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PAIRS OF MONOTONE OPERATORS

S. SIMONS

Abstract. This note is an addendum to Sum theorems for monotone opera-
tors and convex functions. In it, we prove some new results on convex functions
and monotone operators, and use them to show that several of the constraint
qualifications considered in the preceding paper are, in fact, equivalent.

Introduction

We continue with the notation and the numbering of [4]. For the moment, we
shall assume that E is reflexive; if we not making this assumption, we shall say
specifically that E is a general Banach space.

Let S1, S2 : E → 2E
∗

be maximal monotone. The main result of this note is the
“Six Set Theorem”, Theorem 44(c), in which we prove that int(D(S1)−D(S2)) is
identical with five other sets. We deduce from this in Theorem 44(d) and Theorem
44(e) that int(D(S1)−D(S2)) is always convex, and that any point surrounded by
co(D(S1)−D(S2)) is always an interior point of D(S1)−D(S2). (See Definition 38
for the technical meaning of “surrounded”. It is easily seen that co(D(S1)−D(S2))
= coD(S1)− coD(S2).)

We next deduce the “Nine Set Theorem”, Theorem 45(a), from the Six Set

Theorem. In the Nine Set Theorem, we prove the identity of D(S1)−D(S2) with
eight other sets if D(S1) − D(S2) is sufficiently fat. We deduce from this that

D(S1)−D(S2) is then also convex. These results parallel results known for a
single maximal monotone operator in a general Banach space. In Remark 46, we
give comparisons of these two series of results.

The following eight “constraint qualifications” discussed in [4] are known to
guarantee the maximal monotonicity of S1 + S2:

D(S1)−D(S2) is absorbing,(0.2)

coD(S1)− coD(S2) is absorbing,(0.3)

domχS1 − domχS2 is absorbing,(0.4) ⋃
λ>0

λ(D(S1)−D(S2)) = lin(D(S1)−D(S2)),(0.5)

coD(S1)− coD(S2) is a neighborhood of 0 in lin(D(S1)−D(S2)),(0.6)
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λ>0

λ
[
coD(S1)− coD(S2)

]
= lin(D(S1)−D(S2)),(0.7)

⋃
λ>0

λ
[
domχS1 − domχS2

]
= lin(domχS1 − domχS2),(23.1)

and

S1 and S2 satisfy the “χ constraint condition”(37.1)

(see Definition 48). Furthermore, (0.4) is formally weaker than (0.2) and (0.3),
and (37.1) is formally weaker than (0.5), (0.6), (0.7) and (23.1). We shall show in
Theorem 47 that (0.2), (0.3) and (0.4) are, in fact, equivalent. This equivalence is
not trivial, relying as it does on Theorem 44(a), which relies on Lemma 43, which
relies in turn on Lemma 17, the crucial step in the proof of Corollary 20. We shall
show in Theorem 49 that (0.5), (0.6), (0.7), (23.1) and (37.1) are also equivalent.
Theorem 49 uses not only Theorem 47, but also a new result on the function χT
(see Lemma 41(b)).

The technique introduced in this note is an application to operators of the tech-
nique applied to functions in Theorem 36.

Most of the results in the initial section on preliminaries are taken from [4].
Lemma 41(b), which we have already mentioned, is an exception. We bootstrap
this result in Theorem 42 and obtain the new result that — even in a general
Banach space — if S is maximal monotone then domχS and D(S) have the same
closed affine hull.

Preliminaries

We point out for the record that Lemma 39, Lemma 40, Lemma 41 and Theorem
42 are all valid in a general Banach space. Reflexivity is used in our proof of Lemma
43 (see Lemma 17). In this note, we only need the weaker conclusion “there exists
z ∈ D(S1 + S2)”. It is conceivable that this is true in a general Banach space,
without the assumption of reflexivity.

Definition 38. (See Remark 12.) Let E be a general Banach space, x ∈ E and
A ⊂ E. We write “x ∈ surA” and say that “A surrounds x” if, for each w ∈ E \{0},
there exists δ > 0 such that x+ δw ∈ A. The statement “x ∈ surA” is related to x
being an “absorbing point” of A (see [3], Definition 2.27(b), p. 28), but differs in
that we do not require that x ∈ A. We also note that

if A is convex then (0 ∈ surA ⇐⇒ A is absorbing).(38.1)

Lemma 39. Let E be a general Banach space, and let g1, g2 : E → R ∪ {∞} be
convex, lower semicontinuous functions. Then

sur(dom g1 − dom g2) = int(dom g1 − dom g2).

Proof. We shall prove that

sur(domg1 − domg2) ⊂ int(domg1 − domg2).(39.1)

This gives the desired result, since the reverse inclusion is trivial. So let

x ∈ sur(domg1 − domg2).
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Define g3 : E → R ∪ {∞} by g3(y) := g1(y + x) (y ∈ E). Then domg3 =
domg1 − x, from which it follows that

0 ∈ sur(domg3 − domg2).

From (38.1), domg3 − domg2 is absorbing; hence, from Corollary 4,

0 ∈ int(domg3 − domg2) = int(domg1 − x− domg2).

Thus x ∈ int(domg1 − domg2), which completes the proof of (39.1).

Lemma 40. Let E be a general Banach space, T : E → 2E
∗

a monotone operator
and D(T ) 6= ∅. Let w ∈ E and S = (T−1 − w)−1. Then D(S) = D(T )− w.

Proof. This is immediate since Sx = T (x+ w) (x ∈ E).

Lemma 41 is a continuation of Lemma 25.

Lemma 41. Let E be a general Banach space, F a closed subspace of E, T : E →
2E

∗
a monotone operator and D(T ) ⊂ F . Define T |F : F → 2F

∗
by

(T |F )x := {x∗|F : x∗ ∈ Tx}.
Then:

(a) D(T |F ) = D(T ).
(b) If T is maximal monotone then domχT ⊂ F .
(c) If T is maximal monotone then domχ(T |F ) = domχT .

Proof. We leave to the reader the proof of (a), which is fairly straightforward.
(b) Let x ∈ domχT and t ∈ D(T ). Fix t∗ ∈ T t. We first prove that

y∗ ∈ E∗ and y∗|F = 0 =⇒ 〈x− t, y∗〉 = 0.(41.1)

Let y∗ ∈ E∗ and y∗|F = 0. Let λ be an arbitrary real number. From Lemma 25(c),
T is F -saturated (see Definition 24) and so (t, t∗ + λy∗) ∈ G(T ). Thus, from the
definition of χT (x),

〈x, t∗ + λy∗〉 − 〈t, t∗ + λy∗〉
1 + ‖t‖ ≤ χT (x);

hence

λ〈x − t, y∗〉 ≤ (1 + ‖t‖)χT (x)− 〈x− t, t∗〉.
Since this holds for all λ ∈ R, 〈x − t, y∗〉 = 0, which completes the proof of (41.1).
Now F is closed, so it follows from (41.1) and the separation theorem that x−t ∈ F .
Since t ∈ D(T ) ⊂ F , x = t+ (x − t) ∈ F . This completes the proof of (b).

(c) is immediate from (b) and Lemma 25(b).

Theorem 42. Let E be a general Banach space and S : E → 2E
∗

a maximal
monotone operator. Then

aff(domχS) = affD(S),

where “ aff” stands for “affine hull of”.
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Proof. We shall prove that

aff(domχS) ⊂ affD(S).(42.1)

This gives the desired result, since the reverse inclusion is immediate from Lemma
9. Let x ∈ D(S) and T = (S−1 − x)−1. T is easily seen to be maximal monotone.
From Lemma 40,

D(T ) = D(S)− x(42.2)

and, from Lemma 10,

domχS = domχT + x.(42.3)

It follows from (42.2) that D(T ) 3 0, and so linD(T ) = affD(T ). Substituting this
back in (42.2), we obtain

linD(T ) = aff(D(S)− x) = affD(S)− x.(42.4)

From Lemma 41(b) with F := linD(T ), domχT ⊂ linD(T ). Combining this with

(42.4), we see that domχT ⊂ affD(S)− x = affD(S)− x. Thus, using (42.3),

domχS ⊂ affD(S),

from which (42.1) follows immediately.

Lemma 43. Let E be a reflexive Banach space, let S1, S2 : E → 2E
∗

be maximal
monotone operators, and let domχS1 − domχS2 be absorbing. Then there exists
(z, z∗) ∈ G(S1 + S2) such that

‖z‖2 + ‖z∗‖2 + 2〈z, z∗〉 = 0.(43.1)

Proof. See Lemma 17.

The Six Set Theorem and the Nine Set Theorem

Our next result, Theorem 44, is the main result of this note.

Theorem 44. Let E be a reflexive Banach space and S1, S2 : E → 2E
∗

be maximal
monotone operators. Then:

(a) Sur(domχS1 − domχS2) ⊂ D(S1)−D(S2).
(b) Sur(domχS1 − domχS2) ⊂ int(D(S1)−D(S2)).
(c) Int(D(S1)−D(S2)) = int(coD(S1)− coD(S2)) = int(domχS1 − domχS2) =

sur(D(S1)−D(S2)) = sur(coD(S1)− coD(S2)) = sur(domχS1 − domχS2).
(d) Int(D(S1)−D(S2)) is convex.
(e) Sur(coD(S1)− coD(S2)) ⊂ int(D(S1)−D(S2)).

Proof. Let x ∈ sur(domχS1−domχS2). Define S3 : E → 2E
∗

by S3 := (S−1
1 −x)−1.

From Lemma 40 and Lemma 10,

D(S3) = D(S1)− x and domχS3 = domχS1 − x;(44.1)

thus, by hypothesis,

0 ∈ sur(domχS1 − x− domχS2) = sur(domχS3 − domχS2).

From (38.1), domχS3 − domχS2 is absorbing; hence, from Lemma 43, there exists

z ∈ D(S3 + S2) = D(S3) ∩D(S2).
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From (44.1), there exists y ∈ D(S1) such that z = y − x. But then

x = y − z ∈ D(S1)−D(S2).

This completes the proof of (a). However, it follows from Lemma 39 that

sur(domχS1 − domχS2) is open;

thus (b) is a consequence of (a). From Lemma 9,

int(D(S1)−D(S2)) ⊂ int(coD(S1)− coD(S2)) ⊂ int(domχS1 − domχS2)

and

sur(D(S1)−D(S2)) ⊂ sur(coD(S1)− coD(S2)) ⊂ sur(domχS1 − domχS2).

Since int(. . . ) ⊂ sur(. . . ), (c) follows from (b). Finally, (d) and (e) are immediate
from (c).

Theorem 45. Let E be a reflexive Banach space, S1, S2 : E → 2E
∗

maximal
monotone operators and

sur(domχS1 − domχS2) 6= ∅.
Then:

D(S1)−D(S2) = coD(S1)− coD(S2) = domχS1 − domχS2(a)

= int(D(S1)−D(S2)) = int(coD(S1)− coD(S2)) = int(domχS1 − domχS2)

= sur(D(S1)−D(S2)) = sur(coD(S1)− coD(S2)) = sur(domχS1 − domχS2).

(b) D(S1)−D(S2) is convex.

Proof. From Lemma 9,

D(S1)−D(S2) ⊂ coD(S1)− coD(S2) ⊂ domχS1 − domχS2 .

Clearly,

int(D(S1)−D(S2)) ⊂ D(S1)−D(S2).

From Lemma 39, int(domχS1 − domχS2) 6= ∅; hence (see, for instance, [2], 13.1(i),
pp. 100-111)

domχS1 − domχS2 = int(domχS1 − domχS2).

(a) now follows from Theorem 44(c), and (b) is an immediate consequence of (a).

Remark 46 (See also Remark 12). The following results, valid for general Banach
spaces, were proved in [1], Theorem 14, pp. 95-96.

Let S : E → 2E
∗

be maximal monotone. Then

intD(S) = int(coD(S)) = int(domχS)

= surD(S) = sur(coD(S)) = sur(domχS).

Let S : E → 2E
∗

be maximal monotone and sur(domχS) 6= ∅. Then

D(S) = coD(S) = domχS

= intD(S) = int(coD(S)) = int(domχS)

= surD(S) = sur(coD(S)) = sur(domχS).
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Theorem 44(c) and Theorem 45(a) give analogs for pairs of maximal monotone
operators for reflexive spaces. Of course, these results are much “harder” than the
results proved in [1], since they use Lemma 17.

Constraint qualifications

In this final section, we apply Theorem 44(c) and Lemma 41 to show the equiv-
alence of various constraint qualifications that have been used to establish the
maximal monotonicity of S1 + S2 in reflexive spaces.

Theorem 47. Let E be a reflexive Banach space and S1, S2 : E → 2E
∗

be maximal
monotone operators. Then the six conditions below are equivalent:

D(S1)−D(S2) is a neighborhood of 0,(47.1)

D(S1)−D(S2) is absorbing,(0.2)

D(S1)−D(S2) surrounds 0,(47.2)

coD(S1)− coD(S2) is absorbing,(0.3)

coD(S1)− coD(S2) is a neighborhood of 0,(47.3)

domχS1 − domχS2 is absorbing.(0.4)

Proof. Using (38.1), the equivalence of (47.1), (47.2), (0.3), (47.3) and (0.4) follows
by putting “0 ∈” in front of the first, fourth, fifth, second and sixth sets, respectively,
of Theorem 44(c). (0.2) is intermediate between (47.1) and (47.2).

Definition 48. (See Definition 22.) Let S1, S2 : E → 2E
∗

be monotone operators.
We say that S1, S2 satisfy the χ constraint qualification if there exist w ∈ E and a
closed subspace F of E such that

D(Si) ⊂ w + F for i = 1, 2(48.1)

and ⋃
λ>0

λ
[
(w + F ) ∩ domχS1 − (w + F ) ∩ domχS2

]
= F.(48.2)

Theorem 49. Let E be a reflexive Banach space, and let S1, S2 : E → 2E
∗

be
maximal monotone operators. Then the seven conditions below are equivalent:

D(S1)−D(S2) is a neighborhood of 0 in lin(D(S1)−D(S2)),(49.1) ⋃
λ>0

λ
[
D(S1)−D(S2)

]
= lin(D(S1)−D(S2)),(0.5)

coD(S1)− coD(S2) is a neighborhood of 0 in lin(D(S1)−D(S2)),(0.6) ⋃
λ>0

λ
[
coD(S1)− coD(S2)

]
= lin(D(S1)−D(S2)),(0.7)

domχS1 − domχS2 is a neighborhood of 0 in lin(domχS1 − domχS2),(49.2)
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λ>0

λ
[
domχS1 − domχS2

]
= lin(domχS1 − domχS2),(23.1)

S1 and S2 satisfy the χ constraint condition.(37.1)

Proof. Clearly (49.1)=⇒(0.5)=⇒(0.7), and (49.1)=⇒(0.6)=⇒(0.7); and it was
proved in Lemma 23 that (0.7)=⇒(37.1). Further, (49.2)=⇒(23.1). Thus it re-
mains to prove that (23.1)=⇒(37.1), (37.1)=⇒(49.1) and (37.1)=⇒(49.2).

((23.1)=⇒(37.1)) Let F := lin(domχS1 − domχS2). Since 0 ∈ F , it follows from
(23.1) that 0 ∈ domχS1−domχS2 ; hence there exists w ∈ domχS1∩domχS2 . From
Lemma 9,

D(S1)− w ⊂ domχS1 − w ⊂ domχS1 − domχS2 ⊂ F

and

D(S2)− w ⊂ domχS2 − w ⊂ domχS2 − domχS1 ⊂ F.

These two sets of inclusions give (48.1), and also imply that,

for i = 1, 2, domχSi = (w + F ) ∩ domχSi .

Consequently, (23.1) gives (48.2). This establishes (37.1).
Now suppose that S1 and S2 satisfy the χ constraint condition. Let w and F

be as in Definition 48, and Ti := (S−1
i − w)−1. Clearly, T1 and T2 are maximal

monotone. Using Lemma 40 and Lemma 10 on (48.1) and (48.2), we get

for i = 1, 2, D(Ti) ⊂ F(49.3)

and ⋃
λ>0

λ
[
F ∩ domχT1 − F ∩ domχT2

]
= F.

Combining this with Lemma 25(b),⋃
λ>0

λ
[
domχ(T1|F ) − domχ(T2|F )

]
= F.

From Lemma 25(c), T1|F and T2|F are maximal monotone; hence, from Theorem
47,

D(T1|F )−D(T2|F ) is a neighborhood of 0 in F.

Now, from Lemma 40 and Lemma 41(a),

D(S1)−D(S2) = D(T1)−D(T2) = D(T1|F )−D(T2|F );

hence

D(S1)−D(S2) is a neighborhood of 0 in F.(49.4)

It also follows from (49.3) and Lemma 41(b) that domχTi ⊂ F (i = 1, 2);
hence, since F is a subspace, domχT1 −domχT2 ⊂ F . Using Lemma 10, domχS1−
domχS2 ⊂ F . From Lemma 9 and (49.4),

domχS1 − domχS2 is a neighborhood of 0 in F.(49.5)

Since F is a closed subspace, from (49.4) and (49.5),

lin(D(S1)−D(S2)) ⊂ F and lin(domχS1 − domχS2) ⊂ F.(49.6)

It now follows from (49.4), (49.5) and (49.6) that (49.1) and (49.2) hold. This
completes the proof that (37.1)=⇒(49.1) and (37.1)=⇒(49.2).
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