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LOWER BOUNDS FOR DERIVATIVES OF POLYNOMIALS AND
REMEZ TYPE INEQUALITIES

TAMAS ERDELYI AND PAUL NEVAI

ABSTRACT. P. Turan [Uber die Ableitung von Polynomen, Comositio Math. 7
(1939), 89-95] proved that if all the zeros of a polynomial p lie in the unit inter-

val 1 % [—1,1], then [[p|[ g (1) > +/deg(p)/6 |IpllLoo (1) - Our goal is to study
the feasibility of limp—oo ||}, || x/|lPrlly = oo for sequences of polynomials
{pn}nen whose zeros satisfy certain conditions, and to obtain lower bounds
for derivatives of (generalized) polynomials and Remez type inequalities for
generalized polynomials in various spaces.

1. INTRODUCTION

Markov and Bernstein type inequalities yield estimates of various norms of the
derivatives of polynomials in terms of the (possibly different) norms of the poly-
nomials themselves. For instance, the original A. A. Markov (cf. [11, p. 141])
inequality states that !

(1) 19"l oo (a) < w

Al ||p||L°°(A)

for every algebraic polynomial p and interval A C R. Inequality (1) is sharp; if
n € N and p is the first kind Chebyshev polynomial of degree n associated with the
interval A, then (1) turns into an equality. Such inequalities play an essential role
in proving inverse type theorems for approximation by polynomials; they are the
crucial ingredient of Bernstein’s machinery. It didn’t take long to realize that (1) is
no longer optimal for polynomials satisfying additional conditions. For instance, if
p vanishes at the end points of A then according to a (sharp) inequality of I. Schur
[15, Theorem IV, p. 282]

2[deg(p)] cot 53255
(2) 1Pl a) < A Il
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'In what follows, if A is a Lebesgue measurable subset of either R or T def R/[0,27), then the
Lebesgue measure of A is denoted by either m(A) or |A|.
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4954 TAMAS ERDELYI AND PAUL NEVAI

Under the even more restrictive condition that all the zeros of p are real and lie
outside A, P. Erdés [6, Theorem p. 310] and, according to P. Erdés, J. Eréd 2
proved the (asymptotically sharp) inequality

edeg(p
0 ¥ l~a) < “TH2 Dol -

It was their good friend P. Turdn [16] who asked the very natural question as to
estimating polynomials in terms of their derivatives. He proved that, if all the zeros

of p lie in the unit disk D d:ef{ z:|z| <1}, then

deg(p)
(4) 19| Lo (D) > 5 1Pl o= (p)
[16, Satz I, p. 90], and, if all the zeros of p lie in the unit interval I def [—1,1], then
deg(p)
(5) 1"l oo (1) > % ol Lo (1)
[16, Satz II, p. 91]. As a matter of fact, Turdn proved that
deg(p
© P2 8 ey zeap,
as long as all the zeros of p lie in D, from which not only (4) follows but also®
deg(p)
(7) 1P, 0m) = 5 I1Pllzy;, @D

for all 0 < r < oo and for all nonnegative Borel measures p on the unit circle 9D.

The proof of (6) is surprisingly natural and easy, as opposed to the rather techni-
cal and counterintuitive proof of (5). Therefore, the analogue of (7) for polynomials
with real zeros was and is a much more delicate problem. As a matter of fact, no
such inequality is known in weighted L7 spaces.

The strongest result to date is due to S. P. Zhou [18, Theorem 4, p. 314], who
proved that, if 0 < r < ¢ < ocoand 1 > 1/r—1/¢, then the inverse Markov-Nikol’skif
type inequality

1i_ 1,1
(8) 19"l 2-(1) = C [deg(p)] 22 24 ||pll Loy

holds with a constant C = C(r, ¢) > 0 for every polynomial p whose zeros lie in the
interval I. We refer to the references of [18, pp. 117-118] for a list of papers on this
subject.

Our goal is to study a less ambitious analogue of (7). Namely, in Theorem 2 we
investigate the feasibility of

/
n—oc ||pn|y
for sequences of polynomials {p, },en whose zeros satisfy certain conditions.
Our interest in this problem originates from the study of necessary conditions
for the convergence of various approximation processes when one desperately needs

2We thank Jézsef Szabados for finding out from Paul Erdés that Eréd never published his

result.
3Here and in what follows, if © > 0 is a measure or w > 0 is a function in a set €, then
def ) 1 def 1 . .
I| - ||L§“(Q) = (Jg!|-IPdu)? and || - e @) = (Jo |- [Pw)?, respectively. For convenience, we

will use these notations for all 0 < p < co. If p is the Lebesgue measure or w = 1, we will simply
write || - || r (q)-
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DERIVATIVES OF POLYNOMIALS AND REMEZ INEQUALITIES 4955

limit relations such as (9). Luckily, in most applications one has the necessary
information about the zeros of the polynomials.

Definition 1. Given a polynomial p and a set 2 C C, the number of zeros of p in
Q, counting multiplicities, is denoted by Zq(p).

Our inverse Markov-Nikol’skii type inequality is the following theorem.

Theorem 2. Let 1 <1 <00, 0<g<oo, €N, and m € N. Let {Ar CR}, be
a collection of disjoint bounded intervals of positive length, and let € be a bounded
domain in C*. * Let A=J;", Ay. Letu: A —=RT, v: A —C, andw: A —RF
be such that w € LY(A), u is positive on a subset of A with positive Lebesgue
measure, (|vju)iw € LY(A), v # 0 on a subset of A with positive Lebesgue measure,
and v~ is absolutely continuous in every closed subinterval of the interior of each
Ag, k=1,2,...,m. Assume that for each k = 1,2,...,m, either u=t € L>®(Ay)
or else the function u is bounded and monotonic in Ay. Let {pptnen be a sequence
of algebraic polynomials with zeros in C* such that lim, . Za(p,) = co. Then

(10) i Nn0)Qullpra) _
n—oo ||PnUU||L$U(A)

Remark 3. Without some restrictions on the location of the zeros of {p, }nen, for-

mula (10) is not necessarily true. One of the many examples may be given by
pn(x) e withr=1,u=1v=1 and A = [0,1]. Then all the zeros of p,

are in the unit disk, but
5l (a) 1
= 1 -
lPallzecay = (fw)

Other examples for

i sup 1220l
n—00 ||anU||L$u(A)

may be based on the inequality

()] _ deg(p)
Ip(z)] — dist{x,zeros(p)}’

which follows from the partial fraction decomposition of p’/p .

Remark 4. In general, the weight w in (10) cannot be replaced by positive Borel
measures. For instance, if A = [a,b], u is bounded and nondecreasing on A, v =1,
and dp = wdz + Jé(x —b), that is, we have a mass J at b, and if p, > 0 and p], > 0
in A, then

IPnullLia) < il .

||pnu||L3M(A) Ja
Therefore, it may be interesting to find out what class of positive Borel measures
could replace w in (10).

4Here and in what follows, Rt d:ef{:t:E]R::cZO}7 ct dzef{zEZ:S‘EZZO}, and
7t S nez:n>0}=NU{0}
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4956 TAMAS ERDELYI AND PAUL NEVAI

Remark 5. Clearly, (|v|u)?w € L'(A) must hold. In addition, w € L'(A) cannot be
omitted either. To see this, take, for instance, r =1, ¢ = 1, p,(x) = 2™, A = [a, b
with |a| < |b], v(z) = 1, u(z) = (b — ), v = 1, and w(z) = (b — x)~!. Then the
limit in the right-hand side of (1) is equal to 1.

Remark 6. If 0 < r < 1 then (10) is no longer valid for every 0 < ¢ < oo. Take, for
instance, p,(x) = 2™, £ =1,and A =1[0,1], and let u=1, v =1, and w = 1. Then
the right-hand side of (10) is finite whenever 1 < 1/r —1/g, that is, if 0 < r < 1
and ¢ > r/(1—r).

Corollary 7. Let 1 <r < oo, { €N, and m € N. Let {A;, C R}, be a collection
of disjoint bounded intervals of positive length, and let  be a bounded interval in
R. Let A = |JJ*; Ax. Let u(> 0) € L"(A) be positive on a subset of A with
positive Lebesque measure. Assume that for each k = 1,2,...,m, either u™! €
L>(Ay) or else the function u is bounded and monotonic in Ay. Let {pn}nen be a
sequence of algebraic polynomials with zeros in R such that lim, . Zo(pn) = 0.
Let {gn}nen be a sequence of complex valued functions in A such that gr(f_l) 18
absolutely continuous for every n € N and

(11) lim sup max ||g,£lj)||Loo(A) <oo and limsup|g, " ||re=a) < oo .
neN 1<j<¢ neN

Then
| (Pngn) ull Lrea)

Y4
1 ull 1)

| (Prgn)© ull Lr(a)
£)
llon gnuHLT(A)

If £ = 1, then (12) remains valid even if the conditions that (i) Q is a bounded
interval in R and (i) the zeros of {pn}tnen are in R, are replaced by (i) Q is a
bounded domain in C* and (i) the zeros of {pn}nen are in CT, respectively.

(12) lim inf

n—oo

>1 and liminf

- n— o0

>0.

Remark 8. Note that in Corollary 7 we assume that the zeros of {p, }nen are real
(and ©Q C R) because, in order to prove it, we need to use Theorem 2 not only with

{Pn}nen but with {pg)}neN for j = 1,2,...,£ — 1 as well. Although, if the zeros
of {pn}nen are real, then, by Rolle’s Theorem, lim, . Zo(p,) = oo guarantees

limy, o0 Zo (p%j)) = oo for j > 0, still, generally speaking

lim Zg(pn) =00 #= lim Zg(p),) = o0, QccC.
For instance, ° if g, (2) def Sohoy 2% /K and py,(2) def qn(anz) where a,, is the square
root of the absolute value of the smallest (in absolute value) zero of ¢/,, then, by

Hurwitz’s Theorem (cf. [17, p. 6]), oo is the only limit point for the zeros of {p/, }nen
since lim, o q},(2) = exp(z) # 0 for z € C, whereas

nh—>ngo Z{z:\z\gl}(pn) =0

since limy, 00 gn(2) = exp(z) — 1 and the function exp(z) — 1 vanishes infinitely
many times on the imaginary line.

The trigonometric analogue of Theorem 2 is the following theorem.

5We thank Peter Borwein for this example.
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Theorem 9. Let 1 <r <oo0, 0<g<oo, L €N, andm € N. Let {A, C T}, be
a collection of disjoint bounded intervals of positive length. Let A =|J;" | Ag. Let
u:A—RY v:A—C, andw: A — R be such that w € L*(A), u is positive
on a subset of A with positive Lebesgue measure, (|[vju)?w € L*(A), v # 0 on a
subset of A with positive Lebesque measure, and v~V is absolutely continuous in
every closed subinterval of the interior of each Ay, k = 1,2,...,m. Assume that
for each k = 1,2,...,m, either u=! € L>®(Ay) or else the function u is bounded
and monotonic in Ay. Let {t,}nen be a sequence of trigonometric polynomials with
real zeros such that lim, . Zr(t,) = 00.% Then

(13) i Nn0)Oullr)
n—co |[thvullLe (a)

Remark 10. Note that in Theorem 9, in contrast to Theorem 2, we deal with
trigonometric polynomials with real zeros only. It remains to be seen whether
Theorem 2 can be extended to trigonometric polynomials with complex zeros.

Definition 11. The set of all polynomials, real polynomials, trigonometric polyno-
mials, and real trigonometric polynomials is denoted by P, P", 7, and 7", respec-
tively. Given n € Z™, the set of all polynomials, real polynomials, trigonometric
polynomials, and real trigonometric polynomials of degree at most n is denoted by
Pn, Pl Tp, and T, respectively.

Definition 12. The function

k
f(z):wH|z—zj|Tf, w>0, z;€C, z€C, r; >0,
j=1

is called a nonnegative generalized complex algebraic polynomial, that is, f € NGAP,
of degree N = Z?Zl rj, that is, f € NGAPy. Similarly, the function

k
fe=w]]
j=1

is called a nonnegative generalized complex trigonometric polynomial, that is, f €
NGTP, of degree N = L Y%, r;, that is, f € NGTPy. If f € NGAP or f € NGTP
and zo € R is a zero of f, then the greatest » € R such that f(-)/|- —z0|" € NGAP
or f(-)/|sin((- — z0)/2)|" € NGTP, respectively, is called the multiplicity of z.

|7
Z—ZzZj

2

sin , w>0, 2,€C, z€C, r; >0,

Remark 13. In what follows we will consider both types of generalized polynomials
for real arguments only, and then we can assume without loss of generality that
each zero z; appears in conjugate pairs. For instance, in the algebraic case, just
write
k
f(:c)sz|x—zj|”/2|x—z_j|Tf/2, z €R,

j=1

and in the trigonometric case, write

k
f@)=w]]

|7
T — Zj

2

sin , zeT.

6In other words, lims, oo deg(tn) = oo.
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For real arguments both types of generalized polynomials have derivatives every-
where except at their real zeros with multiplicities at most 1. If f € NGAP or
f € NGTP and 2y € R is a zero of f with multiplicity at most 1, then both the

(finite or infinite) left and right derivatives f/ of f are well defined at zop and they

have the same absolute values, and in this case we set |f’| Lof |fi]. Therefore, if

f € NGAP or f € NGTP then the (finite or infinite) |f'| is well defined in R.

The following two theorems with L°>° and LP Remez type inequalities for gener-
alized polynomials are quite useful.

Theorem 14. There is an absolute constant ¢ € R such that
(14)
”f”L T < exXp (Cdeg(f) S) ||f||L°°(T\A) ) 0<s< 71'/2 )
= | exp (cdeg(f) [log(2m — s)|) | fll Lo (m\4) T/2<s<2m,

holds for every f € NGTP and A C T with m(A) < s. In particular, given
0 < e < 2w, there exists a constant c. € R" such that if m(A) < 2w — € then the

inequality

(15) [f1[Loery < exp (ce deg(f) m(A)) [[f]|Loe(r\a)
holds for every f € NGTP. In other words,

(16) [flloer) < exp (cedeg(f) m(z €T: f(z) 2 1))

holds for every f € NGTP as long as the measure of the set { x € T: f(x) > 1} is
less than or equal to 21 — €.

Remark 15. The case 0 < s < 7/2 in (14) was proved in [4, Theorem 2, p. 257],
and the case 7/2 < s < 27 in (14) was announced in [3, formula (3.10), p. 174].

Theorem 16. Let x be a nonnegative and nondecreasing function in R™ such that
x(-)/(+) is nonincreasing. Let 0 < p < co. Given 0 < § < 2w, there exist two
constants ds € RT and Ds € RT such that the inequality

(17) / Y(f) < (1+ Dy exp (ds pdeg(f) m(A))) / ()

™A
holds for every f € NGTP and for every A C T with m(A) < 27 — 6.

Remark 17. This theorem is a slight extension of [5, Theorem 8, p. 247], where it
was proved for 7r/4 < § < 2.

Generalized polynomials can be estimated in terms of their derivatives by the
following

Theorem 18. Let1 <p< 00,0 < N<o0,0<I'<00,0<6<2m, feNGTPy,
and w € NGTPp. Assume that f has at least one real zero such that u does not
vanish at that zero. Let A =|J Ay where (i) the Ay, C T are disjoint intervals, (i)
the closure of each Ay contains at least one zero of f, (i1i) 6 < m(A) < 27, and

(iv)
(18) I‘m]?x|Ak| sup |cot(z —0)| <

zEA
u(0)=0

N =

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DERIVATIVES OF POLYNOMIALS AND REMEZ INEQUALITIES 4959

Then there exist two constants dsg € RT and Ds € Rt such that

(19) | fllzzm < QPIH]?X|AI€| (1 +Dsexp (ds p(N +T)(2m —m(A)) 1 f | L2y -

The following two corollaries show that the weighted LP type Bernstein and
Markov inequalities (see, for instance, [12, Theorems 6.16 and 6.19, pp. 163-164],
[13, Theorem 5, p. 242], and [2, Theorem 8.4.7, p. 107]) are sharp for polynomials
with sufficiently uniformly distributed zeros.

Corollary 19. Let 1 < p < oo, u € NGTP, m € N, and £ € N. Let {t,}nen be
a sequence of real trigonometric polynomials with deg(t,) < mn for each n € N.
Assume that there is a constant d € RY such that for each n € N there is a
partition | J, 7in = T where (i) 74, C T are disjoint intervals, (i) the closure of each
Tin contains at least one zero of t,, and (ii) m(7y,) < d/n. Then there exists a
constant C € R independent of {tn}nen such that

né tgf) P
(20) lim sup 7” (@HLu(T) <
n—oo nd|tn’| Lz (1)

Corollary 20. Let A C R be an interval with endpoints, say, a < b, and let
wa (x) . Vb—2x)(x—a) forx € A. Let 1 <p < oo, u € NGAP, m € N, and
€ N. Let {pn}nen be a sequence of real algebraic polynomials with deg(p,) < mn
for each n € N. Assume that there is a constant d € R™ such that for each n € N
there is a partition \J; 7, = [0, 7] where (i) Tin, C [0,7] are disjoint intervals, (i)
the closure of each Y52 cos(ti,) + Y£2 contains at least one zero of p, and (iii)
m(7in) < d/n. Then there exists a constant C € RY independent of {pnnen such
that

. n[1pf s (a) ,
(21) lim sup =5 O <C, i=0,1,....,0—1.

n—oo "j”wA 'pn ||Lﬁ(A) B

In Theorem 18 and Corollaries 19 and 20 we apply Remez type inequalities to
generalized polynomials to obtain estimates in the entire set T for trigonometric
polynomials and in an interval, say A, for algebraic polynomials. In the following
theorem and in two of its corollaries we prove similar inequalities for more general
functions with sufficiently many zeros which are valid only on subsets of T or A,
though these subsets, generally speaking, are close to T or A, and so they are useful
in applications.

Theorem 21. Let

r;
Z—Zj

k
(22)  wu(z) d:EfH sin , zjeT, zeT, I'; €R, 2’ d:efZ|l"j|,
Jj=1 J

be fized. Let 7 = |J, 7 where 7; C T are disjoint intervals. Let 1 < p < oo and let
€ > 0. Let f be differentiable almost everywhere in each 7;, and let | f|P be absolutely
continuous in each 7;. Let the closure of each T; contain at least one zero of f. Let
i, be those intervals T;, for which dist(r;,,{z;}) > €. Let A =J, 7i,. Then

(23) 1fllza) < psupm(r) exp (supmm) rw/e) 17z -
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Corollary 22. Let u be given by (22). Let 1 < p < oo, £ € N, and let {e,}nen be

a positive sequence such that liminf, ., ne, > 0. Let {fn}nen be such that f,(f)
erists almost everywhere in T, and |f7(f_l)|p is absolutely continuous in T for each
n € N. If £ > 1 then we also assume that each f, is real valued. Assume that
there is a constant d € RT such that for each n € N there is a partition Ui Tin = T
where (i) T, C T are disjoint intervals, (ii) the closure of each 7, contains at least
one zero of f, and (iii) m(7iy) < d/n. Then there exist a sequence of open sets
{A,, C T}pen with limy,—oo m(T\ Ay) =0 and a constant C € RT independent of
{fn}nen such that
2y £()

o o 1 )
n—oo nI| fn’|lLr(aL)

Corollary 23. Let A C R be an interval with endpoints, say, a < b, and let

wa (x) dzef\/(b— x)(z —a) forx € A. Let
2
(25) u(z) dzefH|z—zj|Ff, z; €A, ze A, T eR,
j=1

be fizred. Let 1 < p < oo, £ € N, and let {€,}nen be a positive sequence such that
liminf, o ne, > 0. Let {fn}nen be such that f,(f) ezists almost everywhere in
A, and |f7(f_1)|p is absolutely continuous in A for each n € N. If £ > 1 then we
also assume that each f, is real valued. Assume that there is a constant d € R
such that for each n € N there is a partition | J, Tin = [0, 7] where (i) T, C [0,7]
are disjoint intervals, (ii) the closure of each 5% cos(tin) + Y% contains at least
one zero of py, and (iii) m(r,) < d/n. Then there exist a sequence of open sets
{A,, C A}pen with limy, oo m(A\ A,) =0 and a constant C € R independent of

{fn}nen such that

n’ T(Lj) »
. 11108

1= (0
n—oo ni|wy Jff(l)HLﬁ(An)

<C, §=01,....0—1.

2. PROOFs OF THEOREM 2, COROLLARY 7, AND THEOREM 9
To prove Theorem 2, we need the following lemma.

Lemma 24. Given a number 0 < p < oo, an interval A C R of positive length,
a function o > 0 with 0 < fAU < 00, and an integer k > 0, then there exists a
constant B € RY such that if f : A — R is k-times continuously differentiable in
the interior of A, then”

(27) in

(k) ‘< »
inf |10 (@)| < B fllrza -

Remark 25. Tt would be interesting to find the optimal value of the constant B in

(27) for various classes of functions. For instance, if ¢ = 1, then it is easy to show
that the optimal value Bopt, of the constant B satisfies

% +1\ "
Bops < (k+1)! (W) I fllLr(a) -

"We emphasize that B is independent of f.
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Remark 26. If k > 0, then inequality (27) no longer holds for all complez valued

functions. To see this, take, for instance, f ef exp(iA-).

Proof of Lemma 24. If k = 0 then for 0 < p < oo inequality (27) follows from the
(first) mean value theorem for integrals, whereas for p = oo it is straightforward.
Otherwise, we find k + 1 disjoint closed intervals 7; C A° such that 0 < ij o < oo
for j =1,2,...,k+ 1. By the case k = 0, we can pick £+ 1 points z; € 7; such
that

def . .
[f(zp)l = min|f(@)| < Buj gy 7=152.. k+1,

(B1,; € R is independent of f) so that the divided difference

k+1

def f(x))

[$17$27-~-7$k 1;f] -
" = (25 = 21)
(cf. [10, formula (1), p. 7]) satisfies

[z, 22, ..., 2ppns fI < B || fll oz eay

(B2 € RT is independent of f) since min; [],_; [2; —2x| > min; [, ; dist(7;, 7)) >
0. Therefore, inequality (27) follows from the mean value theorem for divided
differences (cf. [10, formula (2), p. 6]). |

Proof of Theorem 2 . The basic idea of the proof is to show that if (10) were not
true then there would be a sequence of algebraic polynomials which would converge
to an entire function locally uniformly in C such that (i) this function would not
vanish identically in C, and (ii) it would have infinitely many zeros in a bounded
domain. The details are given as follows.

In view of Holder’s inequality, it is sufficient to prove (10) for r = 1.

Step 1. We will prove (10 for m =1 (A = A;) when u = 1. We can assume that
[v]2w > 0 on a set of positive Lebesgue measure.

If (10) were not true then there would be a sequence of algebraic polynomials
{Pn}nen with zeros in C* satisfying

() lim Zo@n)=co. (i) [lavllsgm =1

28 ees ~
(28) (iii) sup 1(Bn0) L2y < o0
ne

We claim that the sequences {p,v}nen and {(Pnv) }nen are bounded in L>°(A)
and L'(A), respectively, that is,
(29) Sup |[Pnv|| oo (a) < 00 and sup || (Pnv)'[|L1(a) < 00 .
neN neN
Applying Lemma 24 with p=¢, k=0 -1, 0 = w, and f = R(p,v), and using (ii)
and (iii) in (28), we obtain

(30) Su§||%(]5nv)(é_l)||L°°(A) <00,
ne

and, similarly,

(31) SU§||3(]5nU)(Z_1)||Lw(A) <00,
ne
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4962 TAMAS ERDELYI AND PAUL NEVAI

that is, (29) holds if ¢ = 1. If £ > 1, then we can use Lemma 24 repeatedly with
f=R@nv) and f = S(Prv) to show that (30) and (31) together with (ii) in (28)

imply

ilé§||§R(ﬁnU)(k)||Loo(A)<oo, k=¢-2,0-3,...,0,
and

ilé§||%(ﬁnv)(k)||mo(m<oo, k=¢-2,0-3,...,0,

so that (29) holds for £ > 0 as well.
Using (29), we can apply Helly’s Selection Theorem (cf. [8, p. 56]) to pick a
subsequence {Pn, }ken such that lim, oo Pp, (x)v(z) exists for every x € A. Let

f(z) 2 imy, oo Py, () 1y20(z) for z € A® By Lebesgue’s Dominated Convergence
Theorem,

(32) L= P, vl Lg (a) L I follzeay >

so that f exists and f # Oonaset E C {t:v(t) # 0} C A with positive
Lebesgue measure. Thus, by a theorem of B. Ya. Levin in [9, Theorem 2, p. 385]
(cf. [1, Corollary 1.3, p. 110]), the limit f.(2) ' limy, e D, (2) exists locally
uniformly in C, where f. is an entire function (from the Pdlya-Obrechkoff class).
Since limy, oo Za(Pn,,) = oo (cf. (i) in (28)), by Hurwitz’s Theorem (cf. [17, p. 6]),
fe = 0. This contradicts (32), since f.v = fv in A. Therefore,

(0
() tim 120l
n—oo ”anHL,‘L(A)
Step 2. We will prove (10) for m =1 (A = A;) when u=! € L®°(A). This follows
immediately from what we have already proved in Step 1 applied with u?w in place
of w, since

1(pa0) Vullra)y 2l 1z ) 1 Pa0) Ol a) -

Step 3. We will prove (10) for m =1 (A = A;) when u is bounded and monotonic
in A. We can assume that u does not vanish inside A since otherwise u would vanish
on a subinterval of A sharing an endpoint with A, and then we could replace A by
a smaller interval without changing any of the integrals in (10).

Write A as the union of two intervals, A = A’ U A”, where u € L>(A’) but
infaru = 0 and u=t € L®(A”). If |A’| = 0 then we are back to Step 2 and,
therefore, (10) holds. Otherwise, we can always assume that |[A”| > 0, and then

1Pn0) ullzia) _ [@a0)Oullrran + 11@av)OulLran
||PnW||L?U(A) :

q

(”pnvu”%;{](g) + ||anU||qL?U(A,,))

{ ”(pnv)(z)u”Ll(A’) ”(pnv)(z)uHLl(A“) }

||an||Lz,(A/) ’ ||an||Lz,(A~)

(34) > i; min

24q
We need to prove that

() ,
(35) T ik TATES
n—00 ||an||L?u(A/)

8Here and in what follows, the characteristic function of a set £ is denoted by 1¢.
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since by Step 2

(36) i 120 Oulzran
n—oo |IpnvullLg,anm

If (Jvju)?w = 0 a.e. in A’, then (35) is certainly true. Now assume that (Jv|u)%w > 0
on a set of positive Lebesgue measure in A’. If (35) were not true then, analogously
to Step 1, there would be a sequence of algebraic polynomials {p, }nen with zeros
in C* satisfying

(i) lim Zo(pn) =00, (i) ”ﬁnquL&(A’) =1,

37 e ~
(37) (i) sup [|(Pr0) Dl ary < o0
ne
As in Step 1, we claim that the sequences {ppvu}nen and {(ppvu) }nen are

bounded in L>(A’) and L'(A’), respectively, that is,

(38) sup ||pnvul| e (any < 00 and sup || (Pnv) ul| L1(ary < o0 .
neN neN

To this end we pick a closed interval A* C (A’)° such that [,.u%w > 0. We use
Lemma 27 in the interval A* with p = ¢, k = £—1, 0 = u%w, and with the functions
f = R(Dnv) and f = S(pnv), to show that for each n € N there are x,, € A* and
Yn € A* such that

sup |R(pn0) Y ()

< B [[prvull L, (ax)
neN

and

sup [$(p0) 1 ()| < B [Prvulzgar
ne

with a constant B* < oo, that is, by (ii) in (37),
sup [R(5,o)D(wa)| < B and  sup [S(@0) D (ga)| < B
neN neN

Since
|(]5nv)(é_1)(x)| Sla%(ﬁnv)(é_l)(xn)l + |%(]5nv)(é_1)(yn)|

Tn Un
+ / (ﬁnv)(e)” + / (ﬁnv)(z)” , zeAN, neN,
we have
|(Bn) "D (@)u(z)] < 2B u(z)
u(@) 5 0)© |
+ u(t) /m (Pnv)Vu
t between x and x,,
Yn
" u(CC) / (ﬁnv)(f)u‘ , wE€ A/, neN,
u(t) | Jz
t between z and y,,
that is,
|(B00) D @)ul)| < 2B" u(w)
+ 2 sup <Lx)> /t (p v)(é)u‘ reA, neN
tear \min{u(z), u(t)} L '
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(u is monotone between the points « and x,, and the points = and y,,), so that

SU§||(]5nU)(Z_1)U||Lw(A/) < 2B [Jullp=(an
ne

l[ullL=ar ) /
+2(1+ ——— | su
( nfyea-u(t) ) ek Ja
Therefore, in view of (iii) in (37), the inequalities in (38) hold if £ = 1. If £ > 1 then

we can use the above argument with Lemma 24 repeatedly to show that inequality
(i) in (37), sup,en [|(Bnv)“~Dul|po(ary < 0o, implies

(ﬁnv)(é)u‘ <00

SUI§||(ﬁnU)(k)U||Lw(A/) <oo, k=(-2(-3,...,0,
ne

and, therefore, (38) holds for ¢ > 1 as well.
Now we pick a sequence of closed intervals {I;};en such that I; C (I;11)° and
Ujen ; = (A)°. Then, since u*! € L°°(1;) for j € N, by (38),

sup [|pnvlloe(r;) <00 and  sup ||(]5nv)’||L1(1j) <00, jeN,
neN neN

so that, by Helly’s Selection Theorem (cf. [8, p. 56]), for each j € N we can pick an
infinite subsequence {ny ;} such that {ni;} C {ng -1}, where {ngo} def N, and

limy, o0 Pny,, (z)v(2) exists for every = € I;. Let f(x) M im, o P p () Loz ()
for every x € (A’)°. Then, by (ii) in (37), (38), and by Lebesgue’s Dominated
Convergence Theorem,

(39) L= ||Pny, vullLg, (A e Il foull e ary

so that f exists and f 20 onaset E C A'N{¢:v(t) #0 } with positive Lebesgue
measure. Thus, just as in Step 1, by B. Ya. Levin’s theorem in [9, Theorem 2,
p. 385] (cf. [1, Corollary 1.3, p. 110]), the limit f.(2) ' Yimp,— oo Py, i (2) exists
locally uniformly in C, where f. is an entire function (from the Pélya-Obrechkoff
class). Since lim,, .o Zo(Pn, ;) = 00, by Hurwitz’s Theorem (cf. [17, p. 6]), f = 0.
This contradicts (39) since f.v = fv in (A’)°. Therefore,

(40) i 120 Ol
n—oo |[|pnvullze,a)

Step 4. The case when m > 1 follows from the case when m = 1, since

[(pn0) Dullray Dy 1(Pav)OullLia,

)
1
q

[PnvullLs,a m
W (S vl a,))
1 nv (Om
> _~_  min ||(p ) ||L1(Ak) '
mi 1<k<m | pnvullpgay)
'[Ak I'U‘>0
Therefore, we have completed the proof of (10) in its entire generality. O
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Proof of Corollary 7. By Leibniz’s rule, we have

£ £
| ug) P ullira) o | @agn)® ullira)

4 —1 = — 4
P ulloray lont Izt ) I8 gnulloca)

V. 4

ooy ()l ok iy

= 7 (€) 1)1 ’
”pn UHLT(A) ||gn ”Loo(A)

j=1

so that, in view of (11), Theorem 2, applied to {pg_j)}neN for j =1,2,...,¢ with
v =1 and w = 1, immediately yields (12).° O

Proof of Theorem 9. The proof is essentially the same as that of Theorem 2 with
some modifications. Instead of giving a complete proof we will only concentrate on
the differences between the two proofs.

In view of Holder’s inequality, it is sufficient to prove (13) for » = 1. Since the
zeros of each t,, are real, we can assume that each ¢, itself is real for n € Z* as
well. Moreover, since

N(tw0)Oullira)
[tnvull g, (a)
1 . {||<tnm><f>u||p<m ||<tnsv><f>u||m<m}

> ——— _—min )
gmax{1,1/q} [tn(Ro)ullLg (a) [tn(Sv)ullLg ()
we can also assume that v: A — R.

Step 1. We will outline the proof of (13) for m =1 (A = Ay) when u = 1. We
can assume that |v|?w > 0 on a set of positive Lebesgue measure.

If (13) were not true then there would be a sequence of real trigonometric poly-
nomials {f, },en with real zeros satisfying

() lim Ze() =oco, (i) [iaeliya) =1,

41 -
(41) (iii) sup ||(tnv)(£)||L1(A) <00,
neN
We claim that
(42) sup ||fnv||Loo(A) < 00 and sup ||(fnv)’||L1(A) < 00.
neN neN

Applying Lemma 24 with p =¢q, k={¢—1, 0 = w, and f = {,v, and using (ii) and
(iii) in (41), we obtain

(43) su}gI ||(En'l})(e_l)||Loo(A) <00,
ne

that is, (42) holds if £ = 1. If £ > 1 then we can use Lemma 24 repeatedly with
f = t,v to show that (43) together with (ii) in (41) implies

sup [|(£,0) P poo(ay <00, k=€-2,0-3,...,0,
neN
so that (42) holds for £ > 0 as well.

9Note that if £ > 1 then, since the zeros of {pp }nen are real and limp— oo Za(pn) = oo (2 C R),

Rolle’s Theorem yields limy,— oo Zg(pgffj)) =oo for j =1,2,...,£ — 1, so that Theorem 2 may
indeed be used.
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Using (42), we can apply Helly’s Selection Theorem (cf. [8, p. 56]) to pick a

subsequence {t,, }xen such that lim, . tn, (7)v(z) exists for every x € A. Let
def T

f(z) = limy,—00 tn,, (@) Lyzo(z) for z € A. By Lebesgue’s Dominated Convergence
Theorem,
(44) 1= Pnollisa) = IFolzaca)

so that f exists and f #0onaset E C {t:v(t) #0 } C A with positive Lebesgue
measure. Let xz € E be a Lebesgue density point of E, that is, let

lim |(xg —h,zs + h) ﬁE| _
h10 2h N

(cf. [14, Theorem, p. 13]). Fix 0 < e < 1 and pick 0 < h < 7 such that
|(1‘£—h,$g+h)ﬂE| > (2—6)h.

1

Let B, € (B —22)N (=h,h) N (zz — E). 1° Then E, = E_,, and
|Eh| > |E—:Z?L‘|—|—|$L‘—E|—2h2 (2—6)h+(2—6)h—2h=2h(1—6) >O,

and, therefore, |arccos(En, N (0,h))] > 0 as well. Let the sequence of algebraic

polynomials {p,, }ren be defined by py, (cosz) def tn, (2 + 2)tn, (g — ). Then

limy, .00 Py (cos ) = f(ze + z)f(xe — ) # 0 for @ € E, N (0,R), that is, f, ef

lim,,— o0 Pn, # 0 on the set arccos(Epn N (0,h)) C [—1,1], which is of positive
measure. Thus, by a theorem of B. Ya. Levin in [9, Theorem 2, p. 385] (cf.

[1, Corollary 1.3, p. 110]), the limit fo(2) % lim,— oo fn, () exists locally uni-

formly in C, where f, is an entire function (from the Pélya-Obrechkoff class). Since
limy, o0 Z[—1,1](Pn,) = 00 (cf. (i) in (41)), by Hurwitz’s Theorem (cf. [17, p. 6]),
fe =0. This is a contradiction since f. = f, # 0 in arccos(Ey N (0, h)). Therefore,

(45) i 12l
n—oo |tnvllLg,(a)

Step 2. The case when m = 1 and u~! € L°°(A) follows from Step 1 the same
way as it does in Step 2 in the proof of Theorem 2.

Step 3. The case when m = 1 and wu is bounded and monotonic in A is proved
analogously to Step 3 in the proof of Theorem 2 using the same modifications as
in Step 1, that is, by considering the subsequence

~ def
{pnk (COS ) = tn, (1‘5 + ')tnk (1‘5 - )}
as opposed to the choice of {py, } in Step 3 in the proof of Theorem 2.

Step 4. The case when m > 1 follows from the case when m = 1 in the same way
as it does in Theorem 2.

Therefore, we have completed the (outline of the) proof of (13) in its entire
generality. O

10Here and in what follows, given a set © and numbers p; € C and pa € C, we use the notation
def
o1+ p20 = {p1 +pat : t € OF.
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3. PROOFS OF RESULTS ON GENERALIZED POLYNOMIALS

The proof of Theorem 14 is based on the following lemma.

Lemma 27. There exists a constant ¢ € RY such that for every closed interval
7 C T of length w/4 and for every Tm/4 < s < 27 the inequality

(46)  [ltllzoe(r—n/a) < exp(cdeg(t) [log(2m = 5)|) [tlLoea), €T,
holds for every set A C T with m(A) > 2w — s.

Proof of Lemma 27. Without loss of generality we assume 7 = [r/4,7/2]. Fix
neN, Tr/4<s<2m and y € [0,7/4). Let

T7(s) Yt e T m({aen/dn/2: |tx) <1} >2r—s}.

A standard compactness argument shows that there exists t* € 7,7 such that

(47) [t*(y)| = sup [t(y)].
teTr(s)

We will show that the set

(48) ME) S {ver/a,n/2): tx) <1}

is an interval. Clearly, there is m € N such that
(49) M) = | Mi(t) |
k=1

where the sets M (t*) are disjoint closed subintervals of [/4,7/2]. Hence, our job
is to show that m = 1 in (49).

First, we claim that all the zeros of t* are real. If not then t*({) = 0 for some
¢ € C\ R, and then for sufficiently small ; > 0 and 72 > 0 the polynomial

22—y
sin
A4q)t(z) [1- 22 2
sin ZEC sin ch

also belongs to 7,7 (s), which contradicts the extremality of ¢*.

Second, we claim that all the zeros of ¢* (more precisely, those which are in
[0,27)) lie in [w/4, 7/2]. If not then t*({) = 0 for some ¢ € T\ [7/4,7/2], and then
for sufficiently small 1, > 0 and 75 > 0 the polynomial

com—2C\ a2
7)2 SgN (sm 7 )sm =4

z=¢
2

(L +n)t"(z) | 1 -

sin

also belongs to 7,7 (s) which contradicts the extremality of ¢*.

Third, we claim that each component My(t*) in (49) contains at least one zero
of t*. This follows from the observation that if there is more then one component,
then between consecutive components ¢* has an extremal point so that (¢*) van-
ishes there, and, therefore, the the zeros of t* and (¢*)" can interlace only if each
component contains at least one zero of t*.

Finally, we claim that m in (49) is indeed equal to 1. If not, then let M;(¢t*) and
M5 (t*) be the closest and the second closest components of M (¢*) to /4, and let
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(; denote the zeros of t* in M;(t*). Then the polynomial

Z—Cj—diSt(Ml (t™),M2(t"))

. sin
# 1] -
2

j sin

also belongs to 7,7 (s), which contradicts the extremality of ¢*.
Hence, M (¢*) in (48) is an interval so that [¢*] < 1 in an interval of length at
least 2m — s, and then, by [4, Lemma 3, p. 257],

[ oo (ry < Ton (1/sin(m/2 — s/4))
where T, denotes the first kind Chebysev polynomial of degree 2n, that is, T5,(x)
def cos(2n arccos z). Therefore, by routine estimates,
[[t]| o< (r) < exp(cn|log(2m — s)|),

with an appropriate absolute constant ¢ > 0. By the extremality of t* (cf. (47)),
we obtain

(50) [t(y)| < exp(cn|log(2m —s)|),  teT,(s).

Finally, pick ¢t € 7" and A C [v/4,7/2] with m(A) > 27 — s. Let n = deg(¢).
Then t/[t[| Lo (a) € 7,; (5), so that (46) in Lemma 27 follows from (50) applied with
t/|[t]| Lo (a) in place of ¢. O

Proof of Theorem 14. The case 0 < s < w/2 in (14) was proved in [4, Theorem 2,
p. 257], and, therefore, we will consider only the case 7/2 < s < 27 in (14). Let
A C T with m(A) <'s. Then there is a closed interval 7 C T such that m(7) = 7 /4
and m((T\ A)N7) > (2r — 5)/8. By Lemma 27, applied with 77/4 + s/8 in place

of s,

[tll oo (r—r/a) < exp(cdeg(t) [log(m/4 — 5/8)) ([t Lee(ria)y,  tET".
On the other hand, by [4, Lemma 3, p. 257],

[t Lo (r) < Todeg(r) (1/ sin(m/16)) ([t poc(ransay,  tE€T",
where T, denotes the first kind Chebysev polynomial of degree n, that is, T,,(z) def
cos(n arccos z). Combining the last two inequalities, we obtain
[t Lo (1) < Taacg(r) (1/ sin(m/16)) exp(cdeg(t) [log(m/4 = 5/8)[) ||t Lo (m\a)
teT",

that is,
(1) [[tllpee(r) < exp(c” deg(t)|log(m/4 — s/8)]) [[tlLoe(may, t€T",

with an appropriate constant c* € RT.
If f € NGAP is of the form f(x) = WH§:1 |z — z;j|™ with rational exponents
rj, say r; = ¢;/q, where ¢; € N and ¢ € N, then applying (51) with ¢ def f%4, the

case /2 < s < 27 in (14) follows with the same constant c 4 ¢+ Once there is
an absolute constant ¢ € RT such that (14) holds for all f € NGAP with rational
exponents, it can be extended to all f € NGAP by approximating the exponents
with rational numbers. Therefore, inequality (14) has been completely proved. O
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Proof of Theorem 16. We will expand and extend the proof of [5, Theorem 8,
p. 251]. Let 0 < p < 00, 0 < 6 < 27, f € NGTP, and A C T with m(A4) < 27x — 6.
Let

def 27 — 5/2
52 — et 27
(52) 5= %64 2 — 6

and let cs/o be defined by (16) applied with € = /2. Define

{2 eT:x(f(z) = exp (—csadeg(f) s) [X(H)l=(m} -
If f(x) > exp(— cs/2 deg(f) s)|| fllLee(r) then, since x is nondecreasing,

X(f(@)) = x (exp (= cs /2 deg(f) 8) 1 fllz=(r)) ,
and then, since x(-)/(+) is nonincreasing as well,

X(f(x)) > exp (—csja deg(f) s) x ([ fllL=(T)) -
Hence J(f) C I(f), where

def
{zeT: f(x) > exp(—cspdeg(f) s) | flzem} -
We claim that m(J(f)) > s. If not, then there is n > 0 such that
_2m—06/2

m(xeT:g(x)>1)<s=——"—m(A) <21 —§/2,
2r — 6

m(A)

dcf
I(f

where
9% (1 + ) exp (cspadeg(f) 8) | F 75 ) S,
so that, by (16)
(14 1) exp (cs2 deg(f) s) = llgllLoe(m)
<exp (cspdeg(f) m(z € T:g(x) >1)) < exp(csa deg(f) s)

which leads to the contradiction that n < 0. Thus, m(J(f)) > s, and then
m(I(f)) > s as well, since J(f) C I(f).

Let
KT\ A)NI()).
Since m(I(f)) > s and m(T\ A) = 27 — m(A), we have 2m(K) > s+ 27 — m(A4) —
21 = (6/2)m(A)/(2m — &) (cf. 52). 1 Therefore,

[ < [ ||Loom=m<A>||x<f>||f;o
4(2m = ¢) P P
< D (RN ey = 25 [ NI

Hence, since K C I(f),

_ r_
JREUEE (wz T2 pdea() m<A>> .

1f S; and Ss are two sets then S; = (S1 N S2) U (S1 \ S2) and Sz = (S1 N S2) U (S2 \ S1).
Hence, m(S1) + m(S2) = 2m(S1 N S2) + m(S1 \ S2) + m(S2 \ S1), so that 2m(S1 N S2) >
m(S1) + m(S2) — m(S1 U S2).
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and, finally, since K C T\ A,

r_ 8
[ < = o (Cm T2 pden() m(A>> L

Theorem 16 is completely proved. O

Proof of Theorem 18. First assume that p = 1. Fix one of the component intervals
in A =J Ay, say, Ag,. Then

f(@ulz) < / (fu)|,  x€ Ay,

Ako

/Ako fu< |Ako|/Ako (Fu)],

so that

that is,

fusidul [ 1flu 18] [ ],
AkO AkO AkO

where the second term on the right-hand side vanishes if I' = 0. Hence, for T" > 0,

!/

t
/ fuﬁlAkOI/ Pt A sup XD 5y
N A tear, u(t) Ja,,

If w is given by

u(z):wH sin% , w>0,2€C, z€C, r; >0, 21"d:Cerj,
J J
then, by (18),
"(t Ty 1
Al sup PO < 120 ot — 2y < L
teAg, ’U,(t) 2 teAy, 2

Zj

Therefore, for all I" > 0,
[ susaanl [ 17
Ako Ako

Since this is true for each component interval of A, we obtain

/fu§2max|Ak|/ |f’|u§2maX|Ak|/|f'|u,
A k A k T

and then (19) follows immediately from Theorem 16 applied with p = 1 and x = 1.
Once (19) holds with p = 1, we can use it with f replaced by f? € NGTP,y ,
and then (19) follows for all 1 < p < oo from Hélder’s inequality. O

Proof of Corollary 19.

Step 1. If £ =1 and j = 0 in (20), then we can apply Theorem 18 after making

the following two observations. First, if ¢, € 7" then f def [tn| € NGTPgyeg(s,)
and |f'| = |(|tn])'| = |t,| everywhere except at the zeros of f (cf. Remark 13).
Second, we can choose a constant ¢c; € R such that, if for each n € N we pick only

those intervals 7;, , for which dist(7;, n,{zeros of u}) > cq1 /n, then Ay def Tip.m
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satisfy (18), and 27 —co /n < m(|J Ax) < 27 with an appropriate constant c; € R
independently of n.

Step 2. If { > 1 and j = ¢ — 1 in (20), then we can apply Step 1 with t,(f_l) in

place of t,, after observing that if the closure of each 7, contains at least one zero
of t,, then, by Rolle’s Theorem, the closure of each Uzjjf_2 Ti= n contains at least
one zero of tgf_l), so that a new set of intervals {7} can be formed by joining
sufficiently many adjacent ones (or their closures) from the original set {7, } in
such a way that for the new set (i) 75, C T are disjoint intervals, (ii) the closure
of each 7}, contains at least one zero of 7Y and (iil) m(7n) < d* /n with an
appropriate constant d* € RT.

Step 3. If { > 1 and 0 < j < £—1 in (20) then we just write the fraction in
(20) as the product of ratios with consecutive derivatives, and use Step 2 with each
term. |

Proof of Corollary 20. If j = £— 1 in (20), then it follows immediately from Corol-

lary 19 applied with ¢,,(-) % p, (252 cos(-) + &£2). Otherwise, we just write the
fraction in (21) as the product of ratios with consecutive derivatives, and apply
what we have proved already to each term. O

The following lemma is very simple and very useful.

Lemma 28. Let A = Uk Ay, where Ay are disjoint intervals either in R or in T.
Let 1 < p < co. Let f be differentiable almost everywhere in each Ay, and let |f|P
be absolutely continuous in each Ay. Let the closure of each Ay contain at least
one zero of f. Let uw > 0 be Lebesqgue measurable in A. Then

(53) £l a) < pSL;pm(Ak) sgp (el oo ag) lu™ o an) 1 22 -
Proof of Lemma 28. Fix one of the component intervals in A = (J Ay, say, Ag,.
Then
f@P<p [CIFIPT we
ko
so that

[ 1< pm s b sy [P
ko

ko

Now add up these inequalities, and then use Holder’s inequality to obtain (53). O

Proof of Theorem 21. Inequality (23) follows directly from Lemma 28 by observing
that

u(y) 1 Yooz =z )
m:exp §;iFj/z cot 5 L dz | <exp(lx —y|r/dist(r,, {2;}))

for z,y € 1, O

Proof of Corollary 22. If £ = 1 and 7 = 0 in (24), then it follows directly from
Theorem 21. If £ > 1 and j = ¢ — 1 in (24), then we can use Rolle’s Theorem just
as in Step 2 in the proof of Corollary 19. If £ > 1 and 0 < j < £ — 1 in (24), then
we can proceed again as in Step 3 in the proof of Corollary 19. O
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Proof of Corollary 23. We just repeat the proof of Corollary 20. That is, if j =

¢ —1 in (26) then it follows immediately from Corollary 22 applied with ¢,(-) =

def

Dn, (b_T“ cos(+) + Z’JQF—“), and, otherwise, we write the fraction in (26) as the product

of ratios with consecutive derivatives, and apply what we have proved already to
each term. O
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