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THE DIAGONAL SUBRING
AND THE COHEN-MACAULAY PROPERTY
OF A MULTIGRADED RING

EERO HYRY

ABSTRACT. Let T be a multigraded ring defined over a local ring (A, m). This
paper deals with the question how the Cohen-Macaulay property of 7' is re-
lated to that of its diagonal subring T2. In the bigraded case we are able to
give necessary and sufficient conditions for the Cohen-Macaulayness of T'. If
Ii,...,I, C A are ideals of positive height, we can then compare the Cohen-
Macaulay property of the multi-Rees algebra R4 ([1,..., Ir) with the Cohen-
Macaulay property of the usual Rees algebra R4 (I1---I). We also obtain a
bound for the joint reduction numbers of two m-primary ideals in the case the
corresponding multi-Rees algebra is Cohen-Macaulay.

0. INTRODUCTION

Let (A, m) be a local ring. Let T' = @, .- Tr be a multigraded ring finitely gen-
erated over A by elements in degrees (1,0,...,0),...,(0,...,0,1). In this paper we
are interested in studying the relationship between the Cohen-Macaulay property of
T and that of its diagonal subring T which is the graded ring T2 = @,y Tn.....n-
The geometric object associated to a multigraded ring 7' is the corresponding multi-
projective scheme ProjT constructed by means of multihomogeneous localizations.
It is easy to see that ProjT is isomorphic to the usual projective scheme ProjT?.
From this point of view it is natural to expect that the homological properties of
T and T2 are closely related. Classically T is the multihomogeneous coordinate
ring of a multiprojective variety V defined over a field £ and contained in some
multiprojective space P}* x --- x P}, The ring T2 is then the homogeneous coor-
dinate ring of the image of V' in the Segre imbedding P}* x - -+ x P}* — P¥ where
N=mni+1)--(n.-+1)—1.

A class of multigraded rings of special interest to us is that of multi-Rees al-
gebras. Let I1,...,I, C A be ideals of positive height. The multi-Rees algebra
Ra(L,...,I,) = A[lity,..., I t,] where t1,...,t, are indeterminates. Geometri-
cally multi-Rees algebras arise by successive blowing up: Z; = ProjRa(l1,...,I;)
is for all j =1,...,r the blow-up of Z;_1 = ProjRa({1,...,I;—1) along the closed
subscheme determined by the sheaf of ideals I;Oz,_,. The diagonal subring is
now the usual Rees algebra R4 (11 --- I,.) of the product Iy - - - I,,. We shall show in
Corollary 2.10 of this paper that if R4 (I1, ..., I,) is Cohen-Macaulay, then so is also
Ra(Iy---I;). This is a consequence of our main Theorem 2.5, where we give nec-
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essary and sufficient conditions for the Cohen-Macaulayness of a general bigraded
ring T with negative a-invariants a'(T') and a?(T). In the case T = Ra(I,J)
where I, J C A are ideals of positive height, these conditions mean that the Cohen-
Macaulay property of T' can be characterized in terms of the local cohomologies
of the ideals IPRA(I.J), JPRA(IJ) C Ra(IJ) (p € N). We show by example that
the converse of Corollary 2.10 does not hold. In Theorem 2.13 we consider condi-
tions under which the Cohen-Macaulayness of R4(I.J) implies that of R (1%, J!)
for k,1>> 0. Our results generalize the results of [6] and [7], where the properties
of multi-Rees algebras were studied under the assumption that the ideals Iy, ..., I,
are all powers of the same ideal.

As a classical application of Theorem 2.5 we consider a ring T = S/I where
S = AlXy,...,X,,Y1,...,Ys] is a polynomial ring defined over a local Cohen-
Macaulay ring A and I C S is a bihomogeneous ideal. Suppose that I can be
generated by forms of bidegree (d,e) with d,e > 0 and that ht I < min(r/d, s/e).
It turns out in Theorem 2.14 that if T is Cohen-Macaulay, then also the diagonal
ring T2 is Cohen-Macaulay. This problem has recently been investigated by Trung,
Simis and Valla in the case A = k is a field and T is a Rees algebra of a homogeneous
ideal in k[X1,..., X,] (cf. [19]).

Recall that if I C A is an ideal, an ideal J C I is said to be a reduction of I if
It = JI™ for n > 0. The reduction number 7;(I) with respect to J is the least
integer n satisfying this condition. Reductions were first defined in [15] and have
proved important in finding out conditions which make a usual Rees algebra Cohen-
Macaulay. The concept of a reduction of an ideal can be generalized to the case of
several ideals. Rees introduced in [17] the notions of complete and joint reductions.
More general definitions have later been given in [11]. Let I,J C A be ideals. A
set K = {ay,...,ax,b1,...,bx} where ay,...,ax € I and by,...,by € J, is termed
a complete reduction of I and J if (IJ)"*! = (a1b1,...,axby)I"J" for n > 0. If
the residue field of A is infinite, there exists complete reductions with A = I(I.J)
where [(IJ) denotes the analytic spread of I.J ([16]). Let u+ v = A. Counsider a
partition of the set {1,..., A} into two disjoint subsets {i1,...,4,} and {j1,...,5.}.
The subset {a;,,...,ai,,bj,...,b;,} C K then forms a joint reduction of I and .J
of type (u,v) meaning that (IJ)"** = (a;,,...,a;, )" J" T + (bj,, ... b, ) [" 1™
for n > 0. We call the smallest integer n satisfying this condition for all partitions
{i1, .. iut U {1, ..., 5w} of {1,...,A} the joint reduction number of I and J of
type (i, ) with respect to K and denote it by 74" (I, J). Suppose now that the
ideals I and J are m-primary and that A = dim A. We can prove in Corollary 3.4
that if Ra(Z,J) is Cohen-Macaulay, then 742" (I, J) < max(u,v)—1 for all p,v >1
with p + v = dim A. This generalizes the well-known result saying that if I C A
is an m-primary ideal such that R4 (I) is Cohen-Macaulay, then r;(I) < dim A — 1
for every dim A-generated reduction J C I (cf. [21, Theorem 4.2]).

In the two-dimensional case Verma investigated in [25] the Cohen-Macaulay
property of multi-Rees algebras of m-primary ideals under the assumption that
the joint reduction numbers of the ideals are zero. Later this situation was con-
sidered also in [8]. Corollary 3.4 now implies that the sufficient condition given in
[8] is also necessary: If A is a local Cohen-Macaulay ring of dimension two and
I,J C A are m-primary ideals, then R4 (I, J) is Cohen-Macaulay if and only if the
usual Rees algebras R4 (I), Ra(J) are Cohen-Macaulay and the mixed multiplicity
ex(I,J)=1(A/IJ)—1(A/I)—1(A/J) (ct. Corollary 3.5).
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1. PRELIMINARIES

We begin by recalling some basic facts about multigraded rings and modules.
For more details we refer to [3] (cf. also [1] and [9]). Let T" = P, c;- Tn be an
r-graded ring defined over a ring A = Tp. We always assume that all rings are
Noetherian. The ring 7" has certain subrings important to us. The diagonal subring
of T is the graded ring T2 = P,.czTn,...n. Forany j € {1,...,r}, there is an

r — 1-graded subring T (é) = @njzo Tn. If M is an r-graded T-module, we then

Uyl

have a graded T2 -module M2 = @nGZ M,y,,... n and r — 1-graded T o, -modules
M. .. = @nj:k M, (k € Z). When T is N"-graded and A is local with the
maximal ideal m, 7" has a unique homogeneous maximal ideal 9t = m @& @n;éo Th.
The homogeneous maximal ideals of T2 and T .o,.. are then M2 and Mo
respectively.

If 21 C T is a homogeneous ideal, the local cohomology functors Hey (+) are defined
in the category of r-graded T-modules as usual. As T-modules r-graded local
cohomology modules of course coincide with the usual ones. In many occasions it is
useful to consider the ring T' endowed with a different grading. Local cohomology
modules behave well under a change of grading. To put this more precisely, given
a homomorphism ¢ : Z" — Z9, set

w-@ (@ m
n)=m

meZd \ ¢

yeen

for any r-graded T-module M. Then T% is a g-graded ring and M¥ a g-graded
T#-module. We now have the result that (Hy(M))? = Hiy,(M?). To see this, it
is enough to note that (Hy(-))? and Hy, (-¥) are both universal é-functors, which
coincide if ¢ = 0. We are often interested in vanishing of local cohomology. It is
then useful to observe the following simple fact:

1.1. Lemma. Let T be an r-graded ring defined over a local ring (A,m). Set
S=T. o, andN = M. o,... Consider Ty as a gmded ring defined over the local
ring S;. Then [Hy (Tx)]x = 0 if and only if [Hy(T)]n = 0 for all n € Z" with
n; = k.

Proof. The above mentioned result implies that if 7" is considered as a graded S-
algebra, then [Hiy(T)]x = @n]:k[ﬂim(T)]n is a graded S-module for every k € Z.
This implies the claim, since [Hy (Tn)]i = ([Hy(T)]k)n-

If T is N"-graded and can be finitely generated over A by elements in degrees
(1,0,...,0),...,(0,...,0,1), we call T standard. Suppose from now on that T
is standard. The irrelevant ideal of T is TT = D, n>0Tn. Also set Tj‘|r =
Ean>0 T, for all j =1,...,7. Let ProjT denote the set of all homogeneous prime
ideals P C T which do not contain TF. Consider ProjT as a topological space with
closed subsets Vi (I) = {P € ProjT|P D I} where I C T is a homogeneous ideal.
We give ProjT a scheme structure analogously to the usual graded case by using
homogeneous localizations

Tipy = {%Ia,f €Tn, f¢ Pne NT} (P € ProjT).

We call T the r-projective scheme corresponding to T'. The theory of multiprojective
schemes is similar to that of projective schemes, which can be found in [4]. We
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therefore mainly list here some most important facts. Set Z = ProjT. There is
a canonical projection Z — Spec A, which is a proper morphism. If M is an -
graded T-module, we have the associated quasi-coherent sheaf M of Oz-modules.
The quasi-coherent sheaf corresponding to T'(n) is invertible for every n € Z".
We denote it by Oz(n). Moreover, we have Oz(m + n) = Oz(m) ® Oz(n) for
all m,n € Z". Multiprojective schemes are projective: if Z2 = ProjT%, the
inclusion 7% — T induces an isomorphism f : Z — Z2 such that f*(Oza(n)) =
Oz(n,...,n) for all n € Z. In the next lemma we consider the dimension of Z.

1.2. Lemma.

........

2) IfT is a catenary domain and A is local, then dim Oz p = dim Z for all closed
points P € Z.

Proof. Let P € Z be a closed point. The projection Z — Spec A being proper,
Py = PN A is a closed point of Spec A. Then (T/P)g is a field. Moreover, we
have dim ProjT /P = 0. This implies that dimT/P = r: it is easy to check that
0C Sy cSf+5y c--cCSf+--+5F is amaximal chain of homogeneous
prime ideals of S = T/P. Any maximal chain of homogeneous prime ideals of T
starting from a minimal prime Py € Z is then of type Py C --- C P,, C -+ C Ppy,
where P, is a closed point of Z. As dimZ = sup{ht P|P € Z}, the formula
dim Z = sup{dimT/P|P € Z N MinT} — r follows. Since T;"---T+ C TT, the
condition dim T/Tj+ < dimT (j = 1,...,r) means that Z contains all minimal
primes P of T with dimT/P = dimT. Then dim Z = dim T — r proving 1). In the
case of 2) we always have above Py = 0 and P4, = 9. Since T is catenary, this
implies for any closed point P € Z that dimOzp =ht P =dim7T — r = dim Z.

We can look at the scheme Z also from another point of view. Take j € {1,...,r}
and let Y denote the r — 1-projective scheme Proj T(g) For every k € N, let 7,
be the quasi-coherent Oy-module corresponding to the r —1-graded T'. o, -module
T . k,... Then T = @, 7x is a quasi-coherent graded Oy-algebra so that we have
an associated projective scheme Proj 7. Recall that Proj 7 can be constructed
by glueing together the schemes Proj@,~ (T .. k,..)p) where b € T1  1071,.1-
It is now not difficult to see that it is possible to identify Proj7 with Z. The
corresponding canonical invertible sheaf on Z is O(0,...,0,1,0,...,0). Moreover,
if g: Z — Y is the canonical projection, we have

(’)Z(nl,...,nj_l,O,anrl,...,nr) = g*(Oy(nl,...,nj_l,nj+1,...7nr))

for ny,...,nj—1,7j41,...,n € Z. If M is an r-graded T-module and My is
M. .. (k€ Z), then M is the quasi-coherent Oz-module correspc.).ﬁ’di.r.l.g to the
graded Oy-module ®keZ M. There is for all n € Z" a canonical homomorphism

Mnj (nl, vy M1, Mg 41,5 - - - ,TLT) — g*(./\/l(n))

Let a C A be an ideal. We want to compare the multigraded local cohomology
with respect to the ideal (a,7") C T with the sheaf cohomology with supports in
E =V, (aT) C Z. To this purpose we need a multigraded variant of the so called
Sancho de Salas sequence ([14]). First we prove the following lemma:
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1.3. Lemma. Let I be an injective r-graded T-module and let T be the correspond-
ing quasi-coherent sheaf of Oz-modules. Then T is an injective Oz-module.

Proof. It is enough to show that I(py is an injective T{ p)-module for all P € Z (cf.
[5, Chapter II, Proposition 7.17]). For any T-module N, set

Nipy = {%x eEN,feT\Pis homogeneous}.

It is easy to check that I py is an injective r-graded Tipy-module. The claim now
follows from the fact that the category of r-graded T’ py-modules is equivalent to the
category of T( p-modules. The equivalence is given by M +— Mp. Indeed, according
to the r-graded version of [9, Proposition (12.17)] T py = T(p)[t1, ..., t;, ot
where t1,...,t, are indeterminates. Then, for any r-graded T py-module M, we
have M 22 Mo[ty, ..., tot7 .. 671

1.4. Theorem. Let T be a standard r-graded ring defined over a ring A and let
a C A be an ideal. Let M be an r-graded T-module. With the preceding notation,
there exists an exact sequence

o Hiy gy (M) — @ Hi(My) — @D Hp(Z, M) — -

nezr nezr

of r-graded T-modules. Moreover, if j € {1,...,r} and S = T(é), we have a
commutative diagram of r-graded T-modules

o —— H{, pty (M) —— @,y Hi(Mn) —— @y cpr Ho(Z, M(n)) — -+

T T T

v H{ o) (M) —— @,y Ho(Mn) —— D pepr Hi (Y, Mo, () — -

where F' =V, (aS), h = (n1,...,nj-1,nj41,...,n,) and the homomorphisms
Hp (Y, My, (0)) — Hy(Z, M(n))
are composites
Hp (Y, My, (2)) — Hp(Y, g (M(n))) — H(Z, M(n))
of canonical homomorphisms.
Proof. The construction of the multigraded Sancho de Salas sequence is analogous
to that of the usual Sancho de Salas sequence. We recall this construction following
an idea sketched in [14, p. 2]. Set C = V(T") C SpecT and U = Spec T\C.
Let 0 — M — I® be an r-graded injective resolution of M. As HL (SpecT, I?) =
Hi.. (I?) = 0 for all p € N we obtain an exact sequence
0 — Lo(Spec T, I*) — I* — T(U,1*) — 0

where T'¢(Spec T, I*) = HY. (I*). There is an affine morphism h : U — Z taking
a prime ideal P € U to its homogenization P* € Z. If N is an r-graded T-module

and N the corresponding quasi-coherent Oz-module, we clearly have h*(ﬁw) =
@D..cz- N(n). Therefore

(U N)=T(Z,h.,N)=T <Z, S5 N(n)> = P rz.Nm)).

nezr nezr
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It follows, in particular, that T'(U, N) is an r-graded T-module. Set ®(N) =
@.cz- N(n). This defines an exact functor ® from the category of r-graded
T-modules to the category of quasi-coherent Oz-modules. So there is an exact
sequence

0— HY (I°) = I* - T(Z,®(I*) — 0

of complexes of r-graded T-modules. Observe that ®(I*) is a complex of injective
Oz-modules. Indeed, if ZP is the quasi-coherent Oz-module corresponding to I?
(p € N), we know from Lemma 1.3 that Z? is injective. Then Z?(n) is injective for
alln € Z" so that also ®(I?) = @, ;- Z¥(n) is injective. In the derived category of
the category of r-graded T-modules the above exact sequence then gives an exact
triangle

RHY. (M) — M — RI(Z,$(M)) — RH}. (M)[1].

Since HYHY., = ﬂ(()a,Tﬂ and HOT'(Z,-) = T'g(Z,-), we obtain the desired sequence
by applying the functor RH{ and taking cohomology.

In order to prove the second claim we first note that by setting ¥(N) =
D, Na; (1) for every r-graded T-module N, we obtain an exact functor ¥ from
the category of r-graded T-modules to the category of quasi-coherent Oy -modules.
The module I'(Y, ¥(N)) has an obvious structure of an r-graded T-module. More-
over, the canonical homomorphisms N,,; (1) — g¢.(N(n)) induce a morphism of
functors 1 : ¥ — ¢,P such that there is a commutative diagram

N —T(Z,®(N))

N —— I, ¥(N))

of r-graded T-modules.

Now observe that by writing M = @,c; M. k... and I* = Dy I° ;. we
can consider 0 — M — I® as an Hg+—acyclic resolution of M in the category of
r — l-graded S-modules. Moreover, by using the Sancho de Salas sequence, we see
that HL(Y, W(IP)) = 0 for i > 0 and p € N. When a = 0, this gives that also
HY(Y,¥(IP)) =0 fori >0 and p € N.

It follows that there is a commutative diagram

0—— Hy.\ (I°) —HT ——TI(Z,®(I*) ——0
0—— HY (I°) —— I* —— (Y, ¥(I*)) —— 0

of complexes of r-graded T-modules. This means that in the derived category we
get a morphism of triangles

RH{, p+y(M) —— RH)(M) —— RTg(Z, ®(M)) —— RH{, p+(M)[1]

T | [ T

RH((Ja, s+ (M) —— RHY(M) —— RLp (Y, ¥(M)) — Rﬂ?a, sy (M)[1]
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where T'p =Tr(Y,:),T'g =Tg(Z,-) = 'rg. and
RO: RIp)? =R(ITr¥) - RITg®) = (Rlg)P
is the morphism of functors induced by § = I'pn. By taking the cohomology we
obtain a diagram of desired type. It remains to check that the resulting homomor-
phisms HY(R) : Hi.(Y, ¥ (M)) — H&(Z, ®(M)) factor in the right way.
Consider the commutative diagram

R )T BV RT 1)g,® —— (RTp)(Rg.)®

.

FF\I/ /I‘Fg*@ /R(Fpg*)(p

where T'p¥ — (RI'p)¥ = RI'p¥) and I'pg.® — R(Tpg.)® = R(T'pg.P) are
canonical morphisms of functors. As R6 is the unique morphism of functors
(RTr)¥ — R(T'rg.)® making the above diagram commutative, we see that it
is equal to the composition

(RI'p)V — (RI'F)g:® — (RI'F)(Rg.)® = R(I'pg.)®.

The cohomology maps corresponding to (RI'r)g.®(M) — (RI'r)(Rg.)®(M) are
edge homomorphisms of the Grothendieck spectral sequence of the composite func-
tor I'rpg,. This implies the claim, since these are well-known to be the homomor-
phisms HL (Y, g.®(M)) — HL(Z, ®(M)).

By choosing a = 0 we immediately obtain

1.5. Corollary. Let T be a standard r-graded ring and let M be an r-graded T -
module. With the preceding notation, we have an exract sequence

0— HY (M) — M — P I(Z,M(n)) — Hb. (M) — 0
nezr
and isomorphisms
Hipo (M) = @ H™'(Z,M(n)) (i >1).
nezr
We next note that the theorem of Serre about vanishing of sheaf cohomology has

the following multigraded analogue (cf. [12, Lemma (4.2)]):

1.6. Theorem. LetT be a standard r-graded ring and let M be a finitely generated
r-graded T-module. Let the notation be as above. If ni,...,n,. > 0, we have
I'(Z, M(n)) = My, and H*(Z, M(n)) =0 for i > 0.

Let A be a ring and let Iy,...,I, C A be ideals. The multi-Rees algebra
Ra(L,...,I,) is the r-graded ring

Ra(h,....I.)= €@ 1j*--- 1.
neN”
We often identify Ra([1,...,I.) with the subring A[l1¢1,..., It.] of Aft1,...,t.].
Note that RA(Il, . ,IT) = Rs(IJS) where S = RA(Il, . 7Ij—1a Ij+1, . ,IT). It
follows, in particular, that the scheme Z = Proj Ra([1,...,I,) can be considered as
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the blow-up of the scheme Y = ProjRa(I1,...,Ij—1,Ij11,..., 1) along the closed
subscheme defined by the sheaf of ideals I;Oy. The multi-form ring

g’I”A(Il,. ..,IT) = RA(Il,. ..,IT)/(Il . "IT)RA(Il,.. .,IT).

The corresponding diagonal subrings are (Ra(Iy,...,1.))» = Ra(I;---1.) and
(gralli, ..., )2 =gra(ly---1,). fht I; > 0 (j = 1,...,7), it follows easily from
[1, Theorem 4.4.6] that dim Ra([y,...,I,) = dim A + r. If, moreover, A is local,
dimgra(li,...,I,) =dim A +r — 1.

2. MAIN RESULTS

In this section we want to give necessary and sufficient conditions for the Cohen-
Macaulayness of a standard bigraded ring ' = €@, ,>¢ Tp,q defined over a local
ring (A, m). Before proving our main Theorem 2.5 we are going to state several
lemmata.

In the proof of Theorem 2.5 we shall make use of the multigraded Sancho de
Salas sequence (Theorem 1.4). Working with sheaf cohomology on the schemes
ProjT and ProjT. o, ProjTy,. respectively, we need the following general fact about
vanishing of the higher direct-image sheaves.

2.1. Lemma. Let f: X — Y be a proper morphism of schemes of finite type over
a ring A. Let F be a coherent sheaf on X. Let L be an ample invertible sheaf on
Y. Then R'f.F =0 for alli > 0 if and only if H (X, F® f*LZ") =0 for alli > 0
when n > 0.

Proof. Consider the Leray spectral sequence
EY?=HP(Y,RUf(F @ f*L®") = HPTI(X, F @ f*L%™).

Note that by the projection formula RIf,(F @ f*L®") = RIf.(F) @ LE™.
Suppose first that there exists ng € N such that HY (X, F @ f*£%") = 0 for all
1> 0 when n > ng. Let i > 0. By the theorem of Serre we can choose n; € N such
that HP(Y, R1f.(F) @ L®™) =0 for all p > 0 and ¢ < ¢ when n > ny. The Leray
spectral sequence therefore gives
LY, R f(F)® L") = H(X,F® f*L%") =0

for n > max(ng,ny). This implies that R'f,F = 0 as wanted. Conversely, if
Rif,F = 0 for all i > 0, the Leray spectral sequence degenerates. By using the
theorem of Serre again, we can then find ng € N such that

HY(X,F® f*L%") = H(Y, f.(F) @ L") =0
for all 4 > 0 when n > ng.

We also need to consider the local cohomology with respect to the ideal 9+ =
(m,TT) C T. Observe that MT = MAT where 9 is the homogeneous maximal
ideal of T

2.2. Lemma. Let T be a bigraded ring defined over a ring A. Let A C T® be a
homogeneous ideal. Let M be a bigraded T-module. We then have for all p,q € Z
and i1 > 0 that

[Hy(M(p—q.0)*)g ifp>aq

o (Mo = {[ﬂa«M(o,q —)M ifr<a
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Proof. Consider T? as a bigraded subring of T concentrated in degrees (p,p)
(p € Z). Then M is a bigraded T®-module and Hy, (M) = Hy(M). Set
Ny = (M(k,0))2 (k € Z). We can now write

M= | B Mytrq | = P Ni(-k,0)

kEZ \ q€Z kEZ

where N}, is considered as bigraded T-module with [Ng], , = 0 if p # ¢. Then

[EQ(M)]p,q = @[EZ.Q((Nk)]p—k,q = [ﬂél(Np—q)]q-
kEZ

This implies the claim, because M (k,0) = M (0 — k)(k, k) for all k € Z.

2.3. Lemma. Let R be a graded ring defined over a local ring (A,m). Let 9 be
the homogeneous mazimal ideal of R. Let a C m be an ideal. Let M be a finitely
generated graded R-module and ng € Z. Then [Hyp(M)], = 0 for all n > ng and
1 >0 if and only if [ﬂz('a)Rﬂ(M)]n =0 for alln > ngy and ¢ > 0.

Proof. Given an ideal b D a, it is immediately clear from the spectral sequence

BT = Hy (U o (M))) = [y ()

that if [H{, gy (M)], = 0 for all i > 0, also [H{, g+y(M)], = 0 for all i > 0. Tt
is therefore enough to prove that [Hiy(M)], = 0 for all n > ng and i > 0 implies
[_3% (M)],, =0 for all n > ng and ¢ > 0.

By moving to the completion R=R®, E, we can assume that A is complete.
For any p € Spec A, set B = pA, ® Ry . Let us first show that [ﬂ?B(Mp)]n =0 for
all p € Spec A, n > ng and 7 > 0. Express R as a quotient of some polynomial ring
S defined over a local Gorenstein ring B. According to the graded version of local
duality we have for all i > 0

Hiy(M) = Homg (Ext$™ *~*(M, S(a)), Eg(k))

where a € Z and Eg(k) is the graded injective envelope of the residue field k of B.
Since Eg(k) = Homp(S, Ep(k)), this gives

[Hian (M) = Homp([Exts™ *~* (M, S(a))]—n, Eg (k)

for all n € Z. The assumption thus implies that [Extls(M,S(a))]_n, = 0 for all
n >ng and ¢ > 0. Let p € Spec A. Suppose that A = B/I where I C B is an ideal.
Write p = q/I for some q € Spec B,q C I. Then

([Exts (M, S(a))]-n)q = [Extl, (M, Sq(a)]-n.

By using the local duality again, we then get that [ﬂ?ﬁ (My)]n =0 for all n > ng
and 7 > 0 as desired.

Let us now use induction on dim A to prove the actual claim. If dim A = 0,
Rad(RT) = M and there is nothing to prove. Suppose dim A > 0. If p € Spec 4,
p # m, we saw above that [ﬂ?p(Mp)]n =0 for all n > ng and ¢ > 0. The induction
hypothesis then gives that

[H Yy (My)]n = ([Hige (M)],)y = 0.
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As [Hiy (M)],, is a finitely generated A-module, this means that it must have finite
length. But then the spectral sequence

Ey’ = Hy,([Hy (M)]n) = [Hyy (M)]n
degenerates to give [H%+ (M)], = [Hay(M)], = 0 for all n > ng and i > 0.

2.4. Lemma. Let T be a bigraded ring defined over a local ring (A, m). Let 9 be
the homogeneous mazimal ideal of T. Set MT = (m,T+) C T. Let M be a finitely
generated bigraded T-module. Then [Hyy (M)]p.q =0 for all p,q > 0 and i >0 if
and only if [His (M)]p.q =0 for all p,q >0 and i > 0.

Proof. Set @ = T»,M = MA and let N, = (M(k,0))» (k € Z). According to
Lemma 2.2 we have [Haps (M)]p.q = [Hon(Np—q)]q- It follows that [Haps (M)]p.q =
0 for p,q > 0 and i > 0 is equivalent to [Hy(N)], = 0 for k € Z,q > max(0, —k)
and ¢ > 0. By Lemma 2.3 this is further equivalent to [ﬂlQ+ (Ni)lg = 0 for k €
Z,q > max(0,—k) and ¢ > 0. By using Lemma 2.2 again we see that this is the
same as [Hi (M)]p., = 0 for p,g > 0 and i > 0.

Let T be an N"-graded ring defined over a local ring and let 9t be the homoge-
neous maximal ideal of T'. Define for all j = 1,...,r the a-invariants

al(T) = sup{k € Z|[Hg" T (T)]n # 0 for some n € Z" with n; = k}.

Note that by Lemma 1.1 a?(T') coincides with the usual a-invariant a(Ty) of the
(J)
0,

graded ring Ty, where 91 is the homogeneous maximal ideal of the ring T'
We are now ready to prove

e

2.5. Theorem. Let T be a standard bigraded ring of dimension d+2 defined over a
local ring (A, m). Suppose that dimTp.,dimT o < d+2 and a*(T),a*(T) < 0. Let
M be the homogeneous mazximal ideal of T and MT = (m, TT) C T. Set Z = ProjT
and E =V, (mT) C Z. Then the following conditions are equivalent:

1) T is Cohen-Macaulay;
2) a) [Hopr (M)lpg =0 if p,g >0 0orp,g<0andi<d+1,
b) H o (T)]p,q =01ifp,q=>0;

[H
3) a) [HzmA((T(p,O))A)]q =0ifp>0,q¢{-p,...,—1} andi <d+1,
b) [Hina (T(0,9))], =0if¢>0,p ¢ {—q,...,—1} and i < d+1,
¢) [HEt A ((T(p,0)2)]g = 0, [HHA((T(0,9))*)], = 0 if p,q > 0;

)
4) a) The homomorphism T,  — I'(Z,Oz(p,q)) is an isomorphism for p,q > 0,
b) H(Z,0z(p,q)) =0 if p,q >0 and i > 0,
¢) Hy(Z,07(p,q)) =0 if p,q <0 and i < d.

It follows, in particular, that if T is Cohen-Macaulay, then so is T>.

Proof.
1) & 2) Set M = (m,7;") and M = (m,T5"). Then M +MJ = M and
M NMF = 9M+. Consider the Mayer-Vietoris sequence of local cohomology

= Han(T) — Hyo (T) & Hyp o (T) — Hono (T) — Hof'(T) — -
This implies that Hay(T) = 0 for i < d + 2 if and only if the homomorphism
() Hiy (T) & iy (T) — iy, (T)
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is an isomorphism for 4 < d+1 and injective for i = d+1. We now have 9] = M. T
and M =My .T. Since T = D501 =DB,50 Ty, it follows that

[_;mj (M)lp,q = [_?m.,o(Tuq)]p and [_;m; (T))p,q = [_gng,.(pr)]q
for all p,q € Z and i > 0. Therefore we obtain for all ¢ > 0 that
(1) [_;'ml+ (T)]pq=0if g <0 and [ﬂﬁm+ (T)]p.q =01if p <O.

Since dim Tp,., dim T o < d+ 1, also ﬂ;ﬁ(T) =0 and ﬂgn+(T) =0ifi>d+1.
1 2
Suppose now that 7" is Cohen-Macaulay. As we also have a'(T),a*(T) < 0, it
follows that [Hgy(T)]p,q = 0 for all p > 0 or ¢ > 0 and ¢ > 0. By first localizing
at the homogeneous maximal ideals of Ty . and T. ¢ respectively, and then using
Lemma 1.1, we may apply Lemma 2.3 to get

[—ij (T)]pq =0 and [ﬂ;n; (T)]p.g =0

for all p,g > 0 and ¢ > 0. The remarks made above then imply that 2) holds.

Suppose then that 2) holds. So [Hiys (T)]pq = 0 for all p,g > 0 and i >
We can now use Lemma 2.4 to get [Hi (T)]pq = 0 for all p,g > 0 and i > 0.
This implies by Corollary 1.5 that the homomorphism T, , — I'(Z,Oz(p,q)) is
an isomorphism and H*(Z,O0z(p,q)) = 0 for all p,g > 0 and i > 0. Set Y =
ProjT. o, F = Vi(mT. o) C Y and let g : Z — Y be the canonical projection. If
p € Z and ¢ > 0, we now have

H'(Z,0z(p,q) © ¢"Oy (p)) = H'(Z,0z(p+p',9)) = 0
for p’ > —p and i > 0. We can then use Lemma 2.1 to obtain Rig.(Oz(p,q)) = 0
for ¢ > 0. This implies that the Leray spectral sequence
By’ = Hp(Y, Rig.(0z(p.0))) = H/ (Z,02(p.9))

degenerates. The edge homomorphisms H%(Y, g.(0z(p,q))) — HL(Z,0%(p,q))
are thus isomorphisms for all p € Z,q > 0 and i > 0. Let 7, denote the quasi-
coherent Oy-module corresponding to T., (¢ > 0). Also the canonical homo-
morphism 74(p) — ¢«(Oz(p,q)) is now an isomorphism for p € Z and ¢ > 0.
As g.(Oz(p,q)) @ Oy (p') = g«(Oz(p + p',q)), we can see this by showing that
I(Y,7,(p)) — T'(Z,0z(p,q)) is an isomorphism for p > 0. But for p > 0,
(Y, 7,(p)) = Tpg =T(Z,02(p,q)). It follows that the homomorphisms

Hip (Y, Ty(p)) — Hp(Y, 9.(0z(p.q))) — H(Z,0z(p,q))

mentioned in Theorem 1.4 are isomorphisms for all p € Z,q > 0 and ¢ > 0. Com-
bined with the five lemma Theorem 1.4 then implies that the homomorphism

[_qu (Dlp,q — [_gyﬁ (T)]p.q
is an isomorphism for all p € Z,q > 0 and ¢ > 0. Similarly, the homomorphism
(s (T)]pg — [Hins (D]
is an isomorphism for all p > 0,¢ € Z and i > 0. For p,q > 0, this means that
[_?m (T)]pg=0 and [—;m,j (T)lp,q = 0.

By taking into account the formulas (t), it now follows that if p > 0 or ¢ > 0, the
homomorphism (x) is an isomorphism in degree (p, q) for all ¢ > 0. By assumption
[Hon+ (T)]p,q =0 for p,g < 0 and ¢ < d+ 1. We then see that in degrees (p, ¢) with



2224 EERO HYRY

p,q < 0 (%) is an isomorphism for i < d+ 1 and injective for ¢ = d + 1. This means
that T is Cohen-Macaulay as wanted.

2) < 3) This is an immediate consequence of Lemma 2.2.

2) < 4) Corollary 1.5 implies that 4) a) and b) are equivalent to [H% (T)],.q = 0
for all p, ¢ > 0 and i > 0. By Lemma 2.4 this is in turn equivalent to [Hay+ (T)]p.q =
0 for all p,q > 0 and i > 0. By using Theorem 1.4 we get that H4(Z, Oz(p,q)) =
[ﬂgjﬁ (T)]p.q for all p,g < 0 and i > 0. Therefore [Hiy+ (T)]p.q = 0 for p,q < 0 and
i < d+11is equivalent to Hy(Z,0z(p,q)) =0 for p,q < 0 and i < d. So 2) and 4)
are equivalent.

This last remark follows from 3). Note that by the Mayer-Vietoris sequence we
have Hyya (T2) = (Hbn+ (T))» =0 for i > d + 1, since dim Ty, dim T o < d + 2.

2.6. Remark. Note the general fact that
inf{i| Hypr (T) # 0} < ht MF < d 4 2 — max(dim T’ o/mT. o, dim Ty . /mTy..).
If T is Cohen-Macaulay, it comes out from the proof of Theorem 2.5 that

[_gﬁo,.(Tp,-)]q if p>0and g <0,
[_gﬁo (T-,q)]p ifp<0Oandg>0

[—gifﬁ (T)]p,q = {

for i < d+ 1. Also recall that we then necessarily have [ﬂiim‘yo(T,q)]p = 0 and
[Hy ,(Tp,)lg = 0 for all p,g > 0 and i > 0.

We now want to apply Theorem 2.5 to the case of multi-Rees algebras. Recall
first the following fact ([6, Lemma 2.1]):

2.7. Lemma. Let A be a local ring and let Iy,...,I, C A be ideals of positive
height. Then a’(Ra(l1,...,1,)) = =1 forall j=1,...,r.

2.8. Corollary. Let A be a local ring of dimension d and let 1,J C A be ideals of
positive height. Let N be the homogeneous mazimal ideal of Ra(IJ). Then Ra(1,J)
is Cohen-Macaulay if and only if the following conditions hold:

a) [Hu(IPRA(I)]), =0 ifp>0,q¢ {—p,...,—1} and i < d + 1;

b) [Hi(JIRA(IT)], =0if¢>0,p¢ {—q,...,—1} and i <d+1.

Proof. The claim will follow from Theorem 2.5 3) if we can show that condition 3)
¢) holds in this case. Set Q = R4(IJ). Let p > 0. There is an exact sequence
0-K—QN -1"Q—0
of graded @-modules. The corresponding long exact sequence of cohomology gives
us an epimorphism
(Hy ™ (@)Y — HGH(1PQ) — 0.

By Lemma 2.7 this implies [ﬂg¢+l(I”Q)]q = 0 for ¢ > 0. Similarly, we also have
[H& (19Q)], = 0 for p,q > 0.

2.9. Example. Let A be a local ring of dimension d and let I C A be an ideal of
positive height. Put T'= R4 (I,1),R = Ra(I) and Q = R4(I?). Let M and N be
the homogeneous maximal ideals of R and @ respectively. Let p > 0. Noting that
IPQ equals to the Veronesian (IPR)?) we get (cf. [9, Proposition (47.5)]) for all
i<d+landq¢ {-p,...,~1} that [Hn(IPQ)l, = [Hin(I"R)]2g = [Hin(R)2q1p
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where the last step comes from the cohomology sequence corresponding to the exact
sequence

—1
0— I’R— R(p) — @ 1*7t* — 0.
k=—p
Similarly, [Hi(J9Q)], = [Hap(R)]2ptq for p & {—q,. .., —1}. By Corollary 2.8 we
thus see that T is Cohen-Macaulay if and only if [Hgy(R)], = 0 for p # —1 and
i < d+ 1. This can also be seen directly (cf. [6, Theorem 2.2]).

2.10. Corollary. Let A be a local ring and let I1,...,I. C A be ideals of positive
height. If Ra(I1,...,I,.) is Cohen-Macaulay, also Rs(Iy - - - I,.) is Cohen-Macaulay.

Proof. Useinductiononr. Put B = Ra(I1,...,I,—2)m where 9 is the homogeneous
maximal ideal of R4 (I1,...,I,—2). We then have

Ru(l1,...,I.)m = Rg(I,-1B, I,.B).
We now obtain from Lemma 2.7 and Theorem 2.5 that
Rp((Ir—1B)(I;B)) = Ra(L1, ..., Ir—2, I, _11;)m

is Cohen-Macaulay. Hence also Ra([1,...,I,—2,I,_11I,) is Cohen-Macaulay. The
induction hypothesis then implies that R4 ([; - - - I,.) is Cohen-Macaulay.

The following example shows that the converse of Corollary 2.10 does not hold.

2.11. Example. The Cohen-Macaulayness of R4(I.J) does not imply the Cohen-
Macaulayness of Ra(I,J) even if Ra(I) and Ra(J) are assumed to be Cohen-
Macaulay. Let (A, m) be a local Cohen-Macaulay ring of positive dimension and
let I C A be an m-primary ideal with reduction number one. If J C I is a minimal
reduction, we thus have I? = I.J. Then Ra(I),Ra(J) and Ra(IJ) = Ra(I?) =
(Ra(I))?) are Cohen-Macaulay (cf. [22, Proposition 3.1] and [21, Theorem 1.1]).
Since also gra(I) is Cohen-Macaulay, the cohomology sequence corresponding to
the exact sequence

0—=1TRA(I) = Ra(I) = gra(I) — 0
implies that TR4(I) and so also IR4(I?) = (IR4(I))? are Cohen-Macaulay mod-
ules. As JRA(IJ)=J@® I3 @ I°@ -, there is an exact sequence

0— JRA(IJ) — IR4(I*) — I/J — 0.

If M denotes the homogeneous maximal ideal of R4 (I.J), the corresponding coho-
mology sequence then gives that

[y (JRA(II))o = Hy(I)7) = 1/J #0.
According to Corollary 2.8 this means that R4 (I, J) cannot be Cohen-Macaulay.

Although the converse of Corollary 2.10 does not hold, we will show in Theorem
2.13 that under certain assumptions the Cohen-Macaulayness of R4 (IJ) implies
that of Ra(I*, J') for k,1 > 0. First we need the following lemma:

2.12. Lemma. Let T be a standard r-graded ring defined over local ring (A, m)
which is a homomorphic image of a local Gorenstein ring B. Set Z = ProjT and
E=V,.(mT)C Z. Then the following conditions are equivalent:

1) Z is Cohen-Macaulay and equidimensional;

2) H.(Z,0z(n)) =0 for i < dim Z when ny,...,n, < 0.
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Proof. Consider Z as a closed subscheme of some multiprojective space P = Pgl X B

- Xp }P’gr. Let Z be the ideal sheaf of Z in P. According to the “local-global
duality” of Lipman [13, Theorem p. 188]

H(Z,0z(n)) = Homp (Extg™ "~/ (Op/T,wp(—n)), Es(k))

where wp is the dualizing sheaf of P. By using Theorem 1.6 we obtain from the
spectral sequence of local to global Ext that if nq,...,n, > 0, then

Ext(,, (Op/I,wp(n)) =T(P,Extl,, (Op/T,wp(n)))
for all i > 0. It follows that 2) is equivalent to having
I(P,Extly, (Op/T,wp))(n) =0
for ¢ > dim P — dim Z when ni,...,n, > 0. This being in turn equivalent to
Extly, (Op/T,wp) =0

for i > dim P — dim Z, we see that 2) is equivalent to Extlbpz((’)z,z, Op,.) =0 for
every closed point z € Z and ¢ > dimOp, —dim Z. By local duality this is the
same as Oz, is Cohen-Macaulay and dim Oz, = dimZ. If Z’ is an irreducible
component of Z containing z, then also dim Oz , = dim Z. Taking into account
Lemma 1.2 we see that 1) and 2) are equivalent.

2.13. Theorem. Let (A,m) be a local ring and let I,J C A be ideals of positive
height. Set X = ProjRa(I),Y = ProjRa(J) and Z = ProjRs(1J). Let f :
Z — X and g : Z — Y be the canonical projections. Suppose that Ra(IJ) is
Cohen-Macaulay. Then Ra(I*,J') is Cohen-Macaulay for all k,1 > 0 if and only
if the homomorphisms Ox — Oz, Oy — ¢g.Oz are isomorphisms and we have
R .07 =0,R'g.0z7 =0 for all i > 0.

Proof. We may assume that A is complete. Set T'= Ra(I,J),Z = ProjT and E =
Vi(mT) C Z. Let d = dim A. As TA = Ra(IJ) is equidimensional of dimension
d+ 1, we know by Lemma 1.2 that Z = Z2 = Proj Ra(IJ) is equidimensional of
dimension d. Since T? is Cohen-Macaulay, we also see that Z is Cohen-Macaulay.
Lemma 2.12 therefore implies that H%(Z,Oz(p,q)) = 0 for p,q < 0 and i < d. By
Theorem 1.6 H(Z,0z(p,q)) = 0 for all i > 0 when p,q > 0. As T? is Cohen-
Macaulay and a(T?) < 0, we obtain from Lemma 2.3 that [_2TA)+ (T™)],, = 0 for
all n > 0 and ¢ > 0. This means, in particular, that H*(Z, Oz) = H(Z%,0za) =
[ﬂz('JTrlA)+ (T™)]o = 0 for all i > 0. By the exact sequence

0 — [E?TA)+(TA)]O — A — P(ZA, OzA) — [E%TA)+(TA)]O - O

we also see that the homomorphism A — I'(Z,Oz) is an isomorphism. By The-
orem 1.6 we know that the homomorphism T, , — I'(Z,Oz(p,q)) is an isomor-
phism for p,q > 0. Let k,I > 0. Set Z*D = ProjT®! where T*! denotes
the bi-Veronesian P, ;- Tpk,q- There is an isomorphism ¢, @ Z — AL
such that ¢} ;(Oze0(p,q)) = Oz(pk,ql). It now follows from Theorem 2.5 4)
that Ra(I*,J') = T® is Cohen-Macaulay for k,I > 0 if and only if the ho-
momorphisms T, — I'(Z,0z(p,0)), To, — I'(Z,0z(0,q)) are isomorphisms
for p,g > 0 and HY(Z,0z(p,0)) = 0,H(Z,0%(0,q)) = 0 for p,q > 0 and
i > 0. For p > 0, we know that the homomorphism T,, — I'(X,Ox(p)) is
an isomorphism. As f.(Oz(p,0)) = f.Oz ® Ox(p), we see that the homomor-
phism T, o — I'(Z,0z(p,0)) is an isomorphism for p > 0 if and only if the
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homomorphism Ox — f,Oz is an isomorphism. Similarly, the homomorphism
To,q — I'(Z,02(0,q)) is an isomorphism for ¢ > 0 if and only if the homomorphism
Ox — g«Oyz is an isomorphism. By Lemma 2.1 the conditions H(Z, Oz(p,0)) =
0,H (Z,0%(0,q)) = 0 for p,g > 0 and i > 0 are equivalent to the conditions
R .07 =0,R'g,0z = 0 for i > 0. This means that the claim has been proven.

Finally, we also want to mention the following application of Theorem 2.5.

2.14. Theorem. Let S = A[Xq,...,X,,Y1,...,Ys] be a polynomial ring over a
local Cohen-Macaulay ring A. Let I C S be a bihomogeneous ideal generated by
forms of bidegree (d, e) where d,e > 0. Suppose that hti < min(r/d, s/e). If the ring
S/I is Cohen-Macaulay, then also the diagonal subring (S/I)* is Cohen-Macaulay.

Proof. Set T = S/I. We want to apply Theorem 2.5. As htI < min(r,s), we
have dim7" > 2 and dim7p,.,dim 7.y < dim7". Therefore we need to show that
a'(T) < 0 and a*(T) < 0. Consider, for example, the latter inequality. Let 9t be
the homogeneous maximal ideal of S. The a-invariant a?(T) does not change if we
localize at the homogeneous maximal ideal 91. o of S. ¢ (cf. Lemma 1.1). We may
therefore replace S by the graded ring B[Y7,...,Ys] where B is the localization
of S.p, and assume that I C S is a homogeneous ideal generated by forms of
degree e. Let n be the maximal ideal of the local ring B. By moving to the
faithfully flat extension B[t],p[) where ¢ is an indeterminate, we can assume that
the residue field of B is infinite. Put h = ht I. Since h = grade I, we can find forms
Fy,...,F, € I, such that (Fy,...,F}p) is a regular sequence (cf. [1, Proposition
1.5.12)). It T/ = S/(F4,..., Fy), we have dim7’ = dim T and there is an exact
sequence 0 — J — T" — T — 0 of graded S-modules. The corresponding long
exact sequence of cohomology then gives an epimorphism

Hiy" " (T") — Hy™ " (T) — 0

which implies that o(T) < a(T’). Since T is Cohen-Macaulay and (Fy,..., Fy)
is a regular sequence consisting of forms of degree e, we have a(T") = a(S) + eh
(cf. [23, Remark 5.1.21]). It is also well-known that a(S) = —s. Since eh < s by
assumption, we obtain a(T) < a(T’) < 0.

2.15. Example. Let A be a local Cohen-Macaulay ring. Suppose that Fi, ..., Fs
are forms of degree d in the polynomial ring R = A[X1,...,X,] such that (F1, ... ,Fs)
is a regular sequence. If 2 denotes the ideal (F1,. .., Fy), it is then well-known that
the Rees algebra Ry (2) is isomorphic to the quotient S/I where S is the polynomial
ring A[X1,...,X,,Y1,...,Y;] and I is the ideal generated by the forms F;Y; — F;Y;
(4,7 =1,...,s). Moreover, we know that Rr(2) is Cohen-Macaulay. Theorem 2.14
now says that if (s — 1)d < r, then the diagonal subring (S/I)* is also Cohen-
Macaulay. In the case A is a field we recover here a result of Simis, Trung and
Valla (cf. [19]).

If (s — 1)d > r, it may happen that (S/I)? is not Cohen-Macaulay. Suppose, for
example, that A = k is a field, »r = 2 and F}; = X}, Fy = X3. Then

SA = k[X1Y1, X1 Vs, XoY1, Xo V5]
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and
1% =(X1Y1)%(X1Y2) — (Xa2Y1)?,

(X2Y1)(X2Y2)? — (X1Y2),

(X1Y1)(X1Y2)? — (X2V1)*(X2Y2)).
Using the isomorphism k[Zy, Z1, Za, Z3]/(Z1Z2 — ZoZ3) — S™ where

Zo — X1, 7y — X1Yo, Zo — XoY1, Z3 — XoYa,

we see that
(S/DA = k[Zo, Z1, Za, Z3) /(23 — 2222, 73 — Z2 21, ZoZ2 — Z2 73, ZoZs — Z1Z).
This is the homogeneous coordinate ring of the twisted quartic curve in P3, which

is well-known to be a non-Cohen-Macaulay ring.

3. AN APPLICATION TO THE JOINT REDUCTION NUMBERS

Let T be a standard bigraded ring defined over a local ring. Let z1,...,2y € T
be homogeneous elements. In analogy with the usual graded case (cf. [20]) we say
that the sequence (21, ..., 2)) is filter-reqular if

[(21, ey zi—l) : Zi]p7q = [(21, e 7Zi_1)]p)q

for p,g>0 (i =1,...,A). This is clearly equivalent to
(21, yzic1) 12 C | (21yeszica) s (TH) 0 (i=1,...,0).
n=0

Recall that a graded ring defined over a local ring is said to be generalized Cohen-
Macaulay if its localization at the homogeneous maximal ideal is a generalized
Cohen-Macaulay ring. For information about generalized Cohen-Macaulay rings
we refer to [18] and [9].

3.1. Lemma. Let T be a standard bigraded ring defined over an Artinian local
ring. Suppose that T® is a generalized Cohen-Macaulay ring. Let (z1,...,2\) be
a system of parameters of T consisting of homogeneous elements of degree one.

Then (21, ..., 2x) is a filter-reqular sequence on T . Suppose, moreover, that we have
zi =xy; (1=1,..., ) for some homogeneous elements x1,...,Tx,y1,.--,yx € T
Then also (x1,...,zx) and (y1,...,yx) are filter-reqular sequences on T'.

Proof. Let i € {1,...,A}. It is enough to show that

((2’1, .. .,Zi_l) : Zi)p = (21, .. .,Zi_l)p
for P € ProjT. If (#1,...,2;)p = (1), we are done. Assume thus (z1,...,2)p # (1).
The localization (T) pa is now Cohen-Macaulay. Since T2 is equidimensional and
catenary, (21/1,...,2;/1) must be a part of a system of parameters of (T2)pa.
Therefore it is also a regular sequence. Recall that for any standard r-graded ring
T and a homogeneous prime ideal P C T, Tp = (T(p)[t1,. .., t:])p, where t1,...,t,
are indeterminates and B = Pp)T(p)[t1,...,t,] (cf. [9, Corollary (12.18)] for the
caser = 1). Choose s € Ty 1, s ¢ P. Then also (z1/s, ..., 2;/s) is aregular sequence
in (T2)pa. Since (T®)(pay — (T*)pa is a faithfully flat extension, it is a regular
sequence also in (TA)( pay = T(py. Because T(py — Tp is a faithfully flat extension,
it follows that (z1/s,...,2;/s) and so also (21/1,...,2;/1) are regular sequences
in Tp. This proves the first assertion. The second one follows from the fact that
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if (x191/1,...,2;y;/1) is a regular sequence in Tp, then so are (z1/1,...,2;/1)
and (y1/1,...,y:/1) (unless (x1/1,...,2;/1) = (1) or (y1/1,...,y:/1) = (1)) (10,
Exercise 12, p. 102]).

We next recall certain definitions from [11]. Let us say that an ideal 2 C T is
irrelevant if A, ; = T, 4 for p,q > 0. Suppose z1,...,zx € T1 o and y1,...,yx €
To1. The set {z1,...,2x,y1,...,yr} is called a complete reduction of T if the
ideal (z1y1,...,yayx) C T is irrelevant. A joint reduction of type (u,v) (u+v =

A) is a set {ui,...,uy,v1,...,0,} with ui,...,u, € Tio and v1,...,v, € Tp,
such that the ideal (u1,...,uyu,v1,...,v,) C T is irrelevant. From a complete
reduction {z1,...,2Zx,¥y1,.-.,yx} we can always form joint reductions of any type:

if {i1,...,9,} U{j1,...,Ju} is a partition of the set {1,...,A} into two disjoint
subsets, then {x;,,...,2;,,y;,...,¥; } is a joint reduction of T of type (u,v). By
definition the analytic spread of T2 is I(T?) = dim T2 /nT* where n denotes the
maximal ideal of B = Tp. According to [11, Theorem 1.6, Lemma 1.7] there always
exists complete reductions of 7' with A\ > [(T?) if the residue field of B is infinite.
It is well-known that this can be achieved by moving to the faithfully flat extension
Blt]npp) where t is an indeterminate.

3.2. Definition. Let T" be a standard bigraded ring defined over a local ring.
Let K = {x1,...,Zx,91,-..,yx} be a complete reduction of T. Suppose p,v €
{1,...,A} with A+ v = A\. Let n be the smallest integer such that

@iy iy Yiis > Yi )pg = Tpg

for p, ¢ > n and all partitions {i1,...,4,} U{j1,...,ju} of {1,...,A}. We call n the
joint reduction number of type (y,v) with respect to K and denote it by 74" (T).

Let A be a local ring and let I,J C A be ideals. Let G be the bi-form
ring gra(I,J) = Ra(I,J)/(IJ)Ra(I,J). If a1,...,ax € I, by,...,bx € J, let

ai,...,ay € Gio,b7,...,b% € Gp,1 denote the corresponding initial forms. We
then say that K = {aq,...,ax,b1,...,bx} is a complete reduction of I and J if
K* = {a},...,a%,b7,...,b3} is a complete reduction of G. In a similar way we

speak about joint reductions of I and J. By definition the joint reduction number
rie’(I,J) = ri2?(G) is now the smallest integer n satisfying

"Lt = (ag,, e )TV (b, by )T
for all partitions {i1,...,4,} U{j1,...,j} of {1,... A}
3.3. Theorem. Let T be a standard bigraded ring defined over an Artinian local
ring. Suppose that T2 is a generalized Cohen-Macaulay ring of dimension d and
that [Hipy (T)]p,q > 0 for all p,g > 0 and i > 0. Let K = {z1,...,Za,¥Y1,---,Yd}

be a complete reduction of T. We then have r2"(T) < max(u,v) — 1 for all p,v €
{1,...,d} with p+v =d.

Proof. Consider first any filter-regular sequence (z1,...,2x) on T' consisting of ho-
mogeneous elements. Suppose that z; is of degree (pj, g;). Set T7 =T/(21,..., 2j—1)
(j=1,..., 4+ 1). We have for j =1,..., A the exact sequences

0— K —T7 - TI/Ki -0
and

0= T9 /K (~pj, —q5) 5 TF — T 0
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where K7 = (z1,...,2j-1) : zj/(21,..., 2j—1). Because
Kj C (21,...,Zj_1) : (T+)n/(21,...72j_1)

for n > 0, the long exact sequence of cohomology corresponding to the first se-
quence implies that Hj. (T7/K7) = Hiy (T7) for i > 0. The long exact sequence
of cohomology corresponding to the second sequence gives for all i > 0 the exact
sequence

(Hp+ (T7)]pq — [Hrp+ (TJ+1)]p,q - [ﬂ;“tl (T)lp—p;.a-a;-

By assumption [Hi (T)]p.q = 0 for p,q > 0. Tt follows by induction on j that
[H (T9))p,g=0forp>pi+---+pj_1 and ¢ > q1 + - + g;—1. In particular, we
obtain [Hy+ (TA)],.q =0 for p>py +---+pyand ¢ > 1 + - + gy

Let p,v € {1,...,d} with p+v = d and let {i1,...,3,} U{j1,...,ju} be a
partition of {1,...,d}. Asz1y1,...,T4yq is a system of parameters of T2, we obtain
from Lemma 3.1 that (2i,,...,%,,Yj,...,¥; ) is a filter-regular sequence on T
We now apply the result proved above to this sequence. So [H ?H (Td“)]p,q =0 for
p > pand ¢ > v. On the other hand, if r = 74" (T)), we must have [Hy. (T9+1)],.,. =
Tr‘f;"l#(). Thus r < porr <w.

3.4. Corollary. Let (A,m) be a local ring of dimension d and let I,J C A be
m-primary ideals. Let K = {ai,...,aq4,b1,...,bq} be a complete reduction of I
and J. If Ra(I,J) is Cohen-Macaulay, then ri"(I,J) < max(p,v) — 1 for all
w,v €{1,...,d} with u+v=d.

Proof. Set T = Ra(I,J)and G = gra(I,J) =T/(IJ)T. By Corollary 2.10 R4 (IJ)
is Cohen-Macaulay. Therefore G = gr4(I.J) is generalized Cohen-Macaulay (cf.
[21, Proposition 3.3]). Let us show that [Hi+ (G)],.q = 0 for all p,q > 0 and i > 0.
Consider the exact sequences

0Tt —>T—>T/TT -0
and
0—-TY1,1)=IJ)T -T— G —0.

As Hy. (T/T*) = T/T+ and Hy.. (T/T) = 0 for i > 0, the cohomology sequence
corresponding to the first sequence gives [He (T7)]p.q = [Hip+ (T)]p.q for all i >0
if p £ 0 and ¢ # 0. We then obtain from the cohomology sequence of the second
sequence for all p,¢g > 0 and 7 > 0 the exact sequence

[E%W (T)];mq - [_ZG+ (G)]p,q - [ﬂ}tl (T)]p+17q+l'

Since by Lemma 2.4 and Theorem 2.5 2) [Hii (T)]p.q = 0 for all p,q > 0 and i > 0,
we get that also [Hgy (G)]pq = 0 for all p,g > 0 and ¢ > 0. We can now apply
Theorem 3.3 to get the claim.

Let (A, m) be a two-dimensional local Cohen-Macaulay ring and let I,J C A
be m-primary ideals. Verma proved in [24, Theorem 3.2] that ry¢'(I,.J) = 0 for
all complete reductions K = {ay,ag,b1,b2} of I and J if and only if the formula
ex(I,J)=1(A/IJ)—1(A/I)—1(A/J) holds for the mixed multiplicity e1(I,J) of I
and J. In this case [8, Theorem 3.4] says that the Cohen-Macaulayness of R4 (I, J)
is equivalent to that of R4(I) and R(J). Combining these results with Corollary
3.4 gives us
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3.5. Corollary. Let (A,m) be a local Cohen-Macaulay ring of dimension two and
let I,J C A be m-primary ideals. Then Ra(1,J) is Cohen-Macaulay if and only if
RA(I),Ra(J) are Cohen-Macaulay and we have that e1(I,J) = 1(A/IJ)—1(A/I)—
I(A)J).
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