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MAXIMAL FUNCTION ESTIMATES OF
SOLUTIONS TO GENERAL DISPERSIVE
PARTIAL DIFFERENTIAL EQUATIONS

HANS P. HEINIG AND SICHUN WANG

ABSTRACT. Let u(z,t) = (Sqf)(z,t) be the solution of the general dispersive
initial value problem:

Oru —iQ(D)u =0, u(z,0)= f(z), (z,t) eR" xR

and S&* f the global maximal operator of Sq f. Sharp weighted LP-esimates
for S&* f with f € Hs(R™) are given for general phase functions €.

1. INTRODUCTION

The initial value problem (IVP) for the free Schrodinger equation
Ou + 1Azu = 0, (z,t) € R" x R,
(1.1)

u(z,0) = f(z), x € R",
has the formal solution

u(x7t) = (Sf)(xvt) = (27T)_n/ emfeit‘f‘2f(€) dg,

n

where
fo= [ e e

is the Fourier trnasform of the initial data f of (1.1).

In order to obtain sufficient and (almost) necessary conditions for the almost
everywhere convergence of the solution u(z,t) to the initial data, L. Carleson ([5])
posed the question of finding minimal regularity required of f such that the local
maximal operator
(1.2) (S*f)(@) = sup [(Sf)(z,1)]

t|<1
is locally integrable.

This problem is completely solved in the one-dimensional case (of the spatial
variable) (cf. [11], [12]), however, in the higher dimensional case, the problem is
still largely open, although a considerable number of partial results are available
(31, [4], [19], [28]).
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80 H. P. HEINIG AND SICHUN WANG

A natural generalization of Carleson’s problem is to replace in (1.1) the Laplacian
A by a general differential operator of constant coefficients in the spatial variables
and then find minimal regularity for the associated local (and global) maximal
function (cf. (1.2)). This problem was studied in a number of papers by various
authors, but specifically by C. E. Kenig, G. Ponce and L. Vega ([12]).

Let D = —iV = —i(0s,, 0y, ..., 0x,), then the general dispersive initial value

problem (GDIVP)
L3 O —iQUD)u =0, (z,t) e R" xR,
(1) u(x,0) = f(z), ze€R",

has solution

(1.4) u(e t) = (Saf)(@,1) = (2m)° / €A f(g) d.

n

Here f is again the Fourier transform of the initial data f, Q a smooth phase
function and
UD)u(a) = (2m) " [ e de
For a given phase function €2, we define the local and global maximal operators
S, 85" by
(Sof)(x) = sup [(Saf)(z,t)l, feSER"),
0<t<1

respectively
(So"f)(x) = ig}gl(snf)(z,t)l, fesm®R)"™

In this paper we establish sharp images in terms of weight functions w and indices
p and s, such that, for general smooth phase functions €2 the inequality

H,

1/p
(15) {[ i n@re@as  <ci
holds. Here C' > 0 is a constant independent of f,
H(R") ={f e S'(R") : || {|

H, < 0o},

where

X 1/2
Il = { [ a+leprifePa]

is the usual norm of the Sobolev spaces H(R™), and S’(R™) the dual space of the
Schwartz class S(R™) ([10], [25]).

In particular we consider estimates (1.5), primarily with p = 2 and w(z) =
|z|=*(1 4+ |2])7%, a > 0,b > 0, for a number of general phase functions Q. In case
) is a polynomial of principal type we obtain sharp estimates in terms of a and s
for p = 2 (Theorem 3.3). If Q is a real homogeneous polynomial such that |V
has finitely many regular zeroes on S™!, the unit sphere in R™, then again sharp
estimates with p > 2 are proved (Theorem 3.4, Proposition 3.2). These main results
complement the work of Kenig, Ponce and Vega (cf. [12, Thm. 4.1]) and are given
in Section 3.

In Section 4 we illustrate the results by providing various specific phase functions
to which our results are applicable. For example in Proposition 4.1, 4, the phase
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DISPERSIVE PDES 81

function Q given by Q({)(Z?;ll £2)m¢,, m > 1, an integer, is such that |[VQ? is
not elliptic, yet a sharp estimate of the form (1.5) holds.

Of course, if Q(¢) = [£]? or Q(&) = |¢|3, with n = 1, then the GDIVP (1.3)
reduces to the free Schrodinger equation, respectively, to the linear version of the
KdV equation

ou  Ou
E—F%:O, (ZIJ,t)GRXR,
u(z,0) = f(z).

Hence the case Q(¢) = [¢|¢, d > 0, is of special interest and sharp indices for the
global maximal operator, denoted by S;* in this case, are proved. These results
are contained in Section 4 and extend and complement those given in [4], [12], [20],
[21], [22].

We begin in the next section with a number of technical results needed in the
sequel, some of which may be of independent interest.

As is usual, inequalities (such as (1.5)) are interpreted in the sense that if the
right side is finite, so is the left side, and the inequality holds. Also, we write
P~ Q,if P/Q is bounded above and below by positive constants, and if E is a set
(in R™), then E¢ denotes the complement of E, |F| its Lebesgue measure and xg
is the characteristic function of E. Other notation are introduced as they occur.

2. PRELIMINARY RESULTS

Now a number of preliminary results are given which are required in the sequel.
The first is a weighted Fourier inequality involving radial weight functions on R™,
n > 1.

Lemma 2.1. Leta > 0,b> 0,50 > 0 and 2 < p < +00. There is a constant C' > 0
independent of f such that the inequality

e {[ 1wk sen el sof [ avwpeiser o)

holds, if and only if, so > n(1/2 —1/p) + a/p and a < n. Moreover, if (1 + |z|?)%
in (2.1) is replaced by |z|?*° and b = 0, then (2.1) holds if and only if so = n(1/2 —
1/p) +a/p,a <n.

Proof. Applying [9, Thm. 3.1] if p > 2 and [1, Thm. 1] if p = 2 with u(x) =
|2]2/P(1 4 |z]) =P, v(x) = (1 4 |=|?)*0/2, then (2.1) is equivalent to

1/2

s K 1/p 2K 1/2
(2.2) sup (/ (1 4 t)_bdt> (/ (1 4 12) T dt) < 400,
s>0 0 0

where 1/K is the nth root of the volume of the unit ball in R™.
Now, if a > n, the left integral of (2.2) diverges and hence we require a < n.
Next, if s > 0 is large, then

1/p

sT2K
(/ tn—l—a(l + t)_b dt) o CS—Q(n—a)/P7
0
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82 H. P. HEINIG AND SICHUN WANG

2K 1/2 9 .
Csn2%0 f 2
/ (1+t2)—sotn—l dt o~ B ) s 1 7’L7é S0,
0 (Cy 4 Colns)'/2, if n = 2sq,

where C, C1, Co, are some positive constants. Hence if the supremum (2.2) is finite,
then for n # 2sy,

and

lim sup s~ 2~ @)/Pn=2s0 -
which implies —2(n —a)/p+n — 2s9 < 0, that is, so > n(1/2 — 1/p) + a/p, and if
n = 2sg, then automatically s = n/2 > n(1/2 — 1/p) + a/p. Thus the necessity
part is proved.
To prove sufficiency, assume so > n(1/2 — 1/p) + a/p,a < n and write for s > 0

1/p

F(s) = </OS Kt"_l_“(1+t)_bdt> , Gls) = </OS Kt”‘1(1+t2)‘s° dt)

In order to show that (2.2) is satisfied it suffices to show (due to the continuity of
F and G) that both

limsup F'(s)G(s) < 400, limsup F'(s)G(s) < +o0.

5s—0+ §—+400

1/2

But since sgp > n(1/2 — 1/p) 4+ a/p, the necessity part just proved shows that
limsup F(s)G(s) < 4o0.

s——+o0

If s > 0 is small, then
(s) < Cys—2(n=a=b)/p  if p £ q 4+ b,
~ | Ca(In(1/s)V/P,  if n=a+b,
and G(s) < C3s™. It follows that if n # a + b,

limsup F(s)G(s) < Climsup s~ 2(=a=0/p+n < 4o
s—0+4 s—0+

since —2(n—a —b)/p+n=2[n(1/2—1/p)+ (a+b)/p] >0, and if n = a + b,

lim sup F(s)G(s) < Climsup(In(1/s))*/Ps" = 0.
s—0+ s—0+

This proves the lemma.

Lemma 2.2 ([25, Ch. 4, Thm. 3.10]). LetY be a spherical harmonic of order k on
the unit n-sphere in R™, then

(2.3) /s . e_is(w/f/)y(fl)da(fl) = (27T)n/2i_kS(Z_n)/ZJ(n+2k_2)/2(S)Y(x/)-

Here 2/,¢' € ™1, Jint2r—2)/2(8) the Bessel function of order (n + 2k —2)/2 and
do the surface measure on S™7L.

Lemma 2.3. (i) Let n > 2,k > 0,0 < v < n — 1, then there exists a constant
C = C(v,n) >0, independent of k, such that

(2.4) [ WP a < c.
0
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(i) If k > 1, there exists a constant C > 0, indepedent of k and t > 0, such that
(2.5) |Jk2(t)] < C.
Proof. Tt follows from ([32, p. 403]) that

20 [ WO de = CO) =

[(k+n/2)+ (v —1)/2]’

where C(v) = % But since for any a € R,

Iz +a) 2T(z)x?, r — 00,

one can estimate the right side of (2.6) by C(k +n/2)™" < C.

(2.5) follows directly from [32, p. 176].

The next two lemmas are Plancherel-type estimates for (Sq f) 7z, -), the Fourier
transform of (Sq f)(x,t) with respect to ¢, where  are certain phase functions.
These technical results are essential in the proof of the main theorems of the next
section.

Lemma 2.4. Let ¢ € C(0,+00) such that |¢'(t)] > 0, and Q&) = (|¢]). If
0<a<n—1and sy € R, then there exists a constant C' > 0, independent of
f € S(R™), such that

{/R |(Saf) (@, )(s)P(1+ 52 [2| =" ds dx}l/z

(L+ 1D ar 2oz 0e L
<C{ Il S TR GRHC] dg}

(2.7)

holds.

Proof. We shall prove the result for ¢’(t) > 0 only, since the argument for the case
©'(t) < 0 is identical. Let g € S(R), and A = lim¢—o4+ ¢(t), B = limy— 400 (),
then an interchange of order of integration, justified by Fubini’s theorem, a change
to polar coordinates and a change of variables yields

/ (S0 130 de

Cr) [ [ e ) i e

= (m [ e [ ey arag
—en [ r”—lg«o(r» e O dotey in

B n—1 L A
0 [Ca I [ e o O o ) o) .

Hence (Saf) (z,-)(s) exists as a tempered distribution and is equal to
(Saf) (x,-)(s)

= (27 1-n s (@_1(8))71_1 eup “L(s)|z| (2’ £r,o.—1 " do (€'
e () G [ ) e ()¢ dor(€))
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84 H. P. HEINIG AND SICHUN WANG

Substituting this expression into the left side of (2.7) yields

/R (1+52) (/ (S0 (o )P s d ) ds

soleﬁ sV
' (p=1(s))I?

2
(2.9 ( [T o () o) dx) s
7,2(71 1)
—c [Tt et Py sl )

2
X ———dx | dr,
</Rn E |1+a >

where the formal calculations are clearly justified. Next, we estimate the inner

/ rlel@"€) ey dor(€1)
Sn—1

integrals. Let H,(Lk) denote the vector space of spherical harmonics of order k on

S™=1 then ([25, Ch. 4]) H is finite-dimensional with dimension say, dp . If

{Yk,z}fi’f denotes a real-valued orthonormal basis of HS", then as in (25, Ch. 4]

U?:o{yw};iiik is a complete orthonormal basis of L?(S"~1).
Let

(29 o) = [ V@) foe)dote),

then by Parseval’s formula

<a7 b> = Z<a7 Yk,l><bv Yk,l>a

k,l

with a = f(rfl)a b= 6_"‘1‘(1/'5/), and we obtain
/ 1ol €) (e do(e")
S’nfl
= Z (Ln ) 7"5 VWi (€) dU(§/)> </Sn1 eir\z\(z"f,)yk’l(g/) dCT(fl))
= nalr) ([, e Wit o) ).
kz)l k,l /Snil k.l

But by Lemma 2.2, this is equal to

dn,

o0 k
@m)"2 >N i |2 ) T2 T oy 2 (vl ar (1) Vi (—27)
k=0 =1
[ele] dn,k
= 2m)"2 () 2 0 i R a1 () Tnsan—2) 2 (vl Yiu (=),
k=0 =1
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Hence a change to polar coordinates shows that

[\ ereoioerme|

—C/ -1 —1 a T'S)2_n

X / Z i F a1 (1) Jngan—2)/2(rs) Vi (—2')| do(2)| ds

—|:z:|1+‘1 dx

2
o0 dn,k
X / Z iR ap 1 (1) Jng2k—2)/2(rs) Vi (—2')| do(2’)| ds
S k=0 1=1
(2.10) " e -
=C7°2_"/ s
0
oo dn,k 2
X / Z iR ap 1 (1) Jntak—2)/2(rs) Vi (—2')| do(2’)| ds
S k=0 1=1
L . _
:OTQ_"Z |ak,l(r)|2/ s_a|J(n+2k_2)/2(rs)|2 ds)
k=0 =1 0
o0 dn,k 00
= eSS a0 [ e 2 (0O de
k=0 1=1 0
00 dn,k
< C«T1+a—n Z Z |ak,l(T)|27
k=0 =1

where the last inequality follows from (2.4). Substituting (2.10) into (2.8) and using
(2.9), it follows that the left side of (2.7) is dominated by

Oodnk
> 1—"_ T 28 n— a—n
o [ e S el | an

1/2

k=0 I=1
/2
(LA LUED* crar eer2 ge )
(] lf©R )
no e (€D
The last equality is obtained from Plancherel’s theorem
[e'e} dnk o0 dnk 2
| i) =S jad? =3 | [ Fre W) do(e) |

k=0 1=1 k=0 1=1
and a change from polar coordinates. Thus Lemma 2.4 is proved.

In the sequel Sq p, D an open set in R™, is defined by

(Sa.pf)(@.1) = (2m)™" /D £ f(¢) de

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



86 H. P. HEINIG AND SICHUN WANG

and we write Sorn = Sq. Moreover as in the previous lemma (Sq pf) (z,)
denotes the Fourier transform of (Sq,p f)(x,t) in the ¢ variable.

Lemma 2.5. (I) Let D be an open set in R™ and 2 a real-valued C*(D)-function,
such that

(1) VQ(&) £ 0, for all £ € D;

(ii) There exists a positive integer N and a measurable set E C R"™1 with
(n — 1)-dimensional Lebesgue measure equal to zero, such that, for every T and

every €, = (€1, €1, &bty .- 6n) ERPIN\E, 1<k <n,
Q(glv"'vgk—lazafk-i-la'"7577,) =T

(as a function of x) has at most N solutions.

If (Saf) (z,-)(1) is the Fourier transform of Sqf(x,t) with respect to t, then
forsp eR, 0<a<n—1,0<a; <1,0 < b <400, with a; + by > 1, there exists
a constant C' > 0 independent of f € S(R™), such that

(// L 72)°1(S0.0 )@ O e e dex)m

LD arzronz e\
<o [ g eior)

(2.11)

(IT) If Q2 is any non-constant polynomial satisfying (i) (but without the restriction
(ii)), then (2.11) holds for f € S(R™).

Proof. (I) Let & be any fixed point of D, then VQ(&y) # 0 and hence there exists
an integer k, 1 < k < n, such that

@) > v
By continuity, there is an open ball By(£y) centered at & such that for any £ €
Bi(%)
70| > v
Now define a mapping T®) on the ball By (&) as follows:
(2.12) TH (€1, 60y &) = (Erveny Em1, UE, Ertts - - -1 En),

where £ = (£1,6,...,&,) € B1(&). The Jacobian of T™*), denoted by DT®*), is
non-singular on B (&), since

|det(DT®) ()] = \ o0

1

—|VQ 0.
©]> 5172001 >
Hence by the Implicit Function Theorem, there exists an open ball B(&p) cen-
tered at &, such that T™")|p ), the restriction of T to B(&), is a local C*-

diffeomorphism. Clearly the collection of open balls {B(&) : & € D} forms an open
cover of D and by Lindel6f’s theorem there exists a countable subcover {B,,}>°_;
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of D. Let
Ay = By,
Ay = By \ By,

An:Bn\(El UEQU"'UEn_l),

where Bj, denotes the closure of By, then {A,}>°, is a sequence of disjoint open
subsets of D such that the Lebesgue measure of D\ [J;~; A,, is zero.

Divide {4,,}22, into n subsequences {A;}7°,, 1 < k < n, satisfying the follow-
ing two conditions:

(i) 7™y, ,, the restriction of T®) to Ay, is a local diffeomorphism,
(it) V€ € Ay, |5 (O] > 2 [VQAE)!.

Now let By, = T (Ax;) be the image of Ay; under T*) and
(TENTE0) = (71, -+ o Tty @t () Tt 15 -+ 5 7T 1N € By,
Extend the domain of definition of i, to R"™ by setting qx.(n) = «, if n € By,

where « is any fixed real number. Then we obtain a mapping, denoted by S,Sl),
from R™ to R™, that is,

1
Sl(c,l) (77) = (7717 cee 7nk—17qk7l(77)7 Mk+1y- - 77711)

Finally, let £* be an arbitrary fixed point of D and define another mapping Sl(fl)
from R™ to D by

5(2)(77) _ My s =1 @t (M) Mt 15 - -+, n), M € Buys
i 5*3 TIEBEJ'

Then for any ¢ € S(R"),
/R (Sa.0f) (@, ) (7)o (7) dr
_ / (S, f) ()R (2) dt

—em [ ([ emeemio fie) ac) oty
= (m)' = [ e fe)pe) de

n oo

=(2m)' ™" /D el (Z > xan (f)) F(©p((8)) de

k=11=1

n —+oo
= (2701_”/[) (ZZXAk,l(ﬁ)ei”'ff(é)w(ﬁ(ﬁ))> dg

k=11=1
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and therefore

Making the change of variables

T(k)(€l7§27"'7€n):(77177727"'77711)7 €€Ak7l7

and writing

-1

- ; - Q2 _
Gia(n) = G me) = (L) M) }a—&(s,i?f (M)
Tk = (2131, ooy D=1y Tht1y - - ,l‘n),

ﬁk = (771? sy =15 TNk415 - - - 7”71)5
2) /— 2

Sl(c,l) (> i) = Sz(g,z) (n),

Q1 (Mg, M) = qra(n),

it follows from

/A eE () () de

-1

= /B emm’“”1<">f<<T<k>>—1<n>>\3—2((7’%—1@)) o(n) dn
i2-5D () 2 a(2) 02 2, |7
= [ st ka,lm)f(Sk,l(n))\8—&<Sk,l(n>> o) dn

:/Rsp(nk)/R - ei[zk%,l(ﬁkank)-l-fk'ﬁk]XBk’l(ﬁk’nk)GkJ(ﬁk’nk)dﬁkdnk

B /me / e ey, (@, )Gy, 7) il dr

Therefore by (2.13)
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Here the interchange of integration and summation follows from Fubini’s theorem
since

/ 1 ei[ik -ﬁk"rifqu,l(ﬁkaT)]XBkJ (ﬁk}’ T)Gk,l (ﬁk’ 7') dﬁk} dr
R'Vl*

k=1 1=1

<23 [ L e @
< g—gwgz )| 1FSE )| dnydr
n oo —1

=S5 [ ket ]3—2(5&’@» (S di
k=1 [=1 k,l

- (Ol 1F(©)] de

But ¢ € S(R) is arbitrary and therefore

(So,pf) (z,)(1) = F(z,7)
(2m) 1-n Z Z/ T Tkt oRar 1 (T, T)]XBk,L(ﬁva)Gk,l(ﬁkﬂ') dn,,

k=11=1

271— 1- Z‘/Rn 1 li?k'ﬁk (Zemqu’L(ﬁk7T)XBk,L(ﬁkaT)Gk,l(ﬁ]gaT)) dﬁk}’
=1

where the interchange of summation and integration here is clearly satisfied.
Write

Fe (@, 7,70 )Y (et Ty (0 T) G (s 7))
=1

%)
Z xkaTnk

andlet 0<a<n-—1,0<a; <1,0<b; < 4+oo with a; +b; > 1,590 € R.
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Then

2)s0 Nz, ) () 1 Tdx
| [as i e ) 0R mmmm drd

T
:/n/Ruw)so

1
X
jzfotor (1 + )

(2.14) <uf / (1+ |T|2>S°kzijl
1

dr dx

2

Z ~/]R 1 e F (xkv T, ﬁk) dﬁk
k=17R""

B dr dx

2

/ ) ek By (21, 7,7, ) ATy,
R’Vl*

X
|zfeter (1 4 [a])™

:n;/R(HT?)So/Rn

1
X
jz|orar (1 + |z])™

2

[ e B dn,
Rn—

dx dr,

and using the obvious inequality,

1 1
< )
[z[eFar (1 [2))% = Jau]® (1 + |2x )0 |Tr]®

it follows that

/.

2 1

|z[etar (1 + |z))

o 2
T My, F = dn
/RH e <Z oot (Ths T m)) Mk

=1

/Rnile <Z k7l(xka7'777k)> Mk

=1

~/]R -1 eﬁk.ﬁka (xka T, ﬁk) dﬁk

:/n
</

X
[Tk | x| (1 + [2x])

o dzr

1

d
e (1 + [a)br

2

5 dTy, dzy
1

1
B /R k] (1 + |g )
oo 2
X iik'ﬁk F — d_
/]Rnfl /]Rnfl ¢ (Z k7l(xk77—7 nk)) nk;

=1 [Zk]
By Lemma 2.1 with b = 0 and so = a/2, this is dominated by

1 —_— a
/R FACIEEPAD / ]

1 oo
<C NS |Fi(z, 7,727, | di,, day,
= /R|$k|a1(1_|_|xk|)b1 /Rnil ;| et (@, T ) | 7| )y, v

dfk dka.

2

Z Fra(zg, 7,m;,)|  dny day,

=1

(2.15)
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where the last inequality follows from the fact that
ZXBk,l(ﬁkaT) <N, M € R7—1 \ E,

which in turn follows from hypothesis (ii).
Since 0 < ay < 1l,a1 +b; >1

dxi < +00,

1
~/]R ]t (1 + [ag )

and hence the right side of (2.15) is less than or equal to

(2.16) c . <ZXBk,z(ﬁk,T)|Gk,l(ﬁk,7)|2> dnj,.

=1
Substituting (2.15) and (2.16) into (2.14), we get

/n/ 1+7’ SO| SQDf)( )( )l |x|a+a1(i+| |) ot

<Cc | 1+7° SOZZXBkL (o> 7)1 G (T, )| Ty, dr
R k=1 1=1

/ (L4 e l2)% [ X 0.« (1) Gt (T i) |2

8”

(|_|)
™M= TM

Z/ (1+ |kl |ﬁk|a|Gk,l(ﬁkvnk)|2 dn

=1

>
Il
—

8

c”)
NE

[, sy

k=11=1
—2
<AFEO) )P | G (@) )|
k
o3y [ wr@nEior [ ae|
k=11=1
<oy Y / (14 1960) ) k"L F O IVe) " de
k=1 1=1 " Ak

—c/ (1+Q6)2)* €]V u©) L F(€) 2 de.

This proves the first part of the lemma.

To prove (IT), observe that the proof of Part (I) required assumption (ii) only in
the proof of the estimate (2.15). But if €2 is a non-constant polynomial, the terms
in the sum of the integrand of (2.15) do not exceed the degree of Q and hence the
inequality (2.15) is obviously satisfied. The remaining argument of the proof is then
identical to that of (I).

Remark 2.1. Ifin Lemma 2.5, D =R", 0<d < 1,01 =1-9,b1 = 25,0 <a <n-—1,
and sg € R, then the inequality (2.11) can be reformulated as
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( [ [isar @ ora s i <ﬁ)5 ar dx)

(LD iz )
<o [ Sggrleior )

If © is a radial function, then (2.7) of Lemma 2.4 shows that this estimate holds
with 6 = 0, however ¢ may not be zero in this case. Hence for 0 < a < n — 1, the
case where () is radial may be viewed as the limiting case of the non-radial case.

1/2

3. MAIN RESULTS

In [28] Vega proved that if d > 0,0 > 1 and s > b/2, there exists a constant
C > 0 independent of f, such that the estimate

(3.) ([ 15 P+ e ra) "

holds for f € S(R™). The main objective of this section is to extend the estimate
(3.1) to the maximal operator S&*, where € is a general phase function. Specifically
we shall establish estimates of the type

1/2
2) ([ s p@Plel =+ e o) <Clfln,

where a > 0,b > 0, s > 0 and  are continuously differentiable functions on R™\ {0}.

The first theorem in this direction considers the case where (2 is radial and has
polynomial growth. Recall that a function ¢ has polynomial growth if |¢o(t)] <
C(1+41t)™, t > 0, where m > 0 is an integer.

Theorem 3.1. Let n > 2,Q(¢) = ¢(|¢]), where ¢ € C0,+00) has polynomial
growth. If |¢'(t)| >0, and 0 < a <n—1,e > 0, then

([ s neres)”

1/2
1 2 .
=C </ e |§||§| B e+ iepyeifo 2 dg)

(3.3)

holds for f € S(R™).

Proof. Fix f € S(R™) and assume |p(|£])] < C(1 + [£])™, £ € R™
Let e1 = ¢/m, and sg = 1/2 + €1, then by Lemma 2.4

(/n (/R(l+72)So|(sﬂf)A($7,)(T)|2 dT) %y/z

L+ 120D ot zreniz )
<C( P RG] dg)

E R 1/2
) </ IIZ%EH 1+|so<|§|>|2)“|£|“|f<§)|2d&) :
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But since

(14 (€D < (14 C2(1+[E)P™) < O(1 + EP)™ < C(1+ €,
dr \'?
(f ( Lo e )R ar) o)

( VIFTROEDP,

(3.4)

1/2
2\e al £ 2d '
s G RNCRIG] 5) .

It follows frorn (3.4) and Hélder’s inequality that (Sqf)~(x,) € L'(R). Hence
F(z,t) = 5= [, € (Saf)(x,-)(7) dr exists and since for any g € S(R)

/ F(a,1)3(t) dt = / (Sof)"(z, )(7)g(r) dr = / (Saf)(z, )a(t) dt,
R R R

it follows that F(z,t) = (Saf)(z,t). Therefore by Holder’s inequality

(5 1)(@) = sup|(Saf) (e 0)| < 5 [ [(Saf) )0l dr
teR T JR

<gp ([asrmar) " ([ mmi(sary @ ar) ”

and since the first integral is finite, we obtain on integrating that the left side of
(3.3) is dominated by (3.4). Hence the result follows.

If Q is not necessarily radial, but still has polynomial growth one has

Theorem 3.2. Let n > 2,D C R™ open, and 2 € C1(D), where Q has polynomial
growth. If Q satisfies either conditions (i) or (ii) of Lemma 2.5, or is a non-
constant polynomial satisfying (i) of Lemma 2.5, then given 0 < a1 < 1,b; > 0,
withay+b1 >1and0<a<n—1,& >0, there exists a constant C > 0 independent
of f € S(R™), such that

</ (SN G <dlx+ BIR ) N

IE ) 1/2
(/ Vel '|s|a<1+|f|2>f|f<§>|2df> .

V(€

(3.5)

Proof. The proof is similar to that of Theorem 3.1 and is given for completeness
only. Fix f € S(R™) and assume the right side of (3.5) is finite. Since Q has
polynomial growth, let |Q2(&)] < C(1+|£))™, £ € D, and &1 = ¢/m, so = 1/2 + ¢;.
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Then Lemma 2.5 yields

</ (/R(l e A0E dT) [zjata (Cflir |z[)br dx>l/2
<o [ WO o)

g 1/2
- </ S 1+|Q<5>|2>€1|5|“|f<5>|2d5>

(3.6)

IVQ(€)

1/2
Q(8)|? .
- </ W”lﬂ?)ﬂslﬂf@)l"’dg) < +o0.

Fubini’s theorem and (3.6) shows that for almost all x € R™,

/(1 72 (Sa.p f) (@, ) (1) dr < +oo.
R
As in the proof of Theorem 3.1,

|(Saip ) (@) < C/R |(Sa.pf) (@, )(T)*(1 + %)% dr,

and integrating with respect to

/\

m and applying (3.6), the result follows.

It is not difficult to see from this proof that the integral on the right of (3.5) can
be replaced by

R 1/2
(/D(H- |Q(§)|2)S°|VQ(€)|_1|€|“|f(§)|2df) ;
where so > 1/2.

Before proving the first main result we need a lemma.

Lemma 3.1. Let n > 2, and D a measurable set in R™ with finite Lebesque
measure. Let Q be any real-valued measurable function defined on D. Then for
0<a<mnb>0, wtha+b>n, and s > 0, there exists a constant C > 0
independent of f € S(R™), such that

(37) ([ st )meﬂ <

Proof. Since

(S5 pf) ()] < (2m)~" /D (o)) de

<en (o df)l/Q ([a+ipriior )

1/2

<en ([ ae)" ([aviprisore) <cisin.

1 1/2
. — < 400,
(/ (1 + [2])P ) >

1/2

But since

(3.7) follows.
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In the next theorem sharp estimates are proved for the global maximal function
whose phase function is a polynomial of principal type.

Theorem 3.3. Let n > 2, £ € R" and Q(§) = E]kV:O Pi(€), where Py, k =
0,1,2,..., N, are real homogeneous polynomials of order k. If Q) is of principal
type, that is, |V Py (€)|? is elliptic, then for 1 < a < n,b > 0, with a +b > n, and
f e SMR™), (3.2) is satisfied for s > a/2 and fails for s < a/2.

Proof. Since Py, are homogeneous of order k, it follows that |V Pg| are homogeneous
functions of order £ — 1. Hence there exist constants C; > 0, i = 1,2, such that
for 1 <k <N —1and¢ € R |[VP(E)] < C1]€]*71, and since |V Py|? is elliptic
|VPN(€)] > Col¢|N 7L If €] > R, R > 0, sufficiently large, then

N-1
(3.8) IVQ(E)| > C|§|N_1 -C Z |§|k—1 > C|§|N_1 > 1,
k=1
and
N
<SR <Y le < clel
k=1 k=1

Combining these estimates yields for |£| > R

(6]

(3.9) v < Ol

Let B(R) = {¢; €] < R}, and B¢(R) its complement, then clearly

(So"N)(x) < (S B /) (@) + (5o e (r) ) ().
By Lemma 3.1

, 1 1/2
(/Rn (56 B(r) ) (@)] mdﬂf) < Ol fll .

so it remains to show that for s > a/2,0 < a < n, and b > 0 with a + b > n,
1 1/2
310 ([ i) @ rrrpmd) < Cfla
Rn .5 () |@[*(1 + |=[)?

for then the positive result follows from Minkowski’s inequality. From Theorem 3.2,
it follows that for 0 <a <n—1,0<a; < 1,b; > 0 with a; +b; > 1 and € > 0,

* ok 2 1
/n |(SQ7BC(R)f)($)| |£L'|a+u’1 (1 ¥ |(E|)b1 dz

cof WIEEEE

Ber)  |IVUE)

L [€%)7 (1 + [€%)*21 £ (&) dé

<cC
BC

wmtwsfza;
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Applying (3.8), (3.9), the last integral is dominated by
[ [VIECHRE] el P de
Be(R)

<C (14 |[>) /2 e/24| f o) de
Be(R)
2 _ 2
= C”f”H1/2+a/2+s - CHfHH(a+a1>/2+<1—a1>/2+s'
Choosing a; and by so that (1 — a1)/2 + € is small, (3.10) follows with a + a1

replaced by a.
To show that (3.2) fails if s < a/2, observe first that

(55 9)(@) = (2m) "sup [ €O fe)a
> @ || eeie de] =15,

where the last equality is the Fourier inversion theorem.
Suppose (3.2) holds for f € S(R™), then substituting the last estimate into (3.2),
we obtain

(L. <f>'wfl%)m <off o+ |£|2>S|f<s>|2d§)l/2,

which is equivalent (via the inverse Fourier transform) to

([ i) <o ([ asumriora)”

But by Lemma 2.1, with p = 2, this inequality holds if and only if s > a/2, i.e.
(3.2) fails if s < a/2.
This proves the theorem.

If 2 is a real homogeneous polynomial of principal type, then |[VQ|? is an elliptic
homogeneous polynomial and hence has no zeros on the unit sphere S*~! in R”. If
) is a real homogeneous polynomial but not of principal type, then |VQ| has zeros
on the unit sphere S™~!. In this case sharp estimates of the form (3.2) can still be
proved provided the zeros of V)| on S"~! are of regular type.

Let g be a continuous function on S™"~!, such that g(&)) = 0. If 6 is the angle
between &) and &',& € S"~1, then &) is called a regular zero of order 3, if

lg(€) — 9(&)l lg(€)]

T T
Theorem 3.4. Let n > 2, and Q) a real homogeneous polynomial of order m such
that |VQ(E)| has only finitely many zeros, £;,&5, ..., &, on the unit sphere S~ in
R™, which are of regular type of order o; < (1 — %)m, i =12 ...,1. Then for
1 <a<mnb>0, with a+b > n, the estimate (3.2) with f € S(R™) holds for
s> a/2 and fails for s < a/2.

Proof. We may assume that |V{| has only one zero, since a repetition of the proof
yields the general case.

Without loss of generality, assume also that the only zero of [VQ| on the unit
sphere S™! is &y = (0,0,...,0,1) and that &y is of regular type with order
m* < (1-1/n)m.
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Let k£ > 1 be fixed and define 65, and A}, by
(3.11) G =k D(In(k +2))7%, L={¢:¢ €S o<0 <0},
where 6 is the angle between &) and &', that is, &y - &' = cosf. Clearly
AT DA DA D -

Let
By = {&;|¢] < 1},
(3.12) Br={&E= ¢ k< |¢| <k+1,¢ €A},  (k>1),
Di{&E= €€ k<[l <k+1,§ € AL\ AL}, (k>2),
and define

B =] B,

(3.13) k>0
E={§E= ¢, 16l > 1,6 € S"71\ Ay, },

then R" = BU E'U ;> Dk, and therefore
(Sa"f)(z) = sup |(Saf)(z,1)]
< (Sap (@) + (SqTp (@) + (S5y,..., b ) (@)-

We shall estimate S&"5, S& g, S&*Up p,, Separately.
; : Ugso

(3.14)

First, we show that B has finite Lebesgue measure. To prove this, introduce
polar coordinates on S™~! as follows:

&, = cos by,

&n—1 = sin 6 cos b,
)

&n—k+1 =sinfysinfy - - -sin Oy _1 cos O,
)

& =sinfy - -sinf,_5cosb,_1,

& =sinfy---sinf,_osinf,_1.

Let the surface measure on S"~! be denoted by do,,_1, then it follows from (3.11)

that
k+1
|Bk| :/ Tn_l dT‘/ dan_l(ﬁl,...,ﬁn_l)
k A

k
k+1 0
= / ot / (Sin el)n_2 do, / don—2(927 e 7071_1) dr
& 0 Sn—2

0
< Ck"‘l/ 0772 do,[S" | < CR RS
0

1
< CE (kT (In(k +2)) ) < C
<C ( (In(k +2))77) = k(In(k + 2))3(n—1) ’

where |S™"2| is the surface area of S"~2 and C > 0 is independent of k.
Therefore

= 1
|B| =|Bo|+ Y _|Bi| < C (1 +)° PO T 2))3(n_1)> < 0.

k>1 k=1
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Now Lemma 3.1 applies and for any 1 <a <n,b>0,s >0 witha+b>n

) 1 1/2
(3.19) ([ 18sr@P e de) < Ol

. . . ;o X
Next we estimate SQUk22 p,- Since &y is a regular zero of [V of order m*,

there is a constant C' > 0 independent of k, such that [VQ(¢')| > C6™", where @ is
the angle between &) and &'. Hence for £ € Dy, (cf. (3.12), (3.11))

IVQ(E)] = ¢V > Clem o™ > ek te
(3.16) > CE™ Y ETV D (In(k 4 2)) 3™
> Okm—l—m*n/(n—l){ln(k + 2)}—3m"7

where C' > 0 is independent of k. Since €2 is homogeneous, Euler’s equation VQ(§)-
& = nf () holds, and hence n|Q(&)] = |[VQ(E) - &| < |€]1VQ(E)], that is,

Q¢
oo < 1/l
From this, (3.16) and the assumption m* < (1 — 1/n)m, one obtains for £ € Dy,
206 -
< O+ /k2+2m*n/(n—1)=2m[|y(} 4 2)]6m 2
\/IVQ 7 * wagee <OV bR

< OVIEPMI(E[+ 215 + €% < O(L + €)1 + (In(2 + [)°™ ]2,

Applying Theorem 3.2 with D = | J,~, Dg, it follows that for 0 < a; < 1,b; >0
witha; +b; >1land 0<a<n—1,e >0,

/n (587,, 0 ) (@)] |z[eFar (1 1 |2])b da
e W (1+ €2/ f(€) | de

Uk>2 Dy |VQ

Q .
/D VIFIYOR ) 4 jepyoree o2 ae

k>2 |VQ

SOY [P/ ng2 D) PO d

k>2

= C/ (14 &) D204 (In(2 + (€)™ )] 21 () de
k>2 Dy
<C (1+ |€[2) @D 4 (In(2 + [€) "™ )21 F (&) de

<O [ A IER) DO dE < O e

where § > 0. Arguing as in the proof of Theorem 3.3, there exists a constant C' > 0
independent of f, such that for 1 <a <n,b >0, witha+b > n and s > a/2

, 1 1/2
(3.17) (/Rn (50U, 2u ) (@) O dx) < Cllfllm. -
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It remains to estimate S¢"p. Iff € I, then

V)| =, _int, V()] 2 C >0,

and again by homogeneity of Q

\/1+|Q BIE \/ |ﬂ<>|
G

[VQ(E) VQ(§)[?

C Clel Clel-2(m=1) 1 g2
- \/<|s|m omEE + CIE < VOl Cle
<CV1+ (€2

By Theorem 3.2, for e > 0,0 < a1 < 1,by >0, witha; +b; >1,and 0 <a<n-—1,
there exists a constant C' > 0 independent of f € S(R™), such that

([ 1ssenr |x|a+a1 (i )

1/2
Q .
< c< VIHIUOR, | |§I2)5|§|a|f(£)l2d§>

NG)

X 1/2
<c ( [ gy e d&) <Ol o

Arguing again as in the proof of Theorem 3.3, it follows that for 1 < a < n,b > 0,
with a+b > n and s > a/2, there exists a constant C' > 0 independent of f € S(R™),
such that

- e\
3.19) ([ 15en@P o) < Clflan

Minkowski’s inequality and (3.18), (3.17), (3.15) imply the result for s > a/2.
The proof that (3.2) fails for s < a/2, is identical to that of Theorem 3.3 and
hence omitted.

Proposition 3.1. Let n > 2 and Q(§) = ¢(|€]) where o(t) = Ct™ + S(t), m >
1,C >0 and S is a real-valued function. If

(i) S € C(tg, ), for some tg > 0,

(ii) sup;sy, |S(t)/tm 1] < oo,
(iii) sup,s,, |5'(8) /172 < o0,
and 1 < a <n,b>0, with a+ b > n, then (3.2) with f € S(R™) holds if s > a/2
and fails for s < a/2.

Proof. The proof is similar to that of Theorem 3.3.
If B ={¢|¢| < to} and B¢ its complement, then by Lemma 3.1, for 0 < a <
n,b >0, with a+b >n and s > 0,

(Lo iy <

Iffor1 <a<n,b>0,witha+b>nands>a/2,

9 dx 12
(3.19) (/nI(SQ e f)(@)] m) =
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holds, the result for s > a/2 follows via Minkowski’s inequality.
The properties of ¢ imply that

\/1+|sz P2 \/ <| E
ERE

IVQ(€) ¢ (1ED1?

\/ L [ciem + (e
T ST * Ol ST

< Olel2m=0 1 el < 01+ (€)',

and hence by Theorem 3.2, for 0 < a3 < 1,b; > 0, with a; +b; >1,0<a<n-—1
and ¢ > 0,

(/ [(S& e f)(@))? P (dlx+ - ) 1/2

T DR L e s
=¢ </ : \/|sa'<|§|>|2 *iggenE DI d§>
1/2
<C </ C(l + |€|2)6+1/2+a/2|f(€)|2 df)

< C||f||H5+(1+a)/2'

Arguing as in the proof of Theorem 3.3, we obtain (3.19).
If s < a/2, the result fails as was shown in the proof of Theorem 3.3.

1/2

Proposition 3.2. Let n > 2, and suppose ) satisfies the conditions of any one of
the Theorems 3.3, 3.4, or Proposition 3.1. Then for p > 2, and f € S(R"™),

dx 1/p
(320 ([ 15 nor o) < Clla
holds for s >n(1/2 —1/p) +a/p and fails for s <n(1/2—1/p) + a/p.
Proof. For 1 <a <n,b>0witha+b>nand s; =a/2+¢,e >0,
155" DIz < Cl flm.,

holds for f € S(R"), where w(z) = |z|~%(1 + |z[)~°. Replacing f by the inverse
Fourier transform F ! f in this estimate yields ||(S&*F 1 f)|l2,w < C|| f|l2,01, where

v1(z) = (14 |z|)**. On the other hand, for s = n/2+ ¢, it follows from Schwartz’s
inequality that

sup (557 /)@ < Cm) " [ 1Fie)]ag

rER™
<o ([ asirr=a) ([ avimeior)
<Clfln

1/2

s9 7

and with f replaced by F~!f this is equivalent to ||(S&*F = f)lloow < C|lfll2,005
where va(z) = (1 + |z[)®*. Applying the interpolation theorem with change of
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weights ([26]), one obtains ||(S&*F 1 f)|lp.w < C|fll2,0, where 1/p = 0/2,v(z) =
vy ()00 (2)1 79 0 < @ < 1. But this is equivalent to

N I
(/n|(59 H@)] m) < C|fllm.»

with s = (a/2+¢)(2/p) + (n/2+¢)(1 —2/p) =n(1/2 —1/p) + a/p + €. Hence the
first part is proved.

Conversely if (3.20) is assumed to hold for f € S(R™), then as in the proof of
Theorem 3.3,

(] If(x)lpm)l/p <o( [ a+uprifer o)

But this inequality holds if and only if s > n(1/2 — 1/p) + a/p by Lemma 2.1.
This completes the proof of the proposition.

1/2

4. EXAMPLES OF PHASE FUNCTIONS AND ESTIMAES FOR S7;*

First, examples of phase functions are given for which the hypotheses of Theo-
rems 3.3 or 3.4 are satisfied. The following proposition comprises four examples.

Proposition 4.1. 1. Letn =2, and Q(&1,&2) a non-constant real homogeneous
harmonic polynomial on R?, then |[VS(E)|? is an elliptic polynomial and there-
fore the conclusions of Theorem 3.3 and Theorem 3.4 hold for this phase

function.
2. Let
4dm _ ¢4dm
Q(€1,6) = M

(& +&)
=@ -HE D +(E Q) + o H@ET) (@D

where m > 1, then |[VQ(&1,£2)|? is an elliptic polynomial. Hence Theorem
3.4 applies.

3. Let n > 2 and Q1(&) = [£[*™&,, Q2(E) = €™ Y0, &, where m > 1 is an
integer. Then both |[VQ1|? and |VQs|? are elliptic polynomials and hence
Theorem 3.4 applies for both phase functions.

4. Letn>2 and Q&) = ( ?_1 EHmE,,, where m > 1 is an integer. Then |VQ|?
is not elliptic, but if m < n — 1, Q satisfies the conditions of Theorem 3.4.

Proofs. 1. Let deg Q) = k, and denote the real and imaginary parts of the complex
polynomial 2% = (&, + i&)* by Pr(€1,&) and Qi (&1, &2) respectively. Then there
exist two real constants Ay and By, not both equal to 0, such that Q(&1,&) =
AkPi(&1,82) + BrQr(&1,&2) (cf. [25, Ch. 4]). Hence from the Cauchy-Riemann

equations,
o0 aPk an 8P;€ 8Pk
— =A,—+By— =Ar— — Bp,—,
o6~ Mog T TFag T Mag T oG
and
6@ 3Pk 3Qk 3Pk 8Pk
— =Ay— +By— =Ay,— + Bp.—,
06, hog T TRoe T Thog T Mo
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it follows that
oNN?  [09)?
V&L, &)= (o) + (-)
IVQ(&r, &)l <6§1> 96

~ut o { () (50) } e

=k(A; + B)(&E + &) !

d 2

a(zk)

That is, |[V§2|? is an elliptic polynomial and therefore the conclusion follows.

2. From the homogeneity of €, it suffices to show that |VQ(€)|? has no zeros on
the unit circle in R%. Suppose to the contrary that [V§(¢)|? has zeroes on the unit
circle in R?, then for some &1,&2,&7 + €3 = 1, and |VQ(€)| = 0. But since

o0

6—&=(§f+§2) Hamgm NG + &) — 266 - &™)},
and

89 2 Am—1/¢2 2 4m 4m

Er = (& + &) {—4m&; (61 +&) —26(&6™ — &™)},

it follows that 4m&; ™1 —2£, (€F" —€5™) = 0, and —4m&y™ =26, (&4 —€5™) = 0.
Since & # 0, and & # 0, multiply the first equation by & and the second one
by &1, to obtain 4m&f™™ 152 = 266 (&1 — &™) = —4m&i™ e, or equivalently
that (& /&)*™~2 = —1. This is impossible and hence |VQ(£1,&)|? is an elliptic
polynomial.

3. We prove the ellipticity of |V{22|? only since the proof for [V |? is completely
analogous. For this it suffices to show that |V{|? has no zeros on the unit sphere
S™=1in R™. Assume to the contrary that for some £ € S"~1, |[VQ(€)| = 0. Since

o0 2
552 = 2mé; |0 ”Z@H&l?m jg[20m=1) <2m§k2&+|5|2>,
1

it follows that 2mé&, Y1 &+1 =0, 1 < k < n, and therefore & = —(2m >, &)1,
that is, &, =& = --- =&,. Hence

0=2m& » & +1=2m& (&) +1=2mnéf +1> 1,
1

a contradiction. Thus |[V|? is an elliptic polynomial.

4. Clearly

m—1 m
8& (Za) 2%i&n, 1<k<n-—1, 85” <Zfz>-
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Hence
n—1
IVQOIP =D {Cm(G + &+ + & )" b}
k=1
H{E+E+ e
(4.1)

n—1
=+ + &) {4m2£i S GHE+ -+ 52_1>2}

k=1
=G+ + &) + G+ + &)

={+&+ -+ Ve + (4m® - DEY.
Assuming that |[£] =1 and |[VQ(€)[* = 0, that is,
{+8+&+ -+ a0 I+ (@m* - 1)g} =0,
which implies €2 + &2 +---+¢2 | = 0 and therefore & =& =& =+ =&,_1 =0
and &, = +1. Hence |VS)| has two zeros, on the unit sphere S"~!, say
€5 =(0,...,0,-1), &x=1(0,...,0,+1).

To show that &y is a regular zero of order 2m — 1, let the polar coordinates on
S™~1 be defined by

&, = cos by,

&n—1 = sin 6y cos by,

& =sinfysinfy - --sinf, s cosb,_1,

& =sinf; sinfsysinfs---sinf,,_osiné,_1,

where 6 is the angle between the position vector £ = (&1, &2, . . ., &) and the positive
&, coordinate axis. By (4.1) one obtains on S"~!

ne1 m—1/2
IVQ(E)| = {Z&?} {14 (4m® — 1)(cos 1)}/

= [1—€2™1/2{1 + (4m? — 1)(cos 6;)?} /2

= (sin6)*™ {1 4 (4m? — 1)(cos 6,)2}1/?

~ o™, as 6, — 0T,
and hence &y is a regular zero of |VQ| of order 2m — 1. The proof that &g is
a regular zero of order 2m — 1 follows by symmetry. In order that Theorem 3.4

applies, the order of the regular zeros should not be larger than (1 — %) times the
order of Q. That is, 2m—1 < (1—-1/n)(2m+1) or m < n— 1, which was assumed.

Remark 4.1. If n =2, it can be shown that for a real homogeneous polynomial 2,
the zeros of |VQ| are always of regular type. Hence if the zeros satisfy the conditions
of Theorem 3.4, the estimate (3.2) holds. It would be interesting to know whether
(3.2) holds without the regularity conditions imposed on the zeros in Theorem 3.4.

Finally for the phase function Q(¢) = |£|%, d > 0, sharp estimates for the global
maximal operator Sj* are given.
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In [4] A. Carbery proved for the local maximal operator S3:

([ i) "<

if s > d/2,d > 0. Whether the index d/2 is sharp seems not to be known. However,
if a power weight on the range space of the operator is introduced, then the next
theorem shows that a sharp estimate can be given. In fact such a result holds even
for the global maximal operator Sj*.

Theorem 4.1. Letn>2,0<d<a<mn,a>1, and f € S(R"), then

(1.2 ([ isiner )" <

holds for s > a/2 and fails for s < a/2.

Proof. Let ¢(t) = t?, d > 0. With Q(¢) = ¢(|¢]), the conditions of Theorem 3.1
are satisfied with 0 < a —1 < n— 1. Hence for £ > 0, there exists a constant C' > 0
independent of f € S(R™) such that

(ptezrers)

1/2
( [ s |£|2)5|f(§)|2d€>

| /\

(dl€[-1)
R 1/2
=¢ (/Rn“ + €)1l + [P 1P df)

A 1/2
<o [ a+igh P arIEPrIFOP ) = Clln,.

This proves the first part of the theorem.

The failure of (4.2) for s < a/2 follows from Lemma 2.1 as before (cf. Theorem
3.3).

Note that with 1 < a = d < n, (4.2) has the form

1/2
([ 1sen@kis) <clfin.

where s > d/2. This may be viewed as the sharp estimate for S}* corresponding
to Carbery’s result.
From (4.2) and the obvious inequality (cf. proof of Proposition 3.2)

sup (53" f)(z)] <
TER"

for s > n/2, one obtains on interpolation:

Corollary 4.1. Letn >2,0<d <a <n,a>1,p> 2, then the estimate

(13) ([ 1sinwr ldf)/ < Ol fln,

holds for s > n(1/2 —1/p) + a/p and fails for s <n(1/2—1/p) + a/p.
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The failure of (4.3) for s < n(1/2 —1/p) + a/p follows again from Lemma 2.1.
If d = 2, interpolation between an estimate of Kenig, Ponce and Vega and (4.3)

yields:
Corollary 4.2. Letn > 3,0<a <n,p >4, then
. d$ 1/P
([ 1sep@ris) <clsin

holds for s > n(1/2 —1/p) + a/p and fails for s <n(1/2—1/p) + a/p.
Proof. Tt is known (cf. [13, p. 14]) that

1/4
([ sp@ita) <cislu,.

and by Corollary 4.1 with p =4

L do 1/4
(L 5D ) <1l
where € > 0,2 < a < n. Interpolating between these estimates shows that
ok 4 dx e
(4.4) (527 f) ()] PE S CNf sy jases

where 0 < @ < n, and € > 0. Finally interpolating between (4.4) and

103" Pl Lo @ o= dzy < NF o o

yields the first part of Corollary 4.2.

The negative result can be proved via the same method used in the proof of
Theorem 3.3.

Note that if A is the Laplacian, then by Plancherel’s theorem

(/ =272 r@P df”)l/z = (/Rnﬂ ey If ) df)l/z.

If 1 < p < oo, define H? by

1/p
FeH?, i |l = ( / |(1—A)S/2f(x)l”dx) < oo
Rn
Then H? = H,.

Proposition 4.2. Letn > 2,1 <a <n, and f € S(R").
(i) Ifa<d<n+a,p=2n/(n+d—a) and s > d/2, then
N da \ /2
([ 1senoris) < clfe

holds.
(ii) fo<d<mn,p=2n/(n+d) and s > (a + d)/2, then

de \ /2
([ 1sen@ris) <l

holds.
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Proof. (i) From Theorem 3.1 it follows that for e > 0,
5 1 1/2
([ 15 p@p o)

R 1/2

<C <‘/Rn(1 + |€|2)d/2|€|a—d(1 + |§|2)6|f(f)|2 d§>
. 1/2

¢ (/ €]~ -/2(1 4 g 2) @249/ f(e) 2 dé“)

R'n.

1/2
=c( / |f<f<d_a>/2<1—A><d/2+6>/2f><x>|2dx) ,

where F denotes the Fourier transformation and I(q_g)/2, (1 — A)[(d/2+€]/2 denote
the Riesz potential operator of order (d — a)/2 and the Bessel potential operator of
order —[d/2 + €], respectively. By Plancherel’s theorem and the Hardy-Littlewood-
Sobolov inequality, the last integral is equal to

1/2
([ sl = 3292 o ac)
R

1/p
sc( / I(l—A)(d/2+5)/2f(ar)l”dx) = Ol

where 1 —(d—a)/(2n)=1-(1/p—1/2),1 <p < 2, that is, p =2n/(n+d—a),0 <
d — a < n. The proof for (i) is thus completed.
For (ii), again apply Theorem 3.1 to obtain

(/Rn [(S5* ()] |;lTa ) 1/2

1/2
VIERP iy 1 epyei ) 2 df)

(g1

(a/2+¢)’

| /\

IN

R 1/2
€171+ [6P) /2 ()P df)

(1
o[ 16
C ( /R Fap(1 - AYl(d+a)/2+2)/2 py ()2 d:z:) 1/2

1/p
<C (/ |(1 _ A)[(d+“)/2+€]/2f(x)|p d;v) = C||f||H§)d+a)/2+e.

Here F, 1,2, and (1— A)l(4+@)/2+€l/2 are the Fourier transform, the Riesz potential
of order d/2, and Bessel potential of order —[(d+a)/2+¢€]/2 respectively. Applying
first Plancherel’s theorem and then the Hardy-Littlewood-Sobolev theorem, the last
inequality holds if

d 1 1

1_%:1—(5—5), or p=2n/(n+d).

This proves the proposition.
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