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LARGE TIME ASYMPTOTICS OF SOLUTIONS
TO THE GENERALIZED BENJAMIN-ONO EQUATION

NAKAO HAYASHI AND PAVEL I. NAUMKIN

ABSTRACT. We study the asymptotic behavior for large time of solutions to
the Cauchy problem for the generalized Benjamin-Ono (BO) equation: ¢ +
(lulP~ u)z + Huze = 0, where H is the Hilbert transform, z,t € R, when
the initial data are small enough. If the power p of the nonlinearity is greater
than 3, then the solution of the Cauchy problem has a quasilinear asymptotic
behavior for large time. In the case p = 3 critical for the asymptotic behavior
i.e. for the modified Benjamin-Ono equation, we prove that the solutions have
the same L time decay as in the corresponding linear BO equation. Also
we find the asymptotics for large time of the solutions of the Cauchy problem
for the BO equation in the critical and noncritical cases. For the critical case,
we prove the existence of modified scattering states if the initial function is
sufficiently small in certain weighted Sobolev spaces. These modified scattering
states differ from the free scattering states by a rapidly oscillating factor.

1. INTRODUCTION

In this paper we study the asymptotic behavior in time of solutions of the Cauchy
problem for the generalized Benjamin-Ono (BO) equation

ur + (JulP~ )y + Huge =0, t,2 €R,

(1.1) u(0,z) = uo(z), z€R.

Here H = —1 [ %dy is the Hilbert transform and wg is a real valued function.
We note that HO? = 0, (—02)/2.

The physical background of the Benjamin-Ono equation is discussed in [5, 25, 32,
34]. Exact solitary wave solutions were found in [4, 7], and the inverse scattering
transform method was applied to the Cauchy problem (1.1) when p = 2 in [3, 6,
8, 27]. The Cauchy problem (1.1) has been intensively studied by many authors.
The existence of solutions in the Sobolev space H® was proved in [1, 2, 13, 18, 19,
24, 28, 30, 31] and the smoothing properties of solutions were studied in [9, 12, 14,
15, 20, 29, 35]. In the case p > 5 some estimates of the time decay of the solutions
and the existence of the free evolution states were proved in the paper [21]. As far
as we know there is no any other result on the asymptotic behavior of solutions of
the Cauchy problem for the generalized BO equation (1.1). For small initial data
in H29N HY!, we prove that in the noncritical case p > 3 the solutions of (1.1) are
asymptotically free, i.e. tend to the solutions of the linear BO equation as t — co.
And for the critical case p = 3 we prove that for small initial data in H>° N H?2
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110 N. HAYASHI AND P. NAUMKIN

the solutions decay as t — oo in L* norm at the same rate t~2 as the linear BO

equation. Also we construct the modified scattering states and prove the existence

of the inverse modified wave operators. We note that the modified wave operators

and the inverse modified wave operators for the nonlinear Schrodinger equations

were constructed previously in papers [11, 17, 26] and [16, 22, 23], respectively.
Before stating our results we give

Notation and function spaces. Let F¢ or ¢E be the Fourier transform of ¢,
defined by

Fo(€) = V% / ¢ 3 (a)da

The inverse Fourier transform F~! is given by

7o) = g | e

Let U(t) be the free Benjamin-Ono evolution group defined by
Ut)p = F e " Elg(e)

— —/dyd) /dgeié(w—y)—itélél

it p W=DV gy

\/T 2t

z

) o .
After the change of variables { — 55 = 77 we obtain

1 / ign— zt5|5|d§_ / ~ gien—ite? g
27T 0

in? o0 . in2 —
Re eﬁ/ e~ dz = ——Re e B(—L |“),

1
N = \/ﬂ

1 [ _.
E(n) = —/ e™% dz.
U

where

™

We introduce some function spaces. LP = {¢ € S';||¢|l, < oo}, where ||¢], =
([1o(z)|Pdz)/P if 1 < p < oo and ||¢]lc = esssup{|d(z)|;z € R} if p = oco.

For simplicity we let [|¢[| = ||#|l2. The weighted Sobolev space H"*® is defined
by H;)n’s = {¢ € S} ||¢Hm,s7p = [|[(1 + |x|2)5/2(1 - ag)mﬂ(b”p < oo}, m,s € R,
1 < p < o0; for short we put H™* = HJ"®, || - |lm,s = || - [|m,s,2. We let (¢, ¢) =

Ju- ¢dx and let C(I; H) be the space of continuous functions from an interval I to
a Banach space H. Different positive constants may be denoted by the same letter
C. If necessary, by C(x,---,*) we denote constants depending on the quantities
appearing in the parentheses.

We now state our results.

Theorem 1.1. Assume that the initial data ug is real, with ug € H>° N HY! and
lluoll2,0+ [|uoll1,1 = €, where € is sufficiently small. Then there exists a unique global
solution u of the Cauchy problem (1.1) with p > 3 such that

ue CR;H* N HYY),

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ASYMPTOTICS IN TIME FOR THE BENJAMIN-ONO EQUATION 111

() oo + lua(®)llso < Ce(1+ [t) 712,

Theorem 1.2. Let u be the solution of (1.1) with p > 3 obtained in Theorem 1.1.
Then for any ug € H*O N HY! there exists a unique function V€ H** N H%' such
that

(1.2)
U (=t)ut) — FV||lo + [|U(=t)u(t) — F Vo1 < Cet=2min{le=3}  fory > 1.

Furthermore, for large time t we have the asymptotic formula

™ x x 2 )
(1.3) u(t,z) = \/?Re(E(_z_\/z)V(?t) p(i 4t)) +O(et™ i 21’!111’1{1,;)—3})'

Theorem 1.3. Assume that the initial data ug is real, with ug € H>° N HY? and
[lwolls,0+|uoll1,2 = €, where € is sufficiently small. Then there exists a unique global
solution u of the Cauchy problem for the modified BO equation (1.1) with p = 3
such that

ue€ CR; H>n H?),

(1.4) lu(®) oo + lua(®)llso < Ce(1+ [t) 712,

Theorem 1.4. Let u be the solution of the Cauchy problem (1.1) with p = 3 0b-
tained in Theorem 1.8. Then for any ug € H>O N HY2 there exist unique functions
W and ® € L™ such that

(1.5)  |JF(U(=t)u)(t) exp 3z7rp/ [a(r —Wlloo < Cet™  for t>1,

t
d
(1.6) ||7Tp/ ()Y~ mpW R logt — ®fla < Cet=  for t>1,
1 T

where 0 < a < 1/4 — Ce and ® is a real valued function. Furthermore, for large
time t we have the asymptotic formula

T x x z|?
u(t,x) = @Re(E(——)W( ) exp(i 2l _ 3z—ﬂ'|W( )|2 logt — 32@(2 )

2/t 2t 4t
(1.7)  +O0(et™ V27,
and fort>1
(1.8) | F(U(—t)u)(t) — W exp(—i3mp|W|*logt — 3i®)||oo < Cet ™.

In what follows, for simplicity we only consider positive time t.

Remark 1.1. The inequalities (1.2), (1.5), (1.6) and (1.8) show that the functions
V, W and ® can be calculated approximately via the initial data ug, and (1.2) means
the existence of the scattering states in the noncritical case p > 3.

Remark 1.2. Our method can also be applied to the equation

ug + (f(u))z + Huze =0, t,z€R,
uw(0,2) =uo(z), z€R,

where f(u) = O(|u|’~'u) for small u, where p > 3.
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112 N. HAYASHI AND P. NAUMKIN

We organize our paper as follows. In Section 2 we give some preliminary esti-
mates. The Sobolev inequality is stated in Lemma 2.1. Lemma 2.2 says that the
time decay of the function can be represented by the free evolution group of the
Benjamin-Ono operator. Lemmas 2.3 and 2.4 are used in the proof of Lemma 2.5,
and Lemma 2.5 is necessary for the proof of Lemma 4.2 to treat the nonlinear term in
the critical case p = 3. In Section 3 we prove Theorems 1.1 and 1.2, and in Section 4
we prove Theorems 1.3 and 1.4 by a priori estimates of local solutions to (1.1) estab-
lished in Lemma 3.1 and Lemmas 4.1-4.2 respectively. Our approach for the critical
case p = 3 consists of two parts. First, in Lemma 4.1 we establish some rough a
priori estimates of the solution in the norms |lu||s and ||zU(—t)u||2,0, assuming
that the precise decay estimate of the solution ||ul/s + |te|lee < C(1 + |t])~1/2
is already known. In order to obtain the desired estimates, we apply the dilation
operator I = x + 2t9; [*__ da’, which was previously used in [15] to obtain the
smoothing properties of the BO equation. Then in Lemma 4.2 we prove the precise
decay estimate of the solution, ||u||oc + ||tz |00 < C(1 4+ [t])~'/2, assuming that the
rough estimates of the solution in the norm ||u||3,0 + ||[xU(—¢)ul|2,0 are fulfilled.

2. PRELIMINARIES

Lemma 2.1. Let g, be any numbers satisfying 1 < q,r < oo, and let j,m be any
numbers satisfying 0 < j <m. Ifu € H™N LY, then

1(=82)2ull, < CII(=02)™2ullullg™,

where 1/p = j+ a((1/r) — m) + (1 — a)/q for all a in the interval j/m < a <1,
where C' is a constant depending only on m, j,q,r,a, with the following exception:
if m —j — 1/r is a nonnegative integer, then the above inequality holds for any
j/m<a<]l.

For Lemma 2.1 see, e.g., [10, 33].

Lemma 2.2. Let u(t,x) be a smooth function. Then, for all t > 1,

(2.1) lu® oo < t2|U(=t)u®)]o,1,

(2.2) [u(®)lloo < CE2|[Fu(®) oo + CEH2 U (=t)u(t)llo1,
where v € [0,1/2) and U(t) is the free Benjamin-Ono evolution group.

Proof. We have the identity
(2.3)

u(t, z) = UBU(=t)ult, ) = \%Re{ / ei(r_y)z/“E(%)U(—t)u(t, y)dy},

where E(z) = f e~ dy. Let us consider only the case ¢t > 1. The first estimate
(2.1) easﬂy follows from (2.3). To obtain (2.2) we write (2.3) in the following way:

ult,z) = Re{ m%/e%yv Yut, )/ pd = - )dy}

2m in2 /At x T
(2.4) :\/;Re{e / E(_Q—\/Z)(}—U(_t)u(t))(t’2_t)}+R(t’x)’
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where

2 ) . ) _

- E(—Z—ﬁ»U(—t)u(uy)dy}.

We let v satisfy 0 < v < 1/2. Then we have the estimate

2 v
W’ /4t _ 1l — 9lgin | < v
e 1] = 2| sin 4t| < O|t|V/2

and by the Lagrange formula we get

lyl”
tv/2’

y—z T
|E( 2\/E)_E(_2—\/E

where £ is an intermediate point. Thus by the Schwarz inequality we have

< ClB w2l <C

(25) IRl < CEV22| [ U(=t)ult,y)ll < CEV22IU (= t)u(t) [lo,1-

From (2.4) and (2.5) we obtain (2.2). Lemma 2.2 is proved.

In the next lemma we estimate the following integral:

oo

= max(L 77)/ 6”2E(a$ + X)d.%‘7
n

where n,a,y € R, E(z)=1 [ eV’ dy.

T

Lemma 2.3. The estimate

sup || <C
x,MER
is valid, where C = C(a).
Proof. Using the identity
2 1 d 2
2.6 1T — _ 1T
(2:6) ST a )

we integrate by parts with respect to = to get

1 = max(Ln){ — "€ Tan + )
= X S —
1 » 1 1+2Z772 n X
2 Yig2ein® _ % gpei®’ Tilar+x)’ gy
— —F d .
+~/n (1 + 2ix2)? (az + ) ;v—l—/n (14 2ix?) }

Hence we obtain

1 *© dr . 2y 1o xdx
0Ol < C 17 iz®(14+a)+2iaxe )
ol < Omaapr [ el [ ol
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114 N. HAYASHI AND P. NAUMKIN

Now consider the case n > 1. Using the Bonnet theorem on the mean value of the
conditionally convergent integral, we get

oo
| eim2(l+a2)+2iaxw xdx |
) 1+ 2ix?

* iz (1+a?)+2iaxx 1 _ L
1] e i T2am ~ 2™

n
oo )
<C/ C|/ eiw2(1+a2)+2iaxwd_x|
- x

|/ 112(1+a2)+21axmd | < g
n’

77
where k € (n,00) is an intermediate point. Thus we have ;| < C. The case n < 1
can be considered analogously. Lemma 2.3 is proved. O

Let us now estimate the following integral:

v . * " B(ox + x)dx
Qs = P17t/ (max 1, min(n, |x ”/ ¢ ,
: (max(tminto, 1)) [ G

where Pt > 1,n,x € R,v € (0,1),0 = +1 or —1.
Lemma 2.4. We have the estimate

sup Q] < C,
Pit>1,x,neER

where C' = C(7).
Proof. Using (2.6), we integrate by parts with respect to z, and get

E in’
Q, = —Pl_”t_”/z(max(l,min(n,X))V{M

P+ 2i)
B /°°( 4ix? N x E(ox + x)ei dx
y 1422 Pyt4+a—n (P+(x—n)/Vt)(1+ 2iz?)

o [ e 2oXE=IX" gy
- %/,, (P + (z—n)/vVi)(1 +2¢x2)}'
Hence
dx
1+ 22

L[ dz
(2.7) +C(ma><(1777))/n (It 2)(PVi+tz—n)

Q2] < C+ C’max(l,n)/
n

+ Q3 < C + Qs,

where
0o —2iomxxdx
Q3 = P'7"t7"/?(max(1, min 7,%)))" / © - .
max( ) n P+($—77)/\/Z)(1+2Z$2)|

If | x| <1 we estimate the last integral 3 in the following manner:

—v/2 dx ° dx
2o [ e e <), e
<o [T Qe e < O
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And if x| > 1, we integrate one more time by parts with respect to z, and get

—2iomx
0. < CPl—Vt—V/2 v ne
= NP2
B /°°(2z'x2 -1 n x ) e~ 29Xy, |
g 1+2ix2  Pyt4+x—n 2ix(1+ 2ix2) (P + (z — n)/V1)
e 1 1
(2.8) §C+C/ ( + )dz < C.
po La? (I [z))(L+2—n)
From (2.7) and (2.8) we obtain the result. Lemma 2.4 is proved. O

In the next lemma we consider the following integral:
N(tp) =) [ [ ereate it o )déadea

where £ = —p* + & |G| + L] + &l&], &S=p—& —&, k=0,1, tp>0.

Lemma 2.5. Let v be a real function, v € H*! and t,p > 0. Then the representa-

tion
in(ip)**tl o253, D 3m(ip)ktt R
2. — BN —2itpT /3534 £ STP) st 2
(2.9) N(t,p) 3 C 0 (t,3)+ ; [o(t, p)|[70(t, p) + R(t,p)
is valid with the estimate
(2.10) IRlleo < Ct1 034,

where v € (0,1/4), k=0,1.

Proof. Since the function e?*“o(t, £1)0(t, £2)0(t, £3), where £ = —p?+&; &1 |[+&a & |+
&, & =p— & — &, is symmetric with respect to the variables &1, &2, &3, we
can write N as a sum of the following three integrals:

(2.11) N =Q1+ Q2+ Qs,

where
Q1 = (ip)*! / /A 1, )000, )0 St

Q=3 [ [ o @it eiade, j=23,
Aj

A ={(61,6) €R*: 6> 0,6> 0,63 >0}, Li=-p +&+& +&3,

Ay ={(&1,&) €R?: 61 < 0,6 < 0,83 >0}, Lo=—p* =& — &5+,

Az ={(&1,6) €R?: 6> 0,6> 0,63 <0}, Lz3=—p +&+& —&.
In the first integral Q; we make the change of variables &, = p/3+s/V3—q, & =
p/3+5/vV/3+q. Then & = p/3 — 25/+/3, and thus we obtain

s \k+1  p/2V3 p/3+s/V3

2(ip) ds/

2tp) T dqe™©1o(t, £1)b(t, £)0(t, &3).
V3 -p/V3 ~p/3-s/V3

Q1=
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116 N. HAYASHI AND P. NAUMKIN

And in the integrals Q2 and Q3 we make the change of variables & = p/3 + 1 —
q, & =p/3+r+q. Then & = p/3 —2r, and we obtain

-p/3 —p/3—-r
Q2 = Gip / dr / qciE2 (8, €0)0(t, £2)0(t, £3)dErdés

/341
-p/3 —p/3—r B
— itﬁz . . . k
61]9/ dr ‘/p/3+r (7,51 + 7,52 + 153)
X 1 1 gg (t 61) (tv {2)’[}(t7 {3)d§1d§2

and

p/3+r
s = 6(ip) ’”1/ dr/ dgeCeo(t, €)0(t, £)0(t, &),

p/3-r

where £; = —2p?/3 + 252 + 2¢%, Lo = —2p* + 2(r — 2p/3)% — 2¢°, and L3 =
—2(r — 2p/3)% + 2¢2. Note that the integral @ is symmetric with respect to the
turning of the coordinate axis to the angle 27/3; therefore we can write the repre-

sentation
p/2V/3 p/3+s/V3 p/2V3 sV3
/ ds/ dq = 3/ ds/ dq
-p/V3 p/3— S/\/_ —S\/_
:3/ ds/ dqg—3 / ds/
0 —sv3 /2\/_ —sv3
(2.12) ://dsdq—3/ ds/ dq
p/2V3 —sV3

and so

2 —2itp? /3 (0, \k+1 oo svV3 . .
Ql _ C;/— ,(Zp13+1 //dsdq _ 3/ dS/ dq e2zts2+2th2
3(1 +ip) p/2v3  J-sV3

x (14i&1 + il +i&) T a(t, &)0(t, &)0(t, &).

We now represent the domain of integration in the integral Q3 in the following

manner:
o p/3+r p/6
/ dr/ dqz//drdq—/ dr/dq
p/6 —p/3—r —c0
3 S 00 —p/3—r
(2.13) —/ dr/ dq—/ dr/ dq
p/6 p/3+r p/6 —o0
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The last two integrals in (2.13) coincide in view of the symmetry with respect to
&1 and &. Thus we get

Qs = 6 / / drdge™™s (i€, + i€ + i&s)FHL0(t, €)0 (L, £2)0(E, &)

; p/6 s
B 1(Ipz'p /_oo dr/dqe”b’ (i& +i&s +i&3)"
X (14 iy + i€ + i€3)D(t, &)D(t, £2)0(t, &)

—12ip //6 dr //3+ dqe’™ s (i€, + s + ifs)k%ﬁ(t51)17(ta§2)17(t7§3)-
p p r

Now we substitute v = Fv; then, using the identity

(2.14) / Gittr—a)? g, _ \/? sim/4

after simple calculations we get

26—2itp2/3 ip

_ k+1
@ = B Tt ip)
X ///exp(—ip(x +y+2)/3—i(x? +y? + 2% —xy — 2z —yz)/6t)
/ds/dq _ / ds/ e2it(s=A/V/3)*+2it(q—p)?
p/2V3
X (14 0y + 0y + 0,)F u(t, 2)v(t, y)u(t, 2)dedydz

717.[.(”9)k+1e—2115p /3 3 P
2.15) = £ 2y 1 G+ Go,
(2.15) " 0(t,3) + G+ G
where A = w+fit_22,u = L2

2im p )
G + / / / dxdydz
= VA T Y

x exp(—2itp? /3 — ip(x +y + 2)/3) (e~ @ HY HF —ey—wzmy2) /61 _ 1)
X (L4 0p + 0y + 0:)" ot w)u(t, y)o(t, 2),

2v/3 ip _ _
() [ [ [ detvtz ezt 3= ipte - y-+s

—i(x? +y? + 22—y — 22 — y2)/61)

00 svV3
y / ds/ dqeit =NV +2it(a—10)?
p/2V3 —sv3

X (14 0z + 0y + 3z)k+1v(t, x)vu(t,y)v(t, 2).

Gy =
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Also we have

6ip
(27) 932 ///da:dydzexp —2itp* —ip(x +y — 2)
. 2 -p/3 2zt(r— -))? —p/3—r Coitgan)?
—i(z° +xy —xz —yz)/2t) /_OO drm /p/3+T dge atu

X (9 + 0y + 0.)Fu(t, x)u(t,y)(v(t, 2) — iV (t, 2)).
And finally we obtain

(2.16)
6 . .

Q3 = any ///da:dydz exp(—ip(z +y—2) +i(z — 2)(y — 2)/2t)
X//ﬁmw%@wfﬂm“%““f@fu%+@V“Mm@ﬁumwua

, /6
_ GZp ///dzdydze—ip(z+y—z)+i(m—z)(y—z)/2t /p dr

% / dqe2it(q—u)2 —2it(r—2p/34+1)?

X (D + Oy + 0:)F (1 + 0y + B, + 0-)v(t, 2)v(t, y)v(t, 2)

_122P///d$dydze ip(wt+y+z)+i(z—z)(y— z)/2t/ dr
p/6

21t(q )2 —2it(r—2p/34+X)?
X dq
w/p/3+1" 1 =+ p/2 + q

X (00 + 0y + 0)F(1 =0, — 50.)o(t, 2ot y)u(t, 2)

(2.16)
3m(ip)ktt
= ST i, 2o (t.p) + G + Gt G,
where A = zﬂit_h,u =2E,

_3r / / / dodydze— @12 (gie=2)=2)/2 _ 1)
t

X (0 + Oy + 0, Vet (t, 2)o(t, y)o(t, 2),

67,p€”r/4
Gy = dxdyd
! Vt1+lp///xyz
p/6

X exp(—ip(a -ty - 2) +ilo = )y = 2)/20) [ dre B2

— 00

x (0p + 0y + ('L)k(l + 0y + Oy + 0)v(t, z)v(t, y)v(t, 2),
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Gs = —12ip / / / dedyds expl—P@Hv—Hila=2)w=2)/20)

) oo eQit(q—,u)z—2it(r—2p/3+A)2
X dq/ dr
/17/2 q—p/3 L+p/2+4

X (Op + 0y + 02)F(1 —i0, — iy )v(t, z)v(t, y)v(t, 2).
The remainder terms G; and G3 can be easily estimated:
(2.17) [G1()]loo + [1G3(t)|loo < Ot

where v € (0,1/4).
To estimate G5 we prove the following estimate for all ¢ > 1,p > 0;z,y,2z € R:

A = | : |k+1| dS/ qe2it(s—>\/\/§)2+2it(q—u)2|
L+ip /23 J-sv3

(2.18) <O+ | + [yl + 120)7.

We make the change of variables s — \/v/3 = s’ /v/2t, ¢ — i = ¢’ /v/2t. We get (the
prime is omitted for simplicity)

1 s\/§+(>\—u)\/§
= gl [ s [ dge |
2t'1+1ip NS — VB (M) V2T

k1
=5 1+2p| |/ dsets’ E(as +b) — E(—as + x))|,

where = p\/t/6 — \W2t,a = V/3,b = (A — p)V2t,x = —(\ + p)v/2t. Now we use

the estimate
PV/t/6 =1+ A2t < max(1,7) + A2t < max(1,7)(1 + |A2t])
< max(1,7)(1 + [z] 4 [y[ + [2]).
Therefore by Lemma 2.3 we obtain
Ay SCTITT(L+ Jaf + [yl + |2)* (max(1, 7))

><<|/ eis’ (a,s—|—b)ds|—|—/ eis’ E(—as + x)ds
n n

< GV (LA Jal + Jyl + 12D
so we get (2.18). And from (2.18) we obtain an estimate of the second remainder
G+ in the representation (2.15):
(2.19) [G2(t)]|oo < CE7|0]I3 ;.
To estimate the integral Q2 we prove the following estimate:
—/3 Zztr 2p/3—X\ —p/3—r
Az =l / p o / N a
— 27" p/3+r

(2.20) <ot (14 |:z:| + |y| + |2])*7.

We now make the change of variables (r — 2p/3 — A\)V2t = —/, (¢ + p)V2t = ¢
Then we obtain, again omitting the prime,

=2 N r e r r
2t|/77 d 1+2p/3+ (r — )/\/—( ( +b1)+E( + b2)),
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where
n=(p+AV2=(p+ Hiit_zz)\/ﬂbl = —(p+A—p)Vau
—(p+ VR b = (p+ A+ p)V2E = (p+ TE)VL
Since
pVt < Cmax(L,min(n, [ba], b)) (1 + |z] + [y| + [2]);
and so

(221)  p< C(L+p)' ™77 (L4 [z| + [yl + |21)* max(L, min(y, |bi], |ba]))*”
we can apply Lemma 2.4 to obtain estimate (2.20). From (2.20) we can easily get
(2.22) 1Q2lloc < Ct170]I3;.

Consider the integral G4. We prove the following estimate:

/6 _
(2.23) As = |/ dTe—ta(r—Qp/3+>\)2| gCt_1/2_7(1+|17|+|y|+|Z|)2'Y

lip + 1]
We make the change of variables p/6 —r =1’ A\ —p/2 = %;QZ —p/2=XN. Then

we get, omitting the prime,
o0
), e
p

We consider the two possible cases: 1) [Zt4=22| < p/4; then A < —p/4, and
integration by parts yields

—2it\? —2it(r—X)?2 d
p e e r
Az = - — | < C/t;
2= 1] Ei +/0 T —pz | =S¢
2) [£H4=22| > p/4; then we have
_ pm
V2tlip + 1|

Thus the estimate (2.23) is true. Using (2.23), we easily get

As =

|E(=M2t)| < Cprt™ Y2 < Ct™ V2 e 4y — 22|,

(2.24) [Galloe < CEI0]I3,5.
To estimate the last remainder G5, let us prove the following estimate:
(2.25)
2it(q—u)2—2it(r—2p/3+>\)2 .
XM—M/ i [ | < GOV fa] + [yl + J21)
a—p/3 1+ p/2 +4q

We make the change of variables (q — u)v/2t = ¢/, (r — 2p/3 4+ \)V/2t = /; then we
have, omitting the prime,

|/ ¢ E(q + x)dg ]
L+p+(g—n)/V2t’

where n = (p/2 — u)V2t,x = (1 + X — p)v/2t. Then using (2.21) and Lemma 2.4
we get (2.25). And from (2.25) we obtain easily

(2.26) [Gslloe < CE70]l3 ;.
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Substituting representations (2.15), (2.16) and estimates (2.17), (2.19), (2.22),
(2.24), (2.26) into (2.11), we get the result of the lemma. Lemma 2.5 is proved. O
3. PROOFs OF THEOREMS 1.1 AND 1.2

We define the function space Xt as follows:
Xr={¢ € C([0,T];S"); l|¢lllxr = sup [|6(t)]l2,0
te[0,T)

+ sup [|[U(=t)o(t)[l1,1 < oo}
te[0,T]

To clarify the idea of the proof of the theorems we only show a priori estimates of
local solutions to the BO equation. For that purpose we assume that the following
local existence theorem holds.

Theorem 3.1. Assume that ||uol|2,0 + ||uoll1,1 = € < € and € is sufficiently small.
Then there exist a finite time interval [0, T] with T > 1 and a unique solution u of
(1.1) with p > 3 such that

ulllx, < C€'.
For the proof of Theorem 3.1, see, e.g, [1, 2, 13, 18, 19, 24, 28, 30, 31].

Lemma 3.1. Let u be the local solution of the Cauchy problem (1.1) with p > 3
that exists by Theorem 3.1. Then, for anyt € [0,T],

[u(®)l|2,0 + U (=t)u(t)]l11 < Ce.
Proof. Denote
Lu = (8¢ + HO2)u.
Then we can write down the BO equation (1.1) as
Lu = —(Jul’" u),.
First of all we note that the conservation law
[Jull = [luoll
holds. Then we differentiate equation (1.1) twice with respect to x to get
Lugy = —(Jul”~ ) s
Multiplying both sides of this equation by u., and integrating by parts, we obtain
(3.1) %HUWHQ < Clllullos + 1ualloo)” ™ (el + llull?).
By Sobolev’s inequality (Lemma 2.1) and Theorem 3.1 we have
[ulloo + [[talloo < Cllufl20 < C€
for t <1, and using estimate (2.1) of Lemma 2.2 and Theorem 3.1 we get
(3.2) ulloo + l[telloo < CA+[E)TV2U(=t)ull2 < C't™H2,
Therefore from (3.1), (3.2) and the Gronwall inequality we obtain
ltaal|* < Cllugas||* < O,
In the same way as in the proof of the above inequality we get
(3.3) l]l2,0 < Ce.
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Let us define the dilation operator I¢ = x¢ + 2t ffoo O;pdx’ and the operator
Jop=x¢p—2t ffoo HO?pdx' = x¢ — 2tHO,¢. Their difference is equal to
(3.4) Iop—Jop= 2t/ Loda'.

— 00

Also we note that the commutator representations

x

(35)  [L.Jj¢=0, [L.Io=2 / Lode', [1,0,)6 = [I,0,]6 = —

are valid. Using (3.5) we get
I(|ul? )y = 20, (|Ju|? u) 4 2t0; (Jul?~ u)
(3.6) = plulP~H (20u + 2t0u) = plul’ " Tu,.

Therefore, applying the operator I to the equation (1.1), we find that

Liu=1ILu+ 2/ Ludz’ = —I(Ju|’"u), — 2ul"tu

— 00

(3.7) = —plul* ™ Tuz = 2ul’ " u = —plul’ T (Tu)s — (2 = p)[ul " u.
Multiplying (3.7) by ITu and integrating by parts, we get
(3-8) %HIUH2 < Clllulloo + llualloo)”=* (17ull® + 1 ul llul)).
Analogously we have
LIuy = ILuy + 2Lu = —I(|u|’" ) ze — 2(Ju|’ " u),
= —(I(Jul"" u)s)e — (Jul" " u)s
(3.9) = —p([ul" " (Tuz)e — (p = V]ul" " utie Tug — [ul”™ ug).

Multiplying (3.9) by Iu, and integrating by parts, we obtain
d _
(3.10) EHIUIH2 < O(J[ulloo + llualloo)” ™ (Hual* + e[ Tusl)-

Applying (3.2), (3.3) and the Gronwall inequality to (3.8) and (3.10), we obtain the
estimate

[Lull + [Hug|| < Clzuoll + [lzuos]) < Ce,
whence by (3.2), (3.3) and the identity (3.4) we get
(3.11) ([ Jull + | Tzl < [Hull + | Tug|| + C(l[[ul*™ ul| + | ul~ ug]) < Ce.
The lemma follows immediately by applying (3.3) and (3.11), since we have
[JU@fI = FIU@) I = [xf],
from which it follows that

[ Jull = [[JTU@RU(=t)ul| = [[«U(=t)u].-

We are now in a position to prove Theorems 1.1 and 1.2.
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Proof of Theorem 1.1. We have by Lemma 3.1
[llull|lxr < Ce for tel0,T].

We take ¢ satisfying Ce < ¢’. Then a standard continuation argument yields the

result because our constants C' do not depend on the time T of existence of solutions.
O

Proof of Theorem 1.2. We have by (1.1)
(U(=)0qu)y = =U(=) " (jul*~u),  j=0,1,
and by (3.7)
(U(=t)Tu)e = =U(=t)(plul"" (Tu)s + (2 = p)[ul~"u).
Hence by (3.2) we get
(3.12)

IU(=t)(9hu)(t) = U(=s)(0fu)(s)] < 0/ (lu(™) oo + (PP~ Hlulr)|2.0d7
< Ce /tT—<p—1>/2dT < Ce(s— (=912 4 1=(0=3)/2)

and by (3.2) and (3.11)
[U(=t)Tu(t) — U(=s)Iu(s)|| < C/ a5 (Hua (7] + u(r)[dr
(3.13) . :
< Ce/ =D/ < Ce(s— D)2 | =(=3)/2y.
From (3.4) and (3.2) it follows that
000 =Dl <ol [ au(ur ]

< Ctlu(®)]|gs u(t)]| < Cet™ 7

(3.14)

By (3.12)-(3.14) we find that there exists a unique function V€ HY0 n H%! such
that

lim ([U(=t)u(t) = F~'V 1,0 + [U(=t)u(t) = F~V]joa) = 0.

t—oo
This implies (1.2). By Holder’s inequality and (1.2)
[FU(=t)u)(t) = Ve = [FU (=) (t) = FF V| oo
(3.15) < C|U(=tyu(t) = F'V |
<O|U(=tyu(t) = F'V]o1 —0 as t— oo.

t)u(t

The asymptotic formula (1.3) follows from (2.4), (3.15), and (2.5). This completes
the proof of Theorem 1.2. O
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4. PROOFS OF THEOREMS 1.3 AND 1.4

We define the function space Yr as follows:
Yr={¢ € C(10,T;S) : lglllvr = sup (L+ [t))[lo(t)ll3,0
te[0,T)
+ sup (L4 [t)) "N U(=)p(t)[|21
te[0,T]
+ sup 1+ [t|([[90()]loc + [[¢2 (1)) < 00},
t€[0,T
where € depends only on the size of the initial function.
We first state the local existence theorem without a proof.

Theorem 4.1. Assume that ||ug||s,0 + ||uoll1,2 = € < € and € is sufficiently small.
Then there exist a finite time interval [0,T] with T > 1 and a unique solution u of
(1.1) with p =3 such that

[Ilulllyz < Ce'.

For the proof of Theorem 4.1, see, e.g, [14, 15, 20, 29, 35].

Lemma 4.1. Let u be the local solution of the Cauchy problem (1.1) with p = 3
that exists by Theorem 4.1. Then, for any t € [0,T],

@+ 1t) = (lu®)ls0 + |U(=t)u(t)]|2,1) < Ce.

Proof. Analogously to the proof of Lemma 3.1, we differentiate equation (1.1) three
times with respect to x, multiply the result by u,., and integrate by parts. Then

we have
el < Cllullolle otz + ot 2 e e )
< 0(6/)2(1 + |t|)_1(”uww”2 + Hum||2)a
simce
(1.1) e + loe < C€(L+ i),
Similarly,

%IIUII%,O < C(E)? (1 A+ )~ lull3 -
Therefore using the Gronwall inequality we get
(4.2) lulls.o < Ce(1 + [)°.
Now using (3.4), (3.5) and (4.1) we find that

X

wwstHm/ Ludy!|

(4.3) < | Lull + Clefle® (| < (| Tull + C(e)?[lull,
(4.4) 1(Tw)e ]| < gl + llull + |2t Lull < [[Tugll + [[ull + C(e)?[|ull,

1(T0)aall® < [(Jtaoa, Tue)] + CllTuguce | + Clus||?
< Clulli o+ Huall* + [T Tua*) (1 + (1 + [t) ull )
(4.5) < C(E) + D llull o + Hual® + 11T T ).
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And since
/ LlIu,dx’ = / L(Iu) dx’ — / Ludx’ = u® + LIu = —u® — 3uTu,,
we obtain
1T Tul| < (120, + H2t/ LTuyde|

< [Pzl + Clt[[a® ]| + Cltlflu® Tug|
(4.6) < 1P| + Cltlllul 3 (lul + ([ Tuel).
Substituting (4.6) into (4.5), in view of (4.3) and (4.4) we get
(4.7)

l2U (=t)ull3 o = [ Jull3 o < C(€)* + D (llulld o + [ Tull® + [Tua]? + [[1Puq]*).

Now we use estimates (3.8), (3.10); then via (4.1) and the Gronwall inequality we
easily have

(4.8) [ Tull + || Tug || < Ce(1 + [¢)C°.
Let us estimate ||I?u,||. Using (3.5), we find that

X

LI%u, = I[LIu, + 2 / LIuyds

= I*Lu, — 2I(u?), — 2 / I(u?) ppda’ — 4u®

= IPLuy, — 41(u®), — 2u® = —T*(u®) g — 41 (u?), — 2u°.
Then an easy computation gives us
I(¢Y)e = ¢Itpy + h1¢a;
therefore I(u?), = 3u?Iu, and
P(u?) g0 = IT(4?)2)e — I(4?)s = 31((vTug)s) — 3u’lu,
= 6u(Tuz)® + 30T (Tug) s — 3u*Tuy = 6u(Tug)? + 3u*(I*uy), — 6u*Tu,.
Thus LI%u, = —6u(lu,)? — 3u?(I*uy ), — 6u?Iu, — 2u3. Multiplying this equation
by I?u, and integrating by parts, we get
%leuwﬂz < —2(IPug, (6u(Tug)? + 3u?(IPuy), + 6uTu, + 2u®))
< Ollulloo + llualloo)® (12w |* + | 7w * + Jlull?)
(4.9) + Cllufloo | T loo | TPtz ||| T -
From the identity (2.3) and the Holder inequality we have, for 0 <y < 1/2,
16l < CEV2U(=t)g]l1 < CE2(l]] + (62271 T6) /2+),
whence via (4.2), (4.8) and (4.6) we get
Huslloo < CEV2 (| Tual + | Tua| V277 T Tug || 1/247)
< CY2 ([ Tug | + ([ Tua| 277 Pug | /247)
(4.10) < CY2 (| g | 4 [ Tua |/ 727 4 [ Pug )
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By virtue of (4.1), (4.8) and (4.10) we find from (4.9) that

D Pual? < O PP+ 02+
+ Ot (|| Tug || + || Tua|| B2/ O=2) 4 || P2y ||) || T2us |
< Ot | Pug||? + CePt =110
Applying the Gronwall inequality, we get
(4.11) 17200 ||? < Ce*(1 + [¢)°° .

Estimates (4.2), (4.7), (4.8) and (4.11) give us the result. Lemma 4.1 is proved. O

Lemma 4.2. Let u be the local solution of the Cauchy problem (1.1) with p = 3
that exists by Theorem 4.1. Then for any t € [0,T] we have

VI+t([lu®)]loo + luz(t)]loo) < Ce.
Proof. By Lemma 4.1 we have
(4.12) T4+t (JJu@®)]|oo + |tz (t)||oo) < Ce for ¢ < 1.
We assume that ¢ > 1. From Lemma 2.2 and Lemma 4.1 it follows that

[u(@)lloo + llua ()0
(4.13) < Cet =120 0 L O 2 (| FU(—t)u(t) |l so + [ FU(—)ua(8)]0)-

We estimate the second summand in the right-hand side of inequality (4.13). Mul-
tiplying both sides of (1.1) by U(—t), we obtain

(4.14) (U(=tyu(t): + U(—t)(u?). = 0.

We define v(t) = U(—t)u(t); then, taking the Fourier transform, we get

(4.15) wit.) +ip [ [ dedaetCot&)o &)t &) =0,

where &3 = p—&1 — &, L = —plp[+& (&1 |+E2/62] +E5(€s]. Since the solution v(t, z) is

real, 6(t, —p) = 0(t,p). Therefore it is sufficient to consider only p > 0. By Lemma
2.5 we have the following equation for the function o(¢,p) for p >0, ¢>0, k=

0,1:
' A ' iﬂ_e—Zitp2/3 A »
(ip)" e (t, p) + (ZP)kHTU (t, 5)
3(ip)F i . Z1-
(4.16) + LIU(t,z9)|2v(L‘,p) + 0 vl3,) = 0.

t

To get rid of the third summand in the left-hand side of equation (4.16) we make
a change of the dependent variable: © = wB, where

B(t) = exp(~3ipn / o(r. )P LT).

T
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Then integrating (4.16) with respect to t from 1 to t and using Lemma 4.1, we

obtain
Nkt
ko ko 1(ip m —irp /3 p.dr
(i a(e) = (i) o) - 2 [ g s, B2
t
(4.17) —I—Ce/ rImrCl g
1

Hence we get
[FU(=t)u(t)loo + IFU(—t)ua(t)[|oo = (1 + [PDOlloc = [I(1 + [P0
t
(4.18) < Ce+ Cp(1+ |p))] / B(T)€_2i7—p2/3’03(7', g)ﬁ|
1 T

To estimate the last integral in (4.18) we integrate by parts, using the identity
—2itp*/3 _ 1 o —2itp?/3
N 1—2iTp?/3 r(re )
Then for 1 < s <t and p > 0 we have
(4.19)
t
/ B(T)e_ZiTp2/3ﬁ3 (T, g) dr

p(1+p) .

=p(l
p( +p)| 1_27;7-p2/3 1—2i7’p2/3 1—2i7p2/3

+30% (7, §) or (n2) - . ( g) w(T’p)F)d%"

. t .
B(r)e #7343 (r, J - / " B(r)e Tt o3(r, B)2ip’ /3

3 T
Using the Sobolev inequality (Lemma 2.1) and Lemma 4.1, we obtain the rough
estimate
(4.20) 1L+ [pD)olloe < vl + llvall < [lollz,n < Ce(L + [E)°°,

and from (4.16) we have, for 9.(t, p),
(4.21) |Gp) ou(t,p) oo < Ot
Substituting (4.20) and (4.21) into (4.19), we get

t
. d ,
(4.22) p(1+p)l / B(r)e 2358 (7, £) | < Ces ™40
s T

Estimates (4.13), (4.18) and (4.22) gives us the desired result. Lemma 4.2 is proved.
O

In the same way as in the proof of Lemma 4.1, we have by Lemma 4.2

Lemma 4.3. Let u be the local solution of the Cauchy problem (1.1) with p = 3
that exists by Theorem 4.1. Then for any t € [0,T] we have

L+ t)““lu@®)llzo0 + U (=t)u(t)]|21) < Ce.
We are now in a position to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. In the same way as in the proof of Theorem 1.1 we have
Theorem 1.3, by Lemmas 4.1 and 4.3. O
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Proof of Theorem 1.4. From equation (4.17) and estimate (4.22) we have

(4.23) i(t) — 1(8)]|oo < Ces™7HC<,
Hence there exists a unique limit function W € L such that
(4.24) W — (t)]| oo < Cet™ 7T,

This implies estimate (1.5) in Theorem 1.4. We now let

(1) = ipr / (o) — [a(t) ).

-
Then

(1) — U(s) = ipr / ()P — [a()) L+ ipm () — ib(s)]?) o,

where 1 < s < 7 < t. Using (4.23), we get
¢
(4.25)  |T@#) — ¥(5)]|oo < Ce/ 77177 4 Ces™ 7% log s < Ces™7HCe,

Therefore by (4.25) we see that there exists a unique function ® € L i® =
lim—, o0 U(¢) , satisfying

(4.26) [i® — U (t)]|oo < Cet7HC¢,
By (4.24), (4.26) and the identity

t
ipw/ |1I)(7')|2d?7- = ipm|W|*logt 4 i® + (¥(t) — i®) + ipn(|w(t)|* — |W|?))logt
1

we have estimate (1.6) of Theorem 1.4. And from (1.5) and (1.6) the estimate
(1.8) follows. The asymptotic formula (1.7) now follows from the identity (2.4) and
estimates (2.5), (1.8). This completes the proof of Theorem 1.4. |
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