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COPIES OF c0 AND `∞
IN TOPOLOGICAL RIESZ SPACES

LECH DREWNOWSKI AND IWO LABUDA

Abstract. The paper is concerned with order-topological characterizations
of topological Riesz spaces, in particular spaces of measurable functions, not
containing Riesz isomorphic or linearly homeomorphic copies of c0 or `∞.

0. Introduction

The research done in this paper concentrates around generalizations of two clas-
sical theorems on Banach lattices, both of which go back to the end of the sixties.
The first is due to Lozanovskii and Meyer-Nieberg, and the second to Lozanovskii
(see [AB2]).

(I) A Banach lattice X is a KB-space (or is Lebesgue and Levi) iff X contains
no lattice copy of c0 iff X contains no copy of c0.

(II) A σ-Dedekind complete Banach lattice X has order continuous norm (or is
Lebesgue) iff X contains no lattice copy of `∞ iff X contains no copy of `∞.

Here and in what follows ‘copy of c0 (or `∞)’ means ‘isomorphic copy of c0 (or `∞)’.
Extensions of the ‘lattice copy part’ of both theorems to general (locally solid)

topological Riesz spaces were given in [AB1, Thm. 10.7] for (II), and [Wn] for (I).
They are relatively easy and as expected: both results do extend to their natural
limits. This material, with improvements, is presented in Section 2 below.

Surprisingly enough, similar extensions of the ‘isomorphic copy part’ of either (I)
or (II) seem to be unknown. We present such extensions in this paper. Clearly, the
essence of what one expects is that for a topological Riesz space X ,

(i) if X is Lebesgue Levi, then X contains no copy of c0, and
(ii) if X is σ-Dedekind complete and Lebesgue, then X contains no copy of `∞,

possibly under some completeness type assumptions on X . In view of a represen-
tation theorem from [L3], the crucial case is that of spaces of measurable functions
over locally order continuous submeasures µ. The results we got are not that
general; however, they are rather complete and fully satisfactory for spaces of mea-
surable functions over locally finite measures λ. On the other hand, they are strong
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enough to imply, via the representation theorem just mentioned, results of type (i)
and (ii) for general topological Riesz spaces with separating continuous dual.

Our treatment of (i) and (ii) for spaces of λ-measurable functions depends heav-
ily on an Orlicz-Pettis type theorem for such spaces proved in this paper (The-
orem 4.1), and the Orlicz Theorem asserting that every perfectly bounded series
in L0(λ) is unconditionally Cauchy. Now, a slightly weaker version of our Orlicz-
Pettis theorem (with ‘Lebesgue’ replacing ‘σ-Lebesgue’), is known to hold also for
Lebesgue spaces of measurable functions over locally order continuous submeasures
(see [DL1] and [DL2]). However, the validity of the Orlicz Theorem in this case is
an open question, which is the basic obstacle in establishing results of type (i) or (ii)
for general topological Riesz spaces. More precisely, as we point out at the end of
the paper (Section 6), the latter is equivalent to proving the following: For each
order continuous submeasure µ, the space L0(µ) of µ-measurable functions contains
no copy of c0 (or `∞). This, however, seems to be closely related to the famous
Maharam control measure problem.

The plan of the rest of the paper, and some sample results, are as follows. We first
review, in Section 3, the necessary facts concerning spaces of λ-measurable scalar
functions in connection with topological Riesz spaces. Then, in Section 4, we prove
our Orlicz-Pettis theorem, in both the ‘countably additive’ and ‘exhaustive’ forms,
for spaces of λ-measurable functions having the σ-Lebesgue property. This result,
besides applications given in this paper, should also be of independent interest.

The principal results of this paper are presented in Section 5. Combining our
Orlicz-Pettis theorem and the Orlicz Theorem with a purely topological character-
ization of the Levi property, we show that a Lebesgue Levi topological Riesz space
of λ-measurable fuctions contains no copy of c0 (see Theorem 5.5). Next, with sim-
ilar techniques (in fact, even more directly), we prove that a σ-Lebesgue topological
Riesz space of λ-measurable functions contains no copy of `∞ (see Proposition 5.7).

Then, via the representation theorem from [L3], the above results are translated
back into the abstract setting, yielding the following: Let X be a topological Riesz
space with separating continuous dual. If X is Lebesgue Levi, then X contains no
copy of c0 (see Corollary 5.6). If X is complete, σ-Dedekind complete, and Lebesgue,
then X contains no copy of `∞ (see Corollary 5.11). In particular, the Lozanovskii
Theorem (II) is recaptured with a proof which we believe to be more natural than
any proof known previously.

1. Some preliminary notions and facts. Throughout, we use the abbreviations
tvs and trs for Hausdorff topological vector space and Hausdorff locally solid topo-
logical Riesz space, respectively. Our terminology concerning topological (locally
solid) Riesz spaces is essentially that of [AB1] and [AB2] (cf. also [F]). We point out
that the adjectives ‘bounded’, ‘convergent’ and ‘complete’, when not accompanied
by ‘order’ or ‘Dedekind’ or ‘universally’, are always used in their tvs-meaning.

We let

F = F(N) and P = P(N)

stand for the family of all finite subsets of N, and the power set of N, respectively.
A series in a tvs is called subseries convergent if each of its subseries is conver-

gent; bounded if the sequence of its partial sums is bounded; perfectly bounded if
the set of all its finite sums is bounded.
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As is well known, a subseries convergent series is unconditionally convergent, and
the converse holds in sequentially complete spaces. Also, the range of a subseries
convergent series, i.e., the set of sums of all its subseries, is compact.

We next recall a few notions and facts concerning vector-valued additive set
functions. Let X be a tvs.

If R is a ring of sets, then a finitely additive measure m : R → X is said to be
exhaustive (or strongly bounded) if m(An) → 0 for each disjoint sequence (An) in
R; equivalently, if for each increasing sequence (An) in R, the sequence

(
m(An)

)
is

Cauchy.
To every series

∑
n xn in X , we associate a finitely additive measure m : F → X

by setting m(N) =
∑

n∈N xn for N ∈ F. Clearly, the series is perfectly bounded
(resp. unconditionally Cauchy) iff the associated measure is bounded (resp. exhaus-
tive). If the series

∑
n xn is subseries convergent, then by the associated measure

we mean the countably additive measure m : P → X defined using the same
equality as above but with N ∈ P. Obviously, every countably additive measure
m : P → X arises in this way.

Given a series
∑

n xn in X , the following conditions are equivalent: 1) the oper-
ator (an) → ∑

n anxn, defined on the (dense) subspace of c0 consisting of finitely
nonzero sequences, is continuous; 2) the set of finite sums of the form

∑
n anxn,

where |an| 6 1, is bounded; 3) the set conv{∑n∈M xn : M ∈ F} is bounded. If
these conditions hold, we say (as in [L1]) that the series is convexly bounded .

Similarly, given a finitely additive measure m : P → X , the following conditions
are equivalent: 1) the operator

∑
k ak1Nk

→ ∑
k akm(Nk), defined on the (dense)

subspace of `∞ consisting of ‘simple’ sequences, is continuous; 2) the set of finite
sums of the form

∑
k akm(Nk), where |ak| 6 1 and the Nk’s are pairwise disjoint,

is bounded; 3) the set convm(P) is bounded. If these conditions hold, we say that
the measure m is convexly bounded.

For a continuous linear operator J : `∞ → X (resp. c0 → X), the associated
finitely additive measure m : P → X (resp. F → X) is defined by m(N) = J(1N ).
Clearly, m is convexly bounded, and J(a) =

∫
N a dm for every a ∈ `∞ (resp. c0).

For the result stated below, see [D1, Lemma].

1.1 Proposition. Let X be a metrizable tvs. Then a finitely additive measure
m : P → X is exhaustive iff every disjoint sequence (Nk) in P has a subsequence
(Mk) such that m is countably additive on the σ-algebra in N generated by (Mk).

For Banach spaces X , the result below is due to Rosenthal [R]; the c0-case with
X an F-space is due to Kalton [K]; for the general case see [D3].

1.2 Theorem. If J : c0 → X (resp. J : `∞ → X) is a continuous linear operator
and J(en) 6→ 0, then there exists an infinite subset M of N such that J |c0(M) (resp.
J |`∞(M)) is an isomorphism.

Following Orlicz (see e.g. [MO]), we shall say that a tvs X has Property (O) if
every perfectly bounded series in X is (subseries) convergent. As usual, X is said
to contain a copy of c0 if there exists a linear homeomorphism from the Banach
space c0 onto a subspace of X .

Evidently, if a tvs X has Property (O), then it contains no copy of c0. For the
converse to hold, some additional assumptions are needed. The result below is a
slight generalization of a particular case of [L1, Thm. 1] (see also [Di]); it should
be viewed as a sort of model for the similar c0-results below.
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1.3 Proposition. Suppose a sequentially complete tvs X has the property that
every perfectly bounded series in X is convexly bounded. Then X has Property (O)
iff it contains no copy of c0.

Proof. We only have to verify the ‘if’ part. Suppose there is a nonconvergent (or
non-Cauchy) perfectly bounded series

∑
n xn in X . By passing to suitable ‘blocks’

of this series, we may assume that xn 6→ 0. Since the series is convexly bounded and
X is sequentially complete, there exists a continuous linear operator J : c0 → X
such that J(en) = xn for all n. Applying Theorem 1.2, we conclude that X contains
a copy of c0.

A sequence (or series) in a Riesz space X is said to be disjoint if its terms are
pairwise disjoint, and a measure m : R → X is said to preserve disjointness if
m(A) ∧m(B) = 0 whenever A ∩B = ∅.

For the sake of clarity and ease of reference, we now recall a few known equiva-
lences between some order-topological properties and their ‘disjoint’ counterparts.
In Theorem 1.4, part (a) can be proved by generalizing the argument used in [KA,
Chap. X, Sec. 4, Thm. 3], and part (b) has been obtained in [BL] (see also [Wn]).
Theorem 1.5 is part of Theorem 10.1 in [AB1].

1.4 Theorem. Let X be a σ-Dedekind complete trs.
(a) X is σ-Lebesgue iff X is disjointly σ-Lebesgue, that is, every order convergent

disjoint positive series in X is convergent.
(b) X is σ-Levi iff X is disjointly σ-Levi, that is, every bounded disjoint positive

series in X is order convergent.

By definition, a trs X is pre-Lebesgue if every positive increasing and order
bounded sequence in X is Cauchy.

1.5 Theorem. A trs X is pre-Lebesgue iff it is disjointly pre-Lebesgue, that is,
every order bounded disjoint positive sequence in X converges to zero or, equiva-
lently, every order bounded disjoint positive series in X is Cauchy.

Remark. The definition and the above characterizations of the pre-Lebesgue prop-
erty can be expressed as follows: A trs X is pre-Lebesgue iff every order bounded
finitely additive measure m : F → X is exhaustive iff every order bounded and
disjointness preserving finitely additive measure m : F → X is exhaustive.

The proof of the following result has been inspired by the proofs of Lemma 12.5
and Theorem 13.2 in [AB1].

1.6 Proposition. Let X = (X, τ) be a σ-Fatou trs. If (xn) is a Cauchy sequence
in X such that infn∈N |xn| = 0 for every infinite set N ⊂ N, then xn → 0 (τ).

Proof. We may assume that all xn > 0.
Take any σ-Fatou τ -neighborhood V0 of zero in X , and next pick a sequence

(Vn) of σ-Fatou τ -neighborhoods of zero in X such that Vn+1 + Vn+1 ⊂ Vn for
n = 0, 1, . . . . Select a subsequence (yn) of (xn) so that yn+1 − yn ∈ Vn+1 for all n.
We claim that yn ∈ Vn for every n. In fact, if zr = infn6p6r yp for r > n, then

0 6 yn − zr 6 sup
n6p6r

|yn − yp|

6
r−1∑
p=n

|yp+1 − yp| ∈ Vn+1 + · · ·+ Vr ⊂ Vn
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so that yn− zr ∈ Vn. Moreover, by the assumption on (xn), we have infp>n yp = 0,
whence yn − zr ↑ yn. Since Vn is σ-order closed, we conclude that yn ∈ Vn.

Now, since the sequence (xn) is τ -Cauchy, there is n0 such that xn − xm ∈ V1

for m, n > n0. It follows that xn = (xn − yn) + yn ∈ V1 + Vn ⊂ V0 for all n > n0.
Thus xn → 0 (τ).

We will need the following consequence of Proposition 1.6 at one crucial point
in the proof of Theorem 4.1 below.

1.7 Corollary. Let X = (X, τ) be a σ-Fatou trs, and let ρ be an arbitrary
Hausdorff locally solid topology on X. If (xn) is a τ-Cauchy sequence in X and
xn → x (ρ) for some x ∈ X, then also xn → x (τ).

Proof. Apply the preceding proposition to the sequence
(|xn − x|).

2. Positive and lattice copies of c0 and `∞

We found it convenient to formulate our results using ‘positive’ and ‘disjoint’
versions of Property (O) of Orlicz. We shall say that a trs X has the positive
Property (O) if every bounded positive series in X is convergent; the disjoint Prop-
erty (O) if every bounded disjoint series in X is convergent. Clearly, the latter
condition is satisfied if it is so for the bounded positive disjoint series in X .

Note that if a positive or disjoint series is bounded, then it is perfectly bounded.
In consequence, ‘convergent’ can be replaced in the above conditions by ‘subseries
convergent’.

2.1 Proposition. The following are equivalent for a trs X.
(a) X is σ-Lebesgue σ-Levi.
(b) Every bounded increasing positive sequence in X is convergent.
(c) X has the positive Property (O).
(d) X is σ-Dedekind complete and has the disjoint Property (O).

Proof. The equivalence of (a) and (b) is easily verified, and (c) is simply a reformu-
lation of (b). Finally, the equivalence of (a) and (d) follows from Theorem 1.4.

Recall that a trs X is said to have the Monotone Completeness Property, MCP
(resp. σ-MCP), if every positive increasing Cauchy net (resp. sequence) is conver-
gent in X . It is easily seen and worth noting that every positive increasing Cauchy
net is bounded.

2.2 Proposition. The following are equivalent for a trs X.
(a) X is Lebesgue Levi.
(b) Every bounded increasing positive net in X is convergent.
(c) X has the MCP and is σ-Lebesgue σ-Levi.

Proof. The equivalence of (a) and (b) is easy to verify, and (b) implies (c) is trivial.
(c) =⇒ (b): Suppose (b) fails. Then, taking the MCP into account, there exists a

bounded increasing positive net in X which is not Cauchy. By a standard argument
(cf. [AB1], Proof of Thm. 10.1), it follows that there is also a bounded increasing
positive sequence in X which is not Cauchy. Thus X is not σ-Lebesgue σ-Levi.

We shall say that a trs X contains a positive copy of c0 if there is a positive
linear homeomorphism from the Banach lattice c0 onto a subspace of X , and that
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X contains a lattice copy of c0 if there is a homeomorphic Riesz isomorphism from
c0 onto a sublattice of X . Similar terminology will be used with `∞ replacing c0.

Trivially, if X has the positive Property (O), then it contains no positive copy of
c0; if X has the disjoint Property (O), then it contains no lattice copy of c0. It is
a remarkable fact that these implications are reversible. The essential part of the
two theorems below is the equivalence of conditions (b) and (d). Results of this
type have been known in Banach lattices for a long time, see e.g. [AB2, Sec. 14],
and for general trs’s a little weaker results were obtained by Wnuk [Wn]. Note
that in contrast to [Wn], in our treatment the Lebesgue-Levi case follows directly
from its σ-counterpart.

2.3 Lemma. Let (xn) be a sequence in a trs X such that the series
∑

n |xn| is
bounded. Then the series

∑
n xn is convexly bounded. Moreover, if X has the σ-

MCP, then the series
∑

n anxn converges in X for every a = (an) ∈ c0, and the
linear operator J : c0 → X defined by J(a) =

∑
n anxn is continuous.

Proof. (cf. [Wn], Proof of Lemma 1). All the assertions can be easily deduced from
the inequalities ∣∣∣∣ ∑

n∈M

anxn

∣∣∣∣ 6
∑
n∈M

(anxn)+ +
∑
n∈M

(anxn)−

=
∑
n∈M

|anxn| 6 sup
n∈M

|an|
∑
n∈M

|xn|,

where a = (an) ∈ c0 and M ∈ F.

2.4 Theorem. The following are equivalent for a trs X.
(a) X has the σ-MCP and contains no positive copy of c0.
(b) X has the σ-MCP and contains no lattice copy of c0.
(c) X has the σ-MCP and the disjoint Property (O).
(d) X has the positive Property (O).

Proof. The implications (d) =⇒ (a) and (a) =⇒ (b) are obvious.
(b) =⇒ (c) (cf. [Wn], Proof of Thm. 1): If (c) fails, then there is a bounded

disjoint positive series
∑

n xn in X which is not Cauchy. By passing to suitable
‘blocks’ of this series, we may assume that xn /∈ U for all n and some solid neighbor-
hood U of zero in X . By Lemma 2.3, we may define a continuous linear operator
J : c0 → X by J(a) =

∑
n anxn for a = (an), and it is clear that J preserves

absolute value. Moreover, as is easily seen, J(a) /∈ U if ‖a‖∞ = 1. Thus J is a
homeomorphic Riesz embedding of c0 into X , contradicting (b).

(c) =⇒ (d): In view of Theorem 1.5, the disjoint Property (O) implies that X is
pre-Lebesgue. Next, the latter along with the σ-MCP implies that X is σ-Dedekind
complete. Now, appealing to Proposition 2.1, we conclude that X has the positive
Property (O).

Remark. A direct proof that (a) implies (d) in Theorem 2.4 is worth noting: As-
suming (d) fails, we argue as in the proof that (b) implies (c) above, and arrive at a
positive operator J : c0 → X with Jen = xn 6→ 0. By Theorem 1.2, there exists an
infinite subset M of N such that the restriction of J to the sublattice c0(M) ∼= c0

is a positive isomorphic embedding, contradicting (a).

By combining Proposition 2.2 and Theorem 2.4, we have the following.
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2.5 Theorem. The following are equivalent for a trs X.
(a) X has the MCP and contains no positive copy of c0.
(b) X has the MCP and contains no lattice copy of c0.
(c) X has the MCP and the disjoint Property (O).
(d) X is Lebesgue Levi.

The next two results concern the non-existence of positive or lattice copies of
`∞, and are a slight refinement of Theorem 10.7 in [AB1]; see also the historical
comments therein, compare also [L1, Cor. A to Thm. 1].

Recall that a Riesz space X is said to be disjointly σ-Dedekind complete if every
order bounded disjoint sequence has a supremum in X .

2.6 Proposition. The following are equivalent for a disjointly σ-Dedekind com-
plete trs X.

(a) X is pre-Lebesgue.
(b) Every finitely additive measure m : P → X+ is exhaustive.
(c) Every disjointness preserving finitely additive measure m : P → X+ is ex-

haustive.

Proof. For (a) =⇒ (b), see the Remark after Theorem 1.5; (b) =⇒ (c) is trivial.
(c) =⇒ (a): If (a) fails then, in view of Theorem 1.5, there exists an order

bounded disjoint sequence (xn) in X+ such that xn 6→ 0. Since X is disjointly
σ-Dedekind complete, we may define a finitely additive measure m : P → X+ by

m(N) = (o)-
∑
n∈N

xn = sup
n∈N

xn.(∗)

Then m is as required in (d), but is not exhaustive.

2.7 Theorem. The following are equivalent for a disjointly σ-Dedekind complete
trs X.

(a) X is pre-Lebesgue.
(b) X contains no positive copy of `∞.
(c) X contains no lattice copy of `∞.

Proof. (a) =⇒ (b) by Proposition 2.6, and (b) =⇒ (c) is trivial.
(c) =⇒ (a): The argument below is the same as in the proof of [AB1, Thm. 10.7],

with some simplifications. Denying (a) and using Theorem 1.5, we find an order
bounded disjoint sequence (xn) in X+ and a solid neighborhood V of zero in X
such that xn /∈ 2V for every n. Since X is disjointly σ-Dedekind complete, we may
define a linear operator J : `∞ → X by

J(a) = (o)-
∑

n

a+
n xn − (o)-

∑
n

a−n xn for a = (an) ∈ `∞.

If ‖a‖∞ 6 1, then |J(a)| 6 supn xn; hence J is continuous. If ‖a‖∞ = 1, then
J(a) /∈ V ; hence also J−1 is continuous. Finally, J is clearly a Riesz isomorphism
onto its range. (Note that J(a) =

∫
N a dm, where m is the measure defined by

formula (∗).)
Remark. Let m : P → X+ be the measure associated with a lattice embedding
J : `∞ → X . Although such m’s preserve disjointness, they need not be given
by formula (∗) with xn = m({n}). To see this, let X = `∞(N ∪ {0}), and let
ϕ : P → {0, 1} be a finitely additive measure vanishing on the singletons and with
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ϕ(N) = 1. Then the measure m : P → X+ defined by m(N) = ϕ(N)e0 + 1N is
disjointness preserving and so represents a lattice embedding of `∞ into X . Since
xn = en for n ∈ N, we have m(N) 6= supn∈N xn = 1N.

Recall that a Riesz space X is relatively uniformly complete if, for every u ∈ X+,
the ideal Au generated by u is a Banach space under the norm whose closed unit
ball is equal to the order interval [−u, u]. (This definition is equivalent to that given
in [AB1, p. 4].)

The last result in this section is a complement to Theorem 2.7.

2.8 Proposition. The following conditions are equivalent for a relatively uniformly
complete trs X.

(a) X contains no positive copy of `∞.
(b) Every finitely additive measure m : P → X+ is exhaustive.

Proof. Only (a) implies (b) has to be shown. Suppose a finitely additive measure
m : P → X+ is not exhaustive. Then without loss of generality it can be assumed
that m({n}) 6→ 0. Denote u = m(N). By assumption, the ideal Au is a Banach
space under the norm defined as the Minkowski functional of the interval [−u, u].
Now, treating m as a measure with values in Au, the integral J(a) =

∫
N a dm ∈ Au

exists for every a ∈ `∞. Since the image by J of the unit ball in `∞ is contained
in [−u, u], a bounded subset of X , the operator J is continuous as a mapping from
`∞ into X . Finally, since J(en) = m({n}) 6→ 0, by Theorem 1.2 there exists an
infinite subset M of N such that J is an isomorphic (and positive) embedding of
`∞(M) ∼= `∞ into X . Thus X contains a positive copy of `∞, contradicting (a).

Remark. By a result of Geiler and Veksler [VG, Thm. 3], a Riesz space is σ-
Dedekind complete iff it is Archimedean, relatively uniformly complete and dis-
jointly σ-Dedekind complete.

3. Spaces of scalar measurable functions

Throughout the rest of the paper,

(S, Σ, λ) is a locally finite measure space.

Recall that locally finite (or semi-finite) means that every A ∈ Σ with λ(A) > 0
contains a B ∈ Σ such that 0 < λ(B) < ∞. We denote

Σf(λ) = all sets in Σ of finite λ measure,

and

Σs(λ) = all sets in Σ of σ-finite λ measure.

Clearly, Σf(λ) is an ideal, and Σs(λ) is a σ-ideal in Σ; in particular, both are directed
upward by inclusion.

We denote by L0(λ) = L0(S, Σ, λ) the Riesz space (or vector lattice) of all
(λ-equivalence classes of) measurable scalar functions on S, often referred to as
λ-measurable functions. We equip L0(λ) with the locally solid vector topology τλ
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of convergence in measure λ on all sets A ∈ Σf(λ). A base of solid neighborhoods
at zero for τλ consists of the sets

U(A, ε) =
{
f ∈ L0(λ) : λ{s ∈ A : |f(s)| > ε} < ε

}
, where A ∈ Σf(λ), ε > 0.

Of course, fn → f (τλ) iff limn λ({s ∈ A : |f(s)− fn(s)| > ε}) = 0, ∀A ∈ Σf(λ).

3.1 Proposition. L0(λ) is a Hausdorff σ-universally complete trs having the pos-
itive Property (O). It is metrizable iff λ is σ-finite.

By a trs of λ-measurable functions we shall mean a solid subspace X of L0(λ)
equipped with a Hausdorff locally solid topology. For such X and each A ∈ Σ, the
band projection PA in X is defined by PA(f) = f1A, and XA stands for the range
of PA; thus

XA = PA(X) = {f ∈ X : f = f1A}.
Although, in general, we do not assume the inclusion X ⊂ L0(λ) to be continuous,
it is often so in practice; the case of importance for us is indicated in Proposition 3.4
below.

3.2 Proposition. If the measure λ is σ-finite, then L0(λ) has the countable sup
property. In consequence, if a trs X of λ-measurable functions is σ-Lebesgue, or
σ-Levi, or σ-Fatou, then it is Lebesgue, or Levi, or Fatou, respectively.

In a few instances, we will need measures having additional properties. We
declare that a (locally finite) measure λ is of type (C) (resp. (SC)) if the space
L0(λ) is complete (resp. sequentially complete). For the following characterization
of measures of type (C), also called Maharam measures, see [F].

3.3 Proposition. A measure λ is of type (C) iff its measure algebra Σ/N(λ) is
Dedekind complete iff L0(λ) is a universally complete Lebesgue Levi trs.

3.4 Proposition. If X is a σ-Fatou trs of λ-measurable functions, then X is
continuously included in L0(λ).

Proof. This can be obtained by applying [AB1, Thm. 24.3] or [L3, Cor. 12] to the
bands XA, where A ∈ Σf(λ).

The next result is a special case of the Representation Theorem 2.7 in [L3].

3.5 Theorem. If a trs X is Lebesgue (and Dedekind complete), and has separat-
ing continuous dual, then there exists a measure space (S, Σ, λ) of type (C) such
that X is continuously included as an order dense (and solid) sublattice in L0(λ).

We will also need a (rather well known) topological consequence of the σ-Levi
property stated in Proposition 3.6 (a) below.

We shall say that a trs X of λ-measurable functions is boundedly closed (resp.
boundedly sequentially closed) in L0(λ) if, for every bounded subset of X , its closure
(resp. sequential closure) in L0(λ) is a subset of X . Note that a band XA of X ,
where A ∈ Σs(λ), is boundedly closed iff it is boundedly sequentially closed.

3.6 Proposition. Let X = (X, τ) be a trs of λ-measurable functions.
(a) If X is σ-Levi, then every band XA, where A ∈ Σs(λ), is boundedly closed in

L0(λ).
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(b) If X ⊂ L0(λ) continuously and is boundedly sequentially closed in L0(λ), then
X is σ-Levi.

(c) If X is Levi, then X is boundedly closed in L0(λ).
(d) If λ is of type (C), X ⊂ L0(λ) continuously, and X is boundedly closed in

L0(λ), then X is Levi.

Proof. (a): Let A ∈ Σs(λ). We have to show that if (fn) is a bounded sequence
in XA converging in L0(λ) to some f , then f ∈ X . By passing to a subsequence,
we may assume that fn → f λ-a.e.

We may also assume that the support of XA is equal to A. By combining this
with the Egoroff theorem, we find a Σ-partition {Ak : k ∈ N} of A such that,
for every k: 1) 1Ak

∈ X , and 2) limn fn1Ak
= f1Ak

=: gk uniformly. From 2) it
follows that |fn1Ak

− gk| 6 1Ak
for large k whence, in view of 1) and since X is

solid, gk ∈ XAk
. Thus (gk) is a disjoint sequence in XA. Moreover, 1) implies that,

on each of the bands XAk
, the topology τ is weaker than the topology of uniform

convergence. In consequence, we infer from 2) that τ - limn fn1Ak
= gk for every k.

From this it is easily seen that the sequence hn =
∑n

k=1 gk is bounded in X and,
clearly, hn → f in L0(λ). Now, the sequence (|hn|) is bounded in X and |hn| ↑ |f |.
Since XA is σ-Levi, we conclude that |f |, whence also f , is in XA.

(b): Let (fn) be a bounded increasing positive sequence in X . Then it is bounded
in L0(λ) and, as L0(λ) is σ-Lebesgue σ-Levi, converges in L0(λ) to its supremum
f therein. By the assumption on X , we have f ∈ X .

(c): Let (fi) be a bounded net in X converging in L0(λ) to f . Then, by part (a),
f1A ∈ X for every A ∈ Σs(λ). The net (|f |1A) in X is increasing and bounded.
(The latter is ‘automatic’ because Σs(λ) is a σ-ideal in Σ.) By the Levi property, it
has a supremum g in X . Clearly, |f |1A = g1A for every A ∈ Σs(λ). In consequence,
|f | = g ∈ X , whence also f ∈ X .

(d): Let (fi) be a bounded increasing positive net in X . Then it is also bounded
in L0(λ). Since λ is of type (C), L0(λ) is Levi, hence the net (fi) has a supremum
f in L0(λ). Then fi → f (τλ), and as X is boundedly closed in L0(λ), we get that
f ∈ X . Clearly, f = supi fi in X .

4. An Orlicz-Pettis Theorem

We establish here the following.

4.1 Theorem. Let X = (X, τ) be a σ-Lebesgue trs of λ-measurable functions,
and m : P → X a finitely additive measure.

(a) If m is τλ-countably additive, then it is τ-countably additive.
(b) If m is τλ-exhaustive, then it is τ-exhaustive.

The proof of this result will require some preparations.
Given a finitely additive measure m : R → X ⊂ L0(λ), we define Σca(m) and

Σexh(m) to be the classes of sets A ∈ Σ such that the measure

mA = PA◦m : R → X

is countably additive or exhaustive, respectively.

4.2 Lemma. Let X be a trs of λ-measurable functions, R a σ-ring of sets, and
m : R → X a finitely additive measure. If X is σ-Lebesgue, then Σca(m) and
Σexh(m) are σ-ideals in Σ.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



COPIES OF c0 AND `∞ IN TOPOLOGICAL RIESZ SPACES 3565

Proof. Clearly, both Σca(m) and Σexh(m) are ideals in Σ. Let (An) be an increasing
sequence in Σca(m) (resp. Σexh(m)) with union A. Then mAn(N) → mA(N) in
X for every N ∈ R. By the Nikodym theorem (resp. the Brooks-Jewett theorem,
see [D1]), mA is countably additive (resp. exhaustive). Thus A ∈ Σca(m) (resp.
A ∈ Σexh(m)).

In the three lemmas that follow, we tacitly assume that (S, Σ, λ) and X are as in
Theorem 4.1. We recall that a submeasure on Σ is a set function µ : Σ → R+ that
is nondecreasing, subadditive, and vanishing at the empty set. The submeasure µ
is said to be order continuous (o.c.) if µ(An) → 0 whenever An ∈ Σ and An ↓ ∅.
For an o.c. submeasure µ, the topology τµ of convergence in submeasure µ on S is
defined the same way, and has similar properties, as if µ were a finite measure.

The first lemma below is obvious when λ is a finite measure (or an o.c. submea-
sure), by the ‘ε–δ-continuity’ of η with respect to λ in this case.

4.3 Lemma. Let η be an o.c. submeasure on Σ such that η(A) = 0 whenever
λ(A) = 0. If a finitely additive measure m : P → L0(λ) is exhaustive, then it is
also exhaustive in the topology of convergence in submeasure η.

Proof. Let (Nk) be a disjoint sequence in P. By Corollary 5.2 below, m(Nk)(s) → 0
for λ-a.e. s ∈ S. Since η vanishes on all λ-null sets, we also have m(Nk)(s) → 0
for η-a.e. s ∈ S. As η is o.c., m(Nk) → 0 in submeasure η.

For f ∈ L0(λ) and A ∈ Σ, we denote supp f = {s ∈ S : f(s) 6= 0}. As before,

XA = PA(X) = {g ∈ X : supp g ⊂ A}.
We consider XA with the topology induced from X .

4.4 Lemma. Let h ∈ X and let p be a continuous monotone F-seminorm on X.
Denote H = supp h and define η : Σ → R+ by η(A) = p(h1A). Then η is an o.c.
submeasure on Σ. Moreover, for every f ∈ XH , we have f = 0 η-a.e. iff p(f) = 0.

Proof. We only have to verify the second assertion. Let f ∈ XH and F = supp f .
If f = 0 η-a.e., then η(F ) = 0, or p(h1F ) = 0. Also, there exists in XH a

sequence 0 6 fn ↑ |f | such that each fn is of the form
∑k

j=1 cjh1Aj , with cj ∈ R+

and disjoint Aj ⊂ F . Clearly, p(fn) = 0 for each n, and since p is σ-Lebesgue, we
conclude that p(f) = 0.

Conversely, assume p(f) = 0. There exist a sequence of sets Fn ↑ F and a
sequence of numbers an > 0 such that anh1Fn 6 |f | for each n. Then η(Fn) = 0
for all n and, in consequence, η(F ) = 0.

4.5 Lemma. Let m : P → X be a τλ-exhaustive finitely additive measure. Then
supp h ∈ Σexh(m) for every h ∈ X.

Proof. Take any h ∈ X and denote H = supp h. Let p be a continuous monotone
F-seminorm on X , and define η as in Lemma 4.4. According to that lemma, the null
space N of p|XH coincides with those f in XH that are zero η-a.e. Now, consider
the quotient space X̂H = XH/N , and equip it with two quotient topologies: τη,
the topology of convergence in submeasure η; and τp, the topology defined by the
quotient F-norm p̂ corresponding to the F-seminorm p. Both τη and τp are locally
solid and metrizable, and τp is σ-Lebesgue. Let Q denote the quotient map from
XH onto X̂H . By Lemma 4.3, the measure Q◦mH : P → (X̂H , τη) is exhaustive.
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Let Hn = {s ∈ S : n−1 6 |h(s)| 6 n} for n ∈ N. Clearly, on each of the
subspaces Q(XHn) of X̂H the topology τp is weaker than the topology of (η-a.e.)
uniform convergence. By [D2, Thm. 2.2], the countably additive version of the
Orlicz-Pettis theorem ‘from τη to τp’ holds for each of the subspaces Q(XHn). That
is, if a series is subseries convergent in Q(XHn) for τη, then it does so for τp.
Since Hn ↑ H , by applying (an analogue of) Lemma 4.2 we infer that it is so for
the whole space X̂H . Combining this with Proposition 1.1 shows that Q◦mH is
exhaustive when X̂H is considered with the topology τp. Since p was arbitrary,
mH : P → XH ⊂ X is exhaustive for the original topology of X .

Proof of Theorem 4.1. Let m : P → X be a finitely additive measure. First assume
m is τλ-exhaustive. Fix a disjoint sequence (Nk) in P. By Lemmas 4.5 and 4.2,
F =

⋃
k suppm(Nk) ∈ Σexh(m). That is, mF : P → X is exhaustive. Therefore,

m(Nk) = mF (Nk) → 0 as k →∞.
Now, assume m is τλ-countably additive. Then, by the preceding part of the

proof, m is τ -exhaustive. Thus, if (Nk) is a disjoint sequence in P with union N ,
then the series

∑
k m(Nk) is τ -Cauchy, and τλ-convergent to m(N). Applying

Corollary 1.7 we see that the series is also τ -convergent to m(N). That is, m is
τ -countably additive.

4.6 Corollary. Let X = (X, τ) be a σ-Lebesgue trs of λ-measurable functions,
and let ρ be another Hausdorff σ-Lebesgue topology on X. Let m : P → X be a
finitely additive measure.

(a) m is ρ-exhaustive iff it is τ-exhaustive.
(b) m is ρ-countably additive iff it is τ-countably additive.

In particular, subseries convergence coincides for all Hausdorff σ-Lebesgue topolo-
gies on X.

Proof. Observe that, by Proposition 3.4, both (X, τ) and (X, ρ) are continuously
included in L0(λ), and apply Theorem 4.1.

Remark. Theorem 4.1, with ‘σ-Lebesgue’ strengthened to ‘Lebesgue’, which makes
the proof much easier, remains valid even for spaces of Bochner measurable func-
tions over a locally order continuous submeasure space (see [DL2]). Moreover, for
the case of scalar functions, this weaker form of Theorem 4.1 is a particular case of
the Orlicz-Pettis theorem for general topological Riesz spaces established in [DL1].

5. Isomorphic copies of c0 and `∞

Let us start by calling the reader’s attention to the fact that, by Proposition 3.4,
every trs of λ-measurable functions having the σ-Lebesgue property is continuously
included in L0(λ). This will be used below without explicit mentioning.

Besides the Orlicz-Pettis theorem proved in Section 4, our main tool in the
present section is the following result of Orlicz (see [O1, Hilfsatz], [O2, Thm. 8] and
[MO, Thms. 1 and 3]). Originally, it was formulated for finite measures λ, but its
extension to general (locally finite) measures λ is straightforward.

5.1 Theorem. If a series
∑

n fn in L0(λ) is perfectly bounded, then
∞∑

n=1

|fn(s)|2 < ∞ λ-a.e. on S.
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In consequence, a series in L0(λ) is unconditionally Cauchy if (and only if) it is
perfectly bounded.

5.2 Corollary. Let R be a ring of sets. Then every bounded finitely additive mea-
sure m : R → L0(λ) is exhaustive. In fact, m(An) → 0 λ-a.e. for every disjoint
sequence (An) in R.

Proof. Since m is bounded, the series
∑

n m(An) in L0(λ) is perfectly bounded.
By Theorem 5.1,

∑
n |m(An)(s)|2 < ∞ λ-a.e., whence m(An) → 0 λ-a.e.

We extend Theorem 5.1 and Corollary 5.2 to some other spaces of measurable
functions. Our approach is essentially that of [D2]. We first prove the following.

5.3 Lemma. Let X be a sequentially complete Lebesgue trs of λ-measurable func-
tions. If a series

∑
n fn in X is such that for every A ∈ Σs(λ) the series

∑
n fn1A

is subseries convergent in X, then so is the series
∑

n fn.

Proof. It is enough to verify the following: If a sequence (gn) in X is such that, for
every A ∈ Σs(λ), the sequence (1Agn) is Cauchy, then so is the sequence (gn).

In fact, since Σs(λ) is a σ-ideal, it is easy to see that the sequences (1Agn) are
equi-Cauchy for A ∈ Σs(λ). That is, given a neighborhood V of zero in X , there is
n0 such that 1Agn−1Agm ∈ V for all A ∈ Σs(λ) and n, m > n0. On the other hand,
by the Lebesgue property, limA g1A = g for every g ∈ X . Therefore, assuming as
we may that V is closed, we get gn − gm ∈ V for all n, m > n0.

5.4 Theorem. If a trs X of λ-measurable functions is sequentially complete,
Lebesgue, and σ-Levi, then X has Property (O).

Proof. Let
∑

n fn be a perfectly bounded series in X . Applying Corollary 5.2, we
see that for every A ∈ Σs(λ) the series

∑
n fn1A is subseries convergent in L0(λ).

Since, by Proposition 3.6 (a), XA is boundedly closed in L0(λ), the series
∑

n fn1A

is in fact subseries convergent in X for the topology inherited from L0(λ). It is
subseries convergent in the original topology of X by Theorem 4.1. To complete
the proof, apply Lemma 5.3.

Remark. By a similar (though somewhat simpler) argument it can be seen that if
λ is of type (SC) and X is a σ-Lebesgue trs of λ-measurable functions which is
boundedly sequentially closed in L0(λ), then X has Property (O).

Part (d) =⇒ (e) of the next result has quite a number of predecessors. Here
are some of them: [MO, Thm. 3], [S], [Wo], [C, Thm. 5], [D2, Thm. 3.5], [L2,
Thm. 2.12 B].

5.5 Theorem. Let X be a trs of λ-measurable functions. If X has the MCP, then
the following conditions are equivalent.

(a) X contains no copy of c0.
(b) X contains no lattice copy of c0.
(c) X has the disjoint Property (O).
(d) X is σ-Lebesgue σ-Levi.
(e) X has Property (O).

Proof. The implications (e) =⇒ (a) =⇒ (b) are trivial; (b), (c) and (d) are equiva-
lent by Theorem 2.4; and (d) =⇒ (e) is a consequence of Theorem 5.4 because (d)
together with the MCP means X is Lebesgue Levi (see Proposition 2.2), whence
also complete.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3568 LECH DREWNOWSKI AND IWO LABUDA

If a trs X is σ-Lebesgue and has the MCP, then it is Lebesgue and Dedekind
complete. Therefore, if X has also separating continuous dual, then via Theorem 3.5
it can be realized as a trs of measurable functions over a locally finite measure
space. In view of this, the following is an immediate consequence of Theorem 5.5.

5.6 Corollary. Let X be a trs with separating continuous dual. If X has the MCP,
then conditions (a) through (e) as in Theorem 5.5 are mutually equivalent.

We now come to results of Lozanovskii type (see [AB2, Thm. 14.9]).

5.7 Proposition. If a trs X of λ-measurable functions is σ-Lebesgue, then every
bounded finitely additive measure m : P → X is exhaustive. In particular, X
contains no copy of `∞.

Proof. By Corollary 5.2, m is exhaustive in the topology induced from L0(λ).
Hence, by Theorem 4.1, m is exhaustive for the original topology of X .

5.8 Theorem. Let X be a trs of λ-measurable functions having the σ-MCP. Then
the following conditions are equivalent.

(a) X contains no copy of `∞.
(b) X contains no lattice copy of `∞.
(c) X is σ-Lebesgue.
(d) Every bounded finitely additive measure m : P → X is exhaustive.

Proof. The implications (d) =⇒ (a) =⇒ (b) are obvious. If (b) is assumed then, by
Theorem 2.7, X is pre-Lebesgue. Since X has also the σ-MCP, we conclude that
X is σ-Lebesgue, i.e. (c) holds. Finally, (c) =⇒ (d) by Proposition 5.7.

5.9 Corollary. If a locally convex trs X is σ-Dedekind complete and σ-Lebesgue,
then every bounded finitely additive measure m : P → X is exhaustive. In partic-
ular, X contains no copy of `∞.

Proof. The topological completion X̃ of X is locally convex, Dedekind complete,
and Lebesgue. By Theorem 3.5, we can represent X̃ as a space of measurable
functions over a locally finite measure space. To finish, apply Proposition 5.7.

The two corollaries below generalize the Lozanovskii Theorem and are derived
from Corollary 5.9 and Theorem 5.8 in much the same way as Corollary 5.6 was
from Theorem 5.5.

5.10 Corollary. Let X be a locally convex trs which is σ-Dedekind complete and
has the σ-MCP. Then conditions (a) through (d) as in Theorem 5.8 are mutually
equivalent.

5.11 Corollary. Let X be a σ-Dedekind complete trs with separating continuous
dual and having the MCP. Then conditions (a) through (d) as in Theorem 5.8 are
mutually equivalent.

Remark. Corollary 5.10 can also be obtained by a reduction to the original setting
of the Lozanovskii Theorem. Of course, only (c) =⇒ (d) is to be verified. (Note
that the σ-MCP will not be needed here.)

Let P be a family of continuous Riesz seminorms defining the topology of X .
For every p ∈ P , let Xp be the completion of the quotient of (X, p) by the null
space of p. Then, by [LA, Thm. 4.1], each Xp is still σ-Dedekind complete and
σ-Lebesgue, i.e. a Banach lattice with order continuous norm. Now, consider X
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as a Riesz subspace of the product
∏

p∈P Xp, and let m : P → X be a bounded
finitely additive measure. By the Lozanovskii Theorem, none of the spaces Xp

contains a copy of `∞. Therefore, for every projection πp : X → Xp the measure
πp◦m : P → Xp is exhaustive. It follows that also m : P → X is exhaustive.

6. Comments. As was already mentioned in the Introduction, our dependence
on the the Orlicz Theorem (5.1) restricts the results about isomorphic copies of c0

and `∞ given in Section 5 to trs’s of measurable functions over a measure space.
In contrast to this, similar results about lattice copies of c0 and `∞ in Section 2 are
valid in general trs’s which, by the Representation Theorem 2.7 in [L3], can quite
often be viewed as spaces of measurable functions over a locally order continuous
submeasure space. (See [DL2] for more information on such submeasure spaces.)
Now, whether or not the results in Section 5 can be extended to general trs’s
depends on the answers to the following questions.

Problem. Is it true that, for every order continuous submeasure µ,
1. the space L0(µ) contains no copy of c0 (resp. `∞)?
2. the space L0(µ) has Property (O) (resp. every bounded finitely additive mea-

sure m : P → L0(µ) is exhaustive)?

Indeed, by essentially the same type of arguments as those used in Section 5 (in
the case of underlying measure spaces), one can see that:
(1′) If the spaces L0(µ) contain no copy of c0 (resp. `∞), neither does any Lebesgue

Levi (resp. Lebesgue σ-Dedekind complete) trs’s X .
(2′) If the spaces L0(µ) have Property (O), so does every Lebesgue Levi trs X .

Likewise for the property that every bounded finitely additive measure m
from P to L0(µ) or X is exhaustive.

Let us give a sketch of proof for (1′). Suppose J is an isomorphic embedding
of c0 or `∞ into X . By applying the Representation Theorem mentioned above,
we can realize X as a trs of µ-measurable functions for a locally order continuous
submeasure µ such that L0(µ) is complete and X ⊂ L0(µ) continuously. Then the
vector measure associated with J is exhaustive into L0(µ), or else we could produce
a copy of c0 (or `∞) in L0(µ) using Theorem 1.2. It follows that the series

∑
n J(en)

is subseries convergent in L0(µ). By Proposition 3.6 (suitably extended) and the
Orlicz-Pettis Theorem in [DL1], it is also subseries convergent in X which is clearly
impossible. This ends the proof in the c0-case. In the `∞-case the argument is even
simpler due to the fact that the associated vector measure is directly defined on P.

Remark. There is one more question that we would like to ask here: Is it true that,
for every order continuous submeasure µ, the space L0(µ) has the bounded multiplier
property? Note that if a space L0(µ) has this property, then the statements (1)
and (2) above are equivalent for L0(µ).

Clearly, if the famous Maharam problem admits a positive solution, i.e., every
order continuous submeasure is equivalent to a finite measure, then also all of the
above questions have affirmative answers.
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