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SPECTRAL GAP ESTIMATES ON COMPACT MANIFOLDS

KEVIN ODEN, CHIUNG-JUE SUNG, AND JIAPING WANG

ABSTRACT. For a compact Riemannian manifold with boundary, its mass gap
is the difference between the first and second smallest Dirichlet eigenvalues. In
this paper, taking a variational approach, we obtain an explicit lower bound
estimate of the mass gap for any compact manifold in terms of geometric
quantities.

0. INTRODUCTION

Let (M, g) be a compact Riemannian manifold with non-empty boundary, OM.
The Laplace-Beltrami operator (Laplacian) acting on functions on M is defined by

1 0 L Of )
Aty = =2 (vagmdly,
) VG 0; < I 9;
where the metric on M is given by ds® = g;;dz’ ® dx?, (¢"7) = (¢9;j)" and G =
det(gij).
Eigenvalues of the Laplacian under Dirichlet boundary conditions are constants
l; which satisfy
A’Uq—Fll’Uq:O, reM,
ui(x) =0, x € OM,
for some nonzero eigenfunctions u;. It is well known that the spectrum of the
Dirichlet problem satisfies

Specp(M) ={0 <l <lp <lz--- — o0},

¢

so that the gap lo — l1, sometimes referred to as the “mass gap” , is nontrivial.
In [S-W-Y-Y] the mass gap is estimated by analyzing the function ¢ = 72. They
show that
A¢p+2Vloguy - Vlogd + (Ia — 1) = 0.
Therefore, lo — [; appears as an eigenvalue of a certain partial differential operator.
Moreover, since it is easy to see that ¢ is smooth on M and satisfies g—f =0,la—10 is
a Neumann eigenvalue of a certain partial differential operator. Thus, the gradient
estimate techniques of Li and Yau [L-Y] can be employed to show that
o

lo—11 > —

2T =2
where M is a convex Euclidean domain and D is the diameter of M. The assump-
tion of convexity seems to be crucial, however, to the argument since the Hessian
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of log(u1) appears in the gradient estimate calculation. To control this term a log-
concavity result of Brascamp and Lieb [B-L] is used. The result fails for non-convex
domains and manifolds.

The first author and Cheng [C-O] were able to estimate the mass gap on Eu-
clidean domains satisfying a rolling R-ball condition,

12 - ll > C(R,H, V, n),

where the second fundamental form of the boundary, II, satisfies II > —H (H > 0),
V' is the volume of M and n is the dimension. This was done by introducing a
weighted Cheeger’s constant

h, = inf —
mln{fM1 u, sz u}

where the infimum is taken over all hypersurfaces H with M \ H = M; U M> and
OM; NOMs = H. They then show that

1
lo—10 > Zhi

and give a lower bound for h,, in terms of R, H, V and n (see [C-O] for details).
In this paper, we show (Theorem 1.3)

lo— 1, > C(K,H,R,D),

on a compact Riemannian manifold with nonempty boundary satisfying a rolling
R-ball condition. In this formulation, —K bounds the Ricci curvature from below,
H is a positive, semi-definite matrix which bounds the second fundamental form of
OM, R is determined by the rolling ball condition and D is the diameter of M.

As in [C-O], the key to the estimation technique is finding a lower bound for
a ¢? weighted Rayleigh-Ritz quotient on M, with some appropriately chosen ¢
(see Proposition 1.1, below). For suitable ¢, for example the first Dirichlet eigen-
function, and bounded Euclidean domains satisfying rolling R-ball conditions, one
can control the global behavior of the weighting function in terms of the distance
function to the boundary—a Harnack-type inequality. Replacing the weighting
function with the distance function allows one to use simple calculus to estimate
the Rayleigh-Ritz quotient on M. Though these techniques do not carry over
directly to the manifold setting, further study of the argument in [C-O] reveals
that the essential elements of the estimation process are a Harnack inequality
for the weighting function of the form ¢(z) < C¢(y) for all z,y € M satisfying
0 < d(z,0M) < 2d(y,0M), where C is constant and the use of a weak Neumann-
Poincaré inequality on the manifold (see assumptions 1-4, below). The rolling ball
condition leads to the Harnack inequality by controlling the growth of ¢ near the
boundary of M in terms of the boundary geometry (H) and the global geometry
(K). This naturally leads to an estimate of the constant, C, in terms of a possibly
very small R, dependent on the smallest focal length as detailed in the remark
following the proof of Theorem 1.3 and derived explicitly in §2.

The organization of this paper is as follows: In §1 we introduce notation and
basic definitions and then prove the main theorem. In §2, which can be read
independently, we prove a comparison result for the first Dirichlet eigenfunction.
This verifies assumption (4), which is necesssary for the main theorem.
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1.

Let I3 and Iy be the first and second Dirichlet eigenvalues of M. We start with
the following proposition which was established by S. Y. Cheng and the first author
in [C-O].

Proposition 1.1 (Cheng & Oden).
Sy IVf [2u?dx
fecr () infrer [, |f — k[2u?dz

lo—1U =

where u is the positive eigenfunction corresponding to li, i.e. Au — liu = 0 and

u>0on M.
Proof.
Jug IV fIPu?
feci(ar) infrer fM |f — k[2u?
\V4 2,2
ecl (v u
;M f“g:z M
. Ju(IV(fu)? = f2IVul? = 2fu(V [, Vu)
= inf
recim Joy (fu)?
Ing Fu?=0
e LulVURP = [y LIV PAG)
et T 0?2
Mfu2:0
_ Ju IV =1 [y, fPu?
o 6g}fz\'f f (fu)2
;M fu(2:2) M
\V4 2
e JulVOwE
recrton [y (fu)?
Ing $u?=0
\V4 2
Z inf M—m—llzb—ll.
scckon [y, 92
Iar gu=0

On the other hand, let v be an eigenfunction of 5. Then fy = % € C®(M) as
shown in [S-W-Y-Y] and
Jur IV folPu? . |V f|2u?
lo =l =< 55 = f - 55
infrer [y [fo — k|?u? ~ recron) infrer [, |f — k|?u

Thus, the proposition is proved.

In the following, we are going to use the variational characterization of lo — [ to
give a lower bound estimate. We consider more generally the problem of estimating

in fM |Vf|2(p2d$
reci(n infrer [, [f — k[2@%da’

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3536 KEVIN ODEN, CHIUNG-JUE SUNG, AND JIAPING WANG

where ¢(z) is a given function on M and ¢ > 0 on M. We assume

1. M satisfies volume doubling property, i.e. 3 Cy > 0 s.t. for any ball B, (2r) C
B (2
M we have [Bx(2r)] < (.
| Bz (r)]
2. M satisfies interior rolling R-ball condition. i.e. forallz € 0M,3 B,(R) C M
s.t. Bp(R)NOM = {z}.
3. M satisfies a weak Neumann-Poincaré inequality on balls, i.e. for any ball
B,(r) € M, B,(r) NOM = &, we have

inf / |f — k|?dx < CQTQ/ |V f|?dx
Bm(%) Bz(")

keR

for all f € C*(M), where C5 is a constant independent of x and 7.
4. 3C5 > 0s.t. p(z) < Cs¢(y) for all z,y € M with 0 < d(xz,0M) < 2d(y, OM).

Theorem 1.2. Under assumptions 1, 2, 8, and 4, we have

S IV P da
>C(C 70 aO 7R7 aD ’
feé‘r{(l\?[) infrer fM |f—/€|2<p2dx = ( 1,02,03 14 )

where p is the first nonzero Neumann eigenvalue of Mr = {r e M :d(z,0M) >
R
5} and D = diam (M), the diameter of M.

Our proof of the theorem is adapted from [J] and [SC-S].
Proof. We begin with the following claim.

Claim 1. There exists a collection of balls F = {B,,(r;) : i € I} s.t.
(i) Ujer Bz (2r;) = M and By, (r;) N By, (rj) = @ for any i # j, 4,5 € 1,
(ll) Cl(BgC7 (T‘i), BM) = 103Ti,

(il) #{Bz,(r;) € F: (B, (101;) # @} < C(Cy).

In fact, let B; be a ball in M of largest radius r; satisfying d(B1,0M) = 103ry.
Let By be a ball in M of largest radius ro satisfying d(Bz,0M) = 103ry and
By N By = &. Keep choosing balls in this way to obtain F. We check that F
satisfies (i), (ii) and (iii). Let z € M. Then 3 r > 0 s.t. d(Bg(r),0M) = 103r.
We may assume B, (r) ¢ F. It is clear then 3 B € F s.t. the radius of B satisfies
r(B) > r and BN By(r) # @.

Write B = By, (r;). Then for y € By, (r;) N By(r),

dz,z;) <d(z,y) +d(y,z;) <r+r <2r;.
Thus 2 € By, (2r;) and M = |J,¢; Bz, (2r;). So (i) follows. (ii) is trivially true by the
construction. To check (iii), suppose (o ; By, (10r;) # @. Let y € (,c; Bz, (1073).
Then d(x;,y) < 10r;. Thus for any = € By, (r;), d(z,y) < d(z,2;) + d(z,y) < 11r;.
Hence ;. ; By, (r;) C By(20r), where r = max{r;} = r;,. On the other hand,

ieJ
d(ziy, x5) < d(xi,y) + d(y, z;) < 10r;, +10r; < 20r.
So
d(z;, 0M) > d(ziy,0M) — d(ziy, ;)
> d(Bg,, (ri,), 0M) — 20r
> 10%r;, — 20r > 1017
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Hence d(By, (r;), 0M) > 100r and r; > 10~ 'r. In conclusion,
| Ba.(ri) € By(20r) C B, (30r) C By, (300r))
icJ
Therefore
< ZJGJ | Bz, (300r;)]
= #{Bu, (1) : By, (10r;) # @}

> B, (ri)| < |By(20r)
ied

Hence

Zjej |B:Ej (300rj)|

#Be(ri) s (1B 10r) # 2} < S0 0

<C(Ch)

and (iii) follows.

Now let Mp = {z € M;d(z,0M) > R}. Let L = {B; € F : z; € Mg}. For
B; € L, let y; € OM s.t. d(x;,y;) = d(z;,0M). By the interior rolling R-ball
condition, 3 By, (R) s.t. By, (R)NOM = y;. Then clearly d(¢;,y:) = d(¢;,OM) = R.
Let @;; be a minimal geodesic. Then @;7; L OM. In particular, this implies such a
minimal geodesic is unique up to a reparametrization. Also, let T;y; be a minimal
geodesic realizing the distance between x; and M. Then T;y; 1. OM. This forces
x; € G;y;- We denote by [; the segment ¢;z; of G;y;. We then define, for B; € L,
F(B;)={AeF:2ANnl; #@}. Let H={A e F: Aec F(B;) for some B; € L}.
We have the following claim.

Claim 2. (i) A € F(B) implies r(A4) > 10~r(B).
(ii) For any A € H, let
A(L)y={BeL:AeF(B)}.
Then
r(AZIAT Y #F(B)IB < C(CR.
BeA(L)

We first check (i). For A € F(B), 2ANIlg # . Let y € 2ANIp and z be the
center of the ball B. Then

d(AvaM) > (yaaM)_d( Y )
> d(z,0M) —d(A,y)
> 10°r(B) —d(A,y)
> 10%r(B) — 2r(A).

Thus 10%r(A) > 103r(B) — 2r(A) and r(A) > 10~ 1r(B).
To check (ii), we show
(a) #{A € F(B) : r < r(4) < Er} < C(Cy) for any r > 0, where C is
independent of r.
(b) #F(B) < Cln ;5. C = C(Cy).
(¢c) Fe=¢e(Cy) > 0s.t.

> |B| < C|A|(

BeA(L),r<r(B)<2r

r g
m) for AEH

where r > 0 is arbitrary, C' = C(C}) constant.
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11
For (a), suppose A1, A2 € {Ae€ F(B):r <r(A) < ET} and y1 € 241 Nlig, y2 €
245N 1p. Let Ay = Bg, (r1) and Ay = Bg,(r2). Since for i =1, 2,

d(yi, OM) > d(&,0M) — d(&,y;) > 10°r; — 2r;

and
d(yi, OM) < d(&,0M) + d(&,y:) < 10%7; + 3ry,
we have
d(y1,y2) < |d(y1,0M) — d(y2,0M))|
< (10% + 3)%7‘ —(10% — 2)r
< 157.

Now it is clear that
Ay C By, (20r) and d(y1,0M) > 998r.

Therefore
11
J{AeFB):r<r(4) < 107} € Bui (20r).
Using the volume doubling property, we conclude
11
#{Ae F(B):r<r(4) < ET‘} < C(Ch).

Now (b) follows from (a). In fact, A € F(B) implies that 10~ 1r(B) < r(A) < R.

Therefore
#F(B) < #{AcF(B):107'r(B) <r(A) < %10_17“(3)}

+ #{Aec F(B): %10_17“(3) <r(A) < (%)210_17‘(3)}
+ .. +#{AcFB): (%)klo_lr(B) <r(A) < (%)’”110—17«(3)}
: 11 1

where k satisfies (E) 107'r(B) < R < (E) 107*7(B). From (a) we know

CR cR
#F(B) < Ck. But k< Cln @ Thus #F(B) < Cln m

Now we come to (c). First, note that for B € A(L),r(B) < 10r(A) by (i) of
Claim 2. So ﬁ < 10. Choose 19 € M s.t. d(no, A) = d(A,0M) = 103r(A). Let
r
s =10%%7(A). For § > 0, denote
R(6) = {n € B(no, s+ 2ds) : d(n,0M) < ds}.
r

Then for B € A(L) and r(B) < 2r, we have B C R(r(A)

B, (r(B)). Then
d(x,0M) < d(B,0M) + r(B) < 10%(B) + 2r < 10%7.

). In fact, let B =
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So B C {n:d(n,0M) < 10'°r}. To show B C B(ng,s + 26s), § = Ay note that

A € F(B). Therefore, 3 y € Tg N 2A. Hence
d(z,y) < d(y,0M) < 3r(A) + d(A,0M) < (10° 4 3)r(A).

)

So

d(z,10) < d(z,y) + d(y, mo) < 2(10° + 3)r(A)
and for z € B, (r(B)),

d(z,m0) < d(z,z) + d(z,m0) < 10'%(A) + 2r.

Therefore B, (r(B)) C R( On the other hand, by the volume doubling prop-

Ly

r(A)”

erty, we have |A| =~ |B(no, 2s)|. Thus, (c) follows if we can show
|R(8)| < C6%|B(n),2s)], 0 < § < 10.

We first show that 3 o(Cy) > 0 s.t.
(1 +cr)|R( §)| < |R(8)| for 0 <& < 10,
Choose a maximal set of points &1,... ,{n € OM s.t. B(&;,ds) N B(no,s) # @ and
{B(&;,0s); i =1,..., N} are pairwise disjoint. It is then easy to check that
N
c | B(&,106s).
j=1

Also, 3 B(nj,%) C M\OM s.t. d(n;,&;) % In fact, since A € H, A € F(B)

<
for some B € L. Thus, d(A,0M) < r(A)+ R and r(A) <107°R. By the interior
rolling R-ball condition, 3 ¢; s.t. By, (R) N OM = {&;}. Now choose n; € ¢;&; s.t.

d(n;, &) = 5; < @ <10"2R. Then
ds — 0s
B(n;, 7) C By, (R) € M\OM and d(n;,&;) = 5
Now we have
s 0s 1
B(n;, ) C R(9) and  B(n;, ) N R(39) = @.

)
Moreover, 3 ¢ > 0 s.t. |B(n;, Is)l > o|B(&;,1068s)|. Therefore,

al s al 1
Z |B(77j7 Z)l > UZ |B(§J7 105S)| > U|R(15)|
j=1

=1

Consequently,

|()|>|R |+|UBma |>(1+0)IR( 9)|

&
as the balls B(n;, ZS) are mutually disjoint.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3540 KEVIN ODEN, CHIUNG-JUE SUNG, AND JIAPING WANG
. 1.
For any ¢ > 0, write § = (Z) 09, where dg fixed. Then
1
[R(0)] < (1—)k|R(5o)| < C6%[B(no, 2s)|.
+o

Thus (c) follows.
Now (ii) of Claim 2 can be checked. In fact,

r(A?|A7Y Y #F(B)|B|

BeA(L)
CR
< 2 -1
< r(APAT Cln—T(B)|B|
BeA(L)
0
_ CR
< r(A?2AT > > Cln@ﬂﬂ
k=—o0 BeA(L)
2k r(A)<r(B)<2k+1r(A)
0
CR 2Fr(A)
< r(A)?AI! 1 A €
< AP Y O IS
0
CR
< 2 ke _ ke
< r(A) k;w[(cmT(A))z (C'In 2)k2"]
CR
< 2 -
< r(A) [Clnr(A) +C]
< CR? as r(A) <CR.

With those two claims, we can now finish the proof of the theorem.
For B € L, let Ay,...,A; be the elements in F(B) s.t. A; = B, q € 2A;. Let

2 [V %
f1/3: f(vafé: el 2 - Then
B [pe fM,m ¥
/ I f2
4B
-2
< 2/ |f—f43+Z<f4Ai—fiAiH)l?so?H/ SIfi_y — fol?
4B ) 4B
-2
< 21[/ |f—f43|2s02+/ 3 fin, — Fiai ] +2/ P — f2.
4B 4B T 4B
Since

2 2
/ ¥ |f41Ai - fziAi+1|
4Aiﬂ4Ai+1

< o 1-Fiale [ 1f - fa P
4A 4A;41

i
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and

/ Pl —
4B

Jup ¢
< %(/ | fl — fol?)
4A;_1NMp o ¥ 4A;1NMRyo
%
< 2 (/ (If = fal +1f = £5)e%)
44, 1NMp )y ¥° J4AIL1NMR s
2
Iy
< 2t ([ e [ - e,
v Jaa Mp/2

f4A171ﬂMR/2

we conclude

/ 1~ fiPe?
4B

-2 2
fip ¥
< 21[/ |f = fipl?e® + L/ O\ fia, — fia, ]
4B ; f4Aiﬁ4Ai+1 SOZ 4A71ﬂ4A7?+1 i
2
Lo
1 LA MR
f4Al,1ﬂMR/2 ¥ 44,4 Mp/2
< alf 17~ fisle?
4B

-2

2
> %(/AM |f = faa,[¥? +/ \f = fia [70%)]

+
i=1 f4Aiﬁ4Ai+1 4A;41

I 22 2 2
+4 (/4A11 If = fizalPe +/MR/2|f fol7#7).

2
f4Al—1ﬂMR/2 ¢

From assumption (4) on ¢, it is easy to see that

Jun ®? 1B |B|
5 S C(O) 7 S C(GL G
Jiniraa, #° ( 3)|4Aim4Ai+1| (G 3)|Ai|
and
2
B
LLB—QOZ < 0(01,03)¥,
f4AlflﬁMR/2 ¥ |Al_1|

On each A;, we also have ¢(z) < Cap(y) for all z,y € A;. Therefore by assumption

3);
J

On Mgz, p(x) < Cy4(Cs, R, D)g(y) for x,y € Mgy, where D is the diameter of
M. Thus

I — FIP? < Cor(A)) / V20

4A,

Cy
[ or-npe< S wipe,
Mp /2 Ko Mg,
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In conclusion, we have
[ 1-spe < carminl X Al [ ViR
4B A;€F(B) 44,

C4| B

+
1l A Mp/2

VP

Using assumption (1), it is easy to see |A;| > C(C1, D, R)|M|. Thus
| ir-nkd < cgEmIBl X rarial [ v

A;eF(B)
Cs|B| 2 2
IVfIPe”.
M|M| Mp/2
Summing over all B € £, we have
|- ke
M\Mp
< X [ r-spe
BeL /4B
_ M\M
< o wE@IBl Y At [ v o [ g g
BeL AeF(B) 4A ,LL|M| Mg/
_ C
< X At Y BE®) [ 9+ [ juspe
AcH BEA(L) 44 B I My,

C
< CR / VP & / V202,
M K J Mg

where we have used (ii) of Claim 2. Thus

g2, 2 _pr2, 2 12,2
/M|f fol7p™ < /M\MR|f f0|<P+/MR/2|f fol*e

Cs+1
(cre+ 11 / V20
H M

IN

Therefore
LlVIR?
infien Jy | — K72~ CRE S G
where Cg = C(C1,Co,C3, R, D) and C = C(C1, Cs,C3). The theorem is proved.

Remark. Notice that the assumptions (1), (2) and (3) are stable under quasi-
isometry on (M, g).

In order to apply Theorem 1.1 to estimate [ — [1, we need to verify assumptions
), (2) and (3) for (M, g) and (4) for u. (4) is verified in §2. To verify assumptions
), (2) and (3) we assume now the following for (M, g).
(5) Ricpr > —K on M for some constant K > 0.

(1
(1
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(6) The second fundamental form of OM w.r.t. the outward unit normal satisfies
II > —H, where H > 0.

Theorem 1.3. Suppose (M, g) satisfies assumptions (2), (5) and (6). Then ly —
Iy > C(K,H,R,D), where R is chosen to be “small”. (See Remark.)

Proof. Tt has been shown in [W] that M satisfies (1) with C; = C(K, R) by ar-
ranging R “small”. M satisfies (3) by fact Ricyr > —K and Cy = C(K, D) (see
[SC-S]). To estimate u from below, we use the result in [C].
R
Note first that Mp/, satisfies interior r-rolling ball condition with r > T In
fact, V.o € OMp/3, 3y € OM s.t. d(z,y) = d(x,0M). Since M satisfies interior
R-rolling ball condition, 3 B,(R) C M s.t. By(R) NIM = {y}. Now let py be the

1
minimal geodesic. Let g € py s.t. d(p,q) =pg = ZR. Then it can be easily checked

1 1
that By(7R) C Mz and By(3R) NOMpys = {x}.

Next, we want to estimate the second fundamental form of OMp/, from below.
Let f(z) = d(z,0M). Then Mpjs = {f(z) > g} and OMp)z = {f(x) = g}.
Since |V f| =1 on M\ Mg, it is easy to see that Ilor,,, = Hessian(f) on M. By
the index comparison theorem in [H-K] or [Wr], we have, by choosing R small,

Hessian(f) > —C(R, H).
Thus, Hony,,, > —C(R, H). By [C], we conclude that
pw>C(R,H K,D)
In conclusion, we have
lo—13 >C(R,D,K,H)
where R is chosen to be “small”.

Remark. The number R is chosen to satisfy the following:

() Rz tan(RVER) < £ + 1,

(b) Htan(RVKg) < 1v/Kg, where Kp is the upper bound of the sectional
curvature of M on the set M \ Mg. Clearly, if M is a Euclidean domain, then
Kpr =0 and R can be taken as in (2).

2.

In this section we will verify property (4) for the first eigenfunction given Dirichlet
conditions on a manifold M with OM # (.

In order to do this we will need bounds on Ad(xz,dM) for = “close ” to M. To
this end we recall the notation from §1 and set

Ms = {z € M|d(x,0M) > 6}.

We define a map ¥ : 9M x [0,00) — M by setting ¥(y, p) = exp(pN,) where N,
is the inward pointing unit normal at y € M and recall the following standard
facts about WU:
1. If OM satisfies an interior rolling R-ball condition, then there exists § > 0
such that ¥ : OM x [0,6) — M is C2.
2. For the § of (1), d(z,0M) = d(z,y) = p, and p(z) is C? for x € M \ M.
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3. If dV is the volume element on M and ® is the Volume element on OM, then
U*(dV) = H(y, p)® Adp and Ap(x) = Ad(x,0M) = & on M \ Ms.
Many proofs of properties (1), (2) and (3) can be found in the literature. A proof
of property (3) can be found in [G-H-L]. Proofs of (1),(2) and (3) can also be found
in [O]. In the next lemma we shall bound Ad(z,0M) as well as get an estimate on

J.

Lemma 2.1. Let p(x) = d(z,0M). Suppose we have constants b > a >0, b >1
such that —a? < Sec(M) < b%. Then p is C* on M \ My, if M is C* and

Z —bsinbp — k ( ) cosbp <Ap< 2 —asinhap — k; (y) coshap
ki (y)

— cosbp— EW gingp - ‘= coshap— sinh ap

where k;(y) are the prmczpal curvatures on M at the unique point y € OM such
that p(x) = d(z,y) and

_ 1

C4n—-1)(b+H+1/R)’

Proof. Let x € M with p(z) = d(z,0M) = d(z,y) with y € OM. Suppose k;
are the principal curvatures at y. At least locally, on the space form of constant
curvature b?> we may immerse a hypersurface with curvatures k;. To derive the
first inequality, we consider a hypersurface H immersed in S™(1/b) , the n-sphere
of radius 1/b.  The second inequality is derived by replacing S™(1/b) with the
hyperbolic space H"(1/a) and repeating the argument. Let D C H be an open set
and define, as above, ¥ : D x [0, 00) — S™(1/b) by

U(y,p) = exppN,

where N, is the inward pointing unit normal at y. Since geodesics on S™(1/b)
starting at a point y and having initial direction IV, have the form

cos bpy + % sinbpN,,
we may write
W(y,p) = cosbpy + % sin bpN,.
On H there exist n — 1 orthonormal principal vectors E;. We extend E; by parallel

translation to vector fields E;(p) along the normal geodesic v(p) = U(y,p). Let
vi(t) be geodesics on H such that v;(0) = y and ~/(0) = E;(0). Then

oV 1 ON.,

5 ) = coshpri(0) + 3 sintp a%(t)( )

ki .
= cosbpE; — 3 sin bpE;

= (cos bp — % sin bﬁ) E

Since (cos bp — % sin bﬁ) E; are variation vector fields, they are in fact Jacobi fields
and describe the Jacobian, J(¥), of ¥ (see for instance [H-K]), and J(¥) satisfies

— ko kp—
J(WU)(y,p) = (cosbp— k—bl sin bp)(cos bp — k—bQ sinbp) - - - (cos bp — L sin bp)

> 0.
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The last inequality follows from p < § so that

__ 2H
cot bp > T

We have used the fact that § — 0, tan@ is approximately 6. Therefore, we may
apply the inverse function thereom to find an open set D’ C D where y is a C*~!
function of x = ¥(y,p). However, the definition of ¥ implies Vp = Ny is a Cck1
function of y. Therefore, p is C*¥. The index estimates on H and H in [H-K] imply
J(U)(y,p) = H(y,p) < H(y,p) where p = p which implies p is C¥ on M \ Ms.
Applying property (2) we have

—bsinbp — k ( ) cosbp
p > Ap = ’
; cosbp — ) i

which completes the proof of the lemma.
Since p < ¢ from Lemma 2.1 we can draw the following conclusions:

— —bsinbp — k( ) cos bp

Ap > LG

‘=1 cosbp— sinbp

=1
n—1
> > -2(b+ k)

(2.1) > :2(n— 1)(b+ H +1/R).
Ap? = 2pAp+2|Vp|?
> 2p(—2(n—-1)(b+H+1/R))+2
> —1+2
(2.2) > 1.

Now we can place sup,,; v on a compact subset of M:

Lemma 2.2. Suppose u is the first eigenfunction on M and u(xo) = Supgeps .
Then on M \ Ms

6
u(e) < 2 pla).
Furthermore,
1)
d(ﬁC(), 8M) > @

where
(n—1)a? ﬁ n (n —1)%a?
4 62 4sinh*(a/2)
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Proof. Without loss of generality, assume sup,c); u = 1. Set 41 = 2/(35). Then
using Lemma 2.1 and conclusions (2.1) and (2.2) we have

n—1

—atanhap — k;
Al(p— 2y < —atanhap — b
(p ”ylp) - ; 1—%tanhap n
1
< 2n-1)(a+ H+1/R) ~ 5
1 2
< —__Z
- 20 36
_ 1
66
A result of Gage ([G]) tells us that A < p, so by setting v = 61/ we have
1
Afw=mlp=mp)) = —Mutrngs
> —du+tp
> 0.
On OMjs we have
u—mlp=7p") = u—"7(6—70%
1
= u—"e <5 — 55)
_ oSl
B 5 2
< u-—3p
< 0.

The last inequality follows since pu is clearly greater than 1. Therefore, by the
maximum principle we have

1
d(x,0M) = p(x) > —u(z).
72
To bound w from below is more involved. Again the maximum principle will be
used but it is necessary for us to bound u from below on {p = €} for some suitable
€. This is done in the following proposition.

Proposition 2.3. Letu be the positive eigenfunction of M with respect to Dirichlet
boundary conditions and normalized so that sup,; w = 1. Then, for d(z,0M) > &
we have

(2.3) u(z) > exp (— 24pdnt 1o <M (12 + a))) .

] 4]

Proof. Proposition says that sup,, v =1 with € = GT”. We will apply the Harnack

inequality to bound u from below on M.. For any x € M., B.(z) C M. The
gradient estimate in [S-Y] says that

17 8(n—1)>2

vu

" (62 + a)
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on B/(x). Therefore, on B, s(x),

12 8(n—1)2
sup u < —1+(n72)(e+a) inf w.
Beya(z) € € Be/2(x)
Since I; < p, we have
8(n —1)?
(2.4) sup u < 8(n—1)° (1 +a) inf w
Be/2($) € B€/2(1)

Since € = %{i < % for n > 2, we see easily that dy;, < 2dp. Applying (2.4)
repeatedly on M, we derive that
9 4dpr
8(n—1 ¢
1=supu < (M (u2+a)> inf u.
M. € M.

Therefore,

) 24udpy 50(n —1)?
b\r}fu > exp <— 3 log (f (M2 +a)) ).

This completes the proof of the proposition.
Now we can bound u from below by some multiple of p.

Proposition 2.4. Let u be the first positive eigenfunction of M with respect to
Dirichlet boundary conditions and normalized so that supy, v = 1. For x € M,
d(x,0M) < %ﬂ, we have

) 2 plo) s exp (2500 1o (200 D (2 + 9)).

Proof. Let C(6) denote the right-hand side of (2.3).
Let aq, as be positive constants to be chosen later. Then on T},

—bsinh bp — k1 cosh bpd 9
Au—os(p+aip®) =—hu—az | ) tad
(u az(p+aip )) E ( cosbp — %1 sinbp “er
(2.5) <-lhu—az(-2(n—-1)b+H+1/R)+ a1).

Therefore, the right-hand side of (2.5) will be less than or equal to zero if a; >
(n—1)(b+H+1/R).

Set iy = 3. Then, the infimum of (u — az(p + a1p?)) on M \ Ms occurs on the
boundary of M \ M.

For x € M, d(x,0M) = §, we have

u(z) —az (6 4+ a16?) > C(0) —asd (1 + %5)
> C(6) — 2026
> 0,
if Qg = %

So, with these choices of aq, as we then have on M \ Ms,

C(9) 1,
(i 15 <p+5p>
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and therefore

as stated in the proposition.

Lemmas 2.1, 2.2 and Proposition 2.3 immediately give us property (4) of §1.
That is,

Theorem 2.5. Let M be a compact Riemannian manifold with OM # 0, satisfying
an interior rolling R-ball condition and having sectional curvature —a* < Sec(M) <
b2 with b > a. Let p(z) = d(z,0M) and u be the first eigenfunction satisfying
Dirichlet conditions. Then on M \ Mg, with 6 chosen as in Lemma 2.1, there are
constants C;(a,b, H,R,D,n), i = 1,2, such that

Cip(z) < u(z) < Cap(x).

Furthermore, there exists C = C(a,b, H, R, D,n) > 0 such that u(z) < Cul(y) for
all z,y € M with 0 < d(z,0M) < 2d(y,0M).
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