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AN EQUIVARIANT SMASH SPECTRAL SEQUENCE
AND AN UNSTABLE BOX PRODUCT

MICHELE INTERMONT

Abstract. Let G be a finite group. We construct a first quadrant spectral
sequence which converges to the equivariant homotopy groups of the smash
product X ∧Y for suitably connected, based G-CW complexes X and Y . The
E2 term is described in terms of a tensor product functor of equivariant Π-
algebras. A homotopy version of the non-equivariant Künneth theorem and
the equivariant suspension theorem of Lewis are both shown to be special cases
of the corner of the spectral sequence.

We also give a categorical description of this tensor product functor which
is analogous to the description in equivariant stable homotopy theory of the
box product of Mackey functors. For this reason, the tensor product functor
deserves to be called an “unstable box product”.

1. Introduction

In [19] it was shown that there is a spectral sequence converging to the non-
equivariant homotopy groups of the wedge of two based, connected CW complexes,
and another spectral sequence converging to the homotopy groups of the smash
product of two such complexes. In each, the E2 term depends only on the homotopy
groups and the primary homotopy operations of each of the two spaces. The spectral
sequence for a wedge was extended in [9] to a spectral sequence converging to the
equivariant homotopy groups of the wedge of two suitably connected, based G-CW
complexes when G is a finite group.

The significance of the spectral sequence in [19] which converges to the smash
product is that the E2 term can be described using a tensor product functor (and
its derived functors). In this paper we extend the smash spectral sequence result
to the equivariant setting. We also show that the tensor product functor deserves
to be called an “unstable box product” because of its relation to the box product
found in equivariant stable homotopy theory. Indeed, the categorical description of
the tensor product in Theorem 4.6 is analogous to that of the box product given
by Lewis in [11].

Let V , with dimension |V |, be a representation of a group G. The representation
V ⊕ Rm, m ≥ 0, will be denoted (V + m). Here G acts trivially on the Euclidean
space. We say a G-space X is V ∗-connected if, for each subgroup H of G, the fixed
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point set XH is V H -connected. The Π(V )-algebra determined by X , written ΠV X ,
is the collection {πH

V +m(X)}m,H , m ≥ 0, H ⊆ G together with all the homotopy
operations between these groups (set, if m = 0).

Throughout this paper, V and W will be fixed, finite dimensional representations
of the fixed, finite group G. The first main result is:

Theorem 1.1. Let X and Y be based G-CW complexes such that X is V ∗-connected
and Y is W ∗-connected. For each H ⊆ G there is a first quadrant spectral sequence
{Er

p,q(H)} converging to {πH
V +W+p+q(X ∧ Y )}p+q, where p, q, p + q ≥ 0. For fixed

p the collection of columns E2
p,∗ := {E2

p,∗(H)}H is isomorphic to the pth derived
functor of the tensor product functor. That is, E2

p,∗ ∼= ΠV X ⊗p ΠW Y .

A precise formulation of the next theorem will be given in Theorem 4.6, but for
now we state:

Theorem. Let A be a Π(V )-algebra, B a Π(W )-algebra. The tensor product func-
tor of A and B and the unstable box product functor of A and B are equivalent.

In the corner of the spectral sequence, we see the expected familiar results.
Corollary 4.7 is the homotopy version of the non-equivariant Künneth theorem,
and Corollary 4 is the Freudenthal suspension theorem of Lewis ([12, Theorem
2.5]).

The organization of this paper is as follows. Section 2 fixes some notation and
establishes the spectral sequences of Theorem 1.1. In Section 3, Π(V )-algebras are
reviewed and the proof of Theorem 1.1 is finished. Finally, the second main theorem
and the corollaries are presented in Section 4.

The author wishes to thank L. Gaunce Lewis, Jr. for his many generous remarks,
and William G. Dwyer and James M. Turner for several helpful conversations.

2. The spectral sequence

Recall that for a fixed representation V , SV is the one-point compactification
of V with the compactification point taken as the basepoint. This point is fixed
by the action of G. Since V is a representation, the set of H fixed points, (SV )H ,
is again a sphere for each subgroup H of G. If X is a G-space, then πH

V (X) is
defined to be [SV , X ]H , the based H-homotopy classes of based H-maps. This is a
group as long as the dimension |V H | of V H is greater than or equal to 1, and an
abelian group if |V H | ≥ 2. Notice that [SV , X ]H ∼= [SV ∧G/H+, X ]G. The object
SV ∧ G/H+ will be abbreviated as SV

H , and the corresponding equivariant disk
DV +1∧G/H+ will be abbreviated as DV +1

H . Note too, that if G acts trivially on V ,
then πH

V (X) = πm(XH) where m = |V |. If X and Y are G-spaces, then the space
Map∗(X, Y ) of pointed maps between them is a G-space under the conjugation
action of G. The fixed points are the pointed G-maps between X and Y , written
MapG

∗ (X, Y ). The space X ∧ Y derives its G action from the diagonal action on
X × Y as the cofibre of the inclusion G-map X ∨ Y ↪→ X × Y .

Let X be a based, V ∗-connected G-CW complex. In [9], following [19], we
constructed a simplicial G-space X• such that each Xi is G-homotopy equivalent
to a wedge of G-spheres SV +mi

Hi
, mi ≥ 1, and such that |X•| 'G X . We recall this

functorial construction of X•. The space VX is given by the pushout
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∨
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∨
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indexed over h ∈ MapG∗ (DV +m+1
H , X), f ∈ MapG∗ (SV +m

H , X). The G-map i is the
inclusion of the boundary of a disk into the disk itself, and the G-map r is the
map which takes each wedge summand (SV +m

H )h to the wedge summand (SV +m
H )f

where f : SV +m
H → X is the restriction of h to the boundary of DV +m+1

H . G acts
on VX in a natural way.

There are two natural maps with VX :
(i) ε : VX → X which sends (SV +m

H )f into X by the indexing map f and
(DV +m+1

H )h into X by the indexing map h.
(ii) β : VX → V2X which sends (SV +m

H )f G-homeomorphically to the copy of
SV +m

H in V2X indexed by the inclusion of the sphere into VX and which sends
(DV +m+1

H )h G-homeomorphically to the copy of DV +m+1
H in V2X indexed by

the inclusion.
The construction V together with the maps ε, β form a cotriple (or comonad, in
the language of [15]) from which a cellular simplicial G-space can be constructed
([9], following [8]). We call this simplicial G-space the generalized G(V )-sphere
resolution of X , and denote it by X•. The spaces Xi are defined as

Xi := V i+1X = V(V iX), i ≥ 0,

and X• is augmented by ε : X0 → X. The face and degeneracy maps, 0 ≤ j ≤ p,
are given by

dj = VjεVp−j : Xp → Xp−1 and sj = VjβVp−j : Xp → Xp+1.

We record the promised equivalence:

Proposition 2.1 ([9, Corollary 4.5]). Let X be a based G-CW complex, X• as
above. If X is V ∗-connected, then the augmentation map, ε : X0 → X, induces
a G-homotopy equivalence |X•| → X.

Lemma 2.2. Let V and W be G-representations. Let X, Y be based G-CW com-
plexes with X•, Y• the G(V )- and G(W )-sphere resolutions of X and Y respectively.
If X is V ∗-connected and Y is W ∗-connected, then |X• ∧ Y•| is G-homotopy equiv-
alent to X ∧ Y.

Proof. By Proposition 2.1, there are homotopy equivalences |X•|H '→ XH and
|Y•|H '→ Y H for all H ⊆ G. Thus, for all H ⊆ G, |X•|H ∨ |Y•|H ∼= XH ∨ Y H , and
|X•|H × |Y•|H ∼= XH × Y H . Taking fixed points is compatible with the action on
X ∨ Y and with the diagonal action on the product, so we have

(|X•| ∨ |Y•|)H ∼= (X ∨ Y )H and (|X•| × |Y•|)H ∼= (X × Y )H .

Now (|X•| × |Y•|)H ∼= |X• × Y•|H , and likewise, this holds for the wedge, so the
cofibres of |X• ∨ Y•|H ↪→ |X• × Y•|H and (X ∨ Y )H ↪→ (X × Y )H are homotopy
equivalent for all H ⊆ G. That is, |X• ∧ Y•|H ' (X ∧ Y )H . This is enough to
conclude that |X• ∧ Y•| and X ∧ Y are G-homotopy equivalent ([6, II §2.7]).
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Notice that X•∧Y• is (V +W +1)∗-connected, and thus, G-homotopy equivalence
does indeed imply that πV +W+∗|X• ∧ Y•| ∼= πV +W+∗X ∧ Y . We now have

Theorem 2.3. Let X be a based, V ∗-connected G-CW complex, and Y a based,
W ∗-connected G-CW complex with X•, Y• their respective G(V )- and G(W )-sphere
resolutions. For each H there exists a first quadrant spectral sequence

E2
p,q(H) = πpπ

H
V +W+q(X• ∧ Y•)

converging to πH
V +W+p+q(X ∧ Y ).

Proof. In each simplicial dimension, X• ∧ Y• is (V + W + 1)∗-connected, so for
each subgroup H , the mapping space MapH

∗ (SV +W , X• ∧ Y•) is 1-connected ([9,
4.1]). The spectral sequence of [2], adapted to simplicial spaces by [5] and ap-
plied to MapH∗ (SV +W , X• ∧ Y•) converges to |MapH∗ (SV +W , X• ∧ Y•)|. Using an
inductive argument on the G-CW decomposition of SV +W , it can be shown that
|MapH

∗ (SV +W , X• ∧ Y•)| is homotopy equivalent to MapH
∗ (SV +W , |X• ∧ Y•|) (see

[9, 4.3]). Thus, the E2 term is given by E2
p,q(H) = πpπ

H
V +W+q(X• ∧ Y•) and the

spectral sequence converges to πH
V +W+p+q|X• ∧ Y•|. Now apply Lemma 2.2.

Corollary 2.4. Let X be a based (V + m − 1)∗-connected G-CW complex, Y a
based (W + n − 1)∗-connected G-CW complex, m, n > 0. For each H ⊆ G, there
exists an exact sequence

πH
V +W+m+n+2(X ∧ Y ) → E2

2,m+n(H) → E2
0,m+n+1(H)

→ πH
V +W+m+n+1(X ∧ Y ) → E2

1,m+n → 0.

Proof. We use the generalized G(V )- and G(W )-sphere resolutions of X and Y ,
modified so as to contain only spheres SV +k, k ≥ m, or SW+`, ` ≥ n. The simplicial
space X• ∧ Y• is (V + W + m + n − 1)-connected and retains the property that
|X•∧Y•| 'G X∧Y . Thus, E2

p,i(H) = πpπ
H
V +W+i(X•∧Y•) = ∗ for i < m+n, p > 0

and H ⊆ G. We have a short exact sequence

0 → E∞
2,m+n(H) → E2

2,m+n(H) → E2
0,m+n+1(H) → E∞

0,m+n+1(H) → 0

which, in light of the filtration, yields the exact sequence of the corollary.

3. Understanding the E2
term

In this section we show that the E2 terms of the spectral sequences of Theorem
2.3, when taken as a collection, carry the algebraic structure of a Π(V +W )-algebra.
We will often call this collection of terms the E2 term, and this collection of spectral
sequences the spectral sequence. We begin by recalling some facts about equivariant
Π-algebras.

Definition 3.1. Fix any representation V of G. Let Π(V ) be the category with
objects

∨k
i=1 SV +mi

Hi
, mi ≥ 1, Hi ⊆ G. The point space ∗ is included as an object

of Π(V ). The morphisms of Π(V ) are taken to be G-homotopy classes of G-maps
between the objects. A Π(V )-algebra is a contravariant functor A : Π(V ) → Sets∗
such that the inclusion maps ij : Uj ↪→ U0 ∨ U1, j = 0, 1, induce an isomorphism
A(U0 ∨ U1)

∼=→ A(U0)×A(U1).

The Π(V )-algebras we are most interested in are those of the form [−, X ]G
for X a G-space. Such a Π(V )-algebra is denoted ΠV (X), and can be thought
of as the collection of groups {πH

V +m(X)}m,H , H ⊆ G, m ≥ 1, together with the
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operations between these groups. The value of the functor on objects is indeed in
the category Gps of groups if m = 1 and in abelian groups, Ab, if m > 1; however,
the morphisms are not necessarily group homomorphisms. Π(V )-algebras form a
category with (small) colimits, called Π(V )-al.

Let SG be the category of subgroups of G. By gr SG-Sets∗ we denote the
category of based sets indexed over both positive integers and subgroups of G.
There is a forgetful functor U from Π(V )-al to gr SG-Sets∗ with a left adjoint, F .
If T := {Tm,H} ∈ gr SG-Sets∗, then the free Π(V )-algebra FT is the Π(V )-algebra
associated to a wedge of spheres—one sphere SV +m

H for each non-basepoint element
µ ∈ Tm,H—ranging over all the sets Tm,H in T . Thus, the free Π(V )-algebras are
those of the form [−, U ], where U is a colimit of objects in Π(V ). See [19] and [9]
for more details.

A simplicial object A• over Π(V )-al can be thought of as a contravariant functor
from Π(V ) into the category of based simplicial graded sets with the same property
as above—that it takes finite wedges to products isomorphically. Applying πp to
A• ([16, §3.6, §16.7]) for p ≥ 0 produces a Π(V )-algebra.

Motivated by the E2 term of the spectral sequence in Theorem 2.3, we now
define the tensor product of a free Π(V )- and a free Π(W )-algebra. We then extend
the definition to arbitrary Π(V )- and Π(W )-algebras.

Definition 3.2. Let A and B be free Π(V )- and Π(W )-algebras respectively. Thus
A = [−, X ]G and B = [−, Y ]G for some spaces X and Y which are wedges of
equivariant spheres. The tensor product, A ⊗ B, is the free Π(V + W )-algebra
defined as

A⊗B = [−, X ]G ⊗ [−, Y ]G := [−, X ∧ Y ]G.

If A and B are arbitrary, choose free simplicial resolutions A• and B• of A and
B. Since Ai and Bi are free Π(V )-, Π(W )-algebras for each simplicial dimension i,
Ai ⊗Bi is defined. With ⊗ performed dimensionwise, A• ⊗B• is thus a simplicial
Π(V + W )-algebra. We now define A⊗B := π0(A• ⊗B•).

It can be shown, in a manner analogous to [19], that ⊗ is a well-defined functor.
In addition (see [19], [1]), the pth derived functor, ⊗p, of the tensor product
functor is well-defined for all p ≥ 0 by A⊗p B := πp(A•⊗B•) where once again A•
and B• are free simplicial resolutions of A and B. By definition, the zeroth derived
functor is just the tensor product functor.

With this definition and Theorem 2.3, the first main theorem is now easily de-
duced.

Proof of Theorem 1.1. For each H , we established a spectral sequence converging
to πH

V +W+q(X∧Y ), q ≥ 1, with E2
p,q(H) = πpπ

H
V +W+q(X•∧Y•) in Theorem 2.3. For

each fixed value of p, p ≥ 0, the collection of columns {E2
p,∗(H)}H forms a Π(V +W )-

algebra, namely, πpΠV +W (X• ∧ Y•). For each simplicial index i, ΠV Xi and ΠW Yi

are free Π(V )-, Π(W )-algebras respectively, so ΠV Xi ⊗ ΠW Yi = ΠV +W Xi ∧ Yi .
Thus,

ΠV (X•)⊗ΠW (Y•) = ΠV +W (X• ∧ Y•)

where the indexing is again understood dimensionwise. Since ΠV (X•) and ΠW (Y•)
are free simplicial resolutions of ΠV (X) and ΠW (Y ), the definition of derived func-
tors now allows us to write for each p ≥ 0:

πpΠV +W (X• ∧ Y•) = ΠV X ⊗p ΠW Y.
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4. ⊗ as a Kan extension

In Section 4 we took a constructive approach, defining ⊗ in order to complete
the proof of Theorem 1.1. Using this approach, it is not clear that this functor
has any natural properties. We can indeed establish these properties following [19].
However, in this section we will show that ⊗ is a left Kan extension (and hence a
left adjoint). The advantage of this perspective is that it parallels the definition of
the stable box product given by Lewis [11]. We give Lewis’s definition here.

Recall that Mackey functors are contravariant, additive functors from the Burn-
side category B into abelian groups. The objects of the Burnside category of a
group G are finite G-sets, and its morphisms are sets of stable homotopy classes
of G-maps between the associated suspension spectra. This is isomorphic to a full
subcategory of the equivariant stable category ([14, §V.9]). (In other words, the
objects of B are often thought of as suspension spectra rather than as finite G-sets.)

The box product of two Mackey functors M and N is the left Kan extension of
M ⊗N along ×, as in the diagram

Ab

Bop × Bop

M⊗N

99
t
t
t
t
t
t
t
t
t
t ×

// Bop

M�N

aaD
D
D
D
D
D
D
D

Here (M ⊗ N)(a, b) = M(a) ⊗ N(b) and a × b is the product of a and b as finite
G-sets.

Of course, unstably there is not enough structure to ensure that Π(V )-algebras
take morphisms in Π(V ) to group homomorphisms. For this reason, unstably we
work with the category of sets rather than the category of abelian groups. We also
continue to work in the pointed case.

Definition 4.1. Let A and B be Π(V )- and Π(W )-algebras respectively. The
unstable box product A�B of A and B is defined as the left Kan extension of
A ∧B along the functor ∧. Pictorially,

Sets∗

Π(V )op ∧Π(W )op ∧
//

A∧B

77
n
n
n
n
n
n
n
n
n
n
n

Π(V + W )op

A�B

ffM
M
M
M
M
M
M
M
M
M

The functor A∧B in the diagram is defined on (c, d) as A(c)∧B(d). The functor
∧ : Π(V )op ∧Π(W )op → Π(V + W )op is defined on spheres as:

SV +i
H ∧ SW+j

J = SV +W+i+j ∧ (G/H ×G/J)+ =
∨
`

SV +W+i+j ∧ (G/K`)+

for some subgroups K`. For arbitrary objects a and b of Π(V )op ∧ Π(W )op, we
extend this definition as

a ∧ b = (
∨
i

SV +i
Hi

) ∧ (
∨
j

SW+j
Jj

) ∼=
∨
i,j

(SV +i
Hi

∧ SW+j
Jj

).

Lemma 4.2. Let C,D be pointed categories. If s : C → D is a pointed functor,
then the left Kan extension of the representable functor C(−, c) along s is the rep-
resentable functor D(−s(c)) for any c ∈ C.
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Proof. See [10, Chapter 4]; or [15, § X] (for the unpointed version).

Lemma 4.3. A�B is a Π(V + W )-algebra.

Proof. We need only to show that A�B maps coproducts to products. When
A = [−, X ]G and B = [−, Y ]G are representable Π(V )-, Π(W )-algebras, Lemma
4.2 gives us that A�B = [−, X ∧ Y ]G. This functor clearly maps coproducts
to products. When A and B are free Π(V )-, Π(W )-algebras, A = [−, X ]G, and
B = [−, Y ]G, where X and Y are colimits of elements Ti ∈ Π(V ), Sj ∈ Π(W ).
Namely,

X = colim(T0 ↪→ T1 ↪→ T2 ↪→ . . . ),

Y = colim(S0 ↪→ S1 ↪→ S2 ↪→ . . . ).

All the maps are inclusions of wedge summands, and therefore induce inclusions
[−, Ti]G ↪→ [−, Ti+1]G, and [−, Sj]G ↪→ [−, Sj+1]G. The compactness of spheres
gives [−, X ]G = colimi[−, Ti]G and [−, Y ]G = colimj[−, Sj]G, and we have

[−, X ]G�[−, Y ]G = colimi[−, Ti]G�colimj[−, Sj]G
∼= colimi,j ([−, Ti]G�[−, Sj]G)
∼= colimi,j ([−, (Ti ∧ Sj)]G)
∼= [−, colimi,j(Ti ∧ Sj)]G.

This functor clearly maps coproducts to products. It is not hard to see that co-
equalizers preserve this property of mapping coproducts to products.

Lemma 4.4. The functors −�D and C�− preserve colimits.

Proof. If D is an arbitrary Π(W )-algebra, −�D preserves colimits since it is left
adjoint to the generalized Hom functor

HomΠ(W )(D,−) : Π(V + W )-al → Π(V )-al,

F 7→ HomΠ(W )(D, F ).

Notice that HomΠ(W )(D, F ) is in fact a Π(V )-algebra since F maps wedges to
products, and since Hom commutes with products in the second variable.

To see that −�D is a left adjoint to Hom, consider that NatΠ(V +W )(C�D, F )
and NatΠ(V )∧Π(W )(C ∧D, F ) are isomorhphic via the properties of left Kan exten-
sions. Then notice that

NatΠ(V )∧Π(W )(C ∧D, F ) ∼= NatΠ(V )(C, HomΠ(W )(D, F ))

via the usual isomorphism: (γ : C ∧D → F ) 7→ (ξ : C → HomΠ(W )(D, F )) where
ξ(c) = γ(c ∧ −).

Let tw : (Π(V ), Π(W )) → (Π(W ), Π(V )) be the twist map, tw(a, b) = (b, a).
Since the diagram

Π(V ), Π(W ) ∧
//

tw

��

Π(V + W )

Π(W ), Π(V )

∧

77
o
o
o
o
o
o
o
o
o
o
o

commutes, and since −�D preserves colimits, C�− also preserves colimits.
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Lemma 4.5. The functors −⊗D and C ⊗− preserve sequential colimits.

Proof. Let colimiTi be a sequential colimit of Π(V )-algebras Ti. We first remark
that colimi(Ti•) satisfies the definition of free simplicial resolution for the space
(colimiTi). Thus,

(colimiTi)⊗D = π0[−, (colimiTi)• ∧D•]G
= π0[−, (colimi(Ti•)) ∧D•]G
∼= π0[−, colimi (Ti• ∧D•)]G
∼= π0colimi[−, Ti• ∧D•]G
∼= colimiπ0[−, Ti• ∧D•]G
= colim (Ti ⊗D) .

As before, commutativity of the twist map tw with ∧ shows that C ⊗ − also
commutes with sequential colimits.

Remark. In fact, it is a consequence of the next theorem that − ⊗ − commutes
with all colimits.

Since A�B is the left Kan extension of ∧ along ∧, there is a one-to-one corre-
spondence between maps from A ∧ B → C ◦ ∧ and maps from A�B → C for any
Π(V + W )-algebra C. Choosing C = A ⊗ B, notice that when A and B are free
Π(V )-, Π(W )-algebras, then there is an obvious map ∧ : A ∧B → A⊗B ◦ ∧. If A
and B are arbitrary Π(V )-, Π(W )-algebras, we take the free Π(V )-, Π(W )-algebras
FUA, FUB, on the underlying graded SG sets, and form A ∧B as the coequalizer

FU(FUA) ∧ FU(FUB) FUA ∧ FUB

fFUA ∧ fFUB

FUfA ∧ FUfB
A ∧B-

-

-

where f is the counit of the (F ,U)-adjunction. Similarly, we form A ⊗ B ◦ ∧
as the coequalizer in the corresponding diagram. In this way ∧ induces a map
A ∧B → A⊗B ◦ ∧, which corresponds to a map φ : A�B → A⊗B.

Theorem 4.6. The map φ : A�B → A ⊗ B is an isomorphism of Π(V + W )-
algebras.

Proof. We begin by assuming that A and B are representable Π(V )-, Π(W )-algebras:
A = [−, X ]G for some X in Π(V ), B = [−, Y ]G for some Y in Π(W ). Then
[−, X ]G ∧ [−, Y ]G is a representable functor from Π(V )op ∧ Π(W )op. Lemma 4.2
now implies that [−, X ]G�[−, Y ]G = [−, X ∧ Y ]G, and this functor is exactly
[−, X ]G ⊗ [−, Y ]G.

If A and B are free Π(V )-, Π(W )-algebras, we can write A = [−, X ]G and
B = [−, Y ]G with X and Y given as sequential colimits as in the proof of Lemma
4.3: X = colim(T0 ↪→ T1 ↪→ T2 ↪→ . . . ) and Y = colim(S0 ↪→ S1 ↪→ S2 ↪→ . . . ),
Ti ∈ Π(V ) and Sj ∈ Π(W ). By Lemmas 4.4 and 4.5, both � and ⊗ preserve
sequential colimits, so φ : A�B → A⊗ B is again an isomorphism when A and B
are both free.
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Now, assume that B is an arbitrary Π(W )-algebra. FUB is the free Π(W )-
algebra on the underlying graded SG set, and we consider the coequalizer diagrams:

[−, X ]G�FU(FUB)

[−, X ]G ⊗FU(FUB)

[−, X ]G�FUB

[−, X ]G ⊗FUB

id�fFUB

id�FUfB

id⊗ fFUB

id⊗ FUfB

[−, X ]G�B

[−, X ]G ⊗B.

-

-

-

-

-

-

? ? ?
φφ φ

We have already shown that the map φ is an isomorphism in the two leftmost
instances. Thus, by the uniqueness of coequalizers, φ : [−, X ]G�B → [−, X ]G ⊗B
is also an isomorphism.

We remark that φ : [−, X ]G�B → [−, X ]G ⊗ B is natural in X . This is clear
when B is free. When B is an arbitrary Π(W )-algebra, we again rely on writing B
as the coequalizer in

FUFUB
→
→ FUB → B.

Finally, we now apply the natural transformation φ : −�B → − ⊗ B to the
coequalizer diagram for an arbitrary Π(V )-algebra A. Since this is an isomorphism
on FU(FUA) and FUA, it is also an isomorphism on A.

In §3 the tensor product functor was defined to nicely describe the E2 term of the
spectral sequence of Theorem 1.1. With the isomorphic description of this functor
provided by Theorem 4.6, we can now see that this is a good definition in that it
lets us recover some known results from the spectral sequence.

Corollary 4.7. Let G be the trivial group. Let X and Y be based CW complexes
such that X is (m − 1)-connected, Y is (n − 1)-connected. If m, n ≥ 2, then
πmX ⊗ πnY ∼= πm+n(X ∧ Y ) as abelian groups.

Proof. Since X is (m− 1)-connected, the spaces Xi in the free simplicial resolution
can all be chosen to be (m − 1)-connected. Likewise, each space Yi in Y• can be
chosen to be (n− 1)-connected. With V and W both taken to be points, the E2

p,q

term of the spectral sequence of Theorem 1.1 is πpπq(X•∧Y•). When q ≤ m+n−1,
this is trivial, so E2

0,m+n
∼= E∞

0,m+n. That is,

(Π∗(X)⊗Π∗(Y ))(Sm+n) ∼= πm+n(X ∧ Y ).

We will proceed by showing that E2
0,m+n is actually πm(X)⊗πn(Y ) by showing

that it has the universal property of the tensor product of abelian groups.
By Theorem 4.6, (Π∗X ⊗ Π∗Y ) is a left Kan extension, and by [15, X§4] it has

the coend description:

(Π∗X ⊗Π∗Y )(Sm+n) =
∫ a,b

[Sm+n, a ∧ b] • [a, X ] ∧ [b, Y ]

where a, b are elements of the category Π(∗) and • denotes the copower in the
category of Sets∗. We abbreviate this coend by L(Sm+n). Notice that because of
the connectivity of X and Y , we can assume that a is some finite wedge of spheres
of dimension m, and b is some finite wedge of spheres of dimension n.
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When a = Sm, b = Sn, [Sm+n, a ∧ b] • [a, X ] ∧ [b, Y ] is a wedge of copies of
πmX∧πnY indexed on the elements of [Sm+n, Sm∧Sn]. We then include πmX∧πnY
into this by indexing it on the generator of [Sm+n, Sm ∧ Sn], which includes into
the wedge

∨
a,b[S

m+n, a ∧ b] • [a, X ] ∧ [b, Y ] over all elements a, b in Π(∗). There is
a natural, bilinear map η ◦ ∧ : πmX × πnY → L(Sm+n) where η is this inclusion
followed by the natural map of the summands onto the coend. Now let Φ be any
bilinear map from πmX × πnY into any abelian group G. Notice that since Φ is
bilinear, it factors through πmX ∧ πnY . Call this map Φ′ : πmX ∧ πnY → G. We
have:

πmX × πnY
//

Φ

**T
TT

TT
TT

TT
TT

TT
TT

TT
TT

∧
// πmX ∧ πnY

Φ′

��

η
// L(Sm+n)

G

It remains to show that there is a unique homomorphism ω : L(Sm+n) → G such
that Φ = ω ◦ η ◦ ∧. We will use the universal property of the left Kan extension L
to produce this map.

Consider the Π(∗)-algebra which is associated to the Eilenberg-Mac Lane space
K(G, m + n). Precomposing this functor with ∧ gives a functor from Π(∗) ∧ Π(∗)
into Sets∗. Now define a natural transformation

α : [−, X ] ∧ [−, Y ] → Π∗K(G, m + n) ◦ ∧

as the trivial map [Si, X ] ∧ [Sj , Y ] → [Si ∧ Sj , K(G, m + n)] for all pairs (Si, Sj)
except (Sm, Sn). Define αm,n : ([Sm, X ] ∧ [Sn, Y ]) → [Sm ∧ Sn, K(G, m + n)] to
be the map Φ′. Now the natural transformation ω : L → Π∗K(G, m+n) satisfying
α = ω ◦ η ◦ ∧ is produced by the universal property. When restricted to the object
Sm+n, α = Φ′. Thus ω restricted to Sm+n is the desired map.

That ω : L(Sm+n) → [Sm+n, K(G, m + n)] is a group homomorphism and not
just a map of sets is a result of the fact that the group structures on L(Sm+n) and
on [Sm+n, K(G, m + n)] are derived from the pinch map Sm+n → Sm+n ∨ Sm+n,
the fold map Sm+n ∨ Sm+n → Sm+n, and the degree −1 map Sm+n → Sm+n.
These maps all determine morphisms in Π(∗). Since ω is a natural transformation,
it commutes with the maps, and hence, with the group structure.

Before we show that the equivariant Freudenthal suspension theorem of [12] also
appears along the edge of the spectral sequence of Theorem 1.1, we remind the
reader of some terminology.

The G-V -Burnside category, BGV, of a group G has as its objects finite disjoint
unions of G-orbits (or, finite G-sets). These are the same objects as in the Burnside
category. The morphisms between two objects c and d, however, are elements of
[ΣV c+, ΣV d+]G. A G-V -Mackey functor is a contravariant functor from BG(V )
into Sets∗ with the property that it maps coproducts to products. In fact, such a
functor out of BG(V ) must map into the category of abelian groups. This is the
usual description of a G-V -Mackey functor: a contravariant additive functor from
BG(V ) into Ab. It is the first description, however, which more closely parallels the
case of Π(V )-algebras. The G-V -Mackey functor associated to the based G-space
X is denoted πV X .
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We remark here that if we fix an integer m ≥ 1 and consider the subcategory of
Π(V ) with objects of the form

∨k
i=1 SV +m

Hi
, there is a canonical bijection between

BG(V + m) and this category. Hence, the restriction of a Π(V )-algebra to this
subcategory is a G-(V + m)-Mackey functor. For representations R ⊂ R′, there is
a functor s∗ from the category of G-R-Mackey functors to the category of G-R′-
Mackey functors. In [12, §5], for a G-R-Mackey functor Y , s∗πRY is given as

(s∗πRY )(G/K) ∼=
∫ d

BG(R′)(G/K, d) ∧ [ΣRd, Y ]G

where d is in the category BG(R). (See also [13, §4.8] for comments on s∗.)

Corollary 4.8 ([12, Theorem 2.5]). Let Y be a based, (W + n− 1)∗-connected G-
CW complex. If m ≥ 1, and n ≥ 2, then

s∗πW+nY ∼= πV +W+m+n(ΣV +mY ).

Proof. We first show that
(
ΠV SV +m ⊗ΠW Y

)
(SV +W+m+n

K ) is isomorphic to the
coend description of s∗ applied to the functor πW+nY . Then we show that the
E2

0,m+n term is isomorphic to E∞
0,m+n.

By Theorem 4.6, ΠV SV +m⊗ΠW Y is a left Kan extension, and by [15], its value
at SV +W+m+n

K can be computed by the coend∫ a,b

[SV +W+m+n
K , a ∧ b]G • [a, SV +m]G ∧ [b, Y ]G

where a ∈ Π(V ), b ∈ Π(W ), and • denotes the copower in the category of Sets∗.
The connectivity of SV +m and Y , however, means that we can assume that a and b
are finite wedges

∨
i SV +m

Hi
and

∨
k SW+n

Jk
respectively, where the subgroups H and

J can vary, but the dimensions V + m and W + n of the spheres cannot. Thus, a
corresponds to an element c in BG(V + m), and b to an element d in BG(W + n).
We rewrite (ΠV SV +m ⊗ΠW Y )(SV +W+m+n

K ) as∫ c,d

BG(V + W + m + n)(G/K, c× d) • BG(V + m)(c, G/G) ∧ [ΣW+nd, Y ]G.

For fixed d ∈ BG(W + n), define Ψ : BG(V + m) → BG(V + W + m + n) by
Ψ(c) = c × d. Now the left Kan extension L of the functor BG(V + m)(−, G/G)
along the functor Ψ is given by the coend

L(G/K) =
∫ c

BG(V + W + m + n)(G/K, c× d) • BG(V + m)(c, G/G).

Since BG(V + m)(−, G/G) is a representable functor, by Lemma 4.2, L(G/K) can
also be expressed as BG(V + W + m + n)(G/K, G/G × d). But G/G × d ∼= d, so
we have ∫ c

BG(V + W + m + n)(G/K, c× d) • BG(V + m)(c, G/G)

∼= BG(V + W + m + n)(G/K, d).

Since ∧ preserves coends, we have
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BG(V +W+m+n)(G/K, c× d) • BG(V +m)(c, G/G) ∧ [ΣW+nd, Y ]G

∼=
∫ d (∫ c

BG(V +W+m+n)(G/K, c× d) • BG(V +m)(c, G/G)
)
∧ [ΣW+nd, Y ]G

∼=
∫ d

BG(V +W+m+n)(G/K, d) ∧ [ΣW+nd, Y ]G ∼= (s∗πW+nY )(G/K).

This can now be extended from G/K to arbitrary elements of BG(V +W +m+n).
Finally, since SV +m is (V +m−1)∗-connected, and Y is (W +n−1)∗-connected,

E2
p,q(K) = ∗ for all K, when p ≥ 0, and q < m+n. Thus, E2

0,m+n(K) is isomorphic
to E∞

0,m+n(K) for all K. In other words,(
ΠV SV +m ⊗ΠW Y

)
(SV +W+m+n

K ) ∼= πK
V +W+m+n(ΣV +mY ).

Now notice that since any G-map G/H → G/K commutes with the differentials
of the spectral sequence, Theorem 1.1 actually provides a spectral sequence of
Π(V +W )-algebras. Thus, we have an isomorphism of G-(V +W +m+n)-Mackey
functors.
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