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CONVERGENCE OF RANDOM WALKS ON THE CIRCLE
GENERATED BY AN IRRATIONAL ROTATION

FRANCIS EDWARD SU

Abstract. Fix α ∈ [0, 1). Consider the random walk on the circle S1 which
proceeds by repeatedly rotating points forward or backward, with probability
1
2
, by an angle 2πα. This paper analyzes the rate of convergence of this walk

to the uniform distribution under “discrepancy” distance. The rate depends
on the continued fraction properties of the number ξ = 2α. We obtain bounds
for rates when ξ is any irrational, and a sharp rate when ξ is a quadratic

irrational. In that case the discrepancy falls as k−
1
2 (up to constant factors),

where k is the number of steps in the walk. This is the first example of a
sharp rate for a discrete walk on a continuous state space. It is obtained by

establishing an interesting recurrence relation for the distribution of multiples
of ξ which allows for tighter bounds on terms which appear in the Erdős-Turán
inequality.

1. Introduction

Although it is well known that random walks on groups converge to the uni-
form distribution (with mild restrictions), it has only been relatively recently that
probabilists have begun to ask how quickly that convergence takes place. Much
work has been done to obtain rates of convergence in the finite group context (e.g.,
see Diaconis [2], Diaconis and Saloff-Coste [3]), and some rates have been obtained
for walks on infinite compact groups (e.g., see Rosenthal [18], Porod [15]), but far
less is known for discrete walks on infinite compact groups, primarily because few
methods currently exist to attack problems of this nature. This paper analyzes
walks on the continuous circle S1 generated by a fixed irrational rotation, which
are prototypical examples of a discrete walk on a compact group. Even in these
basic examples the analysis required to obtain a precise rate of convergence is fairly
involved.

Consider the following random walk on the continuous circle S1. Fix a number
α ∈ [0, 1). Start at any point, and at each step, rotate the point forward or backward
by an angle 2πα with probability 1

2 . This corresponds to convolving the measure
Qα on S1 which assigns mass 1

2 to the angles ±2πα. We shall henceforth refer to
this walk as the ±α random walk on S1.

We investigate the convergence of this walk under the “discrepancy” distance on
S1: for any probability measures P,Q on S1, the discrepancy D(P,Q) is defined to
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be

D(P,Q) = sup
J⊂S1

|P (J)−Q(J)|(1.1)

where J is any interval in S1. Thus for U the uniform distribution, the discrepancy
D(P,U) measures how well-distributed a measure P is.

Note that when α is rational, the walk remains supported on a finite subgroup
of S1, and in such cases it suffices to understand the corresponding random walk
on the finite circle Z/pZ. See Diaconis [2] and Su [21] for a treatment of walks on
Z/pZ and the development of upper and lower bounds for discrepancy on the finite
circle.

The interesting case for the ±α walk is when α is irrational. In this case the
k-th step probability distribution of the walk converges in the weak-* topology to
the uniform distribution (Haar measure) on the circle S1, at a rate depending on
the nature of α. For instance, if α is very close to some rational, then one might
expect the convergence to be slow, at least initially. If the multiples of α are in
some sense “well-distributed”, then perhaps the convergence will be faster. The
rate of convergence will be shown to depend on the continued fraction properties
of the number ξ = 2α.

The main result of this paper is Theorem 4.9, which shows that when α is a
quadratic irrational, the k-th step probability distribution Q∗k

α of this walk satisfies
C1√
k
≤ D(Q∗k

α , U) ≤ C2√
k

(1.2)

where the constants C1, C2 depend on ξ in a manner specified in the paper.
This result is interesting for several reasons: (1) It is the first sharp rate of con-

vergence established for a discrete walk on a continuous group. Prior to this, the
best upper bound known for this walk was order log k/

√
k, due to Diaconis [2].

(2) Note that the rate is not exponential, but of polynomial decay. By contrast,
walks on finite groups and walks on compact groups with absolutely continuous
generating measure (with respect to Haar measure) must, in the long run, converge
exponentially to their limiting distributions (in total variation distance), due to a
theorem of Kloss [5]. (3) This result resembles results in the theory of uniform
distribution of sequences mod 1; however, the analogous results in that theory con-
cern equally weighted measures on sequences. For comparison, it is known that the
discrepancy between the sequence {α, 2α, 3α, ..., kα} and the uniform distribution
falls as log k/k, up to constant factors (see Kuipers and Niederreiter [7]). It is
not surprising that when compared to equally weighted sequences, the exponent
for random walk on the multiples of α, as in (1.2), is halved, but it is somewhat
surprising that log k term disappears.

The crucial ingredient in establishing the upper bound in (1.2) is a very inter-
esting recurrence relation for the distribution of multiples of any given irrational
(mod 1), which is used to bound the terms the sum obtained by applying Erdős-
Turán’s inequality. This recurrence, found in Theorem 3.16, is a major result of
this paper and is of interest in its own right, because of its usefulness in bounding
sums containing irrational multiples. For an illustration of the recurrence, refer to
Tables 1–4 in Section 3.

When α is an arbitrary irrational, we obtain less sharp bounds on the convergence
of the walk (Theorems 5.5 and 5.8) which depend on a “type” classification of
irrationals by the closeness of their best rational approximations. When ξ = 2α is

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RANDOM WALKS BY IRRATIONAL ROTATIONS 3719

of type η, we find that the discrepancy of the walk falls off “roughly” like k−1/2η

where k is the number of steps in the walk. In particular, since irrationals of “type
1” have full measure in the circle, we see that for almost all α that the discrepancy
of the walk falls off roughly as the square root of the number of steps.

This paper is organized as follows. Section 2 discusses techniques for bounding
discrepancy on the circle. Section 3 gives background on continued fractions and
establishes the recurrence relation for the distribution of multiples of any irrational
ξ. Section 4 applies this result in the case ξ is a quadratic irrational, and establishes
the main theorem of this paper. Section 5 derives less sharp bounds for ξ any arbi-
trary irrational, using probabilistic considerations. Section 6 discusses motivation
for studying discrete walks on compact groups and directions for future work.

2. Discrepancy

One may observe from equation (1.1) that discrepancy distance D(P,U) ex-
presses how well-distributed the measure P is; in fact, if B1 and B2 are intervals in
S1 having the same length, then |P (B1)− P (B2)| ≤ 2D(P,U). That is, the likeli-
hood of finding the walk in B1 versus B2 can differ by at most twice the discrepancy
distance from the uniform distribution.

Discrepancy has been used extensively in analytic number theory to study the
uniform distribution of sequences (mod 1). In that context, discrepancy of se-
quences is a special case of (1.1) in which one measure is taken to be equally
weighted on all elements of a given sequence, and the other measure is the uniform
distribution on S1. See Kuipers and Niederreiter [7] for a survey of this field.

Convergence in discrepancy implies weak-* convergence of measures. This may
be seen by noting that discrepancy bounds the Prokhorov metric, which metrizes
weak-* convergence. A proof is contained in Su [21]. The converse is not true
(consider delta measures on a convergent sequence of points).

A fact which will be of use to us later is that on S1 (in fact, on any compact
group), discrepancy decreases with convolution.

Theorem 2.1. If P,Q,R are arbitrary probability measures on a compact group
G, then

D(P ∗R,Q ∗R) ≤ D(P,Q).

Hence when Q = U , the uniform distribution, we have

D(P ∗R,U) ≤ D(P,U).(2.1)

Proof. If B is an arbitrary ball in G,

|P ∗R(B)−Q ∗R(B)| = | (P −Q) ∗R(B) |

=
∣∣∣∣∫

x∈B

∫
y∈G

(P −Q)(xy−1) R(y) dy dx

∣∣∣∣
=

∣∣∣∣∫
y∈G

(∫
x∈B

(P −Q)(xy−1) dx
)
R(y) dy

∣∣∣∣
≤

∫
y∈G

∣∣ (P −Q)(By−1)
∣∣ R(y) dy

≤ D(P,Q)
∫

y∈G

R(y) dy ≤ D(P,Q)
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where the change of the order of integration is allowed since the integrand is in L1.
Taking the supremum on the left side over all balls B gives the desired inequality.
The inequality (2.1) follows by noting that U ∗R = U .

The following proposition gives a lower bound for the convergence in discrepancy
of the ±α random walk on S1:

Proposition 2.2. For any irrational α, the discrepancy of the ±α random walk
satisfies, for k ≥ 1,

D(Q∗k
α , U) >

1
2
√
k
.

Proof. The statement is a consequence of the fact that the discrepancy is bounded
below by the size of any atom in the measure. The weights of the atoms are
distributed binomially, so that weight of the largest atom is, for k = 2m even,(
2m
m

)
/22m, and for k = 2m− 1 odd,

(
2m−1
m−1

)
/22m−1.

We may lower bound these expressions by using the fact that for even n, n!! <√
2n(n− 1)!!, where n!! denotes the product of the even or odd numbers from 1 to

n, according as n is even or odd. (This fact may be proved by induction, noting
that

√
(z − 1)(z + 1) < z.)

Hence for even k = 2m,(
2m
m

)
22m

=
(2m)!

22mm!m!
=

(2m− 1)!!
2mm!

≥ (2m)!!√
4m

1
2mm!

=
1√
2k
.

For odd k = 2m− 1,(
2m−1
m−1

)
22m−1

=
(2m− 1)!

22m−1m!(m− 1)!
=

(2m− 1)!!
2mm!

≥ (2m)!!√
4m

1
2mm!

=
1√

2(k + 1)
≥ 1

2
√
k
.

Remark 2.3. From (1.1), lower bounds on discrepancy may be obtained by choosing
an interval J (in the previous example it was the largest atom) on which to evaluate
the difference between two measures on that set. Another possible method is the
following lower bound for discrepancy derived by Su [21]:

D(Q,U)2 ≥ 2
π2

∞∑
m=1

|Q̂(m)|2
m2

where Q is any probability distribution on S1, and Q̂(m) denotes the m-th Fourier
coefficient of Q. The constant 2

π2 is best possible.
This lower bound complements in form an upper bound for discrepancy due to

LeVeque [9]. However, in the case of the ±α walk, this bound does not provide a
significantly better lower bound than Proposition 2.2.

To obtain upper bounds for discrepancy, we shall use the following inequality, due
to Erdős and Turán [4], which was formulated originally with unspecified constants
for the discrepancy of sequences. Niederreiter and Philipp [14] established constants
and generalized the result for arbitrary probability measures.
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Theorem 2.4 (Erdős-Turán). Let Q be any probability distribution on S1 and U
the uniform distribution. Then for any integer m,

D(Q,U) ≤ 4
m+ 1

+
4
π

m∑
h=1

(
1
h
− 1
m+ 1

) ∣∣∣Q̂(h)
∣∣∣

where Q̂ represents the Fourier transform of Q.

Note that one may choose m in the Erdős-Turán inequality so as to optimize the
bound obtained.

The Fourier coefficients for the ±α walk are Q̂α(m) = 1
2e

2πimα + 1
2e
−2πimα =

cos(2πmα). Applying Theorem 2.4 to the k-th step probability distribution Q∗k
α ,

and allowing m to grow with k, one finds that it is necessary to understand the
behavior of a sum containing the Fourier coefficients

Q̂∗kα (m) = cosk(2πmα).

Evidently, when 2mα is close to an integer, | cosk(2πmα)| is close to 1, and the
corresponding terms in the Erdős-Turán inequality tend to zero slowly. Hence the
closest rational approximations to ξ = 2α will offer some control on the rate of
convergence of the walk.

These may be determined by the continued fraction expansion of ξ = 2α. The
next section contains a brief summary of background needed from the theory of
continued fractions, and derives a recurrence relation for irrational multiples to
control the growth of each term in the Erdős-Turán inequality.

3. A Recurrence Relation for the Distribution

of Irrational Multiples

3.1. Continued Fractions. We now recall a few facts about continued fractions.
An excellent basic reference for this subject is the concise little book by Khinchin
[6].

Definition 3.1. Given a positive irrational number ξ, let

a0 = bξc , b0 = ξ − a0,
a1 = b 1

b0
c , b1 = 1

b0
− a1,

ai = b 1
bi−1

c , bi = 1
bi−1

− ai,

where bxc denotes the floor of x, i.e., the greatest integer less than or equal to x.
This defines the ai such that

ξ = a0 +
1

a1 + 1
a2+

1
a3+ 1

. . .

and ai ≥ 1 for i ≥ 1. We shall denote this representation in the sequel by

ξ = [a0; a1, a2, ...].

This representation is called the continued fraction expansion of ξ. The ai are
called the elements, or partial quotients of the number ξ. The number ri =
[ai, ai+1, ai+2, ...] is called the i-th remainder of ξ and is equal by construction
to 1

bi−1
.
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Example 3.2. Let Φ =
√

5+1
2 ≈ 1.618... denote the golden mean. Let φ = 1/Φ ≈

0.618..., a number whose continued fraction expansion will be important to us later.
One finds that φ = [0; 1, 1, 1, ...]. Its remainders ri, i ≥ 1, are all equal to Φ.

As other examples√
2 = [1; 2, 2, 2, ...],

√
3 = [1; 1, 2, 1, 2, ...], and e = [2; 1, 2, 1, 1, 4, 1, 1, 6, ...].

Definition 3.3. Given ξ = [a0; a1, a2, ...], define pi, qi by

p−1 = 1 , q−1 = 0,
p0 = a0 , q0 = 1,
p1 = a1a0 + 1 , q1 = a1,
pk = akpk−1 + pk−2 , qk = akqk−1 + qk−2.

(3.1)

The fractions Ci = pi

qi
are called the convergents of ξ, and they provide the best

rational approximations to ξ in the sense specified in the next proposition. For
i ≥ −1, let Ri denote the error term |qiξ − pi|.
Proposition 3.4. For ξ a positive irrational, and any positive integers a and b
such that 1 ≤ b < qi+1,

Ri = |qiξ − pi| ≤ |bξ − a|.
Proof. According to Khinchin [6, Thm.17], for any ξ 6= 1

2 , every convergent is a
best approximation in the sense that for integers a and 1 ≤ b < qi, Ri ≤ |bξ − a|.
According to Khinchin [6, Thm.16], every best approximation in the above sense
is a convergent, which shows that the condition on b may be extended to all b <
qi+1.

The preceding proposition shows that the qi-th multiple of ξ comes closer to an
integer than any multiple of ξ before it, and so the qi may be thought of as best
successive “record-breakers” in distance to the nearest integer as we run through
the multiples of ξ. The Ri are then the best successive records.

The following proposition will tell us just how large the Ri are. Though it may
be a classical result, a proof is included here for completeness.

Proposition 3.5. For any positive irrational ξ, and pi, qi, bi, ri defined as in Def-
initions 3.1 and 3.3, we have for n ≥ −1,

qnξ − pn = (−1)n b0b1 · · · bn =
(−1)n

r1r2 · · · rn+1
.

(For n = −1, we interpret q−1ξ − p−1 = −1.)

Proof. We use induction. Trivially, for n = −1, 0 · ξ − 1 = −1, and for n = 0,
1 · ξ − a0 = b0.

Now suppose

qn−1ξ − pn−1 = (−1)n−1 b0b1 · · · bn−1.

Then

qnξ − pn = (anqn−1 + qn−2)ξ − (anpn−1 + pn−2)
= (qn−2ξ − pn−2) + an(qn−1ξ − pn−1)
= (−1)n−2(b0b1 · · · bn−2) + an(−1)n−1(b0b1 · · · bn−1)
= b0 · · · bn−2(1− bn−1an)(−1)n

= b0 · · · bn(−1)n.
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The second equality follows trivially from ri = 1
bi−1

.

Note the alternation in sign of (qnξ− pn). Also note that taking absolute values
gives the value of Rn, and since the bn < 1, the Rn are strictly decreasing as n
increases. The following standard fact shows that they decrease no faster than the
qi increase:

Proposition 3.6. For any positive irrational ξ, and qi = qi(ξ), Ri = Ri(ξ) as
defined above,

1
qk + qk+1

< Rk <
1

qk+1
(3.2)

for any integer k ≥ 0.

For proofs of these bounds, see Khinchin [6, Thms.9,13]. Since from (3.1), qk +
qk+1 ≤ qk+2, this yields, conversely,

Proposition 3.7. For any integer k ≥ 2,

1
Rk−2

< qk <
1

Rk−1
.(3.3)

For later use note that the Ri, like the qi, satisfy a recurrence relation:

Proposition 3.8. For any integer i ≥ 1,

Ri−2 = aiRi−1 +Ri.(3.4)

Proof. The recurrence relations for pi, qi show that adding qi−2ξ − pi−2 to the
quantity ai(qi−1ξ − pi−1) gives qiξ − pi, which gives the assertion we are trying
to prove by noting that (qi−1ξ − pi−1) is of the opposite sign as the other two
terms.

Remark 3.9. Observe that for i = 1, we obtain 1 = a1R0 +R1, which will be used
later.

Example 3.10. For ξ = φ ≈ 0.618, (3.1) shows that the pi and qi are the
same, up to a shift of index, and are given by the well known Fibonacci sequence:
0, 1, 1, 2, 3, 5, 8, 13, ... in which each term is the sum of the two preceding ones. Suc-
cessive ratios provide better and better approximations to φ. Proposition 3.5 shows
that Ri = φi+1.

3.2. The Recurrence Relation. We now establish notation and prove a few facts
that will be used to establish the main results of this section, Theorems 3.16 and
3.19. The recurrence relation in Theorem 3.16 answers the question: how are the
multiples of an irrational ξ distributed with respect to the nearest integer?

Theorem 3.16 is used to show Theorem 3.19, which is used in Section 4 to prove
Theorem 4.9, the main result of this paper.

Definition 3.11. Given a real number x ∈ R, let 〈x〉 denote the distance from
x to the nearest integer, i.e., 〈x〉 = minn∈Z |x − n|. Let dZ(x) denoted the signed
distance from x to the nearest integer, i.e., writing x = n + x′ for n ∈ Z and
−.5 < x′ ≤ .5, let dZ(x) = x′.

The following proposition shows how bracketing meshes with addition:
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Lemma 3.12. If dZ(a) and dZ(b) are of opposite sign, then

〈a+ b〉 = |〈a〉 − 〈b〉|.(3.5)

Else, if dZ(a) and dZ(b) are of the same sign,

〈a+ b〉 =

{
〈a〉+ 〈b〉 if 〈a〉+ 〈b〉 ≤ .5,
1− (〈a〉+ 〈b〉) if 〈a〉+ 〈b〉 > .5.

(3.6)

Hence, for any a and b,

〈a+ b〉 ≥ |〈a〉 − 〈b〉|.(3.7)

Proof. Write a = n1 + a′ and b = n2 + b′ where n1, n2 ∈ Z and .5 < a′, b′ ≤ .5.
If a′, b′ are of opposite sign, then |a′ + b′| ≤ .5. Hence

〈a+ b〉 = 〈(n1 + n2) + (a′ + b′)〉 = |a′ + b′| = |〈a〉 − 〈b〉|.
If a′, b′ are of the same sign, then 〈a+ b〉 = 〈(n1 + n2) + (a′ + b′)〉 = |a′ + b′| =

|〈a〉 + 〈b〉|, unless |a′ + b′| > .5 in which case, since |a′ + b′| ≤ 1, we have that
〈a+ b〉 = 1− (〈a〉+ 〈b〉), as was to be shown.

To show the final inequality, it suffices to show that 1− (〈a〉+ 〈b〉) ≥ |〈a〉 − 〈b〉|.
This follows by noting that 1−(a′+b′) ≥ a′−b′ since a′ ≤ .5, and 1−(a′+b′) ≥ b′−a′
since b′ ≤ .5.

Proposition 3.13. For 0 < h < qi + qi−1 and h 6= qi,

〈hξ〉 > Ri−1.

Noting that for h = qi, 〈hξ〉 = Ri, this proposition may be regarded as an
extension of Proposition 3.4. It says that with one exception the qi−1-th multiple
of ξ comes closer to an integer than any multiple of ξ before it or after it, up to the
(qi + qi−1)-th multiple.

Proof. The statement is by Proposition 3.4 true for all h < qi.
For qi < h < qi + qi+1, rewrite h = qi + h′. Note that since h′ < qi−1, we have

〈h′ξ〉 > Ri−2. Then 〈hξ〉 = 〈(qi +h′)ξ〉 ≥ 〈h′ξ〉−〈qiξ〉 > Ri−2−Ri = aiRi−1, using
(3.7) and (3.4) above.

We shall use the Ri as error bounds on the terms which involve the multiples of
ξ. Namely, partition the unit interval into bins such that the partitions lie at the
Ri. Drop the multiples of ξ in the bins according to their distance from the nearest
integer.

Definition 3.14. Call the i-th bin the interval [Ri, Ri−1). Let s denote the number
of the bin containing 0.5, i.e., 0.5 ∈ [Rs, Rs−1). Note that either s = 0 or s = 1.

Let Nξ(m,n) denote how many of the first m multiples of ξ are in the n-th error
bin:

Nξ(m,n) = |{ q | 1 ≤ q ≤ m and 〈qξ〉 ∈ [Rn, Rn−1) }| .
(For n = s, the restraint on Rn−1 is ignored.)

The following lemma shows that the multiples of ξ cannot be too close to the
partitions Rj (unless they are at the Rj already):

Lemma 3.15. Let 1 ≤ h < qi and s ≤ j ≤ i− 1. If h 6= qj or h 6= qi − qj, then

|〈hξ〉 −Rj | > Ri−1 .
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Proof. For j ≤ i − 1, we have |〈hξ〉 − Rj | = |〈hξ〉 − 〈qjξ〉| = 〈gξ〉, where either
g = h+ qj or g = h− qj . This follows from (3.5). But since h± qj < qi + qi−1, and
h+ qj 6= qi, and h− qj 6= 0, we may apply Proposition 3.13 to obtain 〈gξ〉 > Ri−1

as was to be shown.

We will use the lemma to prove the following theorem, which gives a recurrence
relation for the Nξ(qi, n). It holds for any positive irrational, although in the
subsequent section we shall apply it when ξ is a quadratic irrational.

Theorem 3.16. Let ξ = [a0, a1, a2, ...] be any positive irrational, and let qi =
qi(ξ), Ri = Ri(ξ), Nξ(m,n), and s = s(ξ) be defined as in Definitions 3.3 and 3.14.

Set Nξ(qn−1, n) = −1 + sδn(s). Then for all n ≥ s, we have Nξ(qn, n) = 1, and
for all i ≥ n,

Nξ(qi+1, n) = ai+1[ Nξ(qi, n) + c(i, n) ] + Nξ(qi−1, n)

where for i ≥ n

c(i, n) =


0, for n = s and i ≡ n mod 2,
−1, for n = s and i 6≡ n mod 2,
(−1)i−n, for n > s .

It may be helpful to summarize the conditions in Theorem 3.16: let ξ =
[a0, a1, a2, ...] denote the continued fraction expansion of an irrational ξ. Running
through the multiples of ξ sequentially, drop them on the unit interval one by one
at a mark corresponding to their distance from the nearest integer. Every so often,
we get a “recordbreaker”, a multiple qiξ that is closer than all multiples before it.
Recall that Ri denoted that distance. Place partitions at the Ri, dividing the unit
interval into bins. Number the bins so that the n-th bin has Rn at the left edge.
Let s denote the bin containing 1

2 . Let Nξ(m,n) denote the number of multiples in
the n-th bin after m multiples of ξ are thrown down. Then the above recurrence
relation holds.

Tables 1–4 exhibit the recurrence for various values of ξ. The entries represent
Nξ(qi, n), which is the count in each bin (columns) up to the qi-th multiple of ξ
(rows). The recurrence works down each column. Note that the bins are arranged
in decreasing order; this is to remind the reader that the bins are arranged that
way on the unit interval. The sum across the i-th row should total qi, being
the total number of multiples in all the bins. When ξ > 1

2 , the zero-th bin is
empty, since R0 = ξ and s = 1. In such cases also we have q0 = q1 = 1 so that
N(q0, 1) = N(q1, 1) = 1. The data for the tables was generated using Mathematica
[12] by actually performing the counting process on the multiples of ξ.

The idea of the proof of Theorem 3.16 is as follows. Since the qi are given by
the recurrence qi+1 = ai+1qi + qi−1, the second set of qi multiples of ξ is just a shift
of the first set by a distance Ri. The above lemma guarantees that most of the
first qi-th multiples remain in the same error bins when shifted by Ri up to ai+1

times in either direction, since they are far from the partitions. In the remaining
cases, the shift occurs in a favorable direction, so the shifts still stay in the same
bins. The presence of the c(i, n) term accounts for the multiples which lie at the
partitions moving either in or out of the bin when shifted.

Proof of Theorem 3.16. Now any H ≤ qi+1 may be written as

H = h+ kqi
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where 0 ≤ k ≤ ai+1 and 0 ≤ h < qi. If h > qi−1, then k need only be ≤ ai+1 − 1.
Thus

〈Hξ〉 = 〈(h+ kqi)ξ〉 = 〈 〈hξ〉 ± kRi 〉.

Table 1. Nξ(qi, binn) for ξ = φ =
√

5−1
2 = [0; 1, 1, 1, . . . ] ≈ .6180.

· · · bin8 bin7 bin6 bin5 bin4 bin3 bin2 bin1 bin0 ai i
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 0 0 1 1 0 1 2
0 0 0 0 0 0 1 1 1 0 1 3
0 0 0 0 0 1 1 1 2 0 1 4
0 0 0 0 1 1 1 3 2 0 1 5
0 0 0 1 1 1 3 3 4 0 1 6
0 0 1 1 1 3 3 7 5 0 1 7
0 1 1 1 3 3 7 9 9 0 1 8
1 1 1 3 3 7 9 17 13 0 1 9

Table 2. Nξ(qi, binn) for ξ =
√

2− 1 = [0; 2, 2, 2, ...] ≈ .4142.

· · · bin8 bin7 bin6 bin5 bin4 bin3 bin2 bin1 bin0 ai i
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 1 2 1
0 0 0 0 0 0 0 1 3 1 2 2
0 0 0 0 0 0 1 3 5 3 2 3
0 0 0 0 0 1 3 5 15 5 2 4
0 0 0 0 1 3 5 15 33 13 2 5
0 0 0 1 3 5 15 33 83 29 2 6
0 0 1 3 5 15 33 83 197 71 2 7
0 1 3 5 15 33 83 197 479 169 2 8
1 3 5 15 33 83 197 479 1153 409 2 9

Table 3. Nξ(qi, binn) for ξ =
√

3+5
22 = [0; 3, 3, 1, 2, 1, 2, ...] ≈ .3060.

· · · bin8 bin7 bin6 bin5 bin4 bin3 bin2 bin1 bin0 ai i
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 2 3 1
0 0 0 0 0 0 0 1 5 4 3 2
0 0 0 0 0 0 1 1 5 6 1 3
0 0 0 0 0 1 3 1 17 14 2 4
0 0 0 0 1 1 3 3 21 20 1 5
0 0 0 1 3 1 11 5 61 52 2 6
0 0 1 1 3 3 13 9 81 72 1 7
0 1 3 1 11 5 39 21 225 194 2 8
1 1 3 3 13 9 51 31 305 266 1 9
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Table 4. Nξ(qi, binn) for ξ =
√

14− 3 = [0; 1, 2, 1, 6, ...] ≈ .7417.

· · · bin8 bin7 bin6 bin5 bin4 bin3 bin2 bin1 bin0 ai i
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 0 0 1 2 0 2 2
0 0 0 0 0 0 1 1 2 0 1 3
0 0 0 0 0 1 11 1 14 0 6 4
0 0 0 0 1 1 11 3 15 0 1 5
0 0 0 1 3 1 35 5 44 0 2 6
0 0 1 1 3 3 45 9 58 0 1 7
0 1 11 1 27 13 311 53 392 0 6 8
1 1 11 3 29 17 355 63 449 0 1 9

We claim that

Lemma 3.17. If h 6= 0 and h 6= qj for all j ≥ s, then 〈Hξ〉 falls into the same bin
as 〈hξ〉.
Proof of Lemma 3.17. Since h 6= qj , Lemma 3.15 and equation (3.4) show that
when h 6= qi − qj , we have

|〈hξ〉 −Rj | > Ri−1 > ai+1Ri .

Thus the partitions are too far away for 〈hξ〉±kRi, k ≤ ai+1, to fall into a different
bin than 〈hξ〉. If 〈hξ〉 falls in the first bin (the s-th), then we must verify that
〈hξ〉+ kRi < 1−Rs; this follows from 〈hξ〉 − kRi > Rs and 〈hξ〉 < 1− 〈hξ〉.

We are left to consider the case where h = qi − qj for some j ≤ i− 1.
Observe that we need not consider the case where ai = 1 and j = (i − 1) or

(i− 2), since otherwise h = qi−2 or qi−1, which is ruled out by assumption. Nor do
we need consider the case when i = 1, ai = 2, and j = i− 1 = 0, for then we would
have q1 = 2q0, giving h = q1 − q0 = q0, which is ruled out by assumption.

In all other cases, h = qi − qj > qi−1, so that we may assume k ≤ ai+1 − 1 as
observed earlier. Also, hereafter we may assume that ai > 1 if j = (i−1) or (i−2),
and that ai > 2 if j = (i− 1) = 0.

Then 〈Hξ〉 = 〈((k + 1)qi − qj)ξ〉 = 〈Rj − (−1)i−j(k + 1)Ri〉. This expression is
obtained by recalling that the qiξ alternate signs with i.

For i, j of the same parity, we have j ≤ i − 2, and we wish to show that for
0 ≤ k ≤ ai+1 − 1, all the 〈Hξ〉 = 〈(h+ kqi)ξ〉 fall into the same bin, the (j + 1)-st
bin: [Rj+1, Rj). (〈hξ〉 is the case when k = 0.)

This amounts to showing that 〈Hξ〉 = Rj − (k + 1)Ri > Rj+1, or, equivalently,
that Rj − Rj+1 > (k + 1)Ri. Since Rj = aj+2Rj+1 + Rj+2 and Ri−1 = ai+1Ri +
Ri+1 > ai+1Ri ≥ (k + 1)Ri, it suffices to show

(aj+2 − 1)Rj+1 + Rj+2 > Ri−1.

This will be demonstrated in two cases.
Case 1. If j = i− 2, then we may assume that ai = aj+2 > 1, and we have

(aj+2 − 1)Rj+1 + Rj+2 ≥ Rj+1 +Rj+2 > Rj+1 ≥ Ri−1.

Case 2. If j ≤ i− 4, then

(aj+2 − 1)Rj+1 + Rj+2 ≥ Rj+2 ≥ Ri−2 > Ri−1.
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For i, j of different parity, we have j ≤ i − 1, and we wish to show that for
0 ≤ k ≤ ai+1 − 1, all the 〈Hξ〉 = 〈(h + kqi)ξ〉 fall into the same bin, the j-th bin:
[Rj , Rj−1). (〈hξ〉 is the case when k = 0.)

For j > s, this amounts to showing that 〈Hξ〉 = Rj + (k + 1)Ri < Rj−1, or,
equivalently, that Rj−1 − Rj > (k + 1)Ri. The following argument works for all
j ≥ 1, and so includes the case j > s.

Since Rj−1 = aj+1Rj + Rj+1 and Ri−1 = ai+1Ri +Ri+1 > ai+1Ri ≥ (k + 1)Ri,
it suffices to show

(aj+1 − 1)Rj + Rj+1 > Ri−1.

This will be demonstrated in two cases.
Case 1. If j = i− 1, then we may assume that ai = aj+1 > 1, and we have

(aj+1 − 1)Rj +Rj+1 ≥ Rj +Rj+1 > Rj ≥ Ri−1.

Case 2. If j ≤ i− 3, then

(aj+1 − 1)Rj +Rj+1 ≥ Rj+1 ≥ Ri−2 > Ri−1.

We now treat the boundary case j = s.
If j = s = 1, then we wish to show that 〈Hξ〉 = R1 + (k + 1)Ri < 1−R1 which

would show that 〈Hξ〉 remained in the s-th bin. However, s = 1 implies a1 = 1
and by (3.4), R0 = 1 − R1. Thus this reduces to the previous case of showing
Rj + (k + 1)Ri < Rj−1 for j = 1.

If j = s = 0, then we wish to show that 〈Hξ〉 = R0 + (k + 1)Ri < 1 − R0

which would show that 〈Hξ〉 remained in the s-th bin. However, (3.4) implies that
1− R0 = (a1 − 1)R0 + R1. So it suffices to show (k + 1)Ri < (a1 − 2)R0 + R1. If
i ≥ 3, (3.4) yields (k + 1)Ri < R2 which is less than R1 and we are done. If i = 1,
then recall that we noted earlier that we can assume that a1 > 2 if j = i − 1 = 0.
Again, (3.4) yields (k + 1)Ri < R0 which is less than (a1 − 2)R0 and we are done.

This completes the proof of Lemma 3.17.

We return the proof of Theorem 3.16.
The preceding lemma showed that multiples before the qi-th which are not equal

to a qj-th for some j do not get shifted out of their current bins when multiples of
qiξ are added.

We now determine what happens to the qj-th multiples, which fall at the parti-
tions Rj . When adding multiples of qiξ, they get shifted into either the bin on the
left or bin on the right, but no further, except for the last (qi+1-th) multiple of ξ:

Lemma 3.18. For qi < H ≤ qi+1, write H = h+ kqi, where 1 ≤ k ≤ ai+1.
Suppose h = 0. Then for 1 ≤ k ≤ ai+1, 〈Hξ〉 falls in the i-th bin: [Ri, Ri−1),

unless i = s = 0 and k = ai+1, in which case, 〈Hξ〉 falls in the 2-nd bin: [R2, R1).
Suppose h = qj for some s ≤ j < i.
If i, j are of the same parity, then 〈Hξ〉 falls in the j-th bin: [Rj , Rj−1).
If i, j are of opposite parity, then 〈Hξ〉 falls in the (j + 1)-st bin: [Rj+1, Rj),

unless H = qi+1 (when j = i − 1 and k = ai+1). In that case 〈Hξ〉 falls in the
(j + 2)-nd bin: [Rj+2, Rj+1).

Proof of Lemma 3.18. Assume h = 0. Then 〈qiξ〉 = Ri, and we shall show that
for 1 < k ≤ ai+1, 〈Hξ〉 = 〈kqiξ〉 also falls in the i-th bin: [Ri, Ri−1), barring one
exception. This amounts to showing that kRi < Ri−1 which is true by (3.4), unless
i = s.
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In that case, in light of (3.6) we must show that kRs < 1 − Rs. For s = 1 this
follows from 1−R1 = R0 and (3.4); for s = 0 we need to verify that kR0 < 1−R0 =
(a1 − 1)R0 +R1, which is true for k < a1 − 1, but false for k = a1. When k = a1,
we have H = q2, and 〈Hξ〉 falls in the 2-nd bin: [R2, R1), as was to be shown.

Now assume for the remainder of the proof of this lemma that h = qj for some
s ≤ j < i.

If i, j are of the same parity, then 〈Hξ〉 = 〈(qj + kqi)ξ〉 = 〈Rj + kRi〉. We wish
to show that Rj + kRi is always less than Rj−1, or if j = s, less than 1−Rs. This
would show that 〈Hξ〉 falls in the j-th bin.

For j > s we have two cases:
Case 1. If j = i, then since k < ai+1 − 1,

Rj + kRi ≤ ai+1Ri < Ri−1 = Rj−1.

Case 2. If j ≤ i− 2, then

Rj + kRi ≤ Rj + ai+1Ri = Rj +Ri−1 −Ri+1 < Rj +Ri−1 ≤ Rj +Rj+1 ≤ Rj−1.

For j = s we note that if j = s = 1, then a1 = 1, which implies 1−R1 = R0, and
we remark that the previous arguments to show that Rj + kRi < Rj−1 are valid
for j = 1. If j = s = 0, then a1 > 1 and 1−R0 = (a1 − 1)R0 +R1. We must show
that R0 + kRi < (a1 − 1)R0 +R1. This follows from kRi < R1 since i ≥ 2.

If i, j are of opposite parity, then 〈Hξ〉 = 〈(qj + kqi)ξ〉 = Rj − kRi. We wish to
show this quantity is always greater Rj+1, which would show that 〈Hξ〉 falls in the
(j + 1)-st bin.

Case 1. If j = i− 1 and if k ≤ ai+1 − 1,

Rj − kRi ≥ Ri−1 − (ai+1 − 1)Ri = ai+1Ri +Ri+1 − (ai+1 − 1)Ri

= Ri +Ri+1 > Rj+1.

If j = i−1 and k = ai+1, then Rj−kRi = Ri+1 = Rj+2, which lies in the (j+2)-nd
bin.

Case 2. If j ≤ i− 3, then

Rj − kRi ≥ Rj − ai+1Ri = Rj −Ri−1 +Ri+1 > Rj −Ri−1 ≥ Rj −Rj+2

= aj+2Rj+1 > Rj+1.

This concludes the proof of the Lemma 3.18.

We proceed to use the above lemmas to derive a recurrence relation for the
Nξ(qi, n).

Since s denotes the first bin that could possibly be occupied, we have Nξ(qi, n) =
0 for all n < s.

Consider the n-th error bin: [Rn, Rn−1). As multiples are thrown onto the bins,
it will remain empty until i = n, when Ri = 〈qiξ〉 occupies the bin at the left edge.
These statements imply that Nξ(qi, n) = 0 for all s ≤ i < n, and Nξ(qn, n) = 1 for
all n ≥ s.

We wish to count how many of the first qi+1 multiples of ξ are in the n-th bin.
Since qi+1 = ai+1qi + qi−1, we will do so by breaking the multiples into subsets,
and considering the set of the first qi multiples of ξ, then the next (ai+1 − 1) sets
of qi multiples of ξ, then the last set of qi−1 multiples of ξ.

For i ≥ n, the n-th error bin contains Nξ(qi, n) of the set of the first qi multiples
of ξ.
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The next (ai+1 − 1) sets containing qi multiples each are like the first set but
shifted a bit, and the above lemmas show that they fall in the same bins as before,
except possibly for the shifts of those multiples which lie at the endpoints of the
bin. Hence each of these sets contributes Nξ(qi, n) + c(i, n) number of multiples to
the n-th bin, where c(i, n) is some correcting factor to be determined now.

When i ≥ n and n > s, notice that multiples lie at both endpoints of [Rn, Rn−1).
Rn is originally in the bin, and Rn−1 is originally out. Lemma 3.18 shows that shifts
of these endpoints are either both in or both out according to its parity with i, so
that the correcting factor c(i, n) should be (−1)i−n.

For i ≥ n and n = s, there is a multiple at Rn but not at the endpoint Rn−1, so
the right-hand endpoint will contribute nothing when shifted, giving a correcting
factor c(i, n) of 0 or −1 according as the left endpoint Rn stays in or is shifted out,
i.e., as the parity of i, n agree or disagree. One exception to this rule occurs when
i = n = s = 0, in the very last shift k = a1, when the multiple at R0, the left-hand
endpoint, is according to Lemma 3.18 shifted out of the 0-th bin (into the 2-nd bin).
The counting procedure did not take that into account, so we must subtract 1 from
the total contribution if n = i = 0. We must also add 1 to the total contribution
if n = i + 2 = 2; however, since the recurrence will only be operative for i ≥ n, we
need not worry about this case.

Thus the total contribution from the (ai+1 − 1) sets containing qi multiples is
(ai+1 − 1)[Nξ(qi, n) + c(i, n)]− δn(i)δn(0).

The last set of qi−1 multiples is a shift of the first qi−1 multiples of ξ, and
again, shifting does not take them out of their original bins, except possibly for
the endpoints and for the last shift of qi−1. In that case, by Lemma 3.18, Ri−1 is
shifted down not to the i-th bin, but to the (i+ 1)-st. We now investigate how this
affects the count.

For n = i, the usual count Nξ(qn−1, n) + c(n, n) must be decreased by 1 since it
should no longer include the shift of the right-hand endpoint Rn−1. (It is helpful
to remember that the index i in c(i, n) refers to the shift increments and not to the
size of the set being shifted.) The only possible exception is when the right-hand
endpoint does not exist at i = s; if n = i = s = 1, then Nξ(q0 = q1, 1) = 1, the left
endpoint exists and must be eliminated so we still need to decrease the count by 1;
if i = n = s = 0, the count is already 0 and there is no right-hand endpoint, so we
do not need to decrease the count by 1.

For n = (i+1), we have i < n, which will not affect the validity of the formula for
i ≥ n. (It is in fact this extra multiple that accounts for the start of the recurrence:
Nξ(qn, n) = 1, as determined before.)

Thus the contribution from this last set is

Nξ(qi−1, n) + c(i, n)− δn(i)(1 − δn(0)).

To summarize the contributions, we have for i ≥ n ≥ s:

Nξ(qi+1, n) = Nξ(qi, n) + (ai+1 − 1)[Nξ(qi, n) + c(i, n)]− δn(i)δn(0)
+Nξ(qi−1, n) + c(i, n)− δn(i)(1− δn(0))

= ai+1[ Nξ(qi, n) + c(i, n) ] +Nξ(qi−1, n)− δn(i)

where

c(i, n) =


0, for n = s and i ≡ j mod 2,
−1 for n = s and i 6≡ j mod 2,
(−1)i−n, for n > s .
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Note that for i = n, Nξ(qn−1, n) = 0 except if n = s = 1, when Nξ(q0 = q1, 1) =
1. Since the recurrence will only be operative for i ≥ n, we choose to subsume the
δn(i) in the definition of Nξ(qn−1, n), by setting Nξ(qn−1, n) = −1 + sδn(s).

The other initial case is given by Nξ(qn, n) = 1. This concludes the proof of
Theorem 3.16.

We can use this recurrence to obtain the following absolute bound on Nξ(qi, n):

Theorem 3.19. Let ξ be any positive quadratic irrational. Let qi,n = qi(rn) denote
the denominator of the i-th convergent of rn, the n-th remainder of ξ. Then for
i ≥ n,

Nξ(qi, n) ≤ 2qi−n,n − 1.

Proof. We shall induct on i. The initial cases are easily verified:

Nξ(qn, n) = 1 ≤ 2q0(rn)− 1 = 1.
And by Theorem 3.16,

For n > s, Nξ(qn+1, n) = 2an+1 − 1 ≤ 2q1(rn)− 1 = 2an+1 − 1.
For n = s = 0, Nξ(qs+1, s) = as+1 − 1 ≤ 2q1(rs)− 1 = 2as+1 − 1.

For n = s = 1, Nξ(qs+1, s) = as+1 ≤ 2q1(rs)− 1 = 2as+1 − 1.

Now assume the theorem is true for all i ≤ k. Then by Theorem 3.16,

Nξ(qk+1, n) ≤ ak+1[Nξ(qk, n) + c(k, n)] +Nξ(qk−1, n)
≤ ak+1[2qk−n(rn)] + 2qk−n−1(rn)− 1
≤ 2qk−n+1(rn)− 1

which shows the theorem is true for i = k + 1.

4. Bounds for Quadratic Irrationals

As previously noted, for the ±αwalk on S1 we shall be interested in the continued
fraction expansion of ξ = 2α. We shall first establish some notation and definitions
for quadratic irrationals which are needed to prove the main theorem of this section,
Theorem 4.9.

Definition 4.1. The continued fraction ξ = [a0, a1, a2, ...] is called periodic if its
elements eventually repeat, i.e., if there exist a k0 and h such that, for k ≥ k0,

ak = ak+h.

Example 4.2. The number
√

3 = [1; 1, 2, 1, 2, ...] is periodic of period 2. The
number 1

3 +
√

5 = [2; 1, 1, 3, 9, 1, 3, ...] is periodic of period 6. The number 14−√7
27 =

[0; 2, 2, 1, 1, 1, 4, ...] is periodic of period 4, although it does not start to repeat until
place k0 = 3.

Definition 4.3. A number ξ is said to be a quadratic irrational if it is the root of
a second-degree polynomial with integral coefficients.

The following theorem is due to Lagrange. For a proof, see Khinchin [6, Thm.28].

Theorem 4.4 (Lagrange). A number is represented by a periodic continued frac-
tion if and only if it is a quadratic irrational.
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We shall use the periodic nature of quadratic irrationals together with the re-
currence relation derived in the last section to provide good estimates for the sum
that occurs in the theorem of Erdős-Turán.

Recall that the ri’s represent the remainders of a continued fraction. Note that
if the continued fraction is periodic, then its remainders are also periodic.

Definition 4.5. Let h be the period of the continued fraction expansion of a qua-
dratic irrational ξ, and k0 the element at which it begins repeating. Define

r = (
k0+h∏

i=k0+1

ri)1/h.

It is useful to think of r as a kind of “average remainder”. Notice that
∏n

i=1
ri

r is
bounded and eventually repeating in n. Let J = J(ξ) ≤ 1 be the minimum value
of this product, and K = K(ξ) ≥ 1 be its maximum value. (1 is achieved for the
vacuous product at n = 0.)

Proposition 3.5 shows that

J ≤ rk+1Rk ≤ K

which may be rewritten

J

rk+1
≤ Rk ≤ K

rk+1
.(4.1)

Furthermore, by (3.3), we have

rk−1

K
< qk <

rk

J
.(4.2)

We should also bound the qi−n,n, which were defined in Theorem 3.19:

Lemma 4.6. Given ξ, let r, J,K be as defined in Definition 4.5. Then

J

K
ri−n−1 ≤ qi−n,n ≤ K

J
ri−n.(4.3)

Proof. Using (3.3), Proposition 3.5, and (4.1) we have that

qi−n,n ≤ 1
Ri−n−1(rn)

= rn+1rn+2 · · · ri =
Rn−1

Ri−1
≤ K

J
ri−n.

Similarly,

qi−n,n ≥ 1
Ri−n−2(rn)

= rn+1rn+2 · · · ri−1 =
Rn−1

Ri−2
≥ J

K
ri−n−1.

These inequalities yield the conclusion of the lemma.

The average remainder r = r(ξ) can be no smaller than r(φ) = Φ. Recall that
Φ =

√
5+1
2 is the golden mean, and φ = 1/Φ.

Proposition 4.7. For any irrational ξ, r(ξ) ≥ Φ.

Proof. One may show for any irrational ξ that qk(φ) ≤ qk(ξ), by using induction,
noting that φ = [0; 1, 1, 1, ...] has the smallest possible elements, and using the
recurrence (3.1) as the inductive step.
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Note that for all k > 0, rk(φ) = Φ. Now suppose for some ξ that r = r(ξ) were
less than Φ, say r = cΦ for some c < 1. Then by equation (4.2) one would obtain,
for all k > 0,

Φk−1

K
< qk(φ) ≤ qk(ξ) <

rk

J
=
ckΦk

J
.

This implies that J
KΦ < ck for all k > 0, which clearly cannot be true for k chosen

large enough.
Hence for all ξ, r(ξ) must be greater than or equal to Φ.

Example 4.8. For ξ =
√

3 − 1 ≈ .7321 we have ξ = [0, 1, 2, 1, 2, ...], which is
period two. r1 = [1, 2, 1, 2, ...] ≈ 1.366 and r2 = [2, 1, 2, 1, ...] ≈ 2.732 and so
r = (r1r2)

1
2 ≈ 1.932. J = r1

r ≈ .7071, and K = r1r2
r2 = 1. Also K

J =
√

2.

4.1. A Rate using Erdős-Turán’s Inequality. Recall that Qα denotes the gen-
erating measure for the ±α-walk. We are interested bounding the discrepancy of
the k-th step probability distribution from the uniform distribution. The follow-
ing theorem gives matching upper and lower bounds for this walk, when α is a
quadratic irrational.

Theorem 4.9. Suppose ξ = 2α is a quadratic irrational, and let r, J,K be as
defined in Definition 4.5 for ξ. Then the discrepancy of the ±α random walk on
the circle satisfies

C1√
k
≤ D(Q∗k

α , U) ≤ C2√
k

where the constants depend on ξ and can be taken to be C1 = 1
2 and C2 = K4

J4 r
9.

Proof. The lower bound follows from Theorem 2.2.
For the upper bound, we appeal to the theorem of Erdős-Turán (Theorem 2.4):

D(Q∗k
α , U) ≤ 4

m
+

4
π

m∑
h=1

|Q̂α

k
(h)|
h

,(4.4)

an inequality true for all m. We shall choose m so that both terms in the above
expression decrease like 1√

k
.

Recall that Q̂α(h) = cos(2πhα) = cos(πhξ).
Choose l such that ql−1 ≤

√
k ≤ ql. From Theorem 2.1 we have

D(Qk
α, U) ≤ D(Q

q2
l−1

α , U) ≤ 4
m

+
4
π

m∑
h=1

| cosq2
l−1(πhξ)|
h︸ ︷︷ ︸

S

.(4.5)
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Let m = ql. We wish to analyze the sum S in the above expression:

S ≤ | cosq2
l−1(πξ)| +

l∑
i=s+1

qi∑
h=qi−1+1

| cosq2
l−1(πhξ)|

qi−1 + 1

≤ exp
(−q2l−1π

2R2
s/2
)

+
l∑

i=s+1

i∑
n=s

[Nξ(qi, n)−Nξ(qi−1, n)]
qi−1 + 1

exp
(−q2l−1π

2R2
n/2
)

≤
l∑

n=s

l∑
i=n

2qi−n,n

qi−1 + 1
exp

(−q2l−1π
2R2

n/2
)
.

The first inequality follows by splitting up the sum into groups by the qi. Note
that qs = 1, but since qs may equal qs−1 (it does when s = 1) we treat that
term separately. The second inequality follows from grouping the multiples of ξ
by the bins they fall in, bounding them by the Rn, and using cosx ≤ exp(−x2/2)
for |x| ≤ π

2 . (Note that by definition Rs <
1
2 .) The last inequality follows from

Theorem 3.19 and switching the order of summation. Note that the boundary case
n = s has been subsumed within this bound, because q0,s = 1 so that the factor
2qi−n,n

qi−1+1 ≥ 1.
Using (4.3) and (4.1), and noting from (4.2) that 1

qi−1+1 <
K

ri−2 even when i = 0,
we obtain

S ≤
l∑

n=0

l∑
i=n

2
K

ri−2

K

J
ri−n exp

(
−(
rl−2

K
)2
π2

2
(
J

rn+1 )2
)

=
l∑

n=0

l∑
i=n

2K2

J
r2−n exp

(
− (rl−n−3πJ)2

2K2

)

=
J

rl

l∑
n=0

(l − n+ 1)
2K2

J2
r2−n+l exp

(
− (rl−n−3πJ)2

2K2

)

≤ 1
ql

l+1∑
N :=l−n+1=1

2K2r

J2
N rN exp

(
−r

2Nπ2J2

2K2r8

)

≤ 1√
k

π2

Wr7

∞∑
N=1

N rN exp(−Wr2N )

where W = π2J2

2K2r8 . We wish to bound the sum in the last expression, which is
a constant independent of k (but not of ξ). Proposition 4.7 shows r ≥ Φ, which
implies n < rn and

∞∑
N=1

N rN e−Wr2N ≤
∞∑

N=1

r2N e−Wr2N

.

Now for any f(x) which is unimodal on [a, b],

b∑
i=a

f(i) ≤
∫ b

a

f(x)dx + max
[a,b]

f(x).
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Observe that f(x) = r2xe−Wr2x

is unimodal, and has maximum value 1
eW . Then

∞∑
N=1

r2Ne−Wr2N ≤
∫ ∞

1

r2xe−Wr2x

dx +
1
eW

≤ e−Wr2x

−W2 ln r

∣∣∣∣∞
1

+
1
eW

=
1
W

(
e−Wr2

2 ln r
+

1
e

)
≤ 1.5
W
.

Combining what we know we find that
m∑

h=1

| cosq2
l−1(πhξ)|
h

≤ 1√
k

1.5π2

W 2r7
=

1√
k

6K4r9

π2J4
.

Hence we have from (4.5)

D(Q∗k
α , U) ≤ 4

ql
+

4
π

ql∑
h=1

| cosq2
l−1(πhξ)|
h

≤ 1√
k

(
4 +

24
π3

K4r9

J4

)
≤ 1√

k

(
K4r9

J4

)
.

The last inequality follows from Proposition 4.7.

Remark 4.10. For ξ = φ ≈ 0.618 the constant C2 in the upper bound can be
improved to r7, since Nφ(qi, n)−Nφ(qi−1, n) = Nφ(qi−2, n)+c(i−1, n) ≤ 2qi−n−2,n

for i ≥ n + 2. Also J = K = 1 since all remainders are equal, and equal to
r = Φ ≈ 1.618. Thus C2 ≈ 29.04.

5. Asymptotic Results for the Arbitrary Irrational

In this section we obtain bounds for the rate of convergence of the ±α random
walk for any irrational α. They are less precise than the bounds we derived for qua-
dratic irrationals but give estimates for arbitrary α based on a “type” classification
of irrationals as described below. The main results of this section are Theorems
5.5 and 5.8, which give upper and lower bounds for the walk that differ only by an
arbitrarily small ε in the exponent.

5.1. Classification of Irrational Numbers. Irrational numbers may be classi-
fied by how quickly their multiples approach integers. Evidently this classification
will affect how quickly the ±α walk converges to uniform. Therefore, in this section
we shall recall some definitions from the theory of diophantine approximation which
will be useful to us later. Our notation and exposition follows that of Kuipers and
Niederreiter [7].

Definition 5.1. An irrational ξ is said to be of type η if η is the supremum of all
γ such that lim infq→∞ qγ〈qξ〉 = 0.

Remark 5.2. (a) A standard result on continued fractions is the fact that for the
convergents pn

qn
of an irrational ξ, |ξ − pn

qn
| < 1

q2
n
. From this it follows that the type

of any irrational number will satisfy η ≥ 1.
(b) Furthermore, it follows from the theorem of Thue-Siegel-Roth (see, for ex-

ample, Schmidt [19, p.116]) that η = 1 for all algebraic irrationals (in particular,
quadratic irrationals). Irrationals whose continued fractions have bounded elements
are also known to be of type 1. Both these sets of irrationals are of measure 0 in
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the unit interval. However, there are many more type 1 irrationals, since type 1
irrationals are of full measure in the unit interval (this follows from Khinchin [6,
Thm.32]).

(c) There exist numbers of type η = ∞, called Liouville numbers. Liouville
used them to show that transcendental numbers exist, since algebraic numbers
cannot admit as good rational approximations as these, by Liouville’s Theorem
(see Khinchin [6, Thm.27]). One such number is ξ =

∑∞
i=1 10−i!. For if q = 10j!,

then 〈qξ〉 ≤ 10−(j+1)!+j!+1, and we have, for any d,

qd〈qξ〉 ≤ 10j!d10−(j+1)!+j!+1 = 10j!(d−j)+1

which approaches zero for large enough j. This shows that lim infq→∞ qd〈qξ〉 = 0
for any d.

Definition 5.3. Let ψ be a nondecreasing positive function defined on the positive
integers. Then an irrational number ξ is said to be of type < ψ if q〈qα〉 ≥ 1/ψ(q)
holds for all positive integers q. If ψ is a constant function, then we say ξ is of
constant type.

These two definitions are related by the following lemma.

Lemma 5.4. The irrational number ξ is of type η if and only if η is the infimum
of all real numbers τ for which there exists a positive constant c = c(τ, ξ) such that
ξ is of type < ψ where ψ(q) = cqτ−1.

The following proof, included here for completeness, is taken directly from
Kuipers and Niederreiter [7, p.121].

Proof. Let η be finite. ξ of type η implies that, for any ε > 0,

lim inf
q→∞ qη−ε〈qξ〉 = 0(5.1)

and

lim sup
q→∞

qη+ε〈qξ〉 > 0.(5.2)

(5.1) implies that for any positive c there is a positive integer q such that q〈qξ〉 <
1/cqη−1−ε. Hence ξ is not of type < ψ for any ψ of the form ψ(q) = cqη−1−ε.
However, (5.2) implies that for any ε > 0 there is a positive constant a(ε, ξ) such
that for all q, qη+ε〈qξ〉 ≥ a(ε, ξ). Thus ξ is of type < ψ for ψ(q) = ( 1

a(ε,ξ) )q
η−1+ε.

Reversing the arguments yields the converse.
If η = ∞, the same ideas work with obvious modifications, interpreting the

statement of the theorem to mean that no such numbers τ with the indicated
property exist.

5.2. Upper and Lower Bounds for the Arbitrary Irrational. Theorems 5.5
and 5.8 give upper and lower bounds on the rate of convergence for the ±α walk for
arbitrary irrationals. These bounds resemble (with different exponents) those de-
rived in Kuipers and Niederreiter [7] for the case of discrepancy of equally weighted
sequence of α-multiples, and the proofs owe a sizable debt to the ideas found there
(see Kuipers and Niederreiter [7, Thms.3.2,3.3]).

Theorem 5.5. Suppose 2α is an irrational of type η < ∞. Then, for any fixed
ε > 0, the discrepancy of the ±α random walk satisfies

D(Q∗kα , U) = O(k−
1
2η +ε).
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Proof. Erdős-Turán’s inequality (Theorem 2.4) shows that it will be necessary to
understand the behavior of

∑m
h=1

| cosk(2πhα)|
h . We’ll use the following lemma:

Lemma 5.6. Suppose 2α is of type < ψ. Then for any positive integer m,
m∑

h=1

| cosk(2πhα)|
h

≤
√

2
π

ψ(2m)(logm+ 1)√
k

(5.3)

Proof of Lemma 5.6. Abel’s summation formula (see Marsden [11, p.135]) gives
m∑

h=1

| cosk(2πhα)|
h

=
m∑

h=1

sh

h(h+ 1)
+

sm

m+ 1
(5.4)

where sh =
∑h

j=1 | cosk(2πjα)|. Using the fact that cosx ≤ e−x2/2 for |x| ≤ π
2 ,

sh ≤
h∑

j=1

cosk(π〈2jα〉) ≤
h∑

j=1

e−k π2
2 〈2jα〉2 .(5.5)

For 2α of type < ψ and for 0 ≤ p < q ≤ h we have that

|〈q2α〉 − 〈p2α〉| ≥ 〈(q ± p)2α〉 ≥ 1
(q ± p)ψ(q ± p)

≥ 1
2hψ(2h)

=:
1
J
.

This fact implies that each of the intervals [0, 1
J ), [ 1

J ,
2
J ), ...[ h

J ,
h+1

J ) contains at
most one 〈j2α〉, for 1 ≤ j ≤ h, with no such number lying in the first interval (since
j = 0 does).

Then from (5.5),

sh ≤
h∑

j=1

e−k π2
2 ( j

J )2 ≤
∫ ∞

0

e
− 1

2

(
π
√

kx
J

)2
dx ≤ 1

2

√
2π

J

π
√
k
≤
√

2
π

hψ(2h)√
k

.

Together with (5.4) this gives
m∑

h=1

| cosk(2πhα)|
h

≤
√

2
π

m∑
h=1

ψ(2h)
(h+ 1)

√
k

+

√
2
π

ψ(2m)√
k

.

Bounding ψ(2h) ≤ ψ(2m) (since ψ is non-decreasing) and
∑m

h=1
1

h+1 < logm, we
obtain (5.3), which concludes the proof of Lemma 5.6.

We return now to the proof of Theorem 5.5.
Since 2α is of type η, we may in light of Lemma 5.4 set

ψ(q) = cqη−1+ε/2

for any ε > 0, where c is some constant. Then Lemma 5.6 yields
m∑

h=1

| cosk(2πhα)|
h

= O

(
(2m)η−1+ε/2 logm√

k

)
= O

(
mη−1+ε

√
k

)
where the last equality arises from logm = o(mε/2). Erdős-Turán’s inequality
(Theorem 2.4) shows that

D(Q∗k
α , U) = O

(
1
m

+
mη−1+ε

√
k

)
for any m. Setting m = k

1
2η yields the conclusion of the theorem.
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Corollary 5.7. Suppose 2α is an irrational of constant type. Then the discrepancy
of the ±α random walk satisfies

D(Q∗kα , U) = O(
log k√
k

).

Irrationals of constant type are precisely those whose continued fraction expan-
sion has bounded elements. (See, for instance, Lang [8, p.24].)

Proof. We have ψ(q) = c for some constant c.
By the same argument as in Theorem 5.5, we resort to Lemma 5.6, which yields

m∑
h=1

| cosk(2πhα)|
h

= O

(
logm√

k

)
Theorem 2.4 shows that

D(Q∗k
α , U) = O

(
1
m

+
logm√
k

)
for any m. Setting m =

√
k yields the conclusion of the theorem.

We may also show the following lower bound in terms of the type of α. Again,
the proof closely follows the ideas in Kuipers and Niederreiter [7, Thm.3.3] for the
case of discrepancy of an equally weighted sequence of α-multiples.

Theorem 5.8. Let 2α be an irrational of type η < ∞. Then, for any fixed ε > 0,
the discrepancy of the ±α random walk satisfies

D(Q∗kα , U) = Ω(k−
1
2η−ε).

Here, f(x) = Ω(g(x)) means f(x) 6= o(g(x)).

Remark 5.9. This theorem together with Theorem 5.5 answers the question: what
is the rate of convergence for the ±α random walk if α is picked uniformly at
random? Recalling that type 1 irrationals are full measure in the unit interval, these
two theorems show, in particular, that for almost all α, the discrepancy roughly
falls as the inverse square root of the number of steps. For type 1 irrationals we
have seen that the lower bound can be improved to k−

1
2 (Theorem 2.2), and for

quadratic irrationals we have shown, up to a constant, a matching upper bound as
well (Theorem 4.9).

Proof of Theorem 5.8. Given ε > 0, choose 0 < δ < η such that 1
2(η−δ) = 1

2η + ε.
We set ξ = 2α. Using a close fractional approximation of ξ, we shall see that,

even after a moderately large number of steps, the walk cannot be very far from the
finite subset generated by that fraction. This will give a lower bound on discrepancy
by estimating the discrepancy on an interval between fractional multiples.

Since ξ is of type η, we have that

lim inf
q→∞ qη− δ

2 〈qξ〉 = 0.

In particular there are infinitely many q such that 〈qξ〉 < q−η+ δ
2 . Now each q

corresponds to some p such that

|ξ − p

q
| < q−1−η+ δ

2 .(5.6)
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Choose one such q and set k = bq2(η−δ)c. The above inequality (5.6) implies ξ =
p
q +θq−1−η+ δ

2 for some |θ| < 1. Multiples of ξ are of the form nξ = np
q +nθq−1−η+ δ

2 .
For n < σ

√
k, we have

|nθq−1−η+ δ
2 | < |σ

√
kq−1−η+ δ

2 | ≤ σq−1− δ
2 .

The above inequalities show that none of the numbers {nξ mod 1}, 1 ≤ n ≤
σ
√
k, lie in the interval Ja = (a

q + σq−1− δ
2 , a+1

q − σq−1− δ
2 ), for any a. Choose

J = Ja such that Q∗kα (J) is the smallest over all a.
Choose γ = δ

8(η−δ) , and let σ = kγ . By definition of discrepancy,

D(Q∗k
α , U) ≥ |U(J)−Q∗k

α (J)|.
For q large enough, U(J) ≥ 1

2q , since

|σq− δ
2 | = |kγq−

δ
2 | ≤ |q2γ(η−δ)− δ

2 | = |q− δ
4 |

which tends to 0, for large q.
Also, for q large enough, and therefore for large k, Q∗k

α remains supported near
the multiples of 1/q and hence the support on J tends to 0. More precisely, let X
be a random variable denoting the net number of steps taken by time k in the walk,
counted with sign, i.e., such that plus and minus steps cancel. Then Var(X) = k.
Chebyshev’s inequality gives

Prob{ |X | ≥ σ
√
k = k

1
2+γ } ≤ k

k1+2γ
≤ 1
k2γ

which tends to 0 for k large. This probability represents the total probability
that Q∗k

α is in any one of the intervals Ja. Hence the definition of J shows that
Q∗k

α (J) ≤ 1/(q k2γ). In particular for k large enough, Q∗kα (J) ≤ 1
4q .

Combining these facts, we see that

U(J)−Q∗k
α (J) ≥ 1

2q
− 1

4q
=

1
4q

≥ c k−
1

2(η−δ) = c k−
1
2η−ε

where the last inequality follows from q2(η−δ) ≤ 2k. Thus c is a constant depending
only on η and ε. This inequality is true for infinitely many q (large enough), as
remarked earlier, which proves the theorem.

Remark 5.10. For irrationals of type ∞, the proof of Theorem 5.8 may be modified
(by setting η = 1

2ε ) to show that given any ε > 0, the discrepancy of the ±α random
walk satisfies

D(Q∗k
α , U) = Ω(k−ε).

In fact, it is possible to construct Liouville numbers for which the ±α random
walk converges as slowly as desired, i.e., the discrepancy is Ω(g(x)) for any fixed
decreasing g(x) such that g(x) → 0.

6. Motivation and Directions for Further Work

Many practical problems suggest the importance of studying discrete random
walks on compact groups. One such problem is the matter of placing points on a
sphere uniformly. See Sloane [20] for a discussion of applications of this question to
tomography. Such a placement might be achieved in practice by allowing a discrete
random walk on the sphere to generate the points. In a related vein, Lubotsky,
Phillips, and Sarnak [10] obtain bounds for the speed of equidistribution for a
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method for placing points using the orbit of a point under the action of a certain
finite set of rotations.

Another example comes from analyzing statistical data. Attributes of the data
may be thought of as points in a space of high dimension. Patterns which emerge
in projections onto one or two dimensional subspaces may indicate meaningful
correlations; hence, one requires an algorithm for generating various projections
to view. The “Grand Tour” is one such method (see Diaconis [2] and Asimov [1]).
Statisticians view a projection and then modify it by one of a fixed set of rotations—
this corresponds to a random walk on O(n), the rotation group of Rn. This is a
discrete walk on an infinite compact group. For analysis of the covering time of
this walk, i.e., the time it takes for the walk to come within a fixed distance of any
view, see Matthews [13].

Variants of the ±α walk warrant further study. One might wonder whether the
biased ±α walk, in which the probabilities for hopping left and right are not equal,
converges any faster. It does not— note that the proof of Theorem 5.8 carries over
without change. Moreover, the size of the largest atom in the measure still falls as
the inverse square root of the number of steps, yielding a similar lower bound as in
Proposition 2.2.

Another natural question is to ask whether the convergence of the ±α walk could
be speeded up by using more generators. Preliminary considerations suggest that
with careful choices of generators, this may be achieved. Work in this direction in-
volves the study of simultaneous approximation of irrationals, and will be discussed
in a future paper.

E. Rains [17] has noticed a connection between a variant of the ±α walk and the
pinwheel tiling of the plane, an aperiodic tiling studied by Radin [16]. The pinwheel
tiling of the plane has the interesting property that its tiles assume infinitely many
orientations. One may ask: what is the rate at which new orientations enter as the
tiling grows? This question is equivalent to asking for the rate of convergence of
a certain random walk on S1 with four generators, which fall into two rationally-
related generator classes that differ by the transcendental angle 2 arccos(2/

√
5).

With some tweaking, this walk can be related to the biased ±α walk for α =
arccos(2/

√
5). Continued fraction properties of this irrational that would allow

analysis of this walk are as yet unknown to the author.
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