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SPHERICAL FUNCTIONS AND CONFORMAL DENSITIES
ON SPHERICALLY SYMMETRIC CAT(—1)-SPACES

MICHEL COORNAERT AND ATHANASE PAPADOPOULOS

ABSTRACT. Let X be a CAT(—1)-space which is spherically symmetric around
some point zg € X and whose boundary has finite positive s—dimensional
Hausdorff measure. Let p = (uz)zex be a conformal density of dimension
d > s/2 on 0X. We prove that pg, is a weak limit of measures supported on
spheres centered at xg. These measures are expressed in terms of the total
mass function of p and of the d—dimensional spherical function on X. In
particular, this result proves that p is entirely determined by its dimension
and its total mass function. The results of this paper apply in particular for
symmetric spaces of rank one and semi-homogeneous trees.

0. INTRODUCTION

Let X be a CAT(—1)-space and let X be its boundary. A conformal density of
dimension d on 90X is a family u = (pz)zex of finite positive Borel measures on 90X,
such that for every x and y in X, p, is absolutely continuous with respect to fiz,
with Radon-Nikodym derivative given by ZZ L&) = Gz, y, &) for all £ € 0X. Here,
j(z,y,&) stands for the infinitesimal distorsion at the point £ of the visual metric
on 0X seen from y with respect to the visual metric seen from z (see Section 1 for
the precise definitions). The total mass function of y is the function ¢, : X — Ry
defined by ¢, (x) = pz(0X).

For every z in X, we denote by H. the s—dimensional Hausdorff measure on
0X with respect to the visual metric seen from X.

In this paper, we shall always assume that there exist a point xg € X and a real
number s > 0 such that the following two properties are satisfied:

(0.1). X is spherically symmetric around zp € X. This means that the group K,
of isometries of X which stabilizes xy acts transitively on each sphere centered at
this point.

(0.2). For some (or, equivalently, for every) x € X, we have
0 < H(0X) < 0.
We note right away that condition (0.2) implies that s is the Hausdorff dimension
of 0X with respect to any of the visual metrics.

If T is a discrete subgroup of X, conformal densities play a central role in the
study of the ergodic properties of the action of I on dX. The results of this paper
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2746 MICHEL COORNAERT AND ATHANASE PAPADOPOULOS

concern conformal densities on the boundary of a space X satisfying conditions
(0.1) and (0.2).
For each d € R, we define the spherical function o4 : X x X — R4 by the formula

calz,y) = / § sy, €) dHE ()

£€dX

for every z and y in X.

For every R > 0, let S(xo, R) denote the sphere in X of radius R centered at
xo. We define wy, r to be the natural measure on S(zg, R) which is induced by the
Haar measure on K, the Haar measure being normalized to have total mass one.

Let p be a conformal density of dimension d on 0X. For every R > 0, we define
the measure pz, g on S(xg, R) by the formula

H;, (0X)
fao.R = ———QpWry.R ,
Cd,R
where cg g is the value taken by the function og(xo,.) on S(zg, R). (The fact that X
is spherically symmetric around x( implies that the value of o4(zg,y), as a function
of y, depends only on the distance from x to xg.)
In this paper, we prove (Theorem 4.3) the following fact.

Theorem A. Let X be a CAT(—1)—space satisfying (0.1) and (0.2). Then, there
exists a sequence (Ry,) of real numbers, with R,, — 0o asn — 00, such that for every
conformal density i = (uz)zex of dimension d on X with d > s/2, the measure
Wz, 18 the limit, in the sense of weak convergence, of the sequence of measures

/’L$07Rn °

Let us remark that the conformal measure y on 0X is determined by its value
at an arbitrary point z in X and the dimension d, so that the conformal density u
is completely determined by p,, and d.

We now state a few results which follow from Theorem A.

From previous work on the subject, it turns out to be interesting to know under
which conditions a conformal density of a given dimension is determined by its total
mass function, and there are several results in this direction. For example, by a
result of D. Sullivan (see [Sul3]), in the case where X = H" (the hyperbolic n—space)
a conformal density of dimension > (n — 1)/2 is uniquely determined by its total
mass function. The same result holds in the case where X is a homogeneous tree
of degree k, provided that the dimension of the conformal density is > %log(k -1)
(see [CP1]). In this paper, we obtain, as a consequence of Theorem A, the following

Corollary B. Let X be a CAT(—1)—space satisfying (0.1) and (0.2) and let p =
(tz)zex and ' = (ph)zex be two conformal densities on 0X having the same
dimension d, with d > s/2. If the total mass functions of p and ' are equal, then
p=p

Suppose now that X is a C AT (—1)—space which is spherically symmetric around
each of its points, that is, satisfying (0.1) for every point xo in X. Suppose also that
X satisfies (0.2). Under these hypotheses, we have proved in [CP2] the existence of
a transformation which for every conformal density p of dimension d < s/2 on 0X
associates a conformal density u7 of dimension s — d having the same total mass
function as pu. As a consequence of Corollary B, we have
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Corollary C. The conformal density u* is uniquely determined by the total mass
function of p.

We shall prove also the following (Theorem 4.4)

Theorem D. Suppose that X satisfies (0.1) and the following property:
There exist four constants rg > 0, C; > 0, Co > 0 and s > 0 such that for every
£ € 90X and for every 0 < r < rg, we have

L) _,
rs -7

C1 <
where B(&,r) denotes the sphere in 0X of center & and radius r with respect to
the visual metric seen from xo. (We note that this implies property (0.2), with the
same s.)

Then, for every conformal density p on 0X of dimension d > s/2, we have

Mz = lim Hzo, R
R—o0
in the sense of weak convergence of measures.

We note that if a CAT(—1)—space satisfying (0.1) admits a discrete cocompact
group I' of isometries whose critical exponent ér is finite, then the hypotheses of
Theorem D are satisfied with s = dr (see [Coo] and [Bou]). In particular, this is
the case if X is a symmetric space of rank one or a semi-homogeneous tree. Hence
we obtain

Corollary E. Let X be a Riemannian symmetric space of rank one. Then, for
every conformal density p = (piz)zex on 0X of dimension d > s/2 , we have, for
every point x in X,

Mz = lim Mz, R
R—o0
in the sense of weak convergence of measures.

We note that if X is a Riemannian symmetric space of rank one, the visual met-
rics on 0X are Lipschitz-equivalent to the natural Carnot-Carathéodory metrics.

It may be useful to recall the classification of Riemannian symmetric spaces of
rank one: These are the hyperbolic spaces Hy , where K denotes either the field of
real numbers (with n being any integer > 1), or the field of complex numbers or
of quaternions (and in these cases n > 2), or finally the algebra of Cayley numbers
(and here n = 2). In all these cases, we have s = kn + k — 2, where k denotes the
real dimension of K (the formula is in [Pan], and it is a consequence of a general
formula in [Mit]). In a Riemannian symmetric space of rank one, the total mass
function of a conformal density of dimension d is a positive eigenfunction of the
Laplacian, with eigenvalue A = s(s — d).

Let p and g be two integers which are > 2. Recall that the semi-homogeneous
tree of type (p,q) is the simplicial tree P9 where each vertex is of order p or ¢
(that is, belongs respectively to p or ¢ edges), and such that each vertex of order
p (resp. q) is adjacent only to vertices of order ¢ (resp. p). The tree T?? satisfies
(0.2) with s = 3 (log(p—1)+log(g—1)) (see the example at the end of this paper).
As a consequence of Theorem D, we therefore have
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Corollary F. Let TP? be a semi-homogeneous tree of type (p,q). Then, for every
conformal density u = (uz)zex of dimension d > %(log(p —1) + log(q — 1)) on

0X, we have, for every vertex x of X,
Ha = lim Mz R
R—o0
in the sense of weak convergence.

The outline of the paper is as follows.

Section 1 contains background material on C AT (—1)-spaces, with the visual
metric on their boundary as defined in this setting by M. Bourdon.

Section 2 introduces conformal densities on boundaries of C'AT'(—1)-spaces.

In Section 3, we introduce spherical functions on X and we study their ba-
sic properties. In particular, we prove that they satisfy a multiplicative property
(Corollary 3.6) which is analogous to a property satisfied by the classical spherical
functions associated to symmetric spaces of rank one.

In Section 4, we prove all the results stated above.

In Section 5, we study spherically symmetric trees, which give an interesting
class of examples of spaces satisfying the hypotheses of Theorem D.

1. PRELIMINARIES ON C' AT (—1)—SPACES

Let X be a metric space. The distance between two points x and y in X will be
denoted by |z — y|. A geodesic segment (resp. a geodesic ray) in X is a distance—
preserving map from [a, b] to X (resp. from [a, oo to X)), where [a, b] is a compact
interval in R.

A triangle T in X consists of three points in X together with three geodesic
segments joining them pairwise. The segments (or their images) are called the
sides of the triangle.

If T is a triangle in X, then a comparison triangle T' for T in H? (the real
hyperbolic plane) is a triangle in H? together with a map fr which sends each side
of T isometrically onto a side of T".

A triangle T is said to satisty the C AT (—1)—inequality if for every z and y in T,
we have

lz —ylx < |fr(®) — fr(y)|m:,

where f7 is the map associated to a comparison triangle for 7 in H2. A metric space
X is geodesic if any two points in X can be joined by a geodesic segment. The space
is said to be proper if all closed balls are compact. A CAT(—1)-space is a proper
geodesic metric space in which every triangle satisfies the C AT (—1)-inequality.
The class of CAT(—1)-spaces is a vast generalization of that of simply—connected
Riemannian manifolds of sectional curvature < —1. It contains many singular
spaces of combinatorial curvature < —1 (in particular, metric trees); see [Gr] and
[Bou].

C AT (—1)-spaces are examples of Gromov—hyperbolic spaces, of which we recall
the definition. Let X be a metric space with basepoint xzg. The Gromov product
with respect to o of two points x and y in X is defined as

1
(@-y)ay = 5 (w0 — 2| + |20 —y| = |z —y]).
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The space X is said to be Gromov—hyperbolic if there exists § > 0 such that the
following holds:

(1.1) (2.Y)wo = min ((2.2)z0, (Y-2)z ) — 6

for all x,y, 2z € X and for every choice of a basepoint x.

Without going into the details, let us recall that a Gromov—hyperbolic space has
a canonical boundary, 0X, called its Gromov boundary (see [Gr], Section 1.8, or
[CDP], Chapter 2). In the case where X is geodesic and proper, 0X is realized as
the set of geodesic rays up to the equivalence relation which identifies two geodesic
rays r1 : [0,00[— X and rg : [0,00[— X if and only if sup,~ |r1(t) — r2(¢)| < occ.
We denote by r(co) the point in X defined by the geodesic ray r, and we call it
the endpoint of r.

Let X be a CAT(—1)-space. If z is in X and y in X (resp. in 0X), then, up to
reparametrization, there is a unique geodesic segment (resp. ray) joining x and y.
This segment (resp. ray) is denoted by [z,y] (resp. [z,y[). The Gromov product
can be extended to X U0X x X UJX by the following formula:

(1.2) (€10 (m,y)—>(§,n)( Y)zo

where ¢ and 7 are points in X UJX, with z converging to £ and y to n respectively
on [xg,&[ and [zg,n[. (To see that the limit exists, we note that if the point z’
(resp. y') is situated beyond the point = (resp. y) on the ray [zg, [ (resp. on the
ray [xo,n[), then using the triangle inequality, we find that (2'.4")zy > (2.¥)ao-)
The product (£.9)s, is equal to 400 if and only if £ = n € dX. The hyperbolicity
relation (1.1) is valid for every z and y in X U9X.

Recall that the Busemann function h, : X — R associated with a geodesic ray
r:[0,00[— X is defined by

he(z) = tlim (|le — ()] —1).
Given z and y in X, £ € 90X, and a geodesic ray r : [0,00[— X satisfying
r(00) = &, we define the Busemann cocycle, as in [Bou], p. 17, by
(1.3) B(x,y,£) = hr(x) — he(y).

The value of B(z,y, &) does not depend on the choice of the geodesic ray r ending
at £. (This is easily seen using the fact that if  and ' are two geodesic rays ending
at &, the distance between the point 7(t) and the image of the ray r’ tends to 0 as
t tends to oo, as explained in [Boul, p. 18.)

There is a nice family of metrics (| |z)zex on 0X, which we shall call the vi-
sual metrics, and which have been defined, in the setting of C AT (—1)—spaces, by
Bourdon [Bou] using the formula

(149 € — nla = &€

for every z in X and for every £ and n in 0X.
The following formula is easy to prove (see [Bou], p. 26):

(1.5) 1€ = nly = |€ — |, eF (BEvO+B@wm)

for every z and y in X, and £ and 7 in 0.X.
We define now, for every x and y in X and £ in 0X,

(1.6) j(z,y,€) = BEvd),
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As we shall see in Corollary 1.2, the function j(z,y,£) measures the infinitesimal
distorsion of the metric | |, with respect to the metric | |;. From the definitions
and formula (1.5), we immediately deduce

Proposition 1.1. For every x and y € X and for every £ and n € 0X, we have

]

Remark. For natural reasons, we call formula (1.7) the “formula for the change of
point of view”. It generalizes a formula in [Sull] for the case of hyperbolic space
H" and a formula in [Coo] which holds in the case of metric trees.

Corollary 1.2. For every x and y in X and for every £ in 0X, we have

. €=
i@y, &) = %{I}é H
n#¢ ‘

Proof. The proof follows from Proposition 1.1, using the continuity of the function
B(x,y,&) with respect to €. |

The following formula is also useful:

Proposition 1.3. For every x and y in X and for every & in 0X, we have

(w,9,6) = 29—l

Proof. We use the definition

with 7 : [0,00[— X being the geodesic ray satisfying r(0) = z and r(c0) = &.
Therefore, h,.(x) = 0. To compute h,(y), let us take a sequence of points x, on
[x, €[ converging to £&. We have

hr(y) = nh_)néo(h/ - xn| - |£L‘ - xn')

= lim (—|z —z,| — |z —y| + |y — zn]) + |z — ¥

n—oo
==2(ye + |z —yl.
This proves the proposition. |

2. CONFORMAL DENSITIES ON 90X

In the rest of this paper, X is a CAT(—1)-space and 90X is equipped with the
class of visual metrics (| |,)zex defined by formula (1.4).

Let d be a real number. A conformal density of dimension d on 9X is a family
i = (pz)zex of finite positive Borel measures on 90X such that for every = and
y in X, the measure p1, is absolutely continuous with respect to p,, with Radon-
Nikodym derivative

;%@) = jUa,y,€) VE € OX.

We note that a conformal density is completely determined by its dimension
and its value at a given point of X, and that this value can be an arbitrary finite
positive Borel measure on 0X.
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In the next proposition, we give an important example of a conformal density.
We shall make the hypothesis that the s—dimensional Hausdorff measure H; on
0X (equipped with the metric | |;) satisfies 0 < HE(0X) < oo, and for this we
note right away that since for all z and y in X the metrics | |, and | |, on 0X are
Lipschitz—equivalent, this condition does not depend on the choice of the basepoint
x.

Proposition 2.1. Suppose that 0 < HZ(0X) < oco. Then H® = (H:)zex is a
conformal density of dimension s on 0X.

Proof. The proof follows easily from the definition of the Hausdorff measure, using
Proposition 1.2 and the continuity of the infinitesimal distorsion j(z,y,&) as a
function of €. |

Given a conformal density u = (uz)zex of dimension d, we recall that its total
mass function ¢, : X — Ry is defined, for every x € X, by the formula

Pu(x) = pa(0X).

From the definition of a conformal density, we may also write, for every y € X,

(2.1) buly) = / 592, ,€) dua (€).

£eoX

3. SPHERICAL FUNCTIONS

Let X be a CAT(—1)—space satisfying 0 < HE(0X) < oo, for some s > 0.
We define, for each d € R, the spherical function o4 : X x X — Ry by the
formula

calay) = / 9, €) dHE(©).
£€eoX

In other words, for a fixed z, o4(z,-) is the total mass function of the unique
conformal density of dimension d whose value at x is the Hausdorff measure H3.

Let z¢ be a fixed point of X and K, the group of isometries of X that fix
xo. This group is equipped with the topology of uniform convergence on compact
subsets. It is easy to see that K, is compact. Note also that K, acts on 0X as
a group of isometries with respect to the metric | |,,. We shall say that the space
X is spherically symmetric around xo if the group K,, acts transitively on every
sphere centered at x.

We begin with the following:

Proposition 3.1. Suppose that X is spherically symmetric around xo. Then, the
group K, acts transitively on 0X. Conversely, suppose that K., acts transitively
on 0X and that every point in X belongs to some geodesic ray originating at xg.
Then X s spherically symmetric around xg.

Proof. Suppose that X is spherically symmetric around zy and let £ and 7 be two
arbitrary points in 9X. Consider the two geodesic rays [z, &[ and [zg, n[, and for
every n = 0,1,2, ..., let x,, (resp. y,) be the point of intersection of [z, &[ (resp.
[xo,n[) with the sphere S(zg,n). For each n, there exists an isometry g, € K,
which sends x,, to y,. Since K, is compact, there is a subsequence of g,, converging
to an isometry g in K, and it is clear that ¢g sends & to 7.
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Conversely, suppose that K, acts transitively on 0X. Given R > 0, let z and y
be two points on the sphere S(xg, R). Consider two geodesic rays [z¢, &[ and [z, 7],
containing x and y respectively, and let g be an isometry in K, sending & to 7.
Then g(x) = y. This completes the proof of the proposition. |

We now study a few elementary properties of o4(x,.) that will be useful for us
in the sequel.

Proposition 3.2. For every x andy in X and for every isometry g of X, we have
oa(z,y) = 0a(9x, gy).
Proof. This is clear from the definitions. |

Corollary 3.3. If X is spherically symmetric around xq, then for every y and z
in X such that |xg — y| = |zo — 2|, we have gq4(x0,y) = ca(zo, 2). |

For every R > 0, let y be an arbitrary point on the sphere S(xg,7) and consider
the orbit map 7 : K, — S(xo, R) defined by 7(g) = g(y). Let wy, r be the image
by 7 of the Haar measure m,, on K, (normalized by my,(K4,) = 1). It is clear
that the definition of w;, r does not depend on the choice of the point y. We have
the following:

Proposition 3.4. Assume that X is spherically symmetric with respect to xo and
let y be an arbitrary point in X, with r = |y — xo|. Then, for every conformal
density 1 = (pz)zex of dimension d on 0X, we have

Hs, (0X
m(xo):W / Gu(2) i (2).
z€S(xo,R)

Proof. We have

() oy (=) = / bu(y)dmay (7)

z€S(zo,R) YEKzq
- / / 5920, 792 )t (€)dimay ()
YEKy, £€0X
_ / /jd(!anya’y_lﬁ)dﬂmo(f)dmwo(’ﬂ-
YEK, £€0X

We now use the following lemma:

Lemma 3.5. The measure H;, is, up to a constant factor, the unique finite positive
Borel measure on 0X which is invariant by the group K.

Proof. The proof follows from general facts in measure theory. Suppose that p; and
o are two K, —invariant finite positive Borel measures on 0.X, and consider the
measure v = i1 + po. For every Borel subset A C 90X, we can write v(A4) > ui(A).
Therefore, w1 is absolutely continuous with respect to v, and the Radon-Nikodym
derivative id% is a function on 0X which is invariant under the action of K. Since
K,, acts transitively on 0X, id% is constant. Therefore, the measure p; is itself
proportional to v, which implies that us is proportional to 1. This proves Lemma
3.5. |
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Now we can finish the proof of Proposition 3.4. The measure on 0.X defined by

fo [ ] 0T g €, (),
VEKg, §€0X
and which appears in the last integral, is K, —invariant, and is therefore a constant

multiple of Hj . Its total mass is equal to pi;,(0X), since the total mass of the
measure my, on K, is equal to one. Therefore, we obtain

o (0X : s
/ (e e () = £ [ ot 0
ZES 10, £€oX
_ Su(wo)
== Hmo(aX)O—d(x07y)'
This proves Proposition 3.4. |

Corollary 3.6 (the multiplicative property of spherical functions). We have, for
every x in X and for every y € S(xo, R),

1

H: (0X)

Zo

o4z, 2)dwg, r(2) = oa(x,x0)oq(zo,y).

z€S(zo,R)

Proof. Let pu be the conformal density of dimension d on 0X which at the point x
is equal to the measure H3. Then ¢,(w) is equal to oq(z, w) for every w € X, and
the proof follows from Proposition 3.4. |

Remark. Let G denote the isometry group of X. We suppose that we have a
G—invariant subset V' of X such that whenever (z,y) and (2/,y’) are two elements
in V x V with |z — y| = |2’ — /|, then there exists an element g in G such that
g(z) = 2’ and ¢g(y) = y’. This implies in particular that G acts transitively on V,
and therefore the value H; (0X) does not depend on the choice of zg € V. Thus,
we can normalize this value to be equal to one. Let us note also that by Proposition
3.2, the value of o4(z,y), for x and y in V, depends only on the distance |z — y|.
Assume also that X is spherically symmetric around some (and hence any) point
in V. Homogeneous trees and symmetric spaces of rank one satisfy all the required
properties, with V' being the set of vertices in the first case and with V being the
whole space in the second case. Let xg be a basepoint in V. Consider the function
f: G — Ry defined, for all g € G, by

f(g) = aa(xo, gxo).

Let us note that f(g) = f(g~!) for every g in G, since oy4(-,-) on V x V de-
pends only on the distance between the two variables. Note also that f is K, —bi-
invariant. By Corollary 3.6, we have (taking z = g~ 'x¢ and y = haxg)

/ calg™ 0, vho)dmay () = £(9)f (h),

Y€K,

which implies

/ Galw0, gvhizo)dma, () = £(g)F(h),

RASAE
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and finally

/ Flavh) = F(9)f(h).

Y€K,

for every g and h in G.

In the case where X is a symmetric space of rank one, taking V = X, we
obtain therefore a formula in [Hel], Chapter IV, Proposition 2.2, which characterizes
spherical functions.

The following properties of our symmetric functions will also be useful.

Lemma 3.7. For every x, y and z in X, we have
oa(z,y) > e~ W loy(z, 2).

Proof. Let £ be a point in X and h the Busemann function associated with some
geodesic ray ending at £. Using the triangle inequality, we see that

h(y) < h(z) + |y — 2|
Therefore,
j,y,§) = M =hw)
> e v=2lj(z, 2, €).
It follows that
sie) = [ i drE)
£€OX
et [ e ant(¢)
£€OX
= e~ MW=l (x, 2).

This proves the lemma. |

Proposition 3.8. Asume that X is spherically symmetric around xo. Then, for
every y in X and for every & in 0X, we have

7a(o0,) = H2,0X) [ 500,798 dmay (1),
Y€K,
Proof. By Proposition 3.2, we can write, for every v in K,
sateosy) = [ 30 K, (©).

£eoX

Integrating with respect to the measure m,, on K,,, we obtain

caloy) = / /jd(woﬁyaﬁ)dHio(f)dmwo(’Y)

YEKz, £€0X

_ / / 70,7, €) dmiay (7)dHS, (€).

£€0X YEK
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Using the transitivity of the action of K,, on 0X and the left-invariance of the
Haar measure, we see that the value of the integral

/ jd($037y7§) dmfo(’}/)

Y€K,

does not depend on the choice of the point £&. Therefore, we can separate the
variables, and we obtain

oa(o,y) = / (@0, 78, ) dmay () / ars, (©),

YEK £e0X

which proves the lemma. |

4. PROOF OF THE RESULTS

In this section, we prove the results stated in the introduction. In all the section,
we suppose that X is a CAT(—1)—space which is spherically symmetric around
some point xo, and that the s-dimensional Hausdorff measure H; of 0X satisfies

0 < Hj;,(0X) < oo,
for some s > 0.

Proposition 4.1. There exists a sequence (y,) of points in X with |xg — yn| — 00
as n — oo, such that for every d € R there is a constant C = C(d) such that for
everyn =0,1,2,..., we have

oa(xo,yn) > C e~ (s=d)|wo—yn|

Proof. By Proposition 5.1 of [Fal], there exists a constant C’ > 0 such that for
H;,—almost every &y in 90X, we have

M, (B(éo,7))

(4.1) lim sup - >,

r—0
where B(&g, ) is as usual the closed ball centered at & with radius r, with respect
to the metric | |4, .

Note that by the symmetry hypothesis, (4.1) is valid for every point &, in 90X.
Now let & be a fixed point in 9X. Then there exists a sequence of real numbers
rn >0 (n=0,1,2,..), with , — 0, such that for every n we have

H;O (B(f(), Tn))

S
rn

>C",

where C” is a positive constant (slightly smaller than C”).

We suppose now, without loss of generality, that r, < 1 for every n, and we
consider the sequence of points y, on the geodesic ray [z, &[ satisfying, for every
n=20,1,2,..,

|(,C0 - yn| = —log(rn).
By Proposition 1.3, we can write, for every £ € B(&y, ),

(42) j($07 yn’ é‘) — 62(y71»£)—|w0_yn|'
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Let us find an upper bound for (y,.£). As the space X is Gromov-hyperbolic,
there exists ¢ > 0 such that

(4.3) (yn-€) = min ((yn-&0), (£-£0)) — 0.
From the definition of the metric | |,,, we have
(§-60) = —logrn = [x0 — Y|
which implies, using the definition of the point ¥,
(Un-S0) = lzo — ynl < (£-50)-
Therefore, the min in formula (4.3) is attained by (y,.§o) and we can write
(¥n-€) = (yn-€0) = 6 = |wo — yn| — 0.
Thus, formula (4.2) implies
(@0, yn, §) > elromvnl=20,
Summing up, we have, for all n > 0,

oa(zo,yn) > / 3@, yn, )dHE (£

EEB(EO/"n)

N TN

EEB(EO)TH)
> ed|wo—yn\—26dcllrfl

— ed|mg—yn\—QJdO//e—S\zo—yn\.
Therefore, we have
(4.4) ca(zg, yn) > Ce (= Dlzo—ynl
where C' is the constant C”e~2%¢. This proves Proposition 4.1. |

Proposition 4.2. Let d be a real number satisfying d > s/2, and f: XUOX — R

a continuous function. For every n = 0,1,2,..., define the function g, : 0X — R
by
n = 7 3 Zo, n n dmm )
gn(§) P E—— 3% (@0, Yy, €) f (Vyn)dma, (7)
YEK

where (yp) is the sequence of points defined by Proposition 4.1. Then the sequence
(gn) converges uniformly to f on 0X, as n — co.

Proof. By Proposition 3.8, we have
H;, (0X)

Ud(x(b yn)

/ jd(x07pyyn7§)dmwo(’}/) =1L

RASAE
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Therefore, for every £ in 90X, the value of ¢, (§) — f(&) is equal to

M3, (0X)

Ud($07 Yn)

/ Fvyn) i (0, Yyn, E)dma, ()

JEK g

- / F(E)7 (20, Yy E)dimg ()

Y€K,

- %’YGZ (f(')/yn) - f(g))jd(x(h’yynvg)dmwo (’7)

The function f being continuous on X U 90X, we can find K > 0 such that

€
(4.5) [f(vyn) = F(©I < 5 whenever  (yyn &)z > K.
Now define the subset W C K, as
W = {y € K,, such that (vy,.§)., > K}.

Then we have

s (0
19(6) — F(O)] < % / () = F(E)] 70, 1ns € dmiag (1)
= / 17 m) = O 50,79 ) dia ()
0
ﬁ F30m) = F(O) 70, Vs €) iy (7).

YEK o \W

Let us estimate separately each of the two terms in the last expression.
For each v € W, we have

|f(vyn) = FOI <

[\D|('“

Therefore, we can write

5 (0
T [ 17n) = FO15n,70m ), (1)
yeW
€ 0
< 5 ﬁ / jd(an’yynag)dmwo(’Y)
~yeW
< H;, (0X)

/ 3H(@0, YYns €) Ay (7).

YEK

€
2 0d (:an yn)
Using Proposition 3.8, we obtain

M, (0X) 176w = £(©)1 50,150, (7)<

Ud(x(b yn)
~yeW

NJIm
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To estimate the other term, let
[ flloc = sup [f].
XUox
Then,

£ (y) = F(OI < 2[ oo

for all y in X UOX and £ € 0X.
For every v € K, \ W, we have, using Proposition 1.3,

3 (@0, Yin, €) < eI 7unl — (2K =|z0=yn],

Therefore, we obtain

e 2M3 (0X)
lon(&) = FOI < 5+ 0=

|1/ | soe? R lromuml),

Using Proposition 4.1, we obtain

g (&) — f ()I< += H o (0X)]|f[[ooe?PHlomumDH (s Dlzo=un]

2
< 5+ GH OX)|[fl]ce? el Dlro v,

As s — 2d < 0 and since |zg — y,,| — 00 as n — oo, we have, e(*=2dlwo—vnl _ 0

as n — 0o. Therefore there exists an integer Ny such that for all n > Ny, we have

96 = FOI S S+ 5 =¢

This completes the proof of Proposition 4.2. |

Let p be a conformal density on X, whose dimension d satisfies d > s/2. For
every R > 0, define the measure iz, g on the sphere S(zg, R) by the formula

Mz, (0X)
Hag,R = ————GuWzo R
Cd,R
where cq g is the common value taken by the function og(xo,-) on S(zg, R). (Note
that ¢, is a continuous function on X and that the formula above means that p,,r
is absolutely continuous with respect to the measure w;, g, with Radon-Nikodym

derivative = (;5H )

Theorem 4.3. There ezists a sequence (Ry)n>0 with R, > 0 and R, — oo as
n — oo such that for every conformal density p of dimension d > s/2 on 0X, we
have

/’LwO = ]‘lm /’LwlhRn

n—oo

in the sense of weak convergence of measures.

Proof. Consider the sequence of points (y,) given in Proposition 4.1, and let R,, =
|0 — yn|- For any continuous function f : X UdX — R, let g, : 0X — R be the
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associated sequence of functions defined by Proposition 4.2. We have, for every
n €N,

Hs (0X
umo,Rn(f)=% / G (Yyn) f(Yyn) dimigy (7)
'yGKxO

- o4 1’0 y / / il?o,’yyn, )dlumo (5) f(’yyn) dmzo ('Y)

'yEKmO £eoX

- O’d xo,yn / / (2o, ynag)f('yyn) dmmo('y)duwo(g)

£€0X YEK 4,

— / 0 (€) dtag (€)

£€oX
= Hazg (gn)

Now, by Proposition 4.2, the sequence (g,) converges uniformly to f on 90X,
as n — oo. Therefore, py, g, (f) converges to fiz,(f). Thus, the sequence pg, g,
converges weakly to piz,. This proves Theorem 4.3. |

Remark. Let A be an e—dense subset of Ry. Using Lemma 3.7, we can find a
sequence of points (yy,,) satisfying the properties of Proposition 4.1 with |zo—y,| € A
for all n. Hence, in Theorem 4.3, we can take R, in A for all n.

Theorem 4.4. Suppose that X is a CAT(—1)—space which is spherically symmet-
ric around xo and such that the following condition holds: For some s > 0, there
exist three constants rg > 0, C1 > 0, and Cs > 0 such that for every € € 0X and
for every 0 < r < rg, we have

M, (B 7))

/rS

(4.6) C: < < (.

Then, for every conformal density p = (lz)zex of dimension d > s/2, we have
Moo = NI pigg r
in the sense of weak convergence of measures.

Remark. Note that condition (4.6) clearly implies that 0 < H; (0X) < oo. Con-
versely, the condition 0 < H5 (0X) < oo implies that there exist 79 > 0 and Cy > 0
such that for every 0 < r < rg, we have

M, (B(E7))

- <O

for H; —almost every £ € 0X (see [Fal], Proposition 5.1).

Proof of Theorem 4.4. The same proof as for Theorem 4.3 goes through with the
following modifications: Instead of Proposition 4.1, we use Proposition 4.5 below,
and the statement of Proposition 4.2 is replaced by the corresponding statement
valid for every sequence of points ¥, tending to infinity. |
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Proposition 4.5. Suppose that X satisfies the hypotheses of Theorem 4.4. Then,
for every d € R, there exists a constant C' = C(d) such that for every y € X, we
have

oa(xo,y) > C e (s=Dlwo—yl,

Proof of Proposition 4.5. The proof follows that of Proposition 4.1, with the differ-
nce that here, inequality (4.1) is, by hypothesis, valid for all r in [0, ro]. |

We deduce from Theorem 4.4 the following corollary:

Corollary 4.6. Let X be CAT(—1)—space which is spherically symmetric around
some point xg, and admitting a cocompact isometric action of a group I' such that
the critical exponent or is finite. Then, for every conformal density p = (pbz)zex
of dimension d > or/2 on 0X, we have, for every x in X,

Mo = lim Mz R
R—o0
in the sense of weak convergence of measures.

Proof. By a result in [Coo] and [Bou], the space X satisfies condition (4.6) with
s = 5p. |

As we said in §0, the hypotheses of Corollary 4.6 are satisfied by Riemannian
symmetric spaces of rank one and semi-homogeneous trees.

5. SPHERICALLY SYMMETRIC TREES

We conclude the paper with a description of a class of examples satisfying the
hypotheses of Theorem 4.4:

Consider a simplicial locally finite tree X which is spherically symmetric around
some vertex xp. The degree of a vertex v of X therefore depends only on the
distance |zo — v|. Let py denote the degree of zg and let 1 + p,, be the degree of a
vertex at distance n > 1 from zg. It is known (see [Lyo], p. 935) that the Hausdorff
dimension of 0X is equal to lim,, 7#1 > orologp;.

Proposition 5.1. Condition (4.6) of Theorem 4.4 is satisfied if and only if the
following holds:

ns

(5.1) There exist Cy > 0 and Cy > 0 such that C7 < _c < Oy,
PoP1---Pn

for everyn =0,1,....

Proof. Suppose first that (4.6) is satisfied. We know that the Hausdorff measure
H;, on X, which by hypothesis is finite and positive, is K;,—invariant. For every
vertex v in X, let B(v) denote the set of £ in X such that v € [zg,£[. Note that
B(v) is a closed ball of radius e~ (") where n 4+ 1 = |zo — v|, with respect to
the visual metric | |;,. By symmetry, the H; —mass of B(v) depends only on the
distance |z —v|. Therefore, the value of H3 (B(v)) is equal to H5 (9X)/kn, where
kn = po...pn is the number of points at distance n+ 1 from x¢. Condition (4.6) now
clearly implies (5.1).

Conversely, suppose that condition (5.1) is satisfied. There is a canonical measure
@ on 0X which is characterized by the fact that for a vertex v at distance n + 1

1

from g, we have p(B(v)) = 7o Condition (5.1) implies now that there exist

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CONFORMAL DENSITIES ON CAT(—1)-SPACES 2761

two constants C] > 0 and C% > 0 such that for every closed ball B(§,r) in (X, | |,)
centered at £ and of radius r, we have, for every r < 1,
B
o < n(BEN) _ c
TS

Let us fix a real number € €]0, 1], and consider a covering of (0X,] |,) by a
set of closed balls (B;) of radii ; < e. By the ultrametric property of the space
(0X,| |2o), we can suppose (up to taking a subcover) that all the B;’s are disjoint.
We can now write

1 1 L1 1
@N(aX) = @2#(31‘) < ;Ti < a;m&) = au(BX).

Therefore, we have 0 < C%/L(BX) <H;, < C%M(‘?X) < 00, which implies, using
Lemma 3.5, that H3, is, up to a constant factor, equal to the measure p. Therefore,
condition (4.6) is satisfied.

An interesting special case of simplicial trees satisfying condition (5.1) is the
case where the sequence py, ..., p, is preperiodic. By this we mean that there ex-
ist two integers r > 1 and [ > 1 such that for every k > r, we have py+; = pk.
Then condition (5.1) is satisfied with s = %22:1 log(pr+i). In particular, a semi-
homogeneous tree of degree (p,q) (using the notation of §0) satisfies (5.1) with
s = %(log(p —1) +log(q — 1)) Semi-homogeneous trees admit many discrete co-
compact group actions, but the construction above provides us also with examples
of simplicial trees which satisfy condition (5.1) and which do not admit any cocom-
pact group action. For example, consider spherically symmetric trees such that the
sequence pg, p1, Pe2... is preperiodic, with zy being the unique vertex of X having
order po. In this case, the isometry group of X is reduced to K, ,. In fact, it
is possible to classify spherically symmetric trees which admit discrete cocompact
group actions. Indeed, one can easily see that for such a tree, the sequence p1, po, ...
is periodic of period N with py =po — 1 and py_x =pg forall k =1,..., N — 1.
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