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LEXICOGRAPHIC TAF ALGEBRAS

JUSTIN R. PETERS AND YIU TUNG POON

ABSTRACT. Lexicographic TAF algebras constitute a class of triangular AF
algebras which are determined by a countable ordered set €2, a dimension func-
tion, and a third parameter. While some of the important examples of TAF
algebras belong to the class, most algebras in this class have not been stud-
ied. The semigroupoid of the algebra, the lattice of invariant projections, the
Jacobson radical, and for some cases the automorphism group are computed.
Necessary and sufficient conditions for analyticity are given. The results often
involve the order properties of the set 2.

0. INTRODUCTION

This paper treats a class of triangular subalgebras of AF C*-algebras which are
called lexicographic TAF algebras and are defined in terms of a countable ordered
set, (2. The familiar examples of the refinement algebra, the standard algebra and
the alternation algebra belong to this class; however, most of the TAF algebras in
this class have not previously been studied. Although the class is quite broad, the
same techniques can be employed on TAF algebras in the class to provide informa-
tion regarding the semigroupoid of the algebra, the lattice of invariant projections,
analyticity, the Jacobson radical, and (in some cases) the automorphism group.
The statements of the results often involve the order-properties of the set 2.

In [Pr 2] and [Pr 3], S. Power studied lexicographic TAF algebras of the form
T = lii>n(Tn, ©n), where T, is the subalgebra of upper triangular k,, x k, complex
matrices, and the regular embedding ¢, : T, — T,4+1 is ‘lexicographic’. (See Sec.
I.) The class considered here, which generalizes Power’s algebras, can be viewed in
terms of ordered Bratteli diagrams. Fix a positive integer L. The diagram consists
of edges connecting the n'* vertex set V;, with the n + 1%, V,,.1. Each V,, contains

L vertices v(()"), . ,U(L”_)l. One can build a diagram as follows: for each n one can

choose edges e arbitrarily with source vertex vé") and range in V1. The edges

with source v;”) are then obtained by translation; that is, there is an edge from

Uj(-n) to v,(c"H) if and only if there is an edge from v(g") to v,(i’;l) (arithmetic mod

L). Multiple edges are allowed; also, the ordering of the edges with source vj(-”)

determined by that of the edges with source vertex v(()”). The diagram corresponds

to a sequence of finite dimensional triangular algebras 7,,. The diagonal matrix
units in 7, are identified with paths, which are concatenations of edges. These
matrix units are ordered in a way determined both by the ordering of the edges
which constitute the path, as well as the ordering of the set . (See Sec. II.) The

is
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4826 JUSTIN R. PETERS AND YIU TUNG POON

algebras studied in [Pr 2] and [Pr 3] are those for which L = 1, the single vertex
diagrams. Also see [Wa].

Section I introduces the basic notion of a lexicographic inductive system, ({2, @).
Such systems are characterized in terms of properties of commutative diagrams. In
Section II, examples of lexicographic TAF algebras 7 (€2, @) are presented using or-
dered Bratteli diagrams. It is shown that there is a general method for constructing
lexicographic inductive systems. The semigroupoid R(€2, ®), for which an explicit
form is given in Section III, may be of interest in its own right. Previously, the only
cases in which the semigroupoid has been computed were for certain direct limits of
the form hi}n(Tn, ©n), where T, is the subalgebra of upper triangular k,, x k, com-
plex matrices. Most of the algebras treated here are more complicated and do not
admit such a presentation. Section IV describes the lattice of invariant projections
of T(2,®). Also, the section contains the result that for strongly maximal (not
necessarily lexicographic) TAF algebras, if the ambient AF C*-algebra is simple,
then Lat(7) is a nest. Section V addresses the question of which of the algebras
T (9, ®) is analytic; in other words, when is there a continuous 1-cocycle on the
groupoid R of the associated AF C*-algebra which is nonnegative exactly on the
semigroupoid R? The main theorem of this section shows that this is the case if and
only if Q has one of the order types Z*,Z~, or Z. Section VI treats the Jacobson
radical of T (€, ®). The radical is characterized in terms of a certain conditional
expectation (6.6); this generalizes [Pr 2, Theorem 3].

The remaining sections are concerned with isometric automorphisms. In Sec-
tion VII, the group of outer automorphisms of a TAF algebra 7 is identified with
AutR, the automorphism group of the semigroupoid. (A special case of this ap-
pears in [Pr 1].) The question of describing Aut R(€2, ®) (or Out 7 (9, ?)) by
explicit parameters seems difficult, if not impossible, for arbitrary inductive sys-
tems (2, ®). However, for certain ), something can be said: for Q = Z* or Z~,
AutR is a finite cyclic group of order L (L as in the second paragraph). By con-
trast, we have no results for Q@ = Z (cf. [Pr 1] for L = 1). Section VIII identifies
Aut R(Q2, @) with the group of order-preserving, ‘dimension-preserving’ bijections
of (2 in case 2 is a dense linear ordering and L = 1. If L > 1, the structure of the
automorphism group is more complicated. There is always a cyclic automorphism
7 of order L. The example in 8.8 shows that the subgroup of Aut R generated by
the order-preserving, dimension-preserving bijections of 2 and powers of 7 can be
proper.

I. PRELIMINARIES; NOTATION

In [Pr 2] and [Pr 3] S. Power studied a class of lexicographic triangular subalge-
bras of UHF C*-algebras and their associated product-type groupoids. We begin
by reviewing this class, though our treatment of the material will be different from
his.

1.1 Review of Power’s lexicographic triangular algebras. Let ) be a count-
able (not finite) linearly ordered set; when convenient, it may be viewed concretely
as a subset of R. Let n: Q — Z* be a function with n(w) > 2, w € Q. We will refer
to n as a dimension function. If F' C 2 is a finite subset, denote np = [] n(w),

weF
and Ar = M,, the np x np complex matrices. If F = {w1,...,wmn}, with
w1 < wy < -+ < Wy, (Q-ordering), a system of matrix units for 2z can be given
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LEXICOGRAPHIC TAF ALGEBRAS 4827

as follows: let [r] = {0,...,r — 1} for any positive integer r, and let Ir denote the
set of all m-tuples i = (i1,...,4m), @t € [n(w)], 1 <t < m. Let {el(-’};), i,j € Ip}
be a system of matrix units for Ap. Write i < j if either i = j or else for some
t, 1 <t<m, is =js for s < t and iy < j;. This is the lexicographic order.

Suppose G is a finite subset of Q containing F, say G\ F = {w},...,w.}. If
i€ Ip, i € Ig\p let i Ui denote the (m + r)-tuple whose coordinates belong to
either i or ' and are ordered according to the ordering of Q. In particular, if r = 1
and G\ F = {w'}, then either 1) w’ <w; or ii) w, <w' orelse iii) there is a
t,1 <t <m, with

w < <wp <w <wipr < e < Wi

Then if ¢ = (i1,...,%m), define

(8,81, -y im) in case i),
iUs =1 (i1,..,%m,S) in case ii),
(T1y. . yit, Syig41,--.,0m) In case iii).

If, as in the paragraph above, G = F U {w'}, the embedding ®r ¢ : Ap — A is
defined on matrix units by

F e
Pra (el(')j)): Z ei'us),iu.s

- s€[n(w)]

for i, j € Ir. Note that i Us, j U s belong to Ig, so that the sum on the right is
indeed a sum of matrix units of Ag. ®p ¢ is a unital C*-embedding. Let T (resp.,
7¢) denote the upper triangular subalgebra of g (resp., 2¢); i.e., the span of the
matrix units eg;) (resp., egj)) for which i < j. Note that ®r ¢ maps 7 into 7g.
If G\ F is an afbitrary finite set, define ®p g : Ar — Ag by

F G
‘I’FxG(ez(',i)): Z ez(uz)ml‘uz"

V€lg\F

It is an easy observation that if F, G, H are finite subsets of 2 with FF C G C H,
then (I)F,H = (I)G,H o IF,G-

Observe that if G\ F = {w'} and o’ < w,w € F, then ®pg : Ap — Ag is
the standard embedding. If w < w',w € F, then ®p ¢ is the refinement embed-
ding. Thus if Q is order isomorphic to Z~, then the inductive limit 7(Q, ®) =

lim (7r,®pq) is the standard TUHF algebra in the UHF C*-algebra of type
FCGCQ
[T n(w). If Q is Z*, T(Q, ®) is the refinement TUHF algebra, and if Q is Z it is
weN
the alternation algebra [PPW2]. Note, however, that for a general Q there is no

oo

sequence {w, 22, with Q = |J {w,} such that the sequential ordering has some
n=1

prescribed relation to the ordering of Q.

In summary, given a countable ordered set 2 and dimension function 1 we have
defined a family ® ¢ of regular x-embeddings, a UHF C*-algebra 2 = A(, ®), and
a TUHF algebra 7 = 7(Q,®). 7 is a direct limit of triangular subalgebras of the
form 77 which is maximal triangular in the factor Ap. Let D =D(Q,®) =T NT*
be the canonical masa of 7. The maximal ideal space of D is homeomorphic with
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4828 JUSTIN R. PETERS AND YIU TUNG POON

the product space

X = [T ).

we

Associated with the pair (2, D) is the groupoid R, which is a subset of X x X
consisting of all pairs (z,y) with z,, = gy, for all but finitely many w € Q. The
topology on R (which is not the product topology X x X restricted to R) is obtained
by declaring an open basis as follows: let F' C €2 be a finite set, and let 4,j € Ip.
Let B

) _ {(z,y) ER: Ty, =, Yo = juw, w € F'}.

~F
i,J

Then {éélj) : F finite, 4,5 € Ir} is a basis for R. One can show that each éf_-g) is
also closed and compact. -

The semigroupoid R associated with the triangular UHF algebra 7 is given by
R={(z,y) e R: (z,y) € 65;) for some finite F' C Q,4,j € Ir with i < j}

Note that if (z,y) € éf_-g) for some Fi,j, then for every G D F, there exists

i’ € I\ such that (z,y) € 5552, i and we have i < j iff i7" < juUi Our goal is
to generalize Power’s construction to the case of AF C*-algebras which are direct

limits of subalgebras g, where the 2 are direct sums of factors.

1.2 Definition of lexicographic TAF algebras. Let 2 be a countable ordered
set, n: Q@ = Z (n(w) > 2,w € Q) a dimension function, and L > 1 an integer.

L—1
Set Ar = P Ary, where Ap; = Apy (k,1 € [L]) is a finite dimensional factor
1=0
isomorphic to My,,.,nr = [] n(w), for F a finite subset of 2.
weF
Suppose for each finite subset F' C 2 we have fixed an isomorphism of 2l with

My, ®- - ® My, (Lsummands). Then we define 77 to be the automorphism of g
which is conjugate to the cyclic permutation (ag,...ar—1) — (ar—1,a0,...,a5—2)
of My, -+ & M,,.

Assume that for each pair of finite subsets F' C G of €2 there is a C*-embedding
Dp o Ap — Ag satisfying:

(I.1) for any ' C G C H C €, the diagram
A —9 s Ap
ép,cl l‘bF,H commutes;
N — Ay
®a,H
and
(1.2) for any F' C G C Q, the diagram

-
Q[F _F Q[F
®r.c l l@ac commutes.

Q[GL,Q[G
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(I.1) is just the condition that {(UAp,Prq) : F C G C Q} forms an inductive

system, and so the inductive limit algebra 2 = (2, ®) = lim (Ar, Pr,g), which is
FcaG

an AF C*-algebra, can be formed. (I1.2) implies there is an automorphism, which we

will denote by 7, of &, such that 7 restricted to 2 is precisely 77. Let A% denote
the 7-fixed subalgebra of Ap, ie., AL = {a € A : 7(a) = a}. (1.2) implies that
O ¢ maps A% into AL. (For convenience, we let ®r ¢ also denote the restriction
of ®p g to A%.) It is evident that AT = M, .. We now further assume that

(1.3) Oprg: AR — AL

is a lexicographic embedding of factors of the type studied by Power, as described
earlier.

Let {eif;) :4,j € Ir} be a system of matrix units for A%, and let e(F'F) denote
the central projection in Ar onto the factor Apx, k € [L]. Then el(-?k) = e(F’k)el(-)I;)
(i,j € Ir,k € [L]) is a system of matrix units for Ap. Let 77 (resp., Tr,) denote
the span of the upper triangular matrix units 61('5) with 7 < j of A% (resp., 61(71;71@)
with i < j, k € [L] of Ap ), and Tp := @ Tpyp. If F C G C Q, the embedding

ke[L]

®r ¢ maps 77 into 775 by (1.2). Hence ®r ¢ maps a matrix unit TR i Ar with

i,J
i < j into sums of upper triangular matrix units ef J,z) in Ag with ¢ < j'. Thus
®pc(Tr) C Tg. We can now define 7(2,P) = hj)l (Tr, Prc). T(Q,P) is a
FCGCQ

strongly maximal, lexicographic T AF algebra.

1.2.1 Definition. Let 2 be a countable ordered set. and ® = {®p ¢ : F C G C Q}
a collection of C*-embeddings satisfying (I.1), (I.2) and (I1.3). The pair (2, ®) will
subsequently be referred to as a lexicographic inductive system, or simply as an
inductive system. Implicit in ® are a positive integer L = L(®) and a dimension
function n = n(®), such that for each finite subset F' of 2 we have Ap, AL and 7r
as above.

If (2,®) is an inductive system with L = 1, then the automorphism 7 is the
identity, and 77(Q2,®) = 7(2,®) is a lexicographic TUHF algebra of the type
studied by Power. Of course, one can obtain inductive systems with L > 1 by
taking direct sums of systems with L = 1. In the next section we will see how to
construct ‘nontrivial’ inductive systems with L > 1.

II. A GENERAL CONSTRUCTION

Suppose we are given a countable ordered set (), an integer L > 1, and a di-
mension function . We will exhibit a general method for constructing a system of
embeddings ® = {Pr g : F C G C 2} such that (2, ®) is a lexicographic inductive
system with L = L(®) and n = n(®).

Let v:Q(n) ={(w, 8) :w € Q, s¢€nw)]}— [L] bean arbitrary function. We
will define a system of embeddings ®" as follows. Let F' be any finite subset of €2,
andw € Q\ F,G = FU{w}. If el(-,};’k)(k € [L],4,j € Ir) is a matrix unit of A, set
(IL.1) po (el™) = 30 eldhie,

s€[n(w)]
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4830 JUSTIN R. PETERS AND YIU TUNG POON

If G is any finite subset of { containing F, set ®% . to be a composition of em-
beddings ®%., ., where card (G’ \ F’) = 1. While there are various ways this can
be done, one nevertheless checks that the resulting ®% ¢ is uniquely defined. Thus
the system ®” satisfies (I.1). It is straightforward to check that ®¥ satisfies (I.2)
and (I.3) as well, so that (Q,®") is a lexicographic inductive system.

Let {w,}2°; be a sequence with Q = U {wn}. Set F,, = {w1,...,wn}, Apn = AR,

=1

and ®, = ®p, r,,,. The embedding <I) : A, — A,41 can be described by an
ordered Bratteli diagram (cf. [HPS], [Po Wa}). Furthermore, it is evident from the
formula (IL1.1) that ®¥ (e) for any matrix unit e € 2, is determined by knowing how
diagonal matrix units embed. A diagram is said to be stationary if the number
and ordering of the edges from the n'" vertex set to the (n + 1) vertex set is
independent of n.

2.1 Examples.

2.1.1 Let 2 be any countable ordered set, L = 2,n(w) = 2,w € , and set viw,s) =
0 for all w € 2, s € [2]. Given any sequence {wy, }52; with Q = U {wn}, the
embeddings ®,, can be described by the stationary ordered Bratteh diagram

The AF C*-algebra 20(Q, ®") is the direct sum of two copies of UHF(2°°),
and the TAF algebra 7 (2, ®") is the direct sum of two copies of Power’s
lexicographic algebras.

2.1.2. Q, L, n, {wn}22, as above, but now take v(w,s) = s,w € Q,s € [2]. This
yields the stationary diagram

The role of the sequence {wy}52; is illustrated in Example 2.1.5. It should
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be emphasized, however, that neither lim(%,, ®,) nor lim(7,, ®,) depends
on the particular sequence.

2.1.3. With Q, L, n and {w,, }22; as above, set v(w, s) = 1—s (mod 2), w € Q, s € [2].
The embeddings ®,, yield the stationary diagram

2.1.4. With Q, L, n, {w,}52 as before, the only remaining stationary choice of v is
v(w,s) =1,w € Q,s € [2]. This gives the diagram

The inductive limit 7 (€2, ®*) is isomorphic to that of Example 1. (See Propo-
sition 2.4.)
Of course, non-stationary diagrams can be obtained by allowing v to vary
with w € Q.
2.1.5. With , L, {w,}22 as before, let the dimension function n be n(w) = 3,w €
Q, and define v(w, s) = s (mod 2), w € £, s € [3]. We obtain the stationary
diagram

In this case, the factors in 2, partially embed into the factors of 2,11 with

different multiplicities. Let pgl) denote the edge having as range the vertex
on the left if ¢ = 0, and on the right if ¢ = 1, with label j. Diagonal matrix
units in 2, can be realized as concatenations of edges. Consider n = 3:
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w1
0 2 1 1 2 0

Wy
0 2 1 1 2 0

w3

Notice there are 27 distinct paths from the topmost vertex to the bottom
left vertex, and another 27 paths from the top vertex to the bottom right
vertex. These correspond to diagonal matrix units in the factors s o, As ;
respectively. Similarly, paths from the top vertex to the ws-level represent
diagonal matrix units in 2. Suppose, in the Q-ordering, ws < w1 < ws.
The diagonal matrix unit 6%33 in Az o is identified with the path pgo)péo).

As wy < wi, the subscript (0,1) of the matrix units indicates a ‘0’ in the

wo-position and ‘1’ in the wi-position. Applying @2, obtain ‘52(68’(1);) =
eggz(l)?o) + eggﬁ?l) + eggz(l)?z). These three matrix units are identified with the
paths

pp"p, pOpp, pOppy)

respectively. Note that as ws follows both wy and we, (0,1) Us = (0,1, s).
Suppose, however that wy < w3 < wy. In this case, $5 embeds as

(2,0)\ _ (3,0 (3,1) (3,0)
P, (6(0,1)> = €0,0,1) T €0,1,1) T €0,2,1)"

Here, (0,1)Us = (0,s,1). The matrix unit summands are identified with the

paths

R SR SV
respectively. This illustrates the role of the sequence {w,}5° ; in the embed-
dings.
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2.1.6. With Q, {w,}52, as before, let L = 3,n(w) = 3,w € Q and set v(w,s) =
s,w € Q,s € [3]. This yields the stationary diagram

2.2 Theorem. FEvery lexicographic inductive system (2, @) is equivalent to one of
the form (2, ®¥). In other words, given (2, ®) and L = L(®),n = n(P), there is
a function v : Q(n) — [L], with Q(n) and O as defined at the beginning of this
section, such that
A(Q, D) 2 A(Q, DY) and T(Q, D) X T(Q, DY).
Proof. We observed earlier that for any function v the embeddings ®” given by
(IL.1) form an inductive system. Suppose now an inductive system (2, ®) is given.
Let {wy,}52; be any sequence in Q with = |J {w,}, and set F,, = {w1,...,wn},
n=1
A, =Ap,, L, = ®p, F,,, and I, = I, (index set). As in Section I, we obtain a
system of matrix units {eg;’l) 1€ [L),i,j € I,} for 2A,. There are integers I, € [L]
for s € [(wny1)] such that
n,0 n+1,ls
D, (61(11 )) = Z el(.u&lus).

s€[n(wnt1)]

Because ®,, is multiplicative, the integers [s do not depend on the indices i, j € I,.

Define v(wpt1,8) = ls, s € [N(wn+1)]- The condition (I.2) implies that ®,, is
determined by how the factor 2, o partially embeds in 2, ;. Thus

P, (e("fk)) =7rod, 07" (e(»”fk))

i,J 1,7
e (5 (4)

_ k § : (n+1,v(wn1,s))
=T eil_lsi’us

SE[n(wn+1)]

_ (n+1,k+v(wnt1,s))
- eius,iUS

s€M(wn+1)]
= @,’VZ (eirzk)) .

We need only to define v(w;,s). If F is any finite subset of Q not containing
w1,G = F U {w1}, then the values v(wq,s) are obtained from ®p g (e£5’0)> as
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above. We now have two systems {(, ®r)} and {(A, ®% )} which satisfy (I.1),
the condition for consistency.
As they agree on an increasing sequence F' = F,,, G = F, 1, it follows that

lim {(&Ar,Prc)} = lim {(r, Phe)}-
FCGCQ FCGCQ

A similar statement holds for 7z in place of UAp. O

2.3 Remarks. 1) While we have constructed v so that ®% , = ®pg for ' =
F,,G = F,+1, we have not proved equality for arbitrary F' C G C Q. Nev-
ertheless, we know that the inductive limits with respect to ®, ®” both exist,
so that the limit does not depend on the choice of the sequence F),. That is
sufficient for the conclusion. It may in fact be true that ®p ¢ = @ o for all
F C G C Q, though it has not been verified.

2) The proof suggests how to construct a lexicographic TAF algebra 7 (2, ®) by
building a Bratteli diagram. Choose a sequence {w,}>2; which fills out €,

and choose L > 1. Let V = |J V,, be the set of vertices, with Vo = {vQ},V,, =
n=0

{08, ... ,vE=1} n > 1. There must be the same number of edges from vj to
each v{,i € [L], and that number determines n(w;). There is, clearly, only
one way of range-ordering the edges (up to order isomorphism). In building
the diagram from V;j to V4, one has freedom to choose any number of edges
with range v9, and order them arbitrarily. However, the number and ordering
of edges with range v} is determined by ‘shifting’ (mod L) the edges into v).
This determines n(w2) as well as v(ws, s), s € [n(wz)]. One continues in this
way to construct the diagram. Of course, if the diagram is stationary, there
are no more choices to be made.

2.4 Proposition. Let Q be a countable ordered set, n : Q — ZT a dimension
function, and L a positive integer. Suppose v, i are two functions from Q(n) to [L]
such that the difference v(w,s) — u(w, s) depends only on w. Then

T(Q,8") = T(Q, 34).

Proof. Let {w,}52; be a sequence in Q with Q = U {wn}. Set F, ={w1,...,wn},

A, =Ap,, and ©F = @ 5 for a=p,v. Deﬁne sequences {kn}22q, {ln}52, by

L1
kn = p(wn,0) —v(wp,0) and I, = ki + -+ kp, n=1,2,.... With A, = @ A,
k=0

L—-1
define B"ak = Q[",k-l-lna and B,, = @ By k. Define ¢, : 2, — B, by ¢, (ez(z)k)) -
k=0 o=
e

#+1n) " One checks that the diagram

n
2J

an Pn

n
| ot

On+t1
mn-{-l — Bn+1

commutes; also if ¢,, @41 are replaced by their inverses, the diagram commutes.
Finally, replacing A, B, by the upper triangular subalgebras, the diagram still
commutes, and yields the desired conclusion. O
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2.5 Remark. As a result of Proposition 2.4, we may assume that the function v
satisfies v(w,0) = 0, w € Q. In this case we will say that the diagram is (or, the
embeddings are) in standard form.

ITI. THE SEMIGROUPOID R((2, D)
Let (Q, ®) be a lexicographic inductive system. Let
D=D(Q,®)=T(Q,0)NT(Q,D)*

be the canonical masa of the TAF algebra 7(Q, ®), and let X = D be its maximal
ideal space.

Let R be the r-discrete principal groupoid associated with the AF C*-algebra
2 and canonical masa D, and R the semigroupoid associated with 7. Since 7
is strongly maximal triangular in %, RN R~ = A(X) = {(z,2) : * € X}, and
RUR™' =R.

If L > 1, let 77 be the 7-fixed subalgebra of 7 C Ar as described in 1.2 and
TT=77(Q,®) =lm{(77,Prc) : F C G CQ} (where ®r ¢ is used to denote the
embedding 2Ar — ¢ as well as any of the restrictions 7p — 7g,Dr — Dg, T/ —
1%, or D, — DZ. It should be clear from context which is meant.) Then the

maximal ideal space X7 of D7 is identified with [ [n(w)], and the groupoid R”
weN
(resp., semigroupoid R") associated with 2™ (resp., 77) is as described in 1.1. We

are going to describe the groupoid R and show how it is related to R™.

3.1 Explicit description of the semigroupoid. Given a finite subset F' of €2,
i€ Ip and k € [L], let {e/""
as described in Section 1.2. Then every e

, i, j € Ip, k € [L]} be a system of matrix units
(Fyk)

F
ij corresponds to a subset {égj)} of

R7. For simplicity of notation, we will write egF’k) and é\iF’k) for eg’k) and é\l(-f’k)
respectively.
Suppose F' C G are finite subsets of ). For every i € Ir, j € Ig\r, we have
that ®r g (e§F7k)) dominates el(.Sjik/), where ¥ = k+ > v(w,i,), and the sum
- o weG\F
is taken mod L. -
Let (F,)S; be an increasing sequence of finite subsets of Q, |J F,, = Q. Any

n=1

oo
point & € X can be expressed as {x} = ) %Fn’k"), for some suitable i, € I, and

n=1
kn € [L] satisfying k1 = kn+ Y. v(w,i,). Therefore, k = k,— > v(w,i,)
wEF, 11\ Fp weFy,
is independent of n. Thus, we can write X = |J X}, where
ke[L]
Xk = {(kal) l: (iw)weﬂ € H [W(w)]} .
we

Let x = (k,i) € X. We will write k(x) for k and z,, for i,,. For every finite subset

F of Q, we have x € €§/F’k/), where k' = k(z) + > v(w,zy). It follows that X is
- w€eF
homeomorphic to [L] x X7.
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3.1.1 Proposition. Suppose F' C Q is a finite subset, i, j € Ir and k € [L]. Let
kr(i) =k — > v(w,i); then we have
weF

i) &M = {(kp(0), i) € X 2" € [I (W)), i, =ie, for all w € F}.

weN
i, 5" e Il W), i, = iw, Ji, = juw for

i) e = ((kp(0), &), (kp(j), §)): = wea T ° _
e alw e F and i, =3, for alwe Q\ F

Proof. i) follows from the discussion preceding this proposition.
For ii), suppose (z, y) € %?k) Then z € %F’k) and y € €§-F’k)
i) that k(z) = kr(i) and k(y) = kr(j). Suppose w € Q\ F'. Since eéﬁ’k) embeds

into Aq,G = FU{w},as > ei(fs’itys(w’s)), we necessarily have i/, = j/ . |

s€n(w)]

3.1.2 Remarks. 1) Given a finite subset F' C Q, let

. It follows from

Rr = {(z,y) € R: (z,y) € 0 for some matrix unit v € Ap}

Then R = |J{Rr : F is a finite subset of 2}.

2) Let m : X — X7 be the dual map of the unital embedding ¢ : D™ — D. For
z = (ki) € X, n(z) =i If (x,y) € R then (v(z),n(y)) € R”. On the

other hand, if (1, l) € R7, we can take ¢ = (0, i) and yo = (& l)’ where ¢ =

> (v (w, iw) — v (w, ju)). Since (i, j) € RT, i, = j. for all but finitely many
weN N

w € Q, £ is well defined and (zo, yo) € R. Clearly, (m(zo), ©(y0)) = (i, J)-
Suppose (z, y) € R and (r(x), 7(y)) = (i, j); then (z, y) = ((k, ), (K, 1))
for some k, k" € [L] and there exists a finite subset F of Q such that i, = j,
foralwe Q\ Fand k' =k+ > (v(w, tw) — v (w, ju)) =k + £. Therefore,

weF
(z,y) = (Tk(ﬂl?o)a Tk(yo))- _ _
Furthermore, if Rp = Rrp N'R, then a point (z,y) € Rr belongs to Ry
if and only if 7(x) is less than or equal to w(y) in the lexicographic order
determined by €.

3.1.3 Proposition. R is a fiber bundle over R™ with discrete fibers.

Proof. Recall that X7 = [] [n(w)] and
wel

R™ = {(iw, Ju)peq € X7 x X7 1 iy, = j, for all but a finite number of w € Q}.

Let (iw; ju)yen € R7. So there exists a finite subset F' of Q such that i, = ju,
forall w € Q\ F. Let i = (iv),ep and j = (ju),cp- Then we can define a

homeomorphism ¢ : [L] x €§7Fi) — ! (éé?) = U %Zk) by ¢ ((k, (z,y))) =

ke[L]
((kr (@), @), (kr(5), v))- O

Viewing R as arelation on X , one can ask if local cross-sections o : U C X7 — X
can be found which preserve the equivalence relation. The answer is negative, if
is simple and L > 1.
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3.1.4 Proposition. If 2 is simple and L > 1, then there is no local cross-section
0:U C X7 — X which preserves equivalence classes.

Proof. Suppose there is a nonempty clopen set U C X7 and a cross-section o : U —
X such that for any z,y € U, if (x,y) € R", then (o(z),o(y)) € R. Now any cross
section o maps U homeomorphically onto o(U) [Hu, p. 70]. As X7 is compact and
U closed, U,o(U) are compact. Set o, = 7% 00,0 < k < L, and U, = o (U).

Let w € U. Then o(u) = (£(u), u) for some (u) € [L] and 7% o o(u) =
(k+£(u), w). Thus for 0 < k, ¢ < L and u, v € U, 7% o o(u) = 7° 0 o(v) iff
u = v and k = £. Hence, the Uy, 0 < k < L, are pairwise disjoint. It follows that
the sets Uy, k € [L], form a clopen partition of 7=(U).

As 2 is a simple AF algebra, the orbit O(z) = {y € X : (z,y) € R} of any point
 is dense in X. Thus, given any = = (k, i) € Up there is a y = (K, j) € U with

(z, y) € R. Hence, there exists a finite subset F such that

i =Ju forallw € Q\ F and k—|—2u(w,iw):k’—|—ZV(w,jw).
weF weF

Then (m(z), mo771(y)) € R™. By assumption,
(z, 77 (y)) = (com(z),comor " (y)) € R.
Since 77! (y) = (K’ — 1, j), there is a finite subset G of Q such that

iw=Ju foralw e Q\G and k—i—Zl/(w,iw):k'—i—Zu(w,jw)—l

weqG welG
This gives
k’.'. E w]w _k—|— E UJZW —kl+ E W,]u.)_ s
weFUG weFUG weFUG
a contradiction. Thus, no such cross-section exists. O

3.2 Minimal points in X. The semigroupoid R defines a partial order on X:
x < yif (z,y) € R. z is said to be a minimal (resp., maximal) point if it is minimal
(resp., maximal) in this ordering. In case L = 1, or more generally in case the TAF
algebra 7 is the closed union of an increasing sequence (7,)52; of finite dimensional
subalgebras such that 7, + 7, is a factor, there is a unique minimal point in X,
the maximal ideal space of the diagonal. Namely,

{$m1n } = m1n’
n=1

where efm)n is the unique matrix unit in the diagonal D,, of 7,,, minimal with respect

to the diagonal ordering [PPW1, p. 98].
If the TAF algebra 7 = T (2, ®), then 77 satisfies the above condition, so that
X7 has a unique minimal point, which is clearly the point

0= (0u)wea € [ In(w)]
weN
Assume now that the embeddings ®% ; are in standard form (cf. 2.5), which

means v(w,0) = 0, w € Q. For any finite subset F' C , let eF>F) denote the central
projection in 2Ap onto the factor Ay, (as in 1.2). Define {xx} = 771(0) NeFH).
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3.2.1 Proposition. {zg,...,z5_1} is the set of minimal points of X. Also, the
definition of xy is independent of I C €.

Proof. If y € X is a minimal point, by Remark 3.1.2 2), m(y) is minimal in X7;
hence 7(y) = 0. On the other hand, by the same remark, the points z; € 7=1(0)
are minimal in X.

To see that the definition of xj is independent of the finite subset F' C €,

let efﬂ’nk) = eg ).]:C.)o)' The standard form of the embeddings ®* implies that, if

F Cc G CQ, %, maps efﬁf) to efﬁl’lk)—l— other diagonal matrix units. In other

words, {zx} = ) €(r£:) |
FCQ

F ﬁcnite
3.2.2 Remark. The above proposition shows that the ordering of the factors Ay
of Ap is not ‘arbitrary’.

The general question of when two TAF algebras 7 (2, ®),7 (¥, ®’) are isomor-
phic, to which Power has given a complete answer in case L = 1, is evidently
more delicate for the larger class under consideration. However, one criterion for
isomorphism is easy to state.

3.2.3 Proposition. 7(Q,®,) 2 T(Q,¥',) implies L(®) = L(P’).

Proof. Isomorphism of the TAF algebras implies isomorphism of the corresponding
semigroupoids, so they must have the same number of minimal points. O

3.3 Locally order-preserving embeddings. Let 7 be a TAF algebra. Recall
that the diagonal ordering [PPW1] on the diagonal projections is a partial order
defined as follows: for p,q projections in D =7 N7T*, p < q if there is a partial
isometry w € Np(7) (the normalizer of D in 7) with ww* = p,w*w = ¢q. Each
element v € Np(7) defines a map with domain {p € P(D) : p < vv*} and range
{p € P(D) : p < v*v} by p — v*pv. An element v of the normalizer is said to
be order-preserving if for any two elements p, ¢ € P(D) satisfying p, ¢ < vv* with
p < ¢, then v*pv < v*qu. Let NZ(T) denote the set of all v € Np(7T) with this
property.

If S, 7T are finite dimensional TAF algebras and ® : S — 7 is a regular embedding
(i.e., ¢ in *-extendible and maps matrix units in S to sum of matrix units on 7),
 is said to be locally order preserving if ¢(e) is in the order-preserving normalizer
of T, for every matrix unit e € S. Suppose now that 7 is a TAF algebra of the
form 7 (2, ®). It is easy to see that the embeddings ®p ¢ : Tp — 7Tg are locally
order preserving. To see if an element of the normalizer of 74 is order-preserving,
it is enough to check it on diagonal matrix units. Since any two related matrix
units lie in the same factor of 7g, we need only look at e(G’k)CDFg(e),e = el(-,];-’l)

(Gk)

a matrix unit of 7p. This has the form v = tezzle(il>~»,ir,t>~»,im)(j1,---J'r,t vvvvv gy for
i= (i1, sim),J = (J1,---»Jm), and G = FU{w}, w, < w < wyy1, and [ is some
subset of [n(w)]. If eq, e2 € D¢ satisfy ey, ea < vo*, then e; = egz'cjil.{.).7i7~,t17...,im)’ ey =

(Gk)

(i in i) Also e < eq iff t1 < ty. Clearly, if e; < eq, then v*ejv < v*eqv,

* _ (G)k) (G,k)
as vieiv=e¢;. "’ . 4 T ‘
(]1;~~~7J7‘7t17~~;]m) (]1;~~~7J7‘;t27~~;]m)

will work if G \ F' is any finite set, so that all the embeddings ®r ¢ are locally
order-preserving.

,v¥eqv =€ . In fact the same calculation

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LEXICOGRAPHIC TAF ALGEBRAS 4839

3.3.1 Proposition. For =7 (Q, ®) we have

1) The closed span of Ny'(T) is T.
2) R=U{v:veNF(T)}.

Proof. These follow from [DH, Theorem 18]. O

Suppose 7 = lim(7,,¢n), where 7,, = T}, , the upper triangular subalgebra
of My, , and the embeddings ¢, are lexicographic. This is a special case of the
situation considered above, and so the embeddings ¢,,, as well as the compositions
Onym = Pm O Pm—1 0 -+ 0 @, for m > n, are locally order-preserving. (This is
also immediate from [DH, Theorem 8].) One can ask, conversely, if every such
inductive limit in which finite compositions are locally ordering-preserving must be
lexicographic. The following example, due to Donsig, shows this is not the case.

3.3.2 Example. Define ¢, : M3.9n — Mj3on+1 by
A

A
B
c
c

on diagonal blocks (i.e. A, B, C are 2™ x 2" blocks) and extend uniquely to a locally
order-preserving map T5.3n — T5.3n, and by x-extendibility, to Ms.3n — Mo.3n.

Finite compositions of successive ¢,,’s are locally order-preserving, but ¢,, is not
lexicographic.

3.4 Subsets of ) and their corresponding subalgebras. Let (2, ®) be a
lexicographic inductive system, let ' be an infinite subset of , and for F' C G
finite subsets of (', %, o = ®pc : Ar — Ag a C*-embedding. Then (2, ') is an

inductive system, and one can form the inductive limit A’ = lim (Ap, P% ).
FCGC ’

By fundamental properties of inductive limits, there is a unique embedding ®¢; :
A" — A with the following property: if F' C € is any finite subset, let ®%, resp.
@, denote the canonical embeddings A — 2, resp., Ar — A. Then the diagram

Apr —9 1 9y

@ | |or

A — A
Doy

commutes.

One has similar statements for the respective triangular subalgebras 7p, 7", 7,
as well as for the diagonal subalgebras Dg,D’, D.

In particular, the embedding D’ = D(Q, ®) into D = D(L, ®) yields, by trans-
position, a continuous surjection ¢ from the maximal ideal space X of D onto the
maximal ideal space X’ of D’. Furthermore, ¢ x (|5 maps the groupoid R of A

onto the groupoid R’ of A’.

3.4.1 Lemma. ¢ x (|3 : R — R is a continuous surjection.
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Proof. Let (z,y) € R, and U a neighborhood of (z/,4') = (¢(x),((y)) € R'. Since
the sets %g’k)(F C ) form a basis for the topology of R, we may assume U =

%g’k) C R’. We need a neighborhood V of (,y) such that (¢ x ¢)(V) C U. Take
V=M cR. O

1,4
3.4.2 Remark. A similar statement holds if R, R’ are replaced by R, R'.

In the case L = 1, the map ¢ : X — X’ can be interpreted as {((x,)weq) =
(Zw)weqr, deleting those coordinates w € 9\ Q. Let X, be the subset of X
consisting of those points (x,)weq for which z,, =0 for w € Q\ . Identifying X’
with X, we can also identify R’ with R N (Xo x Xo)-

3.4.3 Proposition. Let Q' be an infinite subset of Q. If (2, ®) is an inductive

system with L = 1, then R’ (resp. R') can be identified with a subset of R (resp.,
R) as indicated above.

IV. LATT(, ®)

While it is known that Lat(7) is a nest for the case when 7 a is maximal TAF
and the ambient AF algebra is UHF (e.g., Proposition 2.1 of [Pe Wal), no analogue
has been stated for simple AF algebras.

4.1 Proposition. Let A = (JA,, be a simple (unital) AF algebra, and T,, C A,
a maximal triangular subalgebra. Assume that the embeddings A, — A,41 are
regular with respect to the masa Dy, = T, NT," and map T, — Tpy1. Let T = m
Then Lat(T) is a nest.

Proof. Suppose not; then there are projections p1, ps € Lat(7) with p;pa, pipat
both nonzero. Since any projection in Lat(7) commutes with D = |JD,,, and D
is a canonical masa, it follows that Lat(7) C D and hence p;,ps € 2, for some
n. As 2 is a simple AF-algebra, there is an m > n such that each of p;ps, p1p2t
partially embeds in the same factor of ,,. Thus there is a factor ,,, , C 2,, and a
central projection e(™*) onto A, x With p1-pee(™F) £ 0 and pipatel™*) £ 0. Let

mk) _ (k)
J

Ip, i, index the matrix units in 2, , so that ¢ < j iff eg in the diagonal

ordering. Since p; € Lat7,l = 1,2, there are integers r; such that el(-m’k) < p
for i € Ik, < 1, and eg-m’k) L p for j € Ing,j > r,l = 1,2. But then
pripeel™k) = 0 if 1y > ry, while pipate™*) = 0 if r; < ro. Thus Lat(7) is a
nest. O

4.2 Lemma. Suppose L = 1. Express Q = Qo + Q1 (order-sum), where Q is the
mazimal well-ordered initial segment which contains no limit ordinal. (Hence Qg

either is finite or else has order type Z+.) Then L = LatT (2, ®) = {0} U {PZ(F) :

F CQo,i € Ip}, where PZ(F) = ; eéF).
j<i

Proof. That PZ-(F) € L is a straightforward observation. Suppose p € Lat7 is

not of the form PZ(F) (F C Qo, i € Ir). Since Lat7 C D, necessarily p € Dp
)i < j. span

Tr, and as any element of Lat7 N Dy also lies in Lat 7z, p has the form p =

for some finite F© C 2. Since the upper triangular matrix units e
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> ei for some index iy, € Ip. Now if F ¢ Qg, say w € Qy N F, then there

1<ig
isan o € Q\ F with ' < w. One verifies that for G = F U {w'},®Ppc(p) ¢
Lat 7. Thus, p ¢ Lat 7. |

4.8 Notation. For an inductive system (£, ®) there is a conditional expectation
E7 .2 — A" defined by

=,
=72 7
k=0
Observe that E7 also maps 7 onto 77, and D onto D".

4.4 Proposition. Let (2, ®) be an inductive system such that A(Q, @) is a simple
AF-algebra. Set L = Lat(T (2, ®)) and L™ = Lat(T7(Q, ®)). Then

a) L is a nest;

b) E7(L)=L";

c) L={p:3q € L™ withp=\{p' :p is a projection in D, E"(p') = q}}

Proof. a) follows from Proposition 4.1.
b) Clearly E(L) C L™. Let ¢ € L. By Lemma 4.2 there is a finite subset

F C Qg such that ¢ = ( ) for some i € Ip. Let p= 5 30 e(Fk). It is
ke[L] j<i .
JEIr

obvious that p € Lat(7r). To see p € L = Lat7, it is enough to show that
if G is any finite subset of Q containing F', then ®r ¢ (p) € Lat 7. Now F
can be taken to be an initial segment of Qo; i.e. F' = {w1,...,wy}, where w;
is the jt" element of 2,1 < j<n. Ifw e Q\ F and G = F U {w}, then

q)F,G Z 6 (F.,k) Z Z ejﬁsk+u w s))

ke[L] s€n(w)] ke[L]
As k +v(w,s) is asum mod L, Y e (G htrws) - s~ e(G ") Note that as
ke[L] z ke[L] —

Wn < wvll—ls = (jlv"'7.jn75) (.l_ (]137]71)) Set ]0 (]L"'vjnan(w) -

1). Then ®rc| > e (k) ) can be expressed as > e(G ¥ Thus
ke[L] L kel[L] j <d, z
J EIC

Pralp) = > > eEG’k), where i, is defined analogously. Again, this is
ke[L] i<iq
i€la

obviously in Lat7g. If G\ F is any finite subset of 2, we can repeat the
above argument to show ®p ¢(p) € Lat 7¢. Hence p € L. Clearly E7(p) = q.
c) Let ¢ € L7. Then the p constructed in b) has the property p = \/{p’ : p
a projection in D, E™(p') = ¢}. Indeed, if p’ were any projection in D with
p’ £ p, then viewing p, p’ as elements of some finite dimensional subalgebra
A, p has the form > e(G’k), so p’ necessarily contains as a summand

ke[L] i<iqy

zE]G

some diagonal matrix eiG’ ) with i € Ig,i> iy. But then E7(p') # q.

It remains to show there are no other projections in Lat7. If p € Lat 7T,
then p € Ap, for some finite F* C Q. By b), E7(p) € L7, so E"(p) = q1 €
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Lat 7™ NA%. Now E7 is faithful, so p # 0 implies ¢; # 0. Let g2 be the
immediate predecessor of g1 in Lat 7™ NA%. Set p; = \V/{p' : p’ is a projection
in Dp, E"(p') = ¢}, I = 1,2. We know from the previous paragraph that
p; €Lat7. Since Lat7 is a nest, po < p < p1, and p has the form p =

P2+ GEF’kS)

1
the integers ks range over some subset S of [L]. Now if p # p1, ps, then S is a
nonempty proper subset of [L]. So there is a kg € [L] with ks # ko for all s in
the sum. For convenience, assume that the embeddings ®r ¢ are in standard
form (cf. Remark 2.5). Since 2 is a simple AF algebra, there is a finite subset
G D F such that each factor of 2 partially embeds in each factor of 5. We
may also assume, enlarging G if necessary, that for some w € G\ F, v’ < w

, where p1 = Pi(lF),pg = Pi(zF) (notation as in Lemma 4.2), and

for ' € F. Let m = card(G \ F). Now ®p (p) does not contain eglcl_’lgo),
but does contain el(-?u’];“) as a summand, for some m-tuple s = (s1,...,8m).

Furthermore, the (n + m)-tuple 4; LI s denotes the coordinates of i; and s
re-ordered according to the (2-ordering, and the last coordinate will not come
from 4;. Thus, @z g(p) - e(%*0) is not an element of Lat(7g 4, ), as any such

element has the form > egc’ko) for some i € Ig. Hence ®r(p) ¢ Lat 7g,
i<i —

which implies p ¢ Lat 7. |

4.5 Remarks. 1) If 2 is not simple, Lat 7 may contain projections in addition to
those described in the proposition.

2) Regarding 2™ C 2, then from the construction of the projection in Lat(7) in
Proposition 4.4 b), we see that E7(p) = p for p € Lat(7). So Lat(7) and Lat(7 ")
coincide.

3) The nest Lat(7) is maximal. This follows from Proposition 4.4 c).

4.6 Corollary. Let (2, ®) be an inductive system such that A(Q, ®) is a simple
AF algebra. Then T (2, ®) is a nest algebra if and only if Q has order type Z*.

Proof. Given the description of £ = Lat 7 in the proposition, it is easy to see that
if O = Z*, a matrix unit v belongs to Alg £ if and only if it is upper triangular.
On the other hand, if Q is not order isomorphic to ZT, then the subset €; in the
decomposition 2 = Qg + 2 is nonvoid. If v is any matrix unit in Ap for F' C (1,
and p € Lat7, then pv = vp. Thus Ap C Alg £, and Alg £ is not triangular. O

4.7 Remarks. 1) If Q = Z* and L = 1,7 (9, ®) is the refinement algebra; in
particular, C*(£) = D. If L > 1, then £ does not generate the diagonal. It
is not difficult to show that C*(L£) is a subalgebra of D of codimension L. In
fact, if (@, ..., e(F=1 are the central projections onto the factors of any A,
then D is generated by (£,e(®, ..., e(F=1),

2) If Q=7% and L > 1 (and 2 is simple), the nest £ = Lat 7 is not a nest of
uniform multiplicity in the sense of [Pe Wa, Definition 2.27]. This is because
the only D-normalizing partial isometries commuting with £ are in D.

3) Note, in particular, that if  is ZT U{cc}, then 7 (2, ®) is not a nest algebra.

V. ANALYTICITY

_ Let 7 be a TAF subalgebra of (unital) AF algebra 2 with diagonal D =7 NT",
R the groupoid corresponding to the pair (2, D), and R the semigroupoid defined
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by 7. A 1-cocycle is a continuous function d : R — R with the property that
d(z,y) + d(y, z) = d(x, z) (cocycle condition) for all (z,y), (y,z) € R. d is said to
be a cocycle for 7 if, in addition, d(x,y) > 0 for all (z,y) € R, and d(x,y) = 0 if
and only if y = x. A TAF algebra 7 is said to be analytic if there is some cocycle
d for T.

5.1 Lemma. Let (Q,®) be an inductive system. T (2, @) is analytic if and only if
the T-fized subalgebra 77 is analytic.

Proof. Suppose d : R —Risa cocycle for 7(Q, ®), i.e., d(z,y) > 0 if and only if
(r,y) € R. Let (z, y) = (i, j) € R™. Then there exists a finite subset I C {2 such

that i, = j, forallw € Q\F. Let g = (0, x), yo = (¢, y), where £ = > (0 — Jju)-
weF

Define xj, = 7%(x0) and yg = 7% (yo). Then (zx,yx) € R for 0 < k < L. Define d”
on R™ by

L—1
d" (v, y) = Z d(xr, yr)-
0

k=
Since (2, yr) depends continuously on (z, y), d™ is continuous. It is clear that d”
satisfies the cocycle identity d”(z,y) + d"(y, z) = d" (x, 2), for (z,y), (y,2) € R".
Since (z, y) € R™ if and only if (zx, yx) € Rforall0 < k < L, we have d"(z, y) > 0
if and only if (z,y) € R".

Conversely, suppose that 77 is analytic with cocycle d”. If (z,y) € R then
(w(z),7(y)) € R", and if (z,y) € R then (x(z),7(y)) € R7. Thus a cocycle d for
T can be defined by d(z,y) = d"(7(x), 7 (y)). That d satisfies the cocycle condition
is clear. Also, by Remark 3.1.2, d=1(0) = {(x,z) : z € X}. The continuity of d
follows from that of 7 and d”. O

5.2 Lemma. Let (Q,®) be an inductive system, and let ' C Q be of infinite
cardinality. If T (), ®) is analytic, then T (Q, @) is analytic.

Proof. By Proposition 3.4.3, the semigroupoid R” (), ®) of the T-invariant subal-
gebra 77 (), ®) can be realized as a subset of R7 (2, ®). Thus, the restriction to
RT (Y, @) of a cocycle for T7(2, @) is a cocycle for T7 (), ®). The conclusion now
follows from the previous lemma. O

5.3 Theorem. Let (2, ®) be an inductive system. Then T (2, ®) is analytic if and
only if Q is order-isomorphic to the integers, the positive integers, or the negative
integers.

Proof. It Q = Z,T7(Q, ®) is the alternation algebra, if Q = ZT,77(Q, ®) is the
refinement algebra, and if Q@ = Z7,77(Q, ®) is the standard algebra. These are
analytic. Now apply Lemma 5.1 to conclude 7 (€2, @) is analytic.

Conversely, if Q is not one of these three, Q contains a subset ' which is order-
isomorphic with either {wo} +Z~ or Z* +{wo}. The following lemmas show that in
either case, 7 (€, ®) is not analytic. The conclusion derives from Lemma 5.2. O

5.4 Lemma. If Q is order-isomorphic with {wo} + Z~ and L = 1,T(Q, ®) is not
analytic.

Proof. Let n be the dimension function of the system (€, ®). As in Section 3, the

maximal ideal space X of the diagonal is a product space [] [n(w)], and an ordered
we

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4844 JUSTIN R. PETERS AND YIU TUNG POON

pair (z,y) € X x X belongs to the groupoid R iff 2, = Y., for all but finitely many
w € Q. Furthermore, (z,y) € R belongs to the semigroupoid R if = precedes y in
the lexicographic order. In this case we write x < y.

Let v € T(, ®) be the matrix unit whose graph is v = {(z,y) : 2_1 = 0,y_1 =
1, %y = Yuo = 0, and x, = y,, for n € Z7,|n| > 1}. Let 0 € X be the element

0, = 0,w € Q, and define sequences z(™, (™) € X by
(n) 0, w #£n,
x) =
1, w=n,
and
m) _ )0, w#mn or —1,
Yoo 1, w=mnor —1,
for n =—-2,-3,.... Then we have

0 <202 <y <23 < y(=3 <

<2 <y <= o

Now (z(™,y™) € ¥ ¢ R, and (y™,z("~Y) € R. ¥ is a compact subset of R
disjoint from the diagonal. If 7 were analytic with cocycle d, then d would have a
positive minimum value, say €, on ¥. Furthermore, as d is nonnegative on R,

d (Q, x“") =d (Q, :1:(_2)) +d (x(—2),y(—2>)
+d (y<—2>, x(_?’)) d (x<—3>,y<—3>)
+otd (x<"+1>, y<n+1>) d (y<n+1>7 x("))
> (In| - 2)e.

Let (9 € X be the element

,1;(0) _ 0, w e Z_,
1, w = wp.

Then z(™ < z(® for all n € Z~, and we have
d (Q, x(o)) =d (Q, x(”)) +d (x(”), x(o))
> (|n| — 2)e.

As |n| could be arbitrarily large, d(0,2(?)) is not a real number. Thus, no such
cocycle d can exist. O

5.5 Lemma. If Q is order-isomorphic with Z+ + {wo} and L = 1, then T (Q, ®) is
not analytic.

Proof. Suppose 7 (Q, ®) is analytic with cocycle d. Let v be the matrix unit whose
graph is v = {(z,y) € R : &y, = yn,n € Z*, x4, = 0,y,, = 1}. This is a compact
subset of R, disjoint from the diagonal, so that d has a strictly positive minimum
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value, say €, on v. Let 0 € X be the element 0, = 0,w € €2, and define sequences
2™y pn>1 in X by

1, w =n,

0
x&n):{v w%nv

y(")z 1, W =mn or wy,
v 0, otherwise.

Then (z(,y™) € 5 c R, and (y™*tY,2(™) € R. Thus

d(o 2 ) _d(g,z )+d($<n>,y<n>)

1d ( 2 1>) d (xm—l),y(n—l))

+...+d(y<2> (a >) (n—1)e
This shows that no such real-valued cocycle d exists. O

VI. THE JACOBSON RADICAL

Given an inductive system (£2, @), let 7 = J (£, ®) denote the Jacobson radical
of the TAF algebra 7(Q, @), and J" the Jacobson radical of the 7-fixed subalgebra
T7(£2,®). Power has provided a description of the Jacobson radical in the case
L =1 [Pr 2], which in turn is based on Donsig’s characterization of the radical [D].
We will utilize Power’s result below.

6.1 Lemma. E™(J)C J".

Proof. Recall that the Jacobson radical is a characteristic ideal; that is, it is in-

variant under any automorphism of 7. Thus if z € J, 7(z),...,7¢7(z) are in J
as well, and so is E7(x). Thus, for any y € 7, yE"(z) is quasinilpotent, and in
particular this holds for any y € 77. But then E7(x) € J7. O

6.2 Proposition. For any matriz unit v € T,v € J if and only if E™(v) € J".

Proof. One direction has just been done. Suppose now that v is a matrix unit of
7T and that E7(v) belongs to J7. Say v = el(-?k) for some finite set F' C Q, k € [L],
and 7,7 € Ir. Replacing v by %), we méy suppose that £k = 0. This will not
change E7(v), and v € J iff 77%(v) € J.

Let po be the central projection onto Ao, and py, = 7%(pg) the central projection
onto Ap i,k € [L]. Let w = L - E™(v). We claim that for any z € T, pozpow is
quasinilpotent. Now E™ (pozpo)w is quasinilpotent, as w € J7. Writing 2z = 7%(2),

we have
1
E" (pozpo)w = i3 Z PLZkPk Z €;
ke[L] l€[L]
== Z pkzkpke( k)
ke[L

So,

LB (pozpo)ul™ | = max [liprerprer; "

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4846 JUSTIN R. PETERS AND YIU TUNG POON

(F,0) (£,0)

It follows that, for z € 7, pozv = poze = Poz0pPo¢; is quasinilpotent
Now write zv = Y, pkze . Then (zo)™ = > pkze (p ze EI;O))
ke[L] ke[L]
Thus [|(20)™|| < L|2[|[|(poze} FO))m L||. Tt follows from the above paragraph that
zv is quasinilpotent, and hence v € 7. O

From the proposition, every matrix unit in J7 also belongs to J. As J7 is a
norm-closed ideal in 77, and in particular a norm-closed D”-bimodule, J7 is the
closed span of the matrix units it contains. We obtain

6.3 Corollary. E"(J)=J".

6.4 Remark. It is not true that (E7)~}(J7) equals J. For example, if L = 2, the

diagonal element d = eEF’O) - el(-FJ) (F C Q,i € Ir) satisfies E"(d) =0 € J7, but
d¢ J.

Let (2,®) be an inductive system. If €' is an (infinite) subset of Q we can
(and will) identify the algebras D(QY, ®), 7 (Y, ®) and A(QY', ) canonically with
subalgebras of D(Q2, @), 7 (2, @), and A(2, P) respectively. We define a conditional
expectation Eq : A(2, ) — D(V, @), the commutant of D(, @) in A(Q, P), as
follows: Let {F,}52; be a sequence of finite subsets of V', F; C Fp C ..., with

U Fn. =" Define E,, : A — Dg, by

n=1
B3 e
ke[L])iel,
where {e( k) ie I} are diagonal matrix units for Ag, . The {E,}32; converge

in the pointwise-norm topology, and the limit is denoted by Fq:(a). The proofs
of these statements are similar to the proof of existence of the Stratila-Voiculescu
conditional expectation E = Eq. (See [PPW1, Lemma 2.1].)

6.5 Lemma. Fq/E™ = E"Eq.
Proof. We have

BEW=1 Y B @) =1 3 3 5 e

ke[L ke [L]le[L]i€ln

:—ZZZenHk)k ("’Hk) as |+ k is mod L

ke[L]le[L]i€ln

S DI DD SE T BT D OEs

ke[L] le[L]er, ke[L]
= E"E,(a)
Thus, EqE™(a) = E™ Eq/(a). O

6.6 Theorem. Let (2, ®) be an inductive system. Decompose Q into an order
sum Q = Qo+ Q1, where Qg is the mazimal well-ordered initial segment. Then the
Jacobson radical

J ={a€eT:Eq,(a) =0}
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Proof. As J is a norm-closed D-bimodule, it is the closed span of the matrix units
it contains ([PPW1, Theorem 2.2].) As Eq, is continuous, it is enough to show
that a matrix unit v € 7 belongs to J iff Eq,(v) = 0. We can apply Power’s result
[Pr 2, Theorem 3] to the 7-fixed subalgebra 77 to express J™ = 77 Nker Eq,. By
Proposition 6.2, a matrix unit v € 7 belongs to J iff E™(v) € J7. Thus, v € J iff
Eo, (7 (1)) = 0.

Set Z={a €T : Eq,(a) =0}. As d1Eq,(a)ds = Eq,(d1ad2),a € A, d1,ds € D,
7 is a norm-closed D-bimodule, and so it is the norm-closed span of the matrix
units it contains. Thus, to show Z = 7, it suffices to show they contain the same
set of matrix units of 7.

If v is a matrix unit in Z, then by Lemma 6.5, Eq,E™(v) = E"Eq,(v) = 0, so

(F

v € J. On the other hand, if v € J, say v = ei,j’k) for some finite F' C Q, k €

[L],i,j € Ip, then E™(v) = > 61(1;,1). If py is the central projection onto the factor
- le[r]
Ar in Ap, then
0= EQO E” (U)
w0, | X0l
lelr]
=0= pkEQO Z el(»f;’l) = EQO Dk Z el(»f;’l)
lefr) le[r]

=0= EQO (eiF,k)) = EQO (U) :

o

Hence v € J. O

6.7 Corollary. 7(Q, ®) is semisimple if and only if Q has no first element.

VII. OUTER AUTOMORPHISMS

We begin by establishing the connection between the outer automorphism group
of a TAF algebra, and the automorphism group of the associated semigroupoid. All
automorphisms studied in this and the next section are assumed to be isometric.

Let 7 be TAF in an AF algebra 2, and suppose {2, }>2; is an increasing chain
of finite dimensional C*-algebras with 2 = [J2,, such that 7 = [J(7 N2,,), and
7T N2, is maximal triangular in 2A,,. Let a system of matrix units for 2, be given,
n > 1, such that each matrix unit in 2, is a sum of matrix units in 2,4+1. Let
« be an automorphism of 7. As is known, « extends to an automorphism of the
AF algebra 2, preserving the diagonal D = 7 N7*. Now a induces a map @ on
the groupoid R, mapping the support of a matrix unit v (which is a compact open
G-set) to a compact open G-set, which is expressible as a (finite) disjoint union of
support sets of matrix units, say @ : 0 — (J0;. If g is defined by ap(v) = > v,
then ag is seen to be an automorphism of 7, and a(v)ag(v)* € D, for any matrix
unit v [PPW1]. Since oy maps matrix units to sums of matrix units, we can replace
the sequence {,}52, by a subsequence so that ap(,) C Apy1,n=1,2,....
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7.1 Lemma. With notation as above, there is a sequence {ul™}>° | of unitaries
in D such that

ala) = li;tn Ad(u™)ag(a),

for any a € .

Proof. We note that for d € D, a(d) = ao(d). For each n, let {e(n R1 <

k < N(n),1 < 1i4,j < M(n,k)} be a system of matrix units of 2, such that
e" ¢ D for all i and k. Let u(n M = ale;; M*)ag(eji). Then ug“k) € D and

u(?) = ZN(") Z (n k) ln ) s a unitary in D, and we have

Ad (u(")) g (eg,nj’,k,))

*

3N ) (XX

o )65 ) )
o) o () (o)
(7)o (d5) 0 (5
~a (i)

Thus, for every a € [J2,,, a(v) = lim Ad(u™)ag(a), as the sequence is eventu-

ally constant. As 2 = |J2,, the conclusion follows. O

Two automorphisms «, 3 of % are said to be inner equivalent if there is a sequence
{u(™1}2 | of unitaries in D such that

ala) = 1i711n Ad(u™)B(a),

for any a € . Suppose for each n, a system of matrix units is chosen for 2,,. The
above lemma shows that every automorphism « is inner equivalent to an oy which
maps matrix units in 2, to sums of matrix units in 2, 41.

Let R be the semigroupoid of the TAF algebra 7. An automorphism & of R is
a homeomorphism of R which preserves composition:

(VIL1) a(z, z) = a(z,y)aly, z)
for all pairs (z,y), (y,2) € R C X x X.

7.2 Proposition. i) A map @ is an automorphism of R if and only if a(x,y) =
(h(x),h(y)) for some homeomorphism h of X such that (h(x),h(y)) € R for
all (z,y) € R.

ii) Every semigroupoid automorphism @ induces an automorphism oo of T. g
depends on the choice of the system of matriz units.

iil) Every automorphism o of T induces an automorphism & of the semigroupoid
R. The map a — &, Aut(T) — Aut(R), is onto.

iv) Let a, B € Aut(T); then a = B iff a, B are approximately inner equivalent.

Proof. 1) Let & be an automorphism of R. 7.1 implies that & maps the diagonal
{(z,z) : © € X} to itself. Thus, there exists a homeomorphism h of X such that

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LEXICOGRAPHIC TAF ALGEBRAS 4849

a(z,z) = (h(z), h(z)) for all z € X. For every (x,y) € R, we have
a(z,y) = a(z,z)a(z,y) = (h(z), h(z))a(z,y)
(z, y)aly,y) = alz,y)(h(y), h(y)).

=a
Therefore, a(z,y) = (h(z), h(y)).
Conversely, if h is a homeomorphism of X satisfying (h(z), h(y)) € R if and only
if (x,y) € R, then a(z,y) = (h(x), h(y)) defines an automorphism & of R.
ii) Let @ be an automorphism of R. An automorphism «g of R can be defined
as follows: if v is a matrix unit in (J7 N2, its support v is a compact-open G-
set; hence so is @(v). Thus a(v) = Jv; for matrix units {v;} in J7 N2A,. Set

ap(v) =D v;.

iii) Let « be an automorphism of 7; then « restricts to an automorphism of the
diagonal D, hence induces a homeomorphism h on X. Let a(x,y) = (h(z), h(y)).
Then @ is an automorphism of R. The second part follows from ii) and the fact
that ag = a.

iv) a = g iff ay = [y, where ap, fp are as in ii). But by Lemma 7.1, this holds
iff a, 8 are approximately inner equivalent. O

7.3 Corollary. Out(T) = Aut(R(T))

Returning to the framework of lexicographic inductive systems, suppose (2, @)
is such a system where ) has order type Z* and the AF algebra (2, ®) is simple.
In that case 7 (2, ®) is a nest algebra (Cor. 4.6). Let a € Aut(7). Since Lat 7T is
a maximal nest (4.5, Remark 3), a(Lat 7) = Lat 7. Now «|g- maps the UHF C*-
algebra 2[™ onto the UHF algebra (7). Thus a: Alg LNA™ — Alg LNa(AT) (L =
Lat7 = Lat 77) is trace-preserving by [Pe Wa, Prop. 2.16]. Since p,q € L, p < ¢
implies a(p) < a(q); trace-preserving means a(p) =p, p € L. As D7 = C*(L), a
induces the identity on X7 = Y/D\T, and so @ = id on R”. Now let (¥ € X be a
minimal point. Then @(z(?)) is also a minimal point of X, of which there are L > 1.
(By abuse of notation, we write & to denote the homeomorphism on X, as well as
the automorphism of R.) Thus, a(z(®) = 7#(2(9)) for some integer k € [L]. Let
B =71""a. Then 8 € Aut(T). Since B maps orbits in R to orbits, B maps the orbit
of (9 to itself. Since @ induces the identity on R”, so does B Thus if ¢ = (k, i) €
orbit(z(®), then B(z) = y = (K,i) for some k' € [L]. But since y € orbit(z(®),
k' =k, so B =id on orbit(z(?). Thus, @ = 7*. We summarize this result as:

7.4 Example. If (Q, ®) is a lexicographic inductive system with 2((£2, ®) a simple
C*-algebra, and if ) has order type Z*, then

Out(7(Q, ®)) = Z/LZ.

Next, consider systems (2, ®) where Q has order type Z~. In this case the
embeddings ® g ¢ are of standard type [Po Wal, and so the TAF algebra 7 (Q, ®) is
Z-analytic (cf. Theorem 5.3). The orbit of any minimal point in X = D is ordered
as Z*. Fix a minimal point z(® € X. If a € Aut(T), then a(z(?)) is another
minimal point, so a(z(®?) = 7%((2(®)). Let 3 = 7=%a. Then not only does § map
2 to itself, but it maps the orbit of z(©) to itself, preserving the ordering. Thus,
the k" successor of (9 in X is mapped to itself. If the orbit of (9 is dense in X,
which will be the case iff 2(Q, ®) is simple, then 3 = id.
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7.5 Example. If (Q, ®) is a lexicographic inductive system with 2((£2, ®) a simple
C*-algebra, and if  has order type Z~, then

Out (T(Q, ®)) = Z/LZ.

VIII. AUTOMORPHISMS OF SEMIGROUPOIDS R(f2, ®), ) A DENSE ORDERING

Let Q be a dense linear ordering with dimension function 7, and X = ] [n(w)].
weN

Let R C X x X be the lexicographic semigroupoid as defined in 1.1. If ' is another
dense ordering with dimension function 7" and X', R’ are analogous, Power [Pr 3]
showed that R, R’ are isomorphic as semigroupoids if and only if there is an order
isomorphism ¢ : Q@ — Q' such that 7'(¢(w)) = n(w),w € Q. In that case, if
a, : X — X' is the homeomorphism defined by ay,(z) = y, where y,) = o,
then a, X a, : R — R’ is a semigroupoid isomorphism. One can ask if every
isomorphism « : R — R’ is of the form «,. Equivalently, is every automorphism of
R of the form «,, where ¢ is on order-preserving, dimension-preserving bijection
of Q? The answer to this question (which is not addressed in [Pr 3]) is affirmative.

Of course R is the semigroupoid of a lexicographic TAF (actually TUHF) algebra
T(92,®) with L(®) = 1. However, 7 will play no role in the discussion. We
break the convention of the previous section and let « (rather than &) denote a
homeomorphism of X such that o X « is an automorphism of R. For v € ), set
2(*) the element of X with

(»U) Oa w S v,
:'CUJ =
n(w) — 1, w >,

and X = {z(*) : v € Q}. X can be characterized in order-topological terms, from
which it follows that a(X) = X. This is the first step in the proof of the main
result.

In keeping with the notation of previous sections, write y < x (or, = > y) if
(y,z) € R. x ~ yif (y,x) € R; that is, if either (y,z) € R or (z,y) € R. A set
Y C X is decreasing if x € Y and y < z imply y € Y. If Y is decreasing, then so
is the (topological) closure of Y, cl(Y) ([PPW2, Proposition 3.3]). O~ (z) = {y €
X :y < x} denotes the one-sided orbit, and its closure, cl(O~(x)), is decreasing.

8.1 Lemma. Let xz € X. Then z € X if and only if

i) for anyy < x,c(0O~ (y)) = (O~ (x));
i) for anyy = x,y # x, (O~ (y)) strictly contains cl(O~ (x));
iii) there is a unique y € X,y ¢ (O~ (x)), such that (O~ (y)) = {y} U
(O~ (x)).

Proof. First we show that any z € X satisfies these conditions. Observe that
A0~ (") ={r e X 1z, =0,w < v}.

For i), let y < (). It is enough to show z(*) € cl(O~(y)). Let F C Q be a finite
subset. We will find z € O~ (y) such that z, = :z:ﬁ,v),w € F. Of course, if w < v for
allw € F, then y, =0 = 2 for all w € F, so we can take » = y. Otherwise, let
wo =minf{w € F:w >v}. Set G={w:y, # xff)}; note that if w € G, w > v. If
G = 0, then y = (), and there is nothing to prove. Let w; = min{w : w € G} and

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LEXICOGRAPHIC TAF ALGEBRAS 4851

we = min{wp, w1 }, and w3 any point of  in the interval v < w < ws. Define z by

nw)—1, v<w,w#uws,
2o =140, w = ws,
0, w > .
Then z has the required properties.
For ii), let y > () and y # 2(*); then there is some w < v with g, > 0. Thus,

y ¢ cl(O~ (z()), and hence cl(O~ (y)) strictly contains cl(O~ (z)).
For iii) define y € X as follows:

)L w=w,
Yo 0, w#w.

Then y ¢ cl(O~ (z()), and cl(O~ (y)) = {y}Ucl(O~ (). Tt is also evident there
is no other element with this property.

Conversely, suppose x € X satisfies i), ii) and iii). Let Qy = {w : 2,» = 0 for all
W <w}, Q1 =09\ Q. Then Q = Qp + Q4, order sum.

If Q; has a smallest element, say v, then let y = (y.,) be given by

Tw, w # v,
Yo =

Ty, —1, w=uv;

then y < = and cl(O~ (y)) does not contain x. Thus, £2; has no smallest element.

Clearly, cl(O~(x)) C{z € X : 2z, =0, for allw € Qy}. On the other hand,
suppose z € X and 2z, = 0 for all w € Qp. Let I C Q be finite. If FNQ; = 0, then
we have z, = z, for all w € F. Suppose F'N ) # (). We can choose wg € € such
that wp < w for all w € FNQ; and x,, > 0. Define

Two — 1, w=wo,
yw: Zwa (UEF,
T, wé¢ FU{w}.
Then y = (yo) < x and y, = 2,, for all w € F. Hence, cl(O~(z)) ={z € X : 2, =
0, for all w € Qo}.

Next, we will show that z, = n(w) — 1, for all w € Q. Suppose for some
w1 € Q1,x,, < n(wi) — 1. Define y by

Ly w#wla
Yo =

Nw) —1, w=uw.
Then y > x,y # x. The argument in the previous paragraph shows that cl(O~ (y))
={z€X:2,=0,for all w € Ny} = cl(O (x)), a contradiction to ii).

We have that z, = 0,w € Qp,z, = N(w) — L,w € O, and Q; has no least
element. Finally, we show g has a largest element. Let y ¢ cl(O~ (z)). Then there
is some wy € Qo, Y, > 0. If Qp has no largest element, there is w’' € Qp,wy < w'.
Define z by

0, W = Wo,
Zo=41, w=u,

!
Yo, W Fwy, w'.
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Then y # z,z € (O~ (y)). But z ¢ cl(O~(z)). Thus, iii) is violated. Therefore,
Qo has a largest element, say v, and z = z(*). O

8.2 Lemma. The collection of sets of the form cl(O~(x)) (z € X) is linearly
ordered by inclusion.

Proof. For z € X, set Qop(x) = {w € N:xy =0, for all o' <w}. Forz #y e X, if
Qo(x) is properly contained in Qg (y), then cl(O~ (z)) properly contains cl(O~ (y)).
So we may assume Qo(z) = Qo(y). Let Q1 ={w € Q: zp =y, for all o’ < w}
and Qo = Q\Qy # 0. If Q5 has a least element, say wy, then cl(O~ (z)) C (O~ (y))
(resp., (O~ (y)) C (O~ (x))) if Ty < Yu, (reSDP., Yu, > Tuy ). If 2 has no least
element, then either
i) for every w € s there exist an infinite number of w’ in Q5 such that o’ < w
and z, > 0, or
ii) for every w € gy there exist an infinite number of w’ in Q9 such that w’ < w
and y,, > 0.

If i) holds, then cl(O~(y)) C cl(O~(x)). Otherwise, cl(O~ (z)) C (O~ (y)). |
Set 2("%) € X to be the element
0, w < v,
() = 4, w=v,  (i€n@),
77(“’) - 13 w >,

and X, ) = (O~ (")) ={z € X 12, <4, 7, =0, w < v}.

8.3 Lemma. Let v € Q. In the collection of closed orbits cl(O~(x)),z = x(*),
linearly ordered by inclusion, the orbit cl(O~(x("'")) is the immediate successor
of (O~ (z=1)), 0 < i < n(). (O (D)) has no immediate successor if
i=mn(v) —1.

Proof. Note the assertion does not imply that (%) is the immediate successor of
21 in the orbit of z(*). Clearly X, ; 2 Xy,i—1. Suppose = € X, A ) R
@D If  # (=Y then x, = i. But then /(O (z)) = X, ;. This proves the
first statement. Now suppose = > (%% where i = n(v) — 1,z # ("), Then there
is some w < v with x,, > 0. Let wy satisfy w < wy < v and z,, = 0. Such wy exists
since the set {w: w < w < v} is infinite. If y € X is given by

0, w=w,
Yo = 17 W = Wo,
T, otherwise,
then /(O™ (z("))) = X, ; S (O~ (y)) S (O~ (x)) (i = n(v) —1). Thus the set of
closed orbits cl(O~ (z)), z = (") & # x(*9) (i = n(v)—1), has no least element. [
8.4 Corollary. Let « be a homeomorphism of X such that o X « is an auto-

morphism of R. Then there is an order-isomorphism ¢ : € — Q such that
a(@®) = 220 and n(p(v)) = n(v),v € Q.

Proof. If x = (), v € Q, so z satisfies 1), ii), iii) of Lemma 1, then necessarily
a(x) satisfies these conditions. Thus, there is a bijection ¢ : @ — Q such that
a(z®) = 29 As 2 < y implies a(z) < a(y), ¢ is an order-isomorphism. Now

the chain X, o) C X(y,1) C -*+ C X(4,p(v)—1) 18 the maximal chain which contains
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Xw,0) = cl(O~ (z("))) such that each member of the chain has either an immediate

successor or immediate predecessor in the collection {cl(O~ (x)) : 2 = 2(*)}. Thus,
the cardinality of the chain is invariant under «; i.e., n(p(v)) = n(v),v € Q. O

8.5 Corollary. Set X = {z € X(, ;) : &, = i}. Then a( X)) = X (@) for
veQ and i€ [n(v))).

Proof. If i = 0, X(*0) = X0 = cl(O~ (™)), and by the previous corollary this
is mapped by a onto cl(O~ (z(#(¥)) = Xo),0- Likewise a(X, i) = X(4(0),5). But
if i > 0, then X% = X(, ;) \ X(,i—1), and so

oz(X(v,i)) = (X)) \ A X(yi-1))
= X(p(),i) \ X(p(),i-1)
= x(e@d, O

Let a, denote the homeomorphism ay,(x) = y, where y, () = Ty, w € Q. Then
ap X, is an automorphism of R. The remainder of this section is devoted to
showing that a, and « agree on a certain dense subset of X, and hence by continuity
must agree everywhere. To this end, given w; < -+ < w, in  and integers
it € n(wy), 1 <t < n, set

1.

X@uin)e@nin) = (3 € X g = i, w=w,l<t<n,
0, w<wp,w#w,1<t<n

8.6 Lemma.

a(x(w1>i1),---7(wn,in)) — x (p(w1),i1),e05(p(wn)ysin)

Proof. The proof will be by induction on n. For n = 1, this is Corollary 8.5. Since
the statement holds if o = a,, replace a by 3 = oz;loz. We need to show (3 leaves
X @1y01),0(@nsin) jpvariant. Fix a positive integer N, and assume the result holds
for n < N. That is, assume that for any n points w1 < -+ < w, (n < N) in Q
and integers i; € [n(w:)],1 <t < n, B leaves X @i)(@nsin) inyariant. Suppose
N + 1 points w; < -+ < wy, in Q and @4 € [p(we)],1 <t < n = N +1, are
given. Set Y = X (@i)s(wn-1in-1) By the induction hypothesis, B(Y) =Y. Let
' ={w>wy_1}and X' = ][ [n(w)]. The projection ¢ : X — X' restricts to
weY
Cly : Y — X, and (|y is one-to-one. Thus, 8’ : X' — X', 8 ({(y)) = ¢(B(y)),y € Y,
defines a homeomorphism of X', which gives an automorphism for the semigroupoid
R’ associated with X’. Thus, the analysis of 8.1-8.5 can be applied to (X', 5’). In
particular, there is an order isomorphism ) of ), preserving dimensions, such that
ﬁ’(Xéw.)) = X{w(v)ﬂ.),v € i € [n(v)]. Equivalently, 8(Yv:)) = Yp), v >

Wn_1,1 € [n(v)]. Let u(*" be the unique maximal element of Y(v,i): 80

¢, w=uw, 1 <t <n,
(’U,i)_ i, w =",
uy, "t =

0, w<v, WwHw, 1<t<n,

nw)—1, w>w.
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Then 3 maps v to the maximal element of Y(w(v)yi),u(u’(””). Define z € X,
{u&v’i), w # wi,
Zy =

0, w=wi.

Then z € X (@252)(@n-1,in-1),(v) " By the induction hypothesis, this set is mapped
to itself by 3. Furthermore, z is the maximal element of X (¥2/%2)-(Wn—1in—1),(v,2)
so B(z) = z. Now z,u("?) are equivalent, since they differ in only one coordinate.
Thus, B(u("?) is equivalent to u(""). However, if either 1)(v) > v or 1 (v) < v, there
will be infinitely many coordinates on which w(»?, u(¥(*):9) differ. Thus ¢ = id.
Taking (v,4) = (wp, i) completes the induction. O

Let 2((w1,1),...(wn,4,)) denote the element of X whose w;*" coordinate is

i, 1 < t < n, and whose other coordinates are all zero. Note that the element
z((w1,i1), ... (Wn,in)) is the unique minimal element of X (“1:41)>(wn,in) -~ Thus if 3
is an automorphism of R leaving X (“1:11):(@nsin) invariant,  must fix the point
2((w1,41), ... (Wn,iy,)). But the set of points with finitely many nonzero coordinates
is dense in X. Thus 8 = id. This proves

8.7 Theorem. a = ay,.

8.8 Remark. For L > 1, the structure of Aut(R) is more complicated. Let Hom(2)
be the set of all order preserving bijections ¢ of Q such that n(w) = n(¢(w)) and
v(w, i) = v(¢(w), ) for all w € Q and i € [n(w)]. Then we can define ay € Aut(R)
by ag ((k, z)) = (k, y), where y, = z4). Also, 7 € Aut(R). A natural question
to ask is: Is Aut(R) generated by 7 and {ae, ¢ € Hom (2)}7 The answer is no.

For example, let € be the set of rational numbers and L = 2. Let a, b € Q and
a < b. Define n(w) = 2 for all w € Q, and, for i € p(w)], v(w, i) =0if a <w <b
and v(w, i) = i if w < a or w > b. Define ¢, ¢1 : & — Q by ¢p(w) = w for all
w € Q, and

w ifw<aorw>b,
P1(w) =4 (w+a)/2 ifa<w<(a+2b)/3,
2w—1b if (a+2b)/3<w<b.
Then a ((k, z,,)) = (k, yo), where y,, = 4, () defines an automorphism of R which

is not generated by 7 and {ay : ¢ € Hom (Q)}.
Note that in this example, A(£2, ®) is simple.
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