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AN ALGORITHM FOR CALCULATING
THE NIELSEN NUMBER
ON SURFACES WITH BOUNDARY

JOYCE WAGNER

ABSTRACT. Let f: M — M be a self-map of a hyperbolic surface with bound-
ary. The Nielsen number, N(f), depends only on the induced map fu of
the fundamental group, which can be viewed as a free group on n genera-
tors, ai,...,an. We determine conditions for fixed points to be in the same
fixed point class and if these conditions are enough to determine the fixed
point classes, we say that fu is W-characteristic. We define an algebraic con-
dition on the fx(a;) and show that “most” maps satisfy this condition and
that all maps which satisfy this condition are W-characteristic. If fx is W-
characteristic, we present an algorithm for calculating N(f) and prove that
the inequality |L(f) — x(M)| < N(f) — x(M) holds, where L(f) denotes the
Lefschetz number of f and x(M) the Euler characteristic of M, thus answering
in part a question of Jiang and Guo.

INTRODUCTION

Given a self-map, f, on a manifold M, we wish to obtain information about the
fixed point set, Fix(f) = {x € M|f(x) = z}. In particular, we are interested in
finding the minimum number M F(f) of fixed points among all maps homotopic to
f. ice., MF(f) = min{# Fix(g)lg ~ f}.

The Nielsen number, N(f), gives a lower bound for the number of fixed points
of f, and because of its homotopy invariance, it is a lower bound for M F(f). It is
this fact that makes calculation of N(f) a matter of interest.

If N(f) = MF(f), we will say that f is a Wecken map. If all self-maps of M
are Wecken, then M is said to be Wecken.

In 1941-42, Wecken published the following result:

Theorem 0.1 ([W]). If X is a compact n-manifold where n > 3, then Xis Wecken.

In 1984-85, Jiang [J2] demonstrated that the disc with two holes, also called the
pants surface, was not Wecken and was able to modify the example to all surfaces
of negative Fuler characteristic and obtain

Theorem 0.2 ([J3]). A surface is Wecken if and only if its Euler characteristic is
non-negative.

Once it was known that hyperbolic surfaces are not Wecken, it became a non-
trivial problem to classify those maps where N(f) = M F|[f]. The following result
was proven using Nielsen’s and Thurston’s work with hyperbolic surfaces.

Received by the editors December 15, 1995.
1991 Mathematics Subject Classification. Primary 55M20.

©1999 American Mathematical Society

41

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



42 JOYCE WAGNER

Theorem 0.3 ([J4], [JG]). All homeomorphisms of surfaces are Wecken.

In order to answer this classification question, we need to be able to calculate
the Nielsen number. By definition, we separate the fixed points of the map f
into equivalence classes and assign to each class a number, called the fixed point
index. If a class has a nonzero index, we call it essential, otherwise, we say that
it is inessential. The Nielsen number, N(f), is then defined to be the number of
essential fixed point classes. In most cases, however, calculating N(f) is not easy.
McCord surveys many of the existing computational methods in [Mc]. There have
also been more recent results, such as the paper by Davey, Hart and Trapp [DHT],
which describes an improved method for calculating the Nielsen number of maps
on closed surfaces. Our goal in this paper is to develop an algorithm for calculating
the Nielsen number of maps of hyperbolic surfaces with boundary for which we only
need to know the induced map on the fundamental group.

In Section 1, we convert the condition of being in the same Nielsen class to a
condition in the free group isomorphic to 1 (M). We consider a map f : C — C
where C' is the wedge of n circles, one for each generator of the fundamental group
and define X to be the set of images under f of these generators. In Section 2, we
simplify the set X and determine a class for which N(f) = |L(f)| where L(f) is
the Lefschetz number. In Section 3, we list four conditions which guarantee that
two fixed points are in the same class. If those are the only conditions we need to
determine the fixed point classes, we say that f is W-characteristic. We describe
an easily-implemented algorithm for calculating N(f) if f is W-characteristic. We
define what we mean by X having remnant and show that most maps have remnants,
in a sense that will be made precise in Theorem 3.7. Our main result is

Theorem 3.8. If f : C — C is a map such that X has remnant, then f is W-
characteristic.

In Section 4, we present the algorithm and in Section 5, we look at an inequality
introduced by Jiang and Guo in their paper on homeomorphisms of surfaces [JG]
and show that

Theorem 5.1. If f : C — C is W-characteristic, then |L(f) — x(C)| < N(f) —
x(C) where x(C) is the Euler characteristic.

In particular, if X has remnant, then the inequality holds. Since the Lef-
schetz number, the Euler characteristic and the Nielsen number are homotopy and
homotopy-type invariant, we have

Corollary 5.2. If f: M — M is a self-map of a hyperbolic surface with boundary
and the induced map of the fundamental group is W -characteristic, then

IL(f) = x(M)| < N(f) = x(M).

Readers who just wish to know how to calculate Nielsen numbers need only
read Section 4, noting any earlier definitions as indicated. For more background
information on the Nielsen number see [B], [J1], [Ki] and [N].

This paper was submitted as partial fulfillment of the requirements for the Ph.D.
at the University of California at Los Angeles under the supervision of Professor
Robert Brown. I wish to thank Professor Brown for his invaluable assistance and
Professor Helga Schirmer for her many helpful comments.
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1. WHEN FIXED POINTS ARE IN THE SAME CLASS

Suppose f: M — M is a self-map of a hyperbolic surface with boundary. Given
a point xg, the fundamental group 71 (M, o) can be represented by the union C of
simple closed oriented curves, C1,...,C, in M, which meet only at the point z.
Therefore, we can represent the induced map fu of the fundamental group by a
map fy : C — C. Since M is homotopy equivalent to C' and the Nielsen number is
a homotopy-type invariant [J1], then N(f) = N(f4) and so we need only consider
self-maps of C. We identify 71 (M, ) with the free group G on the letters a;,
1 <4 < n, by associating the homotopy class of each oriented loop C; with a;. For
simplicity of notation, we will identify any z € m (M, z¢) with its counterpart in G.

Thus, let f: C — C be any map. Because N(f) is homotopy invariant, we may
assume that we have chosen f so that f(a;) = X; is a reduced word in G. We can
also assume that f(D) = x¢ where D is the closure of a small neighborhood of z.
The components of the complement of D are mapped onto C' in the manner deter-
mined by the X;. We can think of these complementary regions as being divided
into equal intervals, where the interior of each interval is mapped homeomorphically
onto C; — xq for some 1.

By construction, there is a fixed point in each interval in C; that is sent onto
itself, that is, for every a; of a,z-_1 that appears in X;. The only other fixed point
will be zy. Notice that there can only be a finite number of fixed points.

We wish to determine when two fixed points x; on C;; and 2 on C;, are in the
same fixed point class. Let *y;f and ;" denote the arcs of C; going from z¢ to z;
in the positive and negative directions, respectively. The fact that 'y;f (vj_)_l = ay,
gives us:

Lemma 1.1. The arcs 'y;' and 7; satisfy the following homotopy relations:
vy ~a ) and ()T~ ()

Consequently, any path v connecting x1 and x4 can be written in the form

a;; rel zg.

v=01) "
where z € w1 (M, zo) and is therefore identified with z € G. O
In the special case where x1 = x(, we write y in the form
v =zv;.
By definition, the fixed points 1 and zs are in the same class if and only if there

exists a path v connecting the two fixed points such that f(y) ~ 7 rel endpoints.
By Lemma 1.1,

Fo) = FO) 0.

To convert the relation determining fixed point classes into a condition in the
free group, we would like to be able to write f(v,") = W™ and f(v;) = W
where W; and W; are in G. We do that as follows:

Lemma 1.2. Suppose that z; is the fized point corresponding to the occurrence of
afj in f(ai;) = ‘/}afjvj where e = {+1,—1}. If we write f(v;) = Wj~;", then

Vi ifej =1,
WJ == ‘/j —1 lfg] _
ja;, ifej=—1
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If we write f(v;) = Wjv; , then
——1 .
J

If x; = xg, then W; = Wj =1.
Proof. Suppose first that €; = 1, then
FODHO7)™) = flay) = Viai, Vi = Vv (7)1 V5
Since f(z;) = z;, we conclude that
Wind = f(F) = Vi

and

— —1

Wivi =) =V; 5
Therefore W; = V; and W, = Vj_l.
Suppose now that ¢; = —1, then
FODF(;)™Y = flay) = Via, 'V = Viny () 7'V
Since f(x;) = xj, we conclude that
Wit = () = Viny
and

_ _ ——1
Wivi =f(y;)=V; 2]

Therefore W; = Vjv; ('y;')_l = Vjai_jl and W; = Vj_l'y;-r(vj_)_l = Vj_laij.

If z; = xo, then 7 = 77 = xo. Since f(xo) = o, then f(7]7) = ~; and
f(vj_)zvj_,soWj:szl. O

Lemma 1.3. We can write f(al-j) = Wjaijo_l, where W; and Wj are defined as
in Lemma 1.2.

Proof. From Lemma 1.2 we have
flai)) = (D™
= (W) ()7 W, ) = Wya, W, O

Note that the definition of W; and Wj depends on the exponent ¢; that is associated
with the fixed point. Similarly, the fixed point index also depends on the exponent

as follows:
. -1 ifeg; =1,
Z(fvxj) = . ’
+1 ife;=—-1 or z; =xo.

The index i(F;) of a fixed point class F; is defined to be the sum of the indexes of
all the fixed points in F;. For the general definition of index, see [B] or [J1].

Example 1.4. If X; = asa; a3_2a1_1, then there are two fixed points on the loop Cf.
The first fixed point corresponds to an occurrence of a; and therefore i(f,z1) = —1,
Wi =as and W1 = aq a%. The second fixed point corresponds to an occurrence of
a,l_1 and therefore i(f,x2) =1, Wy = a2a1a§2a1_1 and Ws = ay.
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CALCULATING THE NIELSEN NUMBER 45

We now have the following necessary and sufficient condition for two fixed points
to belong to the same fixed point class.

Lemma 1.5. Two fized points x1 and xo are in the same fized point class if and
only if there is a solution z to the equation in G:

2z =W f(2)Wo.

Proof. Recall that the two fixed points are in the same fixed point class if and only
if there exists a path v = (7?‘)_127; such that f(y) ~ 7 rel endpoints. From
Lemma 1.1 and the definitions of the W;, we have that

fO) = (D)D)
= ()W () Welyy). O

Our goal, therefore, is to determine if there can exist such a z € G, the free
group on the a;.

2. SIMPLIFICATIONS

Given our map f, we look at the corresponding set of words X = {X1,..., X,,}
and perform the following simplifications.

(S1) If there is a word U # 1 in G such that X; = UX/U~!, X; =U* or X; =1
for all ¢ and there is at least one X; = UX j’-U_l, then replace each X; by
X! = U7'X;U. The corresponding map f’ will be homotopic to f and so
N(f)= N(f') since the Nielsen number is a homotopy invariant [J1].

(S2) Suppose two or more of the X; are powers of a word U, then renumber the a;
so that X; = U™ for m < i < n. Let E be the bouquet of m circles and recall
that C' was the bouquet of n circles. We will use the commutativity property
of the Nielsen number which states that if h : E — C and g : C — FE are
maps of finite polyhedra, then N(goh) = N(hog) [J1]. We define maps h, g
so that for by, ..., b, generating 71 (E), we have

X, 1<i<m-—1,

b, 1<i<m-—1,
gy (ai) =

bri, m<i<n.

Since hygy = fu and C is a K(m, 1), the map f is homotopic to h o g and
thus N(f) = N(hog) = N(goh). Now, goh: E — E is a map such that

g Xi ) 1§Z§m_17
guha(bi) = #(X) T
gx(U), i=m.

To simplify the notation, we will let each gxhx(b;) = X; and a; = b;, and we
are now reduced to considering X1, ..., X,, in the free group G on aq, ..., am.

We will stop when we can no longer apply (S1) or (S2).

Theorem 2.1. If, at some point in the simplification process, X; = U™ for all i,
then N(f) = |L(f)I.
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Proof. We can apply (S2) with m = 1. Thus goh : St — St and gghy(b1) = g4 (U).
If a;(U) denotes the sum of the exponents of all the a5 occurring in U, then

gp(U) = b= D),

Since g o h is a self-map of the circle having degree >, ., ra;(U), then by [B]
(p. 107),

N(gy) = 1 — degree (g4)| = |1 = Y rioi(U)

1<i<n
which is equal to |L(f)]. |
Example 2.2. Let us consider the following example of Weier [We].

X1 =a1, Xg= azla2a4, X3 =ua3, Xyi=1.

We note that X5 = a3 and we may write X4 = aj. Therefore, we apply (S2) with
U =as. Let hy(b;) = X, for 1 <i <3 and

)= b f1<iss,
a;) =
o 1 ifi=4

We then look at the set guh(b;) = g4 (X;) for 1 < i < 3 to obtain the new set of
words

Xi=a1, Xp=ay, X3z=as.

Since this set represents the identity map and L(f) = —2 # 0, then N(f) = 1.

3. REMNANTS AND W-CHARACTERISTIC MAPS

The following is a list of sufficient conditions on the words W; and W; in G for
two fixed points to be in the same fixed point class.

Theorem 3.1. Two fixed points x1 and xo are in the same fized point class if one
of the following occurs:

L1 Wy =W,
[1.2] El = M_/Q or W1 = WQ.
[1.3] Wy = Wo.

Proof. If we let
T = W (=)W,

then in each case we need to find a z such that T = z.
(1) Take z =1, then

T=W;'"Wy=1=z.

(2) The condition is symmetric, so we take W; = W and let z = a5 *. By Lemma
1.3,

T= Wl_lf(ag_l)WZ = Wl_l(W2a2_1W2_l)W2 = a2_1 = 2.
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3) Let z = aja;'. By Lemma 1.3,
( ) 2 y
T =W f(ar)f(az")W2
_ — 1 = {1
=W (Wia W, ) (Waay "Wy H)Wa

= al(Wl_1W2)a2_l = a1a2_1 = 2. O

Definitions 3.2. If two fixed points x1 and x5 satisfy [1.1], [1.2] or [1.3] of The-
orem 3.1, then we say that x; and zo are directly related. Suppose that x; =
Y0s Y1y - - - » Ym, Ym+1 = T2 are fixed points. We say that yi,...,y, are intermediate
fized points for x1 and xo if y; and y; 1 are directly related for each 0 < i < m. We
also say that x1 and zo are related by intermediate fixed points. Note that if x7 and
x9 are directly related, then they are also related by intermediate fixed points with
m = 0. If any two fixed points which are in the same fixed point class are related
by intermediate fixed points, then we say that f is W-characteristic.

Notice that if f is W-characteristic, then a fixed point z; in a fixed point class
F must be directly related to at least one other fixed point in F or F = {z1}.
Therefore, using W; and W;, we can determine the fixed point classes and thus
calculate N(f). An example of the algorithm is presented in Section 4.

We will denote the remainder of this section to defining a certain class of maps
f:C — C and proving that all such maps are W-characteristic.

Write z = aj'aj} - -aj™ where each 1 < j; < m and j; # j; + 1 for any 4. Let
®,,(2) be the number of occurrences of a; or a; " in z and let A =3",_, . ®,,(2).
Therefore, |z| = A where |W| denotes the length of the reduced form of a word W.

Given z as above, we have that

f(z) = X5 X002 X
where the right hand side of the equality is not necessarily reduced. The reduced
form of f(z), and thus |f(z)|, depend on the relationships among the X;.

Definitions 3.3. Suppose S is a set of reduced words in the free group G and
T € ST where S*! is the set of words in S and their inverses. Let M (T, Z) be
the longest initial segment of T' that cancels in the product Z='T for Z € S*!.
Let M (T,S) be the longest of all the M (T, Z) where Z # T. Then, by definition,
M(T~1,S)~! will be the longest terminal segment of T' that cancels in any product
TZ for Z € S*!. Therefore, we can write T' = M (T,S)T’ = T"M(T~*,S)~'. If we
can write T = M (T,S)TM(T~1,S)~! where both sides of the equation are reduced
and T # 1, then we call T the remnant of T in S. If every element in S has a
remnant, then we say that S has remnant. Let

M(S) = {M(T,S)* #1|T € §*',e = +1}.
We will call any element in M(S) a mazimal common factor or MCF.

In our particular case, we are interested in the set of words X = {X1,..., X}
in G and we say that f has remnant if X has remnant. We will set P; = M (X;, X)
and S; = M(X;*, X)L,
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Example 3.4. Suppose X = { X7, X5, X3, X4} as follows:

2 2 —1 —1
X1 = ajasay az -,

2 1
X9 = ajazaz -,

-3 —2
X3 =asa;’a; 7,
X4 = a1_3.

To determine Py = M(X1,X), we find M(Xy, X5) for every X5 # X;. Since

a%ay is the longest initial segment of X; that cancels in

X' X1 = (azay ay?)(afa3a; tag ),
then M (X1, X2) = afaz. We can also see that
M(X1,X3) =1, M(Xy,X;') =1,
M(X1,Xy) =1, M(X1,X;") =dla
M(X1, X7) i

I
E
>
25 4
I
S

and therefore Py = afa3.

To determine Sy = M(X; ", X)™! we find M(X; ', X5) for every X¢ # X'
Since there is no cancelation in the product X; ' X! = (aza1a; 2ay ?)(azaray a7 ?),
then M (X[ ', X;) = 1. Similarly,

MXTh X)) =1, M(X;' Xy =as,
M(X{h X3) =a3, MX7HX;h =1,
M(X1_15X4):15 M(X1_15X4_1):1’
andso M (X; ', X) = a3. Therefore, S; = a3’ and X; = [a}a3a; az'] = Pray 'S,
By Definition 3.3, X; has a remnant.
We do the same for the other X; to get that
PQ = Q%GQ, SQ = CLQCLB»_I,
P =aza,', S3=a;%ai?,
Py =1, Si=a;?,
and therefore
X2 = P2a3_1 = Q%SQ,
X3 = P33,
X4 = a1_154.
By Definition 3.3, X4 has a remnant, but X, and X3 do not, and so X does not
have remnant.

Lemma 3.5. If X has remnant and z = ag! ---a;"

i 18 a non-trivial, reduced word
in G, where g; € {—1, +1}, then we can write f(z) = URy -+ R,V ™1 where

(1) URy -- RkV 1s reduced.

(2) For all 7, R 7 is a non-trivial subword of X, .
(3) U (Xfll,X) and V = M(X; *,X).
4) If ( )= [2l.
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Proof. Since z = a;} ---a;*, then f(z) = X;'--- X7* and therefore, by Definition
3.3, f(2) = (P, X3y, 83y ) -+ (P, X3, S5, ). Since P;; and S, a_rgthe maximal
portions of X, that can cancel in a product of the X;’s, then X 11] will remain
uncancelled. If we let U = M (X', X) and V = M (X, °*,X) and R; be the portion
of ijj that remains uncancelled in U~!f(2)V, then Rjj contains yij and so R; is
non-trivial. This implies that

12 Y IRl 2k=1-. O

1<j<k

Using Lemma 3.5, we can show that if X has remnant, then the set f*(X) =
{f*(X1),..., f¥(X,)} also has remnant for all k£ > 1. Tt is enough to prove

Lemma 3.6. If X has remnant, then f(X) has remnant.

Proof. Suppose that X; € X. Let Y and Z be any elements in X*! and write
X, =ABC,Y = AD and Z = EC, where A = M(X;,Y)and C = M(X; ', Z=1)~1,
It is possible that A and C are trivial, but since X has remnant, then B, D and FE are
non-trivial. We have that f(X;) = f(A)f(B)f(C), f(Y) = f(A)f(D) and f(Z) =
f(E)f(C). By Lemma 3.5(1), we can write f(B) = UR;y--- R,V ~!. Since Bs #
D, then U is the longest initial segment of f(B) that will cancel in the product
f(D)~1f(B) and so M(f(X;), f(Y)) is at most f(A)U. Similarly, since B, # E.,
then M (f(X;)~Y, f(Z)~1) 7! is at most V=1 f(C). Since Y and Z were arbitrary
elements, then M (f(X;), f(X)) is at most f(A)U and M(f(X;)~!, f(X))~! is at
most V=1 f(C). Thus

F(Xi) = M(f(Xa), FX))F(X)M(f(X) ™" f(X) 7!
where f(X;) contains Ry - - - R, which is non-trivial by Lemma 3.5(2). Therefore,
f(X;) has a remnant for all 4, and so f(X) has remnant. O

It can also be shown that ‘most’ maps of hyperbolic surfaces with boundary have
remnants. The following theorem and proof were suggested by Professor Robert
Brown.

Theorem 3.7. Given € > 0, there exists M > 0 such that if X = {X1,..., X, } is
chosen at random from among all words of length < M, then the probability that X
has remnant is greater than 1 — €.

Proof. Given ¢ > 0, choose 1 > 0 such that (1 —7)? = 1 —e. Say that X > m if all
| X;| > m for some integer m and similarly, X < M if all |X;| < M for some integer
M. Note that

Prob(X has remnant |X < M) > Prob(X has remnant and X > m|X < M)
= Prob(X has remnant |[M < X < M) - Prob(X > m|X < M).

We first show that we can choose m so that
Prob(X has remnant jm < X< M) >1—n.

Now
Prob(X has no remnant |m < X < M) <n,
Prob(X; has no remnant |m < X < M).
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If X; has no remnant, then either |P;| > |X;|/2 or |S;| > |X;|/2. The probability
that there exists X’ = UX; where X;* = UX;, [U| > [X;|/2 > m/2 and X}’ #
X? is less than or equal to (2n — 1)(2n)~"/2, by independence. Therefore
Prob(X; has no remnant |m < X < M) < 2(2n — 1)(2n)"™/?
and so
Prob(X has no remnant |m < X < M) < 2n(2n — 1)(2n)"™/2 < (2n)?~™/2,

We can choose m so that (2n)2~™/2 <.
We will now show that given such an m we can choose M so that

Prob(X>m|X < M) >1-n.
We use the fact that
Prob(X » m|X < M) < nProb(|X;| < m|X < M).

Let W (k) denote the number of reduced words in G of length k, then the number
of reduced words of length less than or equal to m is

S Wk =1+ Y 2n@2n-1)""
0<k<m 1<k<m
=1+2n(1—-2n-1)"H/1-2n—-1)=2n-1)""!
and thus
Prob(X # m[X < M) <n(2n—1)™71/2n - )M =n@2n - 1)" M,
Thus, given m, we choose M so that n(2n — 1)™~M < 1. Therefore
Prob(X has remnant [X < M) > (1 -n)? =1 —«¢. O
Our main result in this section is to show that the conditions of Theorem 3.1

determine the fixed point classes of a given map f if X has remnant. In other words,

Theorem 3.8. If f : C — C is a map such that X has remnant, then f is W-
characteristic.

The converse of Theorem 3.8 is not true.

Example 3.9. Suppose m1(C) is generated by two elements a1, as and X; = ajaq
and Xy = ay. Clearly X = {X;, X2} does not have remnant and cannot be sim-
plified by (S1) and (S2) in Section 2. There are three fixed points and each fixed
point is directly related to the other two. Therefore, there is one fixed point class
and by definition, f is W-characteristic.

We also need to state that not all f are W-characteristic.

Example 3.10. Suppose 71(C) is generated by a; and as and f : C — C is a map
such that

-1
X1 = 1020102 and XQ =ay .

There are two fixed points and g, and if we number them in order of occurrence,
then

5
I
S
I
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The only two fixed points which are directly related are x¢ and z;. If f were W-
characteristic, then zs would not be in the same fixed point class as z; and .
However, if we let z = aq, then

Wt f(2)Wa = a7 Haras) = az = 2.

Therefore, 1 and zo are in the same fixed point class by Lemma 1.5 and so f is
not W-characteristic.

We can find a map f’ which has the same Nielsen number as f and is W-
characteristic. Define ¢ : C — C by ¢(a1) = ay'a; and ¢(az) = az. Therefore,
¢~ 1(a1) = aza; and ¢~ 1(az) = az and we let f' = ¢po fog~!. By commutativity of
the Nielsen number, N(f) = N(f’). Now, f'(a1) = ajas and f'(az) = aj ‘as and
since {ajas, al_lag} has remnant, then f’ is WW-characteristic.

Given any map f : C — C, an interesting question would be: Under what
conditions can we find a map f' : C — C such that N(f') = N(f) and f’ is
W-characteristic?

The rest of this section will be devoted to a proof of Theorem 3.8.

Remark 3.11. If 1 and x2 are in the same fixed point class, then by Lemma 1.5
there exists z € G such that z = W, ' f(2)Ws. Since Lemma 3.5 deals with the
cancelation that occurs within f(z), and since W, ' and Wy are reduced words,
we need be concerned with only the cancelation occurring between f(z) and each
of the W;. By Lemma 3.5, if z = aj} ---af:, then f(z) = URy -+ RyV ! where
U= M(X;!,X)and V = M(X; “*,X). Because of the symmetry involved, we will
only consider Wl_l. There are three possibilities:
(R1) If W' does not cancel at all with f(z), then |[W; f(2)| = Wit + | £(2)].
(R2) Suppose W, ! cancels at least partially with U but not at all with Ry, then
Wt f(2)] = WU+ |Ry - - - Ry V. If (R1) or (R2) holds, we say that W)
cancels at most with an MCF.
(R3) If the first two cases do not hold, then W; cancels at least partially with R;.
By Definition 3.3, U is the longest portion of X fll that cancels in any product
of the form Xj_lel1 where X; # Xfll and by Lemma 1.3, X,, = Wia,, W
for some m. Therefore, since more than U is cancelled, X,, = Xfll and the
condition z = W, f(2)Wy of Lemma 1.5 becomes

ai, 21 = 2 = W flai, 20)Wa = Wi X, f(21)Wo
= aiIW;lf(zl)Wg.
Thus
z1 = Wl_lf(zl)Wg.

By the same argument, we conclude that W, cancels at most with an MCF
because if not, f(z1) must start with X; ! which would imply that z; starts
with a;, ! However, this would imply that z = a, a; ! 25, which is not reduced.
We will refer to case (R3) by saying that Wi cancels with a remnant.

Let Z; be a general reduced word.
Lemma 3.12. Suppose that z = Zl_lf(z)Zg where Z1,Z5 and z # 1 are reduced
words. If Z1 and Zs cancel at most with an MCF, then

(1) Fach of Zy and Zs is either trivial or an MCF.
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(2) The reduced form of Z; ' f(2)Zy consists only of powers of remnants X; or,
equivalently, all the MCF’s are cancelled completely.
(3) If ®,,(2) #0, then X; = a;.

Proof. We will let A; = ®,,(z), which counts the number of occurrences of a; and
ayt in z. We can also suppose that z = ail---a;* and f(z) = URy - RV ™', as
in Lemma 3.5. There are three possibilities which satisfy the hypothesis. We verify
conclusions (1) and (2) in each case.

(a) If neither of the Z; cancel at all with f(z), then by (R1),

> A=l =127 f(2) 2
1<i<n
=1z + > (AilXS]) + E+ | Zf

1<i<n

where F is the sum of the lengths of all the uncancelled portions of MCF’s in
f(2). Since X; is non-trivial for all 4, then

(1) |Z;| = 0 which implies that Z; =1 for i =1, 2,

(2) E =0 and so all MCF’s are completely cancelled in f(z).

(b) Suppose that one of the Z; does not cancel at all and the other one cancels
at least partially with an MCF. Because of the symmetry involved, we can
suppose that Z; ! cancels at least partially with U and Z, does not cancel at
all with f(z). Then we have from (R2) that

> Ai=1271f(2) 2
1<i<n
=|Z7'UI+ Y AlXi| + (B —|U]) + | Z|

1<i<k

and therefore
(1) Zl =U and Z2 = 1,
(2) E = |U| which implies that U was the only MCF not cancelled completely
in f(z) and it is cancelled completely by Z;.
(c) It Zy ! cancels at least partially with U and Z5 cancels at least partially with
V=1 then (R2) implies that

> Ai=127"(2) 2
1<i<n
=|Z7'U1+ Y AlX+ (E— U=V +[VT' 2.
1<i<n

Therefore we have
(1) Z,=U and Zo =V,
(2) E = |U| + |V| which implies that all the other MCF’s were cancelled

completely in f(z) and U and V are completely cancelled by the Z;.

We have shown that conclusions (1) and (2) hold in all cases and it remains to verify

(3). By (2), Z; ' f(2)Z2 = 7‘:11 - ka and so | Z;7 1 f(2)Za| = di<i<n A;|X;|. Since
2| = 3, Ai, then A; # 0 implies that |X;| = 1. Write z = a2, then af'z; =

X:!-..X,, which, since |X| = 1, implies that 7;1 = a;! and thus X, =a;,. 0O

1
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Proof of Theorem 3.8. If x1 and z9 are in the same fixed point class, then by
Lemma 1.5, there exists a word z such that z = W, ' f(2)W,. We will show that
1 and x5 are related by a set of intermediate fixed points.

If z =1, then Wy = W; [1.1], so let us now assume that z is non-trivial and
distinguish cases depending on how W7 and Wy cancel with f(z). In each case, we
will find a 2/ = Z; ' f(2')Z, which satisfies the hypothesis of Lemma 3.12.

If W7 and Ws cancel at most with an MCF, then we may apply Lemma 3.12
with Z; = Wy and Zy = W5 and 2’ = z.

If Wy cancels with a remnant and W5 cancels with at most an MCF, then by
(R3), z = a;,2" and 2/ = Wl_lf(z’)Wg where W cancels at most with an MCF.
We can again apply Lemma 3.12 with Z; = W, and Z, = Ws.

If both W7 and W5 cancels with more than an MCF, then we can do the same as
above to get z = ailz’ai_kl where 2’ = Wl_lf(z’)WQ. We can again apply Lemma
3.12 with Z; = W, and Zy = Wo.

Therefore we write 2’ = Zl_lf(Z/)Zg where Z; = W; or W,.

(1) If 2’ is trivial, then Z; = Z which corresponds to one of the conditions of
Theorem 3.1.

(2) Suppose now that 2" = aj! --- a3

;0 is non-trivial. By Lemma 3.12(3), X;, =
P, X, Si, = Pi,a;,Si,. Let 23 be the fixed point corresponding to the 0 of a;,
in X;,. If e; =1, that is 2’ = ay, 21, then f(2') = X;, f(21) = Pi, a4, S, f(21)
and we have
Z/ = Zl_lf(Z)ZQ = Zl_lPilailSilf(zl)Zg.

Now Lemma 3.12 states that all the P;, and S;, are cancelled completely so we
conclude that Z; = P;, = Ws. Similarly, if e = —1, then Z; = S’i_ll =Ws.
In either case, since Z; = W; or W, then some condition of Theorem 3.1
is satisfied and 27 and z3 are directly related. We can write Z; - x fll =
afllZgl where Z3 is Sl-_ll =Wsifeg =1or P, = W3 if ey = —1. We now
have that

2 =aflz = Z7 X5 f(21) 2o = a5 Z5 ' f(21) 2o

1

which is equivalent to
zZ1 = Zg_lf(21)Z2.
Since (z1)s # a;. ' by the reasoning at the end of (R3), then Z3 cancels at

i1
most with an MCF. We can now repeat the entire argument with Z3 and Zs.
Every time we repeat (2), we get another intermediate fixed point x;. Since z’
is of finite length, there must be an m such that z,, is trivial, which implies that
Tm42 and x4 are directly related. This completes the proof of Theorem 3.8. O

4. THE ALGORITHM

Given a map f : C — C and the corresponding set of reduced words X =
{X1,...,X,}, the algorithm consists of the following steps:
(1) Perform all possible simplification steps (S1) and (S2) and determine if the
resulting map is W-characteristic.
(2) If so, determine W; and W for each fixed point z;.
(3) Determine the fixed point classes and calculate N(f).
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We will present an example of the calculation of N(f). Suppose 71(C) is gener-
ated by five elements and the set X = {X,..., X5} is given by

2 -2 —1 -1 -1 —1
X1 =aja; asa, as ajaz a0y
2.2 -1 —1 -2
Xo = arajasas as ajy”,
—1
X3 = ajagqazaza; -,

2 —2 —2 —2 -2 1
X4 = ajasasa, “ay “arazasay “a; < ay

X5 = 1.

Step 1: Apply (S1) and (S2) and check if the resulting map is W -characteristic

(a) Perform all possible (S1) and (S2).

The simplifications (S1) and (S2) are defined in Section 2. Notice in our example
that each X; = a; X/a;* or X; = 1, and so we can perform the simplification (S1)
to get a new set

-2 1 -1 -1
X1 =ai1a; asay as ajaz az,
2.2 —1 -1 _—1
Xo = ajazas ag ap -,
X3 = asazaz,
—2 2 —2 2
X4 = arasasaq “a; “a1a3as5a4 Gy ",
X5 =1.
Notice now that X, X; and X5 are multiples of the subword a3aas 'az'aj’.
Renumber the a; by interchanging as and a3 and thus the corresponding X5 and
X3 to get
-2 -1 -1 -1
X1 =aia3 asa, a, aiay as,

X2 = agazas,

X3 == U7
X, =U"2,
X5 =U",

where U = a3a2a; 'a; 'a7'. We can therefore perform the simplification (S2) with

b, ifi=1,2,3,
gulai) =< bg? ifi=4,

1 ifi=5
and
X, ifi=1,2
B (b;) =
#(bi) {U ifi=3

and look at the set
Guhy(b1) = bib32b3b5 tbyby tby = byby tbiby tbs,
gshy (ba) = b3 *babs,
gl (bs) = b3 30y b7 = 037y by
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We will set a; = b; and X; = gghs(b;) to get
X1 = alaglalaglag,

Xy = a3 %azas,
X3 = a3_2a2_1a1_1.
We note that we can no longer do either (S1) or (S2) and let f’ be the map
corresponding to X' = {X7, X9, X3}. If at this point, we only had one X;, then we
would apply Theorem 2.1.

(b) Verify that f' is W -characteristic.

We will in fact show that X’ has remnant. The reader can check that all MCF’s

are contained in the brackets. See Example 3.4 for more detail on finding MCF’s.
X1 = [m]ay tara; tag),
X3 = [az *]ag[as],
X3 = [a57a; '[a; ']
Since each X; has a portion which is not contained in any MCF, then X =
X{X;, X2, X3} has remnant and therefore /' is W-characteristic by Theorem 3.8.
Step 2: Determine the W; and W ;.
X = alaz_lalaglag,
X> = a3 asas,
X3 = aglaglaglafl.
The letters in boldface, where a; appears in X;, indicate the occurrence of a fixed
point. We will number these fixed points z1,...,x5 in order of occurrence. We
therefore have six fixed points, including z¢, and we will determine the correspond-
ing W; and W;. See Lemma 1.2 and Example 1.4 to recall the definition of W; and
W,.
Wo = 1, Wo =1,
W1 = 1, Wl = aglagaflag,
Wy = ajay?, Wa= ag_laQa

—2 k74 —1
W3:a3 5 W3:a3 5

-1 A7 2
W4 =as , W4 = a1a2as,

W5 = CL3_2, W5 = ai10a2as.

Step 3: Determine the fized point classes and calculate N(f') = N(f).

By comparing the W; and W, we see that the following pairs of fixed points are
directly related: (xo,x1), (z3,24), (23,25). By Theorem 3.8, we have the following
fixed point classes: Fy = {xg,x1}, Fo = {x2} and F5 = {3, 24, 25}. We calculate
that i(F1) =1—1=0, i(F2) = -1 and i(F3) = =1+ 1+ 1 =1 (see the comment
before Example 1.4). Therefore, N(f) = 2.

5. THE JIANG-GUO INEQUALITY

B. Jiang and G. Guo [JG] proved that the inequality |L(f) — x(M)| < N(f) —
X(M) holds for surface homeomorphisms f : M — M and asked if it is true for all
maps of surfaces. We will show that it is true if the induced map on the fundamental
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group is homotopic to a W-characteristic map and therefore, by Theorems 3.7 and
3.8, it is true for most maps.

Theorem 5.1. If f : C' — C is W-characteristic, then
IL(f) = x(O) < N(f) — x(O).

Since the Lefschetz number, the Euler characteristic and the Nielsen number are
homotopy and homotopy-type invariant, we have

Corollary 5.2. If F: M — M is a self-map of a hyperbolic surface with boundary
and the induced map of the fundamental group can be viewed as a map f: C — C
which is homotopic to a map which is W -characteristic, then

|L(F) = x(M)| < N(F) = x(M).

For convenience, if a fixed point x; has positive index, we will call it a positive
fized point and if a fixed point class has positive index, we will call it a positive class.
Similarly, for negative index. Furthermore, we will always assume that ; € {—1,1}
and that the fixed point z; lies on Cy;. If F; is a fixed point class, then A* (i) will
denote the number of positive fixed points in Fj. Let Al ,ATAT and AT be
the total number of positive fixed points in the inessential fixed point classes, the
positive fixed point classes, the negative fixed point classes, and all the classes,
respectively. For the number of negative fixed points, we use Ay, A, A and A™.
Suppose there are ¢t positive classes and ¢~ negative classes.

If 1 (C) has n-generators, then x(C) = 1 —n. By definition, L(f) = AT — A~
and N(f) = ¢T+c¢~. We will look more carefully at the relationship between AT (i)
and A~ (i) for each type of class.

Since inessential fixed point classes are defined to have an index of zero, then
Al = Ag.

In a positive class, AT (i) > A~ (i) and, in particular,

Lemma 5.3. If f is W-characteristic and F; is a positive fized point class, then
AT (i) = A= (i) + 1. Therefore, A} = A +ct.

We will postpone the proof until later.

If F; is a negative fixed point class, then we can write A=(i) = AT(i) + J;
where j; > 0. If we let J be the sum of the j; over all negative classes, then
J=>,(A(i) —AT(i)) = A, — A}, We will prove
Lemma 5.4. If f is W-characteristic, then J < 2n+ ¢~ — 2.

We will suppose Lemmas 5.3 and 5.4 hold and prove Theorem 5.1.

Proof of Theorem 5.1. The inequality |L(f) — x(M)| < N(f) — x(M) is equivalent
to showing that N(f) > L(f) and N(f)+ L(f) — 2x(M) > 0.
By Lemma 5.3,

L(f) =AY =A™ = (A A+ (Af — A+ (Af —A)) =" — U

P P
Since J > 0, then L(f) < ¢t < N(f).
By Lemma 5.4, we have

N(f)+L(f) = 2x(C) = (¢" +¢7) + (" = J) = 2(1 - n)
=2t +(c"+2n—-2)—J
>2ct 4 (¢ +2m—2)—2n+c —2)=2ct>0. O
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From Theorems 3.8 and 5.1 we have the following result:
Corollary 5.5. If f : C — C is a map such that X has remnant, then
IL(f) = x(C) < N(f) = x(C).
The following is a corollary to Lemmas 5.3 and 5.4.

Theorem 5.6. If f is a W-characteristic and F; is a fixed point class of f and
i(F;) is the index of F;, then 1 —2n < i(F;) < 1.

Proof. By Lemma 5.3, we know that i(F;) < 1. If Fy,..., F.- are the negative
fixed point classes, then i(F;) = AT (i) — A~ (i) = —j;. Since

by Lemma 5.4, then j, <2n+c¢~ —2—(¢” —1) =2n—1. |
We will devote the remainder of the section to proving Lemmas 5.3 and 5.4.

Lemma 5.7. If f is W-characteristic, then no two positive fized points can be
directly related.

Proof. If x1 and zo are positive fixed points, neither of which is zg, then for some

i1 and 79, we can write X' = Zja; ' --- and X% = Zya; °?--- where
) 71 21 12 2
Zia; ok = Kk ifep =1,
th Wy ifep = —1.

Therefore, for the conditions of Theorem 3.1 to hold, there exists €1 and €5 so that
Zya; "t = Zzay"?. This implies that iy = ig,e; = €2 and Z; = Z» which happens
only when z1 = xs.

If z1 = 20, then W; = W, = 1. However, neither W5 nor W can be trivial, by

Lemma 1.2, and therefore x; and x5 cannot be directly related. O

Define
T(Ul) = {ZZ?j S FlX(f)|WJ =U; or Wj = Ul}
Clearly a point in T'(U;) is directly related to every other point in T'(U;) and there-
fore each T'(U;) is contained in a fixed point class.

Proof of Lemma 5.3. Since F; is positive, then AT (¢) — A= (i) > 1. If F; = {x;},
then i(F;) = 1. Otherwise, since f is W-characteristic, we can write F; = T'(Uy) U
< UT(Up,). If T(U;) did not intersect any of the other T'(Uy) in Fj, then none
of the fixed points in T(U;) would be directly related to any of the other fixed
points in F; and therefore F; = U(U;). We conclude, then, that there must be
at least m; — 1 points of F; that are in two T'(U;). By Lemma 5.7, each T'(U;)
contains at most one positive fixed point and so if r of the positive fixed points
are contained in two of the T(U;), then AT (i) < m; — r. Since there need to be
at least m; — 1 points of F; in two T(U;), then A= (i) > m; — 1 — r and therefore,
AT@)—A~ (@) <mj—r—(mi —1—7r)=1. O

Let T~ (U;) be the set of all the negative fixed points in T'(U;) and let S =
{U1,...,Un} where |T~(U;)| > 1 and T'(U;) is contained in a negative fixed point
class. Define P(U;) = {(j, Ej)|X;j = U;a5---}. In other words, each element of
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P(U;) corresponds to an occurrence of U; which is followed by a negative fixed
point.
To prove Lemma 5.4, we will make a series of claims.

Claim 5.8. IfV,Z €S,V # Z, then |P(V)NP(Z)| < 1.
Proof. If (i,¢;) and (j,¢;) are distinct elements of P(V) N P(Z), then
X =Val-- = Zal -
and
X;J‘ :Vajj---:Zajj---
Either both V and Z are trivial or V and Z are both maximal common factors for

X" and X;j. However, this implies that V = Z which contradicts the hypothesis.
O

Claim 5.9. Given P(U;),...,P(Up), we can find sets Si,...,Sy such that for
eachl <a < N,S, =P(Uqy ) U---UPU,,,. ) and
(1) the S, are disjoint,
(2) U1ga§N Sa = Ulgng P(U;),
(3) given any P(Us,) C Sa, we can order Sq = P(Uy(a,)) U+ U P(Uy(a,..))
where o(a1) = ay, so that

(*) |P(Uo(a]~)) N [P(Uo(al)) u---u P(Uo(aj
for all1 < j < mg.

Proof. We will do induction on M, the number of P(U;). If M = 1 and we set
S;1 = P(Uy), then Sy clearly satisfies (1)—(3).

Suppose that the claim is true for M — 1, that is, we have found sets S1,...,Sy
which contain P(Uy),. .., P(Upm—1) and satisfy (1)—(3).

Now consider P(Uys). If P(Ups) does not intersect any of the S,, let Sy; =
P(Upr). The sets Sq,...,Sny41 are clearly disjoint and their union is the union
of the P(U;). By the induction hypothesis, (3) is satisfied by S1,...,Sx and it is
clearly satisfied by Sy 41 as well.

Suppose now that P(Uys) does intersect some of the S,. We can assume that
the S, have been numbered so that Sk 11,...,Sy are the only S, which intersect
P(Upr). We define T = P(Upr) USk41 USky2U---USy and we will show that
S1,...,Sk, T satisfy (1)—(3). Since the Sy,...,Sy are disjoint and Sy, ..., Sk do not
intersect P(Ups), then (1) is satisfied. Furthermore, since (2) holds for Sy,..., Sy,
it clearly holds for S;,...,Sk, T also.

By the induction hypothesis, (3) holds for Sy, . .., Sk and so we only need to show
that (3) holds for T. Given any P(Uy) C T we wish to show that we can order T so
that it starts with P(Uy) and satisfies (x). Suppose that P(Uy) = P(Up). Since Sg
intersects P(Unr) for each K+1 < § < N, there is some P(U;) C Sg which intersects
P(Uyr). Since Sg satisfies (3) by the induction hypothesis, we order Sg to start with
P(U;) and to satisfy (x). Now T = P(Up)USk4+1U- - -USy = P(Uq, )U- - -UP(U,,, ).
Given any P(Uy,) C T for j > 2, we have that P(Uy,,) C Sp for some 3. Either
P(U,,) is the initial term in the ordering of Sg and therefore intersects P(Uns), or
it intersects an earlier term in the ordering of Sg. In either case, (*) is satisfied.

Suppose now that P(Uy) # P(Ups). Therefore, it must be contained in some
S, which, by (3) and the induction hypothesis, we may order to start with P(Uy)

PI>1

-1 il
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and to satisfy (x). We will order all the other Sg to start with an element that
intersects P(Uypr) and to satisfy (). Now write

T =S,UPUum)U | Sp=PUa,)U---UPUs,).
B#Y

Consider any P(U,,) C T. Suppose P(U,,;) C Sg for some (3. Either P(Uy,) is the
initial term in the ordering of Ss and intersects P(Ujs) or it intersects an earlier
term in the ordering of Sg. If P(Uy,,) C S5, then it will intersect an earlier term in
Sy. If P(Uya,) = P(Un), then P(U,,) intersects some element in S, since P(Unr)
intersects S.,. Therefore (x) holds and T satisfies (3). O

Claim 5.10. IfS, = P(Uqy, )U---UP(U,,,) satisfies (x) and Uy, has the smallest
length among all Uy, that is, Uy, | < |Uq,| for all i, then Uy, = U, -+ -

Proof. We will do induction on m, the number of P(U,,) in S,. If m = 2 so
Sa = P(Uq, ) U P(Uyy,), then

X5 =Ugal - = Upyali -+

for some (i,¢&;). If we assume |Uy, | < |Ug,|, then Uy, = U, - - -

Suppose the claim is true for m — 1. Since P(Uy,)U---UP(U,,, ,) also satisfies
(%), then for some k < m — 1,U,, = Uy, --- for all 1 < i < m — 1. Since S,
satisfies (), then there exists at least one j < m such that |P(U,,, ) N P(Uy,)| = 1.
Therefore,

XEL:U a .o _U a€7...

Oémz (3 Rat)

for (i,&;) = P(Ua,,) N P(Uy,). If |Uy,,| > |Uq,|, then by the induction hypothesis,
Uap =Uq; - =Ugy -+ and the claim holds.

If |Ua,,| < |Uq,|, then Uy, = U,,, ---, but we also have U,; = U, --- by the
induction hypothesis, so Uy, -+ = Uy, - . If |[Ua,, | > |Ua, |, then we are done. If
not, Uy, = U,,, --- and by the induction hypothesis, Uy, = U,,, --- for alli. O

Claim 5.11. If K is the total number of positive fixed points which are contained
in a negative class and are contained in only one T(U;), then

S IPWU)ZJ+M—c +K.
1<i<M

Proof. By definition, each element in T (U;) contributes exactly once to the set
P(U;). Therefore > ), [P(Ui)| = 321 <icpr [T~ (Us)|. Furthermore, since all
negative fixed points contribute to either one or two of the T~ (U;), then

. =Ur

and therefore

)| =2 1T W)= > [T NT (W)l

1<j<k<M

YoOIPW)=A+ Y ITTU)NT (U],

1<i<M 1<j<k<M

We now wish to find a lower bound for >3, ; 4 [T7(U;) N T~ (Uk)|. As we
observed in the proof of Lemma 5.3, if we write F; = T(Uy) U --- U T (U, ), then
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> i<jekem, [ T(U;) N T(Ux)| = mi — 1. Suppose that there are K; positive fixed
points in Fj, each of which belongs to only one T'(U;), then at most A* (i) — K;
positive fixed points could account for the intersections T'(U;) N T'(Uy). Therefore,
at least m; — 1 — (AT (i) — K;) negative points must be in the intersections and so

Yo ITTUHNT(Uk)] 2 ) (mi— 1~ (AT (i) — K))

1<j<k<M i
=M-c —Al + K,

where we are only summing over the negative F;. Therefore,

S PO =A A M-c —Af+K=J+M-c +K. O
1<i<M

Claim 5.12. If S, = P(Ua,) U---U P(Uy,,. ) satisfies (x), then

Sal2 Y |P(U)

1<i<m

— (mq — 1).

Proof. Given S, ordered as above, let I' be the undirected graph whose vertices are
the P(U,,) and which has an edge connecting P(U,,) and P(Uy,) if and only if

(xx) P(Ua,) N P(Us;) = @ and there is no (k,1) # (i, j) where
k>il>jand P(Uy) N P(Us,) = P(Ua,) N P(Ua,).

We claim that I" contains no cycles. Suppose I" contains a cycle which has vertices
P(Ug,),...,P(Ug,) and edges e(1,2),€(2,3); - - -, €(k—1,k)> €(k,1) Where e(; ;) connects
P(Ug,) and P(Ug,) and k > 3. Because each edge represents an intersection,
T = PUg,)U---UP(Ug,) satisfies () and so by Claim 5.10, there is some r such
that Ug, = Ug, - - for all i. Since P(Ug, ), ..., P(Ug,) are the vertices of a cycle, we
can cyclically permute T and still satisfy () and therefore we can assume that Ug, =
Upg, - -~ for all i. Suppose that (t,e;) = P(Ug,) N P(Ug,). We will show that Ug, =
Ug,a;' - -+ for all 2 <4 < k. Since (t,&;) is the intersection of P(Ug,) and P(Ug,),
then X;* = Up,a;* --- = Ug,a;"' --- and so U, = Ug,a;' ---. Suppose that U, | =
Ug,a;* ---. Because there exists an edge e(;_1 j), then P(Ug,;_,) and P(Ug,) must
intersect and so there is some X,? = Uﬁjaff’ cee= Ugjflaff’ ce=Ugait - ap e
Since |Ug,| < |Ug,|, then U, = Upg,a®*a;---. In particular, Us, = Up,a;"---.
Since Ps, and P, also intersect, there is some X4? = Ug,ag’ - -+ = Ug,ag” - and
so Ug, = Ug,ag" ---. This implies that (t,&;) = (q,&,) and so P(Ug,) N P(Ug,) =
P(Ug,)NP(Ugs,). However, this is prevented from happening by the condition (xx)
on the edges and so I' contains no cycles.

Therefore, I' can be written then as a disjoint union of trees. Since I' has my,,
vertices, then it has at most m, — 1 edges. By Claim 5.8, each edge corresponds to
a single point of intersection of the P(U,,) and by (*x), there is exactly one edge
for each point of intersection. Therefore there are at most m, — 1 distinct points
of intersection and so

Sal 2 Y |P(U)

1<i<m

— (ma — 1). O

Proof of Lemma 5.4. Under a homotopy, there is a one-to-one correspondence be-
tween essential fixed point classes which preserves index [J1]. Since —.J is the sum
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of the indexes of all the negative fixed point classes, we may then apply the simpli-
fication (S1) of Section 2 without changing J, ¢~ or n. Therefore, we may assume
that X; = UX,;U~! for all i only if U = 1.

Suppose we have N disjoint sets S1,...,Sy which satisfy (1)—(3) of Claim 5.9.
If S = P(Ua,)U---UP(Us,,, ), then by Claims 5.11 and 5.12,

U So| = Z |Sa|2 Z |P(Ui)|_ Z (ma_l)

1<a<N 1<a<N 1<i<M 1<a<N
>J+M-c+K)—-(M-—N)=J—-c + N+ K.

Since Uy<;<nSj = Ui<icn P(Ui) is the set of pairs of the form (i,e;) where
1<i<mnande =1or —1, then |Uij| < 2n. Therefore, 2n > J —c~ + N+ K
and so

J<2n+c —(N+K)<2n+c —1

We will show that we cannot get equality.
If J=2n+c¢ —1, then

m>| | S|=2J-c+N+K
1<jEN

=0C2n+c¢c —-1)—c+ N+ K=2n+N+K-1

where N > 1 and K > 0. Therefore, N = 1,K = 0 and |, P(U;)| = 2n.
In other words, all the P(U;) combine into one set S; and so there is only one
negative fixed point class F. Claim 5.10 implies that if Uy is the shortest of all
the U;, then U; = Uy ---. Since |J, P(U;)| = 2n, then for every 1 < r < n,
there is some ¢ and j such that (r,1) € P(U;) and (r,—1) € P(U;). Therefore
X, = UZ----UJ-_1 = U;C---Uk_1 for every 1 < r < n. By the assumption at the
beginning of this proof, Uy = 1 and so T'(1) C F. However, 2o € T(1) C F is a
positive fixed point which is only contained in 7'(1) and so by definition, K > 1, a
contradiction. |
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