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THERMAL CAPACITY ESTIMATES ON
THE ALLEN-CAHN EQUATION

RICHARD B. SOWERS AND JANG-MEI WU

ABSTRACT. We consider the Allen-Cahn equation in a well-known scaling
regime which gives motion by mean curvature. A well-known transforma-
tion of this PDE, using its standing wave, yields a PDE the solution of which
is approximately the distance function to an interface moving by mean cur-
vature. We give bounds on this last fact in terms of thermal capacity. Our
techniques hinge upon the analysis of a certain semimartingale associated with
a certain PDE (the PDE for the approximate distance function) and an ana-
logue of some results by Banuelos and @ksendal relating lifetimes of diffusions
to exterior capacities.

1. INTRODUCTION

One way of constructing the evolution of a surface by mean curvature is through

the Allen-Cahn equation
out 1 1
1 — = ZAu® + = f(u°), t>0.

(1) S = SAU S f()
Here f : R — R is C*°, odd, zero at —1, 0, and 1, positive on (0, 1), and it has a
nonzero derivative at 0, —1, and 1. We assume that the initial data (0, -) takes
on both positive and negative values.

In [ESS], Evans, Soner, and Souganidis (see also [BSS]) proved that, if we define

I's Lef {z e R :wf(t,2) = 0}

and T'; def lim. oI5, then {T"; : ¢ > 0} moves by mean curvature, this being
understood via the mean curvature equations (see [CGG] and [ESI|-[ESIV]). They
considered initial data of the form

(2) u®(0,z) = g(dist(z,To)/e), z e R,

where I'g is the smooth boundary of a bounded, connected, and open subset U
of R (of course Iy = I'g), dist(z,I) is the signed distance from x to I'g (being
positive if z € U° and negative if x ¢ U), and ¢ : R — R is the standing wave for
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2554 RICHARD B. SOWERS AND JANG-MEI WU

(1); i.e., the unique odd solution of
1

such that ¢(0) = 0 and lim, 1 g(z) = £1.
The proofs in [BSS] and [ESS] relied upon an analysis of the quantity

w(t,2) eg  (uf (¢, 7)), t>0,zcRY

It is easy to see that w® satisfies the PDE

ows 1 - _ 1 . iz
(3) o = gAu” + —F(ws/e) (| Vur|® 1)

where

F(z) = z eR.

The initial data (2) implies that w®(0,z) = dist(x, ) for all x € R?. Matching
like powers of ¢ in (3), we first hope that in some sense w® satisfies the eikonal
equation; i.e.

(4) V|| =1

as ¢ tends to zero. Thus w*(¢,-) is a function which is zero on I'; and has gradient
with magnitude 1. This more or less implies that

(5) w® (t, z) ~ dist(z,I5).
If this is accurate enough, then w® satisfies
ows 1
~ —Aw®
ot 2= t>0,

w® (0, z) = dist(z,Tp),

for t > 0 and x € I'f, and this implies that I'* approximately moves by mean
curvature.

We here would like to study (3) probabilistically with the goal of getting some
bounds on (4). In particular, we will fix positive constants a, ¢, and L and study
the structure of the sets

c L def (t,z) € Ry x RY: ||[Vwe(t,z)||> > 1 4+ aand |w(t,z)| < L},
o 2 {(t, 1) e Ry x RY: [Vl (t,2)]? <1 - aandde < [ws(t,z)| < L}.

These sets give some idea of the oscillations of w®. Although we would like to show
that A7 ; and By ; ; are in some sense small, we will instead show that they have
“large” complements. This will make (4) a bit more precise. Our end result is given
in terms of thermal capacity (since capacity is not a Borel measure, the smallness
of a set is not equivalent to the largeness of its complement). To remind ourselves
what this means, define

(1) e [ @7 exp [llal?/20)] it >0,
’ 0 if t <0.
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If K CC R x R? let MT(K) be the collection of all nonnegative Radon measures
pon R x R? with support in K; for such a u, define

def

(Byo) (8, ) 2 /( o ST s ), (1) R xR
5,y xRd

Then the thermal capacity of K is
Cap(K) def sup {M(R xRY:pe MF(K)and sup (Pu)(t, 2) < 1} .
(t,z)ERxR?

Next, for (t,2) € R x R? and a > 0, define

Dt,z;0) E{(s,y) eRxRY: t—a<s<t, |y—az| < Va).
Then our main result is

Theorem 1. Fiz positive constants a, §, and L. Then there are a f > 0 and a
~v > 0 such that, for all € > 0,

Cap (D(t,7; ¢) \ AZ.,)
Cap (D(t, z; f¢))

Cap (D(t, x; Be) \ BZ,&L)
Cap (D(t, z; B¢))

Essentially, this means that for any (¢,z) in A ; (or B ; ), a “significant”
portion of the thermal capacity of the small closed neighborhood D(t,x;(3¢) of
(t,z) is contained in the complement of A ; (or B ;). In fact, our arguments
allow us to replace ¢ by £2 if we replace L by Le.

> all (t,x) € Ag 1,

>y all (t,z) € By 51,

Theorem 2. Fizx positive constants a, 0, and L. Then there are a 8 > 0 and a
v > 0 such that, for all € > 0,
Cap (D(t, x; Be?) \ AS )

a,Le
; > 1(t AS
Cap DLz g =) )€ dare

Cap (D(t, z; Be?) \ BZ,&,LE)
Cap (D(t, z; B<?))

Our basic argument is as follows. We look at the behavior of w® along a (time-
reversed) parabolic Brownian motion; our method of study is stability theory of
SDE’s. We show that a parabolic Brownian motion is very likely to leave A7 ; and
B; 5 1, quickly (by time of order € as € tends to zero). Some calculations similar to
those of Bafiuelos and @ksendal [BanOks| then lead to Theorems 1 and 2.

Several explanatory comments are in order. First, although the presence of §
in the definition of B; ; ; at first looks a bit disconcerting, it is in fact natural; it
excludes the identically zero solution of the PDE (3); without this, we could not
hope to bound the second ratios in Theorems 1 and 2 away from zero. Second, note
that our analysis does not depend on the assumption that the initial condition is of
the form (2); in fact, our results will hold for any initial condition of the PDE (1).
Soner ([Sonera] and [Sonerb]) has considered some other questions (via a different
approach) concerning the effects of the initial condition on interface formation in
Ginzburg-Landau equations.

> all (t,x) € By s 1e-
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2556 RICHARD B. SOWERS AND JANG-MEI WU

The connection of our work to other work is as follows. The essence of [BSS]
and [ESS] is a pointwise verification of (5) and the fact that I'® approximately
moves by mean curvature; a functional investigation of (5) is not developed. Such a
functional theory is partially considered in [[llmanen]|, in which a Ginzburg-Landau
energy measure is shown to tend to a varifold satisfying Brakke’s definition of
motion by mean curvature. Indeed, if one were to try to prove the results of our
paper by analytical means, a reasonable place to start would be Ilmanen’s paper
and some of the Huisken-monotonicity arguments therein.

2. A STOCHASTIC DIFFERENTIAL EQUATION

Let O % C(]0,00); R%). Let W be the coordinate process on €2, and let F def

o{W; s > 0}. For each x € R? let P, be Wiener measure on (£, F) such that
P.{Wy = 2} = 1; let E, be the associated expectation operator (we will later
consider parabolic Brownian motion, but for the moment let’s keep things as simple
as possible). Fix T' > 0 and define

7e s (T -5, W,), 0<s<T,
for every € > 0. Then it is easy to see that, under P,
1
(6) dZ5 = dM; + EF(ZS/E) {d(M*?), —ds}, 0<s<T,

where

d s o e
Y S nwnawed, 0<s<T,
=170 Ox;
and where, of course,
a9, [V - n W) 0<s<T,
0

Thus, statements about |[Vw?|| can be translated into statements about (M€).
Let’s next take a look at the function F. L’Hopital’s rule implies that

F(z)

iy = =10 >0
and that
: o_ o S L fae)fa2)iz) |1
J (PG =l Zonsyr = =i~ 2/ W

or rather, since F' is odd,
lim F(z) = %k,

z—+o0

KCiZCfH—%fI(l).

We now see what has to happen. For small e, (6) looks like

dZ° ~ gsign(Zj) {d (M*), — ds} .

where

If d (M®), > ds, then | Z5| — oo in some sense, and if d (M*€) , < ds, then |ZF| — 0.
If we assume the initial condition (2), then Z5 = dist(WF,T), so we can’t have
either | Z5| — oo or |Z;| — 0. Thus, we must have that d (M®), ~ ds.
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3. AN UPPER BOUND

We first show that the complement of A7 ; is “large” in a certain sense; this
is roughly equivalent to showing that (M¢) cannot be larger than 1 + a, which
is in turn equivalent to giving an upper bound on ||Vw®|| in terms of 1 + a. Fix
(T,z) € A 1, and define the random time (i.e., measurable with respect to (£, F))

def
g =
T =

inf{s € (0,7]: (T —s,Ws) & A; 1}

= inf{s € (0,7]: |Z5| > Lord(M®),/ds > 1+4a} (inf0=T).
We will show that 77 is small and that the process (T — s, W) should hit the
complement of A7 | very quickly. In particular, we will show that there is a K > 0
such that
E.[r1] < Ke,

where K does not depend on T', x, or €. To visually ease our arguments, we will
drop the dependence on x until we state the final result of this section (Proposition
3.3).

Our starting point is the formula

S 1 S

1221 = 1251+ 9(2°) + [ sign(Zadg + - [ FOZEl/)(a017),  du),
0 0

0<s<T.

Here [(°(Z¢) is the local time of Z¢ at 0.
Since [9(Z¢) is a nondecreasing process, by definition of 7§, we have that

/O F<|Z§|/s>ds]>;E / F<|z:|/s>ds].

When Z¢ is not too close to zero, F(|Z¢|/¢) =~ k. Fix n > 0 such that F(z) > /2
whenever z > 7. Define

a
L > E[|Z7 | = E[|Z5]) + ZE

o sup F(z) < oo.

0<z<n
Then
T & T
| rzs s = i - [z s
0 0
and hence
€ _ T
(7) E[r{] < E(Q/H) {L + Chae 'E / X{|Z§|§na}d5‘| } .
0

We now want to bound the last term from above.
Some heuristics for proceeding are in Appendix A. Define

def i
H*=E [/ X{ZgISna}dS] , e>0.
0
We now make a time change (analogous to that of (22)). Set

¢o(s) Linf{r e (0,T]: (M), >s} (inf@=T), 0<s<(M),.
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2558 RICHARD B. SOWERS AND JANG-MEI WU

Then there is a Brownian motion B¢ (possibly on an augmented probability triple)

such that
def
B: = MEE(S), 0<s<(M)p.
Now define
Z2: e ey, 0S5 <2 (MO,
and the Brownian motion
Bi d:Cf E_lBisg = E_lMEE(ssz)’ S 2 0.
Then
. . s (M) ey — 1
78 =7\ 78 + BF +/ F(Z%) (H#) dr, 0<s<e2(M%),,
0 (MF) ¢ (re)
and
9 eTHM) ¢ N 1
H® =¢°E / X(=n) (Z5) | —=—— | ds
0 (M=) ¢ (se2)

(in this last expression, we used the fact that ¢ and (M¢) are inverses of each other).
For 0 < s < e ?(M¥?)}, we have that Qf(ssQ) < 7i, in which case (M¢) . (2) >
1+ a. Thus, for 0 < s < e 2(M*?) ., Z¢ = Y, where Y* is the solution of the
stochastic integral equation

)/'5‘525_1Z8+B§+/ F(Yf) 1 — min - ! , ! dr,
(8) 0 <M€> 1+a

¢ (re2)
0<s<eg? (M%),

£
T

and

g2 o
H® < E _ Yo)d
B | xcamas]

(this is the analogue of (24)).

We will now roughly follow some standard calculations involving transience (see
[Stroock, Chapter 7]; these calculations will be analogous to showing transience of
(23) and then showing that Gx(_,) on the right side of (24) is bounded). To
simplify our notation, we will temporarily drop the superscript €.

Set now pg 210 and

On dZCf inf{t > Pp—1: Y, € [_77777]}7

ot n=12....
pn = inf{t > o, 1 Yy & (20, 2n]},

Then
00 © Pn
B [ a0 =B |3 [ xmias
j=170n

< Z]E [E [pn — 0nlFo,] X{on<oo}] »

j=1
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where {F;; t > 0} is the filtration defined as

Fi Lef Wee (te2) t >0,

with {W;; t > 0} being the filtration generated by the original Wiener process W.
We now need the first of two claims, which we will prove later in Appendix B.

Lemma 3.1. For alln > 1,
E[pn — on|F0,] < 3772
on {o, < co}.
Thus,
E [/ X(=n.m) (Ys)ds} < 3n? Z]P’{Un < 00}
0 ;
j=1
Note that, for n > 1,
P{op+1 < o0} =P{o, < 00, pp < 00, Ony1 — pn < 00}
<E []P) {UH+1 — Pn < Oo|fpn}X{pn<oo}X{an<oo}} .
The second lemma we need is

Lemma 3.2. There is a constant « € (0,1) (which depends upon a but not €) such
that

P{ont1 — pn < Ool}—pn}X{pn<oo} hgye’
foralln > 1.

Thus, for any n > 1, we know that P{o, < oo} < a"~!, which immediately
implies that

for all € > 0.
Thus, we get

Proposition 3.3. There is a constant K (which depends upon a and L but not on
e, T, or x) such that

(9) E,[r7] < eK.

Proof. In fact, we have that

(10) E,[rf] < e (3) (L 4 8(3%> .

Ka 1+a)(1—a)

This implies (9). |
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2560 RICHARD B. SOWERS AND JANG-MEI WU

4. A LOWER BOUND

We next show that the complement of B 5 ; is “large”, i.e., that

7 Linf{s € (0,7): (T — s, W,) ¢ Bg s 1}

=inf{s € (0,7]: |Z;| & (0e,L)ord (M®), /ds <1—a} (inf@=T)

is small (which in turn gives a lower bound on |[Vw®|| in terms of 1 — a). We will
show that there is a K > 0 which does not depend on T, z, or € such that

E.[r5] < Ke.
Define

Co X int |F(z)| >0
2126

(here is where we need that § > 0; if we would set ¢ to zero, then Cy would also
be zero). Since we are assuming that (7, x) € B ;5 1, either Z§ > ¢ or Z§ < —d.
Assume the former; the calculations for the latter are essentially the same. Now
we have that

a
be < E.[25] < E.[Z5) - 2B,

/ ’ F(Zj/a)ds] <IL- SOQEm[Tg].
0

Thus

L — e
£ < .
(11) Ew[TQ] >€ a02

Proposition 4.1. There is a constant K (which depends upon a but not on e, T,
or x) such that

E;[r5] < eK.

5. SOME CAPACITY ARGUMENTS

The content of Propositions 3.3 and 4.1 is that s + (T — s, W) leaves A7, ; and
Bz, 5.1, quickly. We now convert this into Theorems 1 and 2.

First, we need to put our problem into the framework of Markov processes; of
course s — (T — s, W) is a Markov process. Define

@@ [ (T =5 2)as.— )i
§>0, f € C°R xR, (T,z) € R x RY

Then {P,, s > 0} is a semigroup on C>°(R x R%). Henceforth, we will start to
use tildes to emphasize that we are working with parabolic Wiener measure rather

than ordinary Wiener measure. Define now def C(R4;R x R%). Let X be the
coordinate process on €, and let F ' o{X,; s > 0}. For each (T,z) € R x R%,
let ]f”T,m be the unique measure on (Q F ) under which X is a Markov process with
transition semigroup {Ps : s > 0} and such that I@’T,I{XO =(T,z)} = 1; let fET,m
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be the associated expectation operator. Note that the Pr ,—law of X is the same
as the P,—law of the process s — (T — s, W;). Define

T Sinf{s>0: X, ¢ A5},
Fars S inf{s>0: X, ¢ By ):
then Propositions 3.3 and 4.1 say that, for some K > 0,

sup ET@[ﬂE’a,L] < Ke,
(T\z)EAS 1

sup ET,w[%ia,é,L] < Ke.
(T\®)€B 5 1,

In a moment, we will prove a result similar to one of Bafiuelos and @ksendal
[BanOks| (related results appear in [HayPomm]|, [Mueller], and [Stegenga]) which
related the lifetime of a Brownian motion in a domain to the exterior capacities
of the domain. First, however, let’s recall some aspects of thermal capacity (see
[Chung, Ch. 5], [Hunt], [Stroock, Ch. VIII], and [Watson]). Recall the notation of

81.
Fix a compact subset K of R x R%. Define

pE((T, x)) def Pr, {XS € K for some s > O}
=P, {(T — s,Ws) € K for some s > 0} .
Then pX = PuX for some p € MF(K), and Cap(K) = pf(K). Let’s now intro-
duce some parabolic scaling. For a > 0, define S* : R x R — R x R? as
S*((t,2) ¥ (ta,2v/@),  (t,x) € R x R
Noting that g o S® = a~%2g, we have that
(12) Cap(8°(K)) = /* Cap(K)

for any compact subset K of R x R? and any a > 0.
Next, we start to prove the analogue of the Baiiuelos-Oksendal result. For any
open subset G of R x R?, define an (€2, F)-random time

5o Einf{s>0: X, ¢ G}.

The general problem is now as follows: we have a set G (i.e., either A7 ; or B ;1)
such that
(13) a® sup Er, [6¢] < oo,
(T,x)eG

and we want to get lower bounds (in terms of a and the dimension d) on exterior
thermal capacities of G.

First, let’s assume that (0,0) € G and consider some “boxes” in R x R, For
[ > 0, define the sets

D) {(s,y) R X RY: —1 <50,y < Vi),
D () ¥ Dyn ({~1?} x RY).

Our first result concerns the way in which X exits a fixed D(I) under Pg o:
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2562 RICHARD B. SOWERS AND JANG-MEI WU

Lemma 5.1. There is a A > 0 such that
(14) Py {X’&Dm € Db(’t(l)} >\
for alll > 0.

Proof. In fact, the left-hand side of (14) is independent of [ due to parabolic scaling,
so the inequality is actually an equality. O

Next let’s consider the time at which X exits a fixed D(l) under P;, for a
collection of (¢,x)’s. For I > 0, define

(15) B() % {(t,:c) eD(): —1/2<t<0,|lz]| <Vi- VIt t} .

The set B(l) consists of exactly those points (¢,z) in D(I) N ([~1/2,0] x R?) such
that (t,z) + D(l +t) C D(I). Then we have

Lemma 5.2. For everyl > 0 and (t,z) € B(l),
Eiz [6p@] = 1N/2.
Proof. First, note that, for any [ > 0,

Eo 0 [Erp(z)] > K0 [E’D(l)X{XaD(l)eDb"‘(l)}} =

(if f(&w) € D"(1), then Gp(;y = ). Using the comment following (15), we thus
have that

Eix [6pa)] = / P; o {XT e D(N)forall0 < r < s} ds
0

)

2/ P; o {XT € (t,z) + D(l +¢) for a110<r<s}ds
0

2/ PO,O{XTED(Z—I—t)for allO<r<s}ds
0

Boo [Gpurn] > (L+HA > IA/2.

This is what we want. |

Next, let’s get back to G satisfying (13); note that we still are assuming that
(0,0) € G. Set

1% 4q ),

(16) def . 5
p mf{s>0: XSeD(l)\G}.
Then we have
Proposition 5.3. For all (t,x) € B(l), we have
(17) Pio{p<l}> )4
Proof. For convenience, define the (Q, F)-random time

nd:efinf{s >0: X, gZD(l)ﬂG}
and define the shift maps {6, : s > 0} from Q to itself by

GS(Xt) d:Cf XH.S, t, S Z 0.
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Then
op@) =n+0pu o0y

(separately consider the two cases where X, € dD(l) and X,, ¢ dD(1)). By our
choice of [ and Lemma 5.2, we know that E; ;[6p;)] > 2a. Also, since D(I)NG C G,
we know that n < 6g. Third, 6pg) o 0, < I. Finally, if 6pg) o 6, > 0, then
Xn ¢ 0D(l), in which case n < I and Xn € D(I)\ G, implying that p < . Combining
all of this, we get that

2a < Bty [66]) +1Prs {p <1}.
It is now an easy step to (17). |

Note that if p < I, then of course p < 0o, so X touches D(I) \ G in some finite
time.
We now can remove the restriction that (0,0) € G.

Corollary 5.4. Assume that (13) holds and define | as in (16). Fiz (t,z) € G.
Then for every (s,y) € B(l) + (t,x),

P.., {XT e (D) + (t,x)) \ G for some r > 0} > \/4.
Proof. Translate the statement of Proposition 5.3 by (¢, x). O

Under the same assumptions, we consequently have that

(18) M4 < (B +wone) (5,9),

where f1(p()+(t,2))\¢ 18 the thermal capacitory measure of (D(I) + (¢,7)) \ G. The
final step is to integrate (18) in s and y.

Proposition 5.5. Assume that (13) holds. Fiz (t,x) € G. Then
(19)  Cap(D(4a/A) + (t,2))\ G) = (2971 /X271 ) 41 (B(1))a??,
where £411 is d + 1-dimensional Lebesque measure on (R x R?, B(R x R%)).
Proof. Let [ be given by (16). Then from (18),
(20)

A/4LH(B() + (¢, 2))

< / / 9(8 — 1,y — WD) +(t,2))\G (dr dw)ds dy.
(s,y)eB()+(t,x) J (r,w)ERXRE

Note that

SHUB() + (t,2)) = £HH(B(D) = 192712 Y(B(1)).
We then use Tonelli’s theorem on the right-hand side of (20) and calculate that, for
any (r,w) € R x R,

g(s —r,y —w)dsdy

S/ (/ g(s—r,y—w)dy) ds=1/2.
t—1/2<s<t y€ER

Simplify this and use the definition of [ as in (16) to get (19). O

/(Syy)GB(lH(tyfﬂ)
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2564 RICHARD B. SOWERS AND JANG-MEI WU

Corollary 5.6. There are constants 3 > 0 and v > 0 (depending only on the
dimension d) such that if (13) holds, then

Cap((D(fa) + (t,2)) \ G) y
Cap(D(Ba) + (t,))  —

Proof. We set 8 =4/X and note that, by (12),
Cap(D(Sa) + (t,)) = Cap(D(Ba)) = Cap(S*(D(8))) = a®/* Cap(D(5)).

This is what we want. (|

Thus, we finally have

Proof of Theorems 1 and 2. Almost immediate from the preceding. For Theorem
1, we use Propositions 3.3 and 4.1. For Theorem 2, we use (10) and (11). O

APPENDIX A

Here we provide some heuristics on how to bound the expression on the right of
(7). Consider the SDE

2
el = Bdw, + % arctan(£[° /e)ds,

&=y

(21)

and the quantity

t
e def e
W | [ 3o/

We want to understand what happens to this quantity as € tends to zero and as
[ ranges over [(.,00), where (. > 1 is some prespecified number (which should be

compared to /a and /1 + a).
First, we can get rid of many of the §’s and &’s in the dynamics of (21) by

defining

o def _
(22) et e sz
Then
(23) déPe = dW, + arctan(£2°)ds,

éo € = 5_19
and

Be c2 t(8/e)* 5
h?® = ?E ‘/0 X(—n,n)(€s7 )ds .

One can now check that, for each § > (., 5575 is transient (use [KS, Proposition
5.22] or [RY, Theorem V.1.6]). Thus, we should not lose too much with the bound

2 0 .
(24) W < S [ JARTEE ﬁ)ds} = S (GX ) 0/2)

where G is the Green’s operator defined by the SDE (23). It is reasonable that
sup, er (GX(=n,n))(2) < 00, in which case

sup lime 'h%° = 0.
B>p.c—0
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APPENDIX B

Here we prove Lemmas 3.1 and 3.2. For convenience, let’s define the mapping
b : (0,00) — (0,00) as

e 1 1
ba(ilf)d:fl—min{;,l_i_—a}, CC>O,

for a > 0.

Proof of Lemma 3.1. By Ito’s formula applied to (8),

tApn R
V= Vo, =2 [ Vi
tAoy
tApPn .
(25) + /tM {QYSF(K)b“«ME)CE(SEz)) + 1} ds, t>0.

Note that yF(y) > 0 for all y € R, and
Y—t%\pn - Yﬁ\on € (073772)
for all ¢ > 0. Thus from (25),
Elpn At —on At F,,] < 39

for all n. Since p, At — o, At monotonically increases to p, — o, as t tends to
infinity, we get the result. O

Proof of Lemma 3.2. First of all, note that for n > 1, if p, < oo, then Y, €
{—2n,2n}. We next want to compare Y to a diffusion with a drift which does
not depend on (M¢€). We shall then analyze these diffusions via Feller’s study of
one-dimensional diffusions. Choose a real number ¢ such that

k< c <K,
14+a

and define

Then
F_(y) < Fy)b"(z) < Fi(y), yeR, 2>0,
lim Fr(y)=k—c>0, and lim Fi(y)=—-k+c¢<O0.
y——o0

Yy—00
Fix now n > 1 and define Y+ as the solution of the stochastic integral equation

t
Vit =F2m+ | Fe(YN)ds+(B; - B;), > pn

pn
Then (by [RY, Theorem IX.3.8]), noting that F are Lipschitz functions,

P{Y;" > Y, forallt > p,, |F, } =1
on the set {p, < o0, Y, = —2n} and
P{Y; <Y;forallt> p,|F, } =1

on the set {p, < 00, Y,, = 2n}. Note that if p, < co and Y,, = —2n, then o, 41 —
pn < oo implies that sup;>, Y3 > —n, which in turn implies that sup, Yt > .
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Similarly, if p, < coand Y),, = 2n, then 0,41 —p, < oo implies that inf;>,, Y, <n.
Collecting things together for a moment, we have that

P{oni1 — pn < 00| F, n}X{Pn<OO} <P {tsuP Y+ > —n|Fp, }X{Pn<00 Yy, =—2n}
>pn

+P {ti>nf Yy <n|F } X{pn <00, Yy, =21}

We now use Feller’s theory (see [KS, Section 5.5B]). Define the scale functions

pi(x)=/ exp[ /Fi du]dz z €R,

and observe that

pT(—o0) def lim pT(z) > —o0 and  p~(c0) < Jim p(z) < 0.

Tr—00

Thus (see [KS, eq. (5.61) of Ch. 5])
+(_9p) — pt(—

}:p (=2n) = p7(=0) def 1
pr(=n) = p*(—o0)

on the set {p, < 00, Y, = —2n}, and

} p _(OO) —p_(277) def — g
p=(o0) —p~(n)

on the set {p, < 00, Y,, = 2n}. Hence (for any n > 1),

P{Sup Vi > =l F,,

t>pn

{mf Y, <n|F,,

t>pn

P{ons1 = pn < 00 Fp, IX{p, <o) < @ & maxfat a7} <1,
This completes the proof. O
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