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Dedicated to Professor V. K. Balachandran on the occasion of his seventieth birthday

Abstract. Let T be a locally compact Hausdorff space and let Co(T ) = {f :
T → C, f is continuous and vanishes at infinity} be provided with the supre-
mum norm. Let Bc(T ) and Bo(T ) be the σ-rings generated by the compact
subsets and by the compact Gδ subsets of T , respectively. The members of
Bc(T ) are called σ-Borel sets of T since they are precisely the σ-bounded Borel
sets of T . The members of Bo(T ) are called the Baire sets of T . M(T ) denotes
the dual of Co(T ). Let X be a quasicomplete locally convex Hausdorff space.
Suppose u : Co(T ) → X is a continuous linear operator. Using the Baire and
σ-Borel characterizations of weakly compact sets in M(T ) as given in a previ-
ous paper of the author’s and combining the integration technique of Bartle,
Dunford and Schwartz, we obtain 35 characterizations for the operator u to
be weakly compact, several of which are new. The independent results on the
regularity and on the regular Borel extendability of σ-additive X-valued Baire
measures are deduced as an immediate consequence of these characterizations.
Some other applications are also included.

1. Introduction

For a locally compact Hausdorff space T , let Co(T ) be the Banach space of all
continuous complex functions vanishing at infinity in T , endowed with the supre-
mum norm. Let B(T ) be the σ-algebra of Borel sets in T , which is the σ-algebra
generated by the class of all open sets in T . The dual of Co(T ) is the Banach space
M(T ) of all bounded complex Radon measures on T , and by Theorem 5.3 of [Pa2]
it is isometrically isomorphic to the Banach space of all Borel regular complex mea-
sures µ on B(T ), endowed with the norm ||µ|| = |µ|(T ), where |µ| is the variation
of µ in B(T ). Hence, we identify M(T ) with the Banach space of all Borel regular
complex measures on B(T ). Let X be a quasicomplete locally convex Hausdorff
space (briefly, a quasicomplete lcHs) and let u : Co(T ) → X be a continuous linear
map. Grothendieck gave in [G] some necessary and sufficient conditions for u to be
weakly compact.
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He studied in [G] some topological and range properties of the adjoint u∗ and
the biadjoint u∗∗ of the continuous linear operator u : Co(T ) → X , characterized
weakly compact subsets of M(T ) and proved some deep results such as Theorems
1 and 3 and Proposition 11 of [G], to obtain the characterization theorem ([G],
Theorem 6) for weakly compact operators u on Co(T ).

Most of the results obtained in Sections 1.1, 1.2, 2.1 and 3.1 of [G] play a key role
in the proof of the said characterization theorem. Moreover, the major part of the
results proved in [G] are given only for the space C(K) with K compact Hausdorff,
and it is remarked that the results hold also for Co(T ) with T locally compact
and Hausdorff. Later, the results of Grothendieck [G] were proved in detail for the
locally compact case in Sections 4.21, 4.22 and 9.1–9.4 in Edwards [E]. (In this
context see Remarks 3 and 4 below.)

Recently, in [Pa4] we obtained several characterizations of weakly compact sets
in M(T ) in terms of the Baire and σ-Borel restrictions of the members of the
set in question. Using these characterizations and those of Theorem 2 of [G] and
combining the integration technique of Bartle-Dunford-Schwartz [BDS], we obtain
35 characterizations for a continuous quasicomplete lcHs-valued operator on Co(T )
to be weakly compact. Several of them are new. The advantage of the present
study is that as in [BDS] the strict Dunford-Pettis property of Co(T ) is not needed
and, in fact, it is deduced from these characterization theorems. Also the use of
other deep results such as Theorem 3 and Proposition 11 of [G] is dispensed with.
Moreover, all the arguments are given directly for the locally compact space case,
without reducing to the compact or compact metrizable case as is done in [E, G].

Further, the isolated results on σ-additive vector valued Baire measures as in
[DK, DL, K] are deduced as consequences of the present study. Also included are
new proofs of Theorem 5 of [Pe] and of Theorem 5.3 (bounded Radon measure case)
of [Th], avoiding the technique of reduction to the metrizable compact case.

2. Preliminaries

In this section we fix notation and terminology and also give some definitions
and results from [Di], [E], [G], [Ha] and [Pa4].

Let T be a locally compact Hausdorff space and let Co(T ) be the Banach space
of all complex continuous functions vanishing at infinity in T , endowed with the
supremum norm || · ||T . Let B(T ) be the σ-algebra of Borel sets in T , which is
the σ-algebra generated by the class of all open sets in T . Then the dual of Co(T )
is the Banach space M(T ) of all bounded complex Radon measures on T , and by
Theorem 5.3 of [Pa2] it is isometrically isomorphic to the Banach space of all Borel
regular complex measures µ on B(T ) endowed with the norm ||µ|| = var(µ, T ),
where the variation of µ is taken with respect to B(T ). We denote by C(T ) (resp.
Co(T )) the class of all compact subsets (resp. compact Gδ subsets) of T . Bc(T )
is the σ-ring generated by the class C(T ), and its members are called σ-Borel sets
of T since they are precisely the σ-bounded Borel sets of T . Bo(T ) is the σ-ring
generated by the class Co(T ), and its members are called the Baire sets of T .

We recall the following lemma from [Pa4] before proceeding with some defini-
tions.

Lemma 1. For µ ∈ M(T ), let |µ|(·) = var(µ, (·)) in B(T ). Then

|µ||Bo(T )(·) = var(µ|Bo(T ), (·)) and |µ||Bc(T )(·) = var(µ|Bc(T ), (·)).
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Notation 1. For µ ∈ M(T ), let |µ|(·) = var(µ, (·)) on B(T ).

In the light of Lemma 1, the variations used in the following definition are
unambiguously defined.

Definition 1. Let S be a σ-ring of sets in T such that C(T ) ⊂ S or Co(T ) ⊂ S. A
complex measure µ on S is said to be S-regular if, given E ∈ S and ε > 0, there exist
a compact set K ∈ S and an open set U ∈ S with K ⊂ E ⊂ U such that |µ(B)| < ε
for every B ∈ S with B ⊂ U\K. When S = B(T ) (resp. Bc(T ), Bo(T )), we use the
terminology Borel (resp. σ-Borel, Baire) regularity in place of S-regularity. Let A
be a subset of M(T ). We say that A is uniformly Baire inner regular (resp. Baire
regular) in a set E ∈ Bo(T ) if, given ε > 0, there exists a compact K ∈ Bo(T )
with K ⊂ E (resp. and an open Baire set O in T with K ⊂ E ⊂ O) such that
supµ∈A |µ|(E\K) < ε (resp. such that supµ∈A |µ|(O\K) < ε). If A is uniformly
Baire inner regular (resp. Baire regular) in each Baire set, then A is said to be
uniformly Baire inner regular (resp. Baire regular). Similarly, the uniform Borel
(resp. σ-Borel) regularity and inner regularity of A and those of A in a Borel (resp.
σ-Borel) set E are defined.

By Theorem 51.D of [Ha], a compact Baire set in T is a Gδ.
It is well known that every complex Baire measure µo is Baire regular and that

it has a unique extension µ to B(T ) (resp. µc to Bc(T )) such that µ is a Borel
(resp. µc is a σ-Borel) regular complex measure. Moreover, µ|Bc(T ) = µc. (See, for
example, Theorem 2.4 of [Pa2].)

The following proposition which is a combination of Theorems 1 and 2 of [Pa4],
plays a key role in Section 5.

Proposition 1. Let A be a bounded set in M(T ). Then the following statements
are equivalent:

(i) A is relatively weakly compact.
(ii) For each disjoint sequence (Ui) of open Baire sets (resp. (ii)′ open sets, (ii)′′

σ-Borel open sets) in T , limi µ(Ui) = 0 uniformly in µ ∈ A.
(iii) (a) A is uniformly Baire (resp. (a) ′ Borel, (a) ′′ σ-Borel) inner regular in

each open Baire (resp. open, σ-Borel open) set U in T .
(b) For each ε > 0, there exists a compact K ∈ Bo(T ) (resp. (b) ′′ K ∈ C(T ))

such that

sup
µ∈A

|µ|(T \K) < ε.

(Note that (i) ⇔ (iii)(a) ′.)
(iv) A is uniformly Baire (resp. (iv)′ Borel, (iv)′′ σ-Borel) inner regular.
(v) A|Bo(T ) (resp. (v) ′ A|B(T ), (v) ′′ A|Bc(T )) is uniformly σ-additive.
(vi) A is uniformly Baire (resp. (vi) ′ Borel, (vi) ′′ σ-Borel) regular.

The following result is also used in Section 5.

Proposition 2. Bo(T ) is also the σ-ring generated by the class of all relatively
compact open Baire sets. Each open Baire set U in T is a countable union of
compact Gδs in T .

For a proof of the above proposition the reader can refer to §14, Chapter III of
[Di].
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A vector measure is an additive set function defined on a ring of sets with values
in a lcHs. In the sequel X denotes a lcHs with topology τ .

The strong topology β(X∗, X) of X∗ is the locally convex topology induced by the
seminorms {pB : B bounded in X}, where pB(x∗) = supx∈B |x∗(x)|. X∗∗ denotes
the dual of (X∗, β(X∗, X)) and is endowed with the locally convex topology τe of
uniform convergence in equicontinuous subsets of X∗. Note that (X∗, β(X∗, X))
and (X∗∗, τe) are lcHs.

It is well known that the canonical injection J : X → X∗∗ given by 〈Jx, x∗〉 =
〈x, x∗〉 for all x ∈ X and x∗ ∈ X∗ is linear. On identifying X with JX ⊂ X∗∗, one
has τe|JX = τe|X = τ .

Definition 2. A linear mapping u : Co(T ) → X is called a weakly compact operator
on Co(T ) if {uf : ||f ||T ≤ 1 } is relatively weakly compact in X .

Let E and F be lcHs and let u : E → F be a continuous linear map. Then the
adjoint u∗ and the biadjoint u∗∗ of u are well defined linear maps with u∗ : F ∗ → E∗

and u∗∗ : E∗∗ → F ∗∗.

Proposition 3. Let E and F be lcHs and let u : E → F be a continuous lin-
ear map. Then u∗ : (F ∗, σ(F ∗, F )) → (E∗, σ(E∗, E)) is continuous and u∗∗ :
(E∗∗, τe) → (F ∗∗, τe) is continuous.

See the corollary to Proposition 1, §12, Chapter 3 of [Ho] and Proposition 8.7.2
of [E].

The following result (Corollary 9.3.2 of [E], which is essentially due to Lemma
1 of [G]) is indispensable in the study of weakly compact operators on Co(T ) in
Section 5.

Proposition 4. Let E and F be lcHs with F quasicomplete. If u : E → F is
linear and continuous, then u maps bounded subsets of E into relatively weakly
compact subsets of F if and only if u∗(A) is relatively σ(E∗, E∗∗)-compact for each
equicontinuous subset A of F ∗.

3. Integration of bounded S-measurable scalar functions

In this section we define the integral of a bounded S-measurable scalar function
with respect to an X-valued vector measure m defined on a σ-ring S, where m
is either σ-additive or bounded and X is a quasicomplete lcHs. To this end, we
introduce the following additional notation and terminology.

For each τ -continuous seminorm p on X , let p(x) = ||x||p, x ∈ X , and let
Xp = (X, ||·||p) be the associated seminormed space. The completion of the quotient
normed space Xp/p−1(0) is denoted by X̃p. Let Πp : Xp → Xp/p−1(0) ⊂ X̃p be
the canonical quotient map.

Let S be a σ-ring of subsets of a nonempty set Ω. Given a vector measure
m : S → X , for each τ -continuous seminorm p on X let mp : S → X̃p be given by
mp(E) = Πp ◦m(E) for E ∈ S. Then mp is a Banach space valued vector measure
on S. We define the p-semivariation ||m||p of m by

||m||p(E) = ||mp||(E) for E ∈ S
and

||m||p(Ω) = ||mp||(Ω) = sup
E∈S

||mp||(E),
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where ||mp|| is the semivariation of the vector measure mp : S → X̃p. When m
is σ-additive, then mp is a Banach space valued σ-additive vector measure, and
hence, by a well known result on vector measures, ||m||p(Ω) = ||mp||(Ω) < ∞.

An X-valued vector measure m on a σ-ring S of subsets of Ω is said to be bounded
if for each continuous seminorm p on X , ||m||p(Ω) < ∞.

For an S-simple scalar function s =
∑r

i=1 λiχEi , λi 6= 0, Ei ∈ S, Ei∩Ej = ∅ for
i 6= j, i, j = 1, 2, ..., r, and for an lcHs-valued bounded vector measure m we define∫

E

sdm =
r∑

i=1

λim(E ∩ Ei)

for E ∈ S. It is easy to verify that
∫

E sdm is well defined, and for each E fixed in
S it is linear on the normed space S(S) of all S-simple scalar functions endowed
with the supremum norm || · ||Ω.

Proposition 5. Let (sn) and (s′n) be sequences of S-simple scalar functions, con-
verging uniformly to a function f in Ω. Suppose m : S → X is σ-additive or is a
bounded vector measure, where X is a quasicomplete lcHs. Then:

(i) (
∫

E sndm ) is uniformly Cauchy in X for E ∈ S.

(ii) limn

∫
E

sndm = limn

∫
E

s′ndm ∈ X for each E ∈ S.

Proof. Let p be a τ -continuous seminorm on X and let ε > 0. Since ||mp||(Ω) < ∞,
we can choose no such that ||sn − s`||Ω < ε

||mp||(Ω) for n, ` ≥ no. Then

||
∫

E

sndm−
∫

E

s`dm||p = ||
∫

E

(sn − s`)dmp||p ≤ ||sn − s`||Ω||mp||(Ω) < ε

for n, ` ≥ no and for all E ∈ S. Hence (i) holds.
As X is sequentially complete, by (i) there exist vectors xE , x′E in X such that

limn

∫
E sndm = xE and limn

∫
E s′ndm = x′E for E ∈ S. Then

||xE − x′E ||p ≤ ||
∫

E

sndm− xE ||p + ||
∫

E

sndm−
∫

E

s′ndm||p

+ ||
∫

E

s′ndm− x′E ||p → 0

as n →∞, since

||
∫

E

sndm−
∫

E

s′ndm||p ≤ ||sn − s′n||Ω||mp||(Ω) → 0

as n → ∞. As the τ -continuous seminorm p is arbitrary, it follows that xE = x′E
for each E ∈ S. Hence (ii) holds.

Definition 3. Let f be a bounded S-measurable scalar function so that there exists
a sequence (sn) of S-simple scalar functions such that sn → f uniformly in Ω. If
m : S → X is σ-additive or is additive and bounded, and X is a quasicomplete
lcHs, then we say that f is m-integrable and define∫

E

fdm = lim
n

∫
E

sndm

for each E ∈ S.
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In the light of Proposition 5, for a bounded S-measurable scalar function f ,∫
E fdm is well defined. Since N(f) = {w ∈ Ω : f(w) 6= 0} ∈ S, we then define∫

Ω

fdm =
∫

N(f)

fdm.

The following proposition is immediate from Definition 3.

Proposition 6. Let X be a quasicomplete lcHs. If f and g are bounded S-measur-
able scalar functions, α, β are scalars, m : S → X is σ-additive or bounded and
additive, and E ∈ S, then the following hold:

(i)
∫

E
(αf + βg)dm = α

∫
E

fdm + β
∫

E
g dm.

(ii) ||
∫

E fdm||p ≤ ||f ||E ||mp||(E) ≤ ||f ||Ω||mp||(Ω) = ||f ||Ω||m||p(Ω) for each
τ-continuous seminorm p on X.

(iii) For each x∗ ∈ X∗, x∗(
∫

E fdm) =
∫

E fd(x∗m).

Proposition 7 (Lebesgue bounded convergence theorem). Let X be a quasicom-
plete lcHs and let m : S → X be σ-additive. If (fn) is a bounded sequence of
S-measurable scalar functions with lim

n
fn(w) = f(w) for each w ∈ Ω, then f is

m-integrable and ∫
E

fdm = lim
n

∫
E

fndm

for each E ∈ S.

Proof. For each E ∈ S, SE = S∩E is a σ- algebra in E. Then for each τ -continuous
seminorm p on X , by Theorem II.4.1 of [DU], we have

||
∫

E

fndm−
∫

E

fdm||p = ||
∫

E

fndmp −
∫

E

fdmp||p → 0

as n →∞. Hence the proposition holds.

Remark 1. Using the Egoroff-Lusin theorem for continuous submeasures, one can
also show that the limit in the above proposition is uniform with respect to E ∈ S.
(See Theorem 1 of [Do].)

4. Representation of X-valued continuous
linear transformations on Co(T )

The following result is analogous to Theorem VI.2.1 of [DU] for a lcHs-valued
continuous linear map on Co(T ), and plays a fundamental role in Sections 5 and 6.

Theorem 1. Let X be an lcHs. Let u : Co(T ) → X be a continuous linear trans-
formation.Then there exists an X∗∗-valued vector measure m on B(T ) with the
following properties:

(i) x∗m ∈ M(T ) for each x∗ ∈ X∗, and consequently m : B(T ) → X∗∗ is σ-
additive in the σ(X∗∗, X∗)-topology.

(ii) The mapping x∗ → x∗m of X∗ into M(T ) is weak*-weak* continuous.
(iii) x∗uf =

∫
T fdx∗m for each f ∈ Co(T ) and x∗ ∈ X∗.

(iv) {m(E) : E ∈ B(T )} is τe-bounded in X∗∗.
Conversely, let m : B(T ) → X∗∗ be a vector measure satisfying (i) and (ii). Then
there exists a unique continuous linear transformation u : Co(T ) → X such that
(iii) holds. Moreover, m(E) = u∗∗(χE) for E ∈ B(T ) and m satisfies (iv).
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Finally, the vector measure m satisfying (i)-(iii) is uniquely determined by the
continuous linear transformation u and has τe-bounded range in X∗∗.

Proof. Note that u∗ : X∗ → M(T ) and u∗∗ : C∗∗
o (T ) → X∗∗ are linear. Since each

bounded Borel measurable scalar function f on T can be identified with a unique
element ı(f) ∈ C∗∗

o (T ) such that ||f ||T = ||ı(f)||, we shall identify {χE : E ∈ B(T )}
as a subset of C∗∗

o (T ). Let us define m : B(T ) → X∗∗ by putting m(E) = u∗∗(χE)
for E ∈ B(T ). Then m is clearly additive. Moreover, u∗x∗ ∈ M(T ) for each x∗ ∈ X∗

and hence there exists a unique µx∗ ∈ M(T ) such that u∗x∗ = µx∗ . Consequently,

µx∗(E) = (u∗x∗)(E) = 〈u∗x∗, χE〉 = 〈x∗, u∗∗(χE)〉 = 〈x∗, m(E)〉 = (x∗m)(E)

for each E ∈ B(T ). Hence µx∗ = u∗x∗ = x∗m for x∗ ∈ X∗. Thus (i) holds.
By the first part of Proposition 3,

u∗ : (X∗, σ(X∗, X)) → (M(T ), σ(M(T ), Co(T )))

is continuous, whence (ii) follows.
Since

x∗(uf) = 〈uf, x∗〉 = 〈f, u∗x∗〉 = 〈f, x∗m〉 =
∫

T

fd(x∗m)

for each f ∈ Co(T ) and x∗ ∈ X∗, (iii) holds.
By the second part of Proposition 3 and by Theorem 1.32 of Rudin [R], {m(E) :

E ∈ B(T )} = {u∗∗(χE) : E ∈ B(T )} is τe-bounded in X∗∗, and hence (iv) holds.
Conversely, let m : B(T ) → X∗∗ be a vector measure satisfying (i) and (ii).

Let x∗ ∈ X∗. Then by (i) there exists µx∗ ∈ M(T ) such that x∗m = µx∗ , and
by (ii) the mapping V : X∗ → M(T ) given by V x∗ = µx∗ is linear and weak*-
weak* continuous. For f ∈ Co(T ), let Vf : X∗ → C be given by Vf (x∗) =
〈f, V x∗〉 =

∫
T

fdµx∗ . Then by the weak*-weak* continuity of V it follows that
Vf is a σ(X∗, X)-continuous linear functional on X∗ for each f ∈ Co(T ). Conse-
quently, there exists a unique vector xf ∈ X such that Vfx∗ = x∗(xf ) for each
x∗ ∈ X∗. Let uf = xf , f ∈ Co(T ). Clearly, u : Co(T ) → X is linear. Moreover,

sup
||f ||T≤1

|x∗uf | = sup
||f ||T≤1

|x∗xf | = sup
||f ||T≤1

|Vfx∗|

= sup
||f ||T≤1

|
∫

T

fd(x∗m)| ≤ |x∗m|(T ) < ∞

for each x∗ ∈ X∗. Consequently, {uf : ||f ||T ≤ 1} is weakly bounded in X and
hence τ -bounded by Theorem 3.18 of Rudin [R]. Then by Theorem 1.32 of Rudin
[R], u is continuous. Moreover,

x∗uf = x∗xf = Vfx∗ =
∫

T

fd(x∗m)(4.1)

for each f ∈ Co(T ) and x∗ ∈ X∗. Thus the continuous linear transformation u
satisfies (iii).

If there exists another continuous linear transformation v : Co(T ) → X such
that x∗vf =

∫
T fd(x∗m) for each x∗ ∈ X∗ and f ∈ Co(T ), then by (4.1) and by

the Hahn-Banach theorem we have v = u.
Let m1 be the vector measure defined on B(T ) by m1(E) = u∗∗(χE). Then

as shown in the proof of the first part we have u∗x∗ = x∗m1 for each x∗ ∈ X∗,
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x∗uf =
∫

T
fd(x∗m1) for f ∈ Co(T ) and x∗ ∈ X∗, and m1 has τe-bounded range in

X∗∗. Then by (4.1) we have

x∗uf =
∫

T

fd(x∗m1) =
∫

T

fd(x∗m)

for f ∈ Co(T ). Since x∗m, x∗m1 are regular complex Borel measures on T , by the
uniqueness part of the Riesz representation theorem it follows that x∗m = x∗m1

on B(T ) for each x∗ ∈ X∗, and hence m1 = m. Consequently, m has τe-bounded
range.

Definition 4. Given a continuous linear transformation u : Co(T ) → X , the
unique X∗∗-valued vector measure m satisfying (i)-(iii) of Theorem 1 is called the
representing measure of u.

5. Characterizations of X-valued
weakly compact operators on Co(T )

Making use of the results of the earlier sections, we obtain 35 characterizations
of a quasicomplete lcHs-valued weakly compact operator on Co(T ). Among them
are Gothendieck’s characterizations from Remark 2 of [G], as well as several new
ones. For convenience of exposition we give these characterizations through eight
theorems, instead of all in a single theorem. The equivalent statements given in
these theorems are numbered successively, and they will be referred to as (viii),
(xii), etc. without mentioning the theorem in which they appear.

Motivated by Definition 3.2 of [Pa1], we give the following notions of regularity
for a vector measure.

Definition 5. Let R be a ring of sets in T with R ⊃ C(T ) or R ⊃ Co(T ). Let
m : R→ X be a vector measure. Then m is said to be R-regular or simply regular
(resp. R-outer regular or simply outer regular, R-inner regular or simply inner
regular) in E ∈ R if, given ε > 0 and a τ -continuous seminorm p on X , there exist
a compact set K ∈ R and an open set U ∈ R with K ⊂ E ⊂ U (resp. there
exists an open set U ∈ R with E ⊂ U , there exists a compact set K ∈ R with
K ⊂ E) such that for each B ∈ R with B ⊂ U\K (resp. with B ⊂ U\E, with
B ⊂ E\K) we have p(m(B)) < ε. Even though T does not belong to R, one can
define R-inner regularity of m in T on similar lines. The vector measure m is said
to be R-regular or simply regular (resp. R-outer regular or simply outer regular,
R-inner regular or simply inner regular) if it is so in each E ∈ R. When R = B(T )
(resp. Bc(T ), Bo(T )), we use the terminolgy Borel (resp. σ-Borel, Baire) regularity
or outer regularity or inner regularity.

Remark 2. In Definition 5 one can restrict to any family of τ -continuous seminorms
on X which induces the topology τ in X .

Notation 2. For a set E in X∗, pE(x∗∗) = sup
x∗∈E

|x∗∗(x∗)|, x∗∗ ∈ X∗∗.

Lemma 2. Let X be a quasicomplete lcHs and let u : Co(T ) → X be a continuous
linear map. Then u∗E is bounded in M(T ) for each equicontinuous set E in X∗.

Proof. Let m be the representing measure of u. Then from the proof of Theorem
1(i) we have u∗E = {x∗ ◦ m : x∗ ∈ E}. As m has τe-bounded range by Theorem
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1(iv), it follows that

sup
x∗∈E

|x∗ ◦m|(T ) ≤ 4 sup
x∗∈E,A∈B(T )

|(x∗ ◦m)(A)| = 4 sup
A∈B(T )

pE(m(A)) < ∞.

Thus u∗E is bounded in M(T ).

Theorem 2. Let u : Co(T ) → X be a continuous linear transformation, where X
is a quasicomplete lcHs, and let m : B(T ) → X∗∗ be the representing measure of u.
Then the following statements are equivalent:

(i) u is weakly compact.
(ii) The range of m is contained in X.
(iii) m is σ-additive in the topology τe of X∗∗.

Proof. (i) ⇒ (ii). By the equivalence of (1) and (2) of Lemma 1 of Grothendieck
[G], u is weakly compact if and only if u∗∗(C∗∗

o (T )) ⊂ X . Since m(E) = u∗∗(χE)
for E ∈ B(T ), (i) ⇒ (ii). (Note that the quasicompleteness of X is not needed for
this implication.)

(ii) ⇒ (iii). By Theorem 1(i) and the hypothesis (ii), the vector measure m is σ-
additive in σ(X, X∗)-topology. Since τe|X = τ , now (iii) holds by the Orlicz-Pettis
theorem (see, for example, [M]).

(iii) ⇒ (i). Let (Un) be a disjoint sequence of open sets in T and let E be an
equicontinuous subset of X∗. If U =

⋃∞
n=1 Un, then (iii) implies that ||m(Un)||pE →

0 as n →∞. In other words, limn x∗ ◦m(Un) = 0 uniformly in x∗ ∈ E. Since u∗E
is bounded in M(T ) by Lemma 2, and since u∗x∗ = x∗ ◦m, by the equivalence of
(i) and (ii) ′ of Proposition 1 it follows that u∗E is relatively weakly compact in
M(T ). Then by Proposition 4, u is weakly compact and hence (i) holds.

Theorem 3. Let X, u and m be as in Theorem 2. Then u is weakly compact if and
only if any one of the following conditions holds:

(iv) m(U) ∈ X for all open sets U in T .
(v) m(F ) ∈ X for all closed sets F in T .
(vi) m(U) ∈ X for all open sets U in T which are σ-Borel.
(vii) m(U) ∈ X for all open Baire sets U in T .
(viii) m(U) ∈ X for all open sets U in T which are σ-compact in T .
(ix) m(F ) ∈ X for all closed sets F in T which are Gδ.
(x) m(U) ∈ X for all open sets U in T which are a countable union of closed

sets in T .
(xi) For each increasing sequence (fn)∞1 ⊂ C0(T ), with 0 ≤ fn ≤ 1, (ufn)

converges weakly in X.

Proof. Obviously (iv) ⇒ (v) ⇒ (ix); (iv) ⇒ (vi) ⇒ (vii); (iv) ⇒ (viii); (iv) ⇒
(x) and (x) ⇒ (viii). Moreover, (viii) ⇒ (vii) by Proposition 2 and (i) ⇒ (iv) by
Theorem 2.

(vii) ⇒ (i). Let (Un) be a disjoint sequence of open Baire sets in T and let
U =

⋃∞
n=1 Un. Then by Theorem 1(i), the hypothesis (vii) and the Orlicz-Pettis

theorem, m(U) =
∑∞

n=1 m(Un) in the topology τ of X . Let E be an equicontinuous
set in X∗. Since τe|X = τ , it follows that ||m(Un)||pE → 0. Then the argument in
the proof of (iii) ⇒ (i) of Theorem 2 holds here verbatim except that we have to
invoke the equivalence of (i) and (ii) of Proposition 1 instead of that of (i) and (ii) ′

of Proposition 1. Hence u is weakly compact.
(ix) ⇒ (vii). Let U be an open Baire set in T . Then by Proposition 2, U is of

the form U =
⋃∞

n=1 Kn with Kn ∈ Co(T ) for each n. Then T \U =
⋂∞

n=1(T \Kn)
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is a Gδ. Thus (ix) implies that m(T ) and m(T \U) belong to X . Then m(U) =
m(T )−m(T \U) ∈ X , and hence (vii) holds.

(vii) ⇒ (viii) since (iv) ⇔ (vii) and (iv) ⇒ (viii).
(viii) ⇒ (x) since (viii) ⇒ (vii) ⇔ (iv), and (iv) ⇒ (x).
(i) ⇒ (xi). Let (fn)∞1 be an increasing sequence in Co(T ), with 0 ≤ fn ≤ 1.

Clearly, limn fn(t) = f(t) exists in [0,1] for each t ∈ T , and moreover, f is Borel
measurable. Then by Proposition 7, Theorem 2 and the fact that τe|X = τ we have

lim
n

∫
T

fndm =
∫

T

fdm ∈ X

in the topology τ of X . Consequently, by Theorem 1(iii) and Proposition 6(iii)

lim
n

x∗ufn = lim
n

∫
T

fnd(x∗m) = x∗(
∫

T

fdm)

for each x∗ ∈ X∗. Hence (xi) holds.
(xi) ⇒ (vii). Let U be an open Baire set in T . Then by Proposition 2, U is

the union of an increasing sequence (Kn) of compact Gδ subsets of T . Then by
Urysohn’s lemma there exists an increasing sequence (gn)∞1 of nonnegative contin-
uous functions with compact support such that gn ↗ χU . Therefore, by hypothesis
there exists a vector xo ∈ X such that x∗ugn → x∗(xo) for each x∗ ∈ X∗. On the
other hand, by Theorem 1(iii) and by the Lebesgue dominated convergence theorem
we have

lim
n

x∗ugn = lim
n

∫
T

gnd(x∗m) =
∫

T

χUd(x∗m) = (x∗m)(U)

for each x∗ ∈ X∗. Thus x∗(m(U) − xo) = 0 for each x∗ ∈ X∗. Since xo ∈ X and
m(U) ∈ X∗∗, it follows that m(U) = xo ∈ X . Hence (vii) holds.

Remark 3. An alternative proof of (i) ⇒ (xi) without using Proposition 7 is given
in Grothendieck [G]. Since (fn) is weakly Cauchy, u is weakly compact and Co(T )
has the strict Dunford-Pettis property, it follows that (ufn) is Cauchy in the qua-
sicomplete lcHs X and hence (ufn) converges in the topology τ of X . Thus, in
particular, it is weakly convergent. Our proof does not use the strict Dunford-
Pettis property of Co(T ), which will later be deduced in Section 6 (see Theorem
11) as a consequence of Theorems 1 and 2 and Proposition 7. In this connection
we would also like to point out that the argument in the proof of (1) implies (3)
of Theorem 9.4.10 of Edwards [E] is incorrect and has to be replaced as above,
invoking the strict Dunford-Pettis property of Co(T ).

Remark 4. When T is compact and Hausdorff, Grothendieck proved in [G] the
equivalence of the statements (i), (v), (ix) and (xi) (see Theorem 6 of [G]). Then
he commented in Remark 2 on p.161 of [G] that the theorem holds also for locally
compact Hausdorff spaces, but did not provide details. Later, Edwards provided
details for the general case in the proof of Theorem 9.4.10 of [E], but unfortunately
his proof of (3) ⇒ (2 bis) is incorrect. However, Theorems 2 and 3 above establish
its validity in the general case. Moreover, even for the compact case, Grothendieck’s
proof needs his deep results such as Theorem 3 and Proposition 11 of [G]. On the
other hand, our proof given here is not only more elementary but also is applicable
to the general locally compact case.
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Theorem 4. Let X, u and m be as in Theorem 2. Let mc = m|Bc(T ) and mo =
m|Bo(T ). Then u is weakly compact if and only if any one of the following equivalent
statements holds:

(xii) mc is σ-additive in the topology τe of X∗∗.
(xiii) mo is σ-additive in the topology τe of X∗∗.
(xiv) mc has range in X.
(xv) mo has range in X.

Proof. In the light of Theorem 2, it suffices to show that (xiii) ⇒ (i) and (xv) ⇒
(xiii).

(xiii) ⇒ (i). Let (Un) be a disjoint sequence of open Baire sets in T with U =⋃∞
1 Un. Then, by hypothesis (xiii), mo(U) =

∑∞
1 mo(Un) in the topology τe of

X∗∗, and hence limn mo(Un) = 0 in τe of X∗∗. Thus, for each equicontinuous set
E in X∗, ||mo(Un)||pE → 0 as n → ∞. In other words, limn(x∗ ◦ mo)(Un) = 0
uniformly in x∗ ∈ E. Since u∗x∗ = x∗ ◦ m and since u∗E is bounded in M(T ) by
Lemma 2, by the equivalence of (i) and (ii) of Proposition 1 it follows that u∗E is
relatively weakly compact in M(T ). Now by Proposition 4 we conclude that u is
weakly compact.

(xv) ⇒ (xiii). Since mo is σ-additive in the σ(X∗∗, X∗)-topology by Theorem
1(i) and since mo has range in X , by the Orlicz-Pettis theorem mo is σ-additive in
the topology τ of X . Since τe|X = τ , the statement (xiii) holds.

Let us recall that a vector measure ν defined on a ring of sets R with values
in a lcHs X is said to be strongly additive if for each disjoint sequence (En) ⊂ R
we have limn ν(En) = 0. Since in the proof of (xiii) ⇒ (i) we have used only the
fact that limn mo(Un) = 0 for a disjoint sequence of open Baire sets (Un) in T ,
and since σ-additivity in a σ-ring implies strong additivity, the following theorem
is immediate.

Theorem 5. Let X, u, m, mc and mo be as in Theorem 4. Then u is weakly com-
pact if and only if any one of the following conditions holds:

(xvi) m is strongly additive in the topology τe of X∗∗.
(xvii) mc is strongly additive in the topology τe of X∗∗.
(xviii) mo is strongly additive in the topology τe of X∗∗.

Theorem 6. Let X, u and m be as in Theorem 2. Then u is weakly compact if and
only if any one of the following conditions holds, where the regularities referred to
are with respect to the topology τe of X∗∗.

(xix) m is Borel regular.
(xx) m is Borel inner regular.
(xxi) m is Borel inner regular in each open set in T .
(xxii) m is Borel outer regular in each compact set in T and Borel inner regular

in the set T .

Proof. (i) ⇒ (xix). Let A ∈ B(T ), ε > 0, and E an equicontinuous set in X∗.
It suffices to show that there exist a compact K and an open set U in T with
K ⊂ A ⊂ U such that pE(m(B)) < ε for all B ∈ B(T ) with B ⊂ U\K. Since u
is weakly compact, by Proposition 4 u∗E is relatively weakly compact in M(T ),
and hence, by the equivalence of (i) and (vi) ′ of Proposition 1 and by the fact that
u∗x∗ = x∗ ◦m, the statement (xix) holds.

Obviously, (xix) ⇒ (xx) ⇒ (xxi).
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(xxi) ⇒ (i). Let U be an open set in T and let ε > 0. Given an equicontinuous set
E in X∗, by hypothesis there exists a compact set K ⊂ U such that pE(m(B)) < ε
for all B ∈ B(T ) with B ⊂ U\K. Thus supx∗∈E |(x∗ ◦ m)(B)| < ε for all such
B. Since x∗ ◦ m = u∗x∗ and since u∗E is bounded in M(T ) by Lemma 2, by
the equivalence of (i) and (iii)(a) ′ of Proposition 1 it follows that u∗E is relatively
weakly compact in M(T ). Then u is weakly compact by Proposition 4.

(xix) ⇒ (xxii). Obvious.
(xxii) ⇒ (i). Let K be compact in T and ε > 0. By hypothesis, given an

equicontinuous set E in X∗, there exists an open set U with K ⊂ U such that
pE(m(B)) < ε for all B ∈ B(T ) with B ⊂ U\K. Then by Lemma 2 u∗E is
bounded, and supx∗∈E |(x∗ ◦m)(B)| < ε for all such B. The Borel inner regularity
of m in T implies as in the proof of (xxi) ⇒ (i) that there exists a compact set K
in T such that supµ∈u∗E |µ(B)| < ε for all B ∈ B(T ) with B ⊂ T \K. Thus by
Theorem 4.22.1 of Edwards [E], u∗E is relatively weakly compact in M(T ). Now
an appeal to Proposition 4 proves that u is weakly compact.

Theorem 7. Let X, u, m and mc be as in Theorem 4. Then u is weakly compact if
and only if any one of the following conditions holds, where the regularities referred
to are with respect to the topology τe of X∗∗.

(xxiii) The vector measure mc is σ-Borel regular.
(xxiv) The vector measure mc is σ-Borel inner regular.
(xxv) The vector measure mc is σ-Borel inner regular in each σ-Borel open set

U in T and in the set T .
(xxvi) The vector measure mc is σ-Borel outer regular in each compact subset

of T and is σ-Borel inner regular in the set T .

Proof. Let E be an equicontinuous set in X∗ and let ε > 0.
Following an argument similar to that in the proof of (i) ⇒ (xix) (resp. of (xxi)

⇒ (i) with obvious modifications) and appealing to the equivalence of (i) and (vi) ′′

(resp. of (i) and (iii){(a)′′ and (b)′′}) of Proposition 1, and to Proposition 4, one
can show that (i) ⇒ (xxiii) (resp. (xxv) ⇒ (i)). Clearly, (xxiii) ⇒ (xxiv).

(xxiv) ⇒ (xxv). By Lemma 2 the set u∗E is bounded in M(T ). The hypothesis
(xxiv) then implies that u∗E is uniformly σ-Borel inner regular, and consequently,
by the equivalence of (iv)′′ and (iii){(a)′′ and (b)′′} of Proposition 1 the statement
(xxv) holds.

(xxiii) ⇒ (xxvi). u∗E is bounded in M(T ) by Lemma 2, and the hypothesis
implies that the set u∗E is uniformly σ-Borel regular. Thus by the equivalence of
(i) and (vi) ′′ of Proposition 1, the set u∗E is relatively weakly compact in M(T ).
Then by Theorem 4.22.1 of Edwards [E] and by Theorem 50.D of [Ha] the statement
(xxvi) holds.

(xxvi) ⇒ (i). By Lemma 2, u∗E is bounded in M(T ). Let K be a compact set
in T . Then by hypothesis there exists a σ-Borel open set U in T such that K ⊂ U
and

sup
µ∈u∗E

|µ|(U\K) < ε,

where the variation is taken with respect to Bc(T ). Then by Lemma 1 it follows
that (4)(a) of Theorem 4.22.1 of [E] is satisfied by u∗E in K. Again by hypothesis
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there exists a compact C in T such that

sup
µ∈u∗E

|µ(B)| ≤ ε(5.1)

for all B ∈ Bc(T ) with B ⊂ T \C. Then, for each compact K ⊂ T \C and x∗ ∈ E,
by (5.1) and Lemma 1 we have

|x∗ ◦m|(K) = sup{
n∑

i=1

|(x∗ ◦m)(Bi)| : (Bi)n
i=1 ⊂ Bc(T ),

Bi ∩Bj = ∅, i 6= j,

n⋃
i=1

Bi = K} ≤ 4ε.

Since |x∗ ◦m| is Borel regular by Theorem 1(i), it follows that

|x∗ ◦m|(T \C) = sup
Kcompact,K⊂T\C

|x∗ ◦m|(K) ≤ 4ε.

Consequently, we have

sup
µ∈u∗E

|µ|(T \C) ≤ 4ε,

and thus (4)(b) of Theorem 4.22.1 of [E] is also satisfied by u∗E. Therefore, u∗E is
relatively weakly compact in M(T ), and hence u is weakly compact by Proposition
4.

Remark 5. The above theorem can be compared with Corollary 4.9 of Panchapage-
san [Pa3], where the vector measure is assumed to be σ-additive on Bc(T ). Since
the vector measure m is σ-additive only in the σ(X∗∗, X∗)-topology of X∗∗, un-
like the said corollary, the hypothesis of σ-Borel inner regularity of mc in the set
T has to be included in the statements (xxv) and (xxvi) for the validity of their
equivalence with the σ-Borel regularity.

Theorem 8. Let X, u, m and mo be as in Theorem 4. Then u is weakly com-
pact if and only if any one of the following equivalent conditions holds, where the
regularities referred to are with respect to the topology τe of X∗∗.

(xxvii) The vector measure mo is Baire regular.
(xxviii) The vector measure mo is Baire inner regular.
(xxix) The vector measure mo is Baire inner regular in each open Baire set U

in T and in the set T .
(xxx) The vector measure mo is Baire outer regular in each compact Gδ in T

and Baire inner regular in the set T .

Proof. The proof is similar to that of Theorem 7, except that we have to use Baire
sets in place of σ-Borel sets in Proposition 1 and make use of Theorem 50.D of
Halmos [Ha] in the last step to show that supx∗∈E |x∗ ◦m|(T \C) ≤ 4ε. The details
are left to the reader.

Remark 6. It is well known that a σ-additive lcHs-valued Baire measure is Baire
regular (see [DK], [DL]). Neither this result nor the Baire measure case of Corollary
4.9 of [Pa3] can hold here verbatim, as m is σ-additive only in σ(X∗∗, X∗)-topology
and hence the Baire regularity conditions have to be imposed on mo for the validity
of the above theorem.
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Theorem 9. Let X,u,m, mc and mo be as in Theorem 4. Then u is weakly compact
if and only if anyone of the following equivalent conditions holds:

(xxxi) All bounded Borel measurable scalar functions on T are m-integrable and∫
T fdm ∈ X.

(xxxii) All bounded Bc(T )-measurable scalar functions on T are mc-integrable
and

∫
T

fdmc ∈ X.
(xxxiii) All bounded Baire measurable scalar functions on T are mo-integrable and∫

T
fdmo ∈ X.

(xxxiv) All bounded scalar functions f belonging to the first Baire class in T are
mo-integrable and

∫
T fdmo ∈ X.

(xxxv) u∗∗f ∈ X for all bounded scalar functions f belonging to the first Baire
class in T.

Proof. By Theorem 1(iv), m has τe-bounded range in X∗∗. If u is weakly compact,
then by Theorem 2, m has range in X . As X is quasicomplete, by the results
of Section 3, (i) implies each one of the statements (xxxi)-(xxxiv). If (xxxi) (resp.
(xxxii), (xxxiii)) holds, then for A ∈ B(T ) (resp. A ∈ Bc(T ), A ∈ Bo(T )), m(A) ∈ X
(resp. mc(A) ∈ X , mo(A) ∈ X) and consequently, by (ii) (resp. by (xiv), by (xv))
u is weakly compact.

(xxxiv) ⇒ (vii). Let U be an open Baire set in T . Then by Proposition 2, U is
the union of an increasing sequence of compact Gδ sets Kn in T . Consequently, by
Urysohn’s lemma there exists an increasing sequence (fn) of nonnegative continuous
functions with compact support in T such that fn(t) → χU (t) for each t ∈ T . Thus
χU belongs to the first Baire class in T , and hence by hypothesis mo(U) ∈ X . Thus
(vii) holds.

(xxxiv) ⇒ (xxxv). Note that the bounded scalar functions of the first Baire
class belong to C∗∗

o (T ). If (xxxiv) holds, then as (xxxiv) implies (vii) ⇔ (i), u is
weakly compact and hence by (xv), mo(A) ∈ X for each A ∈ Bo(T ). Moreover, by
Theorem 1(iv), mo has τ -bounded range in X . If f is a bounded Baire function,
then f is mo-integrable with

∫
T fdmo ∈ X , and hence for each x∗ ∈ X∗ we have

〈
∫

T

fdmo, x
∗〉 =

∫
T

fdx∗ ◦mo =
∫

T

fdu∗x∗ = 〈f, u∗x∗〉 = 〈u∗∗f, x∗〉.

Thus u∗∗f ∈ X . (Alternatively, one can also use Lemma 1 of [G].)
Consequently, (i) ⇒ (xxxiv) ⇒ (xxxv).
(xxxv) ⇒ (vii). Since u∗∗(χU ) = mo(U) for each open Baire set U in T and since

χU belongs to the first Baire class as observed in the proof of (xxxiv) ⇒ (vii), it
follows from the hypothesis that mo(U) ∈ X for all open Baire sets U in T . Hence
(vii) holds.

Remark 7. In [Pa5] we will give further characterizations of weakly compact oper-
ators on Co(T ) considered as weakly compact Radon operators.

6. Applications

As an immediate consequence of the results of Section 5 we deduce the well known
results on vector measures such as the regularity (resp. regular Borel extendability)
of X-valued σ-additive Baire measures (resp. when X is quasicomplete), the strict
Dunford-Pettis property of Co(T ), and a theorem of Pelczyński [Pe] and of Thomas
[Th] on weakly compact operators on Co(T ). Also we give a generalization of
Corollary VI.2.17 of [DU] to quasicomplete lcHs-valued operators on Co(T ).
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Theorem 10. Let X be a lcHs and T a locally compact Hausdorff space. Then each
X-valued σ-additive Baire measure µo is regular. If X is further quasicomplete,
then there exists a unique X-valued σ-additive regular Borel (resp. regular σ-Borel)
vector measure µ on B(T ) (resp. µc on Bc(T )) such that µ|Bo(T ) = µo (resp.
µc|Bo(T ) = µo). Besides, µc = µ|Bc(T ).

Proof. Let X̂ be the completion of X . Since each f ∈ Co(T ) is bounded and Baire
measurable, by Definition 3 the function f is µo-integrable and

∫
T fdµo ∈ X̂. Let

V f =
∫

T

fdµo, f ∈ Co(T ).(6.1)

Then V : Co(T ) → X̂ is linear. V is also continuous, since for each continuous
seminorm p on X̂ , by Proposition 6(ii) we have

||V f ||p ≤ ||f ||T ||µo||p(T ), f ∈ Co(T ),

and ||µo||p(T ) < ∞. Let m be the representing measure of V . Then by Theorem
1, m is an X∗∗-valued vector measure on B(T ) such that m is σ-additive in the
σ(X∗∗, X∗)-topology, x∗m ∈ M(T ) for each x∗ ∈ X∗ and

x∗V f =
∫

T

fdx∗m(6.2)

for each f ∈ Co(T ). Then by (6.1), (6.2) and Proposition 6(iii) we have

x∗V f =
∫

T

fdx∗µo =
∫

T

fd(x∗m)o for f ∈ Co(T ) and for x∗ ∈ X∗,

where (x∗m)o = (x∗m)|Bo(T ). Then, as (x∗m)o and x∗µo are σ-additive scalar
measures on Bo(T ), by the uniqueness part of the Riesz representation theorem
(Baire measure version) we conclude that (x∗m)(A) = (x∗µo)(A) for each A ∈
Bo(T ). Since µo has range in X̂ and m has range in X∗∗, it follows that m(A) =
µo(A) for all A ∈ Bo(T ). Consequently, by Theorem 4 the operator V is weakly
compact, and then by (xxvii) of Theorem 8, the Baire measure µo (= mo = m|Bo(T ))
is regular (as a σ-additive Baire measure with values in X).

Moreover, by Theorem 2(ii) m and mc = m|Bc(T ) have range in X̂. Further, m is
Borel regular and σ-additive by Theorems 6 and 2, while mc is σ-Borel regular and
σ-additive by Theorems 7 and 4. Now we shall assume that X is quasicomplete.
Let C(E) = {K : K ⊂ E, K compact} for E ∈ B(T ). Let us define K1 ≤ K2 for
K1, K2 ∈ C(E) if K1 ⊂ K2. Similarly, let U(E) = {O : E ⊂ O, O open} and let us
define O1 ≤ O2 for O1, O2 ∈ U(E) if O2 ⊂ O1. Let Uo(E) = Bo(T )

⋂
U(E) with the

same partial ordering as in U(E). Then clearly C(E), U(E) and Uo(E) are directed
sets. Given a balanced closed neighborhood W of 0 in X̂ and a compact set K in T ,
by the Borel regularity of m there exists Oo ∈ U(K) such that m(K)−m(O) ∈ W
for all O ∈ U(K) with O ≥ Oo. Then in virtue of Theorem 50.D of Halmos [Ha],
we have m(K)−m(U) ∈ W for all open Baire sets U in T with K ⊂ U ⊂ Oo. Thus
we have

m(K) = lim
U∈Uo(K)

m(U) = lim
U∈Uo(K)

mo(U) ∈ X,(6.3)

since the range of mo is bounded in X and X is quasicomplete. Consequently, the
inner Borel regularity of m in E ∈ B(T ), (6.3), the τ -boundedness of {m(K) : K ∈
C(T )} and the quasicompleteness of X imply that m(E) ∈ X for each E ∈ B(T ).
Therefore, the ranges of m and mc are contained in X . This shows that µo has a
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σ-additive regular Borel (resp. σ-Borel) extension m (resp. mc) with values in X ,
and moreover, mc = m|Bc(T ).

Finally, to prove the uniqueness of m (resp. of mc), let m1 (resp. m2) be an
X-valued Borel regular (resp. σ-Borel regular) σ-additive extension of µo. Then,
as V f =

∫
T

fdµo, f ∈ Co(T ), it follows that

x∗V f =
∫

T

fdx∗µo =
∫

T

fdx∗m1 =
∫

T

fdx∗m2 =
∫

T

fdx∗m =
∫

T

dx∗mc

for f ∈ Co(T ) and x∗ ∈ X∗. Now by the uniqueness part of the Riesz representation
theorem in the Borel version (resp. σ-Borel version), we conclude that x∗m1 = x∗m
(resp. x∗m2 = x∗mc) for each x∗ ∈ X∗. Then by the Hahn-Banach theorem,
m1 = m (resp. m2 = mc). Define µ = m and µc = mc.

Remark 8. The regularity of a lcHs-valued σ-additive Baire measure on a locally
compact Hausdorff space was first proved by Dinculeanu and Kluvánek in [DK], and
a direct proof was later given by Dinculeanu and Lewis in [DL]. Using the results of
[DK], Kluvánek [K] proved that each Banach space valued σ-additive Baire measure
on such spaces has a unique σ-additive Borel regular extension. Kluvánek’s result
can easily be extended to quasicomplete lcHs-valued Baire measures. The idea of
the present proof has its origin in the proof of Theorem 3.7 of Panchapagesan [Pa1].
Moreover, the last part of the above theorem generalizes Theorem 3.7 of [Pa1] and
Theorem 2.4 of [Pa2] to vector valued σ-additive Baire measures.

Theorem 11. Co(T ) has the strict Dunford-Pettis property (briefly, (SDP)-
property). That is, for each weakly compact operator u : Co(T ) → X, X a quasi-
complete lcHs, u transforms each weak Cauchy sequence in Co(T ) into a convergent
sequence in X, and consequently, u transforms each weakly compact set in Co(T )
into a relatively compact set in X if X is moreover metrizable.

Proof. If (fn)∞n=1 is weakly Cauchy in Co(T ), then (fn) converges to a function
f pointwise in T and (fn)∞n=1 is norm bounded. By Theorem 2 the representing
measure m of u has range in X and is σ-additive in X . Consequently, by Definition
3, Theorem 1(iii), Proposition 7, and the Hahn-Banach theorem we have

lim
n

ufn = lim
n

∫
T

fndm =
∫

T

fdm ∈ X.

Hence Co(T ) has the (SDP)-property. The second part is immediate from the first
due to the Šmulian theorem (Theorem 8.12.1 of Edwards [E]).

Remark 9. The above result is due to Grothendieck [G], and was used in the proof
of Theorem 6 of [G] (which treats only the compact case). The proofs of all the
characterization theorems given in Section 5 are independent of the (SDP)-property
of Co(T ), and our proof of the above theorem is quite analogous to that of Corollary
3.3 of [BDS].

The following theorem is a generalization of Corollary VI.2.17 of [DU] to quasi-
complete lcHs-valued operators on Co(T ).

Theorem 12. Let u : Co(T ) → X be a continuous linear map and let X be a
quasicomplete lcHs. Then the following are equivalent:

(i) u is unconditionally convergent; that is, u maps weakly unconditionally
covergent Cauchy series into unconditionally convergent series.
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(ii) u is weakly compact.
(iii) u maps sequences that tend to zero weakly into sequences convergent to

zero.
(iv) u maps weak Cauchy sequences into convergent sequences.
(v) If (fn) is a bounded sequence in Co(T ) with fn.f` = 0 for n 6= `, then

limn u(fn) = 0.
Proof. (i) ⇒ (ii). Let U be an open Baire set. Then by Proposition 2, U is of the
form U =

⋃∞
n=1 Kn, with Kn compact Gδ for each n and Kn ↗. By Urysohn’s

lemma there exists an increasing sequence (gn) of nonnegative continuous functions
with compact support such that gn(t) ↗ χU (t) for each t ∈ T . Then by the
Lebesgue dominated convergence theorem,

µ(U) = lim
n

∫
T

gndµ = lim
n

n∑
k=1

(
∫

T

gk+1dµ−
∫

T

gkdµ) +
∫

T

g1dµ

for each µ ∈ M(T ). Moreover,
∞∑

n=1

|
∫

T

(gn+1 − gn)dµ| ≤
∞∑

n=1

∫
T

(gn+1 − gn)d|µ|

= lim
k

∫
T

gkd|µ| −
∫

T

g1d|µ| ≤ 2|µ|(U) < ∞.

Therefore the series
∑∞

n=1(gn+1 − gn) + g1 is an unconditionally weakly Cauchy
series (see p.150 of [DU]), and hence by (i), there exists a vector x ∈ X such that

∞∑
n=1

(u(gn+1)− u(gn)) + u(g1) = lim
n

u(gn) = x.

If m is the representing measure of u, then by Theorem 1(iii) and by the Lebesgue
dominated convergence theorem we have

x∗m(U) = lim
n

x∗u(gn) = x∗x

for each x∗ ∈ X∗, and hence m(U) = x ∈ X . Consequently, u is weakly compact
by Theorem 3(vii).

(ii) ⇒ (i) and (iv) by Theorem 11, and (iv) ⇒ (iii) obviously. (One can also
apply the Orlicz-Pettis theorem to show (ii) ⇒ (i) as on p.150 of [DU].)

(iii) ⇒ (v). Such a norm bounded sequence (fn) converges to zero pointwise in
T and hence by the Lebesgue bounded convergence theorem is weakly convergent
to zero. Thus (iii) implies (v).

(v) ⇒ (ii). If u is not weakly compact and if m is the representing measure of u,
then by Propositions 1(ii) and 4 there would exist an equicontinuous set E in X∗,
an ε > 0, a disjoint sequence (Un) of open Baire sets in T and a sequence (x∗n) in E
such that |(x∗n ◦m)(Un)| > ε. By Propositions 2 and 7 and by Urysohn’s lemma we
can choose a continuous function fn with compact support such that 0 ≤ fn ≤ χUn

and

|
∫

T

fnd(x∗n ◦m)| > ε(6.4)

for each n. Then clearly (fn) satisfies the hypothesis of (v), and consequently
limn u(fn) = 0. Thus there exists no such that pE(u(fn)) = supx∗∈E |x∗(u(fn))| < ε
for all n ≥ no. Then by Theorem 1 (iii), this means that supx∗∈E |

∫
T fndx∗m| < ε

for n ≥ no, which contradicts (6.4). Hence u is weakly compact.
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Theorem 13. Suppose the quasicomplete lcHs X contains no copy of co. Then
every continuous linear map u : Co(T ) → X is weakly compact. If ω is the set N
endowed with the discrete topology and if X is a quasicomplete lcHs such that every
continuous linear map u : Co(ω) → X is weakly compact, then X contains no copy
of co. Consequently, a quasicomplete lcHs X contains no copy of co if and only
if each continuous linear map u : Co(T ) → X is weakly compact for every locally
compact Hausdorff space T .

Proof. Suppose X contains no copy of co and suppose u : Co(T ) → X is a continu-
ous linear map. Let m be the representing measure of u. Given an open Baire set
U in T , let (Kn) and (gn) be chosen as in the proof of (i) ⇒ (ii) of Theorem 12.
Then by the Lebesgue dominated convergence theorem we have

x∗m(U) = lim
n

∫
T

gndx∗m =
∞∑

n=1

∫
T

(gn+1 − gn)dx∗m +
∫

T

g1dx∗m

for each x∗ ∈ X∗. Since gn+1 − gn ≥ 0 for each n, it follows that
∞∑

n=1

|
∫

T

(gn+1 − gn)dx∗m| ≤
∞∑

n=1

∫
T

(gn+1 − gn)d|x∗m|

= lim
n

∫
T

gn+1d|x∗m| −
∫

T

g1d|x∗m| ≤ 2|x∗m|(U) < ∞.

On the other hand, by Theorem 1(iii),
∫

T (gn+1 − gn)dx∗m = x∗u(gn+1 − gn),
and hence it follows that

∑∞
n=1 |x∗(u(gn+1) − u(gn))| < ∞ for each x∗ ∈ X∗.

Since X contains no copy of co, by Theorem 4 of Tumarkin [Tu] we conclude that∑∞
n=1(u(gn+1)−u(gn)) is convergent in the topology of X and thus limn u(gn) = x

exists in X . Then x∗m(U) = limn

∫
T gndx∗m = limn x∗u(gn) = x∗x for each

x∗ ∈ X∗, and consequently m(U) = x ∈ X . Therefore, u is weakly compact by
Theorem 3(vii).

Suppose each continuous linear map u : Co(ω) → X is weakly compact, and
suppose τ is the topology of X . Let (xn) be a sequence of vectors in X such that∑∞

n=1 |x∗(xn)| < ∞ for each x∗ ∈ X∗. Let us define u(χ{n}) = xn for each n and
extend u linearly on the set S of all scalar functions of the form

∑k
i=1 αiχ{ni},

where S is endowed with the supremum norm. By hypothesis on (xn), the set
{uf : f ∈ S, ||f ||N ≤ 1} is weakly bounded in X and hence is τ -bounded. Then by
Theorem 1.32 of Rudin [R], u is continuous on S. Since S = Cc(ω) is norm dense
in Co(ω) and X is quasicomplete, u admits a unique continuous linear extension
to the whole of Co(ω); let us denote the extension too by u. Then by hypothesis u
is weakly compact. Let m be the representing measure of u. Since u∗∗|Co(ω) = u,
it follows that m(F ) = u(χF ) =

∑
n∈F xn, for each finite set F ⊂ N. Since u

is weakly compact, by Theorem 2(ii) the range of m is contained in X ; and by
Theorem 6(xx), m is Borel inner regular. Thus, given a subset U of N, ε > 0 and
a τ -continuous seminorm p on X , there exists a finite set F ⊂ U such that

p(m(U)−
∑
n∈G

xn) < ε

for all finite sets G with F ⊂ G ⊂ U . Therefore, m(U) =
∑

n∈U xn, where the series
is unconditionally τ -convergent in X . In particular,

∑∞
n=1 xn is unconditionally τ -

convergent; and thus by Theorem 4 of Tumarkin [Tu], X contains no copy of co.
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Remark 10. The first part of the above theorem was proved by Pelczyński [Pe]
when T is compact and X is a Banach space, and was later extended by Thomas
[Th] for the general case in an equivalent form. Both proofs use the technique
of reduction to the compact metrizable case. Thanks to our Theorem 3(vii) we
are able to provide a direct proof without such a reduction. The second part of
the above theorem is essentially Theorem 5.3 (bounded Radon measure case) of
Thomas [Th], where the proof is based on the theory of Radon vector measures.

Added in proof. In a recent paper submitted for publication, the author has given
an alternative proof to obtain the said characterizations of weakly compact opera-
tors on C0(T ). The new proof is based on the regular Borel extension of σ-additive
X-valued Baire measures on T .
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