
V is contained within the e-variety CS of completely simple semigroups. While at
first sight this may seem unduly restrictive, it turns out that all the ‘well-known’
e-varieties fall within its compass and, moreover, this result sets the stage for the
use of the semidirect product to define operators on the lattice of e-varieties. We
define the semidirect product of e-varieties U ∗V as the e-variety generated by all
semigroups of the form Reg (S ∗ T ), S ∈ U, T ∈ V, whenever U or V is contained
in CS. Alternatively, it is generated by the semigroups of regular elements of
wreath products, in a similar way. Many interesting properties of this product are
determined in §3.

The second main purpose of this study is to use the semidirect product to inves-
tigate the e-free semigroups in various e-varieties. The e-free semigroup EFVX on
the set X , in the e-variety V, plays a role analogous to that of the free semigroup
on X in a variety (see §1). However, e-free semigroups of rank more than one exist
only in e-varieties contained within either LI or ES, the e-varieties of locally inverse
and E-solid semigroups, respectively. In §3 it is determined exactly when U ∗V
lies within either LI or ES.

To this end we first identify the result of the semidirect product operation on
some important e-varieties. Then in §4 we prove that LI has the simple decom-
position I ∗ RZ, where I is the (e-) variety of inverse semigroups and RZ is the
(e-) variety of right zero semigroups. Some well known sub-e-varieties of LI have
similar decompositions. In §5, we prove that ES also has a simple decomposition,
as CR ∗ G (first proved by M. Szendrei [35]), where CR is the (e-) variety of
completely regular semigroups and G is the (e-) variety of groups. This decompo-
sition is a very special case of the equality of the semidirect product U ∗K with
the Mal’cev product UmK for certain (‘e-local’) E-solid e-varieties U and for any
group variety K; and of the description of U ∗G, for U completely regular, as the
class C∞U of all E-solid semigroups whose self-conjugate cores belong to U (ES
being C∞CR). On the other hand, the semidirect product G∗V, again for V com-
pletely regular (but not contained in G), is just the variety LGmV, also consisting
of completely regular semigroups. The operator V → VTl = LGmV and its dual
V → VTr = RGmV, (which can be described using ‘reverse’ semidirect products),
have been intensively studied. (Here LG and RG are the e-varieties of left and of
right groups, respectively).

The heart of the paper is a general technique for describing the e-free semigroup
on X in the semidirect product U ∗ V of e-varieties U,V. It was noted above
that such semigroups exist, for rank more than one, only if the product lies within
LI or ES. In the general scheme, EF (U ∗V)X is a regular subsemigroup of the
semidirect product of a certain e-free semigroup in U with EFVX . The reader
familiar with products of group varieties [28] will recognize this general form, as
will those familiar with products of semigroup varieties. (In fact we have presented
in §6 a brief summary of the latter situation, as a guide for the sequel, since the
proof method we use does not appear to be in the literature). However, considerable
difficulties arise when regularity must be retained at all stages.
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In §7.1 we describe EFESX as the regular subsemigroup of the semidirect prod-
uct EFCRFGX×X ∗ FGX that is generated by {((1, y), y) : y ∈ X̄}, where X̄ is
a ‘doubling’ of the generators X . (‘Cutting down to regular generators’ refers to
focusing on this subsemigroup of the semidirect product.) Since the e-free com-
pletely regular semigroups are well described [14], we obtain a relatively simple
solution to the ‘word problem’ in EFESX . In fact, this semigroup has recently
been described by Szendrei [35]; however, our technique also determines the e-free
semigroup on X in any e-variety C∞CR(H), where CR(H) is the e-variety com-
prising all completely regular semigroups, the subgroups of which belong to the
group variety H; and also determines the e-free semigroups in certain e-varieties of
orthodox semigroups.

In §8 we describe EF (U ∗V)X for any variety U of inverse semigroups and any
e-variety V such that this semigroup exists, by a similar construction. As a very
special case we obtain in §8.1 a description of EFLIX as a regular subsemigroup
of the semidirect product of a free inverse semigroup and the e-free right zero semi-
group on X (essentially the set X̄ with right zero multiplication). Our description is
inherently different from those of Auinger [3, 4], which are based, implicitly, on his
decomposition LI = S ∗CS, where S is the variety of semilattices. Descriptions of
the e-free semigroups in certain sub-e-varieties (such as strict regular semigroups)
follow similarly.

In §8.2 we describe EFVTl for any completely regular variety V, in a similar
way, embedded in the semidirect product of a free group with an e-free semigroup
from V. A variation of the technique also yields the free semigroup in that variety.
The word problem is solvable in this free semigroup, modulo that in FVX . The
solution is much more transparent than that found by Kaďourek [17].

In §9 we provide a unified form of this approach. We have chosen not to present
the general theorem first, because its proof essentially breaks into the cases already
considered and because the description presented is more complicated than in any
of the individual cases.

Graphical methods, in particular semigroupoids (‘categories without identities’),
play a useful role in the paper. A graphical description of EFESX is given in
§7.3 that is similar to that of Szendrei [35] (and ultimately derives from work of
Margolis and Pin [22] on inverse semigroups). It has the decided advantage, over
the purely semigroup-theoretic description, of providing a set of canonical forms for
the elements of the e-free semigroup (rather than just solving the ‘word problem’).
Our description also extends to the other E-solid cases described above. We have
been unable, however, to find such a graphical interpretation in the cases described
in §8.

Graphical methods also prove useful in obtaining the decompositions in the first
part of the paper. In particular, ‘regular’ versions of the Derived Category Theorem
of [37] are used in both parts of §5.

The final section examines briefly an alternative semidirect product of e-varieties,
studied by Polák [32] and Auinger and Polák [5], generalizing certain semidirect
products of varieties of inverse semigroups. Their product relies on a variant multi-
plication; it is well defined as long as the second factor is locally inverse. We show
how a technique similar to the above yields a quite simple description of the e-free
semigroups in such products, where defined, and we compare their product with
the one on which we have focused in this paper.
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For general reference on semigroups see [11]; on e-varieties the surveys [10, 13, 41];
and on graphical techniques in semigroup theory [37]. As a general rule, we use
the terms ‘free’ and ‘e-free’ where others might use ‘relatively free’ or ‘relatively
e-free’; the meaning will be clear from the context. The term ‘bifree’ has often been
used instead of e-free. Of necessity, the next two sections contain a large amount
of preparatory material. The reader may prefer to begin in §3 and make reference
to §§1 and 2 when necessary.

1. Background on regular semigroups and e-varieties

For any element x of a semigroup S, the set of inverses of x is denoted by V (x);
S is regular if V (x) is nonempty for all x. If x lies in a subgroup of S then x−1 and
x0 denote the inverse of x and the identity element, respectively, in Hx (the H-class
of x). The set of idempotents of S is denoted ES and its set of regular elements
RegS. In general RegS is not a subsemigroup of S. Hall [7] gave the following
useful criterion.

Result 1.1. For an arbitrary semigroup S, RegS ≤ S if and only if the product of
any pair of idempotents is regular. �

The following related result, due to Nambooripad [27, Theorem 1.2], will be
needed in the sequel.

Lemma 1.2. Let S be a regular semigroup, let s1, . . . , sn ∈ S and let s′1 ∈ V (s1),
s′n ∈ V (sn). Then V (s1 · · · sn) ∩ s′nSs′1 6= ∅. �

Let S and T be arbitrary semigroups. A relational morphism φ : S → T is a
fully defined relation from S to T such that s1φs2φ ⊆ (s1s2)φ for all s1, s2 ∈ S; φ
is a division if for distinct s1, s2 ∈ S, s1φ and s2φ are disjoint. The graph #φ of φ
is the associated subsemigroup of S × T . Now suppose S and T are regular. The
relational morphism φ is regular if its graph is a regular subsemigroup of S ×T or,
equivalently, if whenever s ∈ S and t ∈ sφ then there exist s′ ∈ V (s) and t′ ∈ V (t)
such that t′ ∈ s′φ.

We say a regular semigroup S regularly divides a regular semigroup T if there is
a regular subsemigroup R of T and a morphism of R onto S. It will be seen in the
next section, as a consequence of results on regular semigroupoids, that S regularly
divides T if and only if there is a regular division S → T .

We turn now to the study of classes of regular semigroups. An e-variety of reg-
ular semigroups is a class of regular semigroups that is closed under homomorphic
images, direct products and regular subsemigroups, or equivalently, in view of the
preceding paragraph, closed under homomorphic images and regular division.

Let us list some of the e-varieties that will be encountered in the sequel. The
class of all regular semigroups will be denoted R, and that of trivial semigroups by
T.

Inverse semigroups form an e-variety, denoted I. In fact, inverse semigroups form
a variety of ‘unary semigroups’, that is, semigroups with an additional unary oper-
ation. As classes of regular semigroups, the e-varieties contained in I are precisely
the varieties of inverse semigroups. We shall use the terms ‘variety’ and ‘e-variety’
interchangeably in this context. See [31] for a survey of inverse semigroup varieties.
Of particular importance here will be SG, the class of Clifford semigroups, or semi-
lattices of groups, and its sub-e-varieties SH, comprising the semilattices of groups
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from the group varieties H. The e-variety of semilattices is denoted S, that of all
groups G.

In a similar way, completely regular semigroups form an e-variety, denoted CR,
and also a variety of unary semigroups, its subvarieties being again the same as its
sub-e-varieties. The e-variety of completely simple semigroups is denoted CS; and
LZ, RZ, RB, LG, RG denote respectively the e-varieties of left zero semigroups,
right zero semigroups, rectangular bands, left groups and right groups. For any
group variety H, CR(H) comprises the completely regular semigroups all of whose
subgroups belong to H (and similarly for CS(H)). In particular, CR(T) is the
e-variety of bands, denoted B.

The local monoids of a regular semigroup S are the subsemigroups eSe, for
e ∈ ES . Each is again regular. Given a class C of regular semigroups, S is said to
be locally in C if each of its local monoids belongs to C.

If U is any e-variety of regular semigroups, let LU be the class of regular semi-
groups that are locally in U. Then [8] LU is again an e-variety and the operator
U → LU is a closure operator on the lattice of e-varieties. Among the examples
above, CS(H) is closed for every group variety H, since it is just LH. Further
examples of importance include LSG and LS, traditionally known as the classes
of strict regular and combinatorial strict regular semigroups and denoted SR and
CSR, respectively. Their intersections with I are denoted SI and CSI, respectively.
Their common intersection with B is the variety NB of normal bands.

The e-variety LI of locally inverse semigroups has played a major role in the
history of regular semigroups and, not surprisingly, does so in this paper.

The core C(S) of a regular semigroup S is the subsemigroup generated by its
idempotents. It is well known that C(S) is a regular subsemigroup of S. The self-
conjugate core C∞(S) of S is the subsemigroup formed by taking the union of the
following sequence of subsemigroups: let C0(S) = C(S) and, for i > 1, let Ci(S)
be the subsemigroup generated by {xax′ : a ∈ Ci−1, x ∈ S, x′ ∈ V (x)}. That is,
C∞(S) is the smallest subsemigroup that contains ES and contains xax′ whenever
it contains a, for any mutually inverse elements x, x′ of S. Again it is true that
C∞(S) is a regular subsemigroup of S.

For U an e-variety of regular semigroups, let CU be the class of regular semi-
groups whose cores belong to U; and let C∞U be the class whose self-conjugate
cores belong to U. Again [8] the operator U → CU is a closure operator on the
lattice of e-varieties. However, this is not the case for the operator U → C∞U,
as Zhang [43] has shown. Among the examples above, G and CS are closed with
respect to each operator, since G = CT = C∞T and CS = CCS = C∞CS, as
is easily verified. In addition, I = CS = C∞S. Further examples of importance
are CB = C∞B, which is the e-variety of orthodox semigroups, denoted O, and
CNB = C∞NB, the e-variety of generalized inverse semigroups, denoted GI.

The e-variety ES = CCR of E-solid semigroups has also played a major role
in regular semigroup theory and continues to do so here. By [38, Corollary 5.2],
ES = C∞CR. Lest the reader think that the operators C and C∞ are identical, S.
Zhang [43] showed that C∞CS(A) ⊂ CCS(A), where A is the variety of abelian
groups.

The following observation will be useful in the sequel. The converse inclusion is
false, as is seen by considering the case U = T.

Proposition 1.3. For any e-variety U of regular semigroups, CLU ⊆ LCU.
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Proof. Let S ∈ CLU, so that C(S) ∈ LU and eC(S)e ∈ U for all e ∈ ES .
Now since EeSe ⊆ eESe ⊆ eC(S)e, C(eSe) ⊆ eC(S)e, whence C(eSe) ∈ U and
eSe ∈ CU for all e ∈ ES . Hence S ∈ LCU. �

A concept of central importance in the study of e-varieties is the idea of an e-free
semigroup on a set X in an e-variety V. Let F be the free semigroup on the set
X̄ = X ∪ X ′, where X ′ = {x′|x ∈ X} is a set in one-one correspondence with,
and disjoint from, X . Put x′′ = x, for x ∈ X . A mapping φ of X̄ into a regular
semigroup S is matched if aφ and a′φ are mutually inverse elements of S for every
a ∈ X̄. An e-free semigroup on X in V is a member T of V together with a
matched mapping ι : X̄ → T , with the property that for any matched mapping
φ : X̄ → S ∈ V, there is a unique morphism φ̄ : T → S such that ιφ̄ = φ. It is
easily seen that if such an object exists it is unique up to isomorphism. We then
denote it EFVX .

This concept was introduced by J. Kaďourek and M. Szendrei [19] for e-varieties
of orthodox semigroups (using the terminology ‘bifree’). Y.T. Yeh [42] extended the
definition to cover e-varieties in general and determined those e-varieties of regular
semigroups which possess e-free semigroups on all nonempty sets, as follows.

Result 1.4. An e-variety of regular semigroups possesses an e-free semigroup on
every nonempty set if and only if it is contained in either LI or ES. �

The e-variety LES is a natural envelope for the e-varieties encountered in this
paper, so we shall attempt to extend our results to that setting when feasible. Of
course LES does not possess e-free semigroups in general.

In §7, we shall describe in concrete terms the e-free semigroups in certain e-
varieties of E-solid semigroups, in terms of those in associated completely regular
semigroup varieties and of relatively free groups. In [14] the first author described
the e-free semigroups in CR(H), where H is a group variety. Although we shall
not need the details of that description, we shall need the framework in which it
lies.

A unary semigroup is a semigroup endowed with a unary operation. This oper-
ation will usually be denoted by inversion. Unary semigroups play a central role
in the general theory of e-varieties ([8]), although here we consider them only in a
limited context.

Let X be a nonempty set. Let ( and )−1 be two symbols disjoint from X̄ and put

X̆ = X̄∪{(, )−1}. The free unary semigroup Xu on X̄ is the smallest subsemigroup

of the free semigroup X̆+ that contains X̄ and contains (u)−1 whenever it contains
u. Its members are unary words over X̄. It has been observed that completely
regular semigroups may be regarded as unary semigroups. The e-free completely
regular semigroup on X was described in [14]. First, it is the quotient of Xu by
the semigroup congruence ρCR generated by the pairs

(u(u)−1u, u), (u(u)−1, (u)−1u), (((u)−1)−1, u), u ∈ Xu,

together with the pairs

(xx′x, x), (x′xx′, x′), x ∈ X.
Extending the technique of J. Kaďourek and L. Polák [18], an algorithm was given
in [14, Theorem 4] to decide whether or not two unary words over X̄ belong to the
congruence ρCR. More generally, given any completely regular semigroup variety U,
there is a congruence ρU such that Xu/ρU ∼= EFUX , namely the least congruence
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such that the quotient belongs to U. For U = CR(H), the following result [14,
Theorem 6] holds.

Result 1.5. Let H be a variety of groups and let X be a nonempty set. There is
a procedure for deciding whether or not two unary words over X̄ belong to ρCR(H).
The procedure is effective if the word problem in the free group FHX is soluble. �

We may call this decision problem the word problem for EFCR(H)X (or, simi-
larly, for the e-free semigroup on X in any completely regular semigroup variety).
This problem is therefore decidable as long as the same is true in the free groups
over H.

We now consider some further properties of locally inverse and E-solid semi-
groups. Their key role is clear from Result 1.4. In [42], Yeh also showed that
various analogues of properties normally possessed by varieties, in the usual sense,
carry over to e-varieties in those situations (but not generally). We have, for in-
stance, the following, the first part of which is [42, Corollary 4.7] and the second
part of which is a combination of Theorem 2.1, Lemma 3.1.3 and Lemma 3.2.3 from
the same paper.

Result 1.6. (i) Let C be a class of regular semigroups that is contained in either
LI or ES. Then the e-variety generated by C comprises all regular semigroups
that regularly divide a product of members of C.

(ii) If S is any E-solid or locally inverse semigroup, then for any subset A of
S that contains an inverse for each of its members, there is a least regular
subsemigroup of S that contains A, denoted here by 〈A〉e and called the regular
subsemigroup generated by A. Moreover, any morphisms from S to a regular
semigroup T that agree on A also agree on 〈A〉e. �

Lemma 1.7. In the terminology of (ii) of Result 1.6, if φ : S → T is any morphism
to an E-solid or locally inverse semigroup T , then 〈A〉eφ = 〈Aφ〉e.
Proof. Let B be any regular subsemigroup of T that contains Aφ. By the proof of
[42, Lemma 4.1], Reg (Bφ−1) is a regular subsemigroup of S. (Yeh’s hypothesis of
surjectivity is not needed for this part of his proof). Clearly Reg (Bφ−1) contains
A and, therefore, 〈A〉e, whence B contains 〈A〉eφ. Since 〈A〉eφ is regular, the proof
is complete. �

Finally, the concept of the Mal’cev product of e-varieties has proven very fruitful
in the contexts of varieties of inverse and, especially, completely regular semigroups.
A recent result of the second author may be regarded as representing e-varieties
of the form C∞U as certain such products. (For completely regular semigroup
varieties, the corollary below was explicitly stated by Zhang [44].) First some
terminology is needed.

Let U, V be e-varieties. Their Mal’cev product UmV is the e-variety generated
by those regular semigroups S that possess a congruence ρ such that (a) S/ρ ∈ V
and (b) each idempotent ρ-class belongs to U.

Let S be any regular semigroup. We say S is C∞-unitary, if for all s ∈ S and
a ∈ C∞(S), as ∈ C∞(S) or sa ∈ C∞(S) implies s ∈ C∞(S). Then [39, Lemma
1.2] C∞(S) is always contained in ESσ, and equality holds if and only if S is C∞-
unitary. Here σ is the least group congruence on S. A morphism φ : S → T
of regular semigroups is C∞-separating if it separates the elements of C∞(S). If
T is a regular semigroup then a C∞-unitary cover of T consists of a C∞-unitary
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regular semigroup S together with a C∞-separating morphism φ of S onto T ; by
[39, Lemma 1.1], C∞(S)φ = C∞(T ) and, therefore, C∞(S) ∼= C∞(T ).

Result 1.8 ([39]). Any regular semigroup has a C∞-unitary cover. �

Corollary 1.9. For any e-variety U of regular semigroups, C∞U = UmG.

Proof. Suppose S ∈ C∞U. Let T be a C∞-unitary cover for S. As noted above,
C∞(T ) ∼= C∞(S). We may assume, without loss of generality, then, that S itself
is C∞-unitary. Let σ be the least group congruence on S. As remarked above,
ESσ = C∞(S) ∈ U. Hence S ∈ UmG.

Conversely, if S possesses a congruence ρ such that S/ρ ∈ G and ESρ (the
unique idempotent ρ-class) belongs to U, then since C∞(S) ⊆ ESρ, S ∈ C∞U. �

2. Preliminaries on semigroupoids

Semigroupoids will play two related but distinct roles in the sequel: in the rep-
resentation of E-solid e-varieties as semidirect products (§5), and in the description
of the e-free semigroups in such e-varieties (§7). For an overview of their use in
semigroup theory in general see [37, Appendix B]. Most of the following is from
[14].

A graph G is a pair (V,E) of sets, together with a pair of maps h, t : E → V .
For e ∈ E, h(e) is the head of e and t(e) is its tail . We write V = V G, the set of
vertices of G, and E = EG, the set of edges of G. For each pair (x, y) of vertices
of G, G(x, y) denotes the homset or edge set {u ∈ E : t(u) = x, h(u) = y}. We
often write u : x→ y instead of u ∈ G(x, y). The edges in a given homset are said
to be coterminal . A graph is strongly connected (or “bonded” in the terminology
of [37]) if for any pair of distinct vertices e and f there is a path from e to f .

A semigroupoid is a graph C = (V,E) together with a map m : {(e, f) ∈ E×E :
h(e) = t(f)} → E which we shall write as juxtaposition, such that the usual partial
associativity law is satisfied. For any c ∈ V , C(c, c) is a semigroup, the local
semigroup at c, which we may denote by Cc. Note that Cc may be empty.

A category is a semigroupoid C with the additional property that for each vertex
c of C, there is an edge 1c ∈ Cc such that e1c = e for all e : a→ c and 1cf = f for
all f : c→ d, a, d ∈ V C. The local semigroups then become monoids. The general
relationship between categories and semigroupoids is like that between monoids
and semigroups, and we leave to the reader the task of formulating analogues of
the definitions and elementary results that follow. See [37] for an exposition of the
role of categories in monoid theory.

A morphism φ : G→ H of graphs is a pair (φV , φE) of functions φV : V G→ V H
and φE : EG → EH satisfying h(e)φV = h(eφE) and t(e)φV = t(eφE) for each
edge e of G. A morphism of semigroupoids is a morphism of the underlying graphs
that respects composition. A morphism is faithful if it is injective on homsets, and
quotient if it is bijective on V and surjective on E.

A relation φ : G → H of graphs is a pair (φV , φE), consisting of a function
φV : V G→ V H and a fully defined relation φE : EG→ EH such that G(x, y)φE ⊆
H(xφV , yφV ), for all vertices x, y of G. Its graph #φ is the subgraph of G×H with
vertex and edge sets the graphs of φV and φE , respectively. A relational morphism
φ : C → D of semigroupoids is a relation (φV , φE) of the underlying graphs such
that eφEfφE ⊆ (ef)φE for all consecutive edges e, f of C or, equivalently, such that
#φ is a subsemigroupoid of C×D. A relational morphism is a division if for distinct
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coterminal edges e, f of C, eφE and fφE are disjoint. As for semigroups, every
faithful morphism is a division, the inverse relation of every quotient morphism is a
division, and the composition of divisions is a division. A semigroupoid C is said to
divide a semigroupoid D if there is a semigroupoid E, a quotient morphism E → C
and a faithful morphism E → D. Similarly to [37, Proposition 2.5], this occurs if
and only if there is a division C → D.

A congruence on a semigroupoid C = (V,E) is an equivalence ρ on E that
consists of coterminal pairs and is compatible with all well-defined products. The
quotient semigroupoid C/ρ = (V,E/ρ) is then a semigroupoid in the obvious way
and the natural morphism C → C/ρ is a quotient morphism. Conversely, for every
quotient morphism C → D, the edge function induces a congruence on C. The
usual isomorphism theorems then hold.

Given a family (Gi)i∈I of graphs, their product is the graph whose vertex and
edge sets are, respectively, the Cartesian products of (V Gi)i∈I and (EGi)i∈I , with
h and t defined componentwise. The product of semigroupoids is that of the un-
derlying graphs, with componentwise operation.

The free semigroupoid G+ on a graph G has as its vertex set V G and as its
edge set the nonempty paths in G, under concatenation. If θ : G → C is a graph
morphism to a semigroupoid C, then there is a unique semigroupoid morphism
θ+ : G+ → C extending θ. There is an injection η : EG+ → (EG)+, where the
latter is the free semigroup on EG, obtained by mapping each path p in G to the
corresponding word in the alphabet EG. We may identify one-vertex graphs with
their edge sets and one-vertex semigroupoids with their local semigroups, so η may
be treated as a faithful semigroupoid morphism G+ → (EG)+.

The weak derived semigroupoid Wφ of a surjective morphism φ : S → T of
semigroups consists of the graph with vertex set T 1 and edge set T 1 × S, setting
t(t1, s) = t1 and h(t1, s) = t1(sφ), for t1 ∈ T 1, s ∈ S, together with the prod-
uct (t1, s1)(t2, s2) = (t1, s1s2), defined whenever t1(s1φ) = t2. The derived semi-
groupoid Dφ of φ is the quotient Wφ/≡, where (t, s1) ≡ (t, s2) if (t(s1φ) = t(s2φ)
and) ss1 = ss2 for all s ∈ tφ−1. (If T has no identity, then 1φ−1 is taken to consist
of an adjoined identity for S). Denote the ≡-class of (t, s) by [t, s]. Our definitions
and notation follow loosely those of Margolis [21], who, however, adheres to the
categorical setting.

We turn now to regular semigroupoids. An edge x of a semigroupoid C is regular
if there is an edge a such that xax = x; C itself is regular if each of its edges is: then,
as for semigroups, for each edge x the set V (x) = {a ∈ EC : xax = x, axa = a} of
inverses of x is nonempty. As pointed out in [33, §2], many of the usual properties of
regular semigroups carry over to regular semigroupoids. For instance, if φ : C → D
is a quotient morphism of regular semigroupoids and d, e are mutually inverse edges
of D, then there exist mutually inverse edges a, b of C such that aφ = d and bφ = e.

If φ : S → T is a morphism of regular semigroups, then Wφ need not be a regular
semigroupoid, in general. However, when T is a group then Wφ is indeed regular,
for if (t, s) ∈ EWφ, then (tsφ, s′) ∈ V ((t, s)) for any s′ ∈ V (s).

A relational morphism φ : C → D of regular semigroupoids is regular if its graph
is a regular subsemigroupoid of C×D, that is, for all pairs (e, f) ∈ #φE , there exist
inverses e′ and f ′ of e and f in EC and ED, respectively, such that (e′, f ′) ∈ #φE .

We say that a regular semigroupoid C regularly divides a regular semigroupoid
D if there is a regular semigroupoid E, a quotient morphism E → C and a faithful
morphism E → D.
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Result 2.1 ([14]). A regular semigroupoid C regularly divides a regular semigroup-
oid D if and only if there is a regular division φ : C → D. �

For any semigroupoid C, let RegC denote the subgraph with V RegC = V C
and ERegC the set of regular edges of C. We write RegC ≤ C if RegC is a
subsemigroupoid of C.

An e-variety of regular semigroupoids is a class V of regular semigroupoids such
that:

(i) V is closed under direct products;
(ii) if C ∈ V, D is a regular semigroupoid and there is a faithful morphism

D → C, then D ∈ V;
(iii) if C ∈ V, D is a regular semigroupoid and there is a quotient morphism

C → D, then D ∈ V.

Szendrei [33] introduced this concept (calling it a ‘bivariety’) for the case of
orthodox semigroupoids: those regular semigroupoids all of whose local semigroups
are orthodox. It is easy to see that these form such an e-variety. Other examples
of e-varieties of semigroupoids include that of trivial semigroupoids — those with
at most one edge per homset — and that of all regular semigroupoids.

With any e-variety W of regular semigroups we may associate two e-varieties of
semigroupoids. Let lW consist of the regular semigroupoids all of whose local sub-
semigroups belong to W. (For instance, lO consists of the orthodox semigroupoids.)
It is easily verified that lW is an e-variety of semigroupoids (those that are locally
W) that contains W. Let gW be the e-variety of regular semigroupoids generated
by W. Thus gW ⊆ lW.

Note that e-varieties of semigroupoids are closed under regular division. In
contrast with the situation for semigroup varieties, it does not follow from the
definitions that if W is an e-variety of regular semigroups then gW consists of
all regular semigroupoids that regularly divide a semigroup in W. For e-varieties
contained in ES or LI, however, gW is so definable, as the next result shows.

Result 2.2 ([14]). For any e-variety W of regular semigroups that is contained in
either ES or LI, gW comprises all regular semigroupoids that regularly divide a
semigroup in W. �

Call an e-variety W of regular semigroups e-local if lW = gW. In view of
this last result, a sub-e-variety of ES or LI is e-local if and only if every regular
semigroupoid that is locally W regularly divides a semigroup of W.

Proposition 2.3. For any e-variety W of semigroups that contains S, CW is
e-local. In particular I, O, ES and R are all e-local.

Proof. Suppose D is a locally CW regular semigroupoid. If D is a semigroup,
there is no problem. Otherwise, let Dcd be its consolidation ([37]), which is the
semigroup ED ∪ {0}, where the product of elements of ED is that in D, when
defined, 0 otherwise, and the new element 0 acts as a zero. Clearly Dcd is regular
and the injection of ED in ED ∪ {0} induces a regular division D → Dcd.

Hence it suffices to prove Dcd ∈ CW. Now since idempotents in the consolida-
tion, other than 0, must be loops of D, the core C(Dcd) is just the subsemigroup⋃{C(Dd) : d ∈ V D} ∪ {0}. Let Y be the semilattice V D ∪ {0}, with V D an
antichain and 0 the zero element. Then C(Dcd) is a strong semilattice composition
of the semigroups C(Dd), d ∈ V D, and the trivial semigroup {0}, via Y . By [11,
Proposition 5.12], since each C(Dd) ∈ W and S ⊆ W, C(Dcd) ∈ W, as required.
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The final statement follows from the equations I = CS, O = CB, ES = CCR
and R = CR. �

Szendrei [33] showed that the e-variety of orthodox semigroups is e-local. More
importantly, she showed that every e-variety of orthodox completely regular semi-
groups is e-local. In particular, every e-variety of bands is e-local and every variety
of groups is e-local.

Result 2.4 ([14]). For each variety H of groups the variety CR(H), comprising
all completely regular semigroups whose subgroups belong to H, is e-local. �

We next consider e-free semigroupoids in e-varieties. Let G be a graph. Denote
by G′ the graph with V G′ = V G and EG′ = (EG)′, where (EG)′ is a set in one-one
correspondence with EG under x′ ↔ x; for x′ ∈ (EG)′, h(x′) = t(x) and t(x′) =
h(x). Thus there are induced bijections between G(a, b) and G′(b, a), a, b ∈ V G.
Let Ḡ = G ∪ G′, that is, Ḡ is the graph with V Ḡ = V G and EḠ = EG ∪ (EG)′.
Following [33], a matched mapping from Ḡ to a regular semigroupoid C is a graph
morphism θ : Ḡ→ C such that x′θ ∈ V (xθ) for all x ∈ EḠ.

Let V be an e-variety of semigroupoids and G a graph. An e-free semigroupoid
on G over V is a pair (C, i), usually denoted simply C, where C ∈ V and i :
Ḡ→ C is a matched mapping, with the property that for every matched mapping
θ : Ḡ → D ∈ V there is a unique semigroupoid morphism θ̄ : C → D such that
iθ̄ = θ. By standard arguments, if such a semigroupoid exists then it is unique up
to semigroupoid isomorphism. We then denote it EFVG.

The e-locality of CR(H) (Result 2.4) was proven in [14] by consideration of e-
free locally completely regular semigroupoids. These are examples of locally unary
semigroupoids. We recall some details that are needed in the sequel.

A locally unary semigroupoid is a semigroupoid C = (V,E) together with, for
each c ∈ V , a unary operation e→ e−1 on Cc. A unary morphism of locally unary
semigroupoids is a semigroupoid morphism φ : C → D such that for every loop e of
C, e−1φ = (eφ)−1. A congruence ρ on a unary semigroupoid C is unary if for any
coterminal loops u and v, uρv implies u−1ρv−1. The quotient semigroupoid is then
a locally unary semigroupoid, and the usual isomorphism theorems again hold.

Let G be a graph. For each vertex x of Ḡ we first adjoin two loops at x, denoted
( and )−1. (The same symbols will denote all instances of these loops, the meaning

to be clear from context.) Let Ğ denote the graph so obtained. Then Ğ+ is the

free semigroupoid on Ğ. Define Gu as follows. Its vertices are again those of G. Its
edge set is the subset of EĞ+ defined recursively by the following rules:

1. x ∈ EGu for every x ∈ EḠ;
2. if p, q ∈ EGu and h(p) = t(q) then pq ∈ EGu; and if p ∈ EGu and h(p) = t(p)

then (p)−1 ∈ EGu.

Thus Gu is the smallest subsemigroupoid of Ğ+ that contains Ḡ and contains
(u)−1 whenever it contains a loop u. We call the edges of Gu unary paths over
Ḡ. Clearly the symbols ( and )−1 within a unary path p come in matched pairs,
the segment of p lying within such a matched pair being a loop in Gu. It is
straightforward to show that every graph morphism from Ḡ to a locally unary
semigroupoid C extends uniquely to a unary semigroupoid morphism from Gu to
C. Thus Gu is the free locally unary semigroupoid on Ḡ. Note that if G is a one-

vertex graph, then Ğ+ may be identified with ĔG
+
, and Gu reduces to the free

unary semigroup on EG.
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The morphism η : Ğ+ → ĔG
+
, introduced earlier, clearly maps unary paths

over Ḡ to unary words over EḠ = EG. The restriction, which we again denote
η, is therefore a faithful morphism Gu → (EG)u. Further, it is a clearly a unary
morphism.

It should be pointed out that the free locally unary semigroupoid on Ḡ is not
the same as the subsemigroupoid U loc(G) of the ‘free unary semigroupoid’ on G
introduced by Szendrei [35, §3] in her treatment of e-free E-solid semigroups. This
is most easily seen in the case of one-vertex graphs. In that situation, U loc(G)
reduces to the free unary semigroup on EG (where she denotes the unary operation
by u→ u′), whilst Gu reduces to the free unary semigroup on EG. This distinction
will be of some concern in §7.3.

3. Semidirect products of e-varieties

Let S and T be semigroups. A (left) action of T on S is a map S × T → S,
(s, t) → ts satisfying: (i) t1t2s = t1( t2s) and (ii) t(s1s2) = ts1

ts2, for all t, t1, t2 ∈
T and s, s1, s2 ∈ S. If T is a monoid, the action is left unitary if 1s = s for all s ∈ S.
The semidirect product S ∗ T of S and T , with respect to this action, has as its
underlying set S×T , with multiplication defined by (s1, t1)(s2, t2) = (s1

t1s2, t1t2).
It is well known that S∗T is a semigroup. It is trivially verified that the idempotents
in S ∗ T are the pairs (s, t) such that t ∈ ET and s ts = s.

Following S. Eilenberg [6] and B. Tilson [37], the wreath product SwrT of semi-

groups S and T is defined to be the semidirect product ST
1 ∗T , where for t ∈ T and

α : T 1 → S, tα is defined by t1
tα = (t1t)α, for t1 ∈ T . (Some authors instead take

the semidirect product of ST and T . The definition used here has the advantage
that any semidirect product of S and T can be embedded in SwrT , as long as the
action is left unitary whenever T is a monoid (cf. [37, pp. 190–191]).)

In this section we study ‘products’ of e-varieties of regular semigroups U and V
associated with semidirect products S ∗ T , S ∈ U, T ∈ V. In such constructions
we shall always assume that if T is a monoid then its action on S is left unitary
(although this is not an a priori assumption when studying products of individ-
ual semigroups; we shall see below that in many situations the assumption is not
strictly needed). Now the semidirect product of regular semigroups need not again
be regular, as simple examples will verify. (Indeed, in the context of individual
semigroups Nico [26] and Skornyakov [36] have studied the question of regularity.)
In Theorem 3.2 we determine for exactly which e-varieties U,V it is true that every
semidirect product S ∗ T , S ∈ U, T ∈ V, is regular (under the assumption above):
in this situation the e-variety generated by all such semidirect products is an inter-
esting and useful object, as has been demonstrated previously (e.g. for completely
regular varieties [16]).

We study, however, a more general construction. It may be the case that for
every S ∈ U and every T ∈ V, the set Reg (S ∗ T ) of regular elements of S ∗ T is
a (regular) subsemigroup. In this situation we define the semidirect product U ∗V
of e-varieties U and V as the e-variety generated by {Reg (S ∗T ) : S ∈ U, T ∈ V}.

Clearly, since every e-variety contains a trivial monoid {e}, say, and since for
any regular semigroup S, {e} × S ∼= S and S × {e} ∼= S, U ∗V contains both U
and V, whenever the product is well defined.

In the definition of U ∗V, as mentioned above we require that if T is a monoid
then the action is left unitary. This restriction guarantees that if S ∈ U and T
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is a trivial semigroup, then the only semidirect product Reg (S ∗ T ) that belongs
to U ∗ V is Reg (S × T ) ∼= S. Hence U ∗ T = U. It turns out, however, that if
V 6⊆ G then the restriction is unnecessary, since the e-variety generated by all such
semidirect products yields no new semigroups. For in that case V contains some
non-monoid V , say. If T is any monoid of V, then for any idempotent f of V , the
map t → (t, f) embeds T in the non-monoid T × V ∈ V. Now if T acts in any
manner at all on S ∈ U, then Reg (S ∗ T ) embeds in Reg (S ∗ (T × V )), via the
map (s, t) → (s, (t, f)), where T ×V acts on S by (t,v)s = ts. (That the restriction
is essential otherwise is seen by considering examples such as G ∗ T = G. If a
trivial semigroup T = {e} acts on a group G by eg = 1 for all g ∈ G (so non-left
unitarily), then G ∗ T is a left zero semigroup of cardinality |G|.)

The following theorem determines exactly when U ∗V is defined.

Theorem 3.1. Let U and V be e-varieties of regular semigroups. The property
that Reg (S ∗T ) is a (regular) subsemigroup of S ∗T for every S ∈ U, T ∈ V (with
left unitary action whenever T is a monoid), holds if and only if either U ⊆ CS or
V ⊆ CS.

Proof. (i) It is well known that any e-variety that is not contained within CS con-
tains the two element semilattice and, therefore, all semilattices. To prove necessity,
then, it suffices to show that there is a semidirect product of two semilattices, the
regular elements of which do not form a subsemigroup. Let S = {e, f, 0} be the
semilattice with e, f incomparable, and let T = {0, 1} be the two element chain,
with 0 < 1. Let α, β : T → S be defined by 0α = e, 1α = f , 0β = 1β = f .
Then in SwrT , (α, 1) and (β, 0) are idempotents. Now (α, 1)(β, 0) = (αβ, 0),
where 0αβ = 0, 1αβ = f , but for any (γ, g) ∈ SwrT , 1(αβ 0γ 0(αβ)) = 0, so that
(αβ, 0)(γ, g)(αβ, 0) 6= (αβ, 0); that is, (α, 1)(β, 0) 6∈ Reg (S ∗ T ).

(ii) Let S be any regular semigroup and let T ∈ CS act on S. (We do not
assume the action is left unitary, even when T is a monoid, during the proof.) By
Result 1.1, it suffices to show that ES∗TES∗T ⊆ Reg (S ∗T ). We show, in fact, that
ES∗T (S ∗ T ) ⊆ Reg (S ∗ T ).

So let (x, e) ∈ ES∗T and (y, h) ∈ S ∗ T . Thus e ∈ ET and x ex = x. Let

(xy)′ ∈ V (xy). The reader may verify that ( (eh)−1e(xy)′, (eh)−1e) is an inverse
for (x, e)(y, h). (The complete simplicity of T comes into play via the equation
eh(eh)−1e = e.)

(iii) Now let S ∈ CS and let T be an arbitrary regular semigroup acting
on S. (Again we make no assumptions on the action.) This time we show that
(S ∗ T )ES∗T ⊆ Reg (S ∗ T ).

So let (x, t) ∈ S ∗ T and (y, f) ∈ ES∗T . Thus f ∈ ET and y = y fy. Let

(tf)′ ∈ V (tf) and (x ty)′ ∈ V (x ty). Then ( (tf)′(x ty)′, (tf)′) is an inverse for
(x, t)(y, f). We outline the calculation involved. We have

(x ty, tf)( (tf)′(x ty)′, (tf)′)(x ty, tf) = (x ty tf(tf)′((x ty)′x ty), tf).

Now the idempotent (x ty)′x ty is L-related to ty, and so since the action is by en-

domorphisms of S, tf(tf)′((x ty)′x ty) is an idempotent L-related to tf(tf)′ty =
tf(tf)′t(y fy), which in turn is L-related to tfy and thus to x ty (since x ty =
x ty tfy). Hence the product above yields (x ty, tf). The other requisite equation is
straightforwardly verified. �
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Two observations are in order. First, there is a certain curious duality to the two
proofs of sufficiency, in each case slightly stronger than is necessary for the result
at hand: if T is completely simple then ES∗T (S ∗ T ) ⊆ Reg (S ∗ T ), and if S is
completely simple then (S ∗ T )ES∗T ⊆ Reg (S ∗ T ).

Second, the statement of the theorem remains true without the restrictions on
the actions. This is no longer the case when considering the question of when S ∗T
itself is regular, to which allusion was made earlier. For completeness, we prove
the following analogue of the preceding theorem. That the semidirect product is
always regular when one factor or the other is a group (and the alternate factor is
regular) is folklore.

Theorem 3.2. Let U and V be e-varieties of regular semigroups. The property
that S ∗ T is regular for every S ∈ U, T ∈ V (with left unitary action whenever T
is a monoid) holds if and only if either U ⊆ LG or V ⊆ G.

Proof. (i) Let S ∈ LG and let T be regular. If (s, t) ∈ S ∗ T , then, for t′ ∈ V (t),

(s, t)( t
′
s−1, t′)(s, t) = (s tt

′
(s−1s), t) = (s, t),

since tt′(s−1s) is an idempotent L-related to s. Hence S ∗ T is regular.
(ii) Let S be regular and let T be a group acting left unitarily on S. Now any

element (s, t) of S ∗T can be written as (ss′, 1)(s, t), where s′ ∈ V (s). Since (ss′, 1)
is an idempotent, the result follows from the remarks after Theorem 3.1.

Necessity entails an examination of various cases: if U 6⊆ LG then it contains
either a two element semilattice or a two element right zero semigroup; and if
V 6⊆ G it contains either one of these or a two element left zero semigroup. The
preceding theorem covers the situation where both U and V contain nontrivial
semilattices. We consider the other combinations in turn.

(iii) Suppose U contains the semilattice S = {0, 1}, 0 < 1, and V contains the
two element semigroup T = {a, b}, either left or right zero. Consider α : T 1 → S
defined by aα = bα = 0, 1α = 1. For all c ∈ T , cα is the constant function ζ with
value 0. Thus for any (β, d) ∈ SwrT , (α, a)(β, d)(α, a) = (α aβ adα, a) = (ζ, a),
that is, (α, a) is not regular.

(iv) Suppose U contains the right zero semigroup S = {e, f} and V contains the
semilattice T = {0, 1}, 0 < 1. Consider α : T 1 = T → S defined by 0α = e, 1α = f .
Then 0α is the constant function ζ with value e. Thus for any (β, d) ∈ SwrT ,
(α, 0)(β, d)(α, 0) = (ζ, 0), that is, (α, a) is not regular.

(v) Suppose U again contains the right zero semigroup S = {e, f} and V contains
a semigroup T as in case (iii). Consider α : T 1 → S defined by aα = bα = e,
1α = f . For any (β, d) ∈ SwrT , (α, a)(β, d)(α, a) = ( adα, a). If T is right zero
then ad = d; but dα is constant (with value dα). If T is left zero then ad = a; but
1( aα) = aα 6= 1α. In either case, (α, a) is not regular. �

If the actions are not restricted as indicated then the second possibility in the
theorem cannot occur. For, in the notation there, if U contains a nontrivial semi-
lattice or right zero semigroup S, then for any trivial semigroup T there is an action
on S such that the semidirect product is not regular.

Now that we have described precisely when the semidirect product U ∗V of e-
varieties is well defined, we proceed to investigate its properties. First we note that
by the remarks following the definition of wreath product an alternative formulation
of the product exists.
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Proposition 3.3. Let U,V be e-varieties of regular semigroups. Whenever U ∗V
is defined, it is generated by {Reg (SwrT ) : S ∈ U, T ∈ V}. �

When considering varieties U,V of semigroups in their usual sense, their semidi-
rect product is that generated by all semidirect products S∗T, S ∈ U, T ∈ V (under
the same restriction on actions), and the analogue of the previous proposition holds.
In that situation, U ∗V comprises simply the semigroups that divide (that is, are
quotients of subsemigroups of) some semidirect product of this type. Although e-
varieties are in general not generated so straightforwardly, by Result 1.6 an analogue
holds within LI and ES.

It is well known that for any indexed families (Si)i∈I , (Ti)i∈I of semigroups such
that each Ti acts on Si, there is an action of

∏
Ti on

∏
Si such that

∏
(Si ∗ Ti) ∼=∏

Si ∗
∏
Ti. In the context of Theorem 3.1, then, the class {Reg (S ∗ T ) : S ∈

U, T ∈ V} is closed under products, when well defined. Making use of Result 1.6,
we therefore have the following.

Proposition 3.4. Let U,V be e-varieties of regular semigroups such that U or V
is contained in CS. If U ∗V is contained within either LI or ES, then it consists
of all regular semigroups that regularly divide the set of regular elements of some
semidirect product S ∗ T , S ∈ U, T ∈ V. �

On the one hand, therefore, when the semidirect product of e-varieties consists
of locally inverse or of E-solid semigroups, it behaves amenably. We must consider
the question of exactly when this occurs. On the other hand, one of the overall
aims of this paper is to study exactly these e-varieties LI and ES and their sub-
e-varieties, via semidirect products. The balance of this section is thus devoted,
more generally, to discovering properties of Reg (S ∗ T ) that follow from those of S
and T . The next sections will treat the converse aspect: decomposing e-varieties
as semidirect products of sub-e-varieties.

We first investigate the local monoids and cores of semidirect products.

Proposition 3.5. If S and T are arbitrary semigroups, with T acting on S, then
each local monoid of S ∗ T embeds in a semidirect product of a subsemigroup of S
with a local monoid of T , with left unitary action. If, further, S and T are regular,
then the designated subsemigroups of S and T are regular.

Hence, if U and W are e-varieties, then U∗LW ⊆ L(U∗W) whenever U ⊆ CS
or W ⊆ CS.

Proof. Let (x, e) ∈ ES∗T . Then eT e is a local submonoid of T (and so is regular if T
is). Also eS ( = { ex : x ∈ S}) is a subsemigroup of S (and is regular, if S is, since
it is the image of S under the endomorphism induced by e); and the action of T
on S restricts to a left unitary action of eT e on eS. Define θ : (x, e)(S ∗T )(x, e) →
eS ∗ eT e by

(y, t)θ = ( ey, t), for (y, t) ∈ (x, e)(S ∗ T )(x, e).

For such a pair (y, t), (y, t) = (x, e)(y, t) = (y, t)(x, e), so that t = et = te ∈ eT e
and y = x ey = y tx. Now let (y, t), (z, u) ∈ (x, e)(S ∗ T )(x, e). Then

[(y, t)(z, u)]θ = (y tz, tu)θ = ( e(y tz), tu)

= ( ey tz, tu) = ( ey, t)( ez, u) = (y, t)θ(z, u)θ.

If (y, t)θ = (z, u)θ, then ey = ez and t = u. Since y = x ey and z = x ez, we have
y = z. Hence θ is an embedding of (x, e)(S ∗ T )(x, e) in eS ∗ eT e, which restricts
to an embedding of (x, e)Reg (S ∗ T )(x, e), if Reg (S ∗ T ) ≤ S ∗ T .
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Applying Theorem 3.1, and using the equation CS = LCS, the final sentences
follow from the left unitariness of the action, which guarantees that the semidirect
product belongs to the appropriate product of e-varieties. �

Some particular cases, based on the equations RB = LT and CS = LG, are
worthy of note.

Corollary 3.6. The following inclusions hold for an e-variety U:

(i) U ∗RB ⊆ LU for any U;
(ii) U ∗CS ⊆ L(U ∗G) for any U;
(iii) U ∗ LI ⊆ L(U ∗ I), for U ⊆ CS;
(iv) U ∗ LES ⊆ L(U ∗ES), for U ⊆ CS. �

Corollary 3.7. Let S be a rectangular band and T any semigroup acting on S.
Then each local monoid of S ∗ T embeds in a local monoid of T . Hence for any
e-variety W, RB ∗ LW ⊆ LW.

Proof. In the notation of the proposition, if S is a rectangular band, then for any
(y, t) ∈ (x, e)(S ∗T )(x, e) we have y = x tx. Hence the restriction of θ to the second
projection embeds (x, e)(S ∗ T )(x, e) in eT e. �

We turn now to the core and self-conjugate core. A useful, easily verified observa-
tion is the following: if S and T are regular semigroups such that Reg (S∗T ) ≤ S∗T ,
then Reg (S ∗ U) ≤ S ∗ U for any regular subsemigroup U of T that includes all
inverses of its elements.

Proposition 3.8. Let S and T be regular semigroups, T acting on S, such that
Reg (S ∗ T ) ≤ S ∗ T . Then C(S ∗ T ) is a regular subsemigroup of Reg (S ∗ C(T ))
and C∞(S ∗ T ) is a regular subsemigroup of Reg (S ∗ C∞(T )).

Hence, if U and W are e-varieties, then U∗CW ⊆ C(U∗W) and U∗C∞W ⊆
C∞(U ∗W), whenever U ⊆ CS or W ⊆ CS.

Proof. Denote by πR the restriction to Reg (S ∗ T ) of the projection S ∗ T →
T . Note that ( tt

′
f, t) ∈ Reg (S ∗ T ) for any t ∈ T , t′ ∈ V (t) and f ∈ ES , so

πR is surjective. Since C(Reg (S ∗ T ))πR ⊆ C(T ), C(Reg (S ∗ T )) is a (regular)
subsemigroup of S ∗ C(T ). By [38, Lemma 2.3], C(T ) includes all inverses of
its elements, so Reg (S ∗ C(T )) ≤ S ∗ C(T ). Hence C(Reg (S ∗ T )) is a regular
subsemigroup of Reg (S ∗ C(T )).

A similar argument applies to C∞(S∗T ). The final statement follows by applying
Theorem 3.1, using the equation CS = CCS = C∞CS. (Note that T ∈ CW acts
monoidally on S if and only if the same is true for C(T ) ∈ W, and similarly for
C∞W.) �

Again, some particular cases, based on the equations G = C∞T = CT, I =
C∞S = CS, O = C∞B = CB and ES = C∞CR = CCR, are worthy of note.

Corollary 3.9. The following inclusions hold for an e-variety U:

(i) U ∗G ⊆ C∞U ⊆ CU, for any U;
(ii) in particular, CR(H) ∗G ⊆ C∞CR(H) ⊆ ES for all group varieties H;
(iii) U ∗ I ⊆ C∞(U ∗ S) for all U ⊆ CS;
(iv) U ∗O ⊆ C∞(U ∗B) for all U ⊆ CS;
(v) U ∗ES ⊆ C∞(U ∗CR) for all U ⊆ CS. �
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As remarked in §1, in general C∞U is properly contained in CU. By combining
the above results we obtain some useful equalities.

Proposition 3.10. Let U be any e-variety of the form LCW, for some e-variety
W. Then for any S ∈ U and any completely simple semigroup T acting on S,
Reg (S ∗ T ) ∈ U. Hence U ∗CS = U. In particular,

(i) CS ∗CS = CS;
(ii) LI ∗CS = LI;
(iii) LO ∗CS = LO;
(iv) LES ∗CS = LES.

Proof. Let U be such an e-variety. By Corollaries 3.6(ii) and 3.9(i), U∗CS ⊆ L(U∗
G) ⊆ LCU. But by Proposition 1.3, LCU = LCLCW ⊆ LLCCW = LCW = U.
The particular cases follow from the equations given earlier. The statement about
individual semigroups (where the action need not be left unitary, even if T is a
monoid) follows from the corresponding parts of the relevant earlier results. �

Now we answer the question of when U ∗ V lies within LI or ES, in the case
where the second factor is completely simple.

Proposition 3.11. Let U,V be e-varieties of regular semigroups, with V ⊆ CS.
Then

(a) U ∗V ⊆ LI if and only if U ⊆ LI, and
(b) U ∗V ⊆ ES if and only if either U ⊆ CS or both U ⊆ ES and V ⊆ LG.

Proof. (a) Sufficiency is immediate from (ii) of the preceding proposition. Necessity
is clear.

(b) If U ⊆ CS, then U ∗V ⊆ CS ⊆ ES, by (i) of the preceding proposition.
Next suppose S ∈ ES and T ∈ LG. Let (x, e), (y, f) ∈ ES∗T , so that e, f ∈ ET

(whence ef = e), x ex = x and y fy = y. Then ex and ey are idempotents of
S, so their product e(xy) belongs to a subgroup. Hence there exists u ∈ S such
that u( e(xy))2 = ( e(xy))2u = e(xy). We show that the product (x, e)(y, f) =
(x ey, e) is H-related to its square, and so belongs to a subgroup. Note that
x ey = x e(xy). Then (xu, e)(x ey, e)2 = (xu e(xy) e(xy), e) = (x e(xy), e) = (x ey, e)
and (x ey, e)2(u, e) = (x e(xy) e(xy) eu, e) = (x e( e(xy) e(xy)u), e) = (x e(xy), e) =
(x ey, e), as required. Thus Reg (S ∗ T ) ∈ ES, completing the proof of sufficiency.

Conversely, U ⊆ ES is clearly necessary. If U 6⊆ CS and V 6⊆ LG then U
contains the semilattice S = {0, 1} and V the two element right zero semigroup

T = {e, f}. In SwrT , an element (α, c) is idempotent if and only if cα ≥ α in ST
1

.
Let α, β : T 1 → S be defined by eα = 0, fα = 1α = 1 and eβ = fβ = 1β = 1. Then
(α, f), (β, e) ∈ ESwr T , but (α, f)(β, e) = (α fβ, e), where f(α fβ) = fαfβ = 1
while f e(α fβ) = eαfβ = 0; that is, the product is nonidempotent. Since it is well
known that a wreath product of aperiodic semigroups is aperiodic, the product in
fact lies in no subgroup of SwrT . Hence SwrT 6∈ ES.

(In Proposition 4.6 we shall see that S ∗ RZ = CSR, the e-variety of combi-
natorial strict regular semigroups. With very little extra work, the example above
indeed proves this fact.) �

Before considering the alternative situation, we need one further preliminary
result.
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Lemma 3.12. If S is completely simple and T is completely regular, then
Reg (S ∗ T ) is completely regular. Thus CS ∗CR = CR.

Proof. We may write T =
⋃
α∈A Tα, where (Tα)α∈A are its D-classes. Then S ∗T =⋃

α∈A(S ∗ Tα) and Reg (S ∗ T ) =
⋃
α∈A Reg (S ∗ Tα). Since each Tα is completely

simple, by Proposition 3.10 so is each term in the last union, whence Reg (S ∗T ) ∈
CR. �

Corollary 3.13. The following equalities hold:

(i) CS ∗ES = ES;
(ii) CS ∗ LES = LES.

Proof. From Corollary 3.9 and Lemma 3.12 we obtain CS ∗ES ⊆ C(CS ∗CR) ⊆
CCR = ES. The second statement follows from Corollary 3.6(iv). �

Now we can answer the question posed earlier in the case when the first factor
is completely simple.

Proposition 3.14. Let U,V be e-varieties of regular semigroups, with U ⊆ CS.
Then

(a) U ∗V ⊆ LI if and only if either V ⊆ CS or both U ⊆ RB and V ⊆ LI, and
(b) U ∗V ⊆ ES if and only if V ⊆ ES.

Proof. (a) Sufficiency follows from Proposition 3.10(i) and Corollary 3.7.
Conversely, V ⊆ LI is clearly necessary. If U 6⊆ RB and V 6⊆ CS, then U

contains a nontrivial group G, with identity element e and nonidentity element g,
say, and V contains the semilattice T = {0, 1}, 0 < 1. Let α, β : T → G be given
by 0α = e, 1α = g and 0β = 1β = e. Then (α, 0), (β, 0) are easily verified to be
L-related idempotents in GwrT . Since this wreath product is a monoid, it does
not belong to LI.

(b) Sufficiency was proved in Corollary 3.13, and necessity is clear. �

4. Decompositions of the form − ∗RZ

Our goal in this section is to use McAlister’s matrix representation theorems for
classes such as LI, LO, LES, in conjunction with Corollary 3.6(i), to obtain the
decompositions LI = I ∗RZ, LO = O ∗RZ and LES = ES ∗RZ; refinements of
McAlister’s theorems will lead to similar decompositions for various sub-e-varieties.
The decomposition of LI will be used in §8 to describe the e-free locally inverse
semigroups. (Since LO, and therefore LES, is contained in neither LI nor ES,
e-free semigroups of rank greater than one do not exist there, by Result 1.4.)

The Rees matrix semigroup M(I, S,Λ, P ), where, for the moment, S is an arbi-
trary semigroup, I,Λ are nonempty sets and P is a Λ× I matrix over S, has as its
underlying set I × S × Λ, with product (i, s, λ)(j, t, µ) = (i, spλjt, µ), in the usual
manner. The following result is a refinement of [6, Proposition XI.3.1].

Proposition 4.1. Any Rees matrix semigroup M(I, S,Λ, P ) embeds in (SwrΛ)×
I, where Λ and I are endowed with right zero and left zero multiplication, respec-
tively.

Proof. Define φ : M(I, S,Λ, P ) → (Swr Λ)× I by

(i, s, λ)φ = ((f(i,s,λ), λ), i),
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where f(i,s,λ) : Λ1 → S is given by µf(i,s,λ) = pµis, if µ ∈ Λ, and 1f(i,s,λ) = s. It is
routinely verified that φ is a morphism. Suppose that (i, s, λ)φ = (i′, s′, λ′)φ. Then
i = i′, λ = λ′ and 1f(i,s,λ) = 1f(i′,s′,λ′), whence s = s′. Hence φ is an embedding.
�

McAlister [23] showed that if S is a regular semigroup then the regular elements of
M(I, S,Λ, P ) form a subsemigroup, which he called a regular Rees matrix semigroup
and denoted RM(I, S,Λ, P ). We prefer the notation RegM(I, S,Λ, P ). It follows
immediately from the proposition that if S belongs to some e-variety U, then
RegM(I, S,Λ, P ) ∈ (U∗RZ)∨LZ. The inclusion can be clarified by the following
result, which fails when U = T or U = RZ, since the wreath product of L-trivial
semigroups is again L-trivial.

Lemma 4.2. For any e-variety U that is not contained in RZ, LZ ⊆ U ∗RZ.

Proof. Since U 6⊆ RZ, U contains a nontrivial semigroup that is either left zero,
a group, or a semilattice. In the first case, the result clearly holds. In the other
cases U contains a nontrivial monoid M , say, with identity 1. Let T = {a, b} be a
two-element right zero semigroup. Now for any α : T 1 →M such that aα = 1, aα

is the identity of MT 1

, so that the set of all such pairs (α, a) consists of L-related
idempotents. Since there are at least two such choices of α, the wreath product
contains a two-element left zero subsemigroup. �
Corollary 4.3. Let U be an e-variety that is not contained in RZ. Then for any
S ∈ U, RegM(I, S,Λ, P ) ∈ U ∗RZ. �

Now we state the theorem of McAlister to be used in the sequel, in its most gen-
eral form [25] (originally proved for locally inverse semigroups in [24]). A morphism
S → T of regular semigroups is a local isomorphism if it is injective on the local
monoids of S.

Result 4.4. Let U be any one of I, O or ES. Then a regular semigroup belongs to
LU if and only if it is a locally isomorphic image of a regular Rees matrix semigroup
over U. �

McAlister proves, as well, that the result is true for U the e-variety of L-unipotent
regular semigroups (and its dual), but we shall concentrate on the cases listed. Of
course, by Rees’ Theorem, the result holds for U = G as well. McAlister also shows
that the result is not true when U is the (e-) variety CR or S (or, similarly, SG).

In conjunction with Corollary 3.6(i), from the previous corollary, result and
remarks we immediately obtain our first decompositions.

Theorem 4.5. The following equations hold: CS = G ∗RZ, LI = I ∗RZ, LO =
O ∗RZ, LES = ES ∗RZ. �

It is in fact true that the analogue of this theorem is valid for LSG ( = SR)
and for LS ( = CSR), although the remarks following the statement of McAlister’s
result make it clear that a different proof is required:

Proposition 4.6. For every variety U of Clifford semigroups, LU = U ∗RZ. In
particular, SR = SG ∗RZ and CSR = S ∗RZ.

Proof. It is known (see [31]) that U has the form SH, comprising all semilattices of
groups from some group variety H. Now any member of LU is a strict regular semi-
group and is therefore isomorphic to a subdirect product of its principal factors,
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which are completely simple or completely 0-simple semigroups with subgroups
from H. Any completely simple factor belongs to H ∗RZ, by Theorem 4.5. Any
completely 0-simple factor is isomorphic to a (regular) Rees matrix semigroup with
zero M0(I,H,Λ, P ), for some group H ∈ H. Now this semigroup is in turn isomor-
phic with the Rees quotient M(I,H0,Λ, P )/K, where K is the ideal I × {0} × Λ,
and by Corollary 4.3 therefore belongs to SH ∗RZ. �

We do not know whether LCR = CR ∗ RZ or, indeed, whether any example
exists for which the analogue of Theorem 4.5 fails.

The remainder of the section is devoted to refining Theorem 4.5 so as to encom-
pass sub-e-varieties of LES, by means of a refinement of McAlister’s result. We
shall first state the result, its consequences and some related conclusions, and then
proceed to its proof. Recall that a subsemigroup Q of a semigroup S is a quasi-ideal
if QSQ ⊆ Q. If S and Q are regular then Q is a regular quasi-ideal, in which case
it is clear that Q = QSQ.

Theorem 4.7. Let S be a regular semigroup and RegM(I, S,Λ, P ) a regular Rees
matrix semigroup over S. Then S contains a regular quasi-ideal Q such that

(i) RegM(I, S,Λ, P ) = RegM(I,Q,Λ, P ) = R, say, and
(ii) R and Q have the same local monoids, up to isomorphism. �
As a consequence we obtain the following refinement of Theorem 4.5.

Theorem 4.8. Let C be any one of G, I, O or ES and let W be a sub-e-variety
of C. Then LW = (LW ∩C) ∗RZ, except in the case C ⊆ I and W = T.

Proof. Follow the same argument as for Theorem 4.5, combining the theorem with
McAlister’s result. The exclusion corresponds to the case LW ∩ I ⊆ RZ excluded
from Lemma 4.2. �
Corollary 4.9. The following equations hold:

(i) LCR = (LCR ∩ES) ∗RZ,
(ii) SR = SI ∗RZ and
(iii) CSR = CSI ∗RZ;
(iv) CS(H) = H ∗RZ for any nontrivial group variety H.

Proof. The first equation is clear. The second follows from the equations SR =
LSG and SI = SR∩ I, and the third similarly. For the fourth equation, let C = G
and W = H and use the fact that CS(H) = LH. �

The second and third equations in the corollary are also consequences of Propo-
sition 4.6.

The rest of the section is devoted to the proof of Theorem 4.7. We begin with
some generalities on regular semigroups.

Proposition 4.10. Let S be a regular semigroup. Then

(i) for any subset A of S such that A ∩ V (a) 6= ∅ for each a ∈ A, ASA is a
regular quasi-ideal of S (and every regular quasi-ideal arises in this way);

(ii) for any regular quasi-ideal Q0 of S, the set Q = {s ∈ S : V (s) ∩Q0 6= ∅} is a
regular quasi-ideal of S containing Q0.

Proof. (i) ClearlyASA is a quasi-ideal. Let a, b ∈ A, with inverses a′, b′ respectively,
in A, and let s ∈ S. By Lemma 1.2, V (asb)∩ b′Sa′ 6= ∅, so that V (asb)∩ASA 6= ∅.
The parenthetical remark is clear, since Q=QSQ for any regular quasi-ideal.
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(ii) Let a, b ∈ Q, with inverses a′, b′ ∈ Q0, and let s ∈ S. As in (i), V (asb) ∩
Q0SQ0 6= ∅, so that asb ∈ Q. Hence Q is a quasi-ideal. Since Q0 is regular, Q0 ⊆ Q
and Q is regular. �

We also need some elementary properties of regular Rees matrix semigroups.

Result 4.11 ([23]). Let RegM(I, S,Λ, P ) be a regular Rees matrix semigroup over
the (regular) semigroup S. Then

(i) RegM(I, S,Λ, P ) = {(i, s, λ) : V (s) ∩ pλjSpµi 6= ∅ for some j ∈ I, µ ∈ Λ};
(ii) (i, s, λ) is idempotent if and only if s = spλis. �
Part (i) of the theorem under consideration is covered by the following.

Proposition 4.12. Consider M(I, S,Λ, P ), where S is regular. Treating P as a
subset of S, put P ′ =

⋃
p∈P V (p); let Q0 = (P ∪ P ′)S(P ∪ P ′) and Q = {s ∈ S :

V (s)∩Q0 6= ∅}. Then Q is a regular quasi-ideal of S such that RegM(I, S,Λ, P ) =
RegM(I,Q,Λ, P ).

Proof. That Q is a regular quasi-ideal is immediate from the preceding proposi-
tion. Clearly Q contains P , so RegM(I,Q,Λ, P ) is well defined and is a subset of
RegM(I, S,Λ, P ). Conversely, if s ∈ S and (i, s, λ) ∈ RegM(I, S,Λ, P ), then by
Result 4.11 V (s) ∩ pλjSpµi 6= ∅, for some j ∈ I, µ ∈ Λ, so V (s) ∩Q0 6= ∅, that is,
s ∈ Q. Hence the reverse inclusion holds. �

Put R = RegM(I, S,Λ, P ) = RegM(I,Q,Λ, P ). That each local submonoid of
R is isomorphic to a local submonoid of Q is the content of [25, Lemma 2.6(i)]. To
prove the converse, let e be any idempotent of Q, so that e has an inverse e′ in Q0.
Since Q0 ⊆ PS ∪ P ′S, the proof breaks into two cases: (a) e′ ∈ PS, (b) e′ ∈ P ′S.

In case (a), e′ ∈ pλiS for some i ∈ I, λ ∈ Λ. Let p′λi ∈ V (pλi). We will prove
that the map θ, defined by xθ = (i, p′λie

′x, λ), x ∈ eQe, is an isomorphism of eQe
with fRf , where f = (i, p′λie

′e, λ) is an idempotent of R. Since p′λie
′x = p′λie

′xe,
by Lemma 1.2, V (p′λie

′x) ∩ e′Spλi 6= ∅, and so V (p′λie
′x) ∩ pλiSpλi 6= ∅, whence

xθ ∈ R, by the preceding result.
Now let x, y ∈ eQe. Note that xe′y = xee′ey = xey = xy. We have

(i, p′λie
′x, λ)(i, p′λie

′y, λ) = (i, p′λie
′xpλip′λie

′y, λ) = (i, p′λie
′xy, λ),

using the above equation and the fact that e′ ∈ pλiS, (so that pλip
′
λie

′ = e′). Hence
θ is a morphism, f is an idempotent and (eQe)θ ⊆ fRf . Further, if (i, p′λie

′x, λ) =
(i, p′λie

′y, λ), then x = epλip
′
λie

′x = epλip
′
λie

′y = y, similarly.
Finally, let (j, y, µ) ∈ fRf , with y ∈ Q. Then j = i, µ = λ and y =

p′λie
′epλjypµip′λie

′e. Since e ∈ Q, q = epλiy ∈ eQe. Again, since e′ ∈ pλiS,
p′λie

′epλi is an idempotent, so p′λie
′q = p′λie

′epλiy = y, that is, qθ = (j, y, µ).
In case (b), e′ ∈ p′λiS, for some p′λi ∈ V (pλi). With the notation as in (a), a

similar analysis shows that the map x→ (i, e′xp′λi, λ) is an isomorphism of eQe on
gRg, where g = (i, e′ep′λi, λ) ∈ ER.

This completes the proof of Theorem 4.7.

5. Decompositions involving groups

5.1. Decompositions of the form − ∗ G. We consider, rather more generally,
characterizations of semidirect products U ∗K, where U is any e-variety of E-solid
semigroups and K is any variety of groups. When U is e-local we show that the
semidirect product and the Mal’cev product coincide. In the case K = G, these also
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coincide with C∞U, by Corollary 1.9. In particular, we obtain the decompositions
C∞CR(H) = CR(H) ∗ G, for any group variety H. Most important, perhaps,
is the decomposition ES = CR ∗ G. This particular equation was obtained by
Szendrei [35] as a consequence of her description of the e-free E-solid semigroups;
in the sequel we shall, to the contrary, derive such a description and, more generally,
a description of the e-free semigroups in any semidirect product U ∗K, as above,
from these equations.

The key to obtaining these equations is to apply Result 2.4 on the e-locality
of CR(H), in conjunction with a ‘regular’ version of the ‘Derived Semigroupoid
Theorem’ of Tilson [37, Theorem B.1]. We shall not go into this topic in full
generality; nevertheless our presentation will be self-contained. A similar argument
will be used in the next subsection. Further use of graphical methods will be seen
in §§7.2 and 7.3.

The analogue of the first part of the following proposition in the varietal and
pseudovarietal settings is well known.

Proposition 5.1. Let U be an e-local e-variety of E-solid regular semigroups and
K a variety of groups. Then U ∗K = UmK.

Hence equality holds for U = CR(H), for any group variety H (in particular
for CR itself) and for U any variety of bands.

Proof. The inclusion U ∗ K ⊆ UmK follows from the observation that for any
semidirect product U ∗V , with U ∈ U and V ∈ K, 1π−1 is a regular subsemigroup
of U , where π : U ∗ V → V is the projection morphism. Conversely, let S be an
E-solid regular semigroup and let φ : S → G be a morphism onto a group in K
such that 1φ−1 ∈ U. Recall from §2 that the weak derived semigroupoid Wφ of
φ is regular. Clearly its local semigroups are all isomorphic to 1φ−1. Under the
hypotheses, Wφ ∈ lU and lU = gU. Applying Result 2.2, Wφ regularly divides
a semigroup V in U, and by Result 2.1 there is a regular division θ : Wφ → V .
Define a relation ψ from S to V wrG by

sψ = {(α, sφ) ∈ V wrG : gα ∈ (g, s)θ ∀g ∈ G}.
That ψ is a relational morphism is routinely checked (cf. [37, p.116]). Let s1, s2 ∈ S
and suppose (α, h) ∈ s1ψ∩ s2ψ. Then s1φ = h = s2φ, so that (1, s1) and (1, s2) are
coterminal in Wφ, and 1α ∈ (1, s1)θ∩ (1, s2)θ. Since θ is a division, (1, s1) = (1, s2)
and s1 = s2. Hence ψ is a division.

Recall that #θ is a regular subsemigroupoid of Wφ × V that projects onto Wφ.
To prove the proposition we show that Reg #ψ is a (regular) subsemigroup of #ψ
that projects onto S. The associated relational morphism is then a regular division
S → V wrG ∈ U ∗K.

To show the regular elements form a subsemigroup it suffices, by Result 1.1,
to show that the product of any two idempotents of #ψ is again regular. Since
#ψ ≤ S × (V wrG), its idempotents have the form (e, (α, 1)), where e ∈ ES and
α ∈ EV G . Let (e, (α, 1)), (f, (β, 1)) be two such idempotents. Their product is
(ef, (αβ, 1)). Now V , and therefore V G, is E-solid and αβ has H-related inverse
(αβ)−1; for each g ∈ G, g(αβ)−1 is the H-related inverse of g(αβ) in V . Similarly,
since S is E-solid, ef has H-related inverse (ef)−1. But in Wφ, for any g ∈
G, (g, e) and (g, f) are loops at g, so that (g, (ef)−1) is the H-related inverse
of (g, ef) in (Wφ)g. By hypothesis, ((g, e), gα) and ((g, f), gβ) belong to #θ, in
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fact to the local semigroup #θ(g,1), which is E-solid, since (Wφ)g and V are E-

solid. Hence ((g, (ef)−1), g(αβ)−1) = ((g, ef), gαβ)−1 ∈ #θ, for all g ∈ G. Thus
((ef)−1, ((αβ)−1, 1)) ∈ #ψ, and clearly this element is an inverse for (ef, (αβ, 1)).
Hence Reg #ψ ≤ #ψ.

Next let s ∈ S. We must find α ∈ V G such that (s, (α, sφ)) ∈ Reg#ψ. Fix
s′ ∈ V (s) and let g ∈ G. Since G is a group, (gsφ, s′) ∈ V ((g, s)); and since
#θ is regular and the projection on Wφ is quotient, there exist mutually inverse
elements vg, v

′
g of V such that ((g, s), vg) and ((gsφ, s′), v′g) belong to #θ. Define

α, β : G → V by gα = vg, gβ = v′gs′φ, g ∈ G. Then for all g ∈ G, gα ∈ (g, s)θ

and (gsφ)β ∈ (gsφ, s′)θ; that is, since G is a group, gβ ∈ (g, s′)θ for all g ∈ G.
By definition, (s, (α, sφ)), (s′, (β, s′φ)) ∈ #ψ, and it may be routinely verified that
these elements are mutually inverse.

The final sentence is immediate from the results of §2. �

The equalities A ∗ K = AmK, for band varieties A (and group varieties K),
were essentially proved in [19].

Finally, the main result of this section is now immediate from the proposition
and Corollary 1.9.

Theorem 5.2. For any e-local e-variety U of E-solid semigroups, C∞U = U∗G.
Therefore the following equations hold:

(i) C∞CR(H) = CR(H) ∗G, for all group varieties H;
(ii) in particular, ES = CR ∗G and O = B ∗G;
(iii) C∞A = CA = A ∗G for every band variety A;
(iv) in particular, I = S ∗G and GI = NB ∗G. �

5.2. Decompositions of the form G∗−. In this subsection we describe the e-
varieties of the form G ∗V, where V is a nontrivial variety of completely regular
semigroups, as Mal’cev products LGmV. The Mal’cev product possesses a major
advantage over the semidirect product in this context [12]: LGmV consists precisely
of those regular semigroups S that possess a congruence ρ such that (a) S/ρ ∈ V
and (b) each idempotent ρ-class belongs to LG. (That is, this class is already
closed under quotients). Such Mal’cev products have played an important role in
the study of completely regular semigroup varieties, in terms of the operator (−)Tl

[29]. (For more on this operator see §8.2.)
Our result generalizes its ‘well-known’ analogue for pseudovarieties (whose proof

remains valid for varieties of bounded exponent) [16, Proposition 4.2]. It is shown in
[16, Proposition 4.2] that the semidirect product of a group with a completely reg-
ular semigroup is again completely regular. The techniques used herein are similar
to those of the preceding subsection, but this time using the derived semigroupoid
rather than its weak version. In the context of this section, however, these semi-
groupoids need not be regular. Whether our results may be extended to cover all
cases where the first factor is completely simple and the second factor is E-solid we
do not know at this point.

A groupoid is a category in which every edge e is invertible; we denote the
(necessarily unique) inverse of e by e−1. The connected components of a groupoid
are then strongly connected; it is well known (cf. [37, Proposition 3.7]) that any
connected groupoid C is ‘equivalent’ to a group. In particular, there is a faithful
category morphism from C to any one of its local groups, respecting the inverse
operation.
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A category all of whose local monoids are groups need not be a groupoid. How-
ever, its strongly connected components are groupoids [37, Proposition 7.5]. Clearly,
the converse also holds. Observe, at this point, that for any successive edges e, f
of a strongly connected component of such a category, f−1e−1 = (ef)−1. That
is, each subgroupoid is involutory, in the sense of [33]. Now Tilson [37] showed
that every category that is locally a group divides some group. However, we need a
stronger property, that there exists a division that respects the inverses of invertible
elements.

Proposition 5.3. Let C be a category all of whose strongly connected components
are groupoids. Then there is a division θ : C → H, for some group H, such that if
(e, h) ∈ θ for some invertible edge e and some h ∈ H, then (e−1, h−1) ∈ θ.
Proof. Let G be any graph and let G• be the free category on the graph obtained by
adjoining, for each edge x : c→ d in the union of its strongly connected components,
a new edge x′ : d→ c. Put x′′ = x for each such x. For any path p = p1p2 · · · pn in
a strongly connected component, put p′ = p′n · · · p′2p′1 and p′′ = p. Then G• is free
with respect to the property that each such component is an involutory category.
Let κ be the congruence on G• generated by all the pairs (xx′, 1t(x)), for x or x′

an edge in a strongly connected component of G. Clearly, pp′ κ 1t(p) for all paths
in such a component. Thus the strongly connected components of G•/κ are all
groupoids. The reduced form of a path in G• is the path p̄ obtained by deleting any
subpath uu′, where u lies in a strongly connected component of G. Clearly p κ p̄.

It follows from the paragraph preceding the statement of the proposition that
there is a graph G and a quotient morphism ψ : G•/κ → C such that (p′κ)ψ =
(pκψ)−1 for all paths p in strongly connected components of G.

Similarly to §2, there is a faithful morphism η : G• → (EG)• (the free involutory
monoid on EG) obtained by regarding a path in G• as an involutory word over the
set EG. Let ρG denote the least group congruence on (EG)•. Let p be a path in
G•. Then, using the usual definition of reduced form in (EG)•, we have pη = p̄η.
Thus κ is just the congruence on G• induced from ρG under η. There is an induced
faithful morphism η̄ : G•/κ → (EG)•/ρG, and for all paths p in some strongly
connected component of G, p′κη̄ = (pκη̄)−1. Hence the composition ψ−1η̄ has the
requisite properties. �
Lemma 5.4. CSmCR ⊆ CR.

Proof. We use a result of Hall [8, Theorem 4.1.2]: a regular semigroup is completely
regular if and only if x2(x3)′x2 = x for every x and for every inverse (x3)′ of x3.
Now suppose S is regular, T is completely regular and φ is a morphism of S upon
T such that eφ−1 ∈ CS for all e ∈ ET . Let x ∈ S, let x′ ∈ V (x) and let (x3)′

be any inverse of x3. Then (x3)′φ ∈ V ((xφ)3), so, since T is completely regular,
(x2(x3)′x2)φ = xφ. Hence (x2(x3)′x2x′)φ = (xx′)φ. By hypothesis, (xx′)φφ−1 is
completely simple, so x2(x3)′x2x′ and xx′ are H-related idempotents, hence equal.
Thus x2(x3)′x2 = x, and, by Hall’s result, S is completely regular. �
Theorem 5.5. Let V be a variety of completely regular semigroups that does not
consist entirely of groups. Then G ∗V = LGmV = VTl .

Proof. Consider first a semidirect product U ∗V , where U ∈ G, V ∈ V. Let e ∈ EV

and suppose (a, e) is an idempotent in eπ−1, where π is the projection of U ∗ V
onto its second component. Then ea = 1, and so, for any b ∈ U , (b, e)(a, e) = (b, e).
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Any (g, e) ∈ eπ−1 has an inverse in eπ−1, for instance ( e(g−1), e). Hence eπ−1 is a
left group. Thus U ∗ V ∈ LGmV.

Conversely, suppose S is a regular semigroup and φ is a morphism of S upon
a semigroup T ∈ V, with the property that eφ−1 ∈ LG for all e ∈ ET . By
Lemma 5.4, S is also completely regular. It suffices to consider the situation where
S is free in LGmV. If S is free of rank one, then it is a group and thus belongs to
G ∗V. Otherwise, since LGmV contains LG, S is not a monoid, whence neither
is T , since the congruence induced by φ is contained in L.

Consider the derived semigroupoid Dφ (see §2). Thus V Dφ = T 1 and EDφ =
(T 1 × S)/ ≡, where [t, s] : t → t(sφ). Two coterminal pairs (t, s1), (t, s2) are ≡-
related if us1 = us2 for all u ∈ tφ−1. The local subsemigroup (Dφ)1 = {[1, 1]}. In
addition, [1, 1][1, s] = [1, s] for all s ∈ S. Let t ∈ T and let u ∈ tφ−1, with inverse
u′. There is an idempotent loop [t, e] at t, for some e ∈ ES (for instance u′u). Then
(u′ue)φ = (u′φ)t(eφ) = (u′φ)t = (u′u)φ. By hypothesis, u′ueLu′u, whence ueLu
and so ue = u. It follows that (Dφ)t contains exactly one idempotent. Moreover,
in the same context, for any edge [t, s], [t, e][t, s] = [t, es] = [t, s], since ues = us;
and for any edge [t1, r] such that t1(rφ) = t and any v ∈ t1φ−1, vr ∈ tφ−1, so that
vre = vr and [t1, r][t, e] = [t1, r]. Hence Dφ is actually a category. Observe that
if t ∈ T, s ∈ S, s′ ∈ V (s) and t(ss′)φ = t, then [t, s] is invertible and [t, s]−1 =
[t(sφ), s′]. Thus all the local monoids of Dφ are groups.

By Proposition 5.3, there is a division θ : Dφ → H , for some group H , with
the property that if [t, s] is invertible and ([t, s], h) ∈ θ then ([t, s]−1, h−1) ∈ θ.
Similarly to the proof of Proposition 5.1 (and [37, Theorem 5.2]), define a relation
ψ from S to HwrT by

sψ = {(α, sφ) ∈ HwrT : tα ∈ [t, s]θ ∀t ∈ T }.

That ψ is a relational morphism is again routinely checked. The argument that it
is a division is similar to that of the cited proposition, making use now of the fact
that if [1, s1] = [1, s2], then since 1 ∈ 1φ−1, s1 = s2.

We show ψ is regular. Let (s, (α, sφ)) ∈ ψ. As noted above, both S and
HwrT are completely regular. Recall that for an element a of a completely reg-
ular semigroup, a−1 and a0 denote the inverse of a and the identity element,
respectively, in the subgroup Ha. Thus a0 = aa−1 = a−1a. We show that
(s−1, (α, sφ)−1) ∈ ψ. It can be easily verified (or see [16, Proposition 4.1]) that

(α, sφ)−1 = (α( (sφ)0α)−1( (sφ)−1

α)−1, (sφ)−1). Now for any t ∈ T ,

t(α( (sφ)0α)−1( (sφ)−1

α)−1) = (tα) ((t(sφ)0)α)−1 ((t(sφ)−1)α)−1.

By assumption, tα ∈ [t, s]θ. Similarly, (t(sφ)0)α ∈ [t(sφ)0, s]θ. But [t(sφ)0, s] is
invertible, with inverse [t(sφ), s−1], so by the assumption on θ, ((t(sφ)0)α)−1 ∈
[t(sφ), s−1]θ. Similarly, ((t(sφ)−1)α)−1 ∈ [t(sφ)0, s−1]θ. Hence

t(α( (sφ)0α)−1( (sφ)−1

α)−1) ∈ [t, s]θ[t(sφ), s−1]θ[t(sφ)0, s−1]θ

⊆ [t, ss−1s−1]θ = [t, s−1]θ,

as required. �

Since LGmG = LG but G ∗G = G, that V be a nongroup variety is essential.
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6. Free semigroups in products of semigroup varieties

In this section we outline the standard description of free semigroups in semidi-
rect products of semigroup varieties (in the usual universal algebraic sense), together
with a graphical version, which provides more information, to give the reader an
aid to understanding of the ‘regular’ analogues that follow in the sequel.

The former description has a history dating back to B.H. Neumann (cf. [28]) for
products of group varieties. We outline a proof of its validity, somewhat different
from that presented by J. Almeida [1], that is transparent and ideally suited to
modification to other situations. In essence, for any varieties U and V and any
nonempty set X we construct a semidirect product S ∗T in U∗V containing a copy
of X , with the property that any map of X into a semidirect product U ∗V , where
U ∈ U and V ∈ V, extends to a morphism S ∗ T → U ∗ V . The subsemigroup of
S ∗T generated by the copy of X is F (U∗V)X . Describing F (U∗V)X in this way
is often referred to as “cutting (the semidirect product) down to generators”.

The graphical version was outlined to us by S.W. Margolis, for the categorical
situation, but has not previously appeared in print, to the authors’ knowledge. We
shall derive it from the semigroup-theoretic version. (A direct proof is possible by
means of the ‘Derived Category Theorem’ of Tilson [37].) Whilst perhaps forbidding
to the uninitiated, it is simply stated once the language has become familiar. Its
advantage is that, in comparison with the former description, which ‘solves the
word problem’ in the free semigroup in a semidirect product (relative to the free
semigroups in the original varieties), the graphical version also produces a set of
canonical forms. The added power of this version will become especially apparent
in the e-varietal context.

6.1. The semigroup-theoretic approach. Let U,V be varieties of semigroups
and let X be a nonempty set. The free semigroup on X in V is denoted FVX , and
similarly for U. Following the principle espoused earlier, the semidirect product
U ∗V is the variety generated by all semidirect products S ∗ T , S ∈ U, T ∈ V, for
which the action of T on S is left unitary whenever T is a monoid. Thus U ∗V
comprises all semigroups that divide such a semidirect product, in the usual sense
of division [37].

For convenience, denote FVX by T and FUT 1×X by S. There is a natural action
of T on S, as follows. The semigroup T acts on the set T 1×X by t(t1, x) = (tt1, x).
For each t ∈ T 1, denote by λt the induced transformation of T 1 ×X ; λt extends
uniquely to an endomorphism λ̄t, say, of S, which we again denote by s→ ts. This
yields an appropriate action of T on S and thus a well defined semidirect product
S ∗ T .

Define i : X → S ∗ T by xi = ((1, x), x), x ∈ X .

Result 6.1. Let U,V be varieties of semigroups and let X be a nonempty set.
Then F (U ∗V)X is isomorphic to the subsemigroup of FUFV1

X×X ∗ FVX gener-

ated by {((1, x), x) : x ∈ X}.
Proof. Let U ∈ U, V ∈ V, with V acting on U , left unitarily if V is a monoid.
Again, let λv denote the endomorphism of U associated with v ∈ V . Suppose
φ : X → U ∗ V is an arbitrary map. For each x ∈ X put xφ = (xU , xV ). Define
β : T → V to be the unique extension to T of the map x → xV . Also denote
by β its extension to a morphism T 1 → V 1, where 1β = 1. (Note that if T is
already a monoid then V consists entirely of groups, and so there is no conflict
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with the original value of 1β.) Next define α : T 1 × X → U by (t, x)α = tβxU
and extend it to a morphism α : S → U . It is easily verified that the composite
morphisms λ̄tα, αλtβ agree on T 1×X , and so agree on S. Thus ( ts)α = tβsα, for
all t ∈ T, s ∈ S. Hence the product map θ = α× β : S ∗ T → U ∗ V is a morphism.
Moreover, for any x ∈ X , xiθ = xφ.

Thus for any function φ : X → U ∗V there is a morphism θ : S ∗T → U ∗V such
that iθ = φ. With the sequel in mind, it is convenient to separate the last part of
the proof as a lemma. Its proof contains some subtleties that, while transparent in
this situation, become more consequential in the e-varietal context.

Lemma 6.2. Let C be a class of semigroups that is closed under products and let
V be the variety that it generates. Let X be a nonempty set. A semigroup W ∈ V,
together with a map i : X → W , is free in V on X if and only if W = 〈Xi〉 and
for all C ∈ C and for all maps φ : X → C, there is a morphism φ̄ : W → C such
that iφ̄ = φ.

Proof. Necessity is clear. Conversely, let A ∈ V and θ : X → A. By standard
universal algebraic arguments there exist C ∈ C, a subsemigroup B of C and a
morphism π of B onto A. For each x ∈ X , choose bx ∈ B such that bxπ = xθ
and define φ : X → B ⊆ C by xφ = bx. By hypothesis there exists a morphism
φ̄ : W → C such that iφ̄ = φ. Since B containsXφ = Xiφ̄, it contains 〈Xi〉φ̄ = Wφ̄.
Hence the composite θ̄ = φ̄π is a morphism satisfying iθ̄ = θ. Since Xi generates
W , θ̄ uniquely possesses this property, and so S, being a member of V, is free. �

Since U ∗V is generated by {U ∗ V : U ∈ U, V ∈ V}, the lemma completes the
proof of the result. �

6.2. The graphical approach. We continue the notation of the previous sub-
section. Let G be the graph with V G = T 1 and EG = T 1 × X , where (t, x) :
t → tx. Let G+ denote the free semigroupoid on G (see §2). Thus its ver-
tex set is again T 1 and its edges are the (nonempty) paths in G, which are of
the form p = (t, x1)(tx1, x2) · · · (tx1 · · ·xn−1, xn), where t ∈ T 1 and each xi be-
longs to X . It is worthwhile remarking that G+ is isomorphic to the weak derived
semigroupoid (see §2) of the morphism X+ → T , under the edge-correspondence
p→ (t, x1 · · ·xn), the vertex sets being identical.

Let η : G+ → (EG)+ be the morphism defined in §2: η collapses all vertices and
maps each path in G to the corresponding word over the set of edges. Denote by
ρU the least congruence on (EG)+ for which the quotient belongs to U. Thus ρU
is fully invariant and (EG)+/ρU ∼= FUT 1×X , which is the semigroup we have been
denoting by S. As usual, we regard EG as a subset of S.

Let ρ be the congruence that ρU induces on G+ via η; that is, paths p and q
in G are ρ-related if and only if they are coterminal and pη and qη are ρU-related
as words of (EG)+. Then G+/ρ is a semigroupoid with vertex set T 1 and edge
set EG+/ρ; there is a quotient morphism, which we again denote ρ, from G+ to
G+/ρ; and there is an induced faithful morphism η̄ : G+/ρ → (EG)+/ρU = S.
(Similarly to [15, Proposition 2.1], it can be shown that G+/ρ is isomorphic to the
free semigroupoid on G in the variety gU; starting from that point, a proof of the
theorem below could be made independently of §6.1.)

Now the semigroup T acts on T 1 = V G by left translation, and on T 1 × X ,
as before: t1(t, x) = (t1t, x). The latter action extends to an action of T on
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(T 1 ×X)+ = (EG)+. Since ρU is fully invariant, whenever u ρU v in (EG)+ and
t1 ∈ T , we have t1u ρU

t1v.
Moreover, since the action of T on EG respects heads and tails of edges, then

in combination with the action on V G there is an action of T on the semigroupoid
G+. (See §7.2 for more on actions of semigroups on semigroupoids.) Since the
action is induced via η from that on (EG)+, it is compatible with the congruence
ρ. Hence there is an induced action of T on G+/ρ.

We now associate semigroups with G+ and G+/ρ. That associated with the
latter will turn out to be free on X in U ∗V. Let S(G+) =

⋃
t∈T G

+(1, t), with

product p?q = p h(p)q; and let S(G+/ρ) = S(G+)/ρ (the image of S(G+) under the
edge component of the quotient morphism ρ). In view of the previous paragraph,
S(G+/ρ) may be defined in the same way that S(G+) was, that is, S(G+/ρ) =⋃
t∈T (G+/ρ)(1, t), with product pρ ? qρ = pρ h(p)qρ.
Define a map j : X → S(G+/ρ) by xj = (1, x)ρ.

Theorem 6.3. Let U and V be varieties of semigroups and let X be a nonempty
set. Put T = FVX , and let G be the graph with vertex set T 1 and edge set T 1×X.
Let G+ be the free semigroupoid on G. Let ρ be the congruence on G+ induced by
the least U-congruence on the free semigroup on EG.

Then F (U ∗V)X is isomorphic to the semigroup S(G+/ρ) = (
⋃
t∈T G

+(1, t))/ρ,

with product pρ ? qρ = pρ h(p)qρ, for paths p and q in G beginning at 1.

Proof. We show S(G+/ρ) is isomorphic to the subsemigroup 〈Xi〉 = 〈((1, x), x) :
x ∈ X〉 of S ∗ T described in Result 6.1. Define a map ψ : S(G+/ρ) → S ∗ T by
(pρ)ψ = ((pρ)η̄, h(p)). It is routinely checked that ψ is a morphism. Suppose p and
q are paths in G beginning at 1 such that pρψ = qρψ. Then since h(p) = h(q), p
and q are coterminal, as are pρ and qρ. But η̄ is faithful, so pρ = qρ. Hence ψ is
injective.

For x ∈ X , xjψ = (1, x)ρψ = ((1, x)ρη̄, x) = ((1, x)ηρU, x) = ((1, x), x). So by
the cited result, it suffices to show that S(G+/ρ) = 〈Xj〉. But for any path p ∈
S(G+), p = (1, x1)(x1, x2) · · · (x1 · · ·xn−1, xn), say, p = (1, x1)?(1, x2)? · · ·?(1, xn).
So S(G+) = 〈(1, x) : x ∈ X〉, and the morphic property of ρ yields the desired
equality. �

7. e-free E-solid semigroups

More generally than the heading suggests, we consider the e-free semigroups in
semidirect products U ∗V, where U ⊆ ES and V ⊆ G. By Proposition 3.11 such
products lie within ES, and so all their e-free semigroups exist. Keeping in mind
Theorem 5.2, we shall be particularly interested in the cases where U is completely
regular. Refer to §5.1 for various alternative descriptions, such as Mal’cev products,
of the e-varieties under consideration.

Following the general scheme outlined in the preceding section, we proceed in two
steps, a purely ‘regular semigroup-theoretic’ step and a ‘graph-theoretic’ refinement.
Roughly speaking, the former solves a version of the ‘word problem’ and the latter
determines a set of canonical forms for the elements of the e-free semigroups.

7.1. The semigroup-theoretic approach. Let U be an e-variety of E-solid semi-
groups and let V be a variety of groups, and let X be a nonempty set. Let X ′ and
X̄ be as in §1. For convenience, denote FVX (= EFVX) by T (= T 1) and denote
EFUT×X by S. We may regard T as being generated, as a group, by the set X
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itself. In that case, x′ is identified with x−1. Similarly, we may regard S as being
generated as a regular semigroup by T ×X = (T × X) ∪ (T × X)′. However, a
nice technical device (introduced by Szendrei [35] and transparent, in terms of the
Cayley graph of T ) is to identify this set with the set T × X̄, by identifying (t, x)′

with (tx, x′), for all t ∈ T, x ∈ X . Thus we shall regard T × X̄ as a subset of S,
with (tx, x′) ∈ V ((t, x)) for all t ∈ T, x ∈ X . In fact, in view of the equation x′′ = x
and the identification in T of x′ with x−1, we may identify (t, y)′ with (ty, y′) for
all t ∈ T, y ∈ X̄.

Now T acts on T × X̄ by t1(t, y) = (t1t, y), t ∈ T, y ∈ X̄. For each t1 ∈ T , denote
by λt1 the induced transformation of T × X̄. It is clear that, in terms of the above
identification, λt1 is a matched mapping of T × X̄ into S and therefore extends
uniquely to an endomorphism λ̄t1 of S, which we again denote by s→ t1s. For any
t1, t2 ∈ T , (t, y)λ̄t2 λ̄t1 = (t, y)λ̄t1t2 , so by uniqueness of extensions, t1t2s = t1( t2s)
for all s ∈ S. Similarly, 1s = s for all s ∈ S. Hence there is a well defined left
unitary action of T on S, and the semidirect product S ∗ T exists and belongs to
U ∗V.

Define i : X̄ → S ∗ T by yi = ((1, y), y), y ∈ X̄.

Theorem 7.1. Let U be an e-variety of E-solid semigroups, V a variety of groups
and X a nonempty set. Let FVX act on EFUFVX×X as above. Then EF (U∗V)X
is isomorphic to the regular subsemigroup of EFUFVX×X ∗ FVX generated by
{((1, y), y) : y ∈ X̄}.
Proof. By Theorem 3.2 and Proposition 3.11, S ∗T is an E-solid regular semigroup.

For all y ∈ X̄,

((1, y), y)((1, y′), y′)((1, y), y) = ((1, y)(y, y′)(1, y), y) = ((1, y), y),

since (y, y′) = (1, y)′ in S and y′ = y−1 in T , under the identifications made earlier.
A similar calculation completes the verification that ((1, y′), y′) ∈ V (((1, y), y)).
By Result 1.6 the regular subsemigroup 〈((1, y), y) : y ∈ X̄〉e is well defined. In
addition, we have proven that the map i is matched.

Now let U ∈ U, V ∈ V, with the group V acting left unitarily on U . As above,
U ∗ V is an E-solid regular semigroup. Again, let λv denote the endomorphism of
U associated with v ∈ V . Suppose φ : X̄ → U ∗ V is a matched mapping. For each
y ∈ X̄ , put yφ = (yU , yV ). Since y′φ ∈ V (yφ) and V is a group, y′V = y−1

V and the

equations yU
yV y′UyU = yU and y′U

y−1
V yUy

′
U = y′U hold. From the latter we obtain

yV y′UyU
yV y′U = yV y′U .

Define β : T → V to be the unique extension to T of the map x→ xV , X → V .
Clearly, yβ = yV , for all y ∈ X̄. Next define α : T × X̄ → U by (t, y)α =
tβyU , for all t ∈ T, y ∈ X̄. Then (t, y)α(t, y)′α(t, y)α = (t, y)α(ty, y′)α(t, y)α =
tβyU

(ty)βy′U
tβyU = tβ(yU

yβy′UyU ) = tβyU , using one of the equations of the pre-
ceding paragraph. The final equation of that paragraph yields, similarly, the other
equation required to verify that (t, y)′α ∈ V ((t, y)α). Hence α is a matched map-
ping and so extends uniquely to a morphism, again denoted α, from S to U .

As in §6.2, it is easily verified that for every t ∈ T , the composite morphisms
λ̄tα and αλtβ agree on T × X̄ and so agree on S. Thus ( ts)α = tβsα for all s ∈ S.
It follows that the product map θ = α× β : S ∗T → U ∗ V is a morphism. Further,
for any y ∈ X̄, yiθ = ( 1βyU , yV ) = yφ, that is, iθ = φ.

An analogue of Lemma 6.2 is needed to complete the proof.
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Lemma 7.2. Let C be a class of regular semigroups that is closed under products
and is contained in either ES or LI, and let V be the e-variety it generates. Let X
be a nonempty set. A regular semigroup W ∈ V, together with a matched mapping
i : X̄ → W , is e-free on X in V if and only if W = 〈X̄i〉e and for all C ∈ C and
for all matched maps φ : X̄ → C there is a morphism φ̄ : W → C such that iφ̄ = φ.

Proof. We modify the proof of the cited lemma. Necessity is clear from the con-
struction of e-free semigroups given by Yeh [42, Theorems 3.1.4, 3.2.4]. Conversely,
let A ∈ V and let θ : X̄ → A be a matched map. By Result 1.6(i), there exist
C ∈ C, a regular subsemigroup B of C and a morphism π of B on A. For each x
in X , xθ and x′θ are mutually inverse. Thus there exist mutually inverse elements
bx, b

′
x, say, of B such that bxφ = xθ and b′xφ = x′θ. Define φ : X̄ → B ⊆ C by

xφ = bx, x
′φ = b′x, x ∈ X . Clearly, φ is a matched map, so by hypothesis there

exists a morphism φ̄ : W → C such that iφ̄ = φ. Now by Lemma 1.7, B contains
〈X̄i〉eφ̄ = Wφ̄, so the composite θ̄ = φ̄π is a well defined morphism from W to A
that satisfies iθ̄ = θ. By Result 1.6(ii), θ̄ uniquely possesses this property. Since
W ∈ V, it is e-free in V, on X . �

Returning to the semidirect product situation, the remarks preceding Propo-
sition 3.4 show that the lemma can be applied to the class C of all semidirect
products U ∗ V , U ∈ U, V ∈ V, which in conjunction with the earlier part of the
proof shows that 〈X̄i〉e is the requisite e-free semigroup. �

If FVX and EFUT×X are ‘effectively described’ then under the representation
in the theorem two elements of EF (U ∗V)X can be ‘effectively distinguished’ by
examination of their components. (This informal argument may be formalized by
using the syntactic approach to E-solid semigroups of Kaďourek and M. Szendrei
[20]. Since it will in a sense be encompassed by the approach in the remainder of
this section, we omit the details.)

Absolutely free groups are so described over any set X . On the other hand
(Result 1.5), the e-free semigroups in CR(H) have been described for any group
variety H, in such a way that the ‘word problem’ for EFCR(H)X , X countably
infinite, is solvable provided that for FHX is. Hence by Theorem 5.2 we obtain a
concrete description of EFC∞CR(H)X and, in particular, of EFESX and EFOX .

Corollary 7.3. For any nonempty set X, EFESX is isomorphic to the regular
subsemigroup of EFCRFGX×X ∗ FGX generated by {((1, y), y) : y ∈ X̄}. �

By analogy with §6, we may describe the method of representing EF (U ∗V)X
in Theorem 7.1 as “cutting (the semidirect product) down to regular generators”.
What the theorem does not tell us, in an effective way at least, is which ordered pairs
of the semidirect product actually belong to the prescribed regular subsemigroup.
To achieve this goal we take up the graphical approach promised above. First, some
further background is required.

7.2. Groups acting on semigroupoids. We review briefly material from [35,
§2], which extended and modified work of Margolis and Pin [22]. We refer the
reader to the former paper for details, although the flavour of our discussion is a
little different. It may be instructive to compare the methods of §6.2 with those
presented here.

A semigroup T acts on a graph C if it acts separately on V C and EC in such
a way that for any edge e : a → b of C and any t ∈ T , te : ta → tb; T acts on a
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semigroupoid C if it acts on the underlying graph in such a way that for consecutive
edges e and f , t(ef) = te tf . The action is transitive if it is transitive on V C, that
is, for any vertices a, b of C, ta = b for some t ∈ T . If T is a monoid, then the action
is left unitary if the identity element acts identically on V C and on EC. Such an
action is fixed point free if it is fixed point free on V C; that is, the equation ta = a
holds for some t ∈ T and a ∈ V C only if t = 1.

In the remainder of the section, T will be a group. Suppose T acts on the
semigroupoid C, left unitarily, transitively and fixed point freely. Distinguish a
vertex a of C. Clearly, for each b ∈ V C there is a unique element gb, say, of T such

that gba = b (and g−1
b b = a).

Let Sa(C) =
⋃
c∈V C C(a, c). Under the product u ? v = u gh(u)v, it is easily

checked that Sa(C) is a semigroup and the map σ : Sa(C) → T given by uσ = gh(u)

is a surjective morphism. Moreover, regarding Sa(C) as a one-vertex semigroupoid,
there is a semigroupoid morphism π : C → Sa(C), collapsing all vertices and

mapping the edge u to
g−1
t(u)u.

A useful alternative interpretation of Sa(C) is that it is isomorphic to the semi-
group of orbits C/T of C under T . The elements of C/T are the orbits [u] of edges
u of C, under the action of T . Note that for any edge u, uπ is the unique edge
in its orbit [u] that starts at a. Thus there is an induced bijection C/T → Sa(C),
[u] → uπ, and a well defined product induced on C/T by [u][v] = [uπ ? vπ], under
which C/T is isomorphic to Sa(C). There is an induced morphism π′ : C → C/T ,
which collapses vertices (technically, maps all vertices to the unique vertex orbit)
and maps edges to their orbits; and an induced morphism σ′ : C/T → T , given by
[u]σ′ = g−1

t(u)gh(u).

Hence Sa(C) ∼= Sb(C) ∼= C/T for all a, b ∈ V C.
Suppose in the above situation that ρ is a congruence on C that is invariant

with respect to the action, that is, whenever u, v are ρ-related coterminal edges
of C then tu and tv are ρ-related for any t ∈ T . Then T also acts left unitarily,
transitively and fixed point freely on C/ρ, and Sa(C/ρ) ∼= Sa(C)/ρa, where ρa is
the restriction of ρ to Sa(C). Alternatively, (C/ρ)/T ∼= (C/T )/ρ′, where ρ′ is the
congruence that relates [u] and [v] if and only if uπρvπ. There is a commutative
diagram involving the two morphisms C/T → T and (C/ρ)/T → T and the natural
morphism associated with ρ′.

Given any transitive and fixed point free action of a group T on a semigroupoid
C, C can actually be recovered from C/T and σ′, for C is isomorphic to the weak
derived semigroupoid (see §2) of σ′ under the vertex map b→ gb and the edge map
u→ (gt(u), [u]).

(Szendrei proves considerably more. Suppose that φ : S → T is a morphism of
a semigroup S onto a group T . Then T acts on VWφ = G by left translation (and
thus transitively and fixed point freely) and on EWφ = G×S by t1(t, s) = (t1t, s),
t1, t ∈ T, s ∈ S, and thus acts left unitarily, transitively and fixed point freely on
Wφ. Then there is an isomorphism θ, say, of S upon S1(Wφ) such that θσ = φ.
In fact, for a fixed group T , there is a natural equivalence between the category of
‘pointed’ semigroupoids on which T acts left unitarily, transitively and fixed point
freely and the category of morphisms of semigroups into T .)

Finally, we remark that the results of this subsection remain true in the unary
context, that is, for unary semigroups (especially, groups regarded as unary semi-
groups in the usual way), for locally unary semigroupoids (especially, locally com-
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pletely regular semigroupoids), actions by unary endomorphisms, and unary con-
gruences on semigroups and semigroupoids. See the end of §2 for a discussion of
locally unary semigroupoids.

7.3. The graphical approach. The main result of this subsection, Theorem 7.4,
constructs EF (U∗V)X for any variety U of completely regular semigroups and any
variety V of groups. The special case U = CR, V = G yields the e-free E-solid
semigroup on X . Other special cases were discussed in §7.1. See also the comments
at the end of the current section. The method generalizes Szendrei’s construction
of the e-free E-solid semigroup [35, Theorem 4.1] and owes much to the techniques
of her paper. However, a significant discrepancy arises, previously referred to at
the end of §2. Her construction uses the free unary semigroupoid on the Cayley
graph G of the free group on X ; ours uses that on the ‘doubled’ graph Ḡ. Thus,
when interpreted as a semidirect product (along the lines of §7.1), her construction
lies within the product of a free completely regular semigroup with a free group,
rather than within the product of an e-free completely regular semigroup (on the
same set) with a free group (as in Theorem 7.1). The authors thank J. Kaďourek for
pointing out to us that the special properties of the absolutely free group enable our
construction to be simplified, in the case of the e-free E-solid semigroups. Although
it is possible to present the material of this subsection in the same generality as
in §7.1, for the sake of simplicity we shall restrict ourselves to the situation where
U ⊆ CR. We continue the notation of §7.1. We make the same identification of
T ×X = (T ×X)∪ (T ×X)′ with T × X̄ , (t, y)′ ↔ (ty, y′) (t ∈ T, y ∈ X̄) that was
made there. This has a natural interpretation in terms of the Cayley graph of T ,
the free group in V on X (following [35]).

The Cayley graph G of T is given by V G = T and EG = T ×X , where (t, x) :
t → tx. In group theory, the action of the formal inverses X ′ is incorporated by
the adjunction, implicitly or explicitly, of an edge (tx, x′) ‘inverse’ to (t, x), for each
t ∈ T, x ∈ X . Identifying each such natural ‘inverse’ edge with our formal inverse
(t, x)′ (see §2, following Result 2.4) allows us to identify EG′ with T × X ′ and
EḠ = T ×X with T × X̄ as above. Considering EG simply as a set, we may also
identify (EG)′ with EG′ and EG with EḠ, where convenient.

Refer to the last part of §2 and the material preceding Result 1.5 for the ter-
minology that follows. Let Gu be the free locally unary semigroupoid on Ḡ, and
recall the faithful morphism η : Gu → (EG)u (where the latter is essentially the
free unary semigroup on EG) which sends a unary path in Ḡ to the corresponding
unary word over EG.

Let ρU be the least U-congruence on (EG)u; that is, ρU is the congruence on
(EG)u such that (EG)u/ρU is isomorphic to EFUEG = EFUT×X , which is the
semigroup we have been denoting S. It is well known and easily proved that ρU is
a unary congruence. As usual, we regard EG as a subset of S.

Let τU be the congruence that ρU induces on Gu via η; that is, unary paths
p and q in G are τU-related if and only if they are coterminal and pη and qη are
ρU-related as unary words of (EG)u. Since ρU and η are unary, so is τU. Then
Gu/τU is a locally unary semigroupoid with vertex set T and edge set (EG)u/τU;
there is a quotient unary morphism from Gu to Gu/τU and an induced faithful
unary morphism η̄ : Gu/τU → (EG)u/ρU = S. (Similarly to the remarks at the
corresponding point in §6.2, it can be shown that Gu/τU is isomorphic to the e-free
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semigroupoid on G in the variety gU; starting from that point, a proof of the the-
orem below could be made independently of §7.1. However, a considerable amount
of extra work is involved, peripheral to the task at hand, so we have preferred to
proceed by applying Theorem 7.1.)

As in §7.1, T acts on T × X̄ = EG by t1(t, y) = (t1t, y), t1, t ∈ T, y ∈ X̄.
The action extends to an action by unary endomorphisms of T on (EG)u, the free
unary semigroup on EG. Consider the definition of ρCR in the display preceding
Result 1.5. The pairs of the first kind are invariant under the action, since it is by
unary endomorphisms. The same is also true for the pairs of the second kind, since
t1((t, y)′) = ( t1(t, y))′ for all t1 ∈ T, (t, y) ∈ EG. Hence ρCR is invariant under the
action. Since ρU/ρCR is fully invariant on EFCREG, ρU is also invariant under
the action.

Now T also acts on V G = T by left translation, and the action on EG = EḠ
respects heads and tails of edges. Thus T acts on the graph Ḡ and, by extension,
acts by unary endomorphisms on Gu. It is clear that the action is left unitary,
transitive and fixed point free. Referring to §7.2, we may therefore construct the
semigroup Gu/T of orbits of Gu, under the action of T , and with the obvious choice
of 1 as distinguished vertex, Gu/T ∼= S1(G

u). A pleasant notational simplification
is that for any vertex t, gt turns out to be just t itself.

Now it is also clear that the action is compatible with η, in the sense that for
any t ∈ T and any unary path p over Ḡ, ( tp)η = t(pη). Hence the congruence τU
on Gu induced from ρU is also invariant under the action and, referring again to
§7.2, T acts on Gu/τU and the induced faithful morphism η̄ : Gu/τU → (EG)u/ρU
is compatible with this action. We may therefore also construct the semigroup
(Gu/τU)/T , which is isomorphic to S1(G

u/τU) and to S1(G
u)/(τU)1.

We now show that these semigroups are isomorphic to the e-free semigroup on
X in U ∗V, by proving directly that the latter is isomorphic to S1(G

u/τU). Let
j : X̄ → S1(G

u/τU) be given by yj = (1, y)τU, y ∈ X̄ (interpreting y in T as either
x or x−1, as earlier).

Theorem 7.4. Let U be an e-variety of completely regular semigroups, V a variety
of groups and X a nonempty set. Put T = FVX , let G be the Cayley graph of T ,
and let Gu be the free unary semigroupoid on the graph Ḡ (where we identify EḠ
with EG and with T × X̄). Let τU be the congruence on Gu induced by the least
U-congruence ρU on the free unary semigroup (EG)u.

Then EF (U∗V)X is isomorphic to the semigroup (Gu/τU)/T of orbits of Gu/τU
under the action of T ; also to the semigroup S1(G

u)/(τU)1, where S1(G
u) =⋃

t∈T G
u(1, t), with product p ? q = p h(p)q, and (τU)1 is the restriction of τU to

S1(G
u); and to the semigroup S1(G

u/τU), defined similarly.

Proof. We use freely the notation and terminology introduced above. The proof
follows in outline that of Theorem 6.3, showing that S1(G

u/τU) is isomorphic to
the subsemigroup 〈X̄i〉e of S ∗ T described in Theorem 7.1.

Define ψ : S1(G
u/τU) → S ∗ T by pψ = (pη̄, h(p)). Now

(p ? q)ψ = (p h(p)q)ψ = ((p h(p)q)η̄, h(p ? q)) = (pη̄( h(p)q)η̄, h(p)h(q))

= (pη̄ h(p)qη̄, h(p)h(q)) = (pη̄, h(p))(qη̄, h(q)) = pψqψ,

so ψ is a morphism. The proof that ψ is injective proceeds exactly as in the proof
of Theorem 6.3.
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For y ∈ X̄ , yjψ = (1, y)τUψ = ((1, y)τUη̄, y) = ((1, y)ηρU, y) = ((1, y), y) = yi
(recalling that S is assumed to contain T × X̄). By Theorem 7.1 it remains to show
that S1(G

u/τU) is regular and equals 〈(1, y)τU : y ∈ X̄〉e. We need some facts from
[14].

Let ∼ be the unary congruence on Gu generated by the pairs (p(p)−1p, p),
(p(p)−1, (p)−1p), (((p)−1)−1, p), for all loops p, together with the pairs (ee′e, e),
for all edges e = (t, y) ∈ EḠ. Then ([14, Proposition 7]) Gu/ ∼ is a regular,
locally completely regular semigroupoid. (In fact, it is isomorphic to EF lCRG.)
It is easily seen (cf. the beginning of §4 of [14]) that ∼ is contained in τCR and
is therefore contained in τU. Hence Gu/τU is also a regular, locally completely
regular semigroupoid.

Now let π′ : Gu/τU → (Gu/τU)/T be the unary morphism that maps each edge
p of Gu/τU to its orbit [p] (see §7.2). Since π′ is surjective, in the obvious sense,
(Gu/τU)/T is a regular semigroup. Further, the image of each local semigroup of
Gu/τU is a completely regular subsemigroup.

Let R be any regular subsemigroup of (Gu/τU)/T that contains {[(1, y)τU] :
y ∈ X̄}. We use the recursive definition of Gu to show that R contains [pτU] for
every edge p ∈ EGu. First, for any edge (t, y) ∈ EḠ, [(t, y)τU] = [(1, y)τU] ∈ R.
Next, if p and q are consecutive edges of Gu such that [pτU], [qτU] ∈ R, then
[(pq)τU] = [pτUqτU] = [pτU][qτU] ∈ R. Finally, if p is a loop of Gu such that
[pτU] ∈ R, then [pτU] belongs to a completely regular subsemigroup of R, so that
([pτU])−1 ∈ R. But since τU is a unary congruence and π′ is a unary morphism,
([pτU])−1 = [(p)−1τU]. Thus (Gu/τU)/T = 〈[(1, y)τU] : y ∈ X̄〉e.

Finally, under the isomorphism (Gu/τU)/T → S1(G
u/τU) of §7.2, [pτU] is

mapped to pτUπ = t(p)pτU, for any unary path p, whence in particular [(1, y)τU]
is mapped to (1, y)τU. Hence S1(G

u/τU) has the requisite properties. �

The extra information conferred by this theorem, when compared with that of
§7.1, is that EF (U ∗V)X consists of all the τU -classes of the unary paths over Ḡ
that start at 1. If the e-free completely regular semigroups in U and the free groups
in V have a solvable word problem (for CR and G, for instance), then membership
of classes of paths can be decided.

Our theorem also encompasses the construction of the e-free semigroups in the
e-varieties A ∗V = AmV, where A is any variety of bands (and V is any variety
of groups). These semigroups were first constructed by Kaďourek and Szendrei [19,
Theorem 6.2] and re-interpreted in the manner of the theorem above in [34, Result
1.6]. Since, when considered as unary semigroups, the unary operation on bands
is just the identity map, we may first factor Gu by the congruence that identifies
each loop with its inverse, before applying τA (more precisely the congruence that
it induces); the factor semigroupoid is then simply the free semigroupoid on Ḡ,
which may be interpreted, as in [19], as the free involutory semigroupoid on G. A
similar treatment can be applied to (EG)u, yielding the free involutory semigroup
on EG. We then obtain exactly the second construction cited above.

8. e-free semigroups in e-varieties I ∗V

We describe the e-free semigroups, whenever they exist, in the e-varieties of the
form U ∗ V, where U is a variety of inverse semigroups and V is any e-variety.
By Propositions 3.11 and 3.14, such products fall into two classes: (1) those where
V ⊆ CS, in which case U ∗V ⊆ LI, and (2) those where U ⊆ G and V ⊆ ES,



SEMIDIRECT PRODUCTS OF REGULAR SEMIGROUPS 4299

in which case U ∗ V ⊆ ES. (We need not consider the products T ∗ V = V,
V ⊆ LI.) In §8.1 we use Proposition 3.6 and Theorem 4.5 to specialize the general
result to obtain new descriptions of e-free semigroups in LI and certain of its sub-e-
varieties. In §8.2 we likewise use Theorem 5.5 to obtain new descriptions of the e-free
semigroups in certain important (e-) varieties of completely regular semigroups; by
a simple modification we also obtain the free (unary) semigroups in those varieties.
Since the argument will parallel closely that for E-solid semigroups, we shall pass
over some of the details. At this point only the ‘semigroup-theoretic’ approach
has proved feasible to the authors. An analogue of the ‘graph-theoretic’ approach
might allow refinement of our solution in the manner of the preceding sections.

Let U be any variety of inverse semigroups and let V, as above, be an E-
solid e-variety that is contained in CS if U does not consist entirely of groups.
Let X be a nonempty set and let X ′ and X̄ be as in §1. For convenience, put
T = EFVX . Let S = FUT 1×X̄ . Recall that e-varieties of inverse semigroups are
simply the varieties of such semigroups, considered as unary semigroups; and thus
e-free inverse semigroups are simply (relatively) free inverse semigroups in the usual
sense. We may regard S as being generated, as a unary semigroup, by T 1×X̄ itself.

Let T act on T 1 × X̄ by t1(t, y) = (t1t, y), for t1 ∈ T , t ∈ T 1, y ∈ X̄ . As in
the previous section, this action extends to an action of T on S, and a semidirect
product S ∗ T is defined. By Theorem 3.1, Reg (S ∗ T ) is a (regular) subsemigroup
of S ∗ T and so belongs to U ∗V.

Define i : X̄ → S ∗ T by xi = ((1, x)(xx′, x)−1(xx′, x)(x, x′)(x, x′)−1, x) and
x′i = ((1, x′)(x′x, x′)−1(x′, x)−1, x′), for x ∈ X .

Theorem 8.1. Let U be a variety of inverse semigroups, let V be an e-variety of
E-solid semigroups that is contained within CS if U does not consist entirely of
groups, and let X be a nonempty set. Let EFVX act on FUEFV1

X×X̄ as above.

Then EF (U ∗ V)X is isomorphic to the regular subsemigroup of FUEFV1
X×X̄ ∗

EFVX generated by

{((1, x)(xx′, x)−1(xx′, x)(x, x′)(x, x′)−1, x) : x ∈ X}
∪ {((1, x′)(x′x, x′)−1(x′, x)−1, x′) : x ∈ X}.

Proof. We use the notation S and T introduced above. By Theorem 3.1 and Propo-
sitions 3.11 and 3.14, Reg (S ∗ T ) ≤ S ∗ T and Reg (S ∗ T ) belongs to LI or to ES.
A straightforward computation, using commutativity of idempotents in S, verifies
that for any x ∈ X , x′i ∈ V (xi); that is, i is a matched map. By Result 1.6, the
given subsemigroup, namely 〈X̄i〉e, is well defined.

Now let U ∈ U and V ∈ V, with V acting on U , left unitarily if V is a monoid.
Extend the action to one of V 1 on U by letting 1 act identically. Suppose φ :
X̄ → U ∗ V is a matched mapping. For each y ∈ X̄ , put yφ = (yU , yV ). The

equations xU
xV x′U

xV x
′
V xU = xU and x′U

x′V xU
x′V xV x′U = x′U hold for any x ∈ X .

From the uniqueness of inverses in S it follows that x′V xV x′U = ( x
′
V xU )−1 and

xV x
′
V xU = ( xV x′U )−1.
Define β : T → V to be the unique extension to T of the matched map y → yV ,

X̄ → V . Also denote by β its extension to a morphism T 1 → V 1, where 1β = 1.
Next define α : T 1 × X̄ → U by (t, y)α = tβyU , for all t ∈ T 1, y ∈ X̄. Since
S is free as a unary semigroup, α extends to a morphism (automatically unary),
again denoted α, from S to U . It is again easily verified that ( ts)α = tβsα for all
t ∈ T 1, s ∈ S. Hence the product map θ = α × β : S ∗ T → U ∗ V is a morphism.
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Using the equations above we obtain

xiθ = (xU ( xV x
′
V xU )−1 xV x

′
V xU

xV x′U ( xV x′U )−1, xV )

= (xU
xV x′U

xV x
′
V xU

xV x′U
xV x

′
V xU , xV )

= (xU , xV )

and, similarly,

x′iθ = (x′U ( x
′
V xV x′U )−1( x

′
V xU )−1, x′V )

= (x′U , x
′
V ).

Hence iθ = φ. Now an application of Lemma 7.2 completes the proof, as in the
proof of Theorem 7.1. �

8.1. e-free locally inverse semigroups. In the situation where U ⊆ I and V ⊆
CS, we have U ∗ V ⊆ LI, as remarked above. By Theorem 4.5, I ∗ RZ equals
LI itself. Of course the free inverse semigroups are well described [31]. In view of
the importance of locally inverse semigroups it is worth stating our description of
e-free members separately. The e-free right zero semigroup on X is simply the set
X̄ itself, under right zero multiplication. Its action on T 1 × X̄ = X̄1 × X̄ is given
by t1(t, y) = (t, y) and t1(1, y) = (t1, y), for t1, t, y ∈ X̄.

Corollary 8.2. Let X be a nonempty set. Let EFRZX act on F IX̄1×X̄ as above.
Then EFLIX is isomorphic to the regular subsemigroup of F IX̄1×X̄ ∗ EFRZX

generated by

{((1, x)(x′, x)−1(x′, x)(x, x′)(x, x′)−1, x) : x ∈ X}
∪ {((1, x′)(x, x′)−1(x′, x)−1, x′) : x ∈ X}.

�

By expanding on an idea of Yeh [42], Auinger [3, 4] has considered locally inverse
semigroups as ‘binary semigroups’ — semigroups with an additional binary oper-
ation (derived from its ‘sandwich sets’ — for more details see §10). The elements
of e-free locally inverse semigroups may then be considered as ‘words’ of this type.
From this point of view the corollary is easily translated into a solution of the word
problem.

Our description bears little resemblance to either of the two descriptions of e-
free locally inverse semigroups given by Auinger [3, 4]. This is not at all surprising,
since a consequence of his description is a decomposition of LI as the semidirect
product S ∗CS, about which we say more below.

Other interesting special cases of Theorem 8.1 in which V = RZ include those
where U = S and U = SG. Of course, the free semilattices and free Clifford
semigroups are also well described. By Proposition 4.6, a slight variation of the
corollary yields a description of EFCSRX alternative to that of Auinger [2], and a
description of EFSRX that is new, to the authors’ knowledge. Yet another case of
this type is where U = G. By Theorem 4.5, a description of EFCSX is obtained. A
simple Rees matrix representation for this semigroup is already known [3, Corollary
3.3], however.

Auinger [4, Theorem 4.13] described EFLIX as a well-determined subset of a
semidirect product of a certain free semilattice with the e-free completely simple
semigroup onX . In addition to the Rees representation of the latter just mentioned,
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Auinger also provides an alternative represention in terms of canonical forms, on
which the cited description of the e-free locally inverse semigroups is based. (See
also §10.3.)
Result 8.3. The e-variety LI equals S ∗CS. �

Yet another description of EFLIX may therefore also be derived from Theo-
rem 8.1, in terms of T , the e-free completely simple semigroup on X , and S, the
free semilattice on T 1× X̄. It would be of interest to correlate this description with
that of Auinger just cited. On the one hand, the latter certainly has the advan-
tage of prescribing which elements of the semidirect product belong to the e-free
semigroup. On the other hand, our theorem also describes the e-free semigroups
in S ∗V for any variety V of completely simple semigroups (without necessarily
solving the ‘word problem’, of course).

8.2. Free and e-free completely regular semigroups. In §5.2 we showed that
if V is any variety of completely regular semigroups that does not consist entirely
of groups, then G ∗V = LGmV and is again a variety of completely regular semi-
groups. The operator (−)Tl , which takes a completely regular variety V to LGmV,
and its dual (−)Tr have played a major role in investigations of the structure of the
lattice of completely regular semigroup varieties. See [29] for the major properties
of these and related operators, and for relationships between them and the syntactic
methods of Polák.

Now it is clear that Theorem 8.1 applies to describe the e-free semigroups in
G ∗V as (completely regular) subsemigroups of semidirect products of free groups
and e-free semigroups in V. In this case, however, the generators prescribed by the
theorem simplify to yield the same form as those prescribed for E-solid semigroups
in Theorem 7.1. Recall the convention that (t, x)′ = (tx, x′).

Corollary 8.4. Let V be a variety of completely regular semigroups and let X be a
nonempty set. Then EFVTl

X is isomorphic to the (completely) regular subsemigroup
of FGEFV1

X×X̄ ∗ EFVX generated by {((1, y), y) : y ∈ X̄}. �

The word problem for e-free semigroups in completely regular varieties may be
formulated in terms of deciding equality of pairs of unary words over X̄ (that
is, pairs of elements of the semigroup Xu defined in §1). Recall from the proof of
Theorem 5.5 that in any semidirect product G∗T with G a group and T completely

regular, (g, t)−1 = (g( t
0

g)−1( t
−1

g)−1, t−1). By evaluating pairs of unary words in
the semidirect product described in the corollary, we obtain a procedure for deciding
their equality. This procedure is effective whenever the word problem for the e-free
semigroups in V is soluble.

Since completely regular semigroup varieties actually possess free semigroups,
it is perhaps of more interest to describe them. The proof of the following result
involves essentially the same steps as that of Theorems 7.1 and 8.1, so we have
omitted it. (In fact, free semigroups in any semidirect product U ∗ V, where
U ⊆ CS and V ⊆ CR, may be constructed in terms of free semigroups in U and
V, via a variation of the methods of these two sections.) The free semigroups in
VTr are constructed dually, using the ‘reverse’ semidirect product.

Theorem 8.5. Let V be a variety of completely regular semigroups and let X be a
nonempty set. Then FVTl

X is isomorphic to the (completely) regular subsemigroup
of FGFV1

X×X ∗ FVX generated by {((1, x), x) : x ∈ X}. �
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Similarly to the remarks following the corollary, the word problem in the free
semigroups in VTl is soluble modulo that in the free semigroups in V. The word
problem in FVTl

X was first solved by J. Kaďourek [17], modulo that in the free
semigroups in V, as a byproduct of his solution to the word problem in F (GmV)X
(see page 7 of the cited paper). Not only does Theorem 8.5 provide a more ex-
plicit description of these free semigroups, but the solution to the word problem is
considerably more transparent than Kaďourek’s.

An interesting special case is that of BTl , the variety of bands of left groups .
Since the solution to the word problem in free bands is well known, it follows that
the word problem is soluble in free bands of left groups. Moreover, all nontrivial
subgroups of such completely regular semigroups are free. For in any semidirect
product G∗B, where G is a group and B is a band, if (g, e) is any idempotent, then
the map (h, e) → eh embeds the H-class of (g, e) in G. Thus the Schreier subgroup
theorem applies. It is interesting to note that the maximal subgroups in free bands
of groups , that is, in the free semigroups in GmB, are not in general free [40].

9. A unified construction of e-free semigroups

We provide here a construction that encompasses all those of the preceding two
sections. The three situations covered there were for semidirect products U ∗ V
where (i) U ⊆ ES and V ⊆ G, or (ii) U ⊆ I and V ⊆ CS, or (iii) U ⊆ G and
V ⊆ ES. Note that U and V are E-solid in all these cases. The reader may discern
which semidirect products of E-solid e-varieties are not covered by comparison with
the results of §3.

The general result, presented below, is less enlightening than might first appear,
for three reasons. Firstly, it covers no situations other than those already treated.
Secondly, the description is more complicated than in either of the separate situa-
tions. In that of §8, it reduces immediately to Theorem 8.1, but in that of §7, some
simplification must be made to reduce to Theorem 7.1. Thirdly, its proof essentially
breaks into those already given (with some additional complexity in the situation
of §7). It was for these reasons that we have deferred the general presentation until
after the specific ones, and have given only a bare outline of the proof.

Let U,V be as above, let X be a nonempty set and let X ′ and X̄ be as in §1.
Let T = EFVX and let S = EFUT 1×X̄ . (To construct S, the set T 1 × X̄ must
also be ‘doubled’.)

Now T acts on T 1 × X̄ by t1(t, y) = (t1t, y) and on (T 1 × X̄)′ by t1(t, y)′ =
(t1t, y)

′, for t1 ∈ T , t ∈ T 1, y ∈ X̄. The action is by matched mappings, so it
extends to an action of T on S, and a semidirect product S ∗ T is defined. From
the assumptions, Reg (S ∗ T ) belongs to U ∗V.

Since S is E-solid, its core is completely regular. Thus if e, f ∈ ES , we denote
by (ef)0 the identity element (ef)(ef)−1 = (ef)−1(ef) of the maximal subgroup
to which ef belongs. Note that since T acts on S by endomorphisms, an action
is induced on C(S); the latter being completely regular, the action is therefore
compatible with the operations u→ u−1 and u→ u0 on C(S).

Define i : X̄ → S ∗ T as follows. For x ∈ X , put

ex = ((xx′, x)′(xx′, x)(x, x′)(x, x′)′)0

and

fx = x′ex(= ((x′, x)′(x′, x)(x′x, x′)(x′x, x′)′)0).
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Then put xi = ((1, x)ex, x) and x′i = ((1, x′)(x′x, x′)′fx(x′, x)′, x′).

Theorem 9.1. Let U and V be e-varieties of E-solid semigroups such that V ⊆
CS whenever U 6⊆ G and, further, V ⊆ G whenever U 6⊆ I. Let X be a nonempty
set. Let EFVX act on EFUEFV1

X×X̄ as above. Then EF (U ∗V)X is isomorphic

to the regular subsemigroup of EFUEFV1
X×X̄ ∗ EFVX generated by

{((1, x)ex, x) : x ∈ X} ∪ {((1, x′)(x′x, x′)′fx(x′, x)′, x′)},
where ex and fx are as just defined.

Proof. Suppose U,V are as stated. We use the notation S and T introduced above.
In the case that U ⊆ I, the hypotheses reduce to those of Theorem 8.1. In this
situation, S = FUEFV1

X×X and (t, y)′ = (t, y)−1, for all t ∈ T 1, y ∈ X̄. Using
commutativity of idempotents, the prescribed generators reduce to those stated in
the same theorem. Hence this case follows from that theorem.

In the remainder of the proof, assume that V ⊆ G. Then T = FVX . As
in the proof of Theorem 7.1, let U ∈ U, V ∈ V, with V acting left unitarily on
U , suppose φ : X̄ → U ∗ V is a matched mapping, and for each y ∈ X̄, put
yφ = (yU , yV ); again, the equations y′V = y−1

V and yU
yV y′UyU = yU hold. Define

β : T → V to be the unique extension to T of the map x → xV , X → V . Define

α : T × X̄ → U by (t, y)α = tβyU and (t, y)′α = (ty)βy′U , for all t ∈ T, y ∈ X̄.
Then the equations above imply that (t, y)α ∈ V ((t, y)′α). Hence α is matched and
extends to a morphism, again denoted α, from S to U . Again, it is easily verified
that the product map θ = α× β : S ∗ T → U ∗ V is a morphism.

After using Lemma 7.2 as in the proof of Theorem 7.1, it remains to show that
the map i : X̄ → S ∗ T , defined above, is matched, and that iθ = φ. Let x ∈ X .
Since T is a group, (xx′, x) = (1, x) and (x′x, x′) = (1, x′). From the definition of
ex, it is clear that ex = ex(x, x

′)(x, x′)′ = (1, x)′(1, x)ex. Hence

((1, x)ex, x)((1, x
′)(1, x′)′fx(x′, x)′, x′)((1, x)ex, x)

= ((1, x)ex(x, x
′)(x, x′)′ xfx(1, x)′(1, x)ex, x)

= ((1, x)ex(x, x
′)(x, x′)′ex(1, x)′(1, x)ex, x)

= ((1, x)ex, x),

using the definitions of the partial operation (−)0 and of ex itself. Thus we obtain
(xi)(x′i)(xi) = xi and, similarly, (x′i)(xi)(x′i) = x′i, as required. Further,

xiθ = (xU ( xV x′UxU
xV x′UxU )0, xV ) = (xU , xV ) = xφ

and, similarly, x′iθ = x′φ. Hence iθ = φ. �

Finally, observe that T 1 × X̄ = (T 1 ×X)∪ (T 1 ×X ′) ∪ (T 1 ×X)′ ∪ (T 1 ×X ′)′.
In the situation where T is a group, we may extend the identification of (T ×X)′

with T ×X ′ that was made in §7.1 to an identification of T × X̄ with T × X̄, by
similarly identifying (T ×X ′)′ with T ×X . The extended identification is via the
map (t, y)′ → (ty, y′), t ∈ T, y ∈ X̄ . Under this correspondence, and using the
simplifications made during the proof above, we may then recover the statement of
Theorem 7.1.
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10. An alternative product of regular semigroups

Recently, K. Auinger and L. Polák [5] have defined a product S ./ T of regular
semigroups S and T that yields a regular semigroup whenever T is locally inverse.
There is an associated product U ./ V of e-varieties U and V, defined whenever
V ⊆ LI. Their work generalizes the second author’s construction of a product of ‘*-
regular’ semigroups, under similar hypotheses [32]; ultimately it derives from certain
products of inverse semigroups defined by Cowan and by Billhardt. We show that
the ‘standard’ arguments of our paper also apply to their product, so that the e-free
semigroups (of rank two or more) in U ./ V are constructed whenever they exist.
The results of this section, other than Result 10.1 and Theorem 10.5(iii), are new.
When both U and V are locally inverse, so that U ./ V also has that property
[5], the outcome of our construction is equivalent to that of Auinger and Polák.
However, their arguments are syntactic, based on ‘words’ in free binary semigroups
(to which allusion was made in §8.1), and do not extend to the non-locally inverse
situation.

10.1. General properties. Recall that in any regular semigroup T , the sandwich
set S(e, f) of idempotents e, f is the set fV (ef)e. Locally inverse semigroups
are characterizable by the property that all such sandwich sets contain exactly
one element [27]. Following [42] and [3, 4], the rule x ∧ y = S(y′y, xx′), where
y′ ∈ V (y) and x′ ∈ V (x), yields a well defined binary operation on any locally
inverse semigroup T .

Let S be any semigroup and let T be a locally inverse semigroup acting on S. The
underlying set of the product S ./ T is {(s, t) ∈ S×T : tt′s = s for some t′ ∈ V (t)}.
It was shown in [5] that S ./ T = {(s, t) ∈ S×T : tt′s = s for all t′ ∈ V (t)}. Define
a product on the set S ./ T by

(x, u)(y, v) = ( u(v∧u)u′x uy, uv),

where u′ ∈ V (u). According to [5], the product is independent of the choice of
inverse for u. Readers uncomfortable with the ∧ operation may prefer the cumber-
some notation vv′(u′uvv′)′u′u to v ∧ u; here ′ indicates taking an arbitrary inverse
of the indicated element.

Result 10.1. Let S, T be semigroups, with T locally inverse and acting on S. Then

(i) S ./ T is a semigroup;
(ii) ES./T = {(e, f) ∈ S ./ T : e ∈ ES , f ∈ ET };
(iii) for (x, y) ∈ S ./ T , V (x, y) = {( y′x′, y′) : x′ ∈ V (x), y′ ∈ V (y)};
(iv) if S is regular, then S ./ T is regular;
(v) if S is locally inverse, then so is S ./ T . �

Note that S ./ T is not in general a subsemigroup of S∗T . (See, however, §10.3.)
If U,V are e-varieties of regular semigroups, with V ⊆ LI, let U ./ V be the

e-variety generated by {S ./ T : S ∈ U, T ∈ V}.
For any semigroup S and locally inverse semigroup T , we define S ./wr T to be

the semigroup that results from the above construction when applied to ST and T ,
where for α ∈ ST and t ∈ T , tα is given by u( tα) = (ut)α, u ∈ T . (In contrast
with the wreath product construction in §1, it suffices here to use ST rather than

ST
1

.) In parallel with Proposition 3.3 we have the following.
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Proposition 10.2. Let U,V be e-varieties of regular semigroups, with V ⊆ LI.
Then U ./ V is generated by {S ./wr, T : S ∈ U, T ∈ V}. �

Proof. Let S ∈ U, T ∈ V. Define θ : S ./ T → S ./wr T by (x, u)θ = (αx, u),
where tαx = tx for t ∈ T . It is routinely verified that θ is a well defined morphism.
Suppose (x, u)θ = (y, v)θ. Then u = v and αx = αy, whence x = uu′x = (uu′)αx =

(uu′)αy = uu′y = y, for some inverse u′ of u. Hence θ is an embedding. �

In contrast with §3, we do not require the action to be left unitary when the
second factor is a monoid. However, we may assume so, when convenient, since the
action in S ./wr T is left unitary when T is a monoid.

Similarly to the results of §3, if U ./ V lies within either LI or ES, it consists of
the regular semigroups that divide such a product. We now determine when this
occurs (cf. Propositions 3.11 and 3.14).

Proposition 10.3. Let U,V be e-varieties of regular semigroups, with V ⊆ LI.
Then

(a) U ./ V ⊆ LI if and only if U ⊆ LI, and
(b) U ./ V ⊆ ES if and only if either U ⊆ CS and V ⊆ ES, or U ⊆ ES and

V ⊆ GI.

Proof. (a) This is immediate from (v) of the previous result.
(b) It was shown in [5] that CS ./ CS ⊆ CS. As in the proof of Lemma 3.12, by

decomposing any completely regular semigroup as a union of itsD-classes, we obtain
CS ./ (CR ∩ LI) ⊆ CR; and, similarly to Proposition 3.8, C(S ./ T ) ≤ S ./ C(T )
for any regular semigroup S and locally inverse semigroup T , from which we then
obtain CS ./ (ES ∩ LI) ⊆ ES.

Now suppose that S ∈ ES and T ∈ GI. (Since T is locally inverse, this is
equivalent to the hypothesis that T be orthodox). Let (x, e), (y, f) ∈ ES./T . Then
x, y ∈ ES , e, f ∈ ET and ex = x, fy = y. Since T is orthodox, ef ∈ ET . The
calculations involved in computing products may be simplified by choosing g′ = g,
for any idempotent g. Then (x, e)(y, f) = ( efx ey, ef). Since S is E-solid, efx ey
belongs to a subgroup, with inverse ( efx ey)−1, following the notational conventions
of §9. From (iii) of the above Result, ( ef ( efx ey)−1, ef) ∈ V ( efx ey, ef). Using
the fact that ef ( efx ey) = efx ey, it is routinely checked that ( ef ( efx ey)−1, ef)
commutes with ( efx ey, ef). Thus (x, e)(y, f) belongs to a subgroup of S ./ T .
Hence S ./ T is E-solid, completing the proof of sufficiency.

Conversely, it is clear that U,V must be contained in ES. Suppose V 6⊆ GI,
that is, V contains a non-orthodox, E-solid semigroup V , say. Then C(V ) is a
non-orthodox completely regular semigroup in V and, further, some D-class T of
C(V ) is a non-orthodox completely simple semigroup in V. More specifically, T
contains idempotents e, f such that ef 6∈ ET . Also suppose U 6⊆ CS. Thus U
contains a two-element semilattice S = {0, 1}, 0 < 1. We shall show that S ./wr T
is not E-solid. Let α : T → S be any map such that eα = α and (ef)α 6=
(ef)2α. (Since Lef 6= Le, there is no conflict between these requirements.) Let
1 denote the identity map in ST . Then (α, e), (1, f) are idempotents of S ./wr T

and (α, e)(1, f) = ( (ef)0α, ef). Observe that efα 6= (ef)0α, since, for example,

(ef)( efα) = (ef)2α 6= (ef)α = (ef)( (ef)0α). That (α, e)(1, f) cannot belong to a
subgroup then follows from the following:
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Lemma 10.4. Let S be a semilattice and T an E-solid locally inverse semigroup

that acts on S. If (x, y) belongs to a subgroup of S ./ T then yx = y0

x.

Proof. The element (x, y) has an inverse with which it commutes. By (iii) of the

above Result, such an inverse has the form ( y
−1

x, y−1). Now (x, y)( y
−1

x, y−1) =

( y
0

x y0

x, y0) = ( y
0

x, y0), while ( y
−1

x, y−1)(x, y) = ( y
−1

x, y0). Thus y0

x = y−1

x,
from which the desired equation follows. �

This also completes the proof of the proposition. �
Note that if T is a group that acts left unitarily on S, then S ./ T is just

S ∗ T itself. Since we have seen that if S is regular, then S ∗ T is in this case
also regular, S ./ T coincides with Reg (S ∗ T ). Hence, in view of the remarks
following Proposition 10.2, if V is a variety of groups and U is an e-variety of
regular semigroups, then U ./ V = U ∗V, and the results of §5.1 apply.

Theorem 10.5. The following equations hold:

(i) C∞CR(H) = CR(H) ./ G, for all group varieties H;
(ii) in particular, ES = CR ./ G and O = B ./ G;
(iii) LI = S ./ CS.

Proof. The first two statements follow from the previous paragraph, in conjunc-
tion with Theorem 5.2. The third can be deduced from the structure theorem for
EFLIX given in [4]. �

We shall consider the relationship between the two products further in §10.3.

10.2. e-free semigroups. Let U,V be e-varieties of regular semigroups, with V ⊆
LI, such that U ./ V is contained in LI or in ES, as prescribed by Proposition 10.3.
We describe the e-free semigroups in U ./ V, in a similar fashion to §9. (However
the arguments most closely parallel those of §7.1.)

Let X be a nonempty set and let X ′ and X̄ be as in §1. Let T = EFVX and
let S = EFUT×X . (We form (T ×X)′ and T ×X as in §7.1, but do not make the
identifications that were made there.) Now T acts on T ×X by t1(t, x) = (t1t, x)
and on (T ×X)′ by t1(t, x)′ = (t1t, x)

′. The action is by matched mappings, so it
extends to an action of T on S and S ./ T is defined and belongs to U ./ V (cf.
the second paragraph of §7.1).

Define i : X̄ → S ./ T by xi = ((xx′, x), x) and x′i = ((x′, x)′, x′), for x ∈ X .

Since xx′(xx′, x) = (xx′, x) and x′x(x′, x)′ = (x′, x)′ for all x ∈ X , i is well defined.

Theorem 10.6. Let U and V be e-varieties of regular semigroups, with V ⊆ LI
and either U ⊆ LI, or U ⊆ CS and V ⊆ ES, or U ⊆ ES and V ⊆ GI. Let X be
a nonempty set. Let EFVX act on EFUEFVX×X as above. Then EF (U ./ V)X
is isomorphic to the regular subsemigroup of EFUEFVX×X ./ EFVX generated by
{((xx′, x), x) : x ∈ X} ∪ {((x′, x)′, x′) : x ∈ X}.
Proof. Let U,V be as given and let S and T be as above. By Proposition 10.3,
EF (U ./ V)X exists. As in the proof of Theorem 7.1, let U ∈ U, V ∈ V, with V
acting on U , suppose φ : X̄ → U ./ V is a matched mapping, and for each y ∈ X̄,
put yφ = (yU , yV ). For each y ∈ X̄, it is clear that y′V ∈ V (yV ), so by the definition

of U ./ V , yV y
′
V yU = yU and, since φ is matched, the equation yU

yV y′UyU = yU
holds.
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Define β : T → V to be the unique extension to T of the matched map y →
yV , y ∈ X̄. Define α : T ×X → U by (t, x)α = tβxU and (t, x)′α = (tx)βx′U , for
t ∈ T, x ∈ X (cf. the analogous point in the proof of Theorem 9.1). The equations
above imply that α is a matched mapping, whence it extends to a morphism, again
denoted α, from S to U . Again, it is easily verified that ( ts)α = tβsα for all
s ∈ S, t ∈ T . It then follows that the product map θ = α × β : S ./ T → U ./ V
is a morphism. (Owing to the more complicated multiplication, the calculation
required to verify this statement is longer than those in the preceding sections; it
makes use of the fact that morphisms of locally inverse semigroups preserve the ∧
operation.)

A routine calculation verifies that the map i : X̄ → S ./ T is matched. If x ∈ X
then xiθ = ( (xx′)βxU , xV ) = ( xV x

′
V xU , xV ) = (xU , xV ) = xφ; similarly, x′iθ = x′φ.

So iθ = φ. The proof is completed by using Lemma 7.2 in the same way as in the
proof of Theorem 7.1. �

By Result 10.5, e-free E-solid, orthodox and locally inverse semigroups, among
others, can therefore all be described in terms of ‘./’ products, by a uniform method.
When specialized to the case V ⊆ G, if T ×X is identified with T×X̄ in the manner
of §7, then the theorem is precisely the same as Theorem 7.1. On the other hand,
in the case when both U and V are locally inverse, our description in Theorem 10.6
is equivalent to that given in [5].

10.3. Comparing the two products. If T is a completely simple semigroup,
then for any u, v ∈ T and u′ ∈ V (u), u(v ∧ u)u′ is an idempotent H-related to, and
hence equal to, uu′. If T acts on a semigroup S, then for (x, u), (y, v) ∈ S ./ T we
have (x, u)(y, v) = (x uy, uv), and so S ./ T ≤ S∗T . If S is also regular, then S ./ T
is regular and we obtain the following. (As a consequence of this proposition, some
of the inclusions in §3, such as those of Proposition 3.10, are also valid for the ‘./’
product. For instance, an alternative proof of Result 10.1(v) may be obtained in
this way.)

Proposition 10.7. Let S be a regular semigroup and T a completely simple semi-
group. Then S ./ T ≤ Reg (S ∗T ). Hence for any e-variety U of regular semigroups
and any variety V of completely simple semigroups, U ./ V ⊆ U ∗V. �

In fact, we have seen in the discussion preceding Result 10.5 that U ./ V = U∗V
if V is a variety of groups. Note also that from Result 10.5, LI = S ./ CS. Since,
by Corollaries 3.6 and 3.9, S∗CS ⊆ L(S∗G) ⊆ LI, we have S ./ CS = S∗CS = LI
(cf. Result 8.3).

In general, the two products do not coincide, even when the second factor is
completely simple. Perhaps the starkest illustration of the difference between the
two constructions is the following.

Proposition 10.8. For any e-variety U and any variety V of rectangular bands,
U ./ V = U ∨V.

Proof. Let S be a regular semigroup and T a rectangular band. Note first that S×T
is itself a ‘./’-product, with respect to the action of T on S by identity maps. Thus
one inclusion is clear. To prove the other inclusion, it suffices, by Proposition 10.2,
to show that the multiplication in S ./wr T is that of the direct product ST × T .
Let (α, u) ∈ S ./wr T , so that uα = α. Then for any w ∈ T , wα = α, since for
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any t ∈ T , t(wα) = t(wuα) = (twu)α = (tu)α = t( uα) = tα. Making use of the
paragraph before Proposition 10.7, the requisite equation follows. �

Corollary 10.9. The equations I ./ RB = GI and I ./ RZ = RGI hold, where
RGI is the e-variety of right generalized inverse semigroups (orthodox semigroups
whose bands of idempotents are right normal). Hence I ./ RB ⊂ I ∗ RB and
I ./ RZ ⊂ I ∗RZ.

Proof. The equations follow from [9]. The strict inclusions are immediate from
Theorem 4.5, which gives I ∗RZ = LI = I ∗RB. �

Remark. In fact, for any nontrivial variety U of inverse semigroups, U ./ RZ ⊂
U ∗ RZ (and similarly for RB). For we have seen that U ./ RZ contains only
orthodox semigroups. However U∗RZ contains either S∗RZ or H∗RZ, for some
nontrivial group variety, and thus contains either CSR, by Proposition 4.6, or LH,
by Corollary 4.9. But each of these contains a nonorthodox semigroup. �

A comparison of Theorems 9.1 (more accurately, the special cases in §§7,8) and
10.6 leads to the obvious conclusion that the latter’s description involves a simpler
first factor and a simpler set of generators. In general, however, these advan-
tages are offset by the ‘smaller’ e-varieties obtained (as evinced by the proposition
above, for instance) and the more complicated multiplication in the ‘./’ product.
Of course, when the second factor is completely simple, the multiplications coin-
cide. Focusing on the two cases of prime importance, the e-free E-solid and locally
inverse semigroups, in the former case the descriptions are the same; in the lat-
ter case, Theorem 10.6 is apparently simpler — but is dependent on the equation
LI = S ./ CS, which is in turn dependent on Auinger’s description of the e-free
locally inverse semigroups. On the other hand, Corollary 8.2 is based on the equa-
tion LI = I ∗ RZ, which was obtained independently via McAlister’s theorems
(§4). Moreover, in §8 we obtained descriptions of other useful e-free semigroups,
for example, the e-free strict regular and combinatorial strict regular semigroups,
by replacing I by various varieties of inverse semigroups, using §4. Replacing CS in
the equation LI = S ./ CS does not yield the same diversity of e-free semigroups.

Perhaps the best conclusion to be drawn is that each product has its uses. The
‘./’ product is defined for all e-varieties of locally inverse semigroups, for instance;
on the other hand, the ‘∗’-product also allows arbitrary e-varieties in the second
factor (as long as the first is completely simple) — and thus can be applied to
products G ∗V, as in §§5.2 and 8.2, where the ‘./’ product cannot.
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