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OPERATOR IDEAL NORMS ON L?

L. RODRIGUEZ-PIAZZA AND M. C. ROMERO-MORENO

ABSTRACT. Let p be a real number such that p € (1, 4+00) and its conjugate
exponent ¢ # 4,6,8.... We prove that for an operator T' defined on LP()\)
with values in a Banach space, the image of the unit ball determines whether
T belongs to any operator ideal and its operator ideal norm. We also show
that this result fails to be true in the remaining cases of p. Finally we prove
that when the result holds in finite dimension, the map which associates to
the image of the unit ball the operator ideal norm is continuous with respect
to the Hausdorff metric.

INTRODUCTION

An important topic in the theory of linear operators is the study of operator
ideals. One of the main difficulties in this theory is recognizing and giving criteria
for whether an operator belongs to a certain ideal and the computation of its
operator ideal norm. Some criteria have been given in terms of the image of the
unit ball; for instance, a classical result in this sense is the following theorem due
to A. Grothendieck (see [G] and [DU] for the definition of equimeasurable set).

Theorem. An operator T: X — L'()) is integral if and only if it is order bounded
and in this case the integral norm iy(T) satisfies iy (T) = || sup,cp, |T(x)|||,. Also,
T is nuclear if and only if T(Bx) is order bounded and equimeasurable.

A necessary condition in order to characterize the belonging of an operator to
a certain ideal in terms of the image of the unit ball is that this image has to
determine this belonging. So, using the above result, if we have two operators
Tll Xl i Ll (A) and TQS X2 i Ll()\) such that T1 (BXl) = TQ(BXz), then T1 is
integral or nuclear if and only if 75 is, where By, denotes the closed unit ball of X,
for i = 1,2. A first question is the study of those operator ideals determined by the
image of the unit ball. Some classes of operator ideals are, by definition, determined
by this image, for example, compact and weakly compact operators. Unfortunately,
some of the most representative classes of operator ideals lack this property. For
instance, if S is a quotient map from ¢; onto ¢35, then S1(By,) = By, = S2(Be,), Sa
being the identity operator on ¢5. By the Grothendieck Theorem [DJT, pg. 15], S1
is 1-summing and, of course, Sz is not. The same example is valid for r-summing
and r-integral norms for r € (1, +00) and can be considered with values in L! since
05 is isometric to a subspace of L'.
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Therefore, if we have two operators T7: X1 — Y and Tb: X5 — Y such that
Ty (Bx,) = T»(Bx,), it is not always true that Tj belongs to a given ideal if and
only if 75 does. In this paper we study certain conditions under which the image
of the unit ball determines the belonging to any operator ideal. This will happen
if X7 and X, are L? spaces for the same value of p € (1,400) and ¢, the conjugate
exponent of p, satisfies ¢ # 4,6,8,.... This will be shown in Section 1 (Theorem
1.3). The main ingredient for this result is Theorem 1.2 due to W. Lusky [Lu] which
makes use of a theorem about equimeasurability of W. Rudin in [Ru2].

Results about properties of operators determined by the image of the unit ball
have already been obtained in the framework of vector measures. In [R1], answering
a question in [AD], it is proved that the range of a vector measure determines its
total variation; that is, if two measures with values in a Banach space have the
same range, then they have the same total variation. Later, in [R2], it was proved
that the range also determines the Bochner derivability. Due to the correspondence
between properties of vector measures and properties of integration operators (see
[DU, Chapter VI]), the mentioned results can be translated into the language of
operators: if A is a finite measure and T': L>°(\) — X is a weak*-weak continuous
operator, then T'(Bpe(y)) determines the absolutely summing and nuclear norm
of T. In [RR] similar results were obtained for the (r, s)-summing, r-integral and
r-nuclear norms. We will see that this result holds for any operator ideal norm.

We complete Section 1 providing examples that show that these results fail to be
true in the remaining cases of p. The main counterexample will be Example 1.11: if
the conjugate exponent of p satisfies ¢ = 4,6,8, ..., there are two operators defined
on two LP spaces, for the same value of p, one of them belonging to a certain ideal
of operators and the other one not. This counterexample also disproves Theorem
1.2 but it is different from the one given in [Lu].

In Section 2 we deal with operators T': LP(A) — R™. If K, is the collection of
those sets K for which there is an operator 7': LP(\) — R™ such that T'(Brs(x)) =
K, we prove that IC,, is closed in the set of all compact convex sets in R™. We finish
this section showing that, for ¢ # 4,6, 8, ..., the map defined on K, which associates
to the image of the unit ball the operator ideal norm is continuous with respect to
the Hausdorff metric.

Along the paper our notation and terminology will be consistent with [DJT].
X will be a (real, unless otherwise specified) Banach space; X* will be its dual
space. For an operator ideal A we denote by A(X,Y) the linear space of operators
T: X — Y in A. If in addition A is a normed ideal, we denote its norm by || - || 4.
A(X,Y) always contains the finite rank operators. Classical examples of Banach
operator ideals are the ideal [V, || - ||] of completely continuous operators, [II,., 7] of
r-summing operators, [Z,,4,] of r-integral operators, to mention some of them (see
[DJT] for the definitions).

1. OPERATORS ON LP())

In this section we will prove the announced results about operators defined on
LP(X). The main result is Theorem 1.3 which is a consequence of Theorem 1.2 and
the following elementary observation.

Observation 1.1. Let X;, X and Y be three Banach spaces. Two operators
T: X1 — Y and Ty: Xo — Y satisfy Th(Bx,) = T2(Bx,) if and only if, for
every y* € Y™, we have |T7y"| = [[T5y"].
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OPERATOR IDEAL NORMS ON L? 381

Indeed, being T (Bx,) and T>(Bx,) convex sets, we have

T1(Bx,) = Ta(Bx,) < for every y* € Y*, sup (y*,Tiz) = sup (y*,Taz)
zEBXx, z€Bx,

& for every y* € Y*, sup (I7y",x) = sup (Iyy", x)
zEBXx, z€Bx,

& for every y* € Y*, | Ty = | T5 ™|

Moreover, if for any i with ¢ = 1,2 X; is reflexive, or X; is a dual space and the
operator T; is weak*-weak continuous, we have T;(Bx,) = T;(Bx,). This will be
the case we will mainly treat with the spaces LP.

The key for our main result will be next theorem.

Theorem 1.2. Letl1 < g < 400, q#4,6,8,.... Let i, v be two positive measures,
E a subspace of Li(p), and So: E — L%(v) an isometry. Then there exists an
extension of So, S: Li(u) — L1(v) such that ||S|| = 1.

For ¢ = oo the last result is a consequence of the injectivity of L°°(v), and
for ¢ = 2, a consequence of the fact that in a Hilbert space every subspace is
complemented with a norm one projection. For the other values of ¢, Theorem 1.2
is due to W. Lusky [Lu, Corollary 2] for complex L7 spaces; it makes use of a result
about equimeasurability of W. Rudin [Ru2, Theorem 1] for complex functions. The
real version of this result was given by W. Linde in [L] after the appearance of the
paper of Lusky and it shows that Theorem 1.2 holds for real L? spaces.

We are now ready to state our main result. In what follows g will be the conjugate
exponent of p, that is, %4—% = 1. In next result, when we say that T': L>°(\) — X
is weak*-weak continuous, we assume that L°°()\) is the dual of L*(\) (which is
always true out of pathological examples); so, this condition means that T*(X*) C
L'()).

Theorem 1.3. Let p € (1,+00] such that g # 4,6,8, ..., A an operator ideal and
X a Banach space. If Ty : LP(A\1) — X and Ty: LP(\2) — X are two operators,
weak™ -weak continuous if p = +00, such that

T1(Brr(a)) = T2(Brr(ag));

then Ty € A(LP(A\1), X) if and only if To € A(LP(N\2),X). If in addition A is a
normed operator ideal, then ||T1||.a = || T2|| 4.

Proof. Consider T} : X* — L9(A\1) and Ty : X* — L9(\2) such that T (Bps(a,))
= T5(Brr(n,)). By Observation 1.1, for every z* € X* we have |TYz*| =
| T5z*||. Taking E = T7(X*) and the map T;yz* — Tya*, we have an isometry
So: E — L9(\z) that can be extended to S: L9(A\1) — L%(A2) by Theorem 1.2.
Then Ty = S o T} and, therefore, To = Ty o §* with ||S*|| < 1. This implies that,
if A is an operator ideal such that 71 € A(LP(\1),X), then To € A(LP(A2), X).
If A is a normed ideal, then ||T3||4 < ||Ti||l4a. In a similar way we obtain, if
Ty € A(LP (o), X), that T1 € A(LP(A1), X) and [|T1]la < | T3]|4. O

Although Theorem 1.2 holds for ¢ = co, Theorem 1.3 does not hold for p = 1, as
we will see in Example 1.6. When we try to reproduce the proof, if Ty : L*(\;) — X
and Ty: L' (A2) — X satisfy T1(Bpri(x,)) = T2(Br1(x,)), We obtain that |77 4 =
I75*|| 4. The same happens if p = co and we drop the condition of being weak*-
weak continuous operators. Or even, more generally, for operators defined on C(K)
spaces since their duals are L' spaces. Using Theorem 1.2 for ¢ = 1, we have that,
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if T12 C(Kl) — X and T22 C(Kg) — X satisfy Tl(BC(Kl)) = TQ(BC(K2)), then
177 a4 = 1757 a-

We will also see, in Example 1.7, that Theorem 1.3 does not hold for C(K) spaces
or even for weakly compact operators defined on L™ (see Example 1.8). However,
the following lemma and the observation we have just made show that Theorem
1.3 holds for p = 1 and C(K) spaces when we restrict ourselves to operators valued
in a finite dimensional space, a fact that we will isolate in Corollary 1.5.

Lemma 1.4. Let Y = C(K) or Y = LY()\). For an operator T: Y — R", and
any normed operator ideal A, we have ||[T**||4 = ||T] -

Proof. It is clear that ||T|| a4 < ||T**||l 4, since T = T** o ky, ky: Y — Y** being
the canonical injection.

To prove the reverse inequality, we will use that Y* has the metric approximation
property. Let ¢; € Y*, j = 1,...,n, be elements such that Ty = ((y,cpj))}‘:l.
Then, for every € > 0, there exists an operator Q): Y* — Y™ with finite rank such
that Qp; = ¢; and [|Q] < 1+ ¢ (see [P, 10.2.4]). Also, Q*: Y** — Y™ is a
finite rank operator. Put £ = @Q*(Y**). By the local reflexivity Principle [DJT,
pg. 178], for every € > 0 there exists R: E — Y such that |R|| < 1+ ¢, and
(Ry*™, ;) = (y**, p;), for every y** € E and j = 1,... ,n. Then we have, for every
y** c Y**,

Ty = (e y™))i = (Qpsy™));
= ({5, Q"y™))j = ({05, RoQ"y™)); =T o RoQ7y"™".
From this we deduce ||T**|| 4 < ||T|l.a(1 4+ €)? for every & > 0; so, || T**||4 = || T]| 4
O

Corollary 1.5. Take Yy = L*(\;) and Yo = L'()\s), or Yy = C(Ky) and Yo =
C(Ks3). Fiz anorm onR™; if Ty : Y1 — R™ and Ta: Yo — R™ are two operators such
that Ty (By, ) = T2(By, ), and A is a normed operator ideal, then ||T1||a = || T2| -

Remark. Assume that the ideal of operators A has finite dimensional nature, that
is, for every T: Y — X,

174 = sup g © T|.a,
q

where the supremum runs over every map q: X — Z with Z a finite dimensional
space and ||¢|| < 1; then last result holds for any Banach space X. This is the case
of maximal ideals as (r, s)-summing and r-integral operators.

Example 1.6. There are two operators T7: L'[0,1] — L[0,1] and T: ¢ —
L'0,1] such that T1(Bp1o,1)) = T2(Be, ) but T, is completely continuous while T}
is not.

It is enough to consider the identity operator Tj on L[0,1] and T5 a quotient
operator from ¢; onto L'[0,1]. By the Schur property of ¢, Tb is completely
continuous (takes weakly compact sets to norm compact sets); but 77 is not, since
we can find weakly compact sets in L]0, 1] that are not compact.

Example 1.7. There are two compact sets K1 and K, two operators Ty : C(K1) —
ly and Ty: C(K3) — {2, and an operator ideal A such that T1(Be(k,)) = T2(Be(k,))s
TleAbuthgéA.
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Consider the Cantor group A = {—1,1}. Then it is easy to see that the
class of all operators which factor through C(A) forms an operator ideal A. Let
{rn}n be the sequence of Rademacher functions on A (the coordinate functions
n((ek)321) = €n), p the Haar measure on A (the product probability considering
on each factor {—1, 1} the one which assigns 1/2 to every point), and the operator
Ty: C(A) — {3 defined by

Ty (h) = (/hrn du) , for every h € C(A).

Let Ty: L (1) — £3 be the operator defined by

Ta(g) = (/grn du)n, for every g € L>(u).

Since Bea) is weak™ dense in Bre(,), and Ty is weak*-weak continuous, we have

that T1(B¢a)) = To(Bpreey)). One must remember that L°°(u) is isometric to
C(K3) for certain compact set Ks.

It is obvious that T3 € A. We have to show that T» ¢ A. If T, factors through
C(A), we could find A: L*®(u) — C(A) and B: C(A) — {5 such that T, = Bo A.
The operator A is weakly compact since C(A) is separable and does not contain a
copy of £, (see [DU, Corollary VI.1.3]). B is completely continuous as it is weakly
compact and C(A) has the Dunford-Pettis property. This would force T, = Bo A
to be compact, a contradiction.

Example 1.8. Two operators T1: L (u1) — £3(R) and Ta: L>®(u2) — £2(R), and
an operator ideal A such that T1(Bpe(,,)) = To(Breo(u,)), T1 € A, but Tp ¢ A.

It is a known fact that the non separable space ¢1(R) is isometric to a subspace
of {,. There exists a quotient operator from ¢;(R) onto the non separable Hilbert
space l3(R). By the Grothendieck Theorem, this quotient operator is 1-summing,
then 2-summing, and so it has a 2-summing extension to an operator defined on £.
Therefore, there exists a surjective operator T7: oo — ¢2(R) which is 2-summing,
and such that By, gy € T1(By., )

We will take as L (u1) = £, and the ideal A of operators which factor through
ls. Evidently T; belongs to this ideal. If we consider now ¢, as the space C(GN),
by the Pietsch Factorization Theorem, there exist a Radon probability us on SN,
and an operator S: L?(uz) — f2(R) such that Tyt = Sv, for every ¢ € C(BN). Our
operator T» will be the restriction of S to L>(u9) which is weak™-weak continuous.
As in the previous example, we have

Ti(Bros(u)) = T1(Besn)) = T2(Bres(uy)) -

It remains to show that 75 does not factor through f.,; this will be the most
arduous task. If we suppose that 7o = Ao B with B: L™ (u2) — o, and A: £ —
l2(R), there exists a sequence (},)n in L>(ug)* with Bh = (2 (h))_, for every
h € L*°(u2). We will show that we can find hy € L®(us), with Tohg # 0, and
2% (hg) = 0, for every n € N. This would contradict that To = A o B.

Each z} can be decomposed in the form z = f, + yi, with f, € L'(u2) and
y; a purely finitely additive functional, which satisfies that, for every ¢, > 0,
there exists a measurable set D,, with u2(D,) > 1 — &,, and y; (hXDn) =0, for
every h € L™ (ug). Taking e, = ¢/2", for certain € > 0, we could find the same
measurable set D, with p(D) > 1—¢, and y;; (hxp) = 0, for each n € N and every
h e L*>® (ILLQ)
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There exists a bounded family (g¢)¢er in L?(p2) such that

Toh = (/ hg: dug)tER , for every h € L®(u2).

Since By,ry € T1(Br.,), we have, for s # t, that ||g;: — gs|1
Cauchy—Schwartz inequality, we have

Ixpge = gell < llxp = 1ll2llgell2 < VEM .

If £ is small enough, we have, for s,t € R, s # t,

v

1. Using the

IXpgs — xpgtll1 > 1/2.

The closed linear space Y generated by the sequence (f,xp) in L*(u2) is separa-
ble, so it cannot contain all the functions x pg:. There exists ¢y € R, such that xpg:,
does not belong to Y'; by the Hahn-Banach Theorem, there exists hy € L™ (u2) such
that

/hlxpgt0 dus #0, and /thDfn dus =0,  for every n € N.

The function hg = hyxp is the one we are looking for, since, for every n € N,

2% (ho) = / Juho dps + 2 (i xp) = 0.

In [Lu] an example is given to show that, for ¢ = 4,6,8, ..., an isometry as in
Theorem 1.2 does not necessarily extend to a contraction on L%(u). We give in
Example 1.11 an isometry that is not extendable even as a bounded operator. This
example also disproves Theorem 1.3 for those values of p with conjugate exponent
g = 4,6,8,.... To this end, we will construct two operators S1: Y — L()\1)
and So: Y — L9(A2) such that |S1(y)|| = [S2(v)], for every y € Y; but Sy is
g-integral while S; is not. Let us remark that if the isometry Soy — Siy were
extendable to a bounded operator, then S; would be g¢-integral too. Considering
the adjoint operators 77 = ST and Ts = S5, we have that 75 belongs to the dual
ideal [DJT, pg. 186] of g-integral operators, that is, the ideal of those operators
whose adjoint is g-integral, while T} does not (let us recall that an operator is g¢-
integral precisely when its second adjoint is [DJT, pg. 104]). In [P, 19.1.4], the
dual ideal of g-integral operators is identified with the (g, 1, ¢)-integral operators.
Since ||S1(y)|| = ||S2(y)]| for every y € Y, thanks to the weak*-weak continuity of
Ty and Ty, following Observation 1.1 we have Ty (Bpr(a,)) = T2(Bre(a,))-

We will use harmonic analysis in our example. We denote by T the torus, the
multiplicative group of complex numbers of modulus 1, and by T, (r € N) the
subgroup of r-roots of unity in T. In T and T, we consider their (normalized) Haar
measures. We will need the following lemma.

Lemma 1.9. Let ¢ be a real number such that ¢ = 2k (k > 1 an integer) and
p its conjugate exponent. Then for infinitely many positive integers r there exist
a, 8 € R such that

|1+ acost + Bsint| pper,) > |1+ acost + Bsint| pr(r).
Proof. Suppose that for certain r we have, for every a, 5 € R,

|1+ acost + Bsint| rpry > ||1 + acost 4 Bsint| per,).
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That is,
L[ acost + B t|pdt>1§\1+ (PZ2) 4 psin(Z) "
— o COoS sin - o cos(—= sin(—=
27 0 or 0 r r
Taking a? 4+ (32 = 1 the last inequality turns, for every u € R, to
1 2 1 r—1 o
o(u) = > /0 (1+ cos(t +u))” dt > - jgo (1+ COS(%] +u))” = Py (u).

©(u) is a constant function on w due to the translation invariance of the Haar
measure on T. This would lead to the fact that ,.(u) is also constant since
1, and ¢ have the same mean on [0,27]. Observe that 1 < p < 2, so p(u) =
(1+cosu)P = 377, ax cos(ku) is not a C* function and therefore is not a trigono-
metric polynomial. We obtain that there exist infinitely many k such that ag # 0.
Taking those r such that a, # 0, we have that ¢, (u) = E;O:O ark cos(rku) is not a
constant function. The lemma follows. |

Throughout Example 1.11 we will assume all scalars to be complex. This is more
suitable for using harmonic analysis; however a real example of this situation can
be given (see the remark following this example).

Let G be a compact abelian group. We denote by I' its dual group, that is,

I'={y: G— T: ~is a continuous homomorphism}.

Elements of T are called characters of the group G. We will use the following
examples:

i) G =T. T can be identified with Z; for every m € Z, we consider the character
Ym on T defined by ~,,(z) = 2™ for every z € T.

ii) For N a positive integer, G = T. T can be identified with Z" considering
for any m = (m,,)N_; € ZV the character v ((2n)Y_;) = Hi:;l Zmn.

iii) G = TV. In this case its dual group can be identified with T' = Z™ the
sequences of Z which are eventually null. For every m = (m,)5%; € ZM, we
associate the character v, ((2,)2% ;) = [[.—, 2™. Observe that, except for a

n=1n
finite number of n’s, we have z]'» =

Let mg be the Haar probability measure on G. We denote by L9(G) the space
L(mg). Observe that I' is a subset of L?(G) whose linear span is dense in L1(G);
the same happens with C(G). If A is a subset of I', we denote by Ca(G) and L} (G)
the closed linear span of the elements of A in C(G) and L?(G), respectively.

Let G be a closed subgroup of G. Every character of G, when restricted to Gy,
defines a character of GG1; but different elements in I" can define the same character
on G1. In our examples we will consider G to be T,., TY and TV, respectively, and
A to be:

) HG=T, A=A, ={-1,0,1} C Z.

i) FG=TN, A=Ay ={(mn) €Z" : |m,| <1, n=1,2,... ,N}L

i) If G =TV, A = Ao = {(mn) € ZM 1 |m,| < 1, for all n € N}.
It is easy to see that if » > 3, different elements of A, when restricted to Gj,

produce different characters on Gi. So we can consider Ca(G1) and L} (G1). The
following lemma will be used in Example 1.11.
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Lemma 1.10. Consider G, Gy and A as in the previous examples. Then, if ¢ = 2k
for an integer k > 1, and r > q + 1, we have, for every eventually null complex

sequence (G~ )~eA,
| X an]
yEA

Proof. Suppose that G = TY. Observe that

| Zanﬂ‘q = ‘(ZGV’Y)]C‘Q = ‘ Zbaér

YEA YEA SEA

= a’y‘ .
La(G) H% " Nraa

where A is the set of characters corresponding to {(m,) € Z®™ : |m,| < k, for all
n € N}. Thanks to the condition r > 2k + 1, the elements in A produce different
characters on G;. By the orthogonality of the set of characters with respect to the
Haar measure we have

q 2
|2 a0y = [ 058
veA La(@) sen L)

= Z |bs|* = H Z ba(ﬂ
sea sen

2 q
= a .
L2(Gy) H% 7 L4(G1)

|

Example 1.11. If ¢ = 2k, for an integer k > 1, there exist two probability mea-
sures \; and A2, a Banach space Y and two operators S1: Y — L9()\;) and
S2:Y — L9(\z) such that ||S1(y)|| = [|S2(y)||, for every y € Y. Ss is g-integral
and S7 is not. Consequently, Theorem 1.3 does not hold for ¢ = 4,6,8, ....

Proof. The last sentence in the statement was explained before Lemma 1.9. The
probability measure \; will be the Haar measure on G = T®™, and Ay the Haar
measure on G| = TgN). Y will be the space Co(G1) with A = A as in Lemma 1.10.
Sy is the inclusion of Co(G1) in L9(G1); as it factors through the natural inclusion
maps CA(G1) — C(G1) — L1(Gh), Se is g-integral and i,(S2) = 1.

Let us consider the operator S1: CA(G1) — LY(G) defined as S; = j; o i 04y for

Ca(Gr) = L{(G1) = LY(G) == LU(G)
where i1, j; are the natural inclusion maps, and ¢ is the isometry established in
Lemma 1.10 sending v |, to v, for every v € A. By construction, it is easy to see
that [[S1(y)|| = [[S2(y)l], for every y € Y.

In order to see that S7 is not g¢-integral we use an averaging argument simi-
lar to the one introduced by W. Rudin in [Rul] and used by A. Pelczynski to
provide an example of a g-summing operator which is not g¢-integral (see [Pe]).
To avoid measurability justifications we will work in TV and TY. If S; were ¢-
integral with g-integral norm 4,4(S1) = M, then, for every N, the analogous operator
SN Cay (TN) — LY(TVN) would satisfy i,(SY) < M: considering each function on
T as a function on TY depending on the first NV coordinates, there is a natural iso-
metrical injection iy : Cpy (TY) — Ca_ (TV); taking a conditional expectation over
the first N coordinates there exists a norm one projection py: LI(TY) — L(TV);
and we have S = py o Sy oin.

Solet G =TV, Gy = TN and A = Ay, and assume that i,(SY¥) < M. This
implies [DJT, Prop. 6.12] that there exists an operator S: C(G1) — L7(G) such that
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iq(S) =1i4(SY) < M, and S extends SY, that is, Sf = S f for every f € Ca(G1).
Using additive notation for the operation on G, for every z € (G; and every function
f defined on G or Gy, let 7,.(f) = fz, the function given by f.(t) = f(t — x). 7 is
an isometry on Ca(G1), C(G1) and LY(G). For x € Gy, let H, = 7_, 0So7,. Then
ialHa) < [7—allig(S)[72]| < M. For every f € Ca(Gr), f = 3 cp a7,

Ho(f) = Ho( Y a0) = D ayHa(9) = > ayy = SY()

YEA YEA ~EA

Now observe that G; is a finite group. Define the operator H: C(G1) — L4(G)
as the average of the operators H,, that is,

|G1| m; el feh Ho(f)dme, (), for f € C(Gh).

We still have i,(H) < M and H is an extension of S¥. Even more, H is translation
invariant under elements of G, that is, for t € Gy,

H(f,) = /G (s 08 0 15)(fe) dma, ()

— /G (712 08 0 Tr) (f) dma, (x) = (H f)r.

Since i4(H) < M, there exists a probability measure p on Gy such that
IH fllLaey < M| fllpaquy  for every f € C(Gh).

Let us see that we can take as u the Haar measure on G;: for each z € Gj,
IH fllae) = 1(Hallae) = 1H(f2)llza@) < M| follLagu; thus

1Ay < M7 [ 1N dmene) = 307 ([ 11007 aut)) dme (@)

:Mq/01 (/Gl o1 dmc, (x) ) d /Ilflqu e =M f 3oy

So last inequality allows us to consider H as an operator H: L1(G1) — LI(G)
which is invariant under translation in Gy, ||H|| < M, and H~y =+ for every v € A.
We are going to prove that for every g € L(G1) and every v € A we have

(1) / Hy(a)y(—) dme(z) = /G o(@)y(~z) dme, (2).

By linearity we only have to prove (1) for g a character of Gy. If ¢ = v |g,, then
Hg = ~ and both terms in (1) are equal to one. Otherwise, there exists ¢ € Gy
such that g(t) # v(¢). Being g a character, we have g¢(z) = g(z — t) = g(z)g(—t)
for every x € Gy, and therefore Hg, = g(—t)Hg. Using Hg; = (Hg):, we have

/ Hy(z)y(—) dme(z) = /G (Hg)i (2)y(~z) dme ()

:/Hg(x—t)fy(—:c+t)7( t)dmeg(x /Hg z) dme(2)
G

This implies [, Hg(v)y(~)dme(z) = 0. As we also have [, g(z)v(—x)dmg, (2)
= 0, the proof of (1) is finished.
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Let (by)yea be complex numbers and f =3, byy. We can choose g € LI(G1)
with [|g]|La(a,) = 1 such that

1l oen = /G o) f(~2) dme, (2).

Using (1) and linearity we have

(2) ||f||LP(G1) = /GHg(x)f(—:E) dmg(z) < ||H9||Lq(G)||f||LP(G) < MHfHLP(G)~

By Lemma 1.9, we can choose r such that there is a function f;: T — C,
fie Ll?h (T) with ||f1HLp('J1*) =1 and ||f1HLP('[fT) =1 > 1. Define now fy: T — C
by fn(z1,...,2n8) = fi(z1) -+ fi(zn). Tt is easy to see that fy € LY (TV). As
the Haar measure on TV (TX) is the product of N-times the Haar measure on T
(T,) we have || fx|lr(rvy = 1 and [|fn |l zocryy = 0. So by (2), we have M > n™
for every N, which is a contradiction as n > 1. |

Remark. Although in last example scalars were complex, let us observe that all
the Banach spaces considered in it are Banach spaces of functions closed under
conjugation. Taking the real Banach spaces of either the real part or the imaginary
part of those functions, we could get a counterexample to Theorem 1.3 over the
field of real numbers.

2. CONTINUITY OF THE OPERATOR IDEAL NORMS

Fix p € [1,400]. We are going to study in this section operators defined on LP
spaces with values in a finite dimensional space. For p € (1, +o00] we will see that
we can reduce our study to operators defined on LP(u), for u a finite measure on
the Euclidean unit sphere. We will show that, if ¢ # 4,6,8,..., the map which
associates to the image of the unit ball its operator ideal norm is continuous with
respect to the Hausdorff metric.

Let I be the collection of all non empty compact and convex subsets in R”. C
is a complete metric space with the Hausdorff metric d defined for K7, K5 € K by

d(Kl,Kg) = inf{a K1 C Ky + EB[EL,KQ C Ky + EB@E}.
The support function of K € K is defined for £ € R™ as

Uk (§) = sup{(z,&) : x € K}.

We denote by K, the subset of K of those sets K for which there is an operator
T: LP(A) — R"™ so that T(Br»(n)) = K. For p = 1, K; coincides with the
symmetric elements of K. Ky is the set of ellipsoids in R™. For p = oo, K,, coincides
with the set of zonoids in R™ symmetric over 0, and with the set of those K € K,
for which there are a compact Hausdorff @ and an operator T' from C(Q2) to R”
with T'(Be(qy) = K. In fact, if K = T'(B¢(q)), there exist a Radon measure x on
Q,and fi,..., f, in L*(u) such that

T(g9) = (/gfk du)ZZl , for every g € C(Q);

since Be(q) is weak™ dense in Bpe(,), and the operator 7" has a trivial weak™ con-
tinuous extension T': L> (1) — R”, K is a zonoid which coincides with T'(B Lo (1))

When p € (1, 400] there is an analogous characterization of the elements of K,
to the one given in [B] for zonoids. For every positive finite measure p on the
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Euclidean unit sphere S”~!, we will denote by SE, or just S, when there is no
possible confussion, the operator S}: LP(x) — R™ defined by

SE(y) = /w -Zdu(Z), for every ¢ € LP(u).
We will write K, = S,(Brr(u))-

Proposition 2.1. Let p € (1,+00]. If K € K, there exists a positive finite sym-
metric measure p on S* such that K = K, = S,(Brs(u)-

Proof. Consider an operator T': LP(A\) — R™ for p € (1, +o0] (weak* continuous
if p = 4-00) such that K = T'(Brr(y)). Then there exist n functions f1,..., f, in
L%()) such that

T(y) =/<p(f1,-.- fu)dA

for every function ¢ € LP(\). Put f = (f1,...,fn) and || - || the Euclidean norm
on R"™; take

h= % (with — = 0).

Since every f; is a function in L%()), the measure v with density || f||? with respect
to A is finite. Then h is S"~!-valued v-a.e. Let ur be the image measure of v by
the function h on the Borel sets of S" 1.

The operator S, satisfies, for every £ € R", T*{ = (¢, f) and S, { = §. Since

I60sgury = [ &N (@) = [ e, 017
= [l fmax = 1Tl

we obtain, using Observation 1.1, that K = T'(Brs(x)) = Sur (Bre(ur))-

For every Borel set A in S"~! let jir be the measure jiz(A) = pur(—A). Let us
denote by p the symmetrization of pup, that is, pu = %(MT + fir). It is clear that
K = 84 (Bro(ur)) = Su(Brrew) since [|S;; &l = [€llLaur) = I€llLaw = [155€]]
for every £ € R™. O

Let us denote by M the closed cone of all positive finite and symmetric measures
on S~ as a subset of C(S"~1)* with the weak* topology. If u € M, let us define
Hy(u) = K, = Su(Bre(y)). We have a map Hj, defined on M with values in IC,.
The following lemma can be found in [B] for p = co; we have adapted its proof for
the general case p € (1, c0].

Lemma 2.2. Suppose that p € (1,400]. Then Hp: (M, w*) — (K, d) is contin-
uous.

Proof. Suppose that the net u, converges to p in the weak*™ topology of M. We
will show that K, converges to K. It is enough to show that there is a subnet p,
for which K, converges to K. Since u, converges to p in the weak™ topology, we
have that ||pa|| = [ 1dua converges to ||u|| = [ 1du. Therefore, taking a subnet if
necessary, we can assume that {||pq ||} is bounded. Let ¥, be the support function
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of K, and p, = sup{||z|| : € K,}. It is clear that p, = sup{¥, (&) : [|€]| = 1}.

Since
= ([ 100 dua@)

we have that po < (e (S" 1))/, So {ps} is bounded and using Blaschke selection
principle [DJT, pg. 425], there exist a subnet p, and a set K € K so that K,
converges to K. Then ¥, converges pointwise to Wx. For every £ € R", the
function he(z) = |[(z,€)]7 is a continuous function on S"~!, so

= ([ 1m0 @) ([ dn) = wato)

and we conclude ¥, = W; so, K = K. This proves that the map H,, is continuous.
O

We are going to use last result to prove that ICp, is closed in K. We will also need
the following lemma.

Lemma 2.3. Suppose that p € (1,+00]. If K, € K}, satisfies K, C rByy, then
Il < n9/2nr.

Proof. Suppose that K,, C rByy. Then, using that ||Z]|2 < nl/?||Z| o < n'/?||Z|,
for ¥ € R™,

Il = [ ledu(@) <n? [l duta)
S’Vl S’Vl
<u( | |22 an(@) " 7.
Sn—1

the last inequality by Holder’s inequality. Then,

lull < nWZ / (7, e du(#) < n9/?nr.

Proposition 2.4. For p € [1,+o0], K, is closed in K.

Proof. 1t is obvious for p = 1. Take now p € (1,+occ]. Suppose that {K,, } is
a Cauchy sequence in K. Then, using previous lemma, {||x,]|} is bounded and
there is a subsequence {y,; } converging to y in M. Lemma 2.2 implies that K i,
converges to K, € Kp, so K, also converges to K, an element of C,,. O

We will make use of the following result, whose proof can be found in [K], [N]
and [L].

Theorem 2.5. Let g be a real number in [1,+00) which is not an even integer.
If i and v are two finite, positive and symmetric measures on S~ such that, for

every £ € R™,
1.0 duta) = [ (o)1 dvio)

then u = v.
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It is important to note that this result does not hold when ¢ is an even integer,
since in this case, the space generated by the functions |(-,£)|?, with £ € R™, in the
space of continuous and symmetric functions on the sphere is finite dimensional.

Lemma 2.6. Let p € (1,+00] such that ¢ # 2,4,6,.... If K € K, there exists a
unique positive finite symmetric measure p on S*~! such that K = K,.

Proof. Suppose that K = K, = K, where ;1 and v are two finite, positive and
symmetric measures on S"~!. By Observation 1.1, u and v satisfy the hypothesis
of previous theorem. This implies that = v. O

Remark. If we have an operator T: LP(\) — R"™ with g # 2,4,6,8, ..., let ur be
the measure obtained in the proof of Proposition 2.1. One can prove that for any
normed operator ideal A, |T'|| 4 = ||Sur |l 4; in this case, the factorization argument
given in Theorem 1.3 is much simpler. Considering the isometries R: LP(ur) —
LP(X) defined by R(¢)) = (¢ o h)|[f]|?"! and Q: LI(ur) — L9(X) defined by
Q) = (Y oh) - f|l, one can easily show that S,, =T o R and T = S, o Q*. So
IT)|.4a = |lSurlla. Later it is not difficult to show that ||S,||.4 = ||S.. .4 where p is
the symmetrization of the measure pur. As p does not depend on the operator T,
but only on T'(B»(y)), this provides a new proof in this case of Theorem 1.3. We
have isolated the proof in the finite dimensional case since it is more explicit and
clarifies the ideas used in the general case hidden behind the proof of Theorem 1.2.
Also, the usage of measures on S*~! will be useful in what follows and provides an
idea of the reason why Theorem 1.3 fails for ¢ = 4,6,8,....

Proposition 2.7 . Suppose that p € (1,+00] is a real number such that q #
2,4,6,.... Then Hy: (M, w*) — (Kp,d) is a homeomorphism.

Proof. Using Lemma 2.2 and Lemma 2.6 we know that the map H,, which associates
to every p the set K, is continuous and injective.

Now take Ky € K,. If we prove that there exist C' > 0 and a neighborhood
V of Ky in K, such that [|H,'(K)|| < C for every K € V, we will have that H,
establishes a homeomorphism between the compact set {yn € M : ||p]| < C} and a
compact set in I, which contains Ky in its interior; Hp_ 1 will be continuous at Kj.
Take r > 0 such that Ko C rBgy. Theset V ={K € K, : K C (r+1)Bg} is a
neighborhood of Ko. If K € V and = H, ' (K), using Lemma 2.3

lull < n?2n(r + 1)1,
O

Let A be a normed operator ideal; Theorem 1.3 lets us define, for p € [1, +00],
with ¢ # 4,6,8,..., the map || - ||4: K, — R as [|[K||4 = ||T|| 4, for an operator
T: LP(\) — R™ such that T'(Brr(y)) = K. We are going to show that this map is
continuous with respect to the Hausdorff metric. For p # 1,2 we use the homeo-
morphism given in previous result. We begin with two lemmas in which we isolate
the cases p =1 and p = 2.

Lemma 2.8. Fiz a norm || - || on R™ and a normed operator ideal A; the map
I Ja: K1 — R is continuous for the Hausdorff metric.

Proof. Consider K7, Ko € K; such that d(K1, K2) < §. Take two sequences {x,}
in K1, {yn} in Ky such that {x,} is dense in K7 and {y,} is dense in K. Let {x,}
be a sequence in Ky such that |z, — 2| <4, {y,,} in Ky with ||y, —y.,|| < 4. If
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T;: 61 — R™, i = 1,2, are two operators such that Thes,_1 = 2, and Ties, =y,
Tresn, = yn and Trea,—1 = x,,, with (e,), the canonical basis in ¢1, then we have

ns

Ky = Ti(By,), Ko = Ta(By,) and ||T} — T3|| < 4. Let C' > 0 be a constant such
that ||T||4 < C||T|| for every operator T: ¢; — R™; it is enough to take as C the
norm in A of the identity operator in R™ with the fixed norm. Then

Tl = [ T2lla] < 1Ty = Tolla < O|T1 — T2|| < C6,
and we obtain the continuity. O

Lemma 2.9. Fiz a norm || - || on R™ and a normed operator ideal A; the map
| “1la: Ko — R is continuous for the Hausdorff metric.

Proof. Suppose first that £y € ICz is an n-dimensional ellipsoid. Then Ey = T'(Byy)
for certain one-to-one operator defined on ¢4 with values on R". Since the metric
d is equivalent to d’ defined for Ky, K5 € K by

dl(Kl,KQ) = inf{s : K1 g KQ —|—6E0,K2 g K1 —|—6E0},

a neighborhood V of Ej for the Hausdorff metric in Ks is one of the form V =
{E€Ky:1E) C EC1Ey}, with 7 > 1. If E € V, there exists a one-to-one
operator S on (4 with values on R™ such that S(Byy) = E. Consider R=S"1oT.
Then we have that | R||,||[R7}| < 7. Since So R=T and T o R~! = S, we obtain
IT]|a < 7||S]la and ||S]ja < 7||T||.a. Taking 7 close enough to 1, we obtain the
continuity of || - || 4 at Ep.

To prove the lemma in the general case, let Y be the linear span generated by
Ey and Py the orthogonal projection over Y. If d(E, Ey) < 4, then d(Z,Y) < ¢ for
every Z € E. If E = S(Byy), we have

HS’F— Py o Sf]| < 0 for every i'e Byp.

Then |||S]|la— | Py 0 S|la| < [|S—PyoS|la <C|S—PyoS|| <C-4. On the other
hand, d(Py (E), Ep) < §. This reduces this case to the previous one; so given € > 0,
we can choose 0 small enough such that |||E0||A - HPy(E)||A| <eand C§ <e. We

conclude that ||| Eglla — [|E||l.a|] < 2e if & is small enough. This finishes the proof.
O

To prove the continuity in the rest of the cases we will use following lemma.

Lemma 2.10. Let p be a positive finite measure on S"~1. Then for every ¢ > 0
there exists a partition ™ of S*~! such that m = {A;}¥_, U{F;}¥_, where every A; is
open fori=1,... k, diam(FE) < ¢ for every E € 7, and u(F;) =0 fori=1,... k.

Proof. For every € > 0, we can find a finite set {7;}¥_, in S"~! such that S"~! =
Ule B(%;,5). Put Sy.(x;) = {# € S"~! : ||&; — &|| = r}. Since p is a finite measure,
there exist sets of the form S, (z;) with r; € [F, 5] such that u(S,,) =0, for i =
1,...,k. Take Ay = B(x1,71) and F; = S, (21). Once we have found Ay,...,A;
and Fy,... ,Fyfori=1,...  k—1, we take A;y; = B(xi+1,ri+1)\(U;:1 B(fj,rj))
and Fip1 = Sr, ., (it1) \ U;‘:l B(Zj,rj). It is obvious that these sets satisfy all the
conclusions in our lemma. O

Theorem 2.11. Fiz a norm on R™, a normed operator ideal A, and p € [1,+00]
such that ¢ # 4,6,.... The map || - ||a: Kp — R is continuous for the Hausdorff
metric.
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Proof. The cases p = 1 and p = 2 have already been proved. Suppose now that
p € (1,400] and ¢ # 2,4,6,.... By virtue of Proposition 2.7, it is enough to
prove that the map Na: p +— [|SF]|.4 is continuous from M to R. We can find a
constant C' > 0 such that, for every Banach space X, and every T: X — R", we
have || T||a4 < C||T||, where | T|| denotes the norm as an operator from X to £%; it
is enough to take as C' the norm on A of the identity on ¢4 with values in R" with
the fixed norm.

To show the continuity of N4 at u = 0, it is enough to observe that [|SE|| <
v(S"~1)1/4 as in the proof of Lemma 2.2; then

Na(v) < Cllv||" < e

if ||v|| is small enough, which is possible in some neighborhood of p =0 in M.
Suppose, then, that p # 0 and we will prove that N 4 is continuous at p. Fix
§ > 0, and for ¢ = §%2/2, we take a partition 7 of S"~! as in Lemma 2.10. Put

F = Ule F; and A = Ule A;. We choose ¢; > 0, for i = 1,... ,k, such that, if
w(A;) >0, then 0 < g; < u(4;)/2, and
k

o= Zsi < min{%éQ, %5min{u(Ai) : w(A;) > 0}
i=1

Since for every open set G in S~ ! we have

u(G):sup{/godu:QDEC(S"_l), 0<¢<xg },

and F is a closed set with u(F) = 0, we can find a neighborhood Us of p in M in
such a way that, for every v € Uy, the following three conditions hold:

(a) v(A;) > p(A;) —ei=1,...,k;

(b) v(F) <e;

() [(S™) — p(S" 1) = ‘fmu_ fldu‘ <e.

Then, whenever ;(A;) > 0,
€ 2¢; 20

p(Ai)
@ vA) =y =y =y =

For v € Us, let E, and E,, be the conditional expectations on L?(v) and L9(u),
respectively, with respect to the o-algebra generated by the partition 7. Let X, =
E,(LY(v)) and X,, = E,(L%(n)). We define R,: X, — X, for ¢ € X, by
R, (¢)) = 1. Tt is easy to prove, because of (3), that | R, | < (1+ 5)%

Put I ={ie{l,... ,k}:pu(A:)(1+3)>v(A;)}. Then we have

<1+

B

p(S") +e = v(S"TH

v

(2

v(Ai) 2 v(A) + (1+0) ) p(Ai)

el il

k
p(A) = et Y p(A) + o A)
i€ =1 ¢l gl
= (8" — o +ou(lJ 4.
igl

v
~
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So we have

e4+o
nlJA) < ——<s
il

We also obtain from before

v((JA) > p(lJA) — o =" = u(|J Ai) -

iel iel gl
v —e—0—0c>v(S") —6% 0.
That is,
v({JA) <o+
igl
Let A ={J;c; 4; and R,: X,, — X, defined for ¢ € X,,, by R,(¢) = x5 It is
then clear, by choice of the set I, that ||R,| < (1+ 5)%.

Let I, be the injection of X, into LI(u), and I, the injection of X, into LI(v).
We have the following diagram:

SPy*
R" @Lq(y) P x, e L)

|

n q q
R (Tg)zL (M)TXMTL (1)

Since diam(E) < ¢ for every E € 7, we have ||¢ — El,§||Lm(V) <e|€|| for £ € R™.
Since v(A;) = 0 implies pu(A4;) =0, and R,(x4,) = Xxa,, we also have

|(€ = Ry 0 EL¢) w el
For every ¢ € S"~!, we obtain
||(Sﬁ)* —({,oR,0E,0(SE)* {HLq —||§ (I,oR,0FE,) §HLQ(M)

= ¢ = (R0 B)E|| S, = Z} /A € = R, 0 B,)¢|" du
< ET(A) = (")
ie., [|(S2)* = (Iuo Ry o Eyo(S)*)|| < en(S™~1)7. Then ||SE —SZoEjo R} ol
Cep(SP—1) 21, and using the properties of normed ideal,
(4) Na() < Cep(S")7 + (14 0)7Na(w) < C'6 + (1 +6)1 Na(v).
Conversely, if i € I and then p(A;) > 0, we have, for every £ € R™,
16 = R0 B,6) , < elléll-

We obtain now, for every & € S*~1,
1(82)°6 = (I © Ry 0 By 0 () ) 1aqyy = 1€ = (R 0 B 1,

s USCRRAETED A ||§|\Qdu+2/ Jél? dv

iel ¢l
< eW(A) + V(AN A) +v(F) < (u(S"") +e) + (5 + %) +e.

illa <
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We deduce, analogously to the previous case,

(5) Na(v) < n(0) + (1 +8)¥ Na(n),

with n(6) — 07 when § — 0F. From (4) and (5) we deduce the continuity of N4

at u. O
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