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CANTOR SETS AND NUMBERS
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ABSTRACT. For j = 1,...,k let C; be a Cantor set constructed from the
interval I;, and let e; = 1. We derive conditions under which
€e1Ch1+ -+ e,Cr =11 +-- -+ €I, and C;l C;k ZIfl I;k

When these conditions do not hold, we derive a lower bound for the Hausdorff
dimension of the above sum and product. We use these results to make cor-
responding statements about the sum and product of sets F'(B;), where B; is
a set of positive integers and F'(Bj) is the set of real numbers x such that all
partial quotients of x, except possibly the first, are members of B;.

1. INTRODUCTION

Let = be a real number. We say that x is badly approzimable if there exists a
positive integer n such that for every rational number p/q,
o-> .
q ngq
It can be shown that this set is of Lebesgue measure zero; however, it is still quite
large. In 1947 Marshall Hall [5] showed that every real number can be expressed as
the sum of two badly approximable numbers. In particular, for a positive integer
m let F(m) denote the set of numbers

F(m) ={[t,a1,0az2,...];t€Z,1<a; <mfori>1}
where by [ag, a1, as,...] we denote the continued fraction
1
ap + 1
as + —

with partial quotients ag, a1, az and so on. It can be shown that for every x € F'(4)
and every p/q € Q,
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134 S. ASTELS

so that F'(4) is a set of badly approximable numbers. Hall proved that
F4)+ F4) =R,
where we define the sum of two sets of real numbers A and B by
A+B={a+b:ac Aandbc B}.
In 1973 Bohuslav Divis [4] showed that one could not do much better than Hall’s

result, namely that
F33)+ F(3) #R.
In 1975 James Hlavka [6] generalized Hall’s results to the case of different sets F'(m)
and F(n). He proved that
(1) F(m)+ F(n) =R

holds for (m,n) equal to (2,7) or (3,4), but does not hold for (m,n) equal to (2,4).
Now, if (1) holds, then the same equation holds with m and n replaced by m’ and n’
respectively, where m’ > m and n’ > n. Further, if either n or m is equal to one then
trivially (1) does not hold, since F(1) consists of the points {[t,1,1,1...]; ¢t € Z}.
Hence the only cases of interest left are (m,n) = (2,5) and (m,n) = (2,6). Hlavka
conjectured that in these two cases (1) would not hold. In work to appear [1] we
show that in both cases Hlavka’s conjecture is false.

We can also examine the difference of two sets F(m) and F(n). If A is a set of
real numbers we define —A by

—A={-a;a€ A}
and denote A + (—B) by A — B. We have the following result.

Theorem 1.1. Let m and n be integers. The equations
Fm)4+ F(n)=R and F(m)—F(n)=R
hold if (m,n) equals (2,5) or (3,4). Neither of the above equations hold if (m,n)
equals (2,4). Additionally,
F3)+F(3)#R and F(3)— F(3)=R.
In 1971 Tom Cusick [2] examined the complementary case of sums of real num-

bers whose continued fraction expansion contains only large partial quotients. For
each positive integer I we define the set G(I) by

G() ={lt,a1,a2,...];t€Z and a; > 1 for i > 1}
U{[t,a1,a2,...,a;]; t,k€Z, k>0and a; >l for 1 <i<k}.
Cusick proved that
G(2)+G((2) =R.

The above results are special cases of the following general problem. Let B
be a set of positive integers. If B is a finite set, we let F'(B) denote the set of
real numbers which have an infinite continued fraction expansion with all partial
quotients, except possibly the first, members of B. For B infinite, we define F(B)
similarly, but also allow numbers with finite continued fraction expansions. Thus
if we define

L,={1,2,....m} and U ={l,l+1,...}
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CANTOR SETS AND NUMBERS WITH RESTRICTED PARTIAL QUOTIENTS 135

TABLE 1. Values of 7(B) for certain B

B 7(B)

Ly | (=1++/3)/2=0.366...
Lz | (=6 +44/21)/15=0.822...
Ly | (=34 15v2)/14=1.300...
Ls 44/5/5 = 1.788 . ..

Lg | (154 35V/15)/66 = 2.281 . ..
L7 | (42 +24V/77)/91 = 2.775....
U 1/(1—-1)

for positive integers m and I, then F(m) = F(L,,) and G(I) = F(U;). For sets of
positive integers By and Ba, we wish to know when

(2) F(By) + F(By) =R

and when

(3) F(By) - F(By) =R.

We shall derive conditions on the sets By and Bs such that (2) and (3) follow. Let
B = {b1,ba,...} be a set of positive integers with |B| > 0 and by < by < ... . If

|B| =1, then we put 7(B) = 0. Otherwise, we set
If B is a finite set with |B| > 1, then we put

_ VI2mZ
m=m(B) =maxB, §=4§B)= fm l2m +4lm7
and
o(m —1) bit1lm +m + 4l

7(B) = min min { Adm—od(m—1) bidm+m+ol

Ailm — 6(m —1) Im+4§

If B is an infinite set, then we put

(4) T(B):infmin{ 1 bip1l+1 bil+1}'

Al—1 bl+1 Al-1
If we let A = max; A;, then if 1 < |B| < co we have
d(m —1) Im+0—I1A
B) > .
( )_Alm—é(m—l) Im+4§

and if B is infinite then
1
Al—1"
It is a simple matter to calculate 7(B) for various sets B (see Table 1).

We denote the Hausdorff dimension of a set S by dimgy S. To help determine
whether (2) and (3) hold we will prove the following theorem.

7(B) >
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136 S. ASTELS

Theorem 1.2. Let By and B be sets of positive integers, and take e1,es € {1, —1}.
1. If T(Bl)T(Bg) 2 1, then €1F(Bl) + EQF(BQ) =R.
2. IfT(Bl)T(Bg) < 1, then

log 2

1—7(B1)7(B2) .
log (2 * T<Bl>+r<Bz>3r2r<B2l>T<Bz>)

dimp (1 F(B1) + €2F(Bs)) >

For example, we have
dimp (F(2) + F(2)) > 0.658... .

The positive results in Theorem 1.1 follow in part from Theorem 1.2. In addition
we mention the following corollaries.

Corollary 1.3. Ifl and m are positive integers with m > 2l, then

F(im)+G(1) =R.
Corollary 1.4. Let B, denote the set of positive odd integers. Then

F(B,)+ F(B,) =R.

Furthermore, if B is a finite set of odd positive integers, then

F(B)+ F(B) #R.

Note that if B(m) is the set of positive odd integers less than m, then 7(B(m))

approaches one as m tends to infinity. Thus part 1 of Theorem 1.2 is tight in the
sense that we cannot replace 1 by any smaller number.

Divis [4] and Hlavka [6] also developed techniques that allowed them to examine
the sum of more than two F'(m)’s. Divis showed that

FB)+ F(3)+F(3)=R and F(2)+F2)+F(2)+F(2)=R
while
F(2)+ F(2)+ F(2) #R.
Hlavka proved that
F(l)+ F(m)+ F(n)=R
holds if (I, m,n) equals (2,2,4) or (2,3,3) but does not hold for (I,m,n) equal to

(2,2,3). Together with the work on sums of two F(m)’s, these results allow us to
determine those finite sets of positive integers {my,...,my} for which

k
> F(m;) =R.
j=1

In the case of sums of integers with large partial quotients, Tom Cusick and
Robert Lee [3] showed in 1971 that

IG(I) =R

for every positive integer [. We shall extend this to the case where the summands
are unequal.

Theorem 1.5. Ifk and ly,ls, ..., l; are positive integer with
k

e 2 17
—

J
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CANTOR SETS AND NUMBERS WITH RESTRICTED PARTIAL QUOTIENTS 137

then
G(li)+---+G(lx) =R,

Note that if [ is a positive integer and we set k =l and [ =1ls = --- = = [,
then we recover the result of Cusick and Lee.
For a non-empty set of positive integers B we define y(B) by

__1(B)
"B = Ey T

Theorem 1.5 is a consequence of the following general theorem.

Theorem 1.6. Let k be a positive integer and By, ..., By non-empty sets of posi-
tive integers. Let e; € {1,—1} forj=1,... k. If

k
Z’Y(BJ) > 1,
j=1
then
(5) e1F(B1)+ -+ e F(By) =R
Otherwise
(6) dimpg (e F(B1) 4+ -+ + e, F(Bg)) > log 2

- .
log (1 + 'Y(Bl)+"'+'Y(Bk))

Hall [5] and Cusick [2] also examined products of numbers with bounded partial
quotients. For sets A and B of real numbers, we define the product of A and B by

AB=A-B={ab;ac Aand b€ B}
and A~ by
A™' ={1/a;a € A and a # 0}.
We also denote by A/B the set A-(B~!). Hall proved that

(7) [1,00) C F(4) - F(4),
while Cusick established that
(8) [1,00) C G(2) - G(2).

We shall derive the following multiplicative analogue of Theorem 1.6.

Theorem 1.7. Let k be a positive integer. For j = 1,...,k let B; be a set of
positive integers and let e; € {1,—1}. Set

Sy =7(B1) + - +v(B),
Se=e+-+e

and
F =F(B)"F(B)*--- F(By)®.
1. If Sy, > 1 and Sc = k, then there exists a positive real number c1 such that

F D (—00,—c1] U Jer, 00).
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138 S. ASTELS

2. If S, > 1 and |Se| < k, then
F D (—00,0) U (0, 00).
3. If S, > 1 and there exists r such that |B,| = 0o and €, =1, then
F=R.
4. If Sy =1 and Sc = k, then there exists a positive real number co such that
F D [co,00).

5. If Sy =1 and |Sc| < k, then F' omits at most k points of (0, 00).

6. If Sy =1 and there exists r such that |B,| = co, €, = 1 and A;(B,) is con-
stant, then F' omits at most 2k real numbers.

7. If S, <1, then

log 2
IR
log (1 + Sw)
For particular choices of B; we can calculate ¢; and cy in the above theorem

explicitly. If we denote by (a1, ag, . ..) the continued fraction [0, a1, as, .. .|, then we
have the following improvement to (7).

Theorem 1.8. Define a; and as by
a1 =(1-(1,3))(4,1) =0.0432. ..

and

az = (1—(1,3))(1 — (1,4)) = 0.0358.... .
Then

We may also strengthen and generalize (8).

Theorem 1.9. If k and ly,ls, ...l are positive integers with

—>1,

k
=l

J
then

G(l) - G(ly) = R.

As in the works of Hall, Cusick and Lee, Divis, and Hlavka, our results hinge on
the study of certain Cantor sets. For any set of positive integers B we define the
set C(B) by

C(B) = {{a1,a2,...); a; € B for every i},

where numbers with a finite continued fraction expansion are included in C(B) if
and only if B is an infinite set. We shall show that the sets C'(B) may be viewed as
Cantor sets. We then derive results on sums and products of Cantor sets to prove
our results.
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CANTOR SETS AND NUMBERS WITH RESTRICTED PARTIAL QUOTIENTS 139

2. CANTOR SETS

Let T be a connected directed graph. We say that T is a tree if every vertex
V of T has at most one edge terminating at V', and one vertex Vi has no edges
terminating at Vg. We call Vi the root of T'. If there is an edge connecting V; to
V4, then we say that V5 is a subverter of Vi. A vertex with no subvertices is called
a leaf. A tree where each vertex has at most ¢ subvertices is called a tree of valence
t. We will show that our Cantor sets can be represented by trees of valence 2.

Let A be a closed interval of the real line and let O C A be an open interval.
Then

A=A"vou A’
for some closed intervals A° and Al. We set
c'=4A and ct=A"u Al
If O° and O! are open intervals contained in A° and A'! respectively, then we have
AY = A" U0 u A and Al =AY uotu At
for some closed intervals A%, A% A0 and A'l. We set
C? =A%y AU Ay A,

We continue this process, forming C/*! from C7 by removing an open interval from
each closed interval in the union which comprises C7. We form a tree D with root
A as follows. Let the vertices of the tree be the closed intervals A", for w a finite
binary word, and form directed edges joining A% to A¥? and A™!. If we define C
by

C= ﬁ o,
§=0

then we call D a derivation of C, and call C' the Cantor set derived from A by D.
The A"’s are called the bridges of D. If A" is a bridge of D, then we say that A"
splits as

AV = A"y Ov U AYL.

We extend our definitions of Cantor sets and derivations by allowing the deriva-
tion to contain vertices which do not split. Let A" be such a vertex. We place
under A® the vertex A¥C, where A%? = A" as intervals. Thus our derivation may
contain infinite stalks, and will be of valence 2. We also allow bridges to split as
A=A"UOU A, where O = () and A° N A! consists of only one point.

Note that the derivation D of a Cantor set C' is not uniquely determined by C;
for example, if we change the order in which the open intervals are removed then
we get a different derivation but the same Cantor set.

We denote the length of an interval I by |I|. We say that a derivation D is
ordered if for any bridges A and B of D with A= A°UOUA', B=B°U0, U B!
and B C A we have |O| > |O3]. We define the t*" level of D to be the set of all
vertices A¥ in D where w is a binary word of length ¢.

Cantor sets arise in the study of real numbers whose partial quotients are mem-
bers of a given set. Let B = {b1,bs,...,b:} be a finite set of positive integers with
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140 S. ASTELS

t>2and by <--- <b. Weset ! =1I(B)=minB =b, m=m(B) =maxB = b,
C(B)=F(B)n[0,1] ={(a1,az2,...): a; € Bfori=1,2,...},
and let I(B) be the closed interval
I(B) = [(m,1), (I, m)].

We have C(B) C I(B). We now inductively construct a derivation D(B) of C(B)
from I(B). For any real a and b, we denote by [[a,b]] and ((a,b)) the intervals

[[a,b]] = [min{a, b}, max{a, b}]

and
((a,b)) = (min{a, b}, max{a,b}).
If, for i < t,
(9) A=l{a1,...,ar,b;,m,1), {ay,...,a.,m,1,m)]

is a bridge of D(B) of level n, then we form the subvertices of A by setting
AO = [[<a’17 sy Qpy b’ivm—vl>a <a17 <oy Qry blal?—m>]]7

0= (((al,...,ar,bi,l,—m>,(al,...,ar,bi+1,m—,l>))
and
Al = [[<a17"'7a7”7bi+17m_7l>7<a17"'7a7‘7malu_m>]]'

In this manner we construct the (n + 1) level of the derivation from the n'" level.
Note that A° is of the form (9) with a,,1 = b; and b; replaced by [. Similarly A*
is also of the form (9). Since I(B) is of the form (9) with » = 0 and ¢ = 1, by
induction we obtain the canonical derivation D(B) of C(B) from I(B).

If B is an infinite set, then we may construct a similar derivation. Assume that
B = {by,...} with b; < b;y; for i > 1. If we set [ = I(B) = min B = by, then we
have C'(B) C I(B), where I(B) = [0,1/I] and

C(B) ={{a1,a2,...); a; € B for i > 1}
U{{a1,az2,...,ar); k€Z, k>0and a; € Bfor 1 <i<k}.
If
(10) A: [[<a17"'7a7“7bi>3<a17"'7a7“>]]
is a bridge, then we split A by setting
A% =1[{a1, ..., ar,bi), (a1, ..., an, bs, D],
0= ((<a17"'7a7”7bial>7<a17"'7a’rabi+l>))

and

A' =[[a1,...,ar, biy1), (a1, .., a.)]]

where by convention we set {a1,...,a,) = 0 if r = 0. As above, we construct the
canonical derivation D(B) of C(B) from I(B) using this process.
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CANTOR SETS AND NUMBERS WITH RESTRICTED PARTIAL QUOTIENTS 141

For given sets of integers B;, j = 1,...,k, we would like to be able to determine
if
k k
(11) > C(B)) =Y _I(B)).
j=1 j=1

To do this we shall derive criteria on general Cantor sets that guarantee (11) holds.
Our conditions will be less stringent than those derived previously. Let C' be a
Cantor set with derivation D, and let A" be a bridge of D. We define the thickness
of A with respect to D, denoted by 7p(AY), to be oo if A¥ does not split.
Otherwise we set

7(A®) = 7p(A®) = min { A% |4 } ,

|0v] " 0¥
where throughout this paper we adopt the convention that /0 = oo for any > 0.
We define the thickness (D) of the derivation D by

(D) = inf 7p(4"),

where the infimum is taken over all bridges A” of D. We also define 7(C), the
thickness of the Cantor set C, by

7(C) = sup7(D),
D

where the supremum is taken over all derivations D of C'. An equivalent definition
of 7(C) may be found in [9], p. 61. It follows from Lemma 3.1 that 7(C) = 7(D,),
where D, is any ordered derivation of C. The following observation is trivial yet
crucial in our use of thickness.

Lemma 2.1. Let C be a Cantor set. Then C' is an interval if and only if 7(C') = oo.

Proof. Let C be derived from I and take D to be any ordered derivation of C' from
I. By Lemma 3.1 we have 7(C) = 7(D). If C' # I then I, the root of D, must split
in D with a nontrivial gap, so

7(D) < 1p(I) < 0.
If, on the other hand, C' = I, then any bridges of D which split do so with a trivial
gap, so that 7(D) = oo, as required. O

For sums of two Cantor sets we shall prove the following result.

Theorem 2.2. For j =1,2 let C; be a Cantor set derived from I;, with O; a gap
of mazimal size in C;. Assume that

(01 < |L| and |0z < [I1].
1. If 7(Cy)1(C2) > 1, then C1 + Cy =11 + L.
2. If 7(C1)1(C2) < 1, then
7(C1) 4 7(Co) + 27(C1)7(Cy)
1 —7(C1)7(Co)

Part 1 of Theorem 2.2 may be derived from work of Sheldon Newhouse; our
approach will give an alternative proof. Newhouse [8] established the following
result.

T(Cl —|—02) >
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142 S. ASTELS

Theorem 2.3. Let K1 and Ky be Cantor sets derived from Iy and Iy respectively,
with 7(K1)7(K2) > 1. Then either 1 NIy = (), Ky is contained in a gap of Ka, Ko
is contained in a gap of K1 or K1 N Ky # ().

In fact, if Newhouse’s proof is slightly altered then we may replace the condition
“7(K1)T(K2) > 1”7 in Theorem 2.3 by the weaker condition “7(K;)7(K3) > 1.

To see that Part 1 of Theorem 2.2 follow from this modified version of Theorem
2.3, we assume that 7(C1)7(Cs2) > 1 and let k& be any number in I; + I5. Upon
applying Theorem 2.3 (modified) with K1 = k — C; and Ky = Cy we find that
(k — Ol) NCy 75 @ and hence k € Ci + Cs.

If C is a Cantor set, then we define v(C') by

7(C)
C)= ———.
1O = e+
Theorem 2.2 is a special case of the following theorem.

Theorem 2.4. Let k be a positive integer and for j =1,2,...,k let C; be a Cantor
set derived from I, with O; a gap of maximal size in Cj. Let Sy = v(Cy) +--- +
Y(Ck).
1. If Sy > 1 then C1 + - - - + Cy, contains an interval. Otherwise Cq + --- + Cy,
contains a Cantor set of thickness at least

1-5,
Furthermore,

log 2
log (1 + min{}gw,l})

dimpy (Cy + -+ 4 Cy) >

2. 1If
(12) [Ir4+1] > |O;] forr=1,...;0k—1landj=1,...
(13) Ll +-+ [ 2 0pga|  forr=1,...,k—1,
and S, > 1, then
Ci+-+Cpr=11 +---+ I.
3. If (12) and (13) hold and S, < 1, then

S
T(Ci+-+Cr) 2 1_”3 .
v

Theorem 2.4 is best possible in the sense that the condition S, > 1 in part 1 or
part 2 cannot be replaced by S, > n for any 7 < 1. Similarly, if we multiply the
bound for the thickness or the Hausdorff dimension of the sum by 14 § for any
0 > 0, then the results do not hold in general.

3. PROOF OF THEOREM 2.4

To prove Theorem 2.4 we require several lemmas.

Lemma 3.1. Let D be any derivation of C' from I. Then there exists an ordered
derivation D, of C' from I with

(D) < 7(D,).
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Furthermore, if D1 and Dy are two ordered derivations of C from I, then
T(Dl) = T(DQ).

Let D be a derivation of C from I, and assume that D is not ordered. Then
there exists a bridge A of D which splits as 4 = A°U O U A', with A° and A!
splitting as A% = A% U 0% U A% and A! = A U O U A!! respectively, such that
either |0° > O] or |O'] > |O|. Assume without loss of generality that |O°| > |O].
Consider the derivation D, which is identical to D except that the positions of O°
and O in the tree have been switched, that is, O° is removed before O. If we set
As = A and

A =A% 0,=0° Al=A4A"uouA,

A0 =A% ol =0, Al'=AY
then in Dy, A = A, splits as A; = AJUO;UA! and Al splits as A = AI°UOLUALL
We claim that

(14) 7(D) < 7(Ds).
To prove (14) it suffices to show that

45)  min {@ [AY] A% |Am|}<min {|A2| AL AL |A£|}_
0] o] [0%] " [o°] f = 0] 104" 101 " 0]
Now,
A9 A% AL A UOuU Al A%
0, — 0% 0] ~ 09 ~ oo
AR] _ AT A AR A
0 ~ jo[ ~ jo° oy ~ o’

since |O] < |O!|, and so (15) holds.

We construct our ordered derivation D, as follows. First we modify D to form a
new tree D! with the property that the first open interval removed is of maximal
size. We form this tree by switching (a finite number of times) the order in which
open intervals are removed in D, as outlined above. Next we perform the same
process on the bridges of level 1 in D!, forming a new derivation D? which has
its first two levels ordered. We continue this procedure inductively, forming D"*1
from D™ by switching the order in which open intervals are removed until for every
bridge A of level n in D!, the next open interval removed from A is of maximal
size. Our ordered derivation D, is the derivation with the same root as D and for
which the n* level of D, consists of the same bridges as the nt" level of D™.

We will use (14) to prove the first part of our lemma. For k € Z* let OF be the
set of all gaps between intervals in the k' level of the derivation D,. Let n; be
the minimal number of levels of D we must descend before all intervals in O% have
been removed. Further, let D* consist of all bridges occurring in the first k levels
of D,, and let D™ denote the set of all bridges occurring in the first ny levels of
the derivation D. Then for every k € ZT we have

< i < mi
(D) < min 7o(A) < min 7o, (4)

by a finite number of applications of (14). Thus
_ . .
7(Dy) Hlif 51611[1)15 ,(A) > 7(D),

as required.
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Now assume that D; and D are two ordered derivations of C' from I. Let (t;);
be the sequence of different lengths of open intervals removed in the derivations, in
decreasing order (note that both derivations remove the same set of intervals). If
no intervals are removed, then C' = I and

7(D1) = 00 = 7(D2).

Otherwise for every j let B; be a bridge of minimal width in D; such that, in
the notation of section 2, B; = A*? for some binary word w and d € {0, 1}, with
|O"| = t;. Then

B .
T(Dl)zlnf—| j|.
it
However, B; satisfies the same condition with D; replaced by D3, whence
B .
T(DQ)Zlnf—| j|,
it

and the lemma follows.

Lemma 3.2. Let C; and Cs be Cantor sets derived by derivations D1 and Ds
respectively. Put

71 =7(D1) and 7o =T7(D>).

If both 71 and 1o are greater than zero and neither C1 nor Cy contains an interval,
then there exist bridges A and B of D1 and Dy respectively which split as

A=A"U0,UA' and B=B°U0,UB!

such that

T1 T2

|A| >

1O d |B|>
7'1+1(T2+ )|0a]and | |_T2

—(11 +1)[O4].

Proof. Let S = (A4;)2, be a sequence of bridges of Di, where if D; contains a

bridge of width ¢ then |A;| = ¢ for some %, and |A;| > |A;41| for i« > 1. Since C;

does not contain an interval, all A; split, and | A4;| tends to zero as i increases. We

define the sequence (B;)52; from D in a similar manner. If 0! and Og are the

open intervals removed when A; and B; split, then
|Ai

| 1Bl
16 Ol < d |0} < |55
(16) 01l < 5 =7 and (O] < 5=

for 4,7 > 1. Therefore to prove the lemma it suffices to exhibit A, and By with

T+ 1 1 |AT|<2T1+1T2+1
2 +17m +1 |BS|_T1—|—1 T2 ’

or, equivalently,

27’1 +1
71

m+1 7

17
( ) 270 +1 T To+

A < L)
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By (16), for j > 1 we have

1 .
max{|B{, |B}1} > 5 (1B, - 10}])

1 B
> (18] - il
2 219 4+ 1
= =Byl
219 + 1
Hence
|Bj+1l T2 »
> for j > 1.
B,] “2m+1 7=
Therefore
21+ 1 To
|Bj| > |B;| and |Bj| < |Bj11l,

1 2 +1
so to establish (17) it is enough to find r and s such that

nm+1l
5+ 1

(18) |Bst1| < |A.| < |Bsl.

145

Since {|A4;|}; and {|B,|}; are both sequences which are monotonically decreasing

to zero and 7o # 0, (18) must have a solution (r,s). The lemma follows.

|

In the next proof we shall make use of the concept of compatibility of bridges,

which is similar to an approach used by Hlavka ([6], Theorem 3).

Lemma 3.3. Forj =1,2 let C; be a Cantor set derived from I; with 6j the largest

gap in C;. Let Sy = ~v(C1) +~(Ca).

1. Let o and ' be any positive real numbers for which o/ 3 = 7(C1)7(C2), and

put « = min{1, o’} and f = min{1,3'}. If
(19) BlO1 < || and a|O2| < |1,
then

7Oy + Cy) > min{T(Ol) +6 7(C) + O‘} .

1-8 7 1-«
2. If |01] < |I2|, [Os] < |I1| and 8., > 1, then
Ci+Cy=1 + I
3. If (19) holds with
of =(C1)(1(C2) + 1), B =5(Co)(r(C1) +1)
and Sy < 1, then

>0
T(Cl+C2)71—S,Y

4. If S, > 1 then Cy 4 Co contains an interval. Otherwise Cy 4 Co contains a

Cantor set of thickness at least

-3,
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Proof. We first prove part 1. Assume that (19) holds, and set

T:min{T(fggﬁ,T(f{);a}.

We will show that 7(Cy + C2) > 7. To do so we will construct a tree of valence 2
to represent Cy + Cs. This tree might not be a derivation, since bridges of the tree
may overlap. However, we will use this tree to construct a derivation of Cy + Cs
with the required thickness.

We will construct our first tree inductively, by setting the root to be I; + I and
showing how each bridge in the tree splits. Let D; and Dy be ordered derivations
of C7 and Cj5 respectively. If A and B are bridges of Dy and D, respectively, we
say that A and B are compatible, and write A ~ B, if

|A| > a|O2| and |B| > 3|04,

where A and B split as
A=4"00,UA"

and
B=BU0,uU B

If A does not split but B does, then we say A ~ B if |A| > «|O2], and similarly if
A splits but B does not, then A ~ B if |B| > $]|O1]|. Finally, for all bridges A and
B, neither of which split, we put A ~ B.

We shall construct a derivation for Cy + Cs using the derivations of Cy and Cs.
Let A and B be bridges of D; and D respectively with A ~ B, and set D = A+ B.
Assume first that both A and B split. Then

min{|A°, |A'[} ~min{|B°]|B|}
|04 |02

> 7(C1)7(C2) > ap,
SO

min{|A°|,|A'[} min{|B°|,|B'|} > a/8|01]|Os|.
Thus either

(20) min{]A°|, [A'[} > a|O,]
or
(21) min{|B°|, |B'[} > 5|O1.

Assume that (20) holds, and let Of and O} be the open intervals removed in the
splitting of A° and A' respectively. Since the derivations are ordered,

BlOY < BlO:] < |B| and  plO]| < BlO:] < B,
as A ~ B. By (20) we have
a0y < 1A% and a|Oo] < |AY,
whence

A~ B and A' ~ B.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CANTOR SETS AND NUMBERS WITH RESTRICTED PARTIAL QUOTIENTS 147

We put
(22) D°=4A°+B, D'=A"+B, Op=D\(D'uD').
We have
D] = |A% +|B|, |D'=|A"|+|B]
and, if Op is non-empty,
|Op| = |0:1] = |B.

Note that if 8 = 1 then Op is necessarily empty. Thus either there is no gap
between D° and D', or
min{|D°, (D'} _ min{|A°] |A'}} + |B] _ m(C)+ B _

|Op 01| — |B| - 1-p =

For d = 0,1, to determine the splitting of D? we repeat the above process with
A replaced with A,

If we find that (21) holds instead of (20), we perform the same process, except
we split B instead of A. Again we may bound min{|D°|,|D|}/|Op| by 7.

If A splits but B does not, then we define D°, D! and Op as in (22), and find
that either Op is empty or (23) holds. If B splits but A does not, then we proceed
in an analogous manner. Finally, if neither A nor B splits, then we let D be the
vertex A + B, and place under D an infinite stalk composed of vertices D* where

w is a binary word composed of zeros, and D" = D as intervals.
Since I; ~ Iy we find by induction that we may construct a tree Tg of closed

intervals {D™} such that
Ci+c= () Jov,

m>0 w

(23)

where the union is taken over all binary words w of length m such that D" is a
vertex of Ts. We further have that if V' is a vertex of T, then either V' does not
split or

(24) min{[V°],[V![} > 7]Ov .

Now Ts might not be a derivation of Cy + Cs, since we may have some overlap of
intervals associated with vertices. We will however use T's to construct a derivation
for C; + Cy with the required thickness. Let H° = I, + I,, H' = DY U D! and in
general

H™ = D",

where the union is over all binary words of length m with D" in Tg. For each
m, H™ will be the union of a finite number of disjoint closed intervals {H™}. We
next define a tree Ty by taking as vertices all intervals { H™} and as edges all lines
joining vertices H™ to HJ’-”H7 where HJ’-”+1 C H™ as sets. We will convert T into
a tree where every vertex has at most two subvertices. Let N be a vertex of T}.
We will construct a finite tree Ty with root N and having as leaves the subvertices
of N in Ty such that Ty is of valence 2 and Ty satisfies a condition similar to (24).
Let N have subvertices N1, No,..., Ny in Ty. If ¢ < 2 then we let Ty be the
tree with root IV and leaves Ny, ..., N;. Otherwise, we have that, as intervals,

(25) N=NUG UN,UGyU---UG;_1 UNy,
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where G1,...,Gi_1 are open intervals. For intervals J; and Jo we write J; — Jo if
|J1] > 7|J2|. We start by making the following claim.

Claim 1. Let G, and G be two open intervals in (25) with r < s. Let J denote
the entire closed interval between G, and Gs. Then J — G, or J — G5. Further,
if G, is any open interval in (25), then

(26) N.u | (NauG) | =G,

1<n<r

and

(27) (Nt u | .U Gn)> -G,

r<n<t
Proof of Claim 1. Since J contains points of C; +C5 and (C; +C2)N(G-UG,) = 0,
there exists a vertex V = VO U Oy U V! of Ts with V N J # () and either G, C Oy
or G5 C Oy. Assume without loss of generality that G, C Oy. If V! C J then
v
- — 7—,

|Gr| — [Ov]
so J — G,.. Otherwise G5 C V!, and since (C; + C2) NG = ) there exists a vertex
W =WoUOw UW!in Tg with W C V! and G, C Oy . In this case W° C J, so
VL

IGs| — [Ow]| —
So J — G, and the first part of the claim follows.

To prove the second part of the claim we denote by J? and J} the left sides of

(26) and (27) respectively. As above, we have a vertex V of Ts with VO C JO,
V1 C J! and G, C Oy, and the claim follows. |

By the claim we have
Ny — G, Ny — Gy
and
N; — G or N; — Gy

for j =2,...,t — 1. For example,

> G — Gy +— Gs — Gy ~—
Nl N2 N3 N4 N5

Thus there must be some G,, with
(28) N,, — G, and N, 41 — G,,.
We set t/ =¢ —1,

N; if1<j<r,
NJ/ = er U Grl UNT1+1 lfj =T,
Nj+1 if ¢ <j§t/,
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and

G,_ Gj if1§j<7'1,
TGy it <j <t
By the claim, N;, — G

!/ / 3
1 0r N — G}, ie.

T17?

—_— &
Ni Ny N3 N;

Gy — Gy +——

We continue this process until we have only two closed intervals left. In our example,
the next step results in

GY GY
NY NY NY
while the last step yields
GY
Ny Ny

We are now ready to construct our finite tree Ty. Let G, be the open interval
satisfying (28) at the i*" step, for i = 1,...,t — 2. Further, let G,, , be the open
interval remaining when our process terminates. We form Ty by removing, in order,
the open intervals G, ,,Gr, ,,...,Gr;:

Ny G

Gs
N3 Ny

G2 G4

N2 N5

By our construction, if N" is a vertex in T which splits as
NY = N""UO} UN",
then
IN"| > 710%| and [N > 7]0%].

To construct our derivation D of C; 4+ C5, we take as vertices and edges of D the
sets

V= J Vv(ty) and E= |J E(Tw)
NeTs NeTs

respectively, where for a tree T we denote the set of vertices of T by V(T') and the
set of edges by E(T). We have 7(D) > 7, and the first part of the lemma follows.
We will use part 1 of the lemma to prove parts 2 and 3. Let

(29) o =~(C)(1(C2)+1) and [ =~(Co)(7(Cy) + 1)
and define « and 8 by
(30) a=min{l,a'} and S =min{l,3}.

Assume that |O;] < |Iz|, |O2| < |I1] and S, > 1. Then 7(Cy)7(C2) > 1, which
implies that & = 8 = 1. Therefore, by part 1, 7(Cy + C3) = oo, and part 2 follows.
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To prove part 3 we first define o/, #/, o and 8 by (29) and (30). Note that if
S, <1 then a =o' and § = [; hence
TC)+6_rCY+8 5

1-3 -5 1-9,

and
T(Cg)—l—Oz_T(Cz)—f—O/_ S’Y

-« T

so by part 1 of the lemma

7(C1 4+ Ca) >

ol
1-5,
and part 3 follows.

To prove part 4 we first note that if 7(Cy) = 0 or 7(C2) = 0 then the result
follows trivially, whence we may assume 7(Cy) and 7(C2) are both greater than
zero. If either Cy or Cy contains a bridge that does not split, then Cy + Cy will
contain an interval, hence a set of infinite thickness. Otherwise, by Lemma 3.2
there exist bridges A and B of D; and D respectively, with

A=A"U0,UA' and B=B°U0O,UB!,
such that
|A] > a|O3| and |B| > B]0],

where a and 8 are as defined in (30). By parts 2 and 3 of Lemma 3.3 applied to
the Cantor sets

Ca=CinNA and Cg=0C2NB0B

we have
Cy+Cp=A+1B
if $, > 1 and
7(Ca +Cp) > Sy
1-5,
otherwise, and part 4 of the lemma follows. O

To relate thickness to Hausdorff dimension we use the following result.

Lemma 3.4. If C is a Cantor set, then

log 2
dimy (C) > ——22

log (2 + %)
Proof. See [9], p. 77. O
Proof of Theorem 2.4. For real numbers v1, 72 and 73 in [0, 1] with v +v2 < 1 we
put

7t e

T2 =7 -
=7 =72
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Note that,
712
1+ 70 =Mt
o)
(31) 2 s = e e
14+ 710

We first prove part 1. Assume S, > 1 and let ¢ be the smallest integer with
v(C1) + -+ ~(C;) > 1. Using Lemma 3.3 (part 4) and (31), we find by induction
that C7 + - - - + C} contains an interval, whence C; + - - - + C}, contains an interval.

If Sy < 1 then we find by Lemma 3.3 (part 4), (31) and induction that C; +
-+ -+ Cj, contains a Cantor set of thickness at least S, /(1 — S5), so by Lemma 3.4,

log 2
dimpg (Cy + -+ Cp) > —2"
1(Cr k) 2 log(1 + S%)
and part 1 of the theorem follows.

To prove parts 2 and 3 we first note that by (12) and (13) the sets I; + - - + I,
and I,4q satisfy (19) with a =g =1,forr=1,...,k — 1. We find by induction,
Lemma 3.3 (part 2) and (31) that if S, > 1, then

Cit-+Ch=Th++1I
and part 2 of the theorem follows. Similarly, if S, < 1, then by induction, Lemma
3.3 (part 3) and (31) we have
Sy
1-5,

and the theorem follows. O

T(Cr+--+Cf) >

4. BOUNDS ON THE THICKNESS OF C(B)

To apply Theorems 2.2 and 2.4 to the cases where the Cantor sets are of the
form C'(Bj) for some B; C Z*, we need only calculate the thicknesses of the Cantor
sets in question.

For n > 0 we define the n'" convergent to the continued fraction [ag, a1, ...] to
be the rational number

Pn

qn
where p, and g, are taken to be coprime. We also define p,, and ¢, for n = —2 or
n=—1 by

= [ag, ..., an]

p—2=¢-1=0 and p1=¢g2=1
By elementary properties of continued fractions we have

Pn = GpPn—1 + Pn—2

and

(32) Gn = Anln—1+ Gn-2

for n > 0. We also have the following result.

Lemma 4.1. For a fized r > 0 and 1 < i < 4 assume that G; = [ag, a1, .., ar, gi]
for some real g; > 0. For 0 <n <7 let p,/q, be the n'" convergent to |ao, ..., a,],

and put Q = gr—1/qr. Then

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



152 S. ASTELS

1.
l91 — g2
G — G| =
G T e T Q)
and
2.
‘Gl —Go| |92 (93+Q)(9a+@)
G3 — Gy 93— 91| (1 +Q)(92+Q)
Proof. See [6], Lemmas 4 and 5. |

Lemma 4.2. Lett > 2 be an integer and B = {b1,bs,...,b:} a finite set of positive
integers with b; < b4y for i = 1,2,...,t —1. Letl = by and m = by, and set
Ai:bi—i-l —bi fO’I“i: 1,27...,t—1, Put

—Im +VI12m? + 4lm

0= 5

Then

7(D(B)) = min min

1<i<t

o(m —1) bir1lm 4+ m + 4l
{Aizm—(S(m—Z)' bilm +m + ol
(m—bi+1)lm+(5(m—l) bll—i—&

Adm—86(m—1) '1m+5}

Proof. Assume that our bridge is of the form (9). To compute a lower bound for
| A% /|O| we use part 2 of Lemma 4.1 with

to find that
1A% (b +{m)) — (bi + <_l>) _bi+1+<_7>+Q
O (bisr + (m, 1)) = (b + (I,m)) b+ (m, ) +Q
— <lvm> < m, > .bi+1+<m>+Q
Ai+ m D) —(I,m) b+ (m, 1) +Q
__8/l=4/m  biy1+6/m+Q
_Ai—l—é/m—é/l bi—l—&/m—i—Q

T Adm—0o0(m—1) (bi+Qm+s

Similarly we use part 2 of Lemma 4.1 with

g1 =[m,I,m], g2 = [biy1,m, 1), g3 =[bir1,m,1l], ga=[b;,1,m]
and find that

(A (m=bip)lm+d(m—1) (bi+Q)+34
o] Aylm — §(m —1) (m+Q)N+0d
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Thus
5(m —1) (biy1 +Q)m+6
Aidm—6m—1) (bi+Qm+4d "’
Ajlm —§(m —1) (m+Q)+46
o(m —1) bir1lm 4+ m + 4l
Ailm —6(m —1)  bilm+m+ 0l
(m—=bix1)lm+d(m—1) bil+9¢
Ailm — 6(m — 1) 'lm+5}

7(D(B)) = 1gf nin min {

= min min{ ,

1<i<t

since 0 < @ < 1/1, and

_ 1
—120 and @27

Q

ifa; = 1. |
A similar but simpler result holds in the infinite case.

Lemma 4.3. Let B = {b1,ba,...} be an infinite set of integers with b; < b; 1 for
i >1. Letl =by and set A; =b;y1 — b; fori>1. Then

{ 1 bl 41 bil+1}

7(D(B)) = %Izlg min

Al =1 bl+1 A1
Proof. We use the same strategy as in the proof of Lemma 4.2. If A is a bridge of
the form (10), then by part 2 of Lemma 4.1, with
g1=1[b:1], g2="0i, g3="Dit1, ga=[b;1],
we find that
A% 1 biv1+ @

4 A _ . .
(34) O] Al-1 b+0

Now if r = 0 then
@_ bil+1

o] A1
while if » > 0 we apply part 2 of Lemma 4.1 with

g1 = [ar,bit1), g2=ar, ¢g3=lar,b;,l] and gs = [ar,biy1]
and conclude that

A (bivr) e i+ 52

_ dr—1

O]~ (b D) = (bir1)  ar+ 22

qr—1

_ b+l argro t g2+ g1 (b, 1)

o Al —1 ArQr—1 + Qqr—2
bl 41 g+ gra(bil)
N Al -1 qr

(i + Q) +1 - bil +1
Al -1 —Al-1
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by (32) and since @ > 0. Therefore

(35) +(D(B)) = igfinfmin{ L b Qb+l }

Al—1 bi+Q Ail—1

and the lemma follows upon minimizing (35), since as in the proof of Lemma 4.2

wehave 0 < Q < 1/lwith@Q=0ifr=0and Q =1/lif r =1 and a; = I. O
Note that 7(D(B)) equals 7(B) (as defined in the first section).

Lemma 4.4. Let B be a set of positive integers with |B| > 1. If A;(B) = A is
constant, then D(B) is ordered, and so

T(C(B)) = 7(D(B)) = 7(B).

Proof. Assume first that B is finite. In the notation of Lemma 4.2 put

O ((a/lv ey CLT), bz) == ((<a'la sy Qpy b’ivlv—m>a <a17 <oy Ay, bi+1am—7l>))
for b; < m. Then by part 1 of Lemma 4.1 with

g1 = [biy1,m,1] and g2 = [b;, 1, m]

we have

A+§/m—4/l
@Z(biy1 +0/m+Q)(bi +0/1+ Q)

0 ((a1,...,ar),b;)| =
Thus
|0 ((a1,...,ar),b:)] > 10 ((@1,...,ar),b;)]
for j > i, and

|O ((al, e 7ar),bi)| > |O ((al, .. .,ar,bi),bj)|

for b; € B, so D(B) is an ordered derivation. By Lemma 3.1 we have 7(C(B)) =
7(D(B)), and Lemma 4.4 follows for B finite.
If B is infinite then we use an analogous approach, where in this case we define

O((al, . .,ar),bi) = ((<a1, . .,ar,bi,l>, <a1, . ,ar,bi+1))).
O

5. PrROOFS OF RESULTS IN THE ADDITIVE CASE

For n an integer and B a set of positive integers with |B| > 1 we define C(n; B)
by

C(n; B) = n+ C(B).

Using the derivation D(B) of C(B), we may construct the canonical derivation
n+D(B) of C(n; B) from n+1(B) by translating every interval in D by n. Similarly
we may construct the canonical derivation n — D(B) of n — C(B) from n — I(B).

Proof of Theorem 1.6. Put

k
S, =>(B)).
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Assume first that Sy > 1, and for N > 1and j =1,...,k set
N
OJN = U C(n; By)
n=—N

and

IN = [-N + min C(B;), N + max C(B;)].

For j =1,...,k we construct a derivation Dj»v of CJN from I JN as follows. Assume
that |I(B;)| < 1. Remove from IJN the interval (n+maxC(B;),n+ 1+ minC(B;))
forn=—-N,...,N —1, so that if A; :IJN then
AV = —N +1(By), Al = [N +1+min C(B;), N + max C(B;)],
A =—-N+1+1(B)), Aj'=[-N+2+minC(B;), N +maxC(B;)|

and, ultimately,
(36) A7 =N —1+1(B;) and A;"" =N+ I(B)).

We complete Dj»v by using the derivations n + D(B;), n = —N,..., N, to split A?,
A, .., AF 19 and AS M. Note that if Bj is finite, then

|n+Ij| _ <l,771— <mvl>
37 |(n + max C(B;),n + 1 + min C(B;))] 14—5§m,1> )— (I,m)
T ml—d(m—1) > 7(By),

and that if B; is infinite, then

n + 1 _ _
|(n + maxC(B;),n+14+minC(B;))] -1~

so in either case (DY) > 7(B;).

If |I;] = 1, then we form Dév by removing the gaps in CJN in order of descending
width, so that again we have 7(D}) > 7(B;).

Forj=1,...,k, IJN has width greater than 2, and all gaps in CJN are of width
less than 1, whence (12) and (13) hold. Since S, > 1 and for a Cantor set C' we
have 7(—C) = 7(C), by part 2 of Theorem 2.4 we get

(38) (B;),

aCN 4+ + O = I + -+ eI

and (5) follows upon letting N tend to infinity.
If S, < 1, then (6) follows from part 1 of Theorem 2.4 with C; = C(B;) for
j=1,... k. O

Proof of Theorem 1.2. Theorem 1.2 is a special case of Theorem 1.6, since
Y(B1) +v(B2) > 1
if and only if
7(B1)1(B2) > 1,
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and, further,
Y(B1) +9(B2)  _ 7(B1) + 7(B2) + 27(B1)7(B2)

1 —~(B1) —v(Be) 1 —7(B1)7(B2)

Proof of Theorem 1.1. As shown by Divis [4], we have

F(3)+ F(3) #R.
Also, Hlavka [6] established that

F(2)+F(A4)#R and F(3)+ F(4) =R.

Using Theorem 1.2, we find that

F(3)— F(4) =R,
and from work to appear [1] we have that

F2)+F(5)=F(2)—-F(5)=F3)-FB3)=R.
Since
I(Ls) — I(Ly) C [~0.462...,0.524. . ],

we know that

F(2) - F(4) # R,
and the theorem follows. O
Proof of Corollary 1.3. Note that 6(L,,) > m/(m + 1), whence

m(m —1) .(m—l)(m+1)+m>(m—1)2'

) S ) ) m(mA D4m 2w

Since

1 2
= — >
T(Ul) -1 m—-2"

we have
(m—1)

T(Lm)7T(U) > m(m —2)

> 1,

and the result follows from part 1 of Theorem 1.2. O
Before proving Corollary 1.4 we need a preliminary lemma.
Lemma 5.1. If B is a finite set of odd positive integers, then 1 & 2C(B).
Proof. Let m = max B and assume that 1 € 2C(B). Then 1 € S, where
S = [(a1,a2,m, 1), (a1, a2, 1,m)] + [(b1, b2, m, 1), (b1, b2, 1, m)]

for some odd a1, ag, by and by between 1 and m inclusive. Now if both a; and by
are greater than 1 then 1 ¢ S, so we may assume without loss of generality that
a1 = 1. Thus
as+ 0 by + 6 as + p ba+p
ag+0+1  bi(ba+0)+1"az+p+1 bi(ba+p)+1]’
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where 8 = (m, 1) and p = (1, m). Therefore we have

az + 0 by 40

39

(39) Tas+0+4+1 bi(be+6)+1
and

(40) as +p b +p

Tax+p+1 bi(ba+p)+1°
It can be shown that (39) and (40) are equivalent to

1
41 1-5 < —
( ) as + bl—b2+9
and
42 +1—0by > —
(42) 2 Yty

respectively. But for any integer n > 1 and real = € (0,1) we have

-1<

—xr <1,
n+x

157

and so by (41) and (42) we must have az + 1 — by = 0. But this is not possible,

since both as and by are odd, and the lemma follows.

|

Proof of Corollary 1.4. We find that 7(B,) = 1, and so, by part 1 of Theorem 1.2,

F(B,) + F(B,) = R.

Now if B is a finite set of positive odd integers, then 0 ¢ 2C(B) and 2 ¢ 2C(B).

By Lemma 5.1 we have 1 ¢ 2C(B), whence
1¢Z+2C(B) =F(B)+ F(B),

and the result follows.

6. PRODUCTS AND QUOTIENTS

Asin [5] and [2] we employ the logarithm function to treat products and quotients
of Cantor sets. Given a set .S of positive numbers, we form the set S* by putting

S* ={logx; x € S}.

If C is Cantor set of positive numbers, then C* will also be a Cantor set. We
construct a derivation D* of C* by taking our bridges to be of the form [log a, log b],
where [a, b] is a bridge of our derivation D of C. To relate the Hausdorff dimension

of S to that of S* we will use Lemma 6.2.

Lemma 6.1. Let E be a set of real numbers with f : E — R such that for some

positive constant c,

[f(2) = f(y)] < cle -yl
forallx,y € E. Then

dimpy (f(£)) < dimp E.
Proof. See [7], p. 44.
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Lemma 6.2. Let S C [a,b] be a set of real numbers with a > 0. Then
Proof. For every x,y € S,
1 1
plz =yl < [logz —logy| < —|z —yl,
and the lemma follows from Lemma 6.1. |
We have the following multiplicative analogue of Theorem 2.4.

Theorem 6.3. Let k be a positive integer and for j =1,2,...,k let C; be a Cantor
set derived from I; C (0,00), with O; a gap in C; chosen so that |O}| is mazimal.
Put Sy =~(CT) + -+ +(Cy)-

1. If Sy > 1, then Cy - - - Cy contains an interval.

2. If Sy <1, then

dimgy (Cy ---Cg) > 10#.
log (1 + i)
3. If
|| > |Of] forr=1,...)k—1andj=1,...,r,
Y| 4+ L] > O 1] forr=1,...,k—1,
and S, > 1, then
Cp-Cp=1I - I
Proof. Note that by Lemma 6.2,
dimgy (Cy -+ - Cy) = dimg (CY + - -+ C}).
We apply Theorem 2.4 to the Cantor sets C7, ..., C;, and the theorem follows. [

It remains to find a lower bound for 7(C*). We start by generalizing a lemma of
Cusick ([2], Lemma 2).

Lemma 6.4. Let E = [a,b] C (0,00) be an interval of real numbers. Suppose that
E =FE1UOU E,, where

Ey=[a,a+7r], O=(a+r,a+r+s) and Ex=[a+r+s,a+r+s+t.

If s<a+1r and 7 > 0 is a real number such that

t—Ts 1 T+1
> 1
52 “a+r + Z ( n > ’

then
|E5 |
0%
Proof. We have |E3| > 7|0*| if and only if
logla4+r+s+t)—logla+r+s)>r7(log(a+r+s)—logla+r)),
which is equivalent to

(a+r+s+t)at+7r) > (a+r+s) 7",

> T.
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or, alternatively,
T+1
t
(43) 14 2 2<1+ ° ) .
a—+r a—+r
Using the power series expansion for (1 + x)¥ for real y and |z|] < 1, we find that
(43) is equivalent to
t—7Ts = [T+1 s "
44 > .
(44) a—|—7"_n¥2(n>(a+r)
Let R be the unique positive integer such that R <7+ 1< R+ 1, and for n > 2
let C,, denote the binomial coefficient in (44). If n > 7 + 1, then
oo T+1\ 7+1 T T+1—-R T—R T4+2-—n
" n n-—1 n—-R n—-R-1 1 '
Observe that (|Cy,|)n>r+1 is a non-increasing sequence. Further, C,,Cp+1 < 0 for
n > 7+ 1. Therefore

(45) > () §<air)2'

T+1<n
2<n

n

The lemma follows from (44) and (45). O
As a corollary we may find a bound for 7(C*).

Corollary 6.5. Let C C RT be a Cantor set derived by D and let T be a real
number which is at most T(C). Assume that for all bridges A = [a,b] of D with A®
to the right of A% (d,e € {0,1}) and

|A¢| — o] 1 T+1
4 —— < - |1
(46) oF  <allt > .

2<n<T+1
it follows that

| A%
47 > T
(47) |O*|
Then

7(C*) > 7.

Proof. Let A = A°U O U A! be a bridge of D with A? to the left of A°, for
(d,e) = (1,0) or (d,e) = (0,1). Since the logarithm function has decreasing slope,
it follows that
A% 1A
— 2> = 2T
0¥ ~ 10
If (46) does not hold, then (47) holds by Lemma 6.4, so in any case

min{ |AO*| |A1*| } >
b) — T7
|0*| " |0

as required. O

We may use Corollary 6.5 to find a bound for 7((n £ C(B))*) for n sufficiently
large.
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Lemma 6.6. Let B be a set of positive integers with |B| > 1.
1. There exists My € Zt such that
7(C(n; B)*) = 7(B)
for allm > M.
2. If 7 is a real number with 7 < 7(B), then there exists My € Z such that
m((n=C(B)") =7
for all n > M.
3. If |B] = 00 and A;(B) = A is constant, then there exists Ms € Zt such that
m((n = C(B))") 2 7(B)
for alln > Ms.

Proof. For positive real numbers  we define

(48) ha)=1+ % (le)

2<t<x+1

Since the lemma holds trivially if 7(B) = 0 or 7(B) = oo, we may assume that
0 < 7(B) < oo. We first prove part 2. Assume that 7 < 7(B), say 7 = 7(B) — 7,
where 77 > 0. Choose an integer M5 such that

hir)

My > + 1.

Let n > My be an integer and let D be the canonical derivation of n — C(B). If A
is any bridge of D, then A C [n—1,00) and

|A°]
—7>7(B)—T=n
0|
for e = 0,1. Thus
A =7IO] _ h(r) _ h(r)
2l M s sy > ,
o “o "  M_1-n-1
and so (46) never holds. Therefore, by Corollary 6.5,

- (A%) = T,
and part 2 of the lemma follows.
We next prove part 3. Let M3 and n be integers with M3 > Ah(7(B)) + 1 and
n > Ms. Let D be the canonical derivation of n — C(B). To bound the quantity
|A¢| — 7|0
|0
for all bridges A of D we need only compute the bound for all bridges of D(B). Let
A be a bridge of type (10). From (34) we have

|A°| _ 1 bit1 +@Q _ A
o[ T(B)_Al—l( bi+Q _1)_(Al—1)(bi+Q)'

o]
By Lemma 4.1 (part 1) with g1 = [b;+1] and g2 = [b;, 1] we have
A—1/1
@7 (bit1 + Q) (b +1/14+ Q)

O] =(a1....ar,91) = {a1-..,ar, g2) =
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Therefore
|A° —7]0] A . @ (bip1 4+ Q)(bi +1/1+ Q)

O (Al=1)(bi + Q) A-1/1

Similarly we find that

|AY = 7[0] _ gpbibivi 1 _ h(7(B))
O  ~ A2 A n-1’
and part 3 of the lemma follows from Corollary 6.5.
We now prove part 1. Assume first that B is finite, and put
B d(m —1)
~ max{A;}lm —§(m —1)’
Let M; and n be integers with My > (m + 2)?h(7(B))/T and n > M;. If Ais a
bridge of D(B) of the form (9), then from (33) we have

N D G l) ((bi+1 +Q)m+6 (bt +1/l)m+5)

(bi +Q)m +0 (b +1/l)m +6

>T. m?Ai(1/1 - Q)

= (b + Q)m A+ 6)((bi + 1/l)ym +9)

2N

>T. m=Niqr—2 7

= g ((bi + Q)m A+ 8)((bi + 1/1)m + 6)
since ¢ > lgr—1 + @r—2. From Lemma 4.1 (part 1) with g1 = [bj+1,m,[] and
g2 = [bi, [, m] we have

o] ~ "= Nim—o(m —1)

Ai+68/m — 6/l
@Z(bix1+0/m+Q)(b; +/1+Q)’

0] =

whence if 7 # 1 then

A% - 7]0| gr—2qr _ h(7(B))
(49) o2 >T N
Similarly we have
A 70| qr—1qrbibit1 ¢r-1q-bi _ h(7(B))
(50) oF T Amt2? T Tme22 S n
ifr#0.

Now if 7 = 1 then in C(n; B) we have A! on the right side of A%, and if » = 0
then A is to the right of A'. Thus by Corollary 6.5, part 1 of the lemma follows

for B finite.
If B is infinite then we take M; greater than (maxA;)I2h(7(B)) and use an
argument analogous to the above to establish our result. O

7. PROOFS OF THEOREMS 1.7, 1.8 AND 1.9
Proof of Theorem 1.7. We may assume without loss of generality that 0 < 7(B;) <
oo for 1 < j < k. Assume first that S, > 1. Let 7 be the positive real number
Sy —1
k
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We will follow an approach similar to that used in the proof of Theorem 1.6. For
j=1,...,k, by Lemma 6.6 (part 1) there exists a positive integer M; such that for
n > Mj,

7(C(n; Bj)*) > 7(B;).
Let M = max M;. We define C'JN and ij for N > M by

N
Y= Cm:By)
n=M

and
IN = [M + min C(B;), N + max C(B;)).

Our definition of ’15]N is analogous to that for Dj»v in the proof of Theorem 1.6. Note
that since the logarithm function is not linear, in the notation of (36) we may have
(Ar 1y

o 1O

< T(Bj).

However, if we set
L n(r(By) + 1)
1+n(r(B;)+1)
and take N sufficiently large, then
|(A1»~11)*|
(O 1)

n

> T(Bj) -n.
Thus

T((CY)*) > 7(By) =1,
SO

Y(CN)*) > v(B;) =,
whence it follows that

HENY) 4+ +(EY)) > Sy~ hn = 1.
Now
Y((C)™H) =G,

so if N > M + 1 then all the conditions of Theorem 6.3 (part 3) are satisfied, and
we find that

(O (O = (1Y) - (L)
(M +1)S¢ NS¢
NST (M 41)57 |’

where S = |{j; ¢ =1} and S, =k — SF. We let N tend to infinity in (52) and
find that if S, = k, then

(52)

(53) (M +1)%,00) C F,
and if |S¢| < k, then
(54) (0,00) C I
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To extend these results to the negative axis we consider the set
N

e = J -

n=M
for N > M +1. By Lemma 6.6 (part 2) we find that for M and N sufficiently large,

T((CY7)) > 7(B1) =
As before we have by part 3 of Theorem 6.3 that

Sh _1)ST N - -
(M + 1) (N 1) ‘| C (C{V—)el(cé\/)ez . (O]]CV)ek'

(N —1)8 " (M +41)5

However,
n—C(By) = —(—n+ C(B,)) C —F(B))

for every n, whence

(M+1)5% (NS |
(N —1)8 (M +1)5 | —
Taking the limit as N approaches infinity, we find that

(55) (=00, —(M + 1)k C F
if Se =k, and
(56) (—00,0) C F

if |Se| < k. Part 1 of the theorem follows from (53) and (55), while part 2 is a
consequence of (54) and (56).
We now assume that S, > 1 and |B,| = oo for some r with €, = 1. Now,
1 1
C(B,) = = .
U C(bs; Br) qu;eBT C(bi; By)

b;€B,

This is similar to the case Sy > 1 and |S¢| < k, where instead of dividing by the set

N
U ¢ B,
n=M
we are dividing by

c'= |J cmB,).
M<n<N
neB,

Notice that

bit1,bi 1/, 1
(57) |[ 'i-‘l +1+./ ]|: —

|(bi +1/1p, bis1)] Al —1
Choose M sufficiently large so that A(M) = max;>, A;(B,) occurs infinitely of-
ten in the sequence (A1(B,),As(B,),...), where s = s(M) is the unique positive
integer with bs_1 < M < b,. Then, by (4),

7(By) < Wa
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so by (57) 7((C")*) > 7(B,) — 1’ for N sufficiently large. We proceed in a similar
manner as in the proof of part 2 of the theorem and find that

(—00,0) U (0,00) C F.
However, 0 € F(B,), and part 3 of the theorem follows.

Now assume that S, = 1. As above, it might be the case that for some j we
have T(CJN ) < 7(Bj;); however, if we choose N sufficiently large, then by Lemma
6.6, part 1, for each j there will be at most one bridge AY with 7((AY)*) < 7(B;),
namely the bridge

A} =[N —1+minC(B;), N + max C(B;)].
Therefore by the proof of part 2 of Theorem 2.4 we find that

k
(58) (CY) () D (I - (I \ VY,
j=1
where, for j = 1,...,k, VjN is an open interval. Now assume that N > 1+27(B;)~*.
Then
r(AVY) = [[N +minC(B;), N + max C(B;)]*|

|(N —1+maxC(B;), N + min C(B;))*|
< [N —1,NJ"|
TN =1 =7(By) TN = 1))

since
I[N + min C(B;), N + max C(B;)]| < 1

and

[N 4+ min C(Bj), N + max C(By)]| _
|(N — 1+ maxC(Bj), N +minC(B;)) > 7(Bj)

by (37) and (38), and since the derivative of the logarithm function is decreasing.
Thus

1
w log (1 + N—l) N7 2(N1—1)2
T(A ) > ~ > Skt
! loe (1 (Bj) ! 7(B;)
g\l + y—==E)—~ No1—+(B,) T
by the power series expansion of log(1 + x) for |z| < 1. Therefore if we put §; =
1/2+ 7(B;)~!, then

T(AY*) > 7(B;) <1 - (Nﬁi 1)) 7

SO

) 7(Bi) (1 _ <Nﬁ—il>> Bi
Loy e el (1- 2)-

Let # = max ;. By Theorem 2.4 (part 3) we have, for N sufficiently large,

(e (CNY + -+ e (CY)*) > Sv(l_(Nﬂ%lﬁ :N_l—l.
(a(Cl) ())

*1—57(1—ﬁ) B
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Therefore
Bklog N
N-1-p8

so [VN] — 0 as N — co. We take the limit as N approaches infinity in (58), and
parts 4 and 5 of the theorem follow.

If S, =1 and for some r we have |B;| = 00, ¢, = 1 and A;(B,) constant, then
we may extend our results to the negative reals. We use Lemma 6.6 (part 3) and
an approach similar to that used in the proof of part 3 of the theorem, and part 6
follows.

Finally, if S, < 1, then by Lemma 6.6 (part 1) we have

T(C(M; B;)*) > 7(B;)

VN <

for j =1,...,k and M sufficiently large, whence by Theorem 6.3 (part 2)
log 2

log <1+S%),

and the theorem follows. O

dlmH(C(M, Bl)€1 t C(M, Bk)ek) 2

Our methods of proving Theorems 1.7, 1.8 and 1.9 differ from that employed by
Hall in [5]. He covers part of the real line by intervals of the form

I(n; Ly) - I(n; Lyg) or I(n;La) - I(n+1;Ly)
and then shows that
C(n; Ly) - C(n; Ly) = I(n; Ly) - I(n, Ly)
and
C(n;Ly) - C(n+1;L4) = I(n; Ly) - I(n+ 1, Ly).

Proof of Theorem 1.8. Note that ~(Ls3) + v(Ls4) = 1.0165... > 1. For positive
integers m, define F¥(m) and F~(m) by

Ft(m)={[n,a1,as,...]; n>0and 1 < a; <m fori>1},
F~(m) ={[n,a1,az2,...]; n<0and 1 <a; <mfori>1}.
We will first show that
(59) 7(C(n; Ls)*) = 7(Ls) and  7(C(n; L4)") = 7(La)
for n > 0, and that
(60) 7(n — C(L4))*) > 1.255

forn > 1. If C C (0,00) is a Cantor set with derivation D and F = E; UO U E; is
a bridge of D with F; to the left of E5, then, for any integer n > 0,
[(n+ Eq)*| S [n + E4|
[(n + O)*| In+0O| —

(D)

and

0+ B)*| ||
@+0)T 107

= 7(D7),
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since the second derivative of the logarithm function is negative and has decreasing
magnitude. Therefore

7((n+ C)*) > min{7(C), 7(C*)}.

Thus to prove (59) it suffices to show that 7(C(Ls3)*) > 7(Ls) and 7(C(L4)*) >
7(L4). Similarly, to establish (60) we need only show that 7(1 — C(L4))*) > 1.255.

We first examine C'(Ls). If r > 1, d € {0,1} and A is a bridge of the form (9),
then by (49) and (50) we have

A = 7|O] _ 1 ¢r-14r
61 >T .
(61) |02 25
If we define h(x) as in (48), then by using a Maple program we find that
(62) minT(A*) = 0.833...,

where the minimum is taken over all bridges A of C(Ls) with
25 h(r(L3))

rQr—1 < —
drqr—1 T 3,1)

By (61), (62) and Corollary 6.5 we have

(63) 7(C(L3)*) > 7(Ls) = 0.822... .

Similarly we find that

7(C(L4)*) > 7(L4) = 1.300. ..
and

7((1 = C(L4))*) > 1.255... .

Therefore (59) and (60) hold. Since 0.822 x 1.255 > 1, we find by an approach
analogous to that used in the proof of part 1 of Theorem 1.7 that

(64) FT3)-FT(4) =[3,1)(4,1), o)
and
(65) FH(3)- F~(4) = (=00, B, T)(-1+ (1, 4))].
Now put
I; =[1-(1,3,1),1—(1,1,3)] = [0.2087...,0.4417...],
I} =[(4,1,4),(3,4,1)] = [0.2071...,0.3118...],
Iy =[1—(1,4,1),1 - (1,1,4)] = [0.1715...,0.4530...],

Cy =C(L3)N1I;, Cf=C(Ly)NnIf and C; =(1—-C(Ly)) NI, .

Since 1—1I3 is a bridge of D(L3), we may use D(L3) to construct a derivation of C
from I3 . To bound 7((Cj5 )*) we use the same process that was used to establish
(63). Specifically, we find that

(66) T((C3)") = 7(Ls).
Similarly we have
(67) T((Cy)") 2 7(Le) and 7((Cf)") = 7(La).
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The largest gap in (C3)*, (C;)* and (C;)* has width 0.1563..., 0.0943 ... and
0.1256. .. respectively. Further,

(I3)"] = 0.7497..., |(If)*| = 0.4091... and |(I;7)*|=0.9710...,
so by (66), (67) and part 3 of Theorem 6.3,
(63) Cy-Cf=1Iy If =[(1— (TL3)ET), (1 (1,1,3)(3,5T)

and
(69) Cy-Cp=1Iy-I; =[1—(I3)(1—(T,4),1-(LL3)01-(11,4)
Since

F(3)- F(4) € (=00, (=1 4+ (L3){E D] U [(-1 + (I,3))(-1+ (1,4)), 00) ,
the theorem follows from (64), (65), (68) and (69). |

Proof of Theorem 1.9. Our proof will be similar to that of Theorem 1.7. Let S,
denote the number

1
SV: l_

ﬂﬁ»

If S, > 1 then the theorem follows from part 3 of Theorem 1.7. Assume that
Sy =1. If [; = 1 for any j then the theorem follows trivially, so we may assume
that [; > 2 for j =1,...,k.

First assume that k = 2; then [y = l; = 2. For M > 2 sufficiently large we have
by Lemma 6.6 (part 1) that

T(C(n;Us)*) > 7(Us) =1

for n > M. For positive integers N > M we define CV and IV by
1
ch {N+ N+1] U C(n; U)

and
IV =[M,N +1].

We may construct a derivation DV of CV from I in a manner similar to that used
in the proof of Theorem 1.7, the only difference being that the rightmost interval
in every level of the tree contains the closed interval [N 4+ 1/2, N + 1]. Because of
this we avoid the problems faced in (51), so that

7((CN)*) > 7(Uy) = 1.
Thus (CN)~! and C(M;Us) satisfy the requirements of Theorem 6.3, part 3, so

C(M;Us) [M,M+1/2] [ M 1+L
TN+ oM

cN [M,N +1]

Therefore

C(M;Us) D[2M+1}
UN_ Cn;Uz) ~ [2N 417
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But
1

Unze C(n; Us)’

n=2

C(O; Ug) =
whence

C(M;Us) - C(0;Uz) 2 {2M+ 1 ]

2N +1
This holds for every N > M thus
(70) C(M;Uz) - C(0;Uz) 2 (0,1].
By taking reciprocals we have

C(M;Us)™" - C(0;Uz) ™" 2 [1, 00).

However,
C(M;Uy)"' CC(0;Uy) and C(0;U)" " C G(2),
SO
(71) C(0:Us) - G(2) 2 [1,00).
By (70) and (71) we have
(72) (0,00) C G(2) - G(2).
As in the proof of Theorem 1.7 we may extend our results to the negative real axis,
so that
(73) (—00,0) C G(2) - G(2).
Since 0 € G(2), we have by (72) and (73) that
(74) G(2)-G(2) =R,

as required.

Now assume that & > 2. To prove the theorem we will use an approach similar
to that used to establish (74). Without loss of generality we may assume that

izl > 2.
Now, for M sufficiently large, for all n > M and all j = 1,...,k the largest gap in
C(n; Uy,)* is (O7)*, where O7 is the largest gap in C(n; Uy, ), namely
O;’L = ([n, lj + 1], [Tl, lj, lj]) .

By Lemma 6.6 (part 1) there exists a positive integer M; > M such that

lQ
M, > max {11, kol } , (Iols - - - Iy) divides M,

Ik
and
(75) T(C(n; Uy,)") = 7(Uy)
foralln > My and all j =1,...,k. For j =2,... k we set
2
(76) My = 220,
J
By our choice of My, ..., My, we have, by calculation,
M\« * *
(77) (057)"] < H(Mjja; Uy, )*| < (M5 Uy )|
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for j=1,...,k — 1. For integers N > 2M}, we define C}¥ and I}V by

N

1

oY = [N—i— Z—,N—i—l} U U C(n;Up,) and I = [Mg, N +1].
k n:Mk

Now the largest gap in (CY)* is either (Oy"*)* or (Mg 4 1/ly, My + 1)*. Since

l, <lr_1 and k > 3, we have

Ik 1 1
78 < < .
( ) llMl(ll---lk_l) - Z%Ml 11 M,
Also, by (76) it follows that
I3 M,
(79) Mj:lT(ll...lj)
J
for j =1,...,k, whence with (78) we find that
1 1
— < .
My — LM,y
Thus
My +1 My +1/h
1 — ) <1 — ).
g(Mk+1/lk) - Og( M, )
Equivalently,
(80) (Mg + 1)U, My + 1)%| < |[I(M1; U, )"
As in the proof of the case k = 2, we have
(81) T((CY)) 2 7(Ui).

By (75), (77), (80), (81) and Theorem 6.3 (part 3),
C(Ml; Ull) e C(Mk—l; Ulk—l)

oy
_ [ My My (My+1/1) - (Mg—1 + 1/1j—1)
N+1 7 M;, '
Thus
C(Ml; Ull) T C(Mk—l; Ulk—l)
N .
(82) LJTL:M,c O(TL, Ulk)
5 (My+1/l1) - (Mg—1 + 1/lj—1) My -+ M4
= N + 1/l T My '
Since My > 13_,/l; and k > 2, we have by (79) that
My - My,
— > 1.
(83) YA >
Also, since My, > i,
N -1
(84) < U ¢ Uu)) C C(0;Uy),
TL:Mk

so by (82), (83) and (84), upon taking the limit as N approaches infinity, we have
(85) (0,1] € G(lh) -+ G(l)-
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Since M; > 1; for j =1,...,k — 1 we may take reciprocals in (82) and let N tend
to infinity, so that

[1,00) C G(ly) - G(lg).
With (85) we have
(0,00) CG(lh) - G(lk).
As before we may extend our results to the negative reals, finding that
(—00,0) C G(ly) - G(lx).
Since 0 € G(I1), our result follows. |

8. FINAL REMARKS

The problem of proving negative results for products seems to be much more
difficult than for sums. For example, to prove that [a,00) € F(2) - F(2) for some
a, it would not suffice to find a single gap modulo one in C(L3) - C(Lsz). Rather,
we would have to show that the same gap existed in each CNCY.

I would like to express my gratitude to Kathryn Hare for many useful conversa-
tions regarding dynamical systems and Cantor sets. I would also like to thank my
supervisor, Cameron Stewart, for his support, motivation and assistance with both
the formulation of the results herein and the writing of the manuscript.
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