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ABSTRACT. We present a characterization of the operators
L =09/0t + (a(t) + ib(t))0/0x
which are globally analytic hypoelliptic on the torus. We give information

about the global analytic hypoellipticity of certain overdetermined systems
and of sums of squares.

0. INTRODUCTION

The purpose of this work is to study the property of global analytic hypoellip-
ticity for certain partial differential operators on the torus. An operator P is said
to be globally analytic hypoelliptic on T™ (GAH) if the conditions u € D’'(T™) and
Pu € C¥(T") imply u € C¥(T").

The local version of this property was studied by Treves [T1] in the case of
operators of principal type. For operators of the form L = 8/9t+ (a(t)+ib(t))0/0x,
one has L analytic hypoelliptic if and only if b does not change sign (i.e., condition
(P) holds) and b is not identically zero (i.e., condition (Q) holds); in particular,
a(t) plays no role.

In the case of real constant coefficients Greenfield [G] showed that L = 9/0t +
ad/dx is GAH on T? if and only if « is an irrational number not too well approx-
imable by rationals (in this paper we say that « is not an exponential Liouville
number (EL); see Definition 2.2). In Section 2 we show that

L =0/0t+ (a(t) 4+ ib(t))0/0x
(where a and b are real-valued, real-analytic functions on the unit circle S!) is
GAH on T? if and only if ¢t € S' — b(t) € R does not change sign (this is a global
version of (P)) and, when b = 0, the real number ag = (2)~! fo% a(t)dt is neither
rational nor exponential Liouville. The hardest part of the proof of this result is
the construction of singular solutions when (P) is violated; the main tool here is
the steepest descent method, as described in [deB, Ch. 5].

In Section 3 we study involutive systems of vector fields on T"*!, of the form
L = (Ly,...,Ly), where L; = 0/0t; + ¢;(t;)0/0z, j = 1,... ,n, with each ¢; =
aj + ib; real-analytic. We show that L is GAH on T"*! if and only if the set
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4114 ADALBERTO P. BERGAMASCO

J = {j;b; does not change sign} = {ji,...,j¢} is nonempty and, when b; = 0,
for all j € J, the ¢-tuple (ag;)jes (where ag; = (2m)~! 027T a;(t;)dt;) is neither
an exponential Liouville vector (see definition 3.2) nor an element of Q°. What is
involved here is the problem of simultaneous approzimation, that is approximations
of a point in R’ by elements (p1/q,...,pe/q) of QF, with all entries having the
same denominators.

Section 4 furnishes several examples illustrating the main theorems. We call
attention to Example 4.9, where real numbers «, 3, are constructed so that each of
them is exponential Liouville, but («, 3) is not an exponential Liouville vector. One
then has a system IL. = (L1, Lo), where Ly = 8/0t1 — ad/0x, Lo = 0/0ty — 30/0x,
such that L is GAH on T3, even though neither L; nor Ly is GAH (these are not
GAH even if we consider them as operators acting only in two variables). The
same phenomenon may occur locally, but never in real structures of codimension
> 1. In our construction, the theory of continued fractions is heavily relied upon.

In Section 5 we comment on the connections of our work with [B], [BCM],
[Ca-Ho], [Co-Hi], and [GPY]. A characterization of GAH for certain sums of
squares arising from involutive systems of real vector fields is presented.

1. ASYMPTOTIC BEHAVIOR OF CERTAIN INTEGRALS

The following result is an important ingredient in the construction of singular
solutions.

Lemma 1.1. Consider the integral

J(n) = / expl—n(F(t) + KG(t)dt, n € N,
where a > 0, K > 0 is a large parameter, and F,G € C¥(R) are such that F(0) =
RE'(0) = G(0) = G'(0) = 0; G"(0) = 1; G is strictly decreasing (resp. increasing)
on —a<t<0 (resp. 0<t<a)

Then there exist Ry > 0, Ky > 0 such that for each K > K, the holomorphic
function z — F'(2) + KG'(z) has ezactly one zero, zq, in the (complex) disc |z| <
Ry. Furthermore,

J(n) = yn~"% exp[—n(F(20) + KG(2))](1 + O(1/n)),

as n — 0o, where v is a nonzero constant.
We also have

|J(n)| = yin~"/? exp(—en)(1 + O(1/n)),

as n — oo, where y1 = |y| > 0, and ¢ = R(F(20) + KG(z20)); finally, € > 0 and
e=0(1/K), as K — oo.

Proof. The proof relies on applying the so-called steepest descent method; the main
point is to deform the integration contour into the complex plane so that, in the
new contour, a single point of minimum of R(F(z) + KG(z)) occurs.

Set h(z) = F(z) + KG(z), and H(z) = F(z)/K + G(z); then h and H are
holomorphic in a neighborhood of [—a,a]. The assumptions imply that, if Ry > 0
is small and Ky > 0, then for all K > Ky, G’ dominates F'/K on |z| = Ryp; also
Ry can be chosen so that z = 0 is the only zero of G'(z) on |z| < Ry. Now, by
Rouché’s theorem, H'(z) and h'(z) have exactly one zero, zg, on |z| < Ry. Simple
computations show that |zg| = O(1/K), and that € = Rh(z¢) = O(1/K).
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We now use Taylor’s formula to write H(z) — H(zo) = Ha(2)(z — 20)2, where H,
is holomorphic on |z — zo| < 7 = Ry — |2o|. Simple computations show that Hy has
a square root, Hy = (Hy)Y/2, on |z — zo| < 1/, for some 0 < ' < r; we also have
Hy(z) = (Ha(20))Y2 = (1/v2)(1 + O(1/K)). We write Hy(2)(z — 20) = u + iv,
and so H(z) — H(z) = (u + iv)2.

We are interested in the curves R(H (z) — H(z0)) =0, or u = %wv.

Write z =t +1s, 29 = tg + ¢S0-

The above arguments show that |H(z) — H(z29) — a(z — 20)?| < 6|z — 20/?, where
0<d=0(1/K),and a = 1/v/2 for |z — 2| < r'.

Thus, u(t 4+ is) = o(t 4 is) implies (1 — O(1/K))(t — tg)* < (s — s0)* <
(14 O(1/K))(t — to)*.

The point is that both curves u = +v reach the real axis inside the disc |z| < Ry.
Furthermore, the same happens with the curves R(H (z) — H(z)) =6',if ' > 0 is
small enough.

Moreover, one of the curves S(H(z) — H(zp)) = 0 is nearly horizontal.

This allows us to deform the contour [—a, a] into Py P> P3zoPyPs Ps, where: Py =
—a, Ps = a; P, and P5 are on the real axis; PoP3; and PyPs are pieces of
R(H(z)—H(z0)) = 0'; P3zo Py is an arc of the horizontal piece of S(H (z)—H (20)) =
0.

// / \\
// \ \\
P s N NP5
o st
P1:—@// \\\P =a
-7/ N S.

We can now use the steepest descent method: indeed, zy is the only point
of minimum of RH(z) along the deformed curve. This completes the proof of
Lemma 1.1. O

2. THE CASE OF A SINGLE VECTOR FIELD
Our concern here is the study of vector fields of the form
(2.1) L =0+ c(t)o,

where ¢ € C*(S1), i.e., ¢ is a real-analytic, 27-periodic, complex-valued function of
a single real variable. We may write c(t) = a(t) + ib(t), with a and b real-valued,
and we may also write

(2.2) L =8 + (alt) + ib(t))d,.

We are interested in the action of L on periodic (in both variables ¢, ) functions
or distributions. More precisely, our aim is to give a characterization of those
functions ¢ for which L has the regularity property appearing in the following
definition.
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Definition 2.1. The vector field L is said to be globally analytic hypoelliptic on
the torus T? (briefly: L is GAH) if the conditions u € D'(T?) and Lu € C*(T?)
imply u € C¥(T?).

We need one more definition, namely
Definition 2.2. An irrational number « is said to be an exponential Liouville

number (briefly: « is EL) if there exists € > 0 such that the inequality | —p/q| <
exp(—eq) has infinitely many rational solutions p/q, with p € Z,q € N.

We are now ready to state the main result of this section.
Theorem 2.3. The vector field L = 0y + (a(t) + ib(t))0, is globally analytic hy-
poelliptic on the torus if and only if the following conditions are satisfied:

(2.3) b does not change sign;

(2.4) if b= 0, then the real number ag = (27)~! fo% a(t)dt is neither rational
nor exponential Liouville.

Before embarking on the proof of this theorem we will state, without proof, two
results describing the possible solutions to the homogeneous equation Lu = 0, and,
also, to the non-homogeneous equation
(2.5) Lu=f
where u € D'(T?) and f € C*(T?).

Set ¢ = (2m)7! 027T c(t)dt; then ¢y = ag + ibg, where ag,bg € R are given by
ag = (2m) 71 [Z7 a(t)dt, and by = (2m) "1 [Z7 b(t)dt.

Lemma 2.4. A distribution u € D'(T?) is a solution to Lu = 0 if and only if one
of the following situations occurs:

(i) co & Q and u is a constant;
(i1) co = p/q (lowest terms), with p € Z,q € N and u belongs to the closed span
(in D'(T?)) of the functions exp(ikq(z — fg c),keZ.

Lemma 2.5. Assume that co € Q. If (2.5) has a solution, then necessarily

2m
fo(t)dt = 0.
0
If u is a solution to (2.5), then its partial Fourier coefficients are given by
t
(2.6) up(t) = / fo(s)ds + constant,
0

and, forn € Z\ {0}, by

(2.7) un(t) = (1 — exp(—i27mco))_1/0 7Texp(—m /t_ ) fn(t — 8)ds ;

S

here f,(t) denotes the n'" partial (with respect to x) Fourier coefficient of f.
Forn € Z\ {0} we have the following alternative expression:

2 t+s
(2.8)  un(t) = (exp(i2rnco) — 1)~ /O exp(in /t ) fult+ )ds .

We now point out the following consequence of Lemma 2.4, which already proves
part of Theorem 2.3.
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Corollary 2.6. Ifcy € Q, then L is not GAH.

Proof. Pick ty € S' such that B(to) = max{B(t);t € S'}. Write ap = p/q and set
u(t,z) =Y 7, exp(ikq(a:—fot c+iB(tg)). It is easy to see that u € D'(T?)\ C“(T?)
and Lu = 0. |

Proof of Theorem 2.3. We begin by proving the necessity of conditions (2.3) and
(2.4); the proof amounts to constructing singular solutions to Lu = f, when either
(2.3) or (2.4) are not satisfied. Suppose first that (2.3) does not hold; thus b(t) # 0
and b(t) changes sign. We will divide the proof into four cases, according to the
nature of the complex number ¢y = ag + ibg.

Case 1. by < 0. Here we choose f(t,z) = (2m)™' Y07 | fn(t) exp(inz) with
(2.9) fn(t) = (1 — exp(—i2mncy)) exp(—n(A + KG(t) — ¢))

where G(t) = 1 — cos(t — to + So); in the sequel we will explain how to choose the
real numbers A, K, ¢, tg, Sg.
A formal solution to Lu = f is u(t,z) = (2m) "t Y07 | u,(t) exp(inz), where

(2.10) un(t):/O%exp{—n(A—l—KG(t—s)—s—l—i/tt o) }ds.

—S
Note that each u, € C*(S?).
We set A = max {ftt_s b;0 < s,t < 27r}. This maximum is attained when, say,

t = tg,s = sp; thus 4 = f:OO_SO b. We may assume that b(0) > 0 and that 0 <
to, So,to — so < 2m. In what follows it will be important to consider the points
belonging to the set Y = {t; 0 <t <27 and fttO_SO b= A}. Since b is C* and # 0,
Y is a finite set; we write Y = {¢q,t1,... ,tr}.

Note that | :O’“ b = 0 for each k; note also that b changes sign from — to + at
t = tg — sg, and from 4 to — at t = g, for k = 0,... ,r. This implies fttob <0
if [t —tk| < p, for k=0,...,r, if p > 0 is small. We also have tog — sg # tx, for
k=0,...,r.

We have, for all n € N, 0 < ¢; = 1 — exp(27hy) < |1 + exp(—i27ncy)| <
1+ exp(2mhg) = cg < 0.

The estimate |f(t)] < coexp(—n(A — e — K(cosh(d) — 1))) holds for all n €
N,t € St +i(-4,9).

We will choose K > 0 very large; the value of ¢ > 0 will come out from applying
Lemma 1.1, and we will have ¢ = O(K~1). We will also require § = O(K ~!). Thus
K& =O(K™1),and A —¢ — K(cosh(6) —1) > A—e—2K§?> =A—-O(K™!) >
A/2 > 0, for large K.

Thus |f.(t)] < coexp(—An/2), for all n € N,t € S! 4 i(—4,6); since each
fn € C¥(SY) we will have f € C¥(T?).

We claim that there exist C' > 0, 1 > 0 such that

(2.11) lun(t)] < Cn~% teS! neN,
and
(2.12) lun(tr)] = n Y21 +0m™)) , k=0,...,r, asn — oo .
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Assume, for a moment, that the claim has been proved. Then u € D'(T?)
because of (2.11). On the other hand, u ¢ C“(T?) because of (2.12); in fact, (¢, z)
belongs to the analytic singular support of u, for all k =0,...,r, z € S'.

We now proceed to prove our claim.

We may write

Un(t) = n(t)exp {—n[A —e+i f;o c]} , where o9 = tg — 8o and 4, (t) =
ftt_2” exp {—n(K[l —cos(o — o) — i f:o c)} do .

Pick p > 0 so that, when ¢ belongs to D = {¢; [t—tr| < p, for some k =0,... ,r},
WehavefttobSOandt;zéoo. For t € D we also have t — 2w < 0¢ < t.

Set h(o) = K[1 — cos(o — a9)] —if;yoc Jdt—2r <o <t

It is easy to see that, given C1, Cy, there exists Ky > 0 such that, for all K > K,
we have: Rh is strictly decreasing (resp. increasing) on [og — /2, 00] N [t — 2, t]
(resp. o9, 00+m/2]N[t—27,t]). Furthermore, Rh > C1 4 Co max{|b(t)];0 < ¢t < 27}
on {|lo —og| > w/2} N[t — 27, ¢].

We will first analyze the growth of |u,(t)|, as n — oo, when ¢t € D.

Pick 01,09 so that 01 < 0¢ < 02, [01,02] C [t —27,t]N[og — /2,00 + 7/2], and
[0'1,0'2] NnND= @

Set J, = f;’f exp(—nh(o))do.

Lemma 1.1 applies to give J, = yn~/2(1 4+ O(1/n)) exp(—nh(z)).

Set

(2.13) g:&a{Ku—cos(zo—ao)] —Z/U c} .

0

By taking K sufficiently large we can be sure that (for all K > Kj), when we
deform the integration contour in order to bypass (via zp) the point og, we get back
to the real axis at points o’1,0’y with o1 < ¢'1 < 09 < 0’9 < 02; we then have
Rh(o) > &' > ¢, forall o € {|o — oo > p} N[t — 2m,t]. Thus

([ [ fromtnion

as n — oo, uniformly in t € D.
Hence, with v; = |v|, and for ¢t € D,

lun(t)] = O(exp(—€'n))

+n” 21+ 0(1/n))

= O(exp(—¢'n)) ,

exp{—n (A—s—i—i/gic—i—h(zo))H .

.t t t t t
Now R{A—e+i[} cthzo)}=A= [l b=A=[b= [l b=— |} b.
Recall that — [} b>0ift € D, and — [} b=0if t =4,k =0,... 7.
Thus, for each t;, we have

[un ()| = O(exp(—e'n)) + yn~Y2(1 + O(1/n)), asn — oo ,

which implies the validity of (2.12).
On the other hand, we have

(2.14) [un (t)| = O(exp(—e'n)) + yin~Y2(1 + O(1/n)) exp (n/t b) ,

for t € D, as n — 0o, which implies the validity of (2.11) when ¢t € D.
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It remains to estimate |u,(¢)| when ¢ € [0,27] \ D, i.e., when |t — tx]| > p, for all

k=0,...,r.
There exist Ky > 0,7 > 0 such that, for all K > Ky,
t
(2.15) %(A—E—i—i/ c) >n/2, tel0,2n]\D.
oo

Indeed take i > 0 such that f;o b<A-—n,fortel0,2n]\ D. Then

t t
§R<A—e+i/ c):A—e—/ b>n—e>n/2,
oo a0

since ¢ = O(1/K).
We claim that, for Ky sufficiently large, and for all K > K,

(2.16) Rh(c) >0, forall o € [t — 2m,¢t], t € [0,27]\ D .

We divide the proof of (2.16) into three cases, according to the location of o;
note that we always have —27 < o < 27 in (2.16).

Let p’ be such that f:o b>0if |o— o] < p'.

If |o — og| < p’ we get (2.16) because K[1 — cos(o — gg)] > 0 for all o.

Now if |0 — (o9 — 27)| < p’ we have f;o b= f;O_Qﬂb + f;o_%b = —27mhy +
f;_% b > 0, and (2.16) again follows.

Finally if o is such that —27 < ¢ < 27, |0 — 0¢| > p/, and |0 — (0¢ — 27)| > p
we have 1 — cos(o — gg) > 7, for some 77 > 0; thus K7} + f:o b > K1j/2, provided K
is large. The proof of (2.16) is complete.

Now the conjunction of (2.15) and (2.16) shows that

(2.17) lun(t)] = O(=nn/2), t € [0,27]\ D, as n — oo .

Finally (2.14) and (2.17) together imply (2.11); this completes the proof in Case
1.

Case 2. by > 0. Here the proof is entirely analogous to that of Case 1. We use

(2.8) instead of (2.7), we let n vary in N, take A = —min {f:_s b;0§s7t§2ﬂ'}, and
SO on.

Case 3. bg =0 and ag € R\ Q. The proof is again similar to that of Case 1. Note
that, for all n € Z, |1 — exp(—i27nco)| = |1 — exp(—i27nao)| < 2.

Case 4. by =0 and ag € Q. This was taken care of in Corollary 2.6.

This concludes the proof of the necessity of (2.3).

Suppose now that (2.3) holds but (2.4) does not. Thus b(t) = 0, and ay is either
rational or exponential Liouville.

We use the automorphism of D’'(T?) (and, also, of C*(T?)) defined by Su = v,
where the partial Fourier coefficients are related by

vn(t) = un(t) exp [zn (/Ota(s)ds _ amﬁ)] nez.

The equation Lu = f becomes (0; + agdy)v = g, where Su = v,Sf = g. The
conclusion is that, when b = 0, L is GAH if and only if 9; + agd, is GAH if and
only if ag is neither rational nor exponential Liouville ([G]). This concludes the
proof of the necessity of (2.4), and also proves the sufficiency when b = 0.
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To complete the proof of sufficiency it remains to consider the case where b % 0
and b does not change sign. Here the results of Treves [T1] imply that L is actually
(locally) analytic hypoelliptic, hence also GAH.

The proof of Theorem 2.3 is complete. O

3. A CLASS OF OVERDETERMINED SYSTEMS

Here we study systems of vector fields of the form L. = (L4, ..., L), where
0 o .
(31) sza—tj—FCj(tj)%, j:l,...,n,

with each ¢; € C¥(S!).
We use the notations: t = (t1,...,t,) € T", z € S!, (t,z) € T""1 t; € S,}j.
Note that each L; is of the form studied in Section 2; note also that the only
coupling occurs via 9/0zx.
Since each c¢; depends only on ¢; the system is automatically involutive.

We are interested in the equations Lju = f;, j = 1,... ,n, where u € D'(T""!)
and each f; € C¥(T"1).

Definition 3.1. The system L is said to be globally analytic hypoelliptic on the
torus T™*! (briefly: L is GAH) if the conditions u € D'(T"!) and f; € C¥(T"T1),
j=1,...,nimply u € C*(T"!).

Definition 3.2. We say that @« € R" \ Q" is an exponential Liouville vector
(briefly: « is EL) if there exists € > 0 such that the inequality | —p/q| < exp(—&q)
has infinitely many solutions p/q, with p'€ Z™, ¢ € N.

We set ¢jo = (2m)~? fo% c;(t;)dt;; we also write ¢; = a; + ib; and ¢j0 = aj0 +
ibj70.

We split the set {1,...,n} as {1,... ,n} = JU K, where j € J if and only if
the function b; does not change sign; we write J = {j1,...,j¢}. We allow £ to be
0 (this means J is empty) or n (this means K is empty).

We are now ready to state the main result of this section.

Theorem 3.3. Under the above assumptions and notations, I is GAH if and only
if the following conditions are satisfied:

(3.2) J is nonempty;

ifb; =0 forall j € J, then (aj, 0, ... ,a4,,0) is neither EL nor an element
of Q°.
Proof. We begin by proving the necessity.

Suppose first that (3.2) is not satisfied, that is, b; changes sign, for all j =
1,...,n.

The results of Section 2 apply to yield u; = u;(t;, ), with u; € D'(S;, x S}) \
C“’(S}j x SL) and f; = Lju; € C“’(S}j x SL), forj=1... n.

In Section 2 we constructed these objects and proved that the following estimates
hold, for all j =1,... ,n, and all k € N:

(3.4) [a;(t;, k)| < CE~Y2, t; € S,

(3.3)

(3.5) [U;(to., k)| = CE~Y2(1 + O(k™1)), for some to; € S,
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(3.6) |fj(tj,k)| < Cexp(—Bk), t; € S* +i(—6,4),for some B >0 .

We make the remark that a more careful analysis of the proof of (3.4) yields the
following estimates:

(3.7) @ (t;, k)| < Ck~Y2exp(ek) , t; € S* +i(—6,0)
where € is small.

We set
(3.8) W= UL %" *Up

where * denotes the convolution in the z-variable alone.

Now, by using basic properties of the convolution product together with the
estimates (3.4)—(3.7), one sees that u € D'(T"*!) and that each L;ju € C*(T"1);
this shows that (3.2) is indeed necessary.

Assume now that (3.2) holds but (3.3) does not. Then, after reordering the
variables (if necessary) we may assume that there exists ¢, with 1 < £ < n, such
that

(i) bj=0,forj=1,...,¢

(i) b; changes sign, for j =£¢+1,... ,m;
(iii) ag = (a1,0,-.-- ,as0) is either EL or belongs to Q.

We will split the variables as t=(¢',t"”), where t' = (t1,...t¢), " = (to41,.-- , tn)-

We may write a;(t;) = a%jA(t’) +ajotj ,j=1,...,¢ with A€ C*(T4R).

We will use the automorphism of C¥(T"*!) (and also of D'(T"*!)) defined
by Su = v, where v(t,k) = u(t, k) exp(ikA(t')); with this, the equations Lu =
fi, 7=1,...,n, become f;jv =g;,J=1,...,n, where v = Su, g; = 5f;, and
L= %+aj7o% ,i=1,... L

We set A= {(p, k) € Z* x Nymaxi<j<¢|p; + aojk| < exp(—e(||p]| + k))}.

Note that A is an infinite set; indeed, when ag is EL this follows from the
definition of EL; when ay € Qf, we may take k = gm, p; = —qmagj, m € N,
where ag = 7/q (lowest terms).

We set w(t',x) =37, pyea exp(i(p - ' + k).

We have w € D'(T% x SL)\ C¥(T% x SL), and L;w = hj, where

(o) = {’(pj +aagh), i () € A

0, otherwise.
Thus h;j € C*(T, xSL),j=1,... L
Now, as in the first part of this proof, for each j = £+ 1,... ,n, there exists
uj € D’(S,}j x S\ C“(S,}j x S1) such that Lju; € C“(S,}j x S1).
We now define v = w * ug41 * - - - % Uy, and the proof ends just like in the proof
of the necessity of (3.2).
We now prove the sufficiency of (3.2)-(3.3).

Case 1. There exists j € {1,...,n} such that b; does not change sign and b; # 0.
In this case L is even (locally) analytic hypoelliptic, hence GAH; indeed no local
primitive of the 1-form bidt; + - - - 4+ b, dt,, has local extrema, and so the results of
[BT] apply.

Case 2. FEach b; which does not change sign is = 0. Then, after reordering the
variables (if necessary) we may assume that there exists ¢, with 1 < ¢ < n, such
that
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(i) by=0,forj=1,...,¢
(ii) b; changes sign, for j=¢+1... ,n;
(i) oo = (a1,0,--. ,ar,0) is neither EL nor in Qt.
Let u € D/(T""!) be given with f; = Lju € C*(T"M1), for j = 1,...,n. We
proceed to show that u € C¥(T"F1).
As in the proof of the necessity of (3.3) we use the automorphism S and get the

equations Ljv = g;,j =1,... ,n, where L; = % +ao,j%, i=1,... L

We use partial Fourier series in the variables (¢, z) in the first £ equations and
get
(3.9) i(p; + ao;k)0(t",p, k) =g;(t",p, k), j=1,...,C.

We get, for (p, k) € Z*+1,
(3.10) o(t",p, k) = g;(t",p. k) /i(p; + ao k),
where Je is any index with 1 < j < ¢ and p; + apjk # 0 (such a j exists because
ao ¢ Q°).

When (p, k) = (0,0), we see that v(t"”,0,0) is not determined by (3.9), and we
also see that g;(t”,0,0)=0,j=1,... ¢

Set w(t,z) = v(t,x) — (27)~"19(¢”,0,0). From (3.10) we get, since gi,. .., g
€ C¥ and ag ¢ Q' UEL, that there exist ¢ > 0, C' > 0 such that [0(t",p, k)| <
Cexp(—e(||pl| + |k|), for (p, k) € ZF1\{0}, ¢ € T0“ +idI"~¢, where I = (—1,1).
It follows that w € C¥(T"*1).

Now, for j =£¢+1,... ,m, we have Ljw = Ljv — (QW)_Z_laitjﬁ(t”,O,O), and so
a%a(t",o,()) € C¥, which implies 5(¢”,0,0) € C¥. Thus v = w + (21) vy €
C¥, and also u € C*¥(T™*1).

|

4. EXAMPLES
We begin with examples of vector fields on the torus T2.

Example 4.1. L = 9/0t+ [asint + i(8 — cost)]d/0z, a, 3 € R. Here L is GAH
if and only if |3] > 1.

Example 4.2. L = 0/0t+(v2+asint)d/dz, o € R. This L is GAH because v/2 is
an algebraic number of degree 2 hence, by Liouville’s theorem, satisfies |[v/2—p/q| >
Cq~2, for all p € Z,q € N, and some C > 0.

Example 4.3. L =0/0t+ (2 + asint)d/0z, a € R. This L is not GAH.

Example 4.4. L = 9/0t+ (a+Bcost)d/0x, where a, 8 € R and « has a continued
fraction K ,(1/a,) with a,t+1 > exp gy, for all n € N (here g, is the denominator

of the nth convergent to «a; see Example 4.9 for more details about continued
fractions). This « is EL and so L is not GAH (for another, more explicit, example
one may take a, = n!, n € N; see [G]).

We now give examples of systems of two vector fields . = (L1, Ls) on T3,
Theorem 3.3 implies that only the first two are GAH.

Example 4.5. L; =09/0t1 + (1 — costy)d/0x,
Lo = 8/3t2 + Z(l — 2cost2)8/8a:.
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Example 4.6. L; = 0/0t; +/20/0x,
Ly = 0/0ty + i(1 — 2costs)0/ 0.

Example 4.7. Ly = 9/0t1 + (1 — 2cost1)d/0z,
Ly = 0/0ty + i(1 — 2costs)0/ 0.

Example 4.8. L, = 9/0t; + ad/0x,
Ly = 0/0ty + i(1 — 2costs)0/ 0,
where « is as in Example 4.4.

In order to motivate the next example, we begin by remarking that, for each 7,
the operator L; = 0/0t; + ¢;(t;)0/0x may be considered as an operator acting on
functions or distributions depending only on two variables, namely (¢;,z) € TZ.
Thus we may ask whether L; is GAH on T? or not.

Note that in Examples 4.5 and 4.6, where L is GAH, one of the vector fields
(namely L;) was also GAH on T?2. Hence it makes sense to ask if this is always the
case; more precisely, does the fact that L is GAH on T"*! imply that at least one
of the vector fields L; is GAH on T?? The answer is no, as the following example
will show.

Example 4.9. L, = 9/0t; — ad/0z,
L2 = 8/3t2 — ﬂ&/@x

We are going to construct two exponential Liouville numbers «, 3 such that
(o, B) is not an exponential Liouville vector. The conclusion will be that L is GAH
on T2 even though neither L; nor Ly is GAH on T2.

The numbers «, 5 € (0,1) will be constructed by means of their (simple) contin-
ued fractions, namely

= Kzozl(l/a’n)a ﬂ = K?zozl(l/bn)v
where each a,, b, € N.

The best rational approximations to an irrational number, say «, are in a certain
sense, the convergents p,/qn; these are given recursively by p1 = 1, ¢1 = a1, p2 = as,
g2 = aza1 + 1, and, for n > 3, pp = @nPr—1 + Pn-2, @ = AnGn-1+ Gn_2.

Legendre’s theorem says that if | — p/q| < 1/2¢?, then p/q = pn/qn, for some
n.

On the other hand, the convergents satisfy the following:
1 < 1 < Jan] < 1 < 1
< S| = Pn/dn| = <
(2 + an+1)q721 Qn(Qn + Qn+1) e

qndn+1 an+1q121 .
Let us agree to say that p/q is a good approzrimation to a when |a—p/q| < 1/3¢>.
Note that, when a,+1 = 1, pn/¢, is not a good approximation to . On the
other hand, when a,,+1 = [exp ¢,]+1 ([z] denoting the largest integer not exceeding
the real number ), as will be the case below for certain values of n, p, /g, will be a
(very) good approximation to a; we will need to know that, for large t € N, tp,, /tg,
is not a good approximation to a. We have, if t > t,, = 1 + max{2, [exp(¢./2)]},

a—tpp/lgn| = |0 —=DPn/Gn| 2 57—
o= thaftanl = la=pn/ml 2 G
> 1 > 1
T (Btexpan))g: T B+1%)gn
1 1
>

2t2¢2 © 3(tqn)?
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hence, for such ¢, tp,, /tg, is not a good approximation to a.

The convergents to 3 (resp.a) will be denoted r,, /s, (resp.pn/gn)-

To construct « (resp. 3) we will choose most of the a,, (resp. b,) equal to 1; the
remaining a,, (resp. b,) will be very large. The continued fractions (with a new
notation) are

a = [L,1ag1,1,. 0t 1,ak541,1,...],
B o= [l Lbgrts Ly 1,
where k1 < ko < ---, and
k41 = lexpar,]+1, €=1,3,5,...,
bi,+1 = lexpsk,]+1, £=2,4,6,... .
These conditions imply
o = pey a1, | € —— < —— < exp(—qi,)

2
leq1w+l ake-’rlqke

and, similarly, |8 — 7k, /sk,| < exp(—sk,), hence both o and (§ are EL.

In order to achieve the goal of having («, §) not EL we must make a very careful
choice of the sequence k1, ko, . .. ; basically, it will have to grow very fast.

We define k1 < ko < k3 < --- recursively by setting k; = 2, and for £ > 2, we
require k¢ to be such that

Sk > ¢ -1 = qr,—1([exp(ar,—1/2)] + 1), if £ is even,
and such that
qr, > 8" 0—1 = sp,—1([exp(sk,—1/2)] + 1), if £ is odd.
We get i, < ¢'1 < Sky, < 8’2 < @iy < ¢'5<---. Set
Ii={¢qeN:q, <q<d,}, ¢=1,35...,
and
Jr={qeN:sy, <qg<s'y}, (=246,....

Note that I, N J,, =0, for all £ =1,3,5,..., m =2,4,6,....

We claim that the good approximations to « (resp. () have denominators be-
longing to some I, (resp. J,); this will imply that there are no good approximations
to ((a, B)) with the same denominator, i.e., one has |(a, 8) — (p/q,7/q)| > 1/(3¢%),
for all p,r € Z, ¢ € N; this will imply that («, ) is not even a Liouville vector; in-
deed, for any £ > 0, the inequality exp(—eq) > 1/3¢> has (at most) a finite number
of solutions ¢ € N; in other words, one has |(a, 8) — (p/q,7/q)| > exp(—&q), except
for a finite number of (p/q,7/q).

It remains to prove our claim; we will prove it only for a. We have, by Legendre’s
theorem, |a — p/q| > 1/2¢?, provided p/q # pn/qn, n = 1,2, .. ..

Now, when a,4+1 = 1, we have |a — p,/qa| > 1/3¢2; thus we also have, for all
teN, |a—tpn/tan| > 1/3(tg.)?.

Finally, when n = ky, £ = 1,3,..., we have seen that t > t, implies
|a - tpke/tq}’w' > 1/3(tq7€£)2'

The conclusion is that if p/q is a good approximation to «, then p = tpy,,
q = tqk,, for some ¢ = 1,3,... and some t € N with 1 < ¢ < ¢; in other words,
if p/q is a good approximation to «, then necessarily qr, < ¢ < ¢/, for some
(=1,3,....
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This concludes the analysis of Example 4.9.

Example 4.10 (systems with constant coefficients). L; = 9/0t; + (a; +1ib;)0/0x,
j=1,...,n. Here L is GAH if and only if either some b; # 0 or else (a1,... ,an)
is neither EL nor an element of Q™.

Example 4.11 (systems of real vector fields). L; = 0/0t;+a;(t)0/0z, j =1,...,
n, where each a; is real-analytic, real-valued; we also assume that the system
is involutive, i.e., da;/0t; = Oax/0t;, for all j,k. Here, the conjugation with
exp(inA(t)), where A(t) = 2?21 fot a;(s)ds; — ag - t, where ag = (ao1,...,aon)

and ag; = (2m)~* fOQﬂ a;(t)dt;, reduces L to the constant coefficient system L =
(L1,...,Ly), where L; = 8/dt; 4+ ag;0/dx. Thus L is GAH if and only if ag is

neither EL nor an element of Q™.

Example 4.12. L; = 0/0t; +ib;(t;)0/0x, j = 1,... ,n with each b; # 0. Here L
is GAH if and only if some b; does not change sign. Also, L is GAH if and only if
L is (locally) analytic hypoelliptic.

5. CONCLUDING REMARKS

The paper [GPY] studies global regularity for several classes of operators, es-
pecially second-order ones. The authors announce a result about global Gevrey
hypoellipticity, for all Gevrey indices ¢ with 1 < o < oo, for the first-order opera-
tors (2.1). They prove the sufficiency in all cases and the necessity when 1 < o < oo,
where cut-off functions can be used. Our proof of Theorem 2.3 may be viewed as
a completion of the proof of Theorem 3.4 in [GPY].

The article [Ca-Ho| contains a theorem with the same statement as that of our
Theorem 2.3. However, what is proved there is that (2.3)—(2.4) are equivalent
to the following notion of GAH: the conditions u € C°(S};D'(SL)) and Lu €
C(S};C¥(SL)) imply u € C°(S};C¥(SL)). In this context, one is free to use
cut-off functions in the ¢-variable; this renders the construction of singular solutions
a simple matter.

A crucial point in the construction of singular solutions, namely in the case
when b(t) changes sign, was the choice of a right-hand side f € C¥(T?) which
extended holomorphically, in the z-variable, to a strip of finite width, namely |Sz| <
A —e. We remark that, were b(t) and f = Lu entire, then the distribution v would
automatically be entire as well (L1 destroys only a finite width). Thus we can say
that, when b(t) £ 0, L is always globally entirely hypoelliptic.

The paper [Co-Hi] studies GAH for sums of squares of real vector fields, under
the assumption that each point is of finite type. We consider the sum of squares
P=1L%+..-+ L2 where L = (Ly,...,Ly,) is an involutive system of real vector
fields, and remark that it is always of infinite type.

We claim that P is GAH on T™*! if and only if ag is neither EL nor an element
of Q™. In view of Example 4.11, this is the same as saying that P is GAH if and
only if L is GAH. It is well-known that P GAH implies . GAH; we must prove the

converse.
Let u € D'(T""1) be such that Pu = f € C¥(T"!). Setv; = Lju,j=1,... ,n.
We see that vy,...,v,, must verify Livy +--- 4+ Lyv, = f and Ljv, — Lyv; =

0, j,k=1,... ,n.
It suffices to show that these equations have, up to a constant, a unique distri-
bution solution, (v1, ... ,v,) which, furthermore, is real-analytic.
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For simplicity, we will assume n = 2, the case of general n being similar. We
must solve Lyvy + Love = f, —Lovy + Livy = 0.

Set Sv = w, Sf = g, where S is the automorphism in Example 4.11. We now
have to solve I~/1w1 + Eg’wg =g, —I~/2w1 + Elwg =0.

By taking Fourier series (in all variables) we see that we must solve

(k1 + aorjlw(j, k) + [k2 + aozjlw2(j, k) = —ig(j, k),
—[ka + av2jlwi (4, k) + [k1 + ao1jlwa(j, k) = 0.

We have, for any € > 0, Dj, = (ki + ag1j)? + (k2 + ao24)? > exp(—¢(|j| + k)),
for [j] + || large.

It is now easy to finish the proof.

A study of global hypoellipticity (GH), i.e., C* rather than C* regularity, was
carried out in [BCM] in a more general context. The techniques of the present
paper, coupled with the use of cut-off functions, furnish results of GH for a class
not covered in [BCM]. In fact, if we allow b;(t;) to be C> we get the perfect
analogue of Theorem 3.3: it suffices to replace GH for GAH and Liouville vector
for EL.

Perturbations of a non-GAH vector field by a term of order zero may turn out to
be GAH, in contrast with what happens in the usual (local) analytic hypoellipticity
for operators of principal type (see [T1]). Actually, for any o € R, most (in the
sense of Lebesgue measure) perturbations d; — ad, — A\, A € R, are indeed GAH.
Furthermore, by mimmicking the constructions (via continued fractions) in [B], one
can produce two exponential Liouville numbers «, 8 such that 0y — ad, — 1/2 is
GAH but 0, — 0, — 1/2 is not GAH.
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