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HANKEL OPERATORS ON BOUNDED ANALYTIC FUNCTIONS

JAMES DUDZIAK, T. W. GAMELIN, AND PAMELA GORKIN

ABSTRACT. For U a domain in the complex plane and g a bounded measurable
function on U, the generalized Hankel operator Sy on H*°(U) is the operator
of multiplication by g followed by projection into L>°/H°. Under certain
conditions on U we show that either Sy is compact or there is an embedded
£°° on which Sy is bicontinuous. We characterize those g’s for which Sy is
compact in the case that U is a Behrens roadrunner domain.

1. INTRODUCTION

Let X be a compact space and let A be a closed unital subalgebra of C' = C(X).
For fixed g € C, we define the Hankel-type operator S, from A to the quotient
Banach space C/A by

Se(f)=9f+A  [feA
The algebra A is defined to be tight if the operators S, are weakly compact for all
g € C. Cole and Gamelin [8] proved that A is tight if and only if A**+C'is a closed
subalgebra of C**. We will say the algebra A is compactly tight if the operators Sy
are compact for all g € C.

Roughly speaking, an algebra of analytic functions with continuous boundary
values is tight whenever the delta-bar problem can be solved with a mild gain in
smoothness. In particular, the various algebras R(K) and A(K) associated with
rational approximation in the complex plane, and also the algebras A(D) associated
with bounded strictly pseudoconvex domains with smooth boundaries in C", are
tight. In fact, the operators solving the delta-bar problem in these examples are
compact, so that the operators S, are compact, and these algebras are compactly
tight.

These Hankel-type operators appear implicitly in the work of J. Bourgain on
the Dunford-Pettis property. Bourgain’s work [3] shows that if the operators Sy
are always completely continuous (weak-null sequences are mapped to norm-null
sequences), then A has the Dunford-Pettis property. Thus the algebras described
above all have the Dunford-Pettis property (see [7]). The Hankel-type operators
are also related via work of Bourgain to the Pelczynski property. Using the work in
[4], S. Saccone has shown in [20] that any compactly tight uniform algebra has the
Pelczynski property. One consequence of this is that the dual space of a compactly
tight uniform algebra is weakly complete.

Now the sets of functions g € C' such that S is compact, or weakly compact, or
completely continuous, are closed subalgebras of C' containing A. The set of g € C
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such that S, is completely continuous is called the Bourgain algebra associated with
the subalgebra A of C.

The algebras of the form H that arise in connection with bounded analytic
functions are not tight in general. The problem then is to determine, for a given
g € L*, when Sy : H® — L° /H® is compact, or weakly compact, or completely
continuous. Several papers have appeared identifying the Bourgain algebra for
certain H>-spaces. For the case of the classical algebra H°(d#) associated with
the bounded analytic functions on the open unit disk A in the complex plane,
the Bourgain algebra is identified in [5] as H*(df) + C(0A). Much related work
has been done (see for instance [6],[17]). The work with the strongest bearing on
our problem is that of K. Izuchi, who obtained in [19] some fairly broad results
generalizing many existing descriptions of Bourgain algebras.

We focus here on the algebra H*(U) of bounded analytic functions on a fixed
bounded open subset U of the complex plane. Let o denote area measure on
U. We regard H>®(U) as a subalgebra of L*°(0), and indeed it is a weak-star
closed subalgebra of L>(c). For fixed g € L*°(o), we consider the Hankel-type
operator Sy from H>®(U) to L>®(c)/H>(U) defined by Sy(f) = gf + H*(U).
Our goal is to determine when S, is compact. The set of such g, denoted by
B> (U), is a closed subalgebra of L>°(c) that contains H*°(U) and that is invariant
under the Ty-operators of rational approximation theory. We show in Section 6
that if every point of QU is a peak point for H*°(U), then B> (U) coincides with
[H®(U) 4+ C(U) + L°(0)], the closed linear span of H>(U), C(U), and the space
L& (o) of those functions from L (o) that tend to 0 at OU. In Section 7 we identify
B (U) for the class of infinitely connected domains introduced by M. Behrens (see
[1],12],[21]). For these domains there is one boundary point that is not a peak point,
and B> (U) is strictly larger than [H>(U) + C(U) + L (0)].

In each of the cases where we are able to obtain complete information, we show
that either Sy is compact, or else there is a closed complemented subspace of H>(U)
isomorphic to ¢>° on which S, is an isomorphism (a bicontinuous operator onto
its range). Thus compactness, weak compactness, and complete continuity are
equivalent for the operators S, in the cases we have treated. We ask whether
the dichotomy holds for all the Hankel operators Sy, and in particular whether
compactness, weak compactness, and complete continuity are always equivalent.

The paper is organized as follows. In Section 2 we provide some background
material on when the sum of certain closed subalgebras of L>° (o) is again a closed
subalgebra of L>°(c), and we show by example that H>(U) 4+ C(U) is not always
closed. In Section 3 we treat multiplication operators Mg, on arbitrary U. Sec-
tions 4 through 6 are devoted to the Hankel operators S, defined for area measure
on U, and in Section 7 we treat the Behrens domains. In Section 8 we briefly discuss
analogous results for the case of harmonic measure on 9U.

2. PRELIMINARIES

We will be interested in when H>(U)+ C(U) is closed in L>(c). The following
criterion is an immediate consequence of the open mapping theorem (cf. Theorem
14.1 of [8]).

Lemma 2.1. The sum M + N of two subspaces of a Banach space is closed if and
only if there is a constant ¢ > 1 such that dist(x, M N N) < ¢ dist(x, N) for all
re M.
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We denote A(U) = H>(U) N C(U), the algebra of analytic functions on U
with continuous boundary values. The weak-star closure H>®(A(U),o) of A(U)
in L>=(0) is a weak-star closed subalgebra of H*°(U). The algebra A(U) is a T-
invariant algebra, invariant under the Ty operators of rational approximation the-
ory. According to general results on such algebras (Davie’s theorem; see [9]), A(U) is
pointwise-boundedly dense in H*(A(U), o), that is, every function in H>*(A(U), o)
can be approximated pointwise on U by a bounded sequence in A(U). Further,
H>(A(U),0) + C(U) is a closed subalgebra of L>(c). The formal apparatus of
the T-invariant algebras applies in part to H*°(U), and yields the following.

Lemma 2.2. The closure [H*®(U)+C(U)] of the linear span of H*(U) and C(U)
is a closed subalgebra of L>=(c). If A(U) is pointwise boundedly dense in H*(U),
then H*(U) 4+ C(U) is already a closed subalgebra of L> (o).

Proof. Let ¢ be a smooth compactly supported function on C, and let g € H*(U)
be extended to be zero off U. The Ty operator is defined by

(T39)(0) = s 2 [ [2ELEE ey

(See II.1 or VIIL.10 of [12], or Section 2 of [15].) Since the convolution of a lo-
cally integrable function with a compactly supported bounded Borel function is
continuous everywhere, the integral on the right is in C(U). Since Tyg is analytic
wherever g is, evidently Tyg € H>(U). Hence ¢pg € H*(U) + C(U). Passing to
uniform limits of smooth ¢’s, we obtain the first statement of the lemma. The
second statement follows from the remarks preceding the lemma. |

It is fairly easy to see that H>(U) + C(U) is not closed when U is a slit disk.
By punching out small holes in such a U, we are led to the following example (cf.
Problem 13.2 in [10]).

Example. There is a connected open subset U of C such that U is the interior of
its closure and such that H*(U) + C(U) is not closed.

Proof. Let U be obtained from the open unit disk A by excising the closed interval
[~1/4,1/4] together with a sequence {A,,} of disjoint closed disks in the top half of
A that accumulate on all of the interval. We assume that the disks have radii r,, and
distances to the real axis d,, satisfying > r,, /d? < co. Since H*(U)NC(U) = A(U),
it suffices by Lemma 2.1 to find functions f. € H>®(U) for € > 0 arbitrarily small
such that dist(f.,C(U)) — 0 while dist(f., A(U)) > ¢ > 0. For this, we let W,
be the exterior slit domain obtained by deleting the interval [—e, +¢] from the
extended complex plane, and we choose f. to be the conformal map of W, onto
the rectangle {|z| < 1,|y| < e} satisfying f.(c0) = 0 and f.(£e) = £1. Then
fe is symmetric with respect to the real axis, so that the real part h. of f. is
continuous on the slit. Further, the imaginary part of f. is bounded by €, so that
dist(fe, C(U)) < || fe = he|| < e.

Let g € A(U). Choose z4 in the bottom half of A near to +¢ respectively such
that |f-(2+) — (£1)] < € respectively. Since R(U) = A(U) (see VIIL.13 of [12]), w
may use the Cauchy integral formula over OU \ [—1/4, +1/4] to recapture values of
gonU,

1
g(z>:2_7Ti/A<—zd< szfA C_ch, zeU.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



366 JAMES DUDZIAK, T. W. GAMELIN, AND PAMELA GORKIN

Subtracting these expressions at z; and z_, we find that g(z4)—g(z_) is represented
by a sum of integrals featuring (z4 — 2-)g(¢)/(¢ — 24 )(¢ — z—) over the boundaries
of the disks. Making the obvious estimates, we obtain a bound of the form

l9(z4) — 9(2-)| < collglle-
Thus if ||g]| < 2, then for € small,

[(fe = 9)(z4) = (fe = 9)(z)| = |fe(24) — fe(2-)[ = 2,

and consequently ||f: — g|| > 1/2. On the other hand, if ||g|| > 2, then clearly
Il fe — gl| > 1/2. Hence dist(f., A(U)) > 1/2 for ¢ small. |

Let L (o), vanishing L of o, denote the set of functions in L>° (o) that tend to
0 at QU. Any function in L (o) that is zero off some compact subset of U belongs
to LY (o), and such functions are uniformly dense in L§°(c). Note that Li°(o) is
a closed ideal of L*°(c). The analog of the preceding lemma for the linear span
H>(U) + C(U) + L (o) is as follows.

Lemma 2.3. The closed linear span [H®(U) + C(U) + L (0)] coincides with
[H>(U)+ C(U)] + L (o), and is a closed subalgebra of L>=(a). If A(U) is point-
wise boundedly dense in H®(U), then H*(U) + C(U) + L (o) is already a closed
subalgebra of L (o).

Proof. Since the sum of an algebra and an ideal is always an algebra, it suffices to
show that [H>®(U) 4+ C(U)] + L (o) is closed. Denote the functions in C(U) that
tend to 0 at OU by Co(U). It is readily seen that for any function f € L°°(¢) that
is continuous on U, the distances from f to Lg°(o) and to Cy(U) both coincide with
the limsup of |f(z)| as z tends to QU. In particular, the distances are equal. Since
Co(U) = [H®(U) + C(U)] N L (o), Lemma 2.1 applies to M = [H®(U) + C(U)]
and N = LF (o), and the subspace sum is closed. O

We will say that z € 9U is a peak point for H*>*(U) if there is a function f €
H>(U) such that |f| <1 on U while f({) — 1 as ¢ € U tends to z. If z is not a
peak point for H*(U), then a value ¢, (f) can be assigned to f at z so that f(()
tends to . (f) as ¢ tends to z through a subset of U with full area density at z. The
functional ¢, is a weak-star continuous multiplicative linear functional on H>(U),
called the distinguished homomorphism at z. See [11] and [15] for background on
distinguished homomorphisms.

3. MULTIPLICATION OPERATORS ON H>°(U)

Let L°(0), slow L™ of o, denote the the set of functions g € L (o) such that
for every ¢ > 0, there exists a subset S of U that is precompact in the norm of
the dual space of H*®(U) such that |g| < € off S. Thus a function g € L*(0)
belongs to L°(o) if and only if it has the following property: if {, € U converges
to z € U, and if for some ¢ > 0 the essential limsup of |g| at each (, is > ¢, then z
is not a peak point for H*(U), and {p¢, } converges in norm to the distinguished
homomorphism ¢, at z. Any function in L*° (o) that is zero off some subset of U
that is precompact in the norm of the dual space of H>(U) belongs to L°(o), and
such functions are uniformly dense in L°(o0). Note that L2°(o) is a closed ideal of
L*>(o).
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Theorem 3.1. Forg € L>(0), define the multiplication operator Mg from H>(U)
to L>®(0) by My(f) = gf for f € H®(U). Then My is compact if and only if
g € L°(0). Further, if My is not compact, then there is a subspace of H>(U)
isomorphic to £>° on which My is an isomorphism.

Proof. Suppose that g € L(0). Let {f,} be a sequence in the unit ball of H*(U)
that converges uniformly to zero on compact subsets of U. We claim that g f, con-
verges uniformly on U to zero, from which it follows that M, is compact. Suppose
on the contrary that there are ¢ > 0 and points (,, € U such that the essential
limsup of |gf.| at ¢, is > ¢. Since ||fn|| < 1 for all n, the essential limsup of |g| at
Cn is > ¢. Also note that ||g]||fn(Ca)| = ¢, so |fn(Cn)| = ¢/llgll. But since the f,’s
converge uniformly to zero on compact subsets of U, this means that the (,’s do
not remain within a compact subset of U, and so, by passing to a subsequence, we
can assume that ¢, converges to some z € OU. Since g € L°(0), there is a distin-
guished homomorphism at z and ¢¢, — ¢, in norm, so that |f,((.) — @2 (fn)| — 0.
Since distinguished homomorphisms are weak-star continuous, ¢, (f,) — 0. Hence
fn(Gr) — 0, and this contradicts | f,,(Cn)| > ¢/|lgll > 0.

Suppose on the other hand that g ¢ L°(0). Then there is a sequence S in U
such that the essential limsup of |g(z)| at each point of S is > ¢ > 0, while the point
evaluations at points of S do not form a precompact subset of the dual space of
H>(U). By Theorems 4.2 and 4.4 of [15], S has an interpolating subsequence {z;},
say with interpolating constant M. A theorem of Varopoulos (Theorem VII.2.2 of
[16]) valid for arbitrary uniform algebras, together with a normal families argument
to pass from a finite set to a sequence, provides us with a sequence of functions
fx € H*®(U) such that fy(z;) = 0,5 and Y |fx] < M? on U. The map o +— F, =
> apfi of £2° into H*(U) is then an embedding. Since ||[gF,| > clla||, My is an
isomorphism on the embedded copy of £°°. O

4. HANKEL OPERATORS WITH SYMBOLS VANISHING ON THE SHILOV BOUNDARY

Let M be the maximal ideal space of H>°(U). (We could as well use any compact-
ification of U to which the functions in H>°(U) extend continuously and separate
points.) The Shilov boundary of H**(U) is the smallest closed subset of M on
which all the functions in H*°(U) attain their maximum modulus. We say that a
function g on U tends to zero on the Shilov boundary if g(zo) — 0 for any net {z,}
in U that accumulates on the Shilov boundary in M. If T is a free smooth boundary
curve in U, then g tends to zero on the part of the Shilov boundary corresponding
to I' if and only if g has nontangential (or radial) boundary limit zero at almost all
points of T'. For background on the Shilov boundary of H>*(U), see [11].

Theorem 4.1. Suppose g € L (o) tends to zero on the Shilov boundary of H* (U).
Then Sy is compact if and only if g € LY (o). Further, if Sy is not compact, then
there is a subspace of H>(U) isomorphic to {>° on which Sy is an isomorphism.

Proof. For g € L°(0), M, is compact by Theorem 3.1, so that S, is compact
also. So suppose that g ¢ L°(0), while g tends to zero on the Shilov boundary.
By Theorem 3.1, there is a subspace J of H>(U) isomorphic to £>° on which M,
is an isomorphism. Choose ¢ > 0 such that ||gf| > ¢||f| for all f € J. Let
h € H*(U). Since |gf — h| tends to |h| on the Shilov boundary, ||gf — k|| > [|A]|.
Also ||lgf—nh|| > || f]|—||h]|- Adding these inequalities, we obtain 2||gf—h|| > ¢|| f]|-
It follows that 2||S, f|| > ¢||f]| for all f € J, and S, is an isomorphism on J. O
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5. CONSTRUCTION OF A DuAL BASIS

It will be convenient to have other methods for introducing an ¢°°-basis into
H?(U). Our basic technique is incorporated into the following lemma, which is a
sharpened form of the dichotomy given in Theorems 4.2 and 4.4 of [15].

Lemma 5.1. Suppose 0 € OU, and let {u,} be a bounded sequence of measures on
U whose mass accumulates at 0. Then:

(1) either {pn} forms a norm-precompact subset of the dual space of H*(U), in
which case case either {u,} converges to 0 in the norm of the dual space of
H>(U), or else 0 is a nonpeak point for H*®(U) and {un} accumulates in
norm at multiples of the distinguished homomorphism ¢q;

(2) or else there are a constant M > 0, a subsequence {v;} of {un}, and functions
fr € H®(U) such that 3~ |fr] < M on U and [ fi dvj = ;1 for all j and k.
In this case, given g, > 0, k > 1, there are 11, ’s decreasing monotonically to O
such that the v;’s and f’s can be chosen as above so that additionally f,(()
is analytic for |C| > rk, fr(c0) =0, fr(() — 0 as ¢ — 0, and |fx(C)| < ek for
[¢| < rg41 and for |C] > 1.

Lemma 5.1 is related to the Rosenthal dichotomy: if S is a bounded subset of a
Banach space, then either every sequence in S has a weakly Cauchy subsequence,
or else S contains a sequence that is an ¢!-basis. Note that in the latter case, there
is always a quotient space of the dual space that is isomorphic to ¢>°. Suppose
now S is the sequence {y,} of Lemma 5.1, regarded as a subset of the predual of
H>(U). The first alternative of Lemma 5.1 corresponds to the first alternative
of Rosenthal’s dichotomy, with the stronger conclusion of norm compactness. The
second alternative of the lemma asserts that not only is there a subset that forms an
0'-basis, but that the corresponding dual £*° can be realized as a weak-star direct
summand of the dual space H>(U).

The proof of Lemma 5.1 depends on a “sliding hump” argument, which appears
frequently in analysis, and which is used in [15] and in [19]. Since the essential
ideas of the proof are contained in Section 4 of [15], we give only an outline and
omit some of the details.

The statements in the norm-precompact case follow directly from Section 4 of
[15]. We assume then that the sequence is not precompact in the norm of the dual
space of H®(U). We assume further that there is a distinguished homomorphism
at 0; when 0 is a peak point the proof simplifies.

To fix notation, let Us = U U {|z| > §}. If v is a measure on U, let p(v) denote
the norm of v, regarded as a linear functional on the null-space of g,

o) =sunf| [ Fav € )11 < Logalr) = 0%

We can assume here that f is analytic at 0 and f(0) = 0, since by [15] any f in the
null-space of g can be approximated uniformly on sets at a positive distance from
0 by functions of the same norm that are analytic at 0. We can further assume that
the original sequence satisfies p(y,) > ¢o > 0, and we assume for convenience that
[lpn]] < 1. We use Co, Ch, ... to denote constants, which depend only on c¢q.

Sublemma. Let § > 0. For large n there is g, € H*(Us) such that |g,| < C1,
gn(o0) =0, gn is analytic at 0, g, (0) =0, and [ gndp, = 1.
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Proof. Let ¢ = ¢s be the usual bump function that is 1 near z = 0 and 0 for
|z| > §. Define Ls(f) = Ty(f) — &f. According to [15], for § sufficiently small
the norm of Ls on the null-space of ¢y tends to 0 with §. We choose § small
so that this norm is < e. Let f, € H*(U) be such that |f,| < 1 on U, f,
is analytic at 0, f,(0) = 0, and | [ fudun| > co/2. Define F,, = Ty(fn). Then
F, € H>®(Us), ||F.]| < Co, Fy(c0) = 0, F, is analytic at 0, and |F,(0)] < e.
Further, [ F,du, = [ ¢fadpn+ [ Ls(fn)dpn. Thus having fixed § small, we obtain
| [ Fadpn| > co/4 for n large, since the mass of y,, accumulates at z = 0 where
¢ = 1. Take any h € H>*(Us) to be analytic at 0, such that 2(0) = 0 and h(co) = 1.
Then [ hdu, — 0asn — oo. If h, = F,, — F,(0) + F,,(0)h, then g, = hy,/ [ hndpn,
does the trick. O

Sublemma. Let § > 0. There is a subsequence {n;} such that for each null-
sequence s = {s;} € co with ||s|| < 1, there is f € H*>(Us) such that |f| < Cs,
f(00) =0, fis continuous at 0, f(0) =0, and [ fdun, = s;j, j > 1.

Proof. Let ¢; > 0 satisfy ) e; < 1/2. Proceeding by induction and applying the
preceding sublemma, we obtain a sequence {d;} decreasing to 0, a subsequence {n; },
and functions g; € H>(Us), such that g;(z) is analytic for |z| > -1, |g;] < Ch,
gj(00) = 0, g;(2) is analytic at z = 0, g;(0) = 0, |g;(2)| < ¢; for |z] < §; and
for |z| > d;_1, [gjdun, = 1, and nearly all the mass of p,, is carried by the
annulus 0; < |z| < dj—1. Here the estimate on g;(z) for |z| > J;_; is arranged
at the induction step by requiring that g;(z) be analytic for |z| > ¢;6;-1/C1 and
applying the Schwarz estimate. If now s is a null sequence, then the series ) s;g;
converges to a function f; € H*(Us) such that || f1|] < (C1+ 1)]|s]|, f1(c0) =0, f1
is continuous at 0, f1(0) = 0, and | [ f1 dun, — s;] < |[s]| > e; < [[s]|/2. Next we
apply the same procedure to the sequence {s; — [ f1 dpin; } and find fo € H*(Us)
such that ||f2|| < (C1 + 1)||s]|/2, f2(c0) = 0, f2 is continuous at 0, f2(0) = 0, and
| [ fodpn, + [ f1dun, — s;] < ||s]|/4. Iterating this procedure, we find that the

function f =3 fi has the desired properties, with Cy = 2(C; + 1). O
Proof of Lemma 5.1. Suppose we have chosen fi,..., fx—1, 71,...,7k—1, and
Vi,...,Vg—1, so that upon relabeling we have u; = v; for 1 < j < k-1 and

further ffjdun =0forn>kand1<j<k—1 Choosery > 0 small so that
|fe—1(2)| < eg—1 for |z] < ri. Set 8 = exrr/Ci. For each infinite set of indices
J C {k,k+1,---}, consider the dimension of the space of (k — 1)-vectors of the
form ([ hdvi,..., [ hdvg_1), where h € H*®(Us) is analytic for |z| > 8, h(z) — 0
as z — 0, and [ hdp, =0 for n € J. We choose a subset J such that this dimen-
sion is maximal, say d, and then we replace the p,’s for n > k by the subsequence
corresponding to J. There are then indices 1 < j; < --+ < jg < k — 1 such that
if h € H>*(Us) is analytic for |z| > 6, h(z) — 0 as z — 0, [hdp, = 0 for an
infinite set of n’s that are > k, and [hdp;, = 0 for 1 < i < d, then [hdu; =0
for all j > 1. Choose functions hq,... ,hg with the above properties, that form a
dual basis, so that fhmd,uji = i for 1 < m,i < d. Pass to a subsequence of the
un’s for n > k that has the properties of the preceding sublemma, applied with
0 replaced by &' < 0. Let vg be the new g, and let gx be the function of the
sublemma corresponding to the null-sequence s = (1,0,0,...), so that [ gpdu, =1
and [ gpdp, = 0 for n > k. By choosing ¢’ sufficiently small and invoking the
Schwarz lemma, we can assume further that [ grdv;, is very small for 1 < i < d.
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Then
d

fe =9k — Z(/gkdﬂji)hi
i=1
has the properties required for the induction step, and Lemma 5.1 is proved. O

Lemma 5.2. Let g € L*>°(0), and let {un} be a bounded sequence of measures on
U whose mass accumulates at z € U, such that p, L H®(U). Suppose there are
a constant M > 0 and functions fr, € H®(U) such that Y |fx| < M on U and
J afx duj = 6;i for all j and k. Then the map o — Fo = oy fi, is an embedding
of £ into H*(U), and Sy is an isomorphism on the embedded copy of £°.

Proof. The map is evidently an embedding onto a weak-star closed subspace iso-

morphic to £°°, on which S, is bounded. The estimate |oy,| = |ng dun} <
lgFa + H )] ||n]] shows that ||a|| < C||Sy(Fu)||. Thus Sy is bounded below,
hence an isomorphism. O

6. THE ALGEBRA OF SYMBOLS OF COMPACT HANKEL OPERATORS

Denote by B>®(U) the set of all g € L°>(o) such that the Hankel operator S,
is compact. Thus g € B*°(U) if and only if gf, + H>®(U) converges to zero in
the norm of L*(o)/H®(U) whenever { f,} is a bounded sequence in H>°(U) that
converges pointwise to zero on U (= uniformly to zero on compact subsets of U).
Evidently B>(U) is a closed subalgebra of L> (o).

A closed subalgebra of L (o) is said to be T-invariant if for any smooth function
¢ with compact support in the complex plane, the algebra is invariant under the
operator Ty defined in the proof of Lemma 2.2. The operators Ty, are the localization
operators used in rational approximation theory, which solve the delta-bar problem
5T¢g = ¢ dg. For a discussion of these operators and their applications in rational
approximation theory, see [9] or [14].

Lemma 6.1. The algebra B (U) is T-invariant.

Proof. Let g € B> (U). Suppose {f,} is a bounded sequence in H>(U) that
converges pointwise to zero on U. We must show that ||Ty(g)fn + H*(U)|| — 0.
Choose h,, € L'(o) such that h,, L H®(U), ||h,|l1 <1, and

I Ts(g)fn + H®(U)|| = / BTy (g) fdo

Using the definition of T, we can express this integral in the form
n(z) 0
/hT¢gfnda+ ///h Ci_g()d)ddda(o
Interchanging the orders of integration and using h, 1L H>®(U), we see that the

last integral is zero. The first integral is estimated by ||Ty|| [|g.fn + H>(U)||, which
tends to zero since g € B®(U). O

Lemma 6.2. If g € C(U), then Sy is compact. Thus
[H>(U) + C(U) + L (0)] € B*(U).

Proof. If g € L°(0), then M, is compact by Theorem 3.1, so that S, is compact.
Also Sy =0 for g € H>*(U). Thus the second assertion of the lemma follows from
the first. To prove the first assertion, we use the fact (see [9]) that the linear span
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of A(U) and {1/(¢ — z0) : 20 € U} is dense in C'(9U). Thus it suffices to show that
Sy is compact for any g € L (o) that coincides in some neighborhood of U with
1/(¢ — z0). So fix zg € U and such a g, and let {f,} be a bounded sequence in
H®(U) that converges pointwise to zero on U. Then the functions

hn(C) = g(Q[fn(C) — frl20)] = [fn(C) — fu(20)]/(¢ — 20)

vanish off a fixed compact subset of U, and h,, — 0 uniformly on U. Since gf, =
fn(20)g+hy, modulo H>*(U), we obtain ||gf,+H>(U)|| — 0. Hence Sy is compact.
O

Now we aim towards finding a converse to Lemma 6.2. For this it will be conve-
nient to work on the spectrum (maximal ideal space) of L° (o), which we denote by
Y. Thus L>®(0) = C(X). The fiber of ¥ over a point z € U is denoted by ¥, and
consists of all homomorphisms ¢ € ¥ such that ¢(¢) = z, where ( is the identity
function on C. We regard [H>(U)+C(U)+ L ()] as a closed subalgebra of C(X).
Since C(U)+ L (o) is a self-adjoint subalgebra, the Shilov decomposition theorem,
or Bishop’s antisymmetric decomposition theorem, shows that the algebra consists
precisely of all f € C(X) such that f|2, € H>®(U)|%, for all z € 9U.

The Shilov decomposition theorem also shows that B> (U) consists precisely of
all g € C(X) such that ¢g|3, € B>®(U)|X, for all z € 9U. Thus our task is to
determine when B> (U)|X, = H*(U)|X..

The fiber algebra H>(U)|X, depends only on the local character of U at z
(see [13]). The following lemma shows that the same is true of the fiber algebra
B> (U)|x..

Lemma 6.3. Fiz z € OU. Let § > 0 and set V. = U N A(z,0). Then there is a
natural identification of the fibers of ¥ over z associated with U and V', and under
this identification the algebras B> (U)|X, and B> (V)|X, coincide.

Proof. The proof given in [13] for H*(U) depends only on the T-invariance of
H®(U), and hence in view of Lemma 6.1 it carries over to B> (U). We omit the
details. 0

Our basic dichotomy now takes the following form.

Theorem 6.4. Let g € L>(0) and z € OU be such that g|X, ¢ H>*(U)|X,. Then
either z is a monpeak point for H*(U) and there is a bounded sequence of func-
tions h, € L(o) such that h, = 0 outside the disk A(z,1/n), h, L H>(U),
and hpgdo — ¢, in the norm of the dual of H®(U); or else there are a constant
M > 0, a bounded sequence of functions {hy} in L*(c), and functions fi, € H>(U)
such that > | fr| < M < o0, hy, = 0 outside the disk A(z,1/n), h, L H*(U), and
f frghn do = gy In the latter case, the map o — F, = > ay fr, is an embedding
of > into H*(U), and Sy is an isomorphism on the embedded copy of £°.

Proof. Let v be a measure on X such that v L H>(U) and [gdv = 1. Since
the unit ball of the predual of H*°(U) is weak-star dense in the unit ball of the
dual, there is a function h € L!(o) such that ||h||; < ||v|| +¢&, h L H®(U), and
J ghdo = 1. By Lemma 6.3 we can apply this to U N A(z,1/n) for each n > 1.
Denote by h,, the corresponding function, extended to be zero off A(z,1/n). Then
{hy} is a bounded sequence in L'(c), h, L H*(U), and [ hp,gdo = 1. We apply
Lemma 5.1 to the measures u,, = hy, g do. If the u,’s are norm precompact, then the
condition on the integrals and Lemma 5.1 show that the only norm limit point can
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be a distinguished homomorphism, so that by Lemma 5.1 the first alternative of the
theorem obtains. If the u,’s are not norm precompact, then the second alternative
of Lemma 5.1 yields upon passing to a subsequence the second alternative of the
theorem. The final statement is Lemma 5.2. O

Theorem 6.5. Let z € OU. Then B> (U)|X, = H*®(U)|Z, if and only if z is a
peak point for H*(U).

Proof. Suppose the two fiber algebras are distinct. By Lemma 6.2 and the discus-
sion following it, there is ¢ € B> (U) such that g|X, ¢ H*(U)|Z,. Since S, is
compact, the second alternative of Theorem 6.4 cannot occur, and consequently
z is a nonpeak point. Conversely, suppose z is a nonpeak point. By [15] we can
find small disks D,, in U that accumulate at z, such that the point evaluations at
points of the D,’s converge to the distinguished homomorphisn ¢, in the norm
of the dual of H*(U). Define g to be 1 on the D,’s and 0 elsewhere. Then
g € L¥(0) C B*(U), and g assumes both the values 0 and 1 on ¥,. By Iversen’s
theorem (see [11]), g = 0 on the Shilov boundary of the fiber algebra H>(U)|X,.
Hence g|X, ¢ H*(U)|X.. |

From the “if” statement of Theorem 6.5 we deduce easily the following converse
to Lemma 6.2.

Theorem 6.6. Suppose every point of OU is a peak point for H>*(U). Let g €
L>®(c). Then S, is compact if and only if g € [H*®(U)+ C(U) + LZ(0)]. Further,
if Sy is not compact, then there is a subspace of H*(U) isomorphic to £>° on which
Sy s an isomorphism.

Proof. In this case there are no distinguished homomorphisms, and L°(0) =
L&e(o). By Theorem 6.5, B*(U)|X, = H*®(U)|X, for all z € OU. The remarks
preceding Lemma 6.3 then show that B>®(U) = [H>®(U) + C(U) + L (o)]. For
the second statement, note that if S, is not compact, there is z € OU such that
g|X. ¢ H>*(U)|X,. The second alternative of Theorem 6.4 then gives the embed-
ding. O

7. BEHRENS ROADRUNNER DOMAINS

In this section we fix D to be a Behrens roadrunner domain, that is, D is a
subdomain of the punctured open unit disk A\ {0} obtained by excising a sequence
of disjoint closed disks A, where the A,,’s have centers ¢,, and radii r,, tending
to 0, and further there are Ry < 1 and R,, > 7, n > 1, such that Y r,/R, < o0
and the annular collars {Ry < |2| < 1} and {r, < |z — ¢y| < Rp}, n > 1, are
disjoint. Thus the boundary of D consists of {0}, the unit circle {|z| = 1}, and
the circles {|z — ¢,| = rn} for n > 1. The summability condition guarantees that
> rn/len] < co. Hence (1/z)dz is a finite measure on dD, which then represents a
distinguished homomorphism ¢q at 0,

colh=ge [ e pem o)
™ Jop <

We define an ample collar for 0D to be an open subset of D that is a union of
disjoint annuli {sg < |z| < 1} and {r, < |z —cn| < sp}, n > 1, where Ry < s¢ < 1,
Tn < 8p < Ry forn > 1, and s, /r, — 0o0. The estimates in [2] show that a sequence
of points 2z, € D with |z,| — 0 converges to the distinguished homomorphism g
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in norm if and only if there is an ample collar for 0D that contains no point of the
sequence. Thus any function in L* (o) that is zero on some ample collar belongs
to L°(0), and such functions are dense in L (o).

Let VH® (D), varying H>® of D, denote the set of functions g € L>®(o) for
which there is an ample collar {A4,} for D such that g = 0 off the union of the
Ay’s, while g is analytic on each A,,. Clearly VH> (D) + LS°(0) is a subalgebra of
L*>°(0), though VH® (D) itself is not even a linear subspace of L*°(c).

Theorem 7.1. Let D be a Behrens roadrunner domain, and let g € L>(c). Then
Sy is compact if and only if g € VH™(D) + C(D) + L(c). Further, if S, is not
compact, then there is a subspace of H*(D) isomorphic to £>° on which S is an
isomorphism.

Proof. For the first part of the proof, we fix g € L*°(c), and we consider three
cases.

Suppose first that there is some z € 9D, z # 0, such that g|X, ¢ H>®(D)|Z..
Since z is a peak point, the second alternative of Theorem 6.4 applies, and there
is a subspace of H>°(D) isomorphic to ¢*° on which S, is an isomorphism. In
particular, S, is not compact.

Suppose next that there are ¢ > 0 and o > 1 such that the limsup of the distances
from g to H*®(E,) is > ¢, where FE,, denotes the annulus {r, < |z — ¢,| < ar,}.
Note that these annuli are disjoint subsets of D for n large, and we consider only
such n. By duality there are functions h,, € L(c|E,) such that h,do L H®(E,),
[ |hyn|do =1, and the limsup of | [ gh,do| is > ¢, the integrals being carried over
E,. Consider the functions Li(z) = ri/(z — ci), which are invertible in H*(D)
and satisfy ||Lg|| = 1 and |Lg(z)| > 1/« for z € Ey. We apply Lemma 5.1 to
the measures p,, = L, 'ghy,do for those n for which | [ ghn,do| > ¢/2. Assume
the p,’s form a norm-precompact subset of the dual of H*°(D). By Lemma 5.1,
there is then a subsequence that converges in the norm of the dual of H*(D) to a
constant multiple B¢g of the distinguished homomorphism ¢y. However, this leads
to | [ ghndo| =| [ Ludun| < || — Beo|| + |8L,(0)] — 0, which is a contradiction.
We conclude that the second alternative of Lemma 5.1 holds, and then we apply
Lemma 5.2 to obtain a copy of £>° in H>(D) on which Sy is an isomorphism. We
remark in passing that the embedding of /*° can be constructed directly to have
the form o — Y «,L,, where the indices are restricted to an appropriate set of
positive integers.

The only remaining possibility is that |3, € H>®(D)|X, for all z € 9D, z # 0,
and there is a sequence «,, — oo such that the annuli E,, = {r, < |z —¢,| < apryn}
are disjoint and the distance from g to H*(FE,,) tends to zero as n — oco. We claim
in this case that g € VH>(D) + C(D) + L(0).

Note that the E,’s form an ample collar. By subtracting from ¢ a function in
VH>(D), we can assume that supremum of |g| over F, tends to 0 as n — oo.
By replacing g by its restriction to a slightly smaller ample collar, which amounts
to subtracting a function in L3°(o), we can assume that g = 0 outside the collar
and in a neighborhood of the boundary curves of the E,’s in D. Then for each n
we have g|E, € B*(E,), which by Theorem 6.6 and Lemma 2.3 coincides with
H>(E,)+ C(E,)+ L°(E,). Thus on E, we can express g = h, + @, + 1, where
h, € H®(E,), ¢ € C(E,), and v, € L(E,). Further, the summands can be
chosen so that their norms on the E,’s are bounded by the norms of g there and
hence tend to zero as n — oo. In fact, we replace ¢, by the Poisson integral of its
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boundary values and make the corresponding alteration in 1), and then h, + ¢,
is the Poisson integral of its nontangential boundary values, hence bounded by the
norm of g, so ¢, is bounded by twice the norm of g. Since the distance from ¢,, to
H®(E,) is equal to its distance to the analytic functions with continuous boundary
values, we can further modify ¢,, and h,, so that ¢, is bounded by 1 + € times the
norm of g, and then h,, is bounded by 2 + ¢ times the norm of g on FE,,. Since now
the norms over the E,,’s tend to zero, the ¢,’s can be extended to ¢ € C(D), the
Yp’s to ¢ € LP(0), and hy, to h € VH™(D), so that g =h+ ¢ +¢ on JE,. It
follows that g € VH®(D) + C(D) + L (o), as asserted.

Now we work the condition from the other end and show that S, is compact
whenever g € VH>®(D) + C(D) + L(0). Since S, is compact for all g € C(D) +
L°(0), it suffices to establish compactness when g € VH® (D). So fix such a g,
and let {A,,} be an ample collar for D such that g = 0 off |JA,,, and g is an
analytic function g, on A,,. We may shrink the A,,’s to a smaller ample collar
and crop g whenever it is convenient, since the cropped g differs from the original
g by a function in L°(0).

Suppose that g,, = 0 for all but finitely many m’s. Then we can find G con-
tinuous on D such that G = g,, near the mth boundary circle, and G = 0 near
z = 0. Then G € H* + C at each boundary point. Since H* + C' is local,
G € H*®(D) + C(D), and Sg is compact. Hence S, is compact.

For the remaining steps we will use the Laurent decomposition for annuli, de-
composing an analytic function f as a sum of a function analytic inside the outer
circle plus a function analytic outside the inner circle and at oco. There is a nor-
malization, either to vanish at oo or to vanish at the center of the circles. The
summands are both bounded by C||f||, and the constant C'is uniformly bounded
provided the module of the annulus remains bounded away from 1. Since we deal
with annuli whose modules are bounded away from 1, we will use the same C for
all our Laurent decompositions.

Resuming the proof, we assume next that each g,, extends from A,, to be analytic
for |z — ¢;| > 7 and at oo; denote the extension also by ¢,,,. Assume also for
convenience that ||g|| < 1. Let € > 0. Choose N > 1 such that R,, > 2r, forn > N
and

C Z rn/Rn < e.
n=N
Choose N also so that if f € H®(D) satisfies ||f]| < 1 and ¢o(f) = 0, then
|f(z)| <efor R,/2 < |z—c¢y| < Ry, n > N. Let F, be the outer component of
the Laurent decomposition of f with respect to the annulus A,,, normalized so that
F,(00) = 0. The Cauchy integral formula

F,(2) L/ 1©) d¢, |z — cn| > Ry /2,

270 J|z—en|=Rpj2 € — 2

and the obvious estimate yield |F,,(z)| < € for |z —c¢p| = Ry,. Thus |f(2) — F.(2)| <
2¢ for |z — ¢,| = Ry, hence for |z — ¢,| < Ry, by the maximum modulus principle.
Define h(z) = g(2) for z € A,, n > N, and set h(z) = 0 elsewhere. Since g — h
vanishes off all but finitely many annular collars, S;_j, is compact. Set F(z) =
ZZOZN giFy. If z € A, for some fixed n > N, we estimate

h(2)f(z) = F)| < |f(2) = Fa(2)| + Y |Fu(2)].

k>N, k#n
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The first term on the right is estimated by 2e. The Schwarz inequality gives
|Fr(2)] < Cri/Ry for z ¢ Ay, so that our condition on N shows that the sum
on the right is bounded by e. Thus |h(2)f(z) — F(2)| < 3¢ for z € A,, n > N. If
2 & Upsn An, then h = 0 and [h(2)f(2) — F(2)| = |[F(2)] < Xysn [Fr(2)] < e
Thus ||hf — F|| < 3e. Since F € H*(D), we obtain ||Syf|| < 3¢. Since Sy—p, is
compact, the distance from S, to the compacts, regarded as operators on the kernel
of ¢, is < 3e. It follows that S, is compact.

Now we turn to an arbitrary ¢ € VH® (D). For convenience we subtract the
compact operator corresponding to gg and assume that go = 0. For m > 1, let G,
be the inside component of the Laurent decomposition of g, with respect to the
annulus A,,, normalized so that G,,,(¢;,) = 0. Then G,,,(2) is analytic for |z —¢,,| <
R, and |G| < C||g||- By the Schwarz inequality, |G, (2)| < Cl|gl|1z — cm|/Rm.-
Choose 1y, < $m < Ry, such that s,,/r, — oo while s,,,/R,;, — 0. Define an
analytic function G on the union of the annuli {r,, < |z — ¢| < sm} by setting
G(z) = Gu(2) for ry, < |2 — | < 8p. Then G(z) — 0 as z — 0. By decreasing
the s,,,’s slightly, we can assume that G,, is continuous at the circle |z — ¢, | = Sim,
and then we can extend G to be continuous on D. Consequently Sg is compact.
In view of the preceding paragraph, S;_¢ is compact. Hence S, is compact. O

8. HANKEL OPERATORS DEFINED WITH RESPECT TO HARMONIC MEASURE

In this section we indicate how to obtain results in the context of harmonic
measure on the boundary rather than area measure on the domain.

One strategy for passing between the interior and the boundary is through as-
ymptotic multiplicative properties of the Poisson kernel P. For example, if the map
f— P(g)P(f) — P(gf) + H> were compact for all g € L>°(9D), then one could
transfer results from the interior to the boundary. Unfortunately this map is not
always compact. In fact, in the case of the unit disk this map is compact if and
only if g € H* + C. (See [18].) It does turn out, however, that results for bound-
ary measures corresponding to the results obtained above for interior measures are
valid, and they can be established by following the same method of proof as used
above for the area measure. We sketch the procedure.

Let p denote harmonic measure on the boundary of U, and let H*(u) denote
the subalgebra of L>°(u) of functions whose Poisson integrals are analytic on U.
Then H*(u) is isometrically isomorphic and weak-star homeomorphic to a weak-
star closed subalgebra of H>°(U). In the case that the boundary of U consists of a
finite number of free simple closed curves, or in the case in which U is a Behrens
roadrunner domain, every function in H*(U) is the Poisson integral of a function
in L*(p), so that H*(u) is isometrically isomorphic and weak-star homeomorphic
to H°(U) via the Poisson integral.

As before, we define the Hankel operator S, from H>(u) to L>(pn)/H> (1) by
Sg(f) =gf+H>(n). The set of g € L>°(p) such that Sy is compact forms a closed
subalgebra of L>°(u), which is T-invariant and hence local. The dichotomy given
by Lemma 5.1 remains valid for any bounded sequence of measures on OU that is
absolutely continuous with respect to u. The analog of Theorem 6.6 assumes the
following form.

Theorem 8.1. Suppose that every point of OU is a peak point for H*(u). Let
g € L>™(n). Then Sy is compact if and only if g € [H>®(n) + C(OU)]. Further, if
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Sy is not compact, then there is a subspace of H*(u) isomorphic to £>° on which
Sy is an isomorphism.

Theorem 8.1 applies to the unit disk, and more generally it applies whenever the
boundary of U consists of a finite number of free simple closed curves. We focus
on the case in which U is a Behrens roadrunner domain, as defined in Section 7.

With the notation of Section 7, we define VH> (), varying H* of harmonic
measure, to be the set of functions g € L*°(u) such that g|0A is the boundary
values of a bounded analytic function on the open unit disk, and for each n > 1,
the restriction g|0A,, is the restriction to A, of a bounded analytic function in
the exterior domain C* \ A,,. This does not coincide exactly with the definition of
VH®> (D) given earlier, but it does coincide modulo C(9D). Evidently VH®(u)
is a closed subalgebra of L>(u). It is not hard to see that VH®>(u) + C(dD)
coincides with the space of nontangential boundary-value functions of functions in
VH> (D) + C(D) + L=(0).

Theorem 8.2. Let D be a Behrens roadrunner domain, let u be harmonic measure
on the boundary of D, and let g € L>®(u). Then Sy is compact if and only if
g € VH*®(u) + C(0D). Further, if Sy is not compact, then there is a subspace of
H> () isomorphic to > on which Sy is an isomorphism.

Sketch of proof. If g is a rational function with poles off 0D, then S, is finite
dimensional. Since such g are dense in C'(9D), S, is compact for all g € C(9D),
hence for all g € H* () + C(0D). If g € VH® () is zero on all but finitely many
of the circles in 0D, then S, is compact, in view of the comment after Theorem 8.1.
An approximation argument, as at the end of the proof of Theorem 7.1, then shows
that S, is compact for any g € VH*(u), hence for g € VH*(u) + C(9D).

The remainder of the proof breaks into three cases. Suppose first there is some
boundary circle for which the restriction of g does not belong to H> + C, say the
restriction of g to OA is not in H*°(df) + C(0A). By Theorem 8.1, there is then
a subspace of H*(df) isomorphic to £>° on which the Hankel operator associated
with ¢ is an isomorphism. By extending the functions in the subspace to A by the
Poisson integral, we obtain a subspace of H*(u) isomorphic to £°° on which the
Hankel operator S, is an isomorphism.

Next suppose that g belongs to H*(u) + C(9D) on each boundary circle, while
the limsup of the distances of the restriction of g to dA,, to H®(C*\A,,) is strictly
positive. Then there are a subsequence ny — oo and functions hy € L'(u) such
that ||hx|[1 =1, by = 0 off OA,,,, and | [ hrgdu| > ¢ > 0. We apply the analog of
Lemma 5.1, as in the proof of Theorem 7.1, to obtain an embedded copy of ¢>° on
which S, is an isomorphism.

In the remaining case, g belongs to H* + C' on each boundary circle, and the
distance from the restricted g to H>(C*\A,,) tends to 0 as n — co. In this case
we follow the line of proof of Theorem 7.1 and show that g € VH>®(u) + C(9D).
This completes the outline of the proof. O
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