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PERIODIC TRAVELING WAVES
AND LOCATING OSCILLATING PATTERNS
IN MULTIDIMENSIONAL DOMAINS

NICHOLAS D. ALIKAKOS, PETER W. BATES, AND XINFU CHEN

ABSTRACT. We establish the existence and robustness of layered, time-periodic
solutions to a reaction-diffusion equation in a bounded domain in R™, when the
diffusion coefficient is sufficiently small and the reaction term is periodic in time
and bistable in the state variable. Our results suggest that these patterned,
oscillatory solutions are stable and locally unique. The location of the internal
layers is characterized through a periodic traveling wave problem for a related
one-dimensional reaction-diffusion equation. This one-dimensional problem is
of independent interest and for this we establish the existence and uniqueness
of a heteroclinic solution which, in constant-velocity moving coodinates, is
periodic in time. Furthermore, we prove that the manifold of translates of this
solution is globally exponentially asymptotically stable.

1. INTRODUCTION

In this paper, we are concerned with two distinct, but strongly related problems
involving bistable time-periodic nonlinearities: A traveling wave problem for a one-
dimensional equation, and a multidimensional singular perturbation problem of
reaction-diffusion type.

Reaction-diffusion equations with small diffusivity arise naturally in the model-
ing of many physical and biological phenomena. Often, as with phase transition
and genotype models, two competing stable states are present. As a result of the
bistability, patterns are generated wherein the solution in different regions of the
domain takes on values close to one or the other of the two stable states. As a
result of the small diffusivity (the singular perturbation nature of the equation) the
patterns become well-defined, the solution changing sharply between the two stable
states within a thin zone. This thin zone becomes a hypersurface as the diffusivity
vanishes and is approximated by an intermediate level surface of the solution, which
we call the interface.

Received by the editors March 23, 1995 and, in revised form, February 18, 1997.

1991 Mathematics Subject Classification. Primary 35B10, 35B25, 35B40, 35K57.

Key words and phrases. Periodic traveling waves, stability, singular perturbation, asymptotic
behavior.

The first author was partially supported by the National Science Foundation Grant DMS—
9306229, the Science Alliance, and the NATO Scientific Affairs Division CRG930791.

The second author was partially supported by the National Science Foundation Grant DMS—
9305044, and the NATO Scientific Affairs Division CRG 930791.

The third author partially supported by the National Science Foundation Grant DMS-9404773,
and the Alfred P. Sloan Research Fellowship.

©1999 American Mathematical Society

2777

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2778 NICHOLAS D. ALIKAKOS, PETER W. BATES, AND XINFU CHEN

The interfaces which form the pattern evolve with time and we wish to under-
stand their motion and the configurations which ultimately develop. We also wish
to determine the fine structure of the transition across the interface. The tran-
sition occurs rapidly in the direction normal to the interface and so, in rescaled
coordinates, is essentially one-dimensional.

At a given location the transition profile and its speed of propagation is governed
by a traveling wave problem for a reaction-diffusion equation on the real line ob-
tained through the rescaling. The traveling wave problem is of independent interest
and, in the autonomous case, has a substantial history. However, the presence of
periodic forcing, which has physical relevance, introduces significant difficulties and
requires us to develop a new approach. This analysis occupies a large portion of
this paper. We establish existence, uniqueness and global stability of traveling wave
solutions for a general class of bistable time-periodic nonlinearities.

The traveling wave solutions to the one-dimensional problem are then employed
to construct sub- and super-solutions to the higher-dimensional equation. The
construction shows the development of interfaces and provides estimates for their
speed of propagation, thereby establishing the existence of patterned solutions as
asymptotic states.

Since the results for the multidimensional reaction-diffusion equation depend on
results for the one-dimensional traveling wave problem, we first discuss the one-
dimensional equation.

The traveling wave problem. We consider the asymptotic behavior, as ¢t —
00, of the solutions of the following problem:

(1.1) {ut—uzz—f(u,t):O, zeR, t>0,

' u(z,0) = g(z), z €R,
where f(-,t) is bistable, f(u,-) is T-periodic, i.e. f(u,T +t) = f(u,t) for all
u,t € R, and g is an arbitrary bounded function having certain asymptotic behavior
as z — +00. A typical example of f is the cubic potential f = (1 —u?)(2u — (t))
where () € (—2,2) is T—periodic.

We claim that the long-time behavior of solutions of (1.1) is governed by periodic
traveling wave solutions of (1.1a), that is, solutions which have the form

u(z,t) =U(z — ct,t), U(,t+T)=U(-1)

where ¢ is some real number. In other words, a wave with speed ¢, which, when
viewed from the standpoint of the moving coordinate frame (i.e. in £ := z —ct), has
a profile which oscillates periodically in time. We first establish the existence and
uniqueness of such a solution for a class of non-linear potentials f. In the following
theorems we assume that f satisfies the structure hypotheses:

(H1) There exists T' > 0 such that f(u,t) = f(u,t+T) for all (u,t) € R?;

(H2) The period map P(«) := w(«, T), where w(a, t) is the solution to

(1.2) wy = f(w,t) VteR, w(a,0) = a € R,

has exactly three fixed points a~,a?, at satisfying o~ < a® < aT. In addition,

they are non-degenerate and o are stable, i.e.,

d d
1.3 —P(a®) <1< —
(1.3) G 7o
Theorem 1.1. Assume that f(u,t) € C>1(R x R) satisfies (H1) and (H2) above.
Then there exist a unique function U(£,t) : RXR — R and a unique constant ¢ € R

P(a").
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PERIODIC TRAVELING WAVES AND LOCATING OSCILLATING PATTERNS 2779

such that
Ut—CUg—Ugg—f(U,t)ZO V(f,t)ERQ,
(1.4) U(+oo,t) = limg 400 U(€, 1) = w(a®,t) VtER,
U(,T)=U(.0), U(0,0)=a’.
In addition, (c,U) has the following properties:
1. For each t, U(-,t) is monotonic; that is, Ue(-,-) > 0 in R x R;
2. U exponentially approaches its limits as & — +00; in fact, there exist positive
constants C and (B such that

U(£€, 1) — w(a®, 1) + |Ue(£6,1)| + |Use(£€,1)] < Ce™P ¥e>0,teR.

We also relate the long-time behavior of the solution to (1.1) for a class of initial
data g, with this periodic traveling wave.

Theorem 1.2. Under the assumption that f(u,t) € C**(R x R) satisfies (H1) and
(H2) the mainfold M = {U(z+-,-) : z € R'} is globally stable; that is, for every
g € L=(RY) satisfying

(1.5) limsup g(z) < a?, liminf g(2) > a°,

the solution u(z,t) to the initial value problem (1.1) satisfies
(1.6) u(z,t) = U(z + zg — ct,t)|| Loy < Cge ™ vVt >0

where z4 and Cy are real numbers depending on g whereas i is a positive number
independent of g.

With the information provided by the above theorems we can now give a char-
acterization of spatially robust patterns with oscillating amplitude generated by a
periodic bistable reaction-diffusion equation with small diffusivity.

The singular perturbation problem. Consider the Neumann boundary value
problem:

uf — e2Auf — F(z;us,t) =0, e, tcR,
(1.7) Zuf =0, zed, teR.

u(x,t+T) = us(x,t), zcQ,teR,
where 2 is a bounded domain in RY (N > 1) with C! boundary 09Q. Here we
assume that, for every x € Q, F(x;-,-) satisfies the conditions placed upon f in the

previous theorems. We are concerned with the existence of patterned structures
given by solutions of (1.7), as € \, 0. We establish the following theorem:
Theorem 1.3. Assume that F(z;u,t) € C**1(QxR xR) and that for each x € Q,
f(, ) = F(x;-,-) satisfies (H1) and (H2) where T is independent of x. Denote by
at(z) and o®(x) the fized points of the period map associated with f(-,-) = F(z;-,-)
given in (H2) and by c(x) the corresponding traveling wave speed given by Theorem
1.1. Define, for each p > 0,
(1.8) Qpi ={ze€Q : +c(x) > p}.
Then, there exist positive constants p and ey such that for all € € (0,e¢], there
exists a solution u® of (1.7) satisfying
(1.9)

w(a™ (z),t) —e" <u(z,t) < w(a™(z),1) +e V(z,t) € Q% [0,T],

|u (2,t) — w(a® (z),t)] < et V(z,t) € QF x [0,T],

where w(a, t) = w(x; o, t) is the solution to (1.2).
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In addition to such solutions existing we can say something about their local
uniqueness, in an asymptotic sense. The second condition in (1.9) says that u® is
“strongly patterned” in the sense that it has large amplitude transitions between
the two stable states, and these transitions occur across a fairly narrow and well-
defined region within 2. The following theorem essentially says that any solution
which is “weakly patterned” must actually have sharp interfaces as given in the
previous theorem.

Theorem 1.4. Under the assumptions above for any solution u® of (1.7), if there
exist y* € QL. and y~ € QL. such that
(1.10)
uf(z,0) < a(x) —e# in {reQ : |z—yt| <63},
{ uf(z,0) > a(x) +e# in {reQ : |lx—y | <63},

then u® has the property (1.9). (Here, we assume, for simplicity, that Q. is con-
nected. Otherwise we need the existence of y* in each component of QZ..)

An immediate consequence of this is

Corollary 1.5. Assume that {uf}o<e<e, s a family of solutions of (1.7) such that
every u® satisfies (1.10) for some y* € QL. Then

. . | w(at(z),1), (z,t) € Qy x [0,T],
(1.11) Jim, v (@, 1) = { wla— (@) 8, (z.8) € Qb x [0.7]

where the limit is uniform in Q;E x [0,T] for all p > 0.

Our technique of using sub- and super-solutions may also be used to show that
the patterns are robust. In fact, if an initial function has an interface within as’zgz,
then that interface must move until (1.9) holds (see Theorem 4.4 and Remark 4.5).

To put the above singular perturbation problem and the associated traveling
wave problem into historical context we mention a few works which have had sig-
nificant impact on developments in this field and have influenced us in particular.
We do not however intend to provide an exhaustive list of related work.

There is a vast literature on the traveling wave problem (1.4) in the autonomous
case (f independent of ), with the two prototypical nonlinearities being of Fisher-
type (u(1 — u)) or bistable (u(1 — u)(u — ) with 0 < v < 1.) Such problems were
introduced in the classic works of Fisher [15] and Kolmogorov-Petrovski-Piscounov
[23] in 1937. There have been numerous contributions since, including the im-
portant contribution by Kanel [22] and the celebrated papers of Fife & McLeod
[12, 13, 14] which settled most issues in great generality. Since that time there have
of course been some refinements and many applications of these results. The new
difficulty in our periodic case is that phase plane techniques are no longer available.
The impact of this is most evident on the existence issue, but it also impinges on
the techniques used to establish uniqueness. Periodicity also excludes variational
techniques which, in the autonomous case, have been employed for establishing
stability. Because of all these reasons, our approach had to be different from those
mentioned above. In fact, our method is similar to that of Berestycki & Nirenberg
[7]. The uniqueness part of our theorem above is very general; in particular it does
not presuppose monotonicity of the wave.

We should mention that another class of periodic solutions to autonomous
reaction—diffusion equations, rotating wave solutions, that is, those which are pe-
riodic both in space and time, have been studied by several authors. We refer to
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PERIODIC TRAVELING WAVES AND LOCATING OSCILLATING PATTERNS 2781

Angenent & Fiedler [4], Gardner [17] and the references therein. That type of solu-
tion is quite different from those we study here and, as far as we can tell, unrelated
to patterns in singularly perturbed reaction—diffusion equations.

The singular perturbation problem (1.7), but autonomous with respect to t,
also has a substantial history. Again the nonlinearities are typically of the form
m(z)u(l — u) (Fisher) or u(l — u)(u — y(z)) (bistable.) For the bistable case in
a one-dimensional domain, Angenent, Mallet-Paret, and Peletier [5] characterized
the limits of all stable solutions as € — 0. They showed that these may have
layers only where y(z) = 1/2 and that the transition must be in the appropriate
direction according to the sign of 7/(x). Stable solutions with any collection of such
transitions exist. Independently, Fuji and Nishiura [16] obtained related results
(see also [1] and [2]). The question of existence of stationary layered solutions
to the autonomous bistable singular perturbation problem in higher dimensional
domains was settled in the 70’s in the paper of Fife & Greenlee [10] by employing,
in a rigorous way, the method of formal asymptotic expansions. They obtained
stationary solutions with interfaces tending to the locations where vy(z) = 1/2 as
e — 0. Quite recently, del Pino [25] revisited the Fife-Greenlee problem and gave
an elegant solution which, in particular, does not require the smoothness of the
interface I' := {x € Q : c¢(x) = 0}, and simultaneously allows this set to intersect
082 Our treatment of (1.7) is close in spirit to del Pino’s work, which we extend
to the periodic setting. Although we do not prove this here, we suspect that the
convergence in (1.11) is exponential in g, as suggested by the approach of Bardi &
Parthame [6].

To explain (1.11), we would like to mention the results of Chen [8] (in N dimen-
sions) and Fife & Hsiao [11] (in one dimension): If F(z;u,e~'7) does not vary in 7
very rapidly (7 = et), then starting with “roughly layered” initial data, the solution
of (1.7a), (1.7b) becomes layered in O(|Inel|) time (in the t—time); i.e., there exist
regions QF such that u ~ a®(z,0) in QF, whereas ' := Q\ (2T UQ ™) is a thin re-
gion connecting the states a*(z,0) and o~ (x,0). Here a™(z,7),a’(z,7),a™ (x,7)
are the zeros of F(z;-,6~17). Thereafter, the a’(x,7) level-set of u® moves with
normal velocity ec(z,7) (in the t—time) where ¢(x,7) is the traveling wave speed
for the autonomous potential f(-) = F(x;-,¢~17). Since in the current case c(x,T)
oscillates rapidly (with period €T"), Chen’s result cannot be applied here. On the
other hand, a certain homogenization should provide an “averaged” speed ¢(z).
Our Theorem 1.1 suggests that the average speed can be obtained by solving (1.4).
Therefore, the a® level-set of u® will eventually settle down near {x : ¢(x) = 0}; in
other words, “layered” periodic solutions of (1.7) should have the property stated
in Theorem 1.3.

For Fisher-type nonlinearities, F'(u,z,t) = m(x,t)h(u) where m > 0 is T—
periodic, h(0) = h(1l) = 0,A'(1) < 0 < A'(0) and h(u) > 0 on (0,1), related
results were obtained by Dancer & Hess [9], following earlier work by Alikakos and
Hess [3]. The main result in [9] is that if {(x) is the average over the period of
m(x,t), then any family of T—periodic solutions u. with values in (0,1) converges
to the characteristic function of the set {z : {(x) > 0} as € — 0. The proof is based
on two abstract properties: strong monotonicity and the structure characterized by
two equilibria connected by a family of sub- or supersolutions. The bistable case is
considerably harder.

We would like to mention, in passing, two questions we consider of interest,
although we did not pursue them in the present paper. One is the characterization
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of all solutions of (1.7), which satisfy (1.11) since our result suggests but does not
prove local uniqueness of such solutions for € > 0 but small. For one dimensional
bounded (2, if one assumes, in addition to the assumptions in Theorem 1.3, that
F, > 0, then it can be shown that when ¢ is sufficiently small, a non—trivial (not
identically constant) and stable T-periodic solution of (1.7) is unique, therefore
satisfies (1.11).

The other question concerns the stability of a general solution u® of (1.7). Sta-
bility is decided by the sign of the principle eigenvalue for the eigenvalue problem

e2Ah + F,(x;uf,t)h = —pfh in Qx[0,7T],
h(z,T) = h(z,0) in Q,
Zh=0 on 09 x [0,T].

Hess [21] developed the relevant theory for this kind of eigenvalue problem but here
a more detailed knowledge of F, (z;u®,t) is needed.

Before we close this section, we would like to comment on the possibility of
constructing solutions in closed form for the periodic problem (1.4) out of solutions
of the autonomous problem when f has a particular form. Assume that

(1.12) fut) = p(u)(=p'(u) = 7(1)),

where p € C?® and v € C! satisfy (- +T) = ~(-), p(£l) = 0, and p(-) >
0 in (—1,1). Define (¢,U) by

1 /T
c= —/ ~(t) dt, U(E,t) = U (€ —a(t) + ct) for all (¢,) € R2,
T Jo

where a(t fo T)dr and ¥ is determined by f\y(z) d“) =z for all z € R.

Then one can easily verlfy that U solves (1.4). Note that if p =1 — u? and ~(¢t) is
a constant function, then (1.4) is autonomous and the traveling wave solution so
constructed is known as Huxley’s traveling wave and one can compute it explicitly
[18, p. 130]. It is even more remarkable that the profile of U is independent of ~(-).
This is an algebraic fact specific to potentials of the form (1.12).

In order to see that the traveling wave so constructed is unique in the case that
f is bistable, we now verify that f in (1.12) satisfies the assumption of Theorem 1.1
provided that p”(-) < 0 in (—1,1) and ~(t) € (—p'(—1),—p'(1)) for all ¢ € [0,T].
To this end, we consider the more general form f = p(u)q(u,t) where p and ¢ are
smooth functions satisfying p(£1) = 0, £p/(£1) < 0, p > 0in (-1,1), p < 0 in
(—o0,—1)U (1,00), q(-,- + T) = q(-,-), +q(+u,t) > 0 for u > 1 and all ¢t € [0,T],
and g, (u,t) > 0 for all (u,t) € (=1,1) x [0,T].

First we notice that, for this f, w(x+1,t) = %1 are exact solutions of (1.2). In
addition, P’(£1) := we(£1,T) = exp(fOTp'(:Izl)q(:Izl,t) dt) < 1. Hence, +1 are
stable fixed points of the period map P.

Next we observe that f < 0 for u € (1,00) and f > 0 for u € (—o0, —1), so that
P(a) < afor @ > 1 and P(«a) > « for a < —1. That is, P has no fixed point in
(=00, -1) U (1, ).

Finally, for every « € (—1,1), we have w(a ) (—1,1), and P'(c) = wo (e, T) =
exp(fOT puth—l—fOT pqudt) = % exp fo qu(w t)dt) > M Hence, if
P(a) :=w(a,T) = «, then P’(«) > 1. That is, in (—1,1), P has exactly one fixed
point. Therefore, f satisfies (H1) and (H2) and so from Theorem 1.1 we know that
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the traveling wave constructed above for the case of (1.12) is the unique globally
attracting solution of (1.4).
Similarly for the higher dimensional problem (1.7), if

(1.13) F(w;u,t) = p(u)(=p'(u) — y(x,1))

where p(u) and v satisfy p(+1) =0, £p'(£1) <0, p” <0 on (=1,1), v(,t +T) =
~v(-,t) for all ¢, and y(z,t) € (—p'(—1),—p'(1)) for all (x,t) € Q x [0,T], then the
traveling wave speed at point x is

c(z) =7 fOT'y(x,t) dt.

Consequently, in this special case, interfaces for solutions to (1.7) will move with
normal velocity explicitly given to first order by ec(x).

2. TRAVELING WAVE PROBLEM

In this section, we shall prove the first theorem of the previous section, breaking
it up into smaller parts. To begin, we show uniqueness of the traveling wave solution
through a squeezing argument using sub— and super—solutions. These are built from
horizontal and vertical translates of traveling waves, the amount of the translations
evolving with time. Then we establish certain properties of solutions, not only
to more fully understand their structure, but also as an aid to proving stability
later. Following this we prove the existence of the traveling wave, first obtaining
approximations on bounded intervals and then taking the limit as the interval
expands to become the whole line.

2.1. Uniqueness of traveling solutions.

Theorem 2.1. Under the conditions of Theorem 1.1, problem (1.4) admits at most
one solution.

Proof. Let (¢,U) and (¢, U) be any two solutions of (1.4). We shall prove that ¢ = ¢
and U = U in several steps. Without loss of generality, we assume that ¢ < c.

Step 1. Set M* = sup.cx(£U(£,0)). Let w(c,t) be the function defined in
(1.2). Then by the comparison principle, w(—M~,t) < U(&,t) < w(M™,t) for all
¢ € R,t > 0. Hence, by periodicity, w(—M~, kT +t) < U(&,t) < w(M*, kT +1t)
for all £ € R, ¢t > 0, and all positive integers k. Since the Poincaré map P(«) is
monotonic and has only three fixed points with a* being stable, P(a) > « for all
a < a” and P(a) < a for all a > aT. Tt follows that limg_ o w(E£M*,t + KT)
= w(a®,t) = W*(t). Therefore, we have that W~ (t) < U(&,t) < WT(t) for all
¢ € Randt > 0. Applying the strong maximum principle and using the periodicity
of U and W*, we then conclude that

W=(1t)<UEt) <WT(t) VEER, teR.

The same estimate holds also for U.
Step 2. Define

(2.1)
vE = =k [ R WE@ ) dt, 0t (1) = et + [y fulWE (), 7) dr).
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Since P'(a®) = exp(fOT fu(WE(t),t)dt) < 1, we have v* > 0 and o™ (T) =
exp(— ”iQT) < 1. Let
(2.2)

{50 _sup{n>0 : |fu(u,t)— Fu(WE(@), 1) < % Vit e0,T], ue [WEE) —n WEE) + 1]},

s

2llat (llcoo, 1y + 2lla™ ()l co o, 7y

Eo:=inf{€>1 : |U(EE ) —WE@R)| < 6421 for all £ € [€,00) and t € [0,T]}.

Since f € C?! and one can show that U(4o00,t) = W*(t) uniformly for ¢t € [0, T,
both dy and &y are well-defined.
For every d € (0, 8], define U (€,t) = U(&,t) + da™(t). Then,

LU = (U ) = (U3 )ee — (U5 ) — F(UF 1) = dai” + f(U 1) = f(U +6a*, 1)
= 6aF [ + Lu(WE(),) — [} fu(U + 56a™ 1) d6] > 0
in [£p, 00) X [0, T'] for the “+” sign and in (—oo, —&] % [0, T] for the “—” sign. Hence,
Uy and U; are super-—solutions of £°U = 0 in [£, 00) x [0, T] and (—o0, —&o] x [0, T,
respectively.

Step 3. Since U(Foc,t) = WE(t), there exists a large positive constant 2y such
that

(2.3)

_ . U(E,t) if €€ [, &),

U —z+(c—ott) < { UL, t)+60 if €¢ [_gg,gg], for all t € [0,7T],z > 2.
Define

(2.4) 820 :=1nf{0 >0 : U(£—2,0)<UE0)+5 Vz> 20,6 €R }.

Clearly, ¢z, € [0,dp]. We claim d;, = 0. In fact, noting LU (€ — z + (¢ — )¢, t) = 0,
we can use (2.3) on {&} x [0, 7] and (2.4) on [¢p, 00) X {0} to compare U;;O (&,t) and
U(€—2z+(c—@)t,t) in (&, 00) % [0,T] to obtain U(£—z+(c—e)t,t) < Uétg (&,t) for all
z > Zp and all (&,t) € (€, 00) x[0,T]. Since z can be an arbitrary number in 2o, o0)
and ¢ > ¢, we then have that U({ —z,T) < U;;O (&,T) for all € € [£p, ) and z > 2.
Using the periodicity of U and U, and the definition of U ;; . we then have that for all
z>Zpand all € € [§,00), U(§—2,0) < U(E,0)+65,a" (T). In a similar manner, we
can show that for all z > Zp and all £ € (o0, =&, U(§—2,0) < U(,0)+0z,a (T).
Hence, from (2.3), U(§ — 2,0) < U(&,0) + 6z, max{a™(T),a (T)} for all £ € R.
Therefore, by the definition of dz,, dz, < 0z, max{a™(T),a”(T)}. Recalling that
a®(T) < 1, we must have §;, = 0. In summary,

(2.5) U —2,0)<U(E0) VEER, 2> 2.

Step 4. From (2.5) and a comparison principle, we have U (£ — 2¢ + (c—é)t, t) <
U(&,t) for all (§,t) € Rx[0,00). Consequently, by the periodicity, for every positive
integer k,

a® =U(0,0) =U(0,kT) > U(—20 + (c — O)kT,kT) = U(~2¢ + (c — ©)kT,0).

Sending k to oo and noticing that ¢ < ¢ and U(oo,0) = a > a, we conclude that
c=c.
Step 5. Define

zo:=1inf{Z €R : U(£ —2,0) < U(£0) V2 > %, E€R L.
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Then, by (2.5), 2o is well-defined and is finite. We claim that U (& — z9,0) = U (&, 0)
for all £&. Assume that this is not true. Then by a strong maximum principle
and periodicity (recalling that ¢ = c), U(¢ — z,t) < U(&,t) for all (€,t) € R?
and all z € [29,00). Now let € > 0 be a positive constant sufficiently small such
that (2.3) holds for 2y := 29 — e. Then proceed as in Step 3 to conclude that
U(§ —2,0) <U(E,0) for all z > 2. Thus by the definition of 2zg, 29 > 20, which is
impossible. Thus, we must have U (£ — 20,0) = U(&,0) for all £ € R.

Step 6. We now show that zg in Step 5 is zero. In fact, from the definition
of zp and strong maximum principle, we have that U(¢ — 2,0) < U(&,0) for all
€ € Rand z > 2. Since U(£,0) = U(€ — 20,0), we have U(§ + 29 — 2,0) =
U —2,0) < U(&,0) for all z > 2¢; that is, U(+,0) is strictly monotonic. Observing
that U(zo,0) = U(0,0) = a® = U(0,0), we must have zy = 0. This completes the
proof of Theorem 2.1.

2.2. Basic properties of traveling wave solutions.

Theorem 2.2. Assume that (¢,U) solves (1.4). Then the following holds:

1. Ue(§,t) >0 for all €,t € R;
2. Define v¥ as in (2.1) and B+ := $(—c F V> +4vF). Then there exists a
constant C' > 0 such that

|U(:|:§vt)_Wi(t)|+|UE(:t§at)|+|UEE(:t§vt)| < Oe—‘ﬂﬂgv Vf € [0,00), te [OvT]

Proof. (1) From Step 6 of the proof of Theorem 2.1, we know that Us > 0. Hence,
applying a strong maximum principle for the equation satisfied by U yields Ugs > 0
in R2.
(2) Let M be a large constant to be determined. Define
on(€) = W5 () = U(§ + M. D] exp (= vt = [ FWH(r), 7)dr),
(&,t) €[0,00) x [0,00).
By the definition of vT, vy is T—periodic. Direct calculation yields
(2.6)
LS (var) := (var)e — (var)ee — c(var)e +vToa + Dvi, =0 in [0,00) x [0, 00),
where D = D(M, &, t) is a function defined by
D(M,&,1)
f(U7t)_f(W+7t)_fu(W+at)(U_W+) t
= ESIEE exp {u+t + fo fF(WH(7), T)dT}.
Since U is bounded by W~ and W, by Taylor’s Theorem,

|D(M7§a t)| S DO
= sup . {§| Fuu(s,8)] exp (m + L FH (), T)dT)) }

te[0,T],se[W—(t),Wt(t
We shall find super—solutions of (2.6) to estimate vyy.
Let 61 = %. For every 65 € (0, %

Vs, (€) := 5166+5(2 — eﬁ+5) +0a, £2>0.

| consider the function
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For simplicity we write 8 for 3, and v for v™. Calculation shows
L5(Vs,) = 26155 (=32 — cB+v) + 6127 [45% + 2¢6 — v + 6, D(2 — €°%)?]
+ 03[V + 2D81e%4(2 — €5€) + 6, D).

Using the definition of 3, we have that —3%2 —c8+ v = 0 and 432 + 2¢f — v =
232 +v > v. Since |D| < Dy, it follows that

L5, (Vsh) > 61€*% [y — 461 Do] + S2[v — 4Dod1 — 52D0] > 0

by the definition of §; and the constraint on do. Therefore, for every d2 € (0, ﬁ],
Vs, is a super—solution to (2.6) in [0, 00) x [0, 00).

Since U (oo, t) = WT(t), there exists M > 0 such that supgeo o) rej0,7) VM (1)
< 01. Define

0y »=inf{dy € (0, 5%5-] + V5,() > var(§,0) in [0,00)}.

Then by the definition of M, & is well defined. In addition, noticing that va;(0,¢) <
o1 < Vg, (0) for all ¢ € [0,T], we can apply the comparison principle for the functions
vy and Vg in [0,00) x [0,77] to obtain that var(€,t) < Vs (§) for all £ > 0 and
all t € (0,7]. Consequently, var(§,0) = vam(§,T) < V3, (§) for all £ > 0. Since

v (00, t) = 0, by the definition of 55, we must have d, = 0. Hence,
’UM(é.a t) < ‘/0(5) = 616[36(2 - 655) < 2616553 5 € [07 OO)

It then follows by the definition of vy; that 0 < W+ (t) — U(€,t) < CePé for some
positive constant C and all (§,t) € [0,00) x [0,T]. Using local parabolic estimates
for var, we can also derive that |Ug| + [Uge| < CePé for all € € [0,00) and all
t € [0,7]. The case £ < 0 can be similarly treated. The second assertion of the
theorem thus follows.

2.3. Existence of traveling waves in bounded domains.
Let M > 1 be any fixed constant. Set Qp = (—M, M) and Qp = Qpr x (0,T7].
For every constant ¢ € R, consider the following initial boundary value problem:

(2.7) V(£M,t) = W(2), t € 10,77,
V(g,O) 29(5)7 gEQMa
where g is any element in the function class X, defined by
Xor = g € COL=M, M)+ g(£M) = a*,g(0) =, ge() = 0 in Q).
Lemma 2.3. Let M > 1 be any fized constant. The following hold:

1. For every ¢ € R and g € Xy, problem (2.7) admits a unique solution V =
V(g,c; &, t), and the solution satisfies

W= (t) <V(g,e:6,1) <WT(t), Velg,e:6,1) >0, Velg,36,) >0 V(§t) € Qu-
2. There exist constants Ct (M) and C~ (M) such that C~ (M) < C*(M) and

inf V(g,CT(M);0,T) > a”, sup V(g,C~(M);0,T) < .
gEX M gEX M

Consequently, for any g € Xy, there exists a unique ¢ = C(M,g) € R such
that V(g,¢c; - ,T) € Xp.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PERIODIC TRAVELING WAVES AND LOCATING OSCILLATING PATTERNS 2787

3. There exists a unique g™ € Xy such that V (g™, C(M,gM); -, T) = gM;
namely, there exists a unique solution (VM CM) to the following problem:

(2.8)
LOT(WVM) = VM — VM - CMYM — f(VM 4) =0 in Qu,
VM(£M,t)=W*(@t)  in [0,T],

Proof. (1) Though f is nonlinear so that the solution of (2.7) may blow up, the
property of g in X; and a comparison principle yield the a priori estimate W~ (t) <
V(& t) < WT(t) for any (€,t) € Qpr. Hence, (2.7) admits a unique solution V =
V(g,c;€,t). Since the a priori estimate implies that Ve > 0 at & = £M, the
assumption g¢ > 0 and the maximum principle for the equation satisfied by V¢
then immediately yield Ve > 0 in Qas. Notice that V, := %V satisfies

(Vo) = (Ve)ee —e(Ve)e = fu(Vi)Ve=Ve >0 in Qum

and V. = 0 on the parabolic boundary of Qy; it then follows that V. > 0 in Q.
This establishes the first assertion.

(2) Let W(&,t) (depending on M) be any fixed function having the following
properties:

W(E0) <a™ VEe[-M,M],  W(£M,t) <W*(t) Vtel0,T),
W(0,T) = a°, We(€,t) >0 V(1) € [-M, M] x [0,T].

Since o~ < a' < a™, such a function can be easily constructed. For example,

pick any monotonic function ((¢) satisfying ¢¢ > 0 in [-M, M], ((+M) = aF,
¢(0) = a®. Then the function W (&, t) := () — K(T — t) with sufficiently large K
will satisfy all the properties needed. Define
CH(M) := sup Wi — Wee — f(OW, t).
(&t)e[—M,M]x[0,T] We

Then one can verify that when ¢ = CT (M), W is a sub-solution of (2.7a), (2.7b) and
W (.,0) < g for any g € Xp;. Hence, by comparison, W (£, t) < V (g, CT(M);&,t)
in Qu for any g € Xp. Consequently, o® = W(0,7) < V(g,C*(M);0,T). This
proves the existence of CT(M). The existence of C~ (M) can be shown by a similar
construction.

Recall that for any fixed g € Xy, V(g,¢;0,T) is strictly monotonic in ¢ €
R. By the properties of C* (M), there exists a unique C' = C(M, g) such that
V(g,C;0,T) = a®. Moreover, recalling that V¢(g,¢;+,T) > 0in Q and V (g, c; £ M, T)
= W*(T) = oF, we have that V(g,C(M,g);-,T) € Xp. The second assertion of
the lemma thus follows.

(3) For every g € X define a mapping 7 : Xpy — X by

T(9) =V(9,C(M,g);-,T).

Then we know the following: a) X/ is a closed convex subset of C°([—M, M]) and
7 maps X into itself; b) Since V., > 0 and the solution V (-, ¢;&,t) depends on
g continuously, C(M, g) is continuous in g and consequently 7 is continuous from
Xar to Xar; ¢) By a parabolic estimate, 7 (X)) is a bounded set in C?([—M, M]),
so that 7 is compact. Therefore, by Schauder’s fixed point theorem, there exists
g € Xy such that 7 (g) = g.
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Uniqueness of solutions of (2.8) follows the same moving plane technique intro-
duced in Step 5 of the proof of Theorem 2.1 and is omitted. (In the current bounded
domain situation, one does not need the lifting technique introduced in Steps 2 and
3 in the proof of Theorem 2.1.) This completes the proof of Lemma 2.3.

Now we shall find estimates for the solution to (2.8) which are independent of
M so that we can take the limit as M — oo to obtain a solution of (1.4). The basic
idea is to use the following comparison principle.

Lemma 2.4. Let M > 1 be any fized constant and (VM,CM) be the solution to
(2.8).
1. If (V,¢) satisfies

(2.9) V(£M,t) <WE(t) Vte0,T], V(0,0) >,
V(é-ﬂo) SV(£7T)7 56[_MaM]a
then CM < é.
2. If V satisfies

(2.10)
Vi = Vee = CMVe — f(V,£) <0, (&) € [0,M] x [0, ],
V(M,t) < WH(t), V(0,t) <VM(0,t), Vtelo,T],
V(£,0) < max{a®, V(£,T)}, ¢ €0, M],
then V.< VM in [0, M] x [0,T].
Proof. (1) Assume for contradiction that C™ > ¢. Then, since VgM > 0in Qpum,

LEVMy =My — v —evM —fvM iy = cM-evM >0  in Qu.
Define

mo = inf{m € (=2M,2M) : VM (£,0) > V(¢ —m,0)

in (-M,M)N(m—M,m+ M) }.

Since VM (M, 0) = at > V(=M,0) and VM(0,0) = a® < V(0,0), mg € [0,2M). In
addition, there exists & € QM = (mg — M,M) such that VM (&,0) =
V(& — mo,0). Notice that the boundary conditions of V* and V' imply that
on the parabolic boundary of Q) x (0,T], VM(¢,t) > V(£ — mo,t). Hence, ap-
plying a comparison principle to the functions VM (£,¢) and V(£ — mo,t) in the
domain Q5 x [0,T], we have that VM (£, T) > V(€ —mg,T) for all £ € QA . But
this is impossible since VM (&, T) = VM (&,,0) = V(& — mo,0) < V(& — mo, T).
Hence, we must have CM < é. A

(2) Define mg = inf{m >0 : VM(£0) > V(¢ —m,0) in [m,M]}. Using a
comparison principle in (mg, M) x (0,7T], one can follow the idea in (1) to deduce
that mg = 0.

Now we apply the first comparison principle in Lemma 2.4 to estimate CM .
Lemma 2.5. There exists My > 1 such that for any M > My, the solution
(VM CMY of (2.8) satisfies the estimate

[CM] <1+ gsup{(WF(t) = W (1) +2)| fuu(u, t)]

ue W (t)—1,WH(t)+1], t€0,T]}.
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Proof. Let ((s) = [1 + tanh(%)] so that ¢’ = (1 —¢) and ¢"" = ¢/(1 — 2(). Set
wi(t) = WH(t) and wa(t) = w(a™ — g, t) where g is a small constant such that
wa(t) > W~ (t) — 1 in [0,7T]. Consider the function

V(&) = wi(t)¢(€ + o) +wa(t)[1 — C(€ + &o)]

where &y is a constant such that {(&) = g‘i%:fs‘; Since w1 (T) = w1(0) and
wa(T) > wa(0), V(-,T) > V(-,0). Also, V(0,0) = a°, V¢ > 0, V(c0,0) = a*, and
V(=00,0) = a™ — &.

Observe, by Taylor’s expansion, that

Cf(wr,t) + (1 =) f(wa,t) — f(Cwr + (1 = Qua, t) = %C(l — ) (w1 — w2)? fuu(0,1)

for some 6 € (wp,w;). Taking ¢ = 1 + 2sup{|fuu(u,t)| : u € [wa(t), w(t)],t €
[0,T]}, we have that, for all (£,¢) € R x [0,T],
LV) = [=e¢" = ¢"(wr — w2)
+ [Cf(wi,t) + (1= Q) f(wa, ) — f(Cwi + (1 = Qwa, 1)]
= —C(1 = O(wr —w2)[e+1 = 2¢ — 5(w1 — w2) fuu(6,1)] < 0.

Hence, by Lemma 2.4 (1), for all M satisfying ((—M) < 5—t— (so that
V(=M,0) < a~), we have C™ < . Similarly, one can establish the lower bound
of CM | thereby completing the proof of the lemma.

2.4. Existence of a periodic traveling wave.

Theorem 2.6. Problem (1.4) admits a unique solution (U, c), which can be ob-
tained by taking the limit, as M — oo, in the solution (VM CM) of (2.8).

Proof. From Lemma 2.5, we know that {C*} />, is uniformly bounded. Hence,
by parabolic estimates [24], supys s [V [lc21(g,) is uniformly bounded also.
Therefore, we can select a subsequence {Mj}?il such that as j — oo, M; — oo,
CMi — ¢*, and VMi — U* (uniformly in any compact subset of R x [0, T]), where
(c¢*,U*) satisfies the following equations:

U — U —cUg — f(U*$)=0  in Rx[0,T],
U*(0,00=a°,  U*(,0)=U*(,T) in R, U;>0in Rx [0,7].

Thus, to show that (¢*,U*) solves (1.4), we need only show that U*(+oo,t) =
W=E(t).

Assume for the moment that U* is non-trivial; i.e., U*(-,t) # w(a®,t). Then
Ug¢ % 0, so that by the condition Ui >20inRx [0,T] and the strong maximum prin-
ciple, we have U7 > 0 in R x [0, T]. Consequently, U*(£00,t) := lim¢_, 100 U*(&, 1)
exist and U*(—00,0) < a® < U*(c0,0). Since U*(-,t) is monotonic, Ug and Ug,
approach zero weakly as |¢| — oco. Tt then follows that U*(co,t) and U*(—o0,t) are
periodic solutions of w; = f(w,t). Hence, by the assumption on f, we must have
U*(d00,t) = W*(t). Since the solution of (1.4) is unique, we then know that the
whole sequence (VM CM) converges to (U*,c*) as M — oc.

Thus, to finish the proof, we need only show that U* is non—trivial. Without loss
of generality, we assume that ¢* > 0. Also, we can assume that U*(0,t) > w(a®,t)
for all t € [0, T since otherwise, U*(0,t) # w(a',t) so that U* is not trivial. Under
these assumptions, we have that

lim ¢Mi >0, lim min {V*i(0,t) —w(a®,t)} > 0.
j—oo j—oo te[0,T)
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We shall use Lemma 2.4 (2) to show that U* is non—trivial.
Since w, = exp(fot fu) >0, K = max{% +1:a€a,at],t€|0,T]}is
+

finite. Take § = min{lﬁLK, @ go‘o } Let {(s) € C*°([0,00)) be a function such that

0<¢'(s) <5V8, a®+26<((s)<a’+75 |¢"(s)] <2 ifse[Vi,00).
For any d; > 0, let w(«, t) be the solution to

{C(s)=a0+(s+\/3)2—26 it s € [0, V3],

wy = f(w,t) — 51(max{07u§ —w(a® 46, t)})g, w(a,0) =

Clearly, w(a, t) = w(a,t) for all @ < a+4. Since P(a) > a for all a € (a,a™), for
every positive §; sufficiently small, w(c, T) > a for all & € (a®, a®+74]. In addition,

by taking smaller d; if necessary, we have that max,c(q0—s5,a0475),¢c[0,7] % <
K. We henceforth fix such §; > 0. Also, we set d := mingep r{w(a® + 26,t) —

w(a® +6,t)}.
R Let € be a small positive constant to be determined. Consider the function
V(& t) = w(¢(e€),t). One can calculate

£ (V) = 6 (max{0, (¢, 1)~ (a”+5, t)}) —ibq (2" +eCM 202 ((1)?)
where w is evaluated at (¢(£),t). We want to show £ (V) < 01in [0,00) x [0, 7]
by considering two cases: (i) ¢ > a® + 255 (ii) ¢ < a® + 24.

In the first case,

£EM (V) < 6,83 + eibg (25 — 5Vémin{CMi 0} + 2551(5) < 6,83 — Ce <0

if we take € small enough.
In the second case, with ¢ fixed as above, let s := e£ € [0,V/3) so that ¢ = 2
and ¢’ = 2(s +v/0) < 4V/6. Tt then follows that

£ (W) < —ﬁ)as(Zs + 4min{CM 033 — 16eK6) < 0

1>
8Vs'

In summary, there exist ¢ > 0 and .J > 0 such that £6"” (V) < 0in [0,00) x [0, 7]
for all j > J.

Finauy, observe that, for all ¢ € [0,T], V(0,t) = w(¢(0),t) = w(a® — §,t) =
w(a® —4,t) < VMi(0, t) if we take j large enough. Also, for any M € [1,00),
V(M,t) < i(a® +76,t) < w(a® + 76,t) < W(t). Furthermore, if V (€, 0) > a?
then ¢ = C(=€) > a® so that V(£,0) = w(C(€),0) = ((=€) < i (C(=€), T) = V(&,T).
Hence, by Lemma 2.4 (2), for all j large enough, V™ > V in [0, M;] x [0, 7).
Consequently, U* > V in [0,00) x [0,T], and therefore U* cannot be trivial. This
completes the proof of Theorem 2.6.

3. STABILITY OF THE TRAVELING WAVES

In this section we study the asymptotic behavior, as t — oo, for the initial value
problem (1.1) for a large class of initial conditions g, and we prove Theorem 1.2.
The analysis can be naturally divided into two parts. In the first part one shows
that a solution develops, after some time, a wave-like profile. In the second part,
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one shows that the solution converges exponentially in time to a translate of the
traveling wave solution constructed in Section 2. The result in the second part is
local in nature and can be deduced from very general facts on exponential stability
with asymptotic phase of invariant manifolds, established long ago by Henry [18] in
the context of reaction—diffusion equations, and known before that in the context of
ODE’s (Hale [19]). We will, for the convenience of the reader who may be unfamiliar
with these ideas, present a different self-contained approach. On the other hand,
the general abstract method in Henry [18], together with the necesssary spectral
theory, is natural in this problem and we include that approach in the Appendix.
One of the benefits of the abstract approach, besides conceptual clarity, is the
identification of the best exponent p in (1.6).
In the sequel, we shall denote by UY(&,t) the solution of

(3.1)

LUI) :=Uf —cU¢ —Ug — f(U,t) =0 in R x (0,00),

U9(-,0) = g(-) on R,
where ¢ is the speed of the unique traveling wave solution of (1.4). Clearly, the
solution w in (1.1) is given by u(z,t) = U9(z — ct,t). We denote || - || = || - | Lo (r)-

We shall consider the evolution of a general “vaguely resembling front” (i.e., g
satisfying (1.5) ) in several stages.

3.1. Short time evolution of “vaguely resembling fronts”.
Lemma 3.1. Let (¢,U) be the solution of (1.4) and let U9(E,t) be the solution of
(8.1) for g € L=2(R).
1. If there exist constants a1 € (o, 00) and as € (o™, a’) such that
(32) g({) <o in Ra g(f) < ao n (—O0,0),

then for any € > 0, there exist a positive number Z and a positive integer k
such that
UIERT)<UE+2,0)+e  VEER.
2. If g satisfies (1.5), then for every € > 0, there exist a positive number z =
3(e,g) and a positive integer k = k(e, g) such that

(3.3) U —20)—e<UIERT) <UE+20)+e  VEER

Proof. (1) Set ¢(s) = £[1 + tanh £], wi(t) = w(201 — g, t), and w(t) = w(as,t)
where w(a, t) is the solution of (1.2). Define
¢=c+1+ gsup{(wi(t) — w2(t)) fuu(0, )] : 0 € [wa(t), wi(t)],t € [0,00)},
V(& t) = wi(£)C(€ + ét) + wa(t)[1 — C(€ + ét)).

Then, by (3.2), V(-,0) > ¢(-). The same computation as in the proof of Lemma 2.5
shows that £¢(V) > 0 in R x [0, 00). A comparison principle then yields U9(€,t) <
V(& t) in R x [0,00). The first assertion of the lemma thus follows from the fact
that limg_eo wo (kKT + 1) = W (¢), limg—oo w1 (kT +t) = WT(2).

(2) The second assertion follows from (1) and a similar estimate on the lower
bound of the solution.

”

Lemma 3.1 (2) reveals that a “vaguely resembling wave front” evolves into a
“resembling wave front” (i.e., close to W*(t) for £ near +00) after a certain time.
We now study its subsequent evolution.
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3.2. Evolution of “resembling wave fronts”.

Lemma 3.2. 1. There exist positive constants €o, Ko, pg such that if for some
€€ (0,e0] and 2 € R
g() SUC+20)+e (or g()2U(=20)-¢),
then for allt >0,
U9(-,t) < U(-+2+Koe, t)+Koee P! (07" U9(-,t) > U(-—Q—Kos,t)—Kose_pot).
2. There exists a positive constant K such that if ||g(-) — U(+,0)|| < e for some
e € (0,e9], then
[U9(t) U )| < Kie VE>0.
Proof. We need only prove (1) since (2) is a direct consequence of (1). Without
loss of generality, we assume that Z = 0.

Let vT, a®(t), do, & be as in (2.1) and (2.2). Let ¢(s) be any C?(R) function
satisfying

¢(s)=1in [3,00), ((s)=0 in (—00,0], 0<('(s)<land [¢"(s)|<1 in R.
Define
(3.4)
A& t) = C(&)a™ () + (1 = ¢(&))a™ (1),
(35)  B(t) = [y max{a*(r),a” ()} dr,
(3.6) K= (v +v 414+ 2||fu||)/(te[o,T]r,Iglier[l—go,go] Ue(6.1)),
V(1) =U(E+ KeB(t),t) + eA(&, 1),
where || fu|| = max{|f.(u,t)| : t €[0,T],u € [W~(t) — 1, W*(t) + 1]}. Note that

+ vt
a*(t) < Cexp(—T) for all t € [0, 00),

where C' = sup,¢(o 1 exp(vtt + fg fu(WE, 7)dr). Tt follows that as t — oo, a®(t)
and ||A(-, t)||co(ry approach zero exponentially fast, and B(t) is uniformly bounded.
We take ¢ = o/ (2K B(o0)). We want to show that U9(-,-) < V(-,-) in R x [0, 00).
When t =0, V(-,0) = U(-,0) + & > g(-) = U(-,0). Also, we can calculate
LY(V) = KeBUg+¢e[A;—cAg— Age — Af, (U+€0A, 1)) for some 6(&,t) € (0,1).
Now we claim that £V > 0 for all ¢ € (0,e9]. We consider three cases: (i)

€ € [§0,00), (ii) § € (—o00, —&o], and (iii) £ € [~&o, &ol-

In the first case, ( = 1, Ae = Age = 0, BiUg > 0, | fu(U+c0A, t)— f (WT(t),t)] <
%, and Ay = A[% + fu(WT(t),t)]. Tt then follows that LV > 0in [y, 00) X [0, 00).
Similarly, £V > 0 in the second case.

In the third case, i.e., & € [—&o, &), we have that

|A¢ — cA¢ — Age — Afu(U +€0A,t)] < max{a™(t),a™ () }(v" +v7 +2| ful| + e[ +1).
On the other hand, we have that

BUe > max{a™(t),a” (t)} min{Us : t € [0, T, € [0, &)}
Hence, by the definition of K, LV > 0 in [—&p, &o] X [0, 00).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PERIODIC TRAVELING WAVES AND LOCATING OSCILLATING PATTERNS 2793

In conclusion, £°V > 0 in R X [0,00). Therefore, by the comparison principle,
U9 <V in R X [0,00). The assertion of the lemma thus follows.

The first part of Lemma 3.2 (1) shows that a “resembling wave front” preserves
this structure uniformly for all ¢t € (0, 00). We now show that this forces convergence
to a translate of the traveling wave.

3.3. Nonlinear stability of the traveling wave.
Lemma 3.3. Assume that g € L>(R) satisfies (1.5). Then there ezists zq € R,
such that

lim |UI(-,t) = U(- + z4,t)|| = 0.

t—o0

Proof. By Lemmas 3.1 and 3.2 (1), there exist a positive integer k and a large
number 2 such that for all (§,t) € R x [kT, 00),

(3.7)
U(§ — 2 — Koeo, t) — Kogoe ™" <UY(E,t) < U(E+ 2+ Koo, t) + Koeoe .

Notice that {U9(-, kT)}3, is a bounded sequence in C*(R). Also notice that U (¢, t)
approaches W*(t) as ¢ — oo, uniformly in ¢ € [0,7]. Consequently there exist an
integer sequence {k;}72, and a function h(§) such that as j — oo, k; — oo and
|U9(-, k;T) — h(-)|| = 0. In addition, U(-,t) satisfies

U(§ — 2 — Koeo,0) < h(§) SU(E+ 2+ Koeo,0)  VEER.
Set
zg :=sup{z : h(-) >U(-+2,0) in R}.

Clearly, h > U(- + 2z4,0). By translation if necessary, we can, without loss of
generality, assume that z, = 0. We claim that h(-) = U(-,0). Assume that this is
not true. Then, by the strong maximum principle, U"(-,T) > U(-,0). Let £ be a
large constant such that ¢ := sup g5z, Ue(£,0) < ﬁ. Since AU?(-,T) > U(-,0),
there exists ¢ > 0 such that U"(¢,T) > U(&+¢,0) for all € € [—¢,£]. Consequently,
Ug('v (kJ + 1)T) - U( +e, 0)
> _HUg('a kJT + T) - Uh('a T)H + Uh('a T) - U( +e, 0)

> ~C||U" (- ksT) = hl| = max[U (€ +¢,0) = U(€,0)] > —2¢6
£1=¢

if we take J large enough. Thus, by Lemma 3.2 (1),
UI( ksT+T +1) > U(- + & — 260Ky, t) — 2Koede "t Vi > 0.
Sending ¢ — oo along an appropriate sequence we deduce that
h(-) > U(- + ¢ — 2e0Ko,0) > U(- + Le,0)

by the definition of 4. But this contradicts the definition of z,. Hence, we must
have h(-) = U(- + z4,0). The assertion of the lemma thus follows from Lemma 3.2

(2)-
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3.4. Linear exponential stability of the traveling wave.

To complete the proof of Theorem 1.2, we first establish the exponential stability
of the linearized equation of (1.1) near the traveling wave (¢, U).

For each ¢ € L>(R), we define v(); &, t) as the solution to the linear problem

{ Lv := vy — cve —vge — fu(U(E, 1), t)v =0 in R x (0,00),
v(¥;,0)=14() in R
Notice that LU¢ = 0.
Lemma 3.4. There exists a constant Cy such that, for all g € L°(R),
(3.8) lo(; - DIl < Cullyll vt =0.
In addition, there exists zy, € R such that
Jim (s ) — 2V (1) = 0.
Proof. Let A(&,t), B(t), and K be as in (3.4)—(3.6). Define
(3.9) U(E,t) := KB(t)Ue(S, ) + A(S, 1).
Performing the same calculation as in the proof of Lemma 3.2, we have that LY > 0
in R x [0,00). Since ¥(£,0) = 1, a comparison principle shows that for any ¢ €
L>=(R),
(3.10) (s &) < W DYl V(S 1) € R x[0,00).

Defining Cy := sup;> [|[¥(:, )| yields estimate (3.8).
Since {v(t, -, kT)}72, is a bounded set in C*(R x [0,00)), from (3.10) and the
fact that

Cdim NGl (((—oo,-a1ulzc0n xkT,00) = 0,

there exist an integer sequence {k;}52; and a smooth function h € L*°(R) such
that as j — oo, kj — oo and |[v(¢; -, k;T) — h(-)|| — 0. In addition,
(3.11) [h(€)] < KB(c0)[[¢[|Ue(§,0)  VEER.
We now want to show that for some zy, € R, h(-) = 2y U¢(,0).
To this end, let
zy :=sup{z : h(-) > 2U¢(-,0)}.
Clearly, |z.| < KB(o0)||%||. We want to show that h = 2,U¢(-,0). By working with
1 — 2, Ug if necessary, we can without loss of generality, assume that z, = 0, so that
h > 0. We use a contradiction argument. Assume that A # 0. Then, by the strong
maximum principle, v(h;-,T") > 0 so that there exists € > 0 such that v(h;§,T) >
eUe(&,0) in [—&,&] where € is a constant such that KB(oo)suplglzé Ue(€,0) < L.
Consequently,
v(h; - kyT +T) — eUe(€,0)

> —|lo(@s - kg T +T) = v(hy -, T)|| +v(h; -, T) — eUg(€, 0)

> —CJo(Ws - ks T) = hl| — = 5up gy ¢ Ue(€,0)

> —2 SUP¢|>¢ Uf(&a 0)
for some J large enough. Consequently, by the comparison principle, for any ¢ > 0,

(s kg T+ T + 1) = eUg(-,t) > —[2esup ¢ Ug(€, 0)] (-, 1).
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Hence, taking t = k;T — k;T' — T and sending j to oo, we have that
h('vt) - EUE('vo) > _[25 sup Ug(f,O)]KB(OO)Ug(-,O) > —%Ug(-,O)
l€1>¢

by the definition of £&. Therefore, h(-) > SUe(+,0), which contradicts the definition
of z,. Hence, we must have h = 0. The second assertion of the lemma thus follows
from the first.

Now for each ¢ € L*°(R), we define

Ty =v(Y;-, T)—21(¥)Ue(+,0)  where 2 () ::/ (¢;-,T)U5(-,O)//RU§(-,O).

v
R
Since LU, = 0, one can see that for any positive integer £,
k

—
TF=T - T+ =v; kT) — 2k(¥)Ue (-, 0)
where z;(¢) == /v(d); ~,kT)U§(~,0)//U§2(~,0).
- R
Lemma 3.5. 1. If {;}52, is a bounded sequence in C°(R) and lim; .o 1; = 0

uniformly in every compact subset of R, then
lim [Ty, =o.

j—00,k—00
2. There exists a large integer k* such that
(3.12) A= = sup [|[TF 9| < 1.
llpll=1
Proof. (1) For every € > 0, let k be a constant such that max{a™ (kT),a~ (kT)} < €.

Since lim;_. %; = 0 uniformly in every compact subset of R, there exists J > 0
such that

L i in fat(t).a-
iggllv(%, Moo (=go,60)x 0,5T]) < ter[ré?gﬂ{a (t),a™ (1)}

Hence, comparing v(1;;€,t) with at(t) in [£,00) x [0,kT] and with a~(t) in
(—00, &) x [0, kT, respectively, we have that
[o(yj;€6)| < max{a®(t),a”(t)} Vit € [0,kT],[¢] > &

Hence, sup,s s [[v(¥;; -, ET)|| < max{at(kT),a™ (kT)} < e. Consequently,

sup sup [[o(¢; -, 1)[| < Cre.

JZ2J t>kT
Since |zi ()| < Cllv(y;-, kT)| for all integers k and all ¢ € L*°, we have that
SUP;> 7 SUP.> | 7%4;|| < (C1+CCh)e. This proves the first assertion of the lemma.

(2) Assume that the second assertion is not true. Then there exists {¢x}32,

such that

1
lwll = 1, HTk@/JkHZl—% Vk=1,2,---.

Since |[v(Yy; -, kT)| < (-, kT) and |z (Y1) < Cllv(y;-, kT)||, we have |T*yy| <
(1+C)¥ (-, kT). Also, noting that {7%;}?°, is a bounded sequence in C*(R), we
can find a subsequence {k;}?2; and a function h such that as j — oo, k; — oo and
| 7%i1pr, — h|| — 0. Clearly, we have that ||h| > 1, |h(§)| < (1+C)KB(c0)Ug(£,0),
and [, h(-)Ue(-,0) = 0.
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Notice that {7y, }3";1 is a bounded sequence in C'(R), so we can select a
subsequence, which we still denote by {k;} such that 74y, — ¢ uniformly in every
compact subset of R, for some 9 € C'(R). Therefore,

lim ([ 7% — h|| < lim [|T% ¢, — bl + lim |75 7Ty, — )] =0
j—00 j—00 j—00
by the first assertion of the lemma. Since by Lemma 3.4,
Jim {0t -, KT) — 2Ue (-, KT)|| = 0

for some 2 € R, we must have h = 2U¢(-,0), which, by the assumption fR hUg =0,
yields h = 0. This contradicts the assumption that ||h| = 1. Hence, there exists a
positive integer k* such that (3.12) holds.

3.5. Nonlinear exponential stability of the traveling wave.
We are now prepared to prove Theorem 1.2, restated as

Theorem 3.6. There exists a positive constant p > 0 such that for every g €
L>(R) satisfying (1.5), the solution U9 (E,t) of (8.1) satisfies, for some constants
zg and Cy,

UI(-t) —U(- 4 24, 8)|| < Cye™Ht YVt > 0.
[ g 9

Proof. By Lemma 3.3, we can assume that ||g(-) — U(-,0)] is sufficiently small for
our purposes.

Assume that 79 = ||lg — U(-,0)|| = min,er|lg — U(- + 2,0)||]. Set V(-,t) =
U9(-,t) — U(-,t). Then, we have LV = EV? where

11| oo (x [0,00) < %Sup{lfuu(&t)l 10 €W (t) — LW (t) + 1]t € 0,77}
Let k* be as in Lemma 3.5. Then by parabolic estimates [24], there exists a constant
C(k*) such that

IV (R T) = vV 005 kT < CRIVE Lo rx0,00))
by Lemma 3.2 (2). Consequently, decomposing v(V (-,0);-,k*T) = T+ V(-,0) +
zi=Ug, we have
IVEKT) = 20U, 0) | < VAT = oV (00T + T V0
< (A + C(B") K o) no-

Noticing that |z+| < CCL||V(-,0)|| < CCino, it then follows that

[U9( K T) = U(- + 2=, 0)

<NUC A+ 2k2,0) = U 0) = 25 Ue (5 O) | + (VG BT = 20U (4 0)|

< CllUee (- 0)l[Jza1* + V(- K°T) = 2= Ue (-, 0)

< (M + C(k")Kno + CCmo)no = (M- + C(k*)Kino + CCio)llg — U(-, 0)]-

Let 0* be a positive constant such that p* := A+ + C(k*)K$6* + CC18* < 1. Then
for any g satisfying min,cg ||g — U(- + z,0)|| < §*, we have that

; 9l E*TY — [J(. < mi — (. )
min [U9(, *T) = U(- + 2,0)[| < " min lg = U(- + 2, 0)|

< C(K*)Kimg

From this, one can easily derive the assertion of the theorem. Details are omitted.
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4. THE SINGULAR PERTURBATION PROBLEM

Now we study the singular perturbation problem (1.7). For each fixed x € Q,
we denote by w(z;,t) the solution of (1.2) with f(-,-) = F(x;-,-), by a*(z),
a’(r), and o~ (z) the three fixed points of the period return map P(z;-) :=
w(x; -, T), and by W+ (x;t) and WO(z;t) the corresponding functions w(z; a™ (), t)
and w(z;a®(x),t). Also, we denote by (c(z),U(z,&,t)) the traveling wave solution
of (1.4) with f(u,t) = F(x;u,t). For any p > 0, we define

Qpi ={ze€Q : *c(x) > p}, Q, :={xeQ : dist(z,00) > p}.

Finally, we denote by B(x, R) the ball in RY centered at = with radius R. For
brevity, we write ||v,w| in place of max{||v||, [[w|}. Other similarly abbreviated
notation will also be used.

In the sequel € is a positive constant as small as we wish and C is a generic
positive constant independent of .

We first consider the following initial value problem, for u = u(g; x, t):

(4.1)
Lou =y — e2Au — F(z;u,t) = 0, x,t) € Q x [0,00),
a%u =0, x,t) € 9N x [0, 00),
u(z,0) = g(), z €.

We assume that g is bounded and write

(4.2) llgllco) < Mo

where My > max{||a™(z)||coq), o™ (2)]|coa)} is a fixed positive constant inde-
pendent of €. Set

M =1+sup{|w(z;a,t)] : z€Q,|al < My,te|0,00)}

Since P(z; ) < a when a > ot (z) and P(x;a) > a when a < o™ (x), M is finite.
In the sequel, the norm of F' is always taken on

Q=Qx[-M,M] x[0,T].

We begin by constructing two super—solutions based on those constructed in [8].
The corresponding sub—solutions can be constructed in an analogous way but this
is omitted here.

The first super—solution, obtained by modifying w(z; g(z),t), deals with arbi-
trary initial data with no “sharp” layer; i.e., it deals with the time stage of “gener-
ation of interfaces” (cf. [8]).

For any small positive § (which may depend on ¢), let F° be a modification of
F such that F° has the following properties:

(4.3)
Fo(zyu, T +1t) = F°(z;u,t) V(z,u,t) € Q;
S<FI—F<2§ V(z,u,t) € Q;
2F=0 Y(z,u,t) € 0 x [-M, M] x [0,T];
|FgavwFéaFguaéD%F(;”Lm(Q) <C

where C' is independent of §. Such F° can be obtained by modifying F + %5 near
(x,t) € 092 x [0,T].
Now let w®(z; a,t) be the solution to

w? = FO(z;w, ), w’(z;0,0) = o
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Denote by af(z),ad(z) the fixed points of P?(x;-) := w’(x;-,T), preserved
by the nondegeneracy condition (1.3), and by W (x,t), W (z,t) the functions
w (x; o (x),t) and w®(x;0d(x),t), respectively. Then one can verify the follow-
ing estimates (but we leave this to the reader)

[, Whas Vaw®, Vawd, 68;w° | o s ay) < CerY;

For any p; > 0, [0’ (z; a,t) — Wi (2,t)| < p—cle—#2t if +(a—al) > pi;

Zwd(z;a,t) =0 V(z,a,t) € 0Q x [-M, M] x [0,T7;

C10 < Wi(z,t) — WH(x,t) <C6  Y(x,t) € Qx [0,T],
where C, 11, and pg are positive constants independent of §.
Lemma 4.1. Assume that g € C%(Q) satisfies %g =0 on 9Q and ||g||coqy < Mo.
Then for every integer k > 0, the function

VP (g, t) o= w’(w:g(x), 1), (2.t) € 2 x [0,00)

is a super—solution to (4.1a), (4.1b) in Q x [0, kT provided that

(4.4) 5 > ey exp(t4L) /5] Agllcog@) + 0] Val2o g +1

where My is a constant independent of €, k, §, and g.
Proof. Clearly, we have that aa—nVl‘; =0 on I x [0,00). Also, we can calculate
LV =V, — 2AVP — F(z; V) ,t)
= (F° — F) — 2w Ag + w’, |V3|* + 2V, wl Vg + Azw?)
> 6§ —2Ce(||Ag| + IVg|?+071) >0  in Q x [0,kT]
by the assumption on §. The assertion of the lemma thus follows.

Using this lemma, we can show the following concerning the generation of inter-
faces:

Theorem 4.2. There exist e-independent positive constants p € (0,1/3) and K
such that the following hold:

L If[lgllcoqy < Mo, then
(4.5)
W™ (z,t) — e < u(g;z,t) < WH(x,t) + & Vo e, t>K|lneg|.
2. If lgllco(qy < Mo and for some y € Q
(4.6)
g(z) <a(z) — et (07" g(x) > al(z) + s“) in By, 63 nQ,
then
lu(g; z,t) — W (2,1)] < Ce? (07" lu(g; z,t) — W (z,t)] < 052“)
in (2N B(y,5¢Y%)) x [K|Ine|, K|Ine| + 27T7].

Proof. We only establish the upper bounds. The lower bounds can be established
in a similar manner.

(1) Set § = Me?/3, ky = gorlinel, and g = My. Then (4.4) holds. Hence,
comparing u(-,-) with V2(g;-,-) in Q x [0, k1T, we obtain

u(g;z,t) <VP(Gia,t)  V(x,t) € Qx[0,kT].
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The first assertion for ¢ € [kyT — T, k1T follows from the fact that
‘/15(9, x, le - T —+ t) S W;‘ (1;’ t) + Oe—ll«zlﬁT S W+ (ZZ?) 4 OEQM

where p = min{1/4, £2}.

Observe that V{(g;-,T) < Mo, so that u(g;-,T) < My. Hence, a mathematical
induction argument shows that u(g;-,mT +t) < V(g;-,t) for all positive integers
m and all ¢ € [0, k1T]. The first assertion of the theorem thus follows.

(2) We refine the upper bound near y. We still take k; = ﬁ| Ine| but we take

§ = 8M?7e?/3 and a different g. Let g be a modification of g such that
g>g in Q %Q:O on 0§

g(z) < af(x) — ze" in By",5e'/?);

[1Agllco@) + [IVlloq) < 15723,

As before, (4.4) holds, so that u(g;x,t) < V(g;z,t) in Q x [0,k T]. In particular,
in B(y,5¢'/3) x [y T — 2T, k1 T7,

u(giz,t) < VPG w, T — 2T) < w’ (509 — L kT — 27)
< aj (x) + CeFe 2T < W= (x,t) + Ce.
The assertion of the theorem thus follows.

To see how the region {x : |u(g; x,t)—W=*(z,t)| < "} expands, we now construct
the second super—solution dealing with the “propagation of interfaces” (cf. [8]).
For any fixed x € Q, let (c®(z),U°(x,&,t)) be the traveling wave solution to

Uf—c‘sUE—UgE—F‘s(x;U‘s,t):0, (&,t) € R x [0, 00),
U(z,4+00,t) = W(Si(x,t), U(z,0,t) = W(z,t),

Then one can show, as in Section 2, the following:
|UP (-, €, ) = Wit + UL, U, VaUlllcoaxiory) < Ce™2€ VE > 0;
IVoU?, 60U || coqaxrz) + Ve llco) < C,
%6U5(x,§,t) =0 V(z,&t) €99 x R?;
[¢°() = c()lcoqn) < Cd.

Here C is a positive constant independent of §.

Let ¢ be a C%(R) function satisfying
C(s)=s if |s] <1, ((s)=43/2if £s5>2, 0<(¢ <land [¢"|<20n R.

For every z € RV, we define

(4.7) d(z,x) := 6”%('3%2' — 3).

One can directly verify that d(z,z) has the following properties:
d(z,z) = 3/2'/3 if |z — z| > 5el/3;
d(z,x) = —3/2'/3 if |z — 2| <el/3;
|Ved =1 if |d| <el/?;
e|Agd| + 3|V ,d)? < Cel/3 in RV,

We claim that
0 , T —Z
(4.8) —d(z;2) :=¢ n(z) >0 VzeQus, xed,

on

o — 2]
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where n(z) is the outward unit normal to Q at x. In fact, when |z—z| > 5¢1/3, ¢’ =
0, so that the claim automatically holds. When |z — z| < 5¢'/3, since dist(z, 9) >
e'/3 and 0 € C1, the line segment from z to x intersects 9N only at the end point
x, so that (z — 2) - n(x) > 0. Hence, (4.8) holds.

In the following, C' is taken to be greater than the previous C’s in this section
and also greater than 6.

Lemma 4.3. Let My > C?. For any small § > el/3 and any zo € Q]T@é N Qays,
the function

d(z(t), =)
5 . R g (J ’
Vy(z(t);x,t) :=U (x, . ,t)
is a super—solution of (4.1a),(4.1b) in the domain Q x [0,00) provided that the
function z(t) : [0,00) — Q.15 satisfies
|2: ()] < ele(z(t)) — C23), Yt > 0, 2(0) = 2.

Proof. Since z(t) € Q.13 for all t > 0, from (4.8), a%VQ‘s(z;x,t) >0 on 99 x [0, 00).
Also,

LVY = U + Ul (e dy — eDgd) — Ude|Vod|* — 26V0dV, UL — > AU — F
=F° —F+Ule  dy + ¢ — eDod] + U1 — |V,d)?]
— 26V, dV, UL — A, U°
>0+ Ug[c‘s(x) — ez — CeV3) - CU?&X{\dQsl/S} — Ce[l+¢/4].

If |d] > e'/3, then |UZ|, |Ug| < Ce#3ldl/e < &2, s0 that LTV} > 0.

If |d| < e'/3, then |z — 2| < 4¢'/3, so that

A(x) — e M| — O3 > [e(2) — C(0 + |z — 2|)] — [e(z) — O3] — Ce/3 >0,
which implies £5V5 > 0. The assertion of the lemma thus follows.

In the next theorem p and K are those constants given in Theorem 4.2.
Theorem 4.4. Assume that ||g|co) < Mo. Also assume that there exists y € QF.
(or y € QL ) such that (4.6) holds. Set t1 :== K|Ine|. Then for any 7 > t1, a
point x € Q satisfies
(4.9)

fulgsa, ) =W (@l < Ce (or Julgia,7) — WH(x,7)| < Cet)
provided that there exists a curve z(-) : [t1, 7] — Q.15 such that

(i) x € B(z(1),2'/3),

(ii) |z¢| < ele(z(t)) — C%eH] <0r |z] < —ele(2(t)) + C2£“]> for all t € [t1,7].
Proof. For any t > 0, define Q7 (t) by

QF(t) ={2€ Qs : ulg,t) < V5 (3-,t)in Q).

Then, from Theorem 4.2, y € Q7 (¢;). In addition, by Lemma 4.3 and the
comparison principle, z(7) € QF (7).

Observe that V5" (2;2,t) < W (x,t) + Ce* for all x € B(2,2e/3). Thus, we
obtain the assertion of the theorem.
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Remark 4.5. (1) The theorem asserts that the region {z : wu(g;-,t) ~ W™} ex-
pands with a normal velocity ec in the set where ¢ > 0, and the region {u ~ W*}
expands with a normal velocity ¢|c| in the set where ¢ < 0.
(2) By replacing the function d defined in (4.7) by
[z — 2| —r(t)
-1/3

where r(t) is any function satisfying ry < —maxp(, 1)) €|c|—C?e* and B(z,(0)) C
.13, one can show that the set {u ~ W~} shrinks with a normal velocity no bigger
than e[|c¢| 4+ €] in the set where ¢ < 0. Similarly, one can show that the region
{u ~ W} shrinks with a normal velocity no bigger than e[c + &#] in the set where
¢ > 0. Hence, we conclude that the interface between the set {u ~ W} and the
set {u ~ W~} moves with a normal velocity ec. For a more detailed discussion and
rigorous mathematical statement, we refer interested readers to [8].

d(zmcm(t)) = 51/3C( - 3)

We now have enough to give the proofs of Theorems 1.3 and 1.4.

Proof of Theorem 1.3. Let y+ € QF.NQ.1/5 be arbitrary. Set g(x) = V5" (2(0); z,0)
where 2(t) = y* + el*?#te, t € [0,T], and |€] < 1. Taking all possible &, we
then obtain by Lemma 4.3, u(g;-,T) < min,cp(,+ 1+207) V' (z;2,T) < g. Tt
then follows from the comparison principle that u(g;-, T + t) < u(g;-,t) for all
t > 0. Consequently, the family of smooth functions {u(g; -, kT'+-)}32, is pointwise
monotonic on  x [0,27]. Hence, there exists a periodic function u°(z,t) such that
as k — oo, u(g;-, kT +t) — u(-,t) for all ¢ € [0,2T]. Clearly, u® is a solution of
(1.7). Notice that for every z € Q satisfying |z —y*| > 5e/3, g(z) = V3 (y+;2,0) >
at—C§ > a+¢#, Theorem 4.2 then implies that u€ satisfies (1.9). This establishes
the theorem.

Theorem 1.4 now follows from Theorem 4.4.

APPENDIX A. STABILITY VIA SPECTRAL THEORY

In Section 2, we established the existence of a traveling wave solution (¢, U(&,t))
for (1.1a). Since (1.1a) is translation invariant in z, this traveling wave solution
provides a one dimensional manifold of special solutions to (1.1a):

M = {u(z,t) =U(z — ct — z0,t) : 20 € R}.

In this appendix, we study the local, nonlinear stability of M in the class of
solutions of (1.1). This appendix can be considered as an alternative to the analysis
presented in Sections 3.4 and 3.5.

Traveling wave coordinates. We change to the traveling coordinates (,t)
where £ = z — ¢t. Then equation (1.1a) takes the form

(A1) ve —cvg —vge — f(v,1) =0, £€€R, t>0.
The original problem now can be recast as the stability of the manifold of stationary
states:

M= {v(&,t) =U(§ — &,0) : & R}
in the class of solutions of (A.1).

The period map. Let X C L*°(R) be a Banach space. For definiteness, we
take X = C'(R) with the L>°(R) norm. Given vg(-) € X, we define the period map
II by

H(UO) = U('v T)a

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2802 NICHOLAS D. ALIKAKOS, PETER W. BATES, AND XINFU CHEN

where v(,t) is the unique solution of (A.1) with initial condition v(-,0) = wvg(-).
Notice that any element in M is a fixed point of II. Hence, M is an invariant
manifold of II. We are interested in the linearisation dII of II about points in M.
Without loss of generality, we need only consider the point Uy = U(+,0). One can
easily show that dII(Up) is given by the following recipe:

dH(UO)U = H(a T)
where H is the solution of

{ Ht—CHE—Hgg—fu(Uo,t)HZO, EeR,t>0,

@-2) H(-,0) = of-).

Notice that v = Ug(+,0) is an eigenfunction of dII(Uy) with eigenvalue 1. This is a
simple geometric fact since Ug(+,0) is the tangent to the one dimensional invariant
manifold M at U(-,0). Hence, if we can show that 1 is a simple eigenvalue of
dII(Up), and the rest of the spectrum of dII(Up) is contained in a disk of radius
p(dII(Uy)) strictly less than 1, then it is well-known, and in a variety of contexts,
that the manifold M is locally exponentially stable with asymptotic phase; namely,
with the help of Lemma 3.3, we obtain the conclusion of Theorem 1.2. In addition,
the exponent p in (1.6) can be taken arbitrarily close to — In(p(dII(Uy))). We refer
the reader to Henry [18, §9.2] and Hale & Massatt [20].

Hence, we need only analyze the spectrum of the operator dII(Up).

Spectral analysis. From the above discussion, we can see that the following
two lemmas are sufficient to establish the (local) exponential stability of M, the
reduction from global stability to local stability coming from Lemma 3.3.

Lemma A.1. Let
1 (T
vt [ RVEODd = min(et o),
0

Then the essential spectrum of dIL(Uy) is contained in the disk {A € C : |A\ <
eIy Thus, if X\ is in the spectrum of dI(Uy) and || > e=*°T then X is an
eigenvalue, and for any r > e~"°T | there are only a finite number of eigenvalues of
dIl(Uy) in {A e C | |A] > r}.

Lemma A.2. Assume that X is an eigenvalue of dII(Uy) with eigenfunction v. If
v & span{U¢(-,0)}, then |A| < 1.

Proof of Lemma A.1. Let ((€) be a C*°(R) function satisfying ((£) = 0 for £ < —1,
() =1for & > 1,and ¢ > 0 in R. Consider an operator K defined, for every
bounded v, by Kv = H(-,T') where H(,t) is the solution to

{]:It_Cﬁg—ﬁgg—f—[V+<+I/_(1—<)]H=O, CER, t >0,
H(-,0)=uv(").

Since v*¢ + (1 — {)v~ > vy, the maximum principle shows that ||ﬁ(-,t)||Loo(R) <
e "0!v|| Lo (r) for all ¢ > 0. In particular, ||Kv||pe®) < e T ||v|| oo (r). Therefore,
the spectral radius of K is at most e 07,

To connect the essential spectrum of dII(Up) with that of K, we make the fol-
lowing transformation for the solution of (A.2):

H(év t) = H(év t)P(§7 t)
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where
PIE.0) = p () + 2701 = C©). 75(1) = exp ([ FuW*(r).7)ar +0%4).

Note that p*(t),p~ (t), P(-,t) are positive and periodic in ¢, and p*=(T) = 1, P(-,T)
= 1. Tt then follows that dIl(Up)v = H(-,T) = H(-,T). Direct calculation shows
that H satisfies ) o )
H; — E(f,t)Hf —Hee —qH =0

where

& t) =ctet), &) =20p" —p7)C'/P,

7= fu(Uo,t) +[c(p™ —p7)¢" + (0 —p7)¢" =9/ C—pr (1=Q)I/P
= v (=T (1= +a(5 1),
q~(§u t) = {[fu(UOat) - fu(W+(t)7t)]p+< + [fu(UOa t) - fu(W_ (t)7t)]p_(1 - C)

+C1 = QW = v ) =t + 0t =) + ) /P,

Notice that ¢ = 0 if [§] > 1 and ¢ approaches zero exponentially fast as |{| —
00. One can show that K — dII(Up) is compact from X into X. The proof is
straightforward provided that one is familiar with the fact that parabolic equations
are smoothing. We omit the details.

Now by Weyl’s well-known result, the essential spectrum of dII(yo) is the same
as that of K. Hence, the radius of the essential spectrum of dII(Up) is not bigger
than e~

Proof of Lemma A.2. Assume that A is an eigenvalue with eigenfunction v € X

and v & span{U¢(-,0)}. Denote by H the solution of (A.2) with initial value v. Let

1
h(&,t) = e" H(&,t) where p= —TLog)\.

Then an easy calculation shows that (u, h) satisfies

(A3) hy — che — hge — fu(Uo, t)h = ph, E€R, t >0,

' h(-,0) = h(-,T).
Hence, (A.3) can be viewed as the spectral problem associated with the operator
(A.4) L:=0; — (:85 — 855 — fu(Uo, t)

in an appropriate space of periodic functions.

The eigenvalue A of the linearized period map dII(Uy) is called a characteristic
multiplier, while the associated p is called a characteristic exponent. Since Log is
multi-valued, it is easy to see that if (u, h) is a characteristic exponent/eigenfunction
pair, so is (u + #, he* T ), where i = y/—1. Notice that all these exponents pro-
duce the same multiplier.

Clearly, to show that |A| < 1, we need only to show that Re(u), the real part of y,
is positive. Our proof is by contradiction. Assume that py := Re(u) < 0. Consider
the polar representation of h: h = rel where both 7 and 6 are real and > 0. In
the set where r does not vanish, 0 is well-defined and is smooth. Substituting this
polar representation into (A.3) and taking the real part, we obtain

Lr = (1 —92)7‘ <0

on the set where r > 0.
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First we claim that » < MU, for some M large enough. For this purpose, con-
sider the periodic functions Q% (¢,t) := e e exp(fot fu(WE(7), 7)dr + vFt) where
vt = (—c+ V2 +2v%)/2. An easy calculation shows that, for some & large
enough,

LQ* = Q*[fu(WH(8),1) = fuUo,t) +v* — ey = (v7)?]
= QF[fu(WE(t),t) — fulUo,t) + /2] >0  forall |¢] > & and t € R.

Now let M be a large constant such that My Ug(£&o,t) > r(£&o, t) for all t € [0,T7.
We claim that r < M Ug in [£p, 00) x [0, T]. In fact, if this is not true, then, since
vt > 0 we have QT — oo as £ — oo, and so there exists ¢ > 0 and (&,11) €
(€0, 00) % [0,T) such that » < MiUg + 06Q" in [§p, 00) x [0,T] and the equal sign
holds at (&1,¢1). Set w = MUe+6Q " —r. Then Lw > 0 in [£, 00) x [0, 2T |N{r # 0}.
In addition, w > 0 in [, 00) x [0,27] and w > 0 on {r = 0}. Hence, applying
locally the Harnack inequality to each of the components where r does not vanish,
we have that w > 0 in [y, 00) X (t1,t1 + T]. This contradicts, by the periodicity
of w, the assumption that 0 = w(x1,t1) = w(z1,61 + 7). Hence, 7 < MU in
[€0,00) % [0,T]. Similarly, this inequality holds also on (—oo, —&g] X [0,T]. Hence,
there exists a positive M such that r < MUg in R x [0, T7.

Now let My be the minimum real number such that r < MU in R x [0,T].
Consider the case that » # MoUg. Then applying locally Harnack’s inequality in
the set where r does not vanish, we obtain r» < MyUg in R x [0,7]. Consequently,
there exists e € (0, My) such that r < (My—e)Ug in [—£o, &o] X [0, T']. Then as before,
utilizing the function Q*, we can conclude that r < (Mg — €)U in R x [0, T, which
contradicts the definition of My. Hence, r = MoUs > 0 in R x [0, T]. Consequently,
(1 — Gg)r = 0. Thus, #1 = 0 and 0 = 0. Using the 0 equation, we then conclude
that 6, = 0 and hence 6 is a constant function. That is, h = 7€'’ is a multiple of
Ue, which contradicts the assumption that h ¢ span{U,}. This contradiction shows
that Re(p) > 0, i.e., |A| < 1. This completes the proof of Lemma A.2.
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