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QUANTUM COHOMOLOGY
OF PROJECTIVE BUNDLES OVER P"

ZHENBO QIN AND YONGBIN RUAN

ABSTRACT. In this paper we study the quantum cohomology ring of certain
projective bundles over the complex projective space P™. Using excessive inter-
section theory, we compute the leading coefficients in the relations among the
generators of the quantum cohomology ring structure. In particular, Batyrev’s
conjectural formula for quantum cohomology of projective bundles associated
to direct sum of line bundles over P™ is partially verified. Moreover, rela-
tions between the quantum cohomology ring structure and Mori’s theory of
extremal rays are observed. The results could shed some light on the quantum
cohomology for general projective bundles.

1. INTRODUCTION

Quantum cohomology, proposed by Witten’s study [16] of two dimensional non-
linear sigma models, plays a fundamental role in understanding the phenomenon of
mirror symmetry for Calabi-Yau manifolds. This phenomenon was first observed
by physicists motivated by topological field theory. A topological field theory starts
with correlation functions. The correlation functions of the sigma models are linked
with the intersection numbers of cycles in the moduli space of holomorphic maps
from Riemann surfaces to manifolds. For some years, the mathematical construc-
tion of these correlation functions has remained a difficult problem because the
moduli spaces of holomorphic maps usually are not compact and may have the
wrong dimension. The quantum cohomology theory was first put on a firm mathe-
matical footing in [12], [13] for semi-positive symplectic manifolds (including Fano
and Calabi-Yau manifolds), using the method of symplectic topology. Recently, an
algebro-geometric approach has been taken by [8], [9]. The results of [12], [13] have
been redone in the algebraic geometric setting for the case of homogeneous spaces.
The advantage of homogeneous spaces is that the moduli spaces of holomorphic
maps always have the expected dimension and their compactifications are nice.
Beyond the homogeneous spaces, one cannot expect such nice properties for the
moduli spaces. The projective bundles are perhaps the simplest examples. How-
ever, by developing sophisticated excessive intersection theory, it is possible that
the algebro-geometric method can work for any projective manifold. In turn, it may
shed new light on removing the semi-positivity condition in the symplectic setting.
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3616 ZHENBO QIN AND YONGBIN RUAN

Although we have a solid foundation for the quantum cohomology theory at
least for semi-positive symplectic manifolds, the calculation has remained a diffi-
cult task. So far, there are only a few examples which have been computed, e.g.,
Grassmannian [14], some rational surfaces [6], flag varieties [4], some complete in-
tersections [3], and the moduli space of stable bundles over Riemann surfaces [15].
One common feature for these examples is that the relevant moduli spaces of ra-
tional curves have the expected dimension. This feature enables one to use the
intersection theory. We should mention that there are many predications based
on mathematically unjustified mirror symmetry (for Calabi-Yau 3-folds) and the
linear sigma model (for toric varieties). In this paper, we attempt to determine the
quantum cohomology of projective bundles over projective space P". In contrast to
previous examples, the relevant moduli spaces in our case frequently do not have
the expected dimensions. These moduli spaces make the calculations more difficult.
We overcome this difficulty by using the excessive intersection theory.

There are two main ingredients in our arguments. The first one is a result of
Siebert and Tian (Theorem 2.2 in [14]), which says that if the ordinary cohomology
H*(X;Z) of a symplectic manifold X with the symplectic form w is the ring gen-
erated by aq, ... ,a, with the relations f1,..., f, then the quantum cohomology
H*(X;Z) of X is the ring generated by a1, ... ,as with ¢t new relations f1 ..., fi,
where each new relation f¢ is just the relation f¢ evaluated in the quantum co-
homology ring structure. It was known that the quantum product « - is the
deformation of the ordinary cup product by the lower order terms, called quantum
corrections. The second ingredient is that under certain numerical conditions, most
of the quantum corrections vanish. Moreover, the nontrivial quantum corrections
seem to come from Mori’s extremal rays.

Let V be a rank-r bundle over P, and P(V) be the corresponding projective
bundle. Let h and £ be the cohomology classes of a hyperplane in P™ and the
tautological line bundle in P(V') respectively. For simplicity, we make no distinction
between h and 7*h, where 7 : P(V) — P" is the natural projection. Denote the
product of i copies of h and j copies of £ in the ordinary cohomology ring by h;¢;,
and the product of ¢ copies of h and j copies of £ in the quantum cohomology ring
by hi-&1. Fori=0,...,r, put ¢;(V) = ¢; - h; for some integer ¢;. It is well known
that —Kp(y) = (n+ 1 —c1)h + 7€, and the ordinary cohomology ring H*(IP(V'); Z)
is the ring generated by h and £ with the two relations

ks
(1.1) hnp1=0 and Y (=1)'ci-hi&; =0.

i=0
In particular, H2"+t7=2)(P(V);Z) is generated by h,_1&_1 and h,&,_o, and its
Poincaré dual Ho(P(V);Z) is generated by (hn—1&r—1)« and (h,&.—2)«, where for
a € H*(P(V);Z), o, stands for its Poincaré dual. We have

(1.2) —Kpy(A) =a(n+1—c1) +r-§A) =a(n+1—c1)+r(act +b)

for A= (ahn_1§T_1 + bhnfr_g)* S Hg(]P)(V), Z)

By definition, V' is an ample (respectively, nef) bundle if and only if the tau-
tological class € is an ample (respectively, nef) divisor on P(V'). Assume that V'
is ample such that either ¢; < (n+ 1), or ¢; < (n+7) and V ® Opa(—1) is nef.
Then both £ and —Kp(yy are ample divisors. Thus, P(V) is a Fano variety, and its
quantum cohomology ring is well-defined [13]. Here we choose the symplectic form
w on P(V) to be the Kahler form w such that [w] = —Kp(y). Let f} and f2 be
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QUANTUM COHOMOLOGY OF PROJECTIVE BUNDLES OVER P" 3617

the two relations in (1.1) evaluated in the quantum cohomology ring H}(P(V);Z).
Then, by Theorem 2.2 in [14], the quantum cohomology H}(P(V);Z) is the ring
generated by h and ¢ with the two relations f. and f2:

(1.3) HE(P(V); Z) = Z[h, €]/ (f5, f2)

By Mori’s Cone Theorem [5], P(V') has exactly two extremal rays, Ry and Ra.
Up to an order of Ry and Rs, the integral generator A; of R; is represented by
lines in the fibers of the projection w. We shall show that under certain numerical
conditions, the nontrivial homology classes A € Hy(P(V);Z) which give nontrivial
quantum corrections are A; and As, where As is represented by some smooth
rational curves in P(V') which are isomorphic to lines in P" via 7. In general, it is
unclear whether Ay generates the second extremal ray Rs. However, we shall prove
that under further restrictions on V, Ay generates the extremal ray Re. These
analyses enable us to determine the quantum cohomology ring H (P(V); Z).

The simplest ample bundle over P" is of the form V = @._, Op»(m;), where
m; > 0 for every i. Since we can twist V by Opn(—1) without changing P(V'), we
can assume that min{my,... ,m,} = 1. In this case, P(V) is a special case of toric
variety. Batyrev [2] conjectured a general formula for the quantum cohomology of
toric varieties. Furthermore, he computed the contributions from certain moduli
spaces of holomorphic maps which have the expected dimensions. In our case, the
contributions Batyrev computed are only part of the data to compute the quantum
cohomology. As we explained earlier, the difficulty in our case lies precisely in
computing the contributions from the moduli spaces with the wrong dimensions.
Nevertheless, in our case, Batyrev’s formula (see also [1]) reads as follows.

Batyrev’s Conjecture. Let V = @;_, Opn(m;), where m; > 0 for every i. Then
the quantum cohomology ring HS(P(V');Z) is generated by h and § with two rela-
tions:

R = H({ — mh)™i ! et A=Y, mi) and H({ —mh) =e '

i=1 i=1
Our first result partially verifies Batyrev’s conjecture.

Theorem A. Batyrev’s conjecture holds if

Zmi <min(2r,(n+14+2r)/2,(2n+2+1)/2).
i=1

Note that under the numerical condition of Theorem A, only extremal rational
curves with fundamental classes A; and As give contributions to the two relations
in the quantum cohomology. The moduli space M(Aq,0) of rational curves with
fundamental class As does not have the expected dimension in general, but it is
compact. This fact greatly simplifies the excessive intersection theory involved. If
the numerical condition is removed, then we have to consider other moduli spaces
(for example M(kA2,0) with k£ > 1 and its excessive intersection theory). These
moduli spaces are not compact in general. So we have extra difficulties in handing
the compactification of these moduli spaces and the appropriate excessive inter-
section theory. These seem to be difficult problems, which we shall not pursue
here.
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3618 ZHENBO QIN AND YONGBIN RUAN

In general, ample bundles over P™ are not direct sums of line bundles. We can
say much less about their quantum cohomology. However, we obtain some results
about its general form and compute the leading coefficient.

Theorem B. (i) Let V be a rank-r ample bundle over P™. Assume either ¢; < n,
orcy < (n+r) and V@ Opn(—1) is nef, so that P(V) is Fano. Then the quantum
cohomology H(P(V'); Z) is the ring generated by h and & with the two relations

hn+1 _ Z aij- hl . é—] . e—t(n-i—l—i—j)’
i+j<(c1—r)
Z(_l)zci CRBE. fr—z — e—tr + Z bi,j CRBE. é-] . e—i&(r—l—j)7
i=0 i+j<(c1—n—1)
where the coefficients a; j and b; ; are integers depending on V.
ii) If we further assume that c1 < 2r, then the leading coefficient ag ¢, —r = 1.
»C1

It is understood that when ¢; < n, then the summation Zi+j§(cl—n—l) in the
second relation in Theorem B (i) does not exist. In general, it is not easy to
determine all the integers a; ; and b; ; in Theorem B (i). However, it is possible
to compute these numbers when (¢; — r) is relatively small. For instance, when
(c1 —r) = 0, then necessarily V = Opx (1)®" and it is well-known that the quantum
cohomology H(IP(V');Z) is the ring generated by h and £ with the two relations
Rt = =t and 37 (=1)%c;- AP €7 = e~ When (¢; —7) =1 and 7 < n,
then necessarily V = Opn (1)® =D @ Opn (2). When (¢; — ) = 1 and 7 = n, then
V = Opn(1)2=D @ Opn(2) or V = Tpn, the tangent bundle of P". In these cases,
V ® Opn(—1) is nef. In particular, the direct sum cases have been computed by
Theorem A. We shall prove the following.

Proposition C. The quantum cohomology ring H(P(Tpn);Z) with n > 2 is the
ring generated by h and £ with the two relations

n
Rl = ¢ emtn and Z(—l)ici ChE T = (14 (1)) e
i=0

Recall that for an arbitrary projective bundle over a general manifold, its coho-
mology ring is a module over the cohomology ring of the base with the generator
¢ and the second relation of (1.1). Naively, one may think that the quantum co-
homology of a projective bundle is a module over the quantum cohomology of the
base with the generator ¢ and the quantanized second relation. Our calculation
shows that one cannot expect such simplicity for its quantum cohomology ring. We
hope that our results could shed some light on the quantum cohomology for general
projective bundles, which we shall leave for future research.

Our paper is organized as follows. In section 2, we discuss the extremal rays and
extremal rational curves. In section 3, we review the definition of quantum product
and compute some Gromov-Witten invariants. In the remaining three sections, we
prove Theorem B, Theorem A, and Proposition C respectively.
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2. EXTREMAL RATIONAL CURVES

Assume that V' is ample such that either ¢; < (n 4+ 1), or ¢; < (n + ) and
V ® Opn(—1) is nef. In this section, we study the extremal rays and extremal
rational curves in the Fano variety P(V). By Mori’s Cone Theorem (p. 25 in
[5]), P(V) has precisely two extremal rays R1 = R>o - A1 and Ry = Ry - Ao
such that the cone NE(P(V)) of curves in P(V) is equal to Ry + Re and A; and
Ay are the homology classes of two rational curves E; and Es in P(V) with 0 <
—Kpvy(A;) < dim(P(V))+1. Up to orders of A; and Az, we have A1 = (hnér—2)«,
that is, A; is represented by lines in the fibers of 7. It is also well-known that if
V = @221 Opn (ml) with m; < ... <m,, then Ay = [hn_1§r_1 + (m1 —Cl)hnfr_g]*,
which is represented by a smooth rational curve in P(V) isomorphic to a line in P"
via w. However, in general, it is not easy to determine the homology class A and
the extremal rational curves representing As. Assume that

(2.1) Vie= é@g(mi)
=1

for generic lines £ C P™, where we let m; < ... <m,. Since V is ample, m; > 1.

Lemma 2.2. Let A = [hp—1&-1+ (m1 — c1)hn&r—2]«. Then,

(i) A is represented by a smooth rational curve isomorphic to a line in P";

(il) As = A if and only if (£ —m1h) is nef;

(iii) Az = A if 2¢1 < (n+1);

(iv) A cannot be represented by reducible or nonreduced curves if my = 1.
Proof. (i) Let £ C P™ be a generic line. Then we have a natural projection V|, =
@._, Oc(m;) — Oy(my). By Proposition 7.12 in Chapter II of [7], this surjective
map V| — Op(m1) — 0 induces a morphism g : £ — P(V'). Then g(¢) is isomorphic
to £ via the projection 7. Since h([g(¢)]) =1 and £([g(¢)]) = m1, we have

[g(é)] = [hn—lfr—l + (ml - Cl)hnfr_Q]* = A.

(ii) First of all, if Ay = [hp_1&r—1+(m1—c1)hp&r—2]«, then for any curve E, [E] =
a(hn&r—2)x+b[hn—1&—1+ (m1—c1)hp&r—a]« for some nonnegative numbers a and b;
so (6—mh)([E]) = a > 0; therefore (£ —m1h) is nef. Conversely, if (£ —m1h) is nef,
then 0 < (£ — m1h)([E]) = ac1 + b — amy where [E] = (ahp—1&—1 + bhp&r—2). for
some curve E; thus [E] = (aci+b—ami)(hn&r—2)s+a[hn—1&—14+(m1—c1)hn&r—2]«;
it follows that Ag = [hn—lgr—l + (m1 — Cl)hng,n_g]* = A.

(iii) Let Ay = (ahn—1&—1+bhp&r—2)«. Since A1 = (hp&r—2)« and a = h(As) > 0,
a > 1. If a > 1, then since 2¢; < (n+ 1), we see that

_KP(V)(AQ) = (n +1-— cl)a—i- r- f(Ag) > 2(n+ 1-— 01) +r
>n+r=dm(P(V))+1;
but this contradicts with —Kpyy(A2) < dim(P(V)) + 1. Thus a = 1 and Ay
(hn—1&—1 4 bhp&r—2)«. Now [1(FE2)] = m«(A2) = (hn—1)«. So w(E3) is a line in
P". Since V¢ = @;_; Or(m;) for a generic line £ C P", it follows that V| (g,) =
@D;_ Or(r,)(m}), where mj > my for every i. Thus, £(Az) > my, and so ¢y + b >
mq. It follows that
Ay = [hn_1&—1 4+ (M1 — c1)hn&r—a)s + (1 +b—m1) - (hnér—2)«.

Therefore, As = [hp—1&—1 + (M1 — ¢1)hp&r—2]s = A.
(iv) Since £(A) = my =1 and £ is ample, the conclusion follows. O
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3620 ZHENBO QIN AND YONGBIN RUAN

Next, let 9(A,0) be the moduli space of morphisms f : P! — P(V) with
[Im(f)] = A. In the lemma below, we study the morphisms in 9(A4,0) when
A= [hn—lgr—l + (m — Cl)hnfr_g]*. Note that g(A) =m.

Lemma 2.3. Let A = [hn—1&-1+ (m — ¢1)hnér—2]«.
(1) If M(A,0) # 0, then m > mq and IM(A,0) consists of embeddings f : £ —
P(V) induced by surjective maps V|p — Op(m) — 0 where £ are lines in P™;
(ii) If m =mq and my = ... = my < mpg1 < ... < m,., then the moduli space
M(A,0) has (complex) dimension (2n + k);
(iil) If m > m,., then M(A,0) has dimension (2n+ 1+ rm —c1).

Proof. (i) Let f : P! — P(V) be a morphism in 9(4,0). Then [Im(f)] = A =
[hn_1&—1+(m—c1)hn&r_2]«. Since h(A) = 1, 7* HN f(P!) consists of a single point
for any hyperplane H in P". Thus, 7| ¢y : f(P') — (7o f)(P') is an isomorphism
and £ = (w o f)(P!) is a line in P™. Since h([f]) =1, (o f) : P! — £ = (7o f)(P!)
is also an isomorphism, and so is f : P! — f(P!). Replacing f : P* — P(V)
by fo(rof)~t: ¢ — P(V), we conclude that (A, 0) consists of embeddings
[ € — P(V) such that [Im(f)] = A, £ are lines in P", and 7|z : f(£) — £ are
isomorphisms. In particular, these embeddings f : ¢ — P(V) are sections to the
natural projection 7|p(y|,) : P(V|¢) — £. Thus, by Proposition 7.12 in Chapter II of
[7], these embeddings are induced by surjective maps V| — Og(m) — 0. By (2.1),

the splitting type of the restrictions of V' to generic lines in P™ is (myq, ... ,m,) with
my < ... < my; thus we must have V|, = @;_, O¢(m!), where m} > my for every
i. Tt follows that m > min{m/,... ,m\.} > m;.

(ii) Note that all lines in P™ are parameterized by the Grassmannian G(2n+ 1),
which has dimension 2(n — 1). For a fixed generic line £ C P”, the surjective maps
V0]e = Op(m1) — 0 are parameterized by

P(Hom(V]¢, Or(m1))) = P(ED HO (£, Op(my — m;))) = PF1.
i=1
It follows from (i) that as the generic line ¢ varies, the morphisms f : £ — P(V)
induced by these surjective maps V|, — Oy(m1) — 0 form an open dense subset of
M(A,0). Thus, dim(M(A,0)) =3+2(n—1)+(k—1) =2n+k.
(iii) As in the proof of (ii), for a fixed generic line £ C P, the surjective maps
V]e — O¢(m) — 0 are parameterized by a nonempty open subset of

P(Hom(V|z, Or(m))) = P(ED HO (¢, Oy (m — my))) = PUm=ertn =1,
i=1
As the generic line ¢ varies, the morphisms f : £ — P(V') induced by these surjective
maps V]| — Op(m) — 0 form an open dense subset of M(A,0). It follows that
M(A,0) has dimension (2n 4+ r 4+ rm — ¢1). O

3. CALCULATION OF GROMOV-WITTEN INVARIANTS

In this section, we shall compute some Gromov-Witten invariants of P(V'). First
of all, we recall that for two homogeneous elements o and 8 in H*(P(V);Z), the
quantum product « - 3 € H*(P(V);Z) can be written as

(3.1) a-fB= Z (- B)a - et'KlP(V)(A)’

A€H2(P(V);Z)
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where (a - 3) 4 has degree deg(a) + deg(f) + 2Kp(v)(A) and is defined by

(Oé ! /B)A(’Y*) = (I)(A,O) (O[, 67 7)
for a homogeneous cohomology class v € H*(P(V); Z) with

(3.2) deg(y) = —2Kp(v)(A) +2(n +r — 1) — deg(a) — deg(0).

Furthermore, for higher quantum products, we have

(3.3) Qp- Qg ... Q= Z (Oél'042-...-ak)A-et'K]P(V)(A),
A€H,(P(V);Z)

where (041'052'. . .'Ozk)A is defined as (a1~ozg~. . -'Olk)A('Y*) = (I)(A70)(OZ1, Qag, ... ,ozk,”y).

Thus, a1 @2 -...-a = aras ... ag + (lower order terms), where ajas . . . o stands

for the ordinary cohomology product of oy, as,... ,ar, and the degree of a lower

order term is dropped by 2Kp(yy(A) for some A € Hy(P(V'); Z) which is represented
by a nonconstant effective rational curve.

There are two explanations for the Gromov-Witten invariant ® 4 o)(c, 3,7) de-
fined by the second author [12]. Recall that the Gromov-Witten invariant is only
defined for a generic almost complex structure and that 9t(A, 0) is the moduli space
of morphisms f : P! — P(V) with [Im(f)] = A. Assume the genericity conditions:

(i) 9M(A4,0)/PSL(2;C) is smooth in the sense that h!'(Ny) = 0 for every f €

M(A,0), where Ny is the normal bundle, and
(ii) the homology class A is only represented by irreducible and reduced curves.
Then the complex structure is already generic, and one can use algebraic geome-
try to calculate the Gromov-Witten invariants. Moreover, M(A4,0)/PSL(2;C) is
compact with the expected complex dimension

(3.4) —Kpy) (A)+(n+r—1)-3.

The first explanation for ®(4 0)(c, 8,7) is that when «, 3,7 are classes of subvari-
eties B,C, D of P(V) in general position, ®(4,0)(c, 3,7) is the number of rational
curves E in P(V) such that [E] = A and F intersects with B, C, D (counted with
suitable multiplicity). The second explanation for ®(4 g)(c, 3,7) is that

B0y B,7) = / e(a) - €5(8) - e3(v),

M(A,0)

where the evaluation map e; : M(A4,0) — P(V) is defined by e;(f) = f(7).

Assume that the genericity condition (i) is not satisfied but h'(Ny) is indepen-
dent of f € M(A,0) and M(A,0)/PSL(2;C) is smooth with dimension

_K]P’(V)(A) + (n +7r— 1) -3+ hl(Nf).

Then one can form an obstruction bundle COB of rank h'(Ny) over the mod-
uli space (A, 0). Moreover, if the genericity condition (ii) is satisfied, then by
Proposition 5.7 in [11], we have

(3.5) B0 By) = /W | €ile)€i(9)-€5(3)-<(cO0B)

where e(COB) stands for the Euler class of the bundle COB.

We remark that in general, the cohomology class h;&; may not be representable
by a subvariety of P(V). However, since £ is ample, s£ is very ample for s > 0.
Thus, the multiple th;§; with ¢ > 0 can be represented by a subvariety of P(V)
whose image in P" is a linear subspace of codimension i. Since ®(4 0)(cv, 3, hif;) =
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3622 ZHENBO QIN AND YONGBIN RUAN

L/t - ®a,0)(c, B,t - hi&;) for a and B in H*(P(V);Z), it follows that to compute
D 4,0)(a, B, hi&;), it suffices to compute ®(4 0)(c, 8,1 - hi&;). In the proofs below,
we shall assume implicitly that ¢ = 1 for simplicity.

Now we compute the Gromov-Witten invariant D, 2).,0) (& & —1,hn&r—1).

Lemma 3.6. ®4,¢, ,).,0(& &1, hnér1) = 1.

Proof. First of all, we notice that A = (h,&.—2)« can only be represented by lines ¢
in the fibers of 7. In particular, there is no reducible or nonreduced effective curve
representing A. Thus, MM(A,0)/PSL(2;C) is compact and has dimension

dim(P") + dimG(2,7) = n+2(r —2) = n + 2r — 4,

which is the expected dimension by (3.4) (here we use G(2,7) to stand for the
Grassmannian of lines in P"~1). Next, we want to show that 9(4,0)/PSL(2;C) is
smooth. Let p = m(¢). Then from the two inclusions £ C 7~ 1(p) C P(V), we obtain
an exact sequence relating normal bundles:

0 = Nyjr—1(p) = Nepvy = (Na-1p)p(vy)]e = 0.

Since Ng|ﬂ—1(p) = Ngupr—l = Og(l)@(T_2) and Nﬂ-—l(p)“p(v) = (7T|7T—1(
previous exact sequence is simplified into the exact sequence

0— 0(1)®=2 — Nepevy — (mle)*Tppn — 0.

It follows that H™' (¢, Nyp(v)) = 0. Thus, M(A,0)/PSL(2;C) is smooth.

Finally, the Poincaré dual of h,&,._; is represented by a point ¢o € P(V). If a
line £ € M(A,0) intersects qo, then £ C 7~ 1(m(qo)). Since the restriction of ¢ to
the fiber 771 (7(qo)) = P"~! is the cohomology class of a hyperplane in P"~1, we
conclude that @, ¢, 5, ,0(& & -1, hnér—1) = 1. O

) )*Tp pn, the

p

Next we show the vanishing of some Gromov-Witten invariant.
Lemma 3.7. Let A =b(hn,&—2)« withb>1 and o« € H*(P(V);Z). Then

<I)(A70) (hpl 541 ) hpzfqz ) O‘) =0,
if p1,q1, P2, g2 are nonnegative integers with (q1 + q2) < r.

Proof. We may assume that « is a homogeneous class in H*(P(V);Z). By (3.2),

1
3 ~deg(a) = (n+r —1) — Kpryy(A) — (p1 +p2 + q1 + q2)
=Mn+r+br—1)—(p1+p2+a +q)

Let a = h(n+r+br—1)—(p1+p2+q1+q2+q3)§q3 with 0 < ¢35 < (r—1). Let B,C, D be the
subvarieties of P(V') in general position, whose homology classes are Poincaré dual
t0 hp,Eqy s Prpy&qs s ¢ Tespectively. Then the homology classes of m(B), n(C), n(D) in
P" are Poincaré dual to hp,, hp,, Bngr4br—1)—(pr+pa+q1+q2+qs) TeSPectively. Since
(1 +q2+4q3) < (2r—1), we have p1 +pa+[(n+r+br—1)—(p1+p2+q +q2+q3)] =
(n4+r+br—1)— (g1 +q2+¢3) > n. Thus, 7(B)Nnw(C)N7w(D) = . Notice that the
genericity conditions (i) and (ii) mentioned earlier in this section are not satisfied
for b > 2. However, we observe that these conditions can be relaxed by assuming:

(i") h'(Ng) =0 for every f € M(A,0) such that Im(f) intersects B, C, D, and
(ii") there is no reducible or nonreduced effective (connected) curve E such that
[E] = A and E intersects B, C, D.
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In fact, we will show that there is no effective connected curve E at all representing
A and intersecting B, C, D. This obviously implies (i’), (ii’) and

(I)(A,O) (h;mfth ) hp2§q2 ) CY) =0.

Suppose that E = Y a;E; is such an effective connected curve, where a; > 0 and E;
is irreducible and reduced. Then, > a;[E;] = [E] = A. Since (hn&r—2). generates
an extremal ray for P(V), [E;] = bj(hn&r—2)« for 0 < b; < b. Thus the curves F;
are contained in the fibers of . Since F is connected, all the curves E; must be
contained in the same fiber of 7. So w(E) is a single point. Since E intersects
B,C, D, w(E) intersects with 7(B), 7(C), (D). It follows that m(B)Nw(C)Nw(D)
contains 7(E) and is nonempty. Therefore we obtain a contradiction. |

Finally, we show that if ¢; < 2r and A = [hp—1&—1 + (1 — ¢1)hn&r—2]s, then
D 4,0)(h, I, hn€ar—c,—1) = 1. Since ¢; < 2r, we see that for a generic line £ C P”,

Vie=0i1)% & Op(mps1) ® ... ® Op(m,),

where £k > 1 and 2 < mg41 < ... < m,. We remark that even though the moduli
space M(A,0)/PSL(2; C) is compact by Lemma 2.2 (iv), it may not have the correct
dimension by Lemma 2.3 (ii). The proof is lengthy, but the basic idea is that we
shall determine the obstruction bundle and use the formula (3.5).

Lemma 3.8. Let V be a rank-r ample vector bundle over P" satisfying c1 < 2r
and the assumption of Theorem B(i). If A = [hn—1&—1 + (1 — c1)hn&r—2]«, then

(I)(A,O) (h7 hn7 hn€2r—c1—l) =1

Proof. Note that by Lemma 2.2 (iv), the moduli space 9t(A,0)/PSL(2;C) is com-
pact. Let B, C, D be the subvarieties of P(V') in general position, whose homology
classes are Poincaré dual to h, hy, hn€ar—c,—1 respectively. Then the homology
classes of w(B),w(C), m(D) in P" are Poincaré dual to h, hy, h, respectively. Thus
m(C) and 7(D) are two different points in P™. Let ¢y be the unique line passing
through 7(C) and 7(D). Let Vs, = Op, (1)2* @ Oy (mp41) ® . .. ® Oy, (M), where
2<mgi1 <...<m,. Since c; < 2r, k> 1. Let f : { — P(V) be a morphism in
M(A,0) for some line ¢ € P*. If Im(f) intersects with B,C, and D, then ¢ = /.
As in the proof of Lemma 2.3 (ii), the morphisms f : ¢y — P(V) in M(A4,0) are
parameterized by P(Hom(V s, , Op,(1))) = P*~1; moreover, Im(f) are of the form

(3.9) lo x {q} C Ly x P*=1 =P(0O,, (1)®%) c P(V],,) C P(V),

where ¢ stands for points in P*=1 ¢ Pr—1 = 7=1(7(D)). Note that £y x {q} always
intersects with B and C, and that D is a dimension-(¢; — r) linear subspace in
Pr—! = 7=1(x(D)). Thus, ¢y x {q} intersects with B,C, D simultaneously if and
only if ¢y x {q} intersects with D, and if only only if

(3.10) q € perth=2r defpr1qpcprto 7 (m(D)).

It follows that M/PSL(2;C) = P1+*=27 where M consists of morphisms f €
M(A,0) such that Im(f) intersects with B, C, D simultaneously.

If ¢y + k —2r = 0, then ag = ®(4,0)(h, hn, hné2r—c,—1) = 1. But in general, we
have ¢; +k —2r > 0. We shall use (3.5) to compute ag = ®4,0)(h, My Rnb2r—c, —1).
Let N = Ny x {g}/p(v) be the normal bundle of Im(f) = ¢y x {q} in P(V). If h*(Ny)
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is constant for every f € 9, then by (3.5), ®(4,0y(h; hn, hné2r—c,—1) is the Euler
number e(COB) of the rank-(¢; + k — 2r) obstruction bundle COB over

9M/PSL(2;C) = perth=2r,

Thus we need to show that h'(Ny) is constant for every f € 9.
First, we study the normal bundle Ny, pei+r—2rp(y). The three inclusions

(3.11) lo x PTE=2r o 5 PE=L = P(O,, (1)%F) € P(V]y,) € P(V)
give rise to two exact sequences relating normal bundles:

0— Ngoxpc1+k—2r|lp(v‘eo) — NEQXP”JF"*%\P(V) — NP(VMO)\IF’(V) — 0,

0 = Nygxper+r-20p(0,, (1)8%) = Negxpertr-20p(v ) = NP0y, (1)@9)[P(V],) — O-
Notice that NIP’(V|10)\IF’(V) = (7T|[P(V‘eo))*(Neo|Pn) = Og0(1)®(n_1) and that

_ _ B(2r—ci1—1
Néoxﬂmc1+k—2rlp(oeo(l)@k) = Ngoxpcl+k—2rwoxpk—l = Ope; +5-2r(1) ( 1—1)

Since V], = O (D)% ® @1 Oro(my), it follows that &y ypr-1 = Oy (1) @
Opk—l(l) and

Ne(0,,er) eI = D Ot(—mi) @ Elgyxpis
i=k+1

@ Op, (1 —m;) ® Opk—l(l).
i=k+1

Thus the previous two exact sequences are simplified to

(312) 0= Nyyyperthzrpviey) = Negxperth-2rpvy = Ogy (1)) — 0,

0— OIPClJr’f*?T(l)@(ZT_CI_l) - NZOXIF’CH’C’”\IF’(VMO)

(3.13) — P 04, (1 —mi) @ Opeyin-ar (1) — 0.
i=k+1

Now (3.13) splits, since for k+ 1 < ¢ < r we have m; > 2 and

Eth(Ozo(l — ml) ® O]P:c1+k727'(1), O]Pc1+k727'(1))
= H' (g x PTF=2" Oy (m; — 1)) = 0.

Thus, the normal bundle Ny scper+h=2rp(v],, ) 18 isomorphic to

@ Oeo(l — mz) ® O]P)cli»kf}r(l) D Oﬂmc1+k727‘(1)®(27‘_61_1),
i=k+1

and the exact sequence (3.12) becomes the exact sequence
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0— @ Ogo(l - mi) ® O]P)c1+k:727'(1) D O]P)c1+k727'(1)®(2r_01_1)
(314) i=k+1

— NZOX]P)cl«kaZr']P)(V) — 050(1)@(71—1) 0.

Restricting (3.14) to £y x {¢} and taking the long exact cohomology sequence, we
get

@ Hl(Oéo(l —m;)) @ Opeytr-2r(1)]q
(3.15) i=k-+1

- Hl((NEOXIPH*’“*?T\IP’(V))|€0><{q}) — 0.

Next, we determine Ny and show that h'(Ny) < ¢1 +k —2r. The two inclusions
lo x {q} C Ly x Prtk=2r € P(V) give an exact sequence

0 — Nygx {q}ieoxPerti—2r = Nogx 1y p(v) — (Nogxper+s—2rpv))leox{qy — 0-

Since Ny (q116 xper+h-2r = Ty per+x-2r, the above exact sequence becomes
(316) 0— Tqyﬂmc1+k727‘ — Nf - (Néoxpcl+k72rlp(v))|éoX{q} — 0.

Thus, h'(Ny) = h*((Ngysper+i-20 (1))t x {q})- By (3.15), we obtain

h'(Ng) = W' (Nggwperti-2ep)leox{ar) < > B (Ory (1 —my))
i=k+1

= Z (m; —2)=c1+k—2r.
i=k+1

Finally, we show that h'(Ny) = ¢; + k — 2r. It suffices to prove that h'(Ny) >
¢1+k—2r. Since £y is a generic line in P and Vg, = O, () & @;_, | Or,(my),
dim9M(A,0) = (2n + k) by Lemma 2.3 (ii). Since h°(Ny) is the dimension of the
Zariski tangent space of 9M(A,0)/PSL(2;C) at f, h°(Ns) > (2n+ k — 3). Thus,

RY(Ny) = h°(Ny) — x(Ny) > 2n+k—3) —(2n+2r —c; —3) =k +c; — 2r.

Therefore, h'(Ny) = ¢1 + k — 2r. In particular, h'(Ny) is independent of f € 9.
To obtain the obstruction bundle COB over P“1*k=2" we notice that (3.15) gives

@ Hl(Oéo(l - mz)) ® OP01+’“*27‘(1)|q = Hl((Neo ><IP761+’“*27‘|IP(V))|Eo><{q})'
i=k+1

Thus by the exact sequence (3.16), we conclude that
H'(Ny) = H' (N, xper++-20pvy)|eo x {a})

(3.17) = B H' (041 - mi)) @ Operi-ar (1)]4.
i=k+1

It follows that COB = Ope,+x—2-(1)8(11k=27) By (3.5), we obtain
apg = (I)(A,O)(h, hn, hn§2r—cl—1) = G(COB) =1. O
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4. PROOF oF THEOREM B
In this section, we prove Theorem B, which we restate below.

Theorem 4.1. (i) Let V be a rank-r ample bundle over P™. Assume either ¢c; < n,
orci < (n+r) and V ® Opn(—1) is nef, so that P(V') is Fano. Then the quantum
cohomology H:(P(V);Z) is the ring generated by h and & with the two relations

(42) hn+l = Z ai,j . hl . é’] . e_t(n+1—7:_j)’
i+j<(c1—r)

(4.3) S (=Diei-hi-grr=eTtr e YT byt e ),
=0 i+j<(c1—n—1)
where the coefficients a; ; and b; ; are integers depending on V.
(ii) If we further assume that c1 < 2r, then the leading coefficient ag c,—r = 1.

Proof. (i) First, we determine the first relation f. in (1.3). By Lemma 3.7,

(4.4) h-hy=hpt1 + Z (h-hp)a- etz (4)
AeH)

where p > 1 and H) stands for Ho(P(V);Z) — Z - (hn&r—2)«. Thus,

WP By = APy, — Z h7P - (h - hy)a - eFan ()
A€H)

If (h-hp)a # 0, then A = [E] for some effective curve E. So a = h(A) > 0.
Since A € Hj, a > 1. We claim that —Kpy(A) > (n+ 1 — ¢ + ), with equality

if and only if A = [hn_1&—1 + (1 — c1)hné&r_s]s = Ay. Indeed, if ¢; < n, then

—Kpy(A) =(n+1—-cr)a+r-§(A) > (n+1~—c +r), with equality if and only
if a = &(A) =1, that is, if and only if A = Ay; if ¢ < (n+r) and (§ — h) is nef,
then again —Kpy(A) = (n+1+r—ci)a+r-(§—h)(A) > (n+1—c+7r), with
equality if and only if a = 1 and (§—h)(A) = 0, that is, if and only if A = Ay. Thus,
deg((h-hp) ) = 1+p-+ Ke(vy(A) < (p—n-+e1—r), and deg(h™P-(h-hy) a) < (c1-7).
Using induction on p and keeping track of the exponential e *)(4) | we obtain

0=hppr=h"t"— > a;;-htg et
i+j<(c1—7)
Therefore, the first relation £l for the quantum cohomology ring is
Rtl= 3T aghieglemt D),
i+j<(c1—r)

Next, we determine the second relation f2 in (1.3). We need to compute the
quantum product h® - £€"7% for 0 < i < r. First, we calculate the quantum product
§". Note that if A = (bhn&r—2)« with b > 1, then —Kpy)(A) = br > 7, with

—Kpy(A) = 7 if and only if A = (hn&—2), = A;. Thus, for p > 1,

€& = €P+1+ZAGH§(§'€ZJ)A'etKlP(V)(A)’ ifp<r—1,
P 57‘""(5'67‘—1).41 -e_tr—i_ZAeHé(g'gr—l)A'etK]P(V)(A)a lfp:r—]_
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Note that (£ -&-—1)4, is of degree zero; by Lemma 3.6, we obtain (€ - &_1)a, =
@ a,,0)(& &1, hnér—1) = 1. Therefore for p > 1,

(4.5) €& = Ept1 + ZAEH§ (€ &p)a- K (4] ifp<r—1,
' 3 §T+€_tr+ZAeH§(§'€r—l)A '€tK]P(V)(A), ifp:r—l.

Now, for i > 1 and j > 1 with ¢ + 7 < r, we have

hi-& = hi&i + 2 aemy(hi-&)a etKee) (4 ifi+j<r,
i+ (i) ay e+ ey (hi - &) a - RO i 4 =y

when ¢ + j = r, (h&;)a, is of degree zero; by Lemma 3.7, we have (h; - §)a, =
@4, ,0)(his&—is hn&r—1) = 0. Therefore for 4 > 1 and j > 1 with i +j <,

(4.6) hi & = i€+ Y (hi-&)a - eFe0 ),
A€H)

From the proof of the first relation fl, we see that if a and (3 are homogeneous
elements in H*(P(V); Z) with deg(a) + deg(8) = m < r, then deg((a- B)a) < m —
(n+1—ci1+r) for A € H). Thus if y is a homogeneous element in H*(P(V); Z) with
deg(vy) = r—m, then deg(y-(£-&,)4) < (c1—n—1). Since ZLO(—l)ici-hi{T_i =0,
it follows from (4.4), (4.5), and (4.6) that the second relation f2 is

Z(_l)ici . hi . gr—i — e—tr + Z bi,j . hz . é—j . e—t(r—i—j)'

=0 i+j<(c1—n—1)

(ii) From the proof of the first relation in (i), we see that
_K]P’(V) (A) Z (TL + 1— c1 + ’I")

with equality if and only if A = As; moreover, the term £~" can only come from
the quantum correction (h - hy)a,. Now

Cc1—T

(h ' hn)A2 = (Z a;higm—r—i) : e_t(n+1_cl+’”)7
=0

where a = ®a,.0)(h, by hnor—c, —1)- Since ¢; < 2r, (¢1 — r) <r. By (4.4), (4.5),
and (4.6), we conclude that h;&, _,—; = h* - €777 4 (lower degree terms). Thus
a0,c,—r = g = Pa,,0) (A iy hnor—c,—1). By Lemma 3.8, ag,c, - = 1. |

It is understood that when ¢; < n, then the summations on the right-hand sides
of the second relations (4.3) and (4.9) below do not exist.

Next, we shall sharpen the results in Theorem 4.1 by imposing additional con-
ditions on V. Let V be a rank-r ample vector bundle over P”. Then ¢y > r. Thus
if ¢y < 2r and if either 2¢; < (n+r) or 2¢; < (n+ 2r) and V ® Opa(—1) is nef,
then the conditions in Theorem 4.1 are satisfied.

Corollary 4.7. (i) Let V be a rank-r ample vector bundle over P™ with ¢; < 2r.
Assume that either 2¢c1 < (n+1), or 2¢1 < (n+27) and V @ Opn(—1) is nef, so
that P(V') is a Fano variety. Then the first relation (4.2) is

c1—T
(4.8) pntl — (Z a; - ht - 501—r—i> et lar—er)
i=0

where the integers a; depend on V. Moreover, ag = 1.
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(i) Let V be a rank-r ample vector bundle over P"™. Assume that 2¢; < (2n+r+1)
and V @ Opn(—1) is nef, so that P(V') is Fano. Then the second relation (4.3) is

r c1—n—1

(49) Z(_l)ici B _gr—i — e tr + Z b; - B _gcl—n—l—i . e—t(n—l—l—i—r—cl)7
i=0 1=0

where the integers b; depend on V.
Proof. (i) From the proof of Theorem 4.1 (i), we notice that it suffices to show that

the only homology class A € H) = Ho(P(V');Z) — Z - (hn&r—2). which has nonzero
contributions to the quantum corrections in (4.4) is

A= [hn—lgr—l + (1 - cl)hngr—Z]* dZCf AZ'

In other words, if A = (ahn_1&—1+bhn&r—2)« with a # 0 and if (4 0)(h, hy, ) # 0
for1 <p<mnand ac H*(P(V);Z), then A = A,. First of all, we show that a = 1.
Suppose a # 1. Then a > 2. By (3.2),

5 - deg(0) = (n 7~ 1)~ Kpqy(4) — 1 - p
=mn+r—-1+[n+l—cr)a+r-&A)]—-1-p
>dim(P(V))+[(n+1—c1)at+r-§A)]—-1—n.

If 2¢; < (n+r), then ¢; < mn, and
[(m+1—cr)a+r-£(A)]-1-n>2n+1—c1)+r—1—n>0.
If 2¢; < (n+ 2r) and (§ — h) is nef, then ¢; < n+r, and
(n+1—-cilat+r-EA)]—1-n=[n+14+r—clat+r-(§—h)(A)]—-1-n
>2n+14+r—c)—1—n>0.

Thus, [(n+1—c1)a+7r-§(A)]—1—n >0, and so deg(«)/2 > dim(P(V)). But this
is absurd. Next, we prove that b = (1 — ¢1), or equivalently, £(A) = 1. Suppose
&(A) # 1. Then £(A) > 2. By (3.2),

%-deg(a) A=D1 —c)+r A —1—p
>dim(P(V))+[(n+1—c1)+2r]—1—n
> dim(P(V)),

since c¢; < 2r. But once again this is absurd.

(ii) We follow the previous arguments for (i). Again it suffices to show that
if A = (ahn-18§-1 + bhp&r—2)« with a # 0 and if @4 y(a1, 2, a) # 0 for some
a1, g, € H*(P(V); Z) with deg(an) +deg(ae) < r, then A = As. Indeed, if a # 1
or if a = 1 but £(A) # 1, then we must have deg(«)/2 > dim(P(V)). But this is
impossible. Therefore, a =1 and {(A) = 1. So A = As. O

Now we discuss the relation between the quantum corrections and the extremal
rays of the Fano variety P(V). Let V be a rank-r ample vector bundle over P"
with ¢; < 2r and 2¢; < (n+ 7). By (4.8) and (4.3), the quantum cohomology ring
H!(P(V);Z) is the ring generated by h and & with the two relations

c1—T
(4.10) pntl — <Z a; - hi . gcl—r—i> . 6—75(71+1-':-r—c1)7
=0
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(4.11) > (—1)ie-higrTh =t
i=0

From the proof of Theorem 4.1 (i), we notice that the quantum correction to the
second relation (4.11) comes from the homology class A; = (h,&-—2)« which is
represented by the lines in the fibers of 7 : P(V) — P". Also, we notice from the
proof of Corollary 4.7 (i) that the quantum correction to the first relation (4.10)
comes from the homology class As = [hp—1&r—1 + (1 — ¢1)hn&r—2]«; from the proof
of Lemma 3.8, A, can be represented by a smooth rational curve isomorphic to
lines in P" via w. Now A; generates one of the two extremal rays of P(V). It is
unclear whether Ay generates the other extremal ray. By Lemma 2.2 (iii), if we
further assume that 2¢; < (n+1), then indeed Ay generates the other extremal ray
of P(V). By Lemma 2.2 (ii), Ay generates the other extremal ray of P(V) if and
only if (§ — h) is nef, that is, V ® Opn(—1) is a nef vector bundle over P™.

5. DIRECT SUM OF LINE BUNDLES OVER P"

In this section, we partially verify Batyrev’s conjecture on the quantum coho-
mology of projective bundles associated to direct sum of line bundles over P*. We
shall use (3.5) to compute the necessary Gromov-Witten invariants. Our first step
is to recall some standard materials for the Grassmannian G(2,n + 1) from [3].
Then we determine a certain obstruction bundle and its Euler class. Finally we
proceed to determine the first and second relations for the quantum cohomology.

On the Grassmannian G(2,n + 1), there exists a tautological exact sequence

(5.1) 0= 8 = (Oann)* " - Q =0,
where the sub- and quotient bundles S and @ are of rank 2 and (n— 1) respectively.
Let o and 3 be the virtual classes such that a+ 3 = —¢1(S) and a8 = ¢2(S). Then
aP — 3P

-3
where cl(-) denotes the fundamental class and h,, stands for a fixed linear subspace
of P of codimension p. If P(a,) is a symmetric homogeneous polynomial of

degree (2n — 2) (so that P(a, ) can be written as a polynomial of maximal degree
in the Chern classes of the bundle S), then we have

(5.2) d({f e G2,n+1)[¢Nh, #0}) =

(5.3) / P(a,p) = (the coefficient of ™3™ in — 1(a - B)QP(a,6)> .
G(2,n+1) 2

Let F,, = {(z,0) € P" x G(2,n + 1)|z € ¢}, and m and 72 be the two natural
projections from F,, to P" and G(2,n + 1) respectively. Then F,, = P(S*), where
S* is the dual bundle of S, and (77Opx (1))|F, is the tautological line bundle over
F,. Let Sym™(S*) be the m-th symmetric product of S*. Then for m > 0,

(5.4) Tox (7 Opn (M) |, ) = Sym™ (S™).

By the duality theorem for higher direct image sheaves (see p. 253 in [7]),
Ry (15 Opn (=) |, ) 2 (2 (] Opn (m — 2) | ,)) " © (detS™)"

(5.5) =~ Sym™?(S) @ (detS).

Now, let V = @._, Opn(m;), where 1 = mq = ... = my < myq1 < ... < my.
Assume that & > 1 and P(V) is Fano. Then the two extremal rays of P(V) are
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generated by the two classes A1 = (hp&r—2)x and Az = [hp—1&—1+(1—c1)hn&r—2]«.
From the proof of Lemma 2.3 (ii), we see that

(5.6) 9M(Az,0)/PSL(2;C) = G(2,n+ 1) x P*~1,

Let a morphism f € 9(Az,0) be induced by some surjective map V], — Op(1) — 0
such that the image Im(f) of f is of the form

Im(f) =€ x {q} C£xP*tcP? x P+

Then by arguments similar to the proof of (3.17), we have

(5.7) H'(Np) = @ H'(Oi(1 - mu)) @ Opr-1(1)],.
u=k+1

It follows that the obstruction bundle COB over 9MM(A2,0)/PSL(2;C) is

(5.8) COB= P R'my (O (1 —mu)|F,) ® Opr-i(1).
u=k+1

Since ¢1(S) = —(a+ B) and ¢2(S) = af, we obtain from (5.5) the following.

Lemma 5.9. The Euler class of the obstruction bundle COB is

r Moy —3

(5.10) ecoB)= T[ ] @ +v)(~a)+ (my —2—v)(~B) + A,

u=k+1 v=0
where h stands for the hyperplane class in PF~1.

Next assuming ¢; < 2r, we shall compute the Gromov-Witten invariant

def
(511) W - (I)(Ag O)(hnahn-l-l (2 n z€2r c1— 1+z)

where 0 < i < (¢; —r) and i = [2EL] is the largest integer < (n + 1)/2.

Lemma 5.12. Assume ¢; < min(2r,(n +1+2r)/2) and 0 < i < (¢; —r). Then
W; is the coefficient of t* in the power series expansion of

T

[T = muty™=2

u=1

Proof. Note that the restriction of & to P x Pk=1 = P(Opn (1)) is (b + h). Thus,

2r—ci—1+1 .
! 2r—c1 — 141
hn—i€2r—c1—l+i|IP’"><Pk*1 = E ,]

j=0
B ‘ <2T—cl—1—|—i
J

>hn—i+jh2r—cl—l+i—j

) hn—i—i—j hQr—cl—l+i—j .

=0

So by (3.5) (replacing 9t(As,0) by 9M(A2,0)/PSL(2;C)), (5.2), and Lemma 5.9,

(5.13) w; = P, B),
G 2 n+1 xPk—1
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where P(a, 3) is the symmetric homogeneous polynomial of degree (2n—2)+(k—1):

a® — ﬂﬁ an+1—ﬁ _ ﬁn—i—l—ﬁ

p(a75) = o — ﬂ : o — 6
L2 — ey — 14\ anmit gt
. Z . g “hor—ci—14i—j
i=0 J

T Moy —3

IT IJ@+0)(=a)+ (me—2-v)(-p)+1]

u=k+1 v=0
i 0 — ¢ — 144\ o™t — an+1—ﬁ5ﬁ . aﬁﬂn-i—l—ﬁ + ﬁn-l-l
() =
n—i+j—1
Z atgroiti-i-t, B2r—c1—l+i—j
t=0

r Moy —3

H H (1 +v)(—a) + (my — 2 —v)(=08) + ).

u=k+1 v=0

y (5.3) and (5.13), we conclude from straightforward manipulations that

W Z <2r— e =1 +¢) (C1yd

=0 J

> I (™)

Jk41t.Fir=i—j u=k+1

_ : <2r—;1 —}1+i> 1y
0

i= '

- My, — 2
> I (™)
Jreaitotir=j u=k+1 Ju
Thus W; is the coefficient of ¢ in the polynomial

T

(Lot I = (g — 1™
u=k+1

_ (1 + t)2r—cl—l+i . H [(1 + t) _ mut]mu—Q
u=k+1
c1—2r+k

:(1+t2r c1—1+i Z Z

J=0  Jky1+...+ir=3

ﬁ <mu~_ 2) (—myt)? - (1 4 t)"em2du

u=k-+1 Ju

c1—2r+k r m. — 9 . ‘ ‘
D S | A A

= Je1t.Fir=j  u=k+1 J
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since Zzzkﬂ(mu —2—ju) =c1 —2r +k—j. So W; is the coefficient of t* in

- PR +k—1 - o, 1

u=k+1 j=0 u=k+1
= H (1 — mut)mu_Q.
u=1
O

Proposition 5.14. Let V = @,_, Opn(m;), where m; > 1 for each i and

Z m; < min(2r, (n+ 14 2r)/2).

i=1
Then the first relation fL for the quantum cohomology ring H*(P(V);Z) is
(5.15) W = T (€ = myh)met . e tmtbr=icym),

u=1
Proof. We may assume that 1 = my = ... = mp < mgy1 < ... < m,. Since the

conclusion clearly holds when k = r, we also assume that k < r. Let ¢c; = 22:1 m;.
Notice that the conditions in Corollary 4.7 (i) are satisfied. Thus,

hn+1 — (12_ a; - h’L . gcl—r—i> . e—t(n+l+r—cl)'

More directly, putting 7 = [21], then 7 < —Kp(y)(A2) = (n+ 147 —¢1), and
(n+1—n) < —Kp(y)(Az) unless n is even and ¢; = (n + 2r)/2. From the proofs
in Theorem 4.1 and Corollary 4.7 (i) for the first relation fl, we have h™ = hz,
and A"t1=" = h,.1 7 unless n is even and ¢; = (n + 2r)/2. Moreover, if n
is even and ¢; = (n + 2r)/2, then h"*1=" = h- A" " = h-hy 5 = hpy1-4 +
(h - hn_i)a, - e 14 7=c) “Since (h - hy_7)a, is of degree zero, (h - hy_i)a, =
D (a,,0) (P h—siy hpér—1). Since 1 < k < 7, we can choose a point qo in P(V)
representing the homology class (hp&-—1)« such that the point gg is not contained
in the (k — 1)-dimensional linear subspace

Pk_l = P((Opn(l)@kﬂﬂ.(%)) - IED(V|ﬂ'(qo)) = PT_l'

Note that for every f € M(As,0), Im(f) = £ x {q} for some line £ C P™ and some
point ¢ € P*~1. Thus Im(f) cannot pass qo. As in the proof of Lemma 3.7, we
conclude that ®(a, 0)(h, hn—p, hn&r—1) = 0. Therefore, A" 1" = hy 1 1_5. So

hn+1 hn hn+1 n hﬁ X hn-i—l—fp

By similar arguments in the proofs of Theorem 4.1 and Corollary 4.7 (i) for the
first relation f1, we see that if (hz - hypy1-7)a # 0, then A =0, A3. Thus

ptl = Pt + (hﬁ . hn-i—l—ﬁ)Ag _e—t(n+1+r—c1) _ (hﬁ . hn+1—ﬁ)A2 .e—t(n+1+r—c1).

So it suffices to show that (A - Ant1-7)a, = [[L—; (€ — myh)™ 1. Note that

H(g - muh)mu_l = H({ - muh)mu—la

u=1 u=1
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where the right-hand side stands for the product in the ordinary cohomology. Thus
we need to show that (ks « hpy1-7)a, = [1,—1(§ — Muh)m,—1, or equivalently,

T

(5.16) @ (ay,0)(hiv hent1—s hin—iar—cy—144) = [ [ (€ = muh)m, —1hn—iar—cy 144
u=1
for 0 <@ < (c1 —4). The left-hand side of (5.16) is computed in Lemma 5.12.
Denote the right-hand side of (5.16) by W;. Let s; be the i-th Segre class of V.

Then we have s; = (—1)¢ - Dbt [T, _, m* and
“+oo . . T 1

5.17 —1)'sit* = —_—

(5.17) ;( )'s };[1 TR—

Moreover, from the second relation in (1.1) we obtain, for ¢ > r,
& = (—1)i_(r_l)si_(r_1)§r_1 + (terms with exponentials of £ less than (r — 1)).

It follows from the right-hand-side of (5.16) that Wj is equal to

c1—T

IR H<mu_ )ﬁmu_l_ju(—muh»uhn—i&r—a—lﬂ

j=0  ji+..+jr=j u=1

Z Z H (mu— ) — M) B iy e 14i

j=0  ji+..+jr=j u=1

1 (1) s > H (mu N 1) (=mu)™.

j=0 Jit.+ir=j  u=l1

Therefore, the formal power series ;-5 Wit? is equal to

ST TAUEE S [

i=0 j=0 Ji+..Ajr=3 u=1

+0o 400 o o T m
DD NCTESNTEIS SIS | § () (]
=0 i= hAedde=i u=l N U
+o0 400 r m, — 1
)Y I H( u )(_mut)gu
j=0 i=0 g1t tie=j u=1 Ju
+oco r
1 My — 1
Sl 2 T(™ e
=0 u=1 wb g =g wel N e
T 1 400 ™ m 1
iy X (™ emor
u=1 YT i=0  ji4..4je=j u=l1 Ju
T 1 T
— H H(l mut)m“_1
u=1 1= mut u=1
T
= [ - mut)™2,
u=1
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where we have applied (5.17) in the third equality. By Lemma 5.12, W; = W; for
0 < i< (e; —r). Hence the formulae (5.16) and (5.15) hold. |

It turns out that under certain conditions on the integers m;, the second relation
f2 for the quantum cohomology ring H*(P(V'); Z) is much easier to determine. Note
that the second relation f2 in (1.1) can be rewritten as

T

(5.18) [1€—min) =0,

i=1
where the left-hand side stands for the product in the ordinary cohomology ring.

Proposition 5.19. Let V = @::1 Opn(m;), where m; > 1 for each i, m; =1 for
some i, and Y ;_, m; < (2n+2+r)/2. Then the second relation f2 for the quantum
cohomology ring H:(P(V);Z) is

kA
(5.20) [ —min) =e',

i=1
where the left-hand side stands for the product in the quantum cohomology ring.
Proof. We may assume that 1 =m; = ... = mp < mg1 < ... <m,. Sok > 1.
We notice that the conditions in Corollary 4.7 (ii) are satisfied. From the proofs
of Theorem 4.1 (i) and Corollary 4.7 (ii), we see that the quantum corrections to
the second relation (5.18) can only come from the classes A1, As; moreover, the
quantum correction from A; is e7*". Thus it suffices to show that the quantum
correction from Aj is zero. In view of (3.3), it suffices to show that

Q4,0 & —mih,... £ —=myh,a) =0
for every « € H*(P(V'); Z). For 1 <4 <, let V; be the following subbundle of V:
‘/i = O]pn (ml) D...PH O[pm (mi_l) &) O[pm (mi_,_l) D...D O[pm (mr),
and let B; = P(V;) be the codimension-1 subvariety of P(V') induced by the projec-
tion V'— V; — 0. Then the fundamental class of B; is (¢ — m;h). As in the proof
of Lemma 3.7, we need only to show that if f € 9(A2,0), then the image Im(f)
cannot intersect with By, ..., B, simultaneously. In fact, we will show that Im(f)
cannot intersect with By, ... , By simultaneously. Indeed, Im(f) is of the form
Im(f) =€ x {q} C£xP*1 P x P! = P(Opn(1)%F)
for some line £ C P", and Bi|.-1(y = P(Vi|¢). Put p = 7(q) € P", and
Vlp = ®121C - € @ (11 Opn (1)),
where e; is a global section of Opn(m;) = Opn(1) for i < k. Now the point ¢ is
dual to C - v for some nonzero vector v € @', C-e;. Let v = ¥ | a;e;. Since
¢ x {q} and B; (1 <i < k) intersect, the one-dimensional vector space C - v is also

contained in (V;)|,. It follows that a; = 0 for every ¢ with 1 < ¢ < k. But this is
impossible since v is a nonzero vector. O

In summary, we have partially verified Batyrev’s conjecture.

Theorem 5.21. Let V = @::1 Opn (m;), where m; > 1 for each i and

Zmi < min(2r,(n+1+4+2r)/2,(2n+2+1)/2).
i1
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Then the quantum cohomology HY(P(V');Z) is generated by h and & with relations

R = H({ — mh)™i ! et A=Y, mi) and H({ —mh) =e '

i=1 i=1

Proof. Follows immediately from Propositions 5.14 and 5.19. O

6. EXAMPLES

In this section, we shall determine the quantum cohomology of P(V') for am-
ple bundles V' over P" with 2 < r» < n and ¢; = r + 1. In these cases, V|, =
Op(1)20=1) @ Oy(2) for every line £ C P". In particular, V is a uniform bundle. If
r < n, then, by Theorem 3.2.3 in [10], V = Opn (1)® =1 @ Opn (2); if 7 = n, then
by the results on pp.71-72 in [10], V = Opn(1)®"~Y @ Opn(2) or V = Tpx, the
tangent bundle of P*. When V = Opn (1)~ @ Opn (2) with 7 < n, the conditions
in Theorem 5.21 are satisfied, so the quantum cohomology ring H>(P(V');Z) is the
ring generated by h and £ with the two relations

Rt = (¢ —2R) . et and (6 —h)TTHE—2R) = et

In the rest of this section, we compute the quantum cohomology of P(Tp»). It
is well-known that (£ — h) is a nef divisor on P(Tp» ), and the two extremal rays
of P(Tpn) are generated by A1 = (hp&n—2)« and Ay = (hp_1&n—1 — nhn&n—2)«.
Moreover, A, is represented by smooth rational curves in P(7pn) induced by the
surjective maps Tpn|¢ — Op(1) — 0 for lines £ C P™. Since ¢; = n+ 1 and n > 2,
the assumptions in Corollary 4.7 are satisfied, so the quantum cohomology ring
H? (P(Tpn); Z) is the ring generated by h and £ with the two relations

(6.1) A" =(ath+&)-e™ and Y (—1)ei b€ = (14b) e ™
1=0

More precisely, putting H), = Ho(P(V);Z) — Z - (hp&n—2)«, we see from the proof
of Corollary 4.7 (i) that the only homology class A € H) which has nonzero contri-
butions to the quantum corrections in (4.4) is A = Ay. Thus by (4.4),

hpi1, ifp<n-2,
(6.2) h-hy, =< h,+a} et ifp=n-1,
hit1 + (abh + abé) - e ™, if p =n,
where ay = ®(4,.0)(h, hn—1, hnén-1), a3 = ®(a,,0)(h, hn, hnén—2), and
ay = P(a,.0)(hy iy hn—16n 1) — cra3.
By Lemma 3.8, ay = 1. Thus a; = (a} + a}) and the first relation f. in (6.1) is
(6.3) T = ((a) + ab)h + &) et

Similarly, from the proof of Corollary 4.7 (ii), we see that the only homology class
A € H) which has nonzero contributions to the quantum corrections in (4.5) and
(4.6) isalso A= Ay. By (4.5),&-& =& ifp<n—1l,and £-&o1 =&, +e ™+
by - et where bS" = ® (4, 0)(€, En 1, hn&n1). Thus,

(64) {;D = gp’ ifp < n’
En+(14+D) et if p=n.
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By (6.2), we have h-h, = hpy1 if p<n—1,and h-hy,—1 = h,, + bgo) e where
bgo) — all = (I)(Az,O) (hn—la h, hnfn_l). TlhllS7 we obtain

hy, if p <mn,
(6.5) =370 Sper
hy +by7 -e”t if p=n.

By (4.6), for 1 < i < (n — 1) we have hy,—; - & = hn_i& + béi) - et where
b5 = @ (ay.0)(Anis &is hn€n—1). Thus by (6.4) and (6.5), we have

(6.6) W€ = Ty & = & D) e
Since Y7, (—1)'¢; - hi&,—; = 0, it follows from (6.4), (6.5), (6.6) that

n n

(6.7) ST(Die b = (14 D (— Dbl ) et

i=0 =0
Next, we compute the above integers af, a, and béi) for 0 < ¢ < n.

Lemma 6.8. Let V = Tpn withn > 2 and Az = (hp—1§n—1 — nhp&n—2)«.

(1) (I)(A270)(h’7 h"n.v hn—lfn—l) =Mn.
(i) Let oo = h;&, and B = hs&, where j, k, s, t are nonnegative integers such that
max(j, k) > 0, max(s,t) >0, and (j +k + s +1t) = n. Then,

(I)(A2,0) (Oé, B, hn&n—l) =1

Proof. (i) By Lemma 2.2 (iv), 9(As, 0)/PSL(2; C) is compact. By (3.17), we have
h'(Ny) = 0 for every f € 9M(A2,0). Thus, 9M(As,0)/PSL(2;C) is also smooth.
Fix a line ¢y in P™. Let g : o — P(Tpnl|s,) C P(Tpn) be the embedding induced
by the natural projection Tpn|g, = O, (1)@ @ Oy (2) — O, (2) — 0. Since
h([g(4o)]) = 1 and &([g(fo)]) = 2, we have [g(£o)] = [hn-18n—1 — (1 — 1)hn&n—2]-.
So hn—lfn—l = [g(g())]* + (n — 1)hn€n_2, and

(I)(AQ,O) (h, hna hn—lfn—l) = (I)(A27O) (hv hn7 [g(é())]*) + (n - 1)(1)(142,0) (ha hna hn&n—?)-

By Lemma 3.8, it suffices to show that ® (4, 0)(h, hn, [g(f0)]«) = 1. Let B and
C be the subvarieties of P(Tp») in general position, whose homology classes are
Poincaré dual to h and h,, respectively. Then the homology classes of n(B) and
7(C) in P are Poincaré dual to h and h,, respectively. Let f : £ — P(Ipn) be
a morphism in PM(As,0) induced by a surjective map Tpn|y — O¢(1) — 0 for
some line £ C P™. If the image Im(f) intersects with B,C, and g({y), then ¢ in-
tersects with w(B), m(C), and 7(g(¢y)) = €y. In other words, ¢ passes through
the point w(C') and intersects with £9. Moreover, putting p = £ N ¢y and noticing
that every surjective map Tpn|; — Op(1) — 0 factors through the natural projection
Tenle = Op(1)" D @0y (2) — Op(1)* Y, we conclude that the (n— 1)-dimensional
subspace (Og(1)=Y)|, in (Tpn|¢)|, = Tppr must contain the 1-dimensional sub-
space (O, (2))]p in (Tpnle,)lp = Tppn. Conversely, let p € ¢y and let £, be the
unique line connecting the two points 7(C) and p. If the (n — 1)-dimensional
subspace (O, (1)"V)|, in (Tpnle,)|, = Tpp- contains the 1-dimensional sub-
space (O (2))|p in (Tnley)lp = Tppn, then there exists a unique surjective map
Tpnle, — Op, (1) — 0 such that the image of the induced morphism f : £, — P(Tpn)
intersects g(¢p) at the point g(p). Since there exists a unique point p € £y such that
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the (n — 1)-dimensional subspace (Oy, (1)"~V)|, in (Tpn|s, )| = Tppn contains the
1-dimensional subspace (Og,(2))|p in (Tpnle,)|p = Lppn, it follows that

(I)(A270) (h7 B, [g(éo)]*) =1
(ii) Tt is well-known (see p. 176 of [7]) that there is an exact sequence
(6.9) 0 — Opn — Opn (1) Ty — 0.

The surjective map Opn (1)®™+1) — Tp. — 0 induces the inclusion ¢ : P(Tpn) C
P™ x P™ such that £ is the restriction of the (1,1) class in P x P". Let B, C, gy be
the subvarieties of P(Tp») in general position, whose homology classes are Poincaré
dual to a, 8, h,&,—1 respectively. Then qo is a point. Put pg = 7w(qo) € P™. Now
the morphisms in 9(As,0) are of the forms f : £ — P(Tpr») induced by surjective
maps Tpn|p — Oy(1) — 0 for lines ¢ C P". If the image Im(f) passes qo, then the
line ¢ passes pg and ¢q is contained in the hyperplane

P2 = P((Or(1)®")]py) € P((Ton|e) py) = 7" (po) = P
Conversely, if ¢ passes pg and qg is contained in the hyperplane
(6.10) P2 = P((Ou(1)® ) py) € P(Ten|e)lpo) = 7" (po) = P71,

then there exists a unique f € 9M(A2,0) of the form f : £ — P(Ip») such that
Im(f) passes qo; moreover, putting go = (po,p) € P* x P™ such that 7 is the first
projection of P™ x P, then Im(f) = £ x {p{} C P™ x P". The set of all lines ¢
passing pg such that go is contained in the hyperplane (6.10) is parameterized by
an (n — 2)-dimensional linear subspace P"~2 in P" (the first factor in P™ x P"). It
follows that the images Im(f) C P(Tp~) sweep a hyperplane

def yp— n
(6.11) HZ P x {p)} C P" x {p}}.
Since ﬁ is the restriction of the (1,1) class in P X P™) €|y is the ~hypelrplane
class h in H = P"~! x {p{} = P"~!. Thus a|g = hjiy and Blg = hsye. Since

(j+k+s+t)=nand B and C are in general position, there is a unique line in
H passing go = (po, py) and intersecting with B and C. Therefore,

Day0)(a, B hnkn1) = 1.

Finally, we summarize the above computations and prove the following.

Proposition 6.12. The quantum cohomology ring H(P(Tpr);Z) with n > 2 is
the ring generated by h and & with the two relations

Bl — ¢- e~ tn and Z(—l)ici Rt gn—i _ (1 + (_1)11) e tn
=0

Proof. By Lemma 6.8 (ii), a} = 1. By Lemma 3.8, a5 = 1. By Lemma 6.8 (i),
ay = P(a,.0)(hy by, hp—16n—1) — cray = —1.

Thus by (6.3), the first relation f! is A"*! = ¢ . e~ . By Lemma 6.8 (ii), bgi) =1
for 0 < i < n. By (6.7), the second relation f2 is >°I" (—1)ic; - h* - "7 =
(1+ 37 o(—1)ic;) - e~*™. From the exact sequence (6.9), ¢; = ("T1) for 0 <i < n.
Therefore, the relation f2is > " (—=1)%c; - h' - 7" = (14 (=1)") - e~ O
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