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HOMOCLINIC SOLUTIONS AND CHAOS
IN ORDINARY DIFFERENTIAL EQUATIONS
WITH SINGULAR PERTURBATIONS

JOSEPH GRUENDLER

ABSTRACT. Ordinary differential equations are considered which contain a sin-
gular perturbation. It is assumed that when the perturbation parameter is
zero, the equation has a hyperbolic equilibrium and homoclinic solution. No
restriction is placed on the dimension of the phase space or on the dimension
of intersection of the stable and unstable manifolds. A bifurcation function is
established which determines nonzero values of the perturbation parameter for
which the homoclinic solution persists. It is further shown that when the vec-
tor field is periodic and a transversality condition is satisfied, the homoclinic
solution to the perturbed equation produces a transverse homoclinic orbit in
the period map. The techniques used are those of exponential dichotomies,
Lyapunov-Schmidt reduction and scales of Banach spaces. A much simplified
version of this latter theory is developed suitable for the present case. This
work generalizes some recent results of Battelli and Palmer.

INTRODUCTION

In this work we shall consider differential equations which take the equivalent

forms
(1a) ex = fo(x) + efi(x, €, t),
(1b) = fo(x) + ef1(z, €, €t)

with z € R, e € R.
We make the following assumptions about (1):

(i) fo and fi are C? in all arguments.

(i) fo(0) = f1(0,€,t) = 0.

(iii) The eigenvalues of D fy(0) lie off the imaginary axis.

(iv) The unperturbed equation has a homoclinic solution. That is, there exists a
differentiable function t — ~(t) such that lim;—, o () = lims— oo y(t) =0
and 4(t) = fo(1(1)).

(v) f1 and its derivatives are bounded in (z, €) uniformly in ¢.
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In (1b) we make the change of variable 7 = ¢t — /e and then change back to ¢ to
obtain

(2) = folx) + efi(x, e, et + ).

The advantage in (2) is the presence of the additional parameter a.

The present work was motivated by recent results of Battelli and Palmer [1].
They consider equations similar to (1) but with a coefficient of €2 for f;. Our
objective is to find conditions on f; such that (2) has a transverse homoclinic
orbit for € # 0. We use the method of Lyapunov-Schmidt to obtain a bifurcation
function (¢, 3, a) — M (e, 3, @) where € and « are as in (2). The vector [ represents
directions, other than that provided by 4, tangent to TpW*NTpW* where P = v(0)
and W*, W* denote the stable, unstable manifolds respectively for the equilibrium
of the unperturbed equation. M is linear in € and quadratic in 8 with coefficients
obtained as Melnikov integrals. The coefficient of € is a nonlinear function of «.

If M(eq, B0, 0) = 0, then (2) has a homoclinic solution when € = s%¢, for suffi-
ciently small s € R. Furthermore if, in addition, D3 )M (o, B0, o) is nonsingular,
the homoclinic orbit is transversal.

In the literature on homoclinic bifurcations it is usually assumed that the unper-
turbed equation has a hyperbolic equilibrium with stable, unstable manifolds which
meet in dimension one. This is the case in [1]. Some work where the manifolds
are allowed to meet in dimension two are [9], [11], [12]. For the case of regular
perturbations, a general theory for manifolds which meet in arbitrary dimension
was developed in [5], [6], [7]. Here, we extend this general theory to the singularly
perturbed case thus providing a generalization of [1]. A second improvement over
that work is a simplification of the use of scales of Banach spaces.

In the present case a certain difficulty is encountered in the usual Banach space
techniques. If one starts with a space of functions, Z, with a prescribed rate of
exponential decay at t = +00 and uses (2) to define F : Z x R x R — Z by

Fp,e;a)(t) = folp(t) + efi(p(t), € et + ),

then F' is not differentiable with respect to € due to the term etDs f1(p(t), €, €t + @)
which appears in the derivative.

Battelli and Palmer deal with this difficulty by introducing a scale of Banach
spaces consisting of functions with small exponential growth. A basic reference for
this idea is Vanderbauwhede and Van Gils [13]. An integral part of this theory is a
sophisticated form of the contraction mapping theorem which uses simultaneously
an infinite family of Banach spaces.

We show in our work how it is possible, in the present case, to reduce the problem
to a single element in the family of Banach spaces and then use the standard
contraction mapping theorem. This results in a simpler proof than in [1].

Here we thank Michal Feckan for his many comments, corrections and sugges-
tions as well as his encouragement and motivation. Thanks also to the referee for
additional comments and references.

EXPONENTIAL DICHOTOMIES AND SCALES OF BANACH SPACES

We begin with the linear equation @ = A(t)u which will serve below as the
variational equation along «y. The following result is Theorem 2 in [6] with a slight
change of notation. The idea for the proof of the following theorem is illustrated
in the case n = 2 on pp. 214-215 of [12].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CHAOS AND SINGULAR PERTURBATIONS 3799

1. Theorem. Let t — A(t) be a matriz-valued function continuous for t € R.
Suppose there exists a constant matriz, Ay, and a scalar b > 0 such that

sup |A(t) — Agleb!!l < 0.
t

Suppose also the eigenvalues of Ao satisfy |[R(N)| > 3a for some a > 0. Then
there exists a fundamental solution, U, for the differential equation u = A(t)u
along with a constant Ko > 0 and four projections Pss, Psy, Pus, Puy such that
Pss + Py + Pys + Py = I and such that the following hold:

(1) |U#)(Pyss + Pou)U(s)7Y < Koe22(t=%) fort < s <0,
(ii) |U(t)(Pyu + Pus)U(s)"Y < Koe2*5=8) for s <t <0,
(i) |U(t)(Pss + Pus)U(8) 7Y < Ke2*™8 for 0 < s <t,
(iv) |Ut)(Puu + Psu)U(s) 7| < Koe?at=%) for 0 <t < s.

Furthermore, there exists an integer d > 0 such that rank(Pss) = rank(Py,) = d.

In this notation the first subscript denotes exponential decay, “s”, or exponential
growth, “u”, at —oco. The second subscript is the same for +o0o. Explicit examples
of this theorem can be found in [5], [6] and [7] as well as below.

In the language of dichotomies, see Coppel [3], we see that Theorem 1 provides
a two-sided exponential dichotomy. For ¢ < 0 an exponential dichotomy is given
by the fundamental solution U and the projection P,, + P,s while for ¢ > 0 such is
given by U and P4 + P,s. Note that if d = 0 then P;s = P, = 0 and there exists
a single exponential dichotomy valid for all ¢.

We shall let u; denote column j of U and assume that these are numbered so

that
Ig 0q4 O 0q 04 O
Puu = Od Od 0 ) Pss = Od Id 0
0 0 0 0O 0 O

Here, I; denotes the d x d identity matrix, 04 the d X d zero matrix. We also let
u;- denote row i of UL,
If U+ is the matrix with uj in column j, then U* = U~'. Differentiat-

. . . . t
ing UU = I we obtain UL + UUL = 0 so that UL = — (U‘lUU“) -

—A@)!UL. Thus, UL is a fundamental solution for the adjoint equation. The
functions {ui, ... ,us} are a basis for the vector space of bounded solutions to the
adjoint equation while the functions {ug41,... ,usq} are the same for the original
equation.

Let U, Py, a be as in Theorem 1. For each 1, 0 < 1 < a, we define the Banach
spaces

Ly = {z e CO(R,R™) : sup |2(t)]e ™" < oo} ,
t

Ly = {z €Ly : /_O:o P U(@) 1 2(t)dt = 0} ,
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with norm the supremum in the definition. We also define Zy = (), ., Zy,. Next,

- n>0
define the variation of constants map K : Z, — Z, by

(Kz)(t) =U(¢) _ /000 P, U(s) " 2(s)ds —I—/O (Pss + Py )U(s) " 2(s) ds

o f (Puc o+ PuU(s)2(5)

— 00

r p0 t
:mw[ mw@*mms+éug+mﬂmrwg@

[P RO ) ]

In this definition, the first and second forms are intended for ¢ < 0 and t > 0,
respectively.
Now consider the nonhomogeneous equation

(3) i=A(t)z+h

with A as in Theorem 1. If h € Z, then Kh is a solution in Z, for (3) satisfying
((KR)(0),u5,4(0)) = 0 for 1 < j < d and the general solution in Z, is

d
Z = Kh—FZﬂjUj_;.d
j=1
for constants 3;.
Next, let ® : R — R be a smooth function satisfying sup, |®(¢)u;(t)] < oo for
all j and 7 ®(t)dt = 1. Then define a projection II : Z, — Z, by

o0

(H@@)zéax/ U(t)Pu U(s) " 2(s) ds

— 00

d 00
= d(t) Zul(t)/ (ui(s),2(s)) ds.
i=1 —0

It is easy to check that (I —1II) = Z,, and

(4) / (ui 2 —Az)dt =0 forz€Z,, 1<i<d,
so that
(5) TI(: — Az) = 0.

For details in a similar case see [6].
Now consider (3) for h € Z,. Using II we decompose the problem of solving for
z € Ly into
z=A(t)z+ (I —1I)h,
ITh = 0.
We can solve the first of these for z € Z,. The second of these becomes our
bifurcation equation.
Our technique for obtaining a transversality condition will be to show that for

the homoclinic solution when e # 0 the variational equation satisfies d = 0 in the
terminology of Theorem 1. Our next result will be used for this purpose.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CHAOS AND SINGULAR PERTURBATIONS 3801

We consider equations of the form @ = (A(t) + S(¢))u where ¢ — S(t) is a
bounded matrix-valued function. S defines a function S : Zy — 2Ly defined by the
formula (S2)(t) = S(t)z(t) with ||S|| < sup, |S(t)|. The following result is proved
in [7].

2. Theorem. Let & = Ax be as in Theorem 1 along with U, a, d and the four
projections Pss, Psy, Pys, Pyy. Lett — S(t) be a bounded matriz-valued function

continuous for t € R. Suppose that ||S| is sufficiently small so that I — K (I —1II)S
is invertible. Define a d X d matriz F(S) by

F(S)i; = / (w51 — K(I 8] Mujaa)dt, 1<i,j<d.

— 00

If F(S) is nonsingular, then the differential equation u = (A(t) + S(t))u has no
nonzero solutions which decay at both +oo so that d = 0 in the terminology of
Theorem 1.

PERTURBATION THEORY

We now turn our attention to (2). Henceforth we shall let U, d, Pss, Psy, Pus,
P, be the corresponding quantities obtained by applying Theorem 1 to the vari-
ational equation @ = D fo(y)u. In addition to the conventions mentioned following
Theorem 1 we shall assume usq = 7. This is always possible since, as a solution to
the variational equation which decays at both 00, 4 can be expressed as a linear
combination of columns gy through usg of U and a linear change of coordinates
among these columns will not affect the projections.

In (2) we make the change of variable x = v + z. The equation for z is

(6) Z(t) = D fo(v(1))z(t) + g(2(1), €, . 1)
where
g(z,e,o,t) = fo(y(t) +2) — fo(v(t)) — Dfo(v(1))x + efi(y(t) + z,€, et + ).

We wish to convert (6) to an integral equation by solving for z as in (3). The
problem is that for z € Z, we have no control over the growth of g(z(t), €, o, t). To
correct this we introduce the so-called cut-off function [13]. Let x : R® — R denote

a smooth function satisfying
1, if|z| <1,
x(z) = {

0, if |z > 2.

For each p > 0 define g, : R xR xR xR — R" by g,(z, €, a,t) = g(z, €, o, t)x(z/p).
For future reference we note:

7a) 9,(0,0,a,t) =0,

7b) D1g¢,(0,0,a,t) =0,

7c) D11g,(0,0,a,t) = D? fo(v(1)),
7d) D1g,(0,0,a,t) = fi(v(t),0, ).

We also define G, : Zy, x Rx R — Zg C Z,, by
Gp(z,e,a)(t) = gp(2(t), €, o, t).
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We now replace (6) with the equation
(8) 2= Dfo(v)z + Gp(z € ).

Note that if z is a solution to (8) with |z(¢)| < p for all ¢, then z is a solution to
(6). This idea plays a role in the proof of Theorem 4.

3. Lemma. Given § > 0 there exist pg > 0, ¢g > 0 such that
[D1gp, (z,€,0,t)] <6
for |e[ < eo.
Proof. Differentiating the definition of g we get
Dig(z,e,a,t) = Dfo(y(t) + ) — Dfo(v(t)) + eD1 f1(7(t) + z, €, €t + ).

By hypothesis (v) for (1), D; f1 is bounded in (z, €) uniformly in ¢, and, hence, D1g
is bounded uniformly in («, t).
Define A = sup,, |Dx(z)|, B = sup, sup|,<; |D*fo(y(t) + )| and let § > 0 be

given. We can choose €1 and pg satisfying e; > 0, 0 < pp < min {%, MLB} such that

)

|Dig(z, e, a, 1) < 3

Applying Taylor’s theorem (see §8.14 of Dieudonné [4]) to the function ¢(s) =
fo(y(¥) + sx) we have, if || < 2pp,

if |x| < 2po, le] < €.

/ (1 9)(s) ds

[fo(y(®)+2) = fo(v(£)) =D fo(y(t))z] = |¢(1)—¢(0)—¢'(0)] =

dpo

1
/ (1 — 8)D? fo(y(t) + sx)wwds| < 2Bpf < ——.
0 4A

Since, by hypothosis, D1 f1(x,€,t) is bounded uniformly in ¢, we can choose €2 > 0
such that

ap
4A
Define g = min{ej, e2}. Combining these results we have |g(z, €, o, t)] < ‘;LX if
|€| < €0, |CE| < 2p0.

When |z| < 2pg and |e] < eg we now have

lef1(v(t) + z, e, et + )| < if || < e, 2| < 2pp.

1
|D1gpo (2, €, )| = | D1g(x, €, t)x(x/po) + %g(af,e, t)Dx(z/po)

0 1 5/)0
<-4+ —. . A=)
-2 + £0 2A
The same result holds trivially when |z| > 2po since then g,,(z, €, a,t) = 0. |

We now show that it is possible to use a single space, Zy,, for our present purposes
using a proof motivated by the stable manifold theorem. Part of the statement of
the standard stable manifold theorem is, roughly speaking, if z = 0 is a hyperbolic
equilibrium for a differential equation and if ¢ is a solution with sup;s,, [¢(t)]
sufficiently small, then ¢(¢) — 0 as ¢ — +o00. In fact, the same proof works if one
requires only that sup,>, |¢(t)|e”" be sufficiently small for appropriate 7 > 0. The
following proof is adapted from the proof of Theorem 4.1 in Ch. 13 of Coddington
and Levinson [2].
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4. Theorem. There exist positive constants ng, po, €9, 0 such that the following
holds: if in (8) we have p = po, |e| < €o and if | € Zy, is a solution to (8) with
%l < 3, then v satisfies sup, [ (t)[e™* < oo and sup, [¢(t)] < po so that ¥ is a
homoclinic solution to (6).

Proof. As the eigenvalues of D f;(0) lie off the imaginary axis, we can choose 79 > 0
such that |[R(X)| > 3no for each eigenvalue, A, of D f,(0). Let B denote a closed ball
which contains the orbit . We can choose C > 0 so that |y(¢)| < Ce™™?! and

sup sup | D1 f1(z, €, et + )| < C.
le|<1z€eB

Furthermore, the equation v = D f(0)v has a fundamental solution V (t) = et?/o(9)
along with projections P;, P> and constants A > 0, g > 0 such that P, + P, =1
and

V)PV (s)7Y < Ae??G=D for s < ¢,
V() PV (s)7l < Ae?(=9) for ¢ < s.
We now write (8) in the form
2(t) = Dfo(0)z(t) + hy(2z(t), €, t)
where
hp(2, €, 0,t) = [Dfo(v(t)) = Dfo(0)]x + gp(, € ;1)

Let Ko = sup, |Dfo(v(t)) — Dfo(0)]. Using Lemma 3 we choose py > 0, €1 > 0
such that

3m

|D19P0(x767a7t)| S mln{lGA’

KQ} for |€| S €1.

Define ¢y = min {61, 1, 136p2g’2 }

Next, we choose tg > 0 so that

(9) |D fo(y(t)) — D fo(0)] <min{136LZ,Ko} for t > to.

Combining these two results we get

3
|Dihp, (z,€,0,t)| < ﬁ for t > to, |e| <.

Fix z1,xz2 € R™ and for s € [0, 1] define ¢(s) = gp, (sz1 + (1 — s)z2,€, @, t). Then
we have

Y9po (:Ela €, «, t) — Y9po (x27 €, Q, t) = ¢(1) - ¢(O)
1 1
= [[#)ds= [ Digy(swr + (1= haz.ciant)(or — a2)ds.
0 0
Taking norms we get

(10) |9po (1, €, 0, 1) — gp, (@2, €, 0, t)| < Kolzr — x2|  for |e] < €.

In a similar way we obtain

3
(11) |Ppo (1, €, 0, ) — hpy (22, €, 0, 1) < 8—7Z:|x1 —xo| for |e] < ep, t >t
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and
(12)  |heo(0,€,0,8)] = [efi(4(t), € et + a)| < fg}’e-ﬂot for || < co, t > 0.
Finally, choose 6 > 0 so that

PO _gnote 3P0 9pomo e
5 < 70 0 mNoto .
min { 4A° U 8ATG4AK,C }

n (8) fix p = po and also fix (¢, ) with |e] < €. Let ¥ € Z,, be a solution to
(8) with ||#||,,, < 4. For any a € R we have

w(t):V(t)V(a)_lw(a)—i-V(t)/ V(8)  hpo (¥0(5), €, , 5)ds
—VOPV(a) a) + V(E / PV (s) "My ((s), €, ) ds
/ PV (s)" " hpo(¥(s), €, 5)ds

V()Pz[ / PV (5) " hyy ((s), €, 5) ds |

In this last equation each term grows no faster than e™? except the last whose
behavior is €27? as t — +o00. Consequently, the expression in square brackets is
zero and we have

Y(t) = V() PV (a) " (a) + V(t)/ Pﬂ/(s)_lhp0 (¥(s),€,,8)ds
(13) .

t) /too PV () hy, (1(s), €, 8) ds.

Define a Banach space, X, by

X= {go € C%([to, 00), R™) : sup |p(t)|e™" < oo}
>t
with norm, || - ||x, the supremum in the definition. We shall prove the existence of
a solution, ¢ € X, to (13) and then show that, necessarily, pg = 1.
Let B,, be the open ball in X with center at the origin, radius py and define the
C! map F : B,, — X by

F(p)(t) = V(t)PLV (to) 4 (to) +V(t)/ PLV (s) " gy (9(5), €, v, 8) ds

- V() /too PV (5) " hy, (0(s), €, a, 5) ds.

The fixed points of F' are solutions in B,, of (13) with a = ¢,.

Using (11) we get [|F(p1) — F(p2)|lx < ll¢1 — @2llx and from (12) we have
[F(0)|lx < 3po. Thus, by the contraction mapping theorem (see e.g. Theorem
10.1.2 of [4]), there exists a fixed point, and hence a solution to (13), g € B,
defined for ¢ > t.

Now let B = sup;sy, |¢o(t) — ¥(t)|e”"™". Using the fact that ¢y and 1 both
satisfy (13) with a = to along with (11) we get |po(t) — 1(t)| < FBe™! for t > to
and from this B < 1B. But this means B = 0 so then 1(t) = ¢o(t) for t > t,.
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In particular, this implies that 1 (¢) goes to zero like e~ as t — oo. A similar
argument holds as t — —oc.
Now consider 0 < ¢t < tg. Combining the definition of Ky, (10) and (12) we have

3
o (V(1), €, )| < 2K5e™t + %e‘"ot.

Substituting this result into (13) with a = 0 we get |(¢)| < po. A similar argument
holds for —tg <t < 0. Thus |(t)| < po for all ¢ so that ¢ is a solution to (6). O

The solution of (8) is equivalent to solving the two equations
(14a) 2=Dfo(v)z+ (I —1)Gp(z,€ ),
(14b) II(G,(z,€6,)) =0.

The proof of our main result proceeds by solving (14a) for z. This is achieved
by the following variant of the contraction mapping principle.

5. Theorem. Let X, Y, Z be Banach spaces with U C X, V C Y open neigh-
borhoods of the respective origins. Let F' : U x V x Z — X, denoted (x,y,z) —
F(x,y,z), be a Ct map satisfying F(0,0,2) = 0. Suppose, further, that there exist
closed neighborhoods of the respective origins UcU,V cCV with nonempty inte-
rior such that |D1F(x,y,z)] < X\ < 1 and DyF(2,y,2) is bounded on U x V x Z.
Then, there exist an open ball about the origin, Bs(0) C V, and a C' function
¥ : Bs(0) x Z — X such that ¥(0,z) =0 and F(¢¥(y, 2),y,2) = ¥(y,z). Further-
more, Y(y, z) and D1¢(y, z) are bounded for y € Bs(0), z € Z.

Proof. Let B,(0) C U, B5(0) C V be open balls of radii r, § respectively centered
at the respective origins with B,.(0), Bs(0) their respective closures. By hypothosis
F : B.(0) x Bs(0) x Z — B,(0) is a uniform contraction.

By Theorem 3.2 in §0.3 of Hale [8] there exists a C! function v : Bs(0) x Z —
B,(0) such that F(¥(y,z2),y,2) = ¥(y,2). In particular, ||¢(y,2)|| < r. Since
ID1F ((y,2),y,2)|| < A, the linear function I — D1F (¥ (y, 2),y, 2) is invertible
with norm less than or equal to 1/(1 — X). By implicit differentiation we have

Dlw(ya Z) = (I - DIF(¢(,’U7 2)7 Y, Z))_lDQF(dJ(yu Z)u Y, Z)
This formula shows that D14(y, z) is bounded. |

We now come to the first of our main results. The following theorem gives the
existence of homoclinic solutions for (2).

6. Theorem. There exist 9 > 0, a connected open set V C R x R4~1 with (0,0) €
V and C? functions H : VxR — R T': V xR — Z,, denoted H(e, 3,a), T'(e, 3, )
with the following properties:

(i) If H(e, B, ) = 0, then T'(e, B8, @) is a homoclinic solution to (2),

(ii) T(0,0,0) =,

(iif) a—ﬁj(o,o,a) = Ujid,

(iv) H(0,0,a) =0,

(v) ‘98]? (0,0,0) = /_Zoo (uk(t), fi(7(t),0,)) dt,
(vi) ZQIJ (0,0,a) =0,
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0% H, e
i) ———(0,0,a) = +,D? ; dt.
(i) 5 (@0.0)= [ (Do)
Proof. Let ng, po, €0 and § be as in Theorem 4 and fix p = pg in (8). Now define
the C! function F : Z,, x R x R x R — Z,, by

d—1

F(z,e,8,a) = Z Biuar; + K((I =G,y (2,6, a)).
j=1

The fixed points of F' are solutions in Z,, to (14a) satisfying (z(0),+(0)) = 0.
From (7a) we have F(0,0,0,«) = 0 and, from (7b), D1F(0,0,0,a) = 0. Using
Lemma 3 we can assume that py and ¢y have been chosen small enough so that
|D1F(z,€ 08, a)|ln, < 1/2 for |e] < €. By assumption (v) for (1) the necessary
derivatives of F' with respect to (z, 3) are bounded uniformly in « so that Theorem 5
applies. This yields an open neighborhood V' C R x R and a C! function
¥ : VxR — Z,, denoted (¢, 3,a) — (e, 5, a) such that ¥(0,0,a) = 0, the
derivatives D19 (e, 8, «) and Datp(e, 3, ) are bounded for (e, 5, ) € V x R, and
d—1
(15) 1p(€7 ﬂ7 Oé) = Z ﬁjud-l-j + K((I - H)GPO W(ﬁa ﬁv a)? €, a))

=1

Using the uniform boundedness of D11y and Da1) we can, by taking V smaller if
necessary, assume [|¢(e, 8, )|, < 6 for (¢, 8,a) € V xR. But then, by Theorem 4,

(16) sup [¢/(e, 8, @) (t)]e ™" < oo.
¢
From the hypothosis f1(0,¢,t) = 0 it follows that D3 f1(0,¢,t) = 0 and then that
(17) sup [ Ds f1((t) + (e, B, 0) (1), €, t) ™! < oo,
¢

Differentiating (15) and using (16) and (17) we see that (9v/0¢)(e, 8, a)(t) has
the asymptotic behavior te~™I*l. Proceeding in a similar way we find that the
derivative (921)/0€?)(e, 3, @)(t) behaves like 2=l Thus v is C2.

Differentiating (15) and using (7b) we get

o

18 —(0,0,0) = .
( ) 66]( ) ,Oé) Ud+j5

The conditions for a solution to (8) are that ¢ be a solution to (14b). These
conditions are I1(G,, (¥(€, 3, @), €,0)) = 0 or, equivalently, H (e, 3,) = 0 where

oo

Hi(e,5,a) = / (uh(t), Gpo (V(€, B, @), 6,0) (1)) dt, 1<i<d.

If H(e, 5,c0) = 0, then ¢(e, 3, ) is a solution to (6) by Theorem 4 and then
(e, 8,a) = ¥(e, B, ) + v is a solution to (2). This proves (i). Part (ii) comes from
(0,0, ) = 0, part (iii) from (18). Part (iv) is obtained from 1(0,0,«) = 0 and
(7a). The remaining parts are obtained by differentiation of the preceding formula
along with (7) and (18). |
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Motivated by the preceding theorem we are led to make the following definitions
fora € R, e € R, e R,

ai(@) = 20,0, 0) = / Tt (), Ay (),0,0)) dt, 1<i<d,

Oe oo
O°H; L e 1<i<d,
bijk = W(O,O,a) = ‘/_OO <’u,Z 7D fQ(O)Uj+dUk+d> dt {1 S ],k S d— 1,
=
M;(e, B, a) = a;(a)e + 5 Z bijrBifBe, 1<i<d.
k=1

The conditions for the existence of a homoclinic solution are
H(e,B,0) = M(e,8,a) +...=0.

Our next result shows that it is sufficient to solve the equation M (¢, 3, ) = 0.

Geometrically, the function H can be interpreted as representing the distance
between the stable and unstable manifolds for the perturbed equations. When
these manifolds meet in dimension one (d = 1), the terms of H linear in e are
sufficient, along with the implicit function theorem. When the manifolds have a
mutual tangent space of dimension greater than one (d > 1), the linear terms do
not discriminate between the manifolds and one must look at their curvatures. The
complications which this produces in the geometric approach are eliminated by the
function space approach used here.

7. Theorem. Let & = fo(x)+efi(z, €, et+a) be as in (2), H as in Theorem 6 and
M as above. If M(eo, Bo, ) = 0 and D g, o) M (€0, Bo, o) is nonsingular, then there
exist an open interval, J, containing zero and differentiable functions ) : J — RIL,
¢:J — R with 1(0) = 0, ¢(0) = 0 such that H(s%eo, s(Bo + 1(s)), a0 + ¢(s)) =
forse J.

In particular, this implies that for s € J the equation

&= fo(z) + s%eo f1 (z, s2eq, s2eot + ap + o(s))

has a homoclinic solution, vs, C? in s, satisfying vo = v and

d—1
= E Bo,kUk+d-
=0 k=1

Proof. Define the function F : R*~! x R x R — R%! by

A r7.(g2
Fi(z,y,8) = {Ssz(s €0,8(00 + ), 0 +y), fors#0,

o
0s

S

M(eo, Bo + x, 00 + 1), for s = 0.
We have F'(0,0,0) = 0 and D(,,)F(0,0,0) = Dg o) M/(eo, fo, a0). The result now
follows from the implicit function theorem and Theorem 6 setting
vs = I(s%€0, s(Bo + ¥(s)), o + ¢(s)).
O

8. Theorem. Suppose that, in (1b), f1 is periodic in t. Let the function M be as
above, suppose that M(eo, o, a0) = 0 and that Dg oM (€0, Bo, o) is nonsingular.
Then there exists 6 > 0 such that if € € (=6,0) when eg < 0 or € € (0,6) when
€o > 0, then the period map for (1a) has a transverse homoclinic point and hence
exhibits chaos.
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Proof. Let ¢ : J — R and v, be as in Theorem 7. The variational equation along
Vs 18

(19) = [Dfo(y) + S(s)]u

where

S(s)(t) = Dfo(vs(t)) — Dfo(v(t)) + sea D1 f1(7s(t), s%€0, s>€ot + ap + &(s)).

We need to show that (19) has no nonzero solution which decays at both +oo. For
this we use Theorem 2.
Let h = (075/0$) |s=0 - From Theorem 7, h = ZZ;} Bo.kur+d. Note that

S(0) =0, S'(0) = D*fo(7)h.

In the notation of Theorem 2 we let Q(s) = F(S(s)) and write Q(s) = [gi;(s)]. We
must show that Q(s) is nonsingular for sufficiently small nonzero |s|.
First we have

(20) Q(0) = 0.

Next we compute

oo

(ui-, S"(0)u;) dt

Il Il
— —

[l
w8

Qz/'j (O)

— 00
oo

(ui, D? fo(y)hujya) dt

au
|

O,k/ (ui, D? fo () ukt-dtjta) dt.

=1 —oo

=

From this last equation we get

d—1
(21) ¢;(0) = bijrbos, 1<i<d, 1<j<d—1.
k=1

We need a separate calculation for g;q. That 5 is a solution to the perturbed
equation means
Y5 (t) = fo(vs(t)) + s%e0f1(7s(t), s%€0, s>eot + g + ¢(s))-
Differentiating the preceding equation yields
(22) ¥s = Dfo(v)¥s + s
where
ws(t) = S(s)(t)s(t) + 8463D3f1 (”ys(t), s%eq, s2eot + ag + d)(s))
and from (5) and (22)
(23) s = 0.

Consider the equation & = D fo(v)u+ps. From (22) we know that 45 is a solution
to this equation. Using the property of the variation of constants map, K, defined
above and (23) we have

s = Kps + UPssv(s) = K(I — ) + UPssv(s)
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for some C? function v : J — R™. The entries of v other than vg,1,... ,vsq are
arbitrary and can be taken as zero. Evaluating the preceding equation at s = 0
yields U Pssv(0) = 4 and by substituting this we get an equation of the form

d

Ys = K(I —I)S(s)ys + + s Z Wi tq(8)upya + O(s*)
k=1

where w(s) = (v(s) —v(0))/s.
Choose 01 > 0 so that when |s| < §1, I — K(I —II)S(s) is invertible. Then for s
in this range the preceding equation can be solved for 75 to yield

d
1= K(I-)S(s)] 4 =4 — s > wira(s)[I = K(I =S ()] ugsa + O(s")
k=1

and, using (22),
S(s)[I = K(I-1)S(s)] 75

d
= S(8)%s — 5> wiya(s)S(s)[T = K(I = )S(s)]  upya + O(s°)
k=1
=45 — Dfo(v)¥s — s*€g D3 f1(7,0,0)
d
— 5> wiya(8)S()I — K(I —D)S(5)]  uya + O(s).
k=1

Next, using (4),

) = [t ST - K-S

00 d
(24) = —5463/ (ui, D3 f1(7,0,0)) dt — s Z Wita(s)qik(s) + O(s)
—oo k=1
d
= —steal(ag) — s Z Wit a(8)qix(s) + O(s°).
k=1

Combining (20), (21) and (24) we have
det(Q(S)) = —5d+363 det (D(gya)]\J(eO7 Bo, 040)) + O(sd+4) .

From this last equation there exists d; with 0 < d3 < d; such that Q(s) is nonsin-
gular when 0 < |s| < 2. Then by Theorem 2, (19) has an exponential dichotomy
valid for all ¢. Following [10] we know that (2) has a transverse homoclinic orbit for
€ = s%€p, a = ap + ¢(s). Then the period map for (1b) has a transverse homoclinic
point for € € (—4§,0) when ¢y < 0 or € € (0,9) when ¢y > 0 where § = dz2|eg]. |

Let us look at some special cases of the preceding theorem. If x € R?, we must
have d = 1 and us = 4. Denoting v = (71,72) we have

W (8) = (“Aa(8), 3 (8)) exp (— [ fo)(’y(S))dS)

and knowledge of u; is not required. There is no 8 and the condition for a homo-
clinic solution is the scalar equation H (e, ) = 0.
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The bifurcation equation takes the form M(e,a) = a(a)e = 0 so we can take
€9 = £1. Theorem 8 now reduces to the following.

9. Corollary. Suppose that in (1a) we have x € R? and f1 periodic in t. Define

oo t

a(e) =/ det (5(2), f1(7(),0, @) exp (-/ (V'fo)(W(S))CLS) dt.
—oo 0

If there exists o such that a(ag) = 0 and a'(ap) # 0, then there exists 0 > 0 such

that (1a) has a transverse homoclinic orbit when 0 < |e| < 4.

The preceding result generalizes with little difficulty to higher n as long as we
have d = 1. The difference between n = 2 and n > 2 is that it is necessary to
use the exponential dichotomy, U, as given in Theorem 1. The following result is
similar to the main theorem of [1].

10. Corollary. Suppose that in (1a) we have d = 1 and that fy is periodic in t.
Define

o) = [ (i (), (1), 0,a)) dt.

If there exists ag such that a(cg) = 0 and o/ (ag) # 0, then there exists § > 0 such
that (1a) has a transverse homoclinic orbit when 0 < |¢| < 4.

Solutions homoclinic to a small solution. Let us consider differential equations
of the form

(25) ex = fo(x) + ef1(z, €, t)
with x € R", € € R and assume

(i) f() and f1 are C3 in all arguments.

(i) fo(0) =

(iii) The elgenvalueb of Dfy(0) lie off the imaginary axis.

(iv) The unperturbed equation has a homoclinic solution. That is, there exists a
differentiable function t — ~(t) such that lim;, ;oo () = lims— oo y(t) = 0
and §(t) = fo(y(2))-

(v) fi(z,e,t 4+ p) = fi(z, €, t) for some p > 0.

(vi) f1 and its derivatives with respect to (z,€) are bounded in (z, ¢) uniformly in
t.

Since (25) does not have an equilibrium at 2 = 0 for € # 0 there cannot be solutions
homoclinic to the origin when € # 0. However, because the origin is hyperbolic, we
can have solutions homoclinic to a small bounded solution. Our next result proves
the existence of this solution. We define the Banach space

Co(R,R™) = {z € C°(R,R") : z(t +p) = 2(t)}

with |[z]| = sup; |2(#)].

Let A = Dfy(0). The linear equation &£ = Az has an exponential dichotomy
given by e? and projections Py and P, with P; + P, = I. From this one gets an
exponential dichotomy for the equation e = Ax with the same projections and
fundamental solution e?*/<.
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In other words, there exist constants C' > 0, M > 0 such that

(26a) ‘eAt/EPle_AS/6 < Ce2MG=t)/e for 5 < t,

(26D) ‘eAt/EPQB_AS/E < Ce2Mi=s)/e fort < s.

Now consider the equation
(27) €t = Az + w
with w € C)(R,R™). The general solution to (27) in CJ(R,R") is # = K.(w) where

1 ‘ 1 0
K. (w)(t) = —eAt/E/ Pre= A% w(s)ds — —eAt/E/ Pye= A%/ (s) ds.
€ t

€ —00

Our next result extends the preceding formula to e = 0.
11. Lemma. Let K. be as above and let w € Cy(R,R™). Then

lim || K. (w) + A~ w| = 0.
e—0
Proof. Write K (w)(t) = Z?:l vi(e,t) where
1 t
p1(6,t) = _eAt/E/ Pre= %/ w(t) ds,
€ —00
1 t
pa(e, t) = —eAt/E/ Pre= 4%/ <[w(s) — w(t)] ds,
€ —00
1 oo
p3(e,t) = —‘eAt/e/ Pye™*/“w(t) ds,
€ t

1 oo
pale t) = —zeAt/E/ Pye= %/ [w(s) — w(t)] ds.
t

The expressions for 1 and @3 can be integrated to yield ¢1(e,t) + ¢3(e€,t) =
—A~Yw(t). Tt remains to show that the remaining terms go to zero.

Let o > 0 be arbitrary and let C, M be as in (26). By the uniform continuity of
w we can choose to such that |w(s) —w(t)| < Ma/C for t —tg < s < ¢, then choose
§ > 0 such that ||w[le2M*o/¢ < e whenever 0 < € < 6.

We divide the integral for |¢2(e, t)| into two parts, namely, —oo < s < t—tg and
t—tg < s <t. Using (26) it is easy to check that each of these is less than or equal
to a/2 so sup, |p2(€,t)| < a. Since a was arbitrary, lim._,q sup, |p2(€,t)] = 0. The
same result follows for ¢4 in a similar fashion.

12. Theorem. There ezist ¢g > 0 and a C' function ¢ : (—€g,€0) — CP(R,R™)
such that ¢(0) =0 and p(€) is a solution to (25).

Proof. Write (25) in the form
et = Az + g(x, €,t)

where A = D fy(0) and g(x,¢,t) = fo(x)— D fo(0)x+e€f1(z, €, t). Using the variation
of constants map, K, from above we can define the C! map

F:C)(R,R") x R — Co(R,R")
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2(t) — K (G(z,€))(t), fore#0,

F(z,€e)(t) = {—A_lfo(z(t))a for e = 0,

where G : C)(R,R") x R — CI(R,R") is defined by G(z,€)(t) = g(z(t),€,t). The
zeros of F' are solutions to (25) and we have F'(0,0) =0 and D, F(0,0) = —I. The
existence of ¢ now follows from the implicit function theorem. O

Let ¢ be as in Theorem 12 and make the change of variable x = y + ¢(€) in (25).
After changing back to z we get the equation

(28) ei = fo(x) + efi(z, 6, t)
where
fi(z,et) = %[fo(x +(e)(t) — fo(@)] + fi(z + @(e)(t), €, 1) — p(e)(t)
= %[fo(ﬂ? +(e)(t) — fo(x) — fole(e)(?))]

+ fl(x + cp(e)(t),e,t) - fl(go(e)(t),e,t).

From the second formula for f; we have f;(0,¢,t) = 0 so Theorem 7 can be used
to obtain homoclinic solutions to (28). Furthermore, this yields solutions to (25)
which are homoclinic to ¢(¢) in the sense that lim—, 1 oo [2(t) — ¢(€)(¢)] = 0.

Note that from the first formula for f; we have

_ d

i), 0,0) = £1(7(8),0,0) + Dfo(r(1) £ (0)(@).
Using (4) we see that the definition of M(e, 3, ) is the same whether one uses f
from (25) or f1 from (28). This means that Theorem 8 can be applied directly to
(25). For (1), Theorem 8 yields for the period map a transverse orbit homoclinic
to the origin. For (25) the fixed point at the origin for the period map is replaced
by a fixed point a distance O(e) from the origin provided by the periodic solution

o(e).
EXAMPLES

We now proceed to illustrate the preceding theory with some examples. To
simplify the formulas we adopt the notation r(t) = secht. Note that we have
# =1 — 2r3. The following values will be needed:

2 4 .2
dt =2 dt = = dt = =,
/_OOT ’ /_mr 3’ /_of 3

Example 1. Consider the equation
i =x—21% +eisinet

which we regard as a first order system in phase space (x,#). This equation has
a hyperbolic fixed point at (0,0) for all sufficiently small e. When e = 0, we get
the familiar Duffing’s equation with negative stiffness, which has two homoclinic
solutions. We consider the one given by x = r.

In the notation of Corollary 9 we have

e 2
ala) = / 7(t)? sin v dt = 3 sin a.

— 00
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The conditions a(ag) = 0, a’(ap) = 0 are satisfied for ag = w. Thus Corollary 9
applies and there exists 4 > 0 such that for —§ < ¢ < § the period map of the
differential equation has a transverse homoclinic orbit.

Example 2. Consider the system of equations

3

& =x— 1% — zy? — ex coset,

y=y— éy3 - zx3 + ey sin et.
3 3
A homoclinic solution, when € = 0, is given by x = y = r. We work in the phase
space (z,4,y,y) and find the eigenvalues of D fy(0) to be {—1,—1,1,1}. Thus, the
system of equations has a hyperbolic equilibrium at the origin for all sufficiently
small |e|. Letting u = (v, 0, w,w) denote a solution to the variational equation we
get

b =v— 4t — 2r2w,

W= w — 4r°w — 2rv.

One solution is given by v = w = 7 and variation of parameter leads to a
second of the form v = w = Pr where P is a differentiable function which satisfies
#(PiY — Pii = Pi?2 = 1, an arbitrary constant. A third solution is given by
v = —w = r and, once again turning to variation of parameter, we get a fourth
solution v = —w = Qr where Q satisfies r(Qr) — Qri- = Qr? = 1.

These four solutions yield a solution, U, as given in Theorem 1 with the projec-
tions arranged as required:

Qr Pr ro7
ool @y @y o
| -Qr Pr —r 7
Q) (PR} i
These calculations show that d = 2. We also have
5 i
1| r 1| r
Uy =5 o ) U’é_ = 5 —
—r 71.

We now compute
1 .
ay(a) = 57‘(—7‘ cosa) — 57‘(7‘ sina) dt = — cos

<1 1 1
asz(a) = / 57’"(—7‘ cosa) + 57*(7* sina) dt = 3 sin v,

— 0o

bi11 = / %’I‘(—4’I‘3) — %r(—12r3) dt = / drt dt = §7

— 00 —00 3
> 1 . 3 1 . 3 > -3
b1y = 57,(_47, )+ 57’(—127“ )dt = —8&rr* dt = 0.
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Thus we have

Ml(evﬁv OZ) = (_ COSO{)ﬁ + 2527

Ms(e, 8, a) = <% sina) €,

1863 csina
Dga)M(e, 8, ) = {3() scosa

We can take ag = 0, ¢g = 1, 52 = %. Theorem 8 now applies. There exists

0 > 0 such that when 0 < € < § the period map for the differential equation has
a transverse homoclinic solution. We can also use ag = 7, €9 = —1, 32 = 3/8 so
that, in fact, we can take —§ < €d for some 6 > 0.

10.

11.

12.

13.
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