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ON MEASURES ERGODIC WITH RESPECT TO
AN ANALYTIC EQUIVALENCE RELATION

ALAIN LOUVEAU AND GABRIEL MOKOBODZKI

ABSTRACT. In this paper, we prove that the set of probability measures which
are ergodic with respect to an analytic equivalence relation is an analytic set.
This is obtained by approximating analytic equivalence relations by measures,
and is used to give an elementary proof of an ergodic decomposition theorem
of Kechris.

INTRODUCTION

In what follows, X denotes a compact metrizable space, and E an analytic
equivalence relation on X, i.e. an equivalence relation on X which is analytic as a
subset of X?2.

Let P(X) be the space of probability measures on X, equipped with the wx-
topology, for which it is compact metrizable too. A measure u € P(X) is E-ergodic
if for every Borel E-invariant set B C X, one has p(B) = 0 or u(B) = 1. Let £(E)
be the set of all F-ergodic measures on X. One of the themes of this paper will be
to compute the complexity of the set £(E) in P(X). It is not hard, from its very
definition, to get the upper bound CPCA (or in modern notation II3). However,
known results in particular cases indicate a much lower complexity. For example,
suppose the equivalence relation F is the orbit equivalence relation associated with
a homeomorphism of X. Then E is F,,, and A.S. Kechris has proved that in this case
E(E) is an F,s subset of P(X), using Hurewicz’ ergodic theorem for nonsingular
transformations. Moreover the computation is sharp, for if Ey is the equivalence
relation on P(N) given by AFEyB < AAB is finite, then £(Ep) is not G, .

The techniques of Kechris have been generalized by A. Ditzen in his thesis [D],
where he shows that if E is generated by a Borel action of a Polish locally compact
group, £(E) is Borel.

In this paper, we will prove:

Theorem 2.1. If E is analytic, E(E) is analytic.

This result will be obtained by using again an ergodic theorem, but this time
for conservative positive L' contractions. We will also derive Ditzen’s result easily
from ours.

One of the motivations for studying the complexity of £(E) came from a recent
result of Kechris [Ke], who proves, using strong set-theoretic hypotheses, a theorem
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about decompositions of measures as integrals of E-ergodic measures, for any ana-
lytic equivalence relation E (see section 3 for a precise statement of this result). In
the proof, the use of strong set-theoretic hypotheses comes from a lack of knowledge
of the complexity of:

(1) the set £(F), and

(2) a function which picks, for each non- E-ergodic measure p, a Borel E-invariant
set B with 0 < p(B) < 1.

The result above answers (1) satisfactorily. For (2), we will show that such a
choice function can be found and is Borel in case E is K,. This will be enough for
the application, using the following “inner approximation” result:

Theorem 3.1. For any analytic equivalence relation E on X, and any p € P(X),
there exists a K, equivalence relation E* C E such that every Borel E*-invariant
set is p-a.e. equal to a Borel E-invariant set.

Theorem 2.1 and its consequences will be proved in section 2. The proof of
Theorem 3.1, together with some more results on K, equivalence relations and a
proof of Kechris’ result without additionnal hypotheses, will be given in section 3.
Before that, we will prove in section 1 another “approximation result” for analytic
equivalence relations, which is the main tool for the other proofs.

If o is a probability measure on X2, let po(c) and p; (o) be its two projections
on X. We say that a Borel set B C X is o-invariant if o(B? U (X — B)?) = 1.

Theorem 1.1. Let E be analytic on X, and p € P(X). There ezists o € P(X?)
with the following properties:
(i) o is symmetric, p,(0) = p1(c) is measure-equivalent to p, and o(E) = 1.
(ii) Every Borel o-invariant set is p-a.e. equal to a Borel E-invariant set.

1. POSITIVE L' CONTRACTIONS AND THE APPROXIMATION
OF ANALYTIC EQUIVALENCE RELATIONS BY MEASURES

Let us first recall some facts from the ergodic theory of positive L! contractions
(the reader is referred for these results to Krengel’s book [Kr]).

Let o be a probability measure on X2, and v = pg(0o) its first projection on
X. We say that o is null-preserving if its second projection pi(c) is absolutely
continuous with respect to v (in notation, p1(c) < v). One can then associate to
o an operator T, : L'(v) — L(v) as follows: Given f € L!(v), the measure f.o is
absolutely continuous with respect to o, hence p;(f.c) < p1(0) < v, and there is
a function T, f € L*(v) such that pi(f.0) =T, f.v.

Clearly, the operator T, is positive and linear, and a contraction of L!(v).
Moreover, if (0;)zex is a disintegration of o with respect to v, i.e. the map
z +— oy is Borel from X to P(X) and 0 = [o,dv, then the adjoint operator
Tx: L*°(v) — L*(v) is given, for bounded f, by

T: f(x) = / 1) doa(y).

In particular TX1 = 1, and T, is called Markovian. (Conversely, by a result of
Neveu, see [Kr], any Markovian positive L!(r) contraction arises in this way from
some ¢ with po(o) = v.)

Let us assume now that ¢ is symmetric, i.e. [ f(z,y)do(x,y) = [ f(y,x)do(z,y)
for all continuous f on X2. Then v = po(c) = pi(o), so o is null-preserving,
T,1=1,and T, = T} on L>®(v).
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Let B(oc) = {B C X : B is Borel, T,(1g) = 1p} be the o-algebra of Borel
invariant sets for T,. Then a Borel set B is in B(c) if and only if o(B?*U(X — B)?) =
1. To see this, suppose first B € B(o). Then by definition of T, p1(0 |Bxx) =V |B;
hence o(B x (X — B)) = 0. By symmetry, o(B? U (X — B)?) = 1. Conversely, if o
is supported by B2U (X — B)?, then 1gx x.0 = 1p2.0 = 1xxp.0, 50 p1(1xx.0) =
1p.c and T,(1p) = 1p, as desired. The main result that we will need is the
following consequence of an ergodic theorem of Hopf (see Krengel [Kr|, theorem
3.3.5) which implies that for such a symmetric o, one has:

For any function f € L'(v), the Cesaro averages % Ziv:_ol T f converge point-
wise v-a.e. to the conditional expectation of f with respect to B(o).

Now let E be an analytic equivalence relation on X, and p € P(X). We say
that o € P(X?) is adapted to the pair (F,p) if o is symmetric, o(F) = 1, and
v = po(0) = pi(o) is measure-equivalent to p (ie. v < p and p < v). We
denote by B(E) the o-algebra of Borel E-invariant sets, and by B, (E) and B,(o)
respectively the images of B(E) and B(o) in L!(u).

The main tool of this paper is the following:

Theorem 1.1. If E is an analytic equivalence relation on X, and u is a probability
measure on X, there exists o € P(X?) which is adapted to (E,u) and satisfies
Bu(E) = By(o).

Proof. First note that if B is Borel and E-invariant, then £ C B? U (X — B)?
hence B € B(o) for all adapted measures o. This shows that B,(E) C B,(o) for
all adapted o.

To prove the result, we first claim it is enough to prove

(%) Bu(E) = ({Bu(0) : o adapted to (E, 1)}

To see this, note that each B, () is a o-algebra in L'(x), hence is norm-closed.
So, as L'(u) is separable, one gets from () the existence of a sequence (o,)n>0
of adapted measures with B,(E) = [, Bu.(0n). Now it is easy to check that if
o1 and oy are adapted with 01 < 02, then B, (02) C B,(o1). So, if we set o =
Y ns02 ".0n, we get an adapted measure o which satisfies B, (E) = B, (o).

It remains to prove the inclusion from right to left in (x). So fix a Borel set
B C X such that its class in L'(u) is in (V{Bu(o) : o adapted to (E,u)}. This
means that for any o adapted to (E, ), there is B* Borel with u(BAB*) = 0 such
that o is supported by B*> U (X — B*)2. But as p < po(c), we get that o is also
supported by B2 U (X — B)?.

Our goal is to find a Borel set B* which is E-invariant and such that y(BAB*) =
0.

Set ¢(B) = inf{u(B’) : B’ is E-invariant, u(B — B’) = 0}. Clearly u(B) < ¢(B),
and as the infimum in the right hand side is attained, it is enough to prove that
¢(B) < u(B). To prove this inequality, we will compute ¢(B) in a different way.

First note that if A is an analytic E-invariant set, there is a Borel E-invariant
set A’ with A C A’ and pu(A" — A) = 0. To see this, start with some Borel By
containing A with pu(By — A) = 0. Let Cp = {x € X : VyEx y € By}. Cp is
coanalytic, and A C Cy C By. By separation, pick By Borel with A C By C Cy,
and set C; = {x € X : VyEx y € By}, and so on. Continuing this way, one gets
decreasing sequences of Borel sets B, and of coanalytic E-invariant sets C,, with
AC Bpy1 € Cp C By Then A" =, B, =(),, Cn is both Borel and E-invariant,
and works.
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Set [Clg = {x € X : Jy € C yEz}. If C is Borel, then [C]g is analytic and
E-invariant. By the previous fact, we get

1 —¢(B) = sup{p(C) : C is Borel and u(B N [C]g) = 0}.

Consider then, for Borel C, v(C) = w(B N [Clg). Let SP(X) be the space
of subprobability measures on X, i.e. of positive Radon measures p on X with
pu(X) <1, with the w*-topology. In SP(X?) define

H={0:0X*-FE)=0and po() < u|p}.

As FE is analytic and B is Borel, H is analytic in SP(X?), and is measure-convex.
So its image p1(H) under p; is also analytic and measure-convex in SP(X). We
claim that for all Borel C

7(C) = sup (¥(C)).

vepr(H)
To see this, first let v = p1(0), with § € H. Then
v(C)=0(X xC)=0([Clg x C)

as 6 is supported by E; and so v(C) < po(0)([Clg) < u(BN[Clg) = v(C). Con-
versely, if A = BN [C]g, then for each = € A there is y € C with yEz, and so by
the Jankov-Von Neumann selection theorem we can find a u-measurable function
¢ : A — C such that (z,¢(z)) € E for all x € A. Let 6 be the image of |4 under
the map = — (z, ¢(z)). Clearly 0 is in H, and p1(6)(C) = p1(0)(X) = po(0)(X) =
u(A) =~(C), as desired.

We now use the following result: Given a measure p on X, and an analytic
measure-convex set L in SP(X), there is a unique decomposition of p as yu = po+p1,
with o = i |¢, for some Borel set Cy which satisfies v(Cy) = 0 for all v € L, and
11 = p | x—c, is absolutely continuous with respect to some v in L.

To prove this fact, let Cy be an essential supremum w.r.t. p of all Borel sets
C with sup,c;, v(C) = 0. Then puy = p |c, has the desired properties. Moreover
11 = [ — o is absolutely continuous with respect to v, = sup{v : v € L}. Now let
C1 be an essential supremum w.r.t. p of all Borel sets C' such that for some v € L,
i o< v. Clearly, one has u(Co N Cq) = 0. By maximality of Ci, one also has
that u |x—¢, is orthogonal to all measures v € L. One can then apply a theorem
of Mokobodzki (see e.g. [KL], chapter 9): The measure u |x_¢, is supported by a
Borel set D with v, (D) = 0. So u |x—¢, is supported by Cp, and C; = X — Cpy
p-a.e. Finally if (D,,) are Borel sets and (v,,) are measures in L such that C; =
Un D, and p |p,< Uy, then v = Zn 27"y, is a measure in L by measure-
convexity, and p |¢,= p1 < v, as desired.

We apply this result to our computation of ¢(B). Recall that

1—¢(B) = sup {u(C) : C Borel, v(C) = 0},
where
Y(C)=wBN[Clg) = sup (¥(C)).
vep(H)

We apply the result to u and the analytic measure convex set p;(H), and get
the corresponding decomposition u = pg + pi. By definition of ¢(B), we have
1—¢(B) = po(X), so that ¢(B) = p1(X). Let 6 be a measure in H with p; < p1(6),
let f be such that pu; = f.p1(0), and define ¢’ by df’'(x,y) = f(y).df(x,y). Clearly
0’ is supported by E, as 6 is. Also p1(0') = pu1 < p, and po(0') < po(6) <
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i |B. So both po(8') and pi(0) are absolutely continuous w.r.t. p. Let 6” be
symmetric to ¢, and p’ the image of p under the map  +— (z,z). Finally set
=4 L+ 107 X) (9’ +0"). Clearly ¢ is a symmetric probability measure on X2, and

o is supported by E. Moreover, v = po(0) = p1(0) = $pu+ 49+(X)(p0(9/) +p1(0'))
is measure-equivalent to p, so o is adapted to (F, u). By our hypothesis on B, o is
supported by B2 U (X — B)?; hence so is '. But po(6') < p |B, so 0’ is supported
by B2?. So ¢(B) = p1(0')(X) = p1(0")(B) < u(B), as desired. This finishes the
proof of the theorem. F

2. THE COMPLEXITY OF &£(FE)

Theorem 2.1. If E is an analytic equivalence relation on X, the set E(E) of E-
ergodic probability measures is analytic in P(X).

Proof. One has the equivalence
w is E-ergodic < Jofo is adapted to (E, u) and VB € B(o) pu(B) =0 or 1].

The implication from right to left follows from the fact that for any adapted o
one has B, (E) C By,(o), and the implication from left to right is Theorem 1.1.

Now note that for any adapted o, po(o) is equivalent to u; hence in the equiv-
alence above, the condition u(B) = 0 or 1 can be replaced by po(c)(B) = 0 or 1.
Let (fim)men be a sequence of continuous functions, norm-dense in C(X). Applying
the Hopf ergodic theorem to T, and v = po(c), we get:

w is E-ergodic <« Jo [(1) o is adapted to (F, u) and
N1

(2) Vm ( hm —ZT"fm /fmdp0 ) po(0)-a.e.)].

Now the set of symmetric measures is closed in P(X?), the relation “po(c) is
equivalent to u” is Borel in P(X?) x P(X), and as E is analytic, the set of measures
supported by FE is analytic too. So {(o, ) : o is adapted to (E, u)} is analytic in
P(X?) x P(X).

Moreover the proof of the disintegration theorem is uniform, and there exists a
Borel set C' C P(X?) x X and a Borel function ¢ : C' — P(X) such that:

(i) Vo € P(X?) C, = {z: (0,2) € C} has po(c)-measure 1, and

(i1) if for (o, x) € C one sets o, = ¢(o, ), then o = fcc, oz dpo (o) ().

It follows that for symmetric o and a fixed function f € C(X), there is a Borel
set D and Borel functions F,, : D — R such that

(i) Dy = {x : (0,2) € D} has po(o)-measure 1, and

(ii) Y(o,2) € D ¥n F,(o,x) = T2 f(z).

It then follows easily that the set of symmetric o’s satisfying (2) is Borel in
P(X?), and finally the equivalence above gives an analytic definition for £(E), as
desired. F

Remarks. 1. The same result holds if X is only assumed to be analytic in some
Polish space. For one can pick any Polish compactification . X of X, and extend E
by equality outside X. The resulting equivalence relation E on X is still analytic,
and

1 is E-ergodic «» p is E-ergodic and p(X) = 1;
hence £(E) is still analytic.
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2. In terms of complexity, the previous result is best possible. To see this,
consider the continuous map ¢ : X? — P(X): é(z,y) = 3(6, + 6,). Clearly
E = ¢~Y(E(E)); hence £(E) cannot be Borel if E is not Borel.

However in some situations, one is interested not in all E-ergodic measures, but
in the subset &,(E) consisting of the non- E-atomic ones, i.e. those which are not
supported by an E-equivalence class. Being F-atomic is easily seen to be analytic,
and non-Borel in general by the previous fact. Hence E,(E) is the difference of two
analytic sets, but its exact complexity is not known.

Corollary 2.2. Suppose that either (i) E is K, in X2, or (ii) (Ditzen, [D]) E is the
orbit relation induced by some Borel action of a Polish locally compact group G on
X, i.e. for some Borel action o : GxX — X, one has xEy < 3g € G a(g,z) = y.
Then E(F) is Borel in P(X).

Proof. By Theorem 2.1, £(E) is analytic in P(X). So we have to prove that in
both cases it is coanalytic too. Let IC(X) be the space of compact subsets of X,
with the Hausdorff topology, for which it is compact metrizable. One has

peE(E) = VK € K(X) (u([K]p) = 0 or p([K]g) =1).

To prove this from left to right, use the remark that any analytic E-invariant
set is p-a.e. equal to a Borel E-invariant set. For the other direction, note that if
some Borel E-invariant set B has py-measure different from 0 and 1, it contains a
compact set K of positive p-measure, and [K]g also has p-measure different from
0 and 1.

For an arbitrary analytic equivalence relation F, the relation z € [K|g is ana-
lytic, and the equivalence above gives only that £(F) is CPCA, a bad upper bound
in view of Theorem 2.1. But if this relation happens to be Borel, then so are the
relations, in P(X) x K(X), u([K]g) = 0 and pu([K]g) = 1, and the equivalence
above gives that £(F) is coanalytic, as desired.

In case (i), the relation x € [K]g is K, in X x K(X), and we are done. In
case (ii), we can use a theorem of Varadarajan: There is a finer Polish topology on
X which makes the action « continuous. For this new topology, X is Polish, the
new K(X) is Polish too, and both E and the relation = € [K]g become Borel, as
projections of Borel relations with K, sections. The above discussion now lets us
conclude the proof. F

Remark. One cannot hope for a better result in case (ii), for there are equivalence
relations induced by Borel actions of Polish locally compact groups which are of
arbitrarily high Borel class, and the same trick as in the remark following Theorem
2.1 shows that £(F) is of arbitrarily high Borel class too. For K, E’s, we will come
back to this question at the end of section 3.

3. APPROXIMATION OF ANALYTIC EQUIVALENCE RELATIONS BY K, ONES,
AND KECHRIS’ ERGODIC DECOMPOSITION THEOREM

Theorem 3.1. Let E be an analytic equivalence relation on X, and p € P(X).
There exists a K, equivalence relation E' on X such that (i) E' C E and (ii) every
E'-invariant Borel set is u-a.e. equal to an E-invariant Borel set.

Proof. This is a simple consequence of Theorem 1.1: Pick o adapted to (E, u) with
B,(c) = Bu(E). Let K C X? be a K, subset of E with o(K) = 1, and E’ the
equivalence relation generated by K. Then E’ is K,, ' C E, and ¢(E’) = 1, so
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o is also adapted to (E’, ;). And we have B, (F) C Bu(E') C Bu(o) C Bu(E), as
desired. (o

As a consequence of this result and the computations in section 2, we can now
give an elementary proof of the following result of A.S. Kechris [Ke] (which he
proved using extra set-theoretical assumptions)

Theorem 3.2 (Kechris). Let E be an analytic equivalence relation on X, and p €
P(X). There exists a Borel function ¢ : X — P(X) satisfying

(i) for p-a.e. © € X, iy = p(z) is E-ergodic, o~ (p(x)) ={y € X : py = pz}
is E-invariant, and pu. (¢~ (p(x))) = 1.

(i) p = [ podp().

Proof. We use disintegration with respect to the algebra B, (E), which is norm-
separable in L'(u). Fix (Bp)nen, a sequence in B(E) norm-dense in B,(E), and
define ¢y : X — {0, 1} by @o(z)(n) = 1, (x). Set v = po(r). The measure v is
supported by the analytic set Y = ¢g[X], and by the disintegration theorem, there
exists a Borel map ¢ : Y — P(X) with u = [ ¢1(y) dv(y), and for v-a.a. y, ¢1(y)
is supported by goal(y).

So if we set p(z) = ¢1(po(x)), we get a Borel function which is E-invariant as
o is, satisfies p-a.e. that ¢(x) is supported by ! (p(z)), and p = [ p(z) du(z).
So it only remains to show that p-a.e. p(x) is E-ergodic.

By 3.1, let E’ C E be a K, equivalence relation with B,,(E’) = B,(E), so that
the sequence (B,,) is still dense in B, (E’). We claim that p-a.e. ¢(z) is E'-ergodic
(hence a fortiori E-ergodic), or equivalently that the set A = {y € Y : ¢1(y) is not
E’-ergodic} has v-measure 0.

Assume not, for a contradiction. By 2.2, A is Borel in Y, hence v-measurable, and
v(A) > 0. For each y € A there are e > 0 and K € K(X) with € < ¢1(y)([K]r/) <
1 —e. By reducing A to some Borel subset A" with v(A4’) = a > 0, we may assume
that the same e works for all y € A’. Now the relation € < 1 (y)([K]g) <1 —€is
Borel in Y x K(X); hence by the Jankov-von Neumann selection theorem, there is
a Borel set A” C A’ with v(A”) = a, and a Borel function: y € A” — K, € K(X)
such that for y € A" ¢ < 1 (y)([Kylp) <1 —e Set B =U,can([Kylpr N w5 ().
The set B is both Borel and E’-invariant. And an immediate computation gives,
for every n, u(BAB,,) > ae, contradicting the density of the B,’s, and finishing
the proof. F

In the previous proof, we used the Jankov-von Neuman selection theorem to find,
in a universally measurable way, for £ K, and p ¢ £(E) some compact K with
w([K]g) # 0 and pu([K]g) # 1. In fact, as we said in the introduction, this can be
done in fact in a Borel way, as we now show. We will need the following simple
fact.

Lemma 3.3. Let p be a measure on X, A and B two Borel subsets of X, and
set K, = {0 € SP(X?) : po(o) < p and pi(c) < u}. Then on K,, the map
o — o(A x B) is continuous.

Proof. Given € > 0, pick Fy compact and Uy open with Fy C A C Uay and
w(Ug — Fa) < ¢, and similarly Fip and Up for B. Then 0(Fa X Fp) < 0(Ax B) <
0(Ua x Ug), and for 0 in K,,, 0(Ua x Ugp — Fa x Fg) < €. As 0 — o(Fa X Fp)
and o — o(Uy x Up) are respectively usc and lsc, we are done. H
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Now let E be a K, equivalence relation, and let E, be an increasing sequence
of compact symmetric sets in X2, containing the diagonal, with F = U,, En. Fix
pin P(X?), and set L, = {0 € K, : 0(X? — E,) = 0}. Each L,, is compact in
SP(X?). Pick a sequence (07, )men of nonzero measures which is dense in L,,, with
o) = i/ (the image of p on the diagonal of X?). Finally set

1
o= 27¢mm=2 ____(5n 4 5"
where ¢ is a bijection between N? and N, and &7, is symmetric to 7. Clearly o
is a symmetric probability measure on X? which is supported by E, and its two
projections are measure-equivalent to p. So o is adapted to (F, p).

Lemma 3.4. B,(c) = B,(E).

Proof. Suppose not. Then the proof of Theorem 1.1 means that there is a Borel
set B with o(B% U (X — B)?) = 1 and such that ¢(B) > u(B), where if we set

H={0cSP(X?:0(X>-E)=0and py(0) <t |p}
and
H, ={0 € SP(X?):0(X* — E,) = 0and po(0) < p |5},
we have
¢(B) = sup{p(C) : C Borel E-invariant, u(B — C) = 0}
=sup{pAv(X):30 € H (v < p1(0))}
= sgpsgp{u Av(X):30 € H, (v <kpi(0))}.

Hence there exist k,n € N and 8 € H, such that u A k.p1(6)(X) > wu(B). Let
f < k be such that p A k.p1(0) = p1(f6). Then ¢ f6 is in L,,. Moreover one must
have f0(B x X — B) > 0, for otherwise f would be supported by B2, and one
would have p1(f0)(X) = p1(f0)(B) < u(B). By Lemma 3.3, there is by continuity
some m € N such that o (B x X — B) > 0; hence a fortiori 0(B x X — B) >0, a
contradiction which finishes the proof. F

Theorem 3.5. Let E be a K, equivalence relation on X.

(i) There is a Borel (1st class) function ¢ : P(X) — P(X?) such that for any
1€ P(X), ¢(p) is adapted to (E,u) and By(p(p)) = Bu(E).

(ii) There are Borel functions ¥, : P(X) x X — R such that for all p € P(X),
the sequence ., (i, .) is norm-dense in B, (E).

(i1i) There is a Borel function 6 : P(X) — E(E) — K(X) such that for non-E-
ergodic pu, 0 < p([0(n)]e) < 1.

Proof. Parts (ii) and (iii) follow easily from part (i), using again the Hopf ergodic
theorem: For symmetric o € P(X?), and a sequence (f,,) norm-dense in C(X),
the functions g3, = limy & SN ' 7% f,,, form a sequence which is norm-dense in
B,.(0) by this theorem, and it is easy to get, in a Borel way in o, representatives
of this sequence. Composing with the function ¢ given by (i) gives (ii), and (iii)
follows easily. To get (i), it is enough by Lemma 3.4 to check that one can find for
each n in a Borel (and in fact 1st class) way in u, a sequence (o], ({t))men dense in
Ly(u) ={0 € K, : (X? — E,) = 0}. And this is easy, as {(,0) : 0 € L,(p)} is
compact in P(X) x P(X?). F
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Remark. The previous result is clearly uniform in F, via some natural encoding of
the K, equivalence relations on X: We can e.g. encode E by a sequence (K,) €
K(X?)N which generates it, and the maps ¢, ¥£ and 6F given by 3.5 can easily
be taken Borel in the sequence (K,,) too. It follows that the Borel class of £(E),
for K, E, is bounded independently of E. In fact, (E,u) — ¢ (1) can be chosen
first class, and for each m, (o,2) — T2 f;(x) can be chosen of finite Borel class
(depending on n), so that one can show that for a K, equivalence relation E, £(E)
is TI, 19. We do not know how sharp this computation is.
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