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FUNCTIONS FOR PARAMETRIZATION OF SOLUTIONS
OF AN EQUATION IN A FREE MONOID
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ABSTRACT. In this paper we introduce recursive functions

Fi(xl,afg))\l"”’)\s (S 2 0)7
Th(py g, 23)M 2 (1=1,2,3;5 > 0),
RO (1, mg, xg)l 1l (i =1,2,3;5 > 0)

of the word variables x1,x2,x3, natural number variables A\ and variables
pi whose values are finite sequences of natural number variables. By means
of these functions we give finite expressions for the family of solutions of the
equation

T1227324 = ((T1,T2,T3)T5,

where ((z1,z2,23) is an arbitrary word in the alphabet z1,z2, 23, in a free
monoid.

1. INTRODUCTION

In 1960 Lyndon [1], [2] considered equations with one unknown in a free group
and proved that the family of solutions of such an equation can be represented by
a finite number of parametric words. In 1967 Khmelevskii [3] considered equations
with three unknowns in a free monoid and proved that the family of solutions of
such an equation can be represented by a finite number of parametric words. For
a short time after that it was believed that the solutions of all equations in a free
group or a free monoid are parametrizable. However in 1971 Khmelevskii [4] pointed
out that the solutions of Markov’s equation z1x3x2 = Tax4x; with four unknowns
in a free monoid is not parametrizable by a finite number of parametric words.

Parametrizations of solutions in the Lyndon-Khmelevskii sense (now called prim-
itive parametrization) use variables of two kinds: word variables and natural num-
ber variables. We suppose that the idea of finite parametrization of the solutions
of the equations in a free group and a free monoid can be saved if we admit an ad-
ditional kind of variables, namely, variables whose values are the finite sequences of
natural number variables. In this paper we intend to demonstrate the possibilities
of the parametrization of the solutions of the equations in a free monoid by means
of parametrizing functions of variables of the three mentioned kinds on a carefully
chosen example of an equation in a free monoid. This equation is not bulky and
“contains” many known difficult equations.
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2 G. S. MAKANIN AND T. A. MAKANINA

We introduce recursive functions

Th( A2 H1seeshs

Fi( I’1,$2,$3)?11“ 9 Ro(x17x27$3)i ’

rr g

where s > 0, i = 1,2, 3, of the word variables x1, x5, r3, natural number variables
Ak, and variables py whose values are finite sequences of natural number variables.
We consider here an equation of the form

T1Z2x3xs = (21, X2, T3)Ts5,

where ((z1, 22, x3) is an arbitrary word in the alphabet z1,z9, 3 in a free monoid.
We shall give concrete expression from parametric words and parametrizing func-
tions Fi, Th Ro which describe the family of solutions of the equation z1zoz324 =
¢(x1,x2,x3)x5 in a free monoid.

We use the preprints [5] and [6].

2. DEFINITIONS AND NOTATION

Let II be a free monoid (a free semigroup with unit) with a countable alphabet
of generators

(1) A1,A2,y...,0ky ...
Let
(2) T1,L2y ey Ty

be a countable alphabet of word variables.

Let
(3) AL A2, A
be a countable alphabet of natural number variables (also called natural parame-
ters).
Let
(4) [0, 112, s s - -

be a countable alphabet of variables (called second parameters) whose values are
finite sequences of natural parameters.
Let

(5) V1,V .oy Vg

be a countable alphabet of variables whose values are finite sequences of second
parameters.

Define inductively a primitive parametric word as follows: Any word on the
alphabet (2) is a primitive word. If P is a primitive parametric word and A is a
natural parameter, then (P)” is a primitive parametric word. If P and @Q are two
primitive parametric words, then PQ is a primitive parametric word.

We denote by L the set of linear polynomials of the form ko + > _._, k;\;, where
r, ko, k1, ..., k. are natural numbers, and A1, ..., A, are natural parameters.

A primitive parametric transformation is defined by the application

CUZ'—>Wi($1,...7$n,/\1,...7)\q) (izl,...,n),
/\i—>Li(/\17---,/\q) (i:1,...,q),

where every W; is a primitive word, and L; € L. The components of the form
x; — x; and \; — \; are often omitted.
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SOLUTIONS OF AN EQUATION IN A FREE MONOID 3

Now we inductively define a parametric word (transformation). Any primitive
parametric word (transformation) is a parametric word (transformation).

Define the function Fi(xl,xg)kl"“’ks for s > 0, where x; and x5 are two word
variables, and A1,..., Ay are natural parameters, inductively as follows:
Fi(zlaa:Q) = 17
Fi(l'l,l'g)kl""’)\s _ (Fi(l'g,1’1)>\2""7)\S!E2))\1Fi(1’1,1’2)>\3""7)\S (S > 1)
In particular,
Fi(py, 20)™ = (22)™,
Fi(dil, 132))1,)\2 _ (($1)A2$2))\1,

Flag, w) 1222 = (((w2) M @1) 2 w2)™ (22),

By, )M 22282 = (1) M) 0 w0)™ (1) M) ™M (1) M a2) .

The empty sequence is denoted by @. Let u be a variable whose values are finite
sequences of natural parameters. The variable u| is connected with a variable p as
follows: If p = A1, Mgy ..., As, where s > 1, then p| = Ao,..., ;. If p = &, then
pl=o.

A transformation is defined by the application

z1 — (21 P2y Q)

zy — Fi(29Q, 21 P)V 2y,
where P,(@Q are parametric words on the alphabet z3,...,z, and p is a variable
whose values are finite sequences of natural parameters, is a parametric transfor-

mation (by the function F1).
We next define by a joint induction the functions

h(zl’x2’x3)1\17...7,\25’
Th(dil, o, zg)él,m,)\%’
B2y, @0, m3)50 02,
for s > 0, where x1, xo,x3 are three word variables, and A1,..., Ao are natural

parameters. Specifically, we set

TR (21, 29, 73); = 1 (i=1,2,3);

Th($1,$2, :Z:B)i\l,»»»,A2s — (Th(zl’ o, $3)§1,---,A25$3)A1Th($1’ $27$3)i3,---,>\25;
Th(x17 Ta, x3);\1>"'1A2s
_ (Th(fEl,{EQ,$3)§\3""7A25$2Th(1‘1,1‘2, $3)§\37“">\235L‘3Th(x1,$2, x3)i\3,~~~7>\25x1
! Th(xlv €2, $3)i\17m)>\23x1)A2Th($1? Z2, $3)§\3)m7)\25;
h($1’$27x3)§11--->)\25
_ Th(lil, T, xg)is,»»»,&sxlTh(zl’ 132,$3)§3""’A25$2Th($1,$2, 133)3)»\3""’&5.
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4 G. S. MAKANIN AND T. A. MAKANINA

Define inductively the auxiliary function

o A1y A
(w1, w9, 23) "2
for s > 0, where x1, 22,23 are three word variables, and A1,..., Aos are natural
parameters, by setting
Oc .
($13$23$3) = 17
Oc Ay A2s
($17$27$3) ! 2
Oc A3,..;A2s (Th As,.osA2s
= "z, w, w3) 72 (T (w1, T2, 13)3 x3
Th A3, A2s . Th A3,y A2 A
- (21, w2, 23)] xy7 (21, 20,135 wa)".

A transformation defined by the application

Th 13 s

Ty — (x17x27x3)ixi7 1= 172737
o)

zq — 249°(21, 22, 73)°,

where £ is a variable whose values are even sequences of natural parameters, is

called a parametric transformation (by the function T).
Define by a joint induction the functions
Ro 1 e ey b Ro 1 yeens b Ro 1 yeens b
(w1, w2, 23))" ", (z1, w2, 3)5" ", (z1, w2, 23)5" "
for ¢ > 0, where x1,x2,x3 are three word variables, and p1,...,u; are variables

whose values are finite sequences of natural parameters, as follows:

RO (21,29, 23); = 1 (i=1,2,3);

RO($1,$Q,ZE3)T1"""M
= P RO (g, w1, wa) 5 23RO (g, w1, ) g,
RO (g, my, wg) b2 RO (2, @y, ) h P g
. RO($2,$1,$3)T2"”’#t$2(RO(ZIJ1,$Q,$3)gl’m’#t$3)2)‘ul
'Ro(ilf2,1171,333)52"”’%1?3R0(172,171,173)?2""’%1?2
. RO(:E% xhx?’)gzw»;m;
RO($1,$Q,$3)‘;1"”"M
— Fi(Ro($2’ 1, ZZ?3)§2"”’MJ?3RO(ZZ?2, 1, 173)'?2"””%172
. (Ro(xl,$2,x3)§17"'7ut1‘3)2, RO(:EZ’ x1’x3);3127...,mx3
. R0($2,$1,$3)T2""’#t$2R0($2,$1,$3)g2’”"#t$1)ﬂl|
. R0($2’ 1, ZZ?3)§2"”’MZZ?3RO(ZZ?2, 1, 133)52"””%;
Ro(x17x27x3)g/1,~n7ﬂt _ Ro(l'g,l'l,$3)527"'7Mt$1R0(1’2,1’1,$3)§27""Nt.
Define inductively the auxiliary function
Re($1’$2’$3)#1>m,#t
for t > 0, where x1, x2, x3 are three word variables, and 1, ..., u; are variables for

sequences of natural parameters:

Re(zlaanaajg) = 13
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SOLUTIONS OF AN EQUATION IN A FREE MONOID 5

Re( ,mRO( H2yeees bt

Re(x1, mo, z3) 1kt = Re(gy aq mz)H2 Ta, T1,L3)h Z1.

A transformation defined by the application

R .
{a:i—> °(z1,x2,x3) x;, 1=1,2,3,

z4 — 2™ (21, 22, 73)Y,

where v is a variable whose values are finite sequences of second parameters, is a
parametric transformation (by the function B°).
A composition of parametric transformations is a parametric transformation.
Any word in the right side of a parametric transformations is a parametric word.
A coefficient transformation is defined by the application

z,—X; (i=1,...,n),
Ai—>A’L (Zzla 7t)7
(6) -
,UZ—>M,L' (2_17" ,'LL),
Vi—>Ni (izl,.. ,T‘),

where every X is a word in the alphabet (1), every A; is a natural number, every M;
is a finite sequence of (A1,...,A¢), and every N; is a finite sequence of (1, ..., fy)-
A coefficient transformation

Ty — Xi (Z = 1, ),
)\i — Ai (Z = 1, ),

Wi — M; (Z =1,.. )a
vi—N; (i=1,... ),

is called an extension of the coefficient transformation (6) if [ > ¢, m > u, and

p=>r.

A parametric equation in a free monoid is given by an equality of parametric
words
(7) (I)(l'l,...7$n,/\1,...7)\t) = \I/(xl,...,xn,/\l,...J\t).

If ® and ¥ are empty words, the equation (7) is called the trivial equation,
denoted by 1.

A parametric transformation (a coefficient transformation) is called a parametric
solution (a solution) of the equation (7) if the result of the application of this
transformation to (7) is the trivial equation.

We will say that the parametric transformation T' contains the coefficient trans-
formation C' by means of the auxiliary transformation I, if T = C.

A finite list of parametric solutions of the equation E will be called a general
solution of E, if every solution of E is contained in some parametric solution of this
list. The general solution of E will be denoted (F).

The length of a word A in the alphabet (1) is denoted by |A|. The empty word
is denoted by 1. The length of a finite sequence B is denoted by |B].

A condition on natural parameters has the form

(8) Ll(Alv"'v)\q) <7<7: LQ()\la"'v)\q)v

where L, Ly are integer polynomials. A coefficient transformation (6) is called a
solution of the equation E with condition (8) on natural parameters, if (6) is a
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6 G. S. MAKANIN AND T. A. MAKANINA

solution of E that satisfies
Li(A1,...,Ay) <, <,= La(Aq,..., Ay).
A condition on the length of a solution has the form
(9) 0, O(P(x1,. s Tny A1ye e X)) <, <,= O(Q(x1, s Tny M,y o 5 Ag)),s

where P, @ are two primitive parametric words. A coefficient transformation (6) is
called a solution of the equation E with a condition (9) on the lengths of solutions,
if (6) is a solution of F that satisfies

O, |P(X1, e ,Xn,Al, e ,Aq)| <, S, = |Q(X1, A ,Xn,Al, o ,Aq)|.
A condition on the length of a sequence of variables has the form
(10) N < <,= 8(:“*1')5

where N; is a natural number and p; is a second parameter. A coefficient trans-
formation (6) is called a solution of the equation F with a condition (10) on the
length of sequences, if (6) is a solution of F that satisfies

N; <, <, = |M;|.

A parametric transformation T is called a parametric solution of the equation
E with a condition R, if T is a parametric solution of £ and the result of the
application of T" to R is a true proposition for any values of the variables.

Let E be an equation with conditions and let Ry,..., R, be the list of new
conditions. By (E, R;) we denote the equation F with additional condition R;. The
equation F s said to be divided into a collection of equations (E, Ry),...,(E,Ry),
if every solution S of E is a solution of some (E, R;). An equation (E, Ry) contains
an equation (E, R2) (and we write (E, R1) 2 (E, R2)), if every solution of (F, Ry)
is a solution of (E, Ry).

We say that the equation Ey is reduced by the parametric transformation T to
the equation Es, if E1T = E}, where E) O Fs, and for every solution S; of Ej
there exists a solution Sy of Ey such that S; = T'S5 for some extension S5 of Ss.
We say that S, is the image of S via the transformation 7. We need the extension
S5, because T could have some variables that are not in Fjs.

Lemma 1. Let E; be reduced by T to Ey. Let S1 be a solution of E1 and Sy its
image via T. If the parametric solution Q2 of Eo contains a solution Ss of Es, then
the parametric solution TQs of E1 contains the solution S1 of Fy.

Theorem 1. Let the equation E1 be reduced by the parametric transformation T to
the equation Eo. If the general solution (E3) of Es is Q1,...,Qy, then the general
solution (E1) of Ey is TQ1,...,TQ,.

Theorem 2. Let the equation E be divided into a collection of equations with
conditions (E,R1),...,(E,Ry). If the general solution ((E,R;)) of (E,R;) is
Qi Qip, (i=1,...,m), then the general solution (E) of E is Q1,1,--.,Q1,r,
. 'anlv-- '7Qm,rm-

Let
(11) KoM, 0) <<= Ma(My.o0,Ag) (a=1,...,1),

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLUTIONS OF AN EQUATION IN A FREE MONOID 7

where K, M, € L, be a system of linear Diophantine equations and inequations.
A transformation

Ai — Ly, L;eL (i=1,...,q),
is called a parametric solution of the system (11), if
Ko(Lh,...,Ly) <, <,= Mqy(L1,...,Ly) (a=1,...,1)
for any values of the variables.
Theorem 3. The family of solutions of the system (11) is described by a finite list
of parametric solution (see [7]).

3. PRELIMINARIES

The following seven propositions belong to folklore (see [4], [8], [9]). Observe
that a boldface n means “the equation in Proposition n”.

Proposition 1. The general solution of the equation

1 T1X9 = T2

1 — 2%,
B
T2 — Ty,

Proposition 2. The general solution of the equation

is described by the transformation

where a, B are natural parameters.

2 L1X2X3 = T3X1T2

is described by the transformations

1 — 1, 1 — (T122)%21,
9 — 1, T2 — (v271) 20,
T3 — I3, xr3 — (1171$2)77

where «, 3,7y are natural parameters.

Proposition 3. The general solution of the equation

3 T1T2x3 = TS,

where « is a natural parameter, is described by the transformations
1 — xf ,
xo — 17,
r3 — 23,

where (3,7, are natural parameters.

Proposition 4. The general solution of the equation

4 T1T3 = ToTq

is described by the transformations

T, — Ty, 1 — (z122)%21,
T9 — 1, To — T122,
z3 — 1, T3 — T21,

where « is a natural parameter.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



8 G. S. MAKANIN AND T. A. MAKANINA

Proposition 5. The general solution of the equation
5 173 = 3771,

where « is a natural parameter, is described by the transformations

T — @1, ry — 1, x1 — (z122) 21,
T — T2, T2 — 1, Ty — X1T2,

Tr3 — 1, xr3 — 1, xr3 — (l'gxl)a,
a— 0, a— a— a,

where B is a natural parameter.
Proposition 6. The general solution of the equation
6 T1X2X3 = X3T4

is described by the transformations

T — 1, T, — Ty, T, — T3T7,

9 — 1, ZTo — T3T2, ZTo — T2,

T3 — T3, x3 — (T12322) " T173, r3 — (x3w102)% 3,
x4 — 1, T4 — T2T1T3, T4 — T1T2X3,

where « is a natural parameter.
Proposition 7. The general solution of the equation
7 T1T2T3 = T2L3T4

is described by the transformations

x1 — 1, T1 — T2T371, T1 — T3T2T1,
Ty — Ta, T2 — (2w3w1) T2, To — (x3T2x1)*T3T2,
T3 — T3, x5 — (z32122) 23, z3 — (T12322) 2123,
T4 — 1, Ty — T1T2X3, Ty — T2T1T3,

where a, 3 are natural parameters.
Proposition 8. The parametric equation
8 r1R(72, 73)14 = (p($27$3))t+111?1Q($1,1?2,1173)1?5

with (P (x2,x3)) > 0, where P,Q, R are parametric words and t is a natural num-
ber, is reduced by the parametric transformation T :

ry — (P(x2, 23, A1, .., Ar)) %21,
where a is a natural parameter, to the parametric equation E:

1‘1R(1‘2,£L‘3)CE4
= (P($27x37)\17 .. '7)\T))t+1$1Q(P(z27x37)\17 .. '7)\T))a$15$27x37)\15 .. '7)\1”):1:5

with O(x1) < O(P(x2, 3, A1, .-, Ar)).
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SOLUTIONS OF AN EQUATION IN A FREE MONOID 9

Proof. Tt is easy to verify that the substitution of the transformation T into 8
transforms 8 to some equation E’ which contains E. On the other hand, let the
transformation Si:
r1 — Xi,
ZEZ'—>XZ' (7;:2,...75),
/\Z—>A1 (i:1,...,T),
where the X, are words in the alphabet (1) and the A, are natural numbers, be
an arbitrary solution of the equation 8. Since |P(X2, X3, A1,...,A.)| > 0, we have
X1 = (P(X2,X3,A1,...,A,.)AY; for some word Y; in the alphabet (1) and some
natural number A such that
AlP(XQ,X?,, Ala .. '7AT)| < |X1| < (A + 1)|P(X27X37 Ala (R 7AT)|'
After the substitution of the solution 57 in the equation we easily obtain that the
coeflicient transformation So:
z1 — Y1,
ZEZ'—>XZ' (7;:2,...75),
/\Z—>A1 (i:1,...,T)
is a solution of the equation E. The extension S5:
1 — Y1,
ZZ?i—>X1' (i:2,...,5),
/\Z—>A1 (izl,...,T),
a— A
satisfies S1 = 1'S5. Therefore the solution S is the image of S; via 7. Thus

the parametric equation 8 is reduced by the parametric transformation T to the
parametric equation E.

4. THE FUNCTION Fi(z mg)tds
Theorem ¥i1. The following identities hold:
Fi(xth))\l,...)\% — Fi($1,I‘i\zk$2)>\l""7)\2k71 (k > 1)7

Fi( ALy Aokl Fi($;\2k+1x1’ $2))\17...,>\2k$;\2k+1 (k’ > O)

T, x2)

Proof (Joint induction on k). If kK = 0 or 1, the proof is obvious.
Suppose that k > 1. By definition, Fi(zy, z5) A2+ equals

(Fi(2rg, 1 )22k gy )M Fi () Y aneedan
According to the induction proposition (second identity), this last expression equals
(Fi(zi\% 2, xl)Ag,...,)\gk,l:Ei\%xQ)AlFi(zl’ o) Mo hak
According to the induction proposition (first identity), this in turn is equal to
R N e ) R LA o) I
and this is equal (by definition) to
Fi(

A _
T, x12k$2))\17 A2k 1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



10 G. S. MAKANIN AND T. A. MAKANINA

By definition, ¥i(zy, ) A2k +1 equals
Fi A2y A1 Fi DYDY
( l($2,$1) 2 2k+1$2) 1 1($1’$2) 3 2k+1
According to the induction proposition (first identity), this last expression equals
Fi A2k+1 . YAz, A1 Fi DYDY
( 1(1'2,1'2 xl) 2 2kx2) 1 l(fEl;xZ) 3 2k:+17
and by the induction proposition (second identity), this is in turn equal to
i A il A A
(F1($2’ $22k+1x1))\2,...,k%$2))\1 F1($22k+1$1’ $2)A3,...,A2kx22k+1'

But this is equal (by definition) to

Fi/, A2k+1 A1y Aog W A2k41

Ny g, mo) 2k ) .
Consider an equation of the form x1 PxoU = x2Qx1V, where P, ) are parametric
words in the alphabet x3,...,x, and U,V are parametric words. Consider the

sequence of parametric transformations

1. 1 — (22Q) My,
2. To — (l'lp))‘zl'g,
3. 21 — (22Q) 1,
4. x9 — (11 P)Masy,
(12)
2k —1 x1 — (22Q) k12
2k Ty — (11 P) k1o
2k +1 1) — (22Q) 2w +11y
where A1, A2, ... are natural parameters.

Theorem ¥i2. For every natural s, the sequence (12) of the first s parametric
transformation can be collected by the following common transformation:

21 — Fi(z P o Q) Aoy,
Ty — Fi(sz’ xlp)A27...,>\3x2.
Proof. If s = 0 the proposition obviously holds. Consider two cases.

Case 1. Suppose that the sequence of the first 2k — 1 transformations can be col-
lected by the common transformation

11— Fi(a PoaQ oy,
{232 N Fi(sz’ xlp)A27...,>\2k,1x2'
Let the 2kth transformation be of the form
To — ach)‘% To.

Then the sequence of the first 2k transformations can be collected by the common
transformation

T — Fi(xlp7 (xIP)A2kx2Q)>\1;~~~;>\2k71x17
Tog — Fi(($1P)>‘2"$2Q, x1P)>\27~~,>\2k71 (l'lp))‘%l'g.

According to Theorem ¥11 this transformation coincides with the transformation

z1 — ¥z Py Q) A2 gy
Ty — Fi(sz’ x1P)>\27~~;>\2kx2'

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLUTIONS OF AN EQUATION IN A FREE MONOID 11

Case 2. Suppose that the sequence of the first 2k transformations can be collected
in the common transformation

T — Fi(xlp7 x2Q)>\1;~~~7)\2kx17
2o — Fi(22Q, x1 P)N2r 2k gy,
Let the (2k + 1)st transformation be of the form
z1 = (22Q) s

Then the sequence of the first 2k+1 transformations can be collected by the common
transformation

21 — Fi((22Q) 24121 P, 2o Q)M A2k (20 Q) 2441 2y
w2 = F(22Q, (22Q) 2 +1my P2 A2kpy,

According to Theorem ¥i1 this transformation coincides with the transformation

xy — Pz PapQ) 2k
Ty — Fi($2Q7 xlp)kz,---7A2k+1 Z9.

Theorem ¥i3. The following identities hold:

Fi($1,$2)07A2""’)\5 _ Fi(x17x2)A3,...,As7
Fi(xhx2)>\1,,..,Arfl,o,ATH,...,AS — Fi(x17x2)A1,...,A7‘,1+)\T+1V”,AS’
Fi(xth)Al,...,As—LO _ Fi(xth)Al,...,As,l'
Proof. Follows from Theorem Fi2.
Proposition 9. The parametric equation
9 125U (21,22, T3, A1,y Ar)Tg = xﬂigdfﬂ/(itl, X2, T3, ALy -y A )T

with O(x1x§) > 0, 8($2$§) >0, a+ B > 0, where o, 3, \1,...,\ are natural
parameters and U,V are parametric words, is reduced by the transformation T':

T — Fi(arlxg‘,xgxg)“xl,

Fi( B

Ty — argxg,a:lxg‘)“‘xg,

where p is a variable for sequences of natural parameters, to the equation E:

« Fi a 3 Fi 3 a
w12 U (P (a2, xoxh ) oy, Fi(zoal), w12 )M we, w3, My oo, M) 2

_ B Fi « el Fi el «
= zoxh a1V (F(x125, woxh )Pay, Tz, mra§)M 2o, 23, M1, .o, M) s

with 8(z1) < O(wox), d(wa) < A(a12).

Proof. Tt is easy to verify that T reduces 9 to some equation E’ which contains E.
On the other hand, let the transformation Si:

=X, (i=1,...,5),
M= A (i=1,...,1),
a— A,
B — B,

where the X; are words in the alphabet (1) and A;, A, B are natural numbers, be
an arbitrary solution of the equation 9.
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12 G. S. MAKANIN AND T. A. MAKANINA

We prove by induction on |X;X3X3| that S; is contained in the parametric
transformation 7.
If | X1| < | X2 X 2P| and |X| < | X1 X4, then the coefficient transformation S :
SCZ—>XZ (1217,5),
)\i_’Ai (7;:1,...77‘),
a— A,
p — B,
p— o
is a solution of the equation F, and S; = T'S,.
Let |X;| > | X2 XP|. Since | X2 XE| > 0, we have X; = X2 XPY; for some word
Y7 in the alphabet (1), where |Y7] < |X1].
It is easy to see that equation 9 with the additional condition d(x1) > a(xgxg )
is reduced by the transformation ¢:

xrp — $2$§ZE1
to the equation E':

a IS
$1ZZ?3 $2U($2$3$1, o, T3, )\1, ceey )\r)174

_ B B
= xoxy 21V (Tox5 21, T2, T3, A1, .., Ar)Ts

with (z12g) > 0, d(zeah) > 0, a4 § > 0.
The transformation S’:

x1 _>§/ia
Tq — X’L (Z :2737475)a
a— A,

p—B

is a solution of the equation E’.
Since |Y1| < | X1[, one can use the inductive proposition to see that S is contained

in the parametric transformation 7. Hence S is contained in the parameter solution
tT. Using Theorem ¥12, one can see that the transformation ¢7" has the form

Fi By1,0,
{x1—> Yx12§, xoxy ) VP ey,

Ty — F‘(xgxg, xlxg‘)“‘xg.

Let |Xa| > | X1 X4'. Since |X;X4'| > 0, we have Xy = X1 X3'Y, for some word
Y3 in the alphabet (1), where |Ya2| < | Xa3].
It is easy to see that equation 9 with the additional condition d(x2) > d(z12%)
is reduced by the transformation ¢: £ — z1z§x2 to the equation E':
r1z§aoU(z1, 1125 T2, T3, A1, - .., A\r) 24

_ B o
= zoxy 1V (T1, Z125 T2, T3, M1, .., A )Ts

with (z12§) > 0, d(zeah) > 0, a4 > 0.
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The transformation S’
T2 — Yo,
i, — X; (1=1,3,4,5),
a— A,
68— B

is a solution of E’.

Since |Ya| < | X32[, one can use the inductive proposition to see that S’ is contained
in the parametric transformation 7. Hence S; is contained in t7'. Using Theorem
Fig one can see that the transformation ¢7" has form

x1 — Fi(z128, moah ) xy,
Fi( B

xy — Fl(z9zy, m12§) M2,

Proposition 10*. The general solution of the equation
10* x1x§‘+1$2 = xomixg with O(x1) < O(x2) < 8(3:@?“),
where « is a natural parameter, is described by the transformation
{$2 — x1(2213) 19,
T3 — T2T3,
x1 — (w3(22a3)* 7)) ey,

followed by one of the two transformations

Ty — (T17372)% 271,

€T3 — T123,

24 — 23(T22123) P (212320) 7 11 (2221 23) P 0,

r1 — (T37172)" 2371,

Ty — 172,

Ty — Tow3(w122w3) P (w3wia0) T wsws (T120w3) w12,
where B, A\, 0,7 are natural parameters, with f < a,c+B<a, 7+ 0+1 < a.
Proof. The equation 10* can be reduced by the transformation

To — T1T2
to the equation Fjy:
x§‘+1x1x2 = zoxixy with 0 < J(z2) < 8(96?)‘“).
The equation E; can be reduced by the transformation
xg — (w9w3) s,
{333 — X213,
where (3 is a natural parameter with 6 < «, to the equation Fs:
23(20w3)* Py (2ow3)P 1y = 2124 with O(z3) > 0.

According to Proposition 27, the equation E5 is reduced by the parametric trans-
formation

r1 — ($3($2$3)a_6)’\$1,
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14 G. S. MAKANIN AND T. A. MAKANINA

where A is a natural parameter, to the equation Fs:
E>  with 8(2131) < 8($3($2$3)a_ﬁ).

The equation F3 can be divided into the collection of equations
(j) B3 with 0(zgx2)? < 9(z1) < 0((x322)°23), 0 < a— 3,
(jj) B3 with O((w322) 23) < d(x1) < O((w322)  Tlaz), 7 <a—p—1.
The equation (j) can be reduced by the transformation

1 — (z12322)7 21,

T3 — T1T3
to the equation
333($2$1$3)a_ﬁ_0($1$3$2)0$1(1?221312133)62132 = 4.
The equation (jj) can be reduced by the transformation

1 — (x3x122) X321,

Tog — XT1T2

to the equation

a—f-r-1 (z3z122) 2321 (961!102963)6

x2$3($1$2$3) L1Xg = T4.

Proposition 10. The general solution of the equation

10 $1x§‘+1$2 = ToX1%4,

where « s a natural parameter, is described by the transformation
1 — Fi( +1

«
R Y L

zo — Fl(zg, 212§ )1y,

followed by one of the three transformations

T — 1, 1
Ty — 1, *
x3 — 1, atl (10%).
Ty — x5,
Ty — 1,
Proof. This follows directly from Propositions 9 and 10*.
Th A1y A2
5. THE FUNCTION “™(z1,%2,23);
Theorem T01. The following identities hold for s >0 :
Th Aty A2s
($1,$2,$3)11 2otz
Th Aas Az2s Azs
= "M((z1w2x3) 2wy, (voxsy (T12023) 20wy )2 20,
Mz oot
T1Tax3)] R (e waxy)
Th Al A2s42
($13$27$3)2

= T0((z1m9m3) 1 a1, (v2@3m1 (T12203) > ) V22 2,

$1$2$3)§\1""’A25 (zow3wy (v1@0m3) 2oy ) 2o 42,
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SOLUTIONS OF AN EQUATION IN A FREE MONOID

(21, 25 x3)§1""’)‘2”2
Y I’
= Th((z1m9m3) > 1 a1, (vaw3y (T12203) Vo a1 ) N2 2 2,
$1$2$3)§\1""’A25$1$2;
Oc(zl, ZE2,$3)A1""’)\25+2

= (232122) 21 O (21 2023) 2 21, (Tox371 (21 D203) 20 1y ) 2042

ALy A2
T2, T1X2w3)"
Proof. We argue by a joint induction on s.
Third identity. By definition,
Th Aty A2s42
(:Ela x2, 133)3
__Th Az;oA2s42  Th A3, A2s42 . Th A3, A25 42
- (1’1,1'2,1'3)1 .T]_ (x17x27x3)2 1'2 (x17x27x3)3 .

According to the induction proposition, it is equal to
h Ao A2s A2
(w12023)" 21, (TaT321 (T12223) 2wy )22 g,

xlxsz)is,---,)\% (x1x2x3))\25+1x1

TR (2 mom3) 2t 2y, (Toaaay (21 2223) 2+ 21 ) 242 g o 3) 5> 0
- (woxaay (T122w3) 2+ g ) N2 42 0y
CTR((gymoms) 2wy, (2ox3wy (T12023) 2y ) 252 g, $1$2$3)§3""’)\25$1$2-

This is equal by definition to

Th((zymoms) 24 2y, (wozazy (X1 20m3) 2+ 2y ) 2o 20y, $1$2$3)§1""’)\25$1$2-

First identity. By definition,

Th( TronA2s2 (Th( 1yeeesA2542 >\1Th( ))\37...)\23'

A A
x17x27x3)1 x17x27x3)3 xB) xl7x27x3

According to the induction proposition and the third identity this is equal to

(TR (w1 20m3) 2+ 21, (Toxazy (T12023) 2+ 2y ) 2520y, $1ZE2$3)§1""’A25$1ZE2$3))\1

: Th(($1$2$3)’\23“$1, (3321731171($1$2$3))‘25“$1))‘2”2$2, 151172%3)?3""’)\25
. (xlxgxg)’\““.
This is equal by definition to
Th((zy29m3) 2 2y, (2ox3m1 (T12023) 25+ 1 ) N2+ 2 g, 151172%3)?1""’)\25
(z1zom3) 2+,
Second identity. By definition
Th(m,m’ x3)2\1>~~~7)\2s+2
= (Th(xl,gcg,x3)§‘3"“”\23“x2Th(9€1,xg,x3)§3""’)‘2”2x3

: Th(wl,332,JSg)i\S""’A25+2$1Th(331,332,JSg)il"”’)\%ﬁ%l)Az
TRy, @y, wg) 5> 2
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16 G. S. MAKANIN AND T. A. MAKANINA

According to the induction proposition and the first identity, this is equal to

(TR ((w1m223) 2+ 2, (wom321 (T122w3) 2+ 2p ) A2+ 2 g, 581!102583)237”"/\23

. (gchgxl (x1$21'3)>‘23+11‘1))‘25+2 To

TR (g 29m3) 2t 2y, (Bowaty (21 02@3) 2+ a1 ) 2420y 1y wo3) 3 0
* X123
B(@y2923) 2t 2y, (wowawy (v10023) >+ 2y ) M2+ 2 flxzxa)i\?’“”’/\%
(wymomy) 2ty
TR (g mows) 2oty (Bowsmy (€1 0a3) 2+ @ ) N2+ 20y, @y oy )}
. (ZB1$2$3)A25+1$1)A2
TR (2 29m3) 2+ 2y, (Towaty (21 0223) 2+ 21 ) 242 g, 1y wo3) 5
. ($21'3CL'1 ($1$2$3)>\23+1CL‘1)>\23+2.
This is equal by definition to
Th((2y2om3) 2t 2y, (voazy (T12023) 25 21 ) A2+ 2 1, !E19€2CC3)§1""7)‘25
. (ZZ?QZIJgZIJl ($1$2$3)A25+1$1)A25+2.
Fourth identity. By definition,
OC((xhx27x3)>\1>~~~7>\25+2
_ OC(CE1,$2, x3)>\3,...7)\25+2 (Th(x17x27 x3)§\3>~~~7>\2s+2x3Th(x1,x2, xg)i\3,~--7>\25+2x1

. Th($1, T2, $3)3\37...,>\23+2$2))\1'

According to the induction proposition and the first, second and third identities,
this is equal to

(237122) 21 O (21 2223) 2 21, (T2a371 (212223) Y27+ 31 ) V202 20, w1 w3 ) 3220
(TP (21 moms) 2t @, (womaay (2122@3) 2 a1 ) 24200, 01 203) 3> 2w o
TR (g 29m3) 2t 2y, (Towaty (T12223) 2+ 1 ) 242 g, 0y o 3) 1
(wraows) g
TR ((21m0m3) M 2y, (Bow3 w1 (T12203) V2 21 ) N2 2 10, $1$2$3)§\37""/\3
. ($221332131 (ZB1$2$3)A25+1$1)A25+2ZIJ2))\1 .
This is equal by definition to
(232122) 11 O (w12023) VT @1, (aw3w1 (T17203) 2+ 2y ) V22 9,
xlxzxg))ﬂw»»;)\Qs'

Consider the equation

L1X2T3XL4 = $3$%ZE2

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLUTIONS OF AN EQUATION IN A FREE MONOID 17

and the sequence of joint parametric transformations (13):

A1

1 — (T12223) M 21,

A1 A2
(13.1) Ty — (rox3wy (T10223) M 1) X2,
T3 — T1T2T3,

z4 — za(T32122) M

Ty — (961!102963)’\3!101,

(13.2) xy — (wawzar (v12923) w1 ) M,

XT3 — T1T2T3,

z4 — z4(T32122)0%;

A2

1 — (T12223)"2 121,

(138) T2 — (x2x3xl(x1x2$3)A25*1x1)A25x27
T3 — T1T2X3,
w4 — x4 (r3m109) 201

xy — (z10923) >0 1y
T — ($2$3$1(x1$2x3)kzs+1xl))\2s+2$2’

(13.5+ 1)
I3 — T1T2X3,

x4 — wa(w30109) 2001

Theorem T2, For every natural s the sequence of the s joint parametric trans-
formations (13) can be collected by the following common transformation:

)‘17~~~7)\25
1

z1 — ™ (21, 29, 23) 1,
" R
x3 (w1, 0, w3)37 "> 23,
xq — 2490%(2q, 0, 13) A2,

Proof. Suppose the sequence of the first s transformations can be collected by the
common transformation (14), and let the (s 4 1)st transformation be of the form
(13.s+1). Then the sequence of the first s 4+ 1 transformations can be collected by
the common transformation

z1 — Th((zy2023) 251 21, (1?21?3$1($1$2$3)A25+1$1)A2”2$2,$1$2$3)i1""’)\25
(wr@oms) 2t ay,

T — TR((my2923) 25121, ($2$35€1($15€2$3)’\23“5€1)’\23“9€2,561962!103);17“”)\25
(w31 (T1223) 24 1) V202 g,

z3 — TR((z12023) 21 21, (1?21?3$1($1$2$3)A25+1$1)A2”2$2,$1$2$3)§1""’)\25
T1L2X3,

Ty — 34 (w33120) 24
Oc((zymoxz) 2o +imy, (wox3zy (T12923) 25+ w1 ) 252 2, my oz )Mo A2,
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18 G. S. MAKANIN AND T. A. MAKANINA

According to Theorem TP1 this transformation coincides with the transformation

Al A2s 42
z1 — (21, 29, 23)] T,
Al A2s 42
zy — ™ (21,32, 23)5 Py,
Al A2s 42
z3 — (21, 20, 23)5 s

Oc(

)
Ay Ao
Ty — 240 (21, T, T3) N2,
Proposition 11. The general solution of the equation
11 ToT1T3T4 = $3$§($3$1)a$2

with O(x3) < (z2) < O(w323(r321)%), where a is a natural parameter, is described
by the transformations

n+0
Ty — Ty, x2 — x3x1(z123) T2,
t Ty — x3:1c(f, tt T1 — Tox1,
n+6 0 —
xy — w4(x] " x3)% 2, x4 — (v12322)° w122 (T12372)7,

(5) (2)
To — z321 (1123)° 1172,
ttt T3 — XT2X3,

a—6—1

x4 — (x3T122) $3$%$2($3$1$2)6,

(2)
where n,0,7,5 are natural parameters with v < « and § < a.
Proof. Tt is easy to see that 11 can be divided into the following collection of
equations:
(J) 11 with 8(563) < 8(1?2) < 8($3$1),
(JJ) 11 with 8(3332131 (1?1%3)7) < 8(2132) < 8(3:3131(:131353)%1),
(Jl]) 11 with 8(1?3%1(%1:1?3)61131) < 8(2132) < 8(3:3:131(:131353)5“),
where 7, are natural parameters with v < o and ¢ < «.
It is obvious that (j) is reduced by the parametric transformation
T2 — T3T2,
Typ — T2,

x4 — TaTo(T12372)"

to the equation xox1x3xs = 1222123 With O(z2) < O(x1). The last equation falls
into the system
ToT1 = T122,
{x3x4 =123
with d(xz2) < d(z1). By Proposition 1 this system is reduced by the parametric

transformation
_.n
xr, = $1,
To = CL‘?

to the equation z3xy = z]x3 with 6 > 7, that is, to the equation 5.
The equation (jj) is reduced by the parametric transformation tt to the equation
2.
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The equation (jjj) is reduced by the parametric transformation ttt to the equation
2.

Proposition 12*. The parametric equation
12* Tox 23Ty = T372 (2371) "X

with 0(x2) < 0(x3), where « is a natural parameter, is reduced by the transformation

T3 — T23,
Ty — x4(T37172)"
to the parametric equation 12.
Proof. This is obvious.
Proposition 12. The general solution of the equation
12 T1T2T3Ty = $3$%$2 with O(xs3) > 0
is described by the transformation
ry — Th(1?1,1?2,173)§11717
T 1%~ Th(z1, 29, 73)572,
w3 — TR (21, 29, 23)573,
zy — 24°9¢(21, 22, 73)5,
r1 — (z123)7 271,
xy — (z3x}(w321)7) 2,
€T3 — T1X3,
Ty — T4,
(11)

where € is a variable whose values are even sequences of natural parameters, and
o, p are natural parameters.

Proof. Tt is easy to apply the transformation Tt(11) to the equation 12 and to
verify, by using the definition of the functions TP (zy, g, 23)) ™, that it is a
parametric solution of 12.

According to Proposition 8 the equation 12 is reduced by the parametric trans-
formation 1 — x§ 1, where o is natural parameter, to the equation Ey:

T1T2T3Ty = TzT1xG 122 with O(xq1) < 9(x3).

According to condition d(z1) < d(z3) the equation E; is reduced by the para-
metric transformation z3 — x1x3 to the equation Fs:

g
LoX1X3T4 =— 31 (1‘1$3) T1X2.

According to Proposition 8 the equation F5 is reduced by the parametric trans-
formation

Ty — (v371(2173)711) 22,
where p is a natural parameter, to the equation FEs:
Tox 234 = 322 (321) 02 with O(z) < O(23z?(2321)7).

It is easy to see that E3 can be divided into the following collection of equations:
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(J) E3 with 8(:E3) S (9(1‘2),

(JJ) FE3 with 8(:E3) > 8($2)

The equation (j) is equation 11.

According to Proposition 12* the equation (jj) is reduced by the transformation

T3 — Tal3,
T4 — 14(T37122)7
to the equation 12.
The sequence of transformations
r1 — T3,
T3 — X173,
w3 — (2371 (T123)" 1) 22,
T3 — TaT3,
x4 — T4(T32122)"

can be collected by the following common transformation r:

ry — ($1$2$3)0$1,

Ty — (Tow3w1 (212203)7 1) 20,
€T3 — T1X273,

24 — T4(T32122)%.

Using Theorem TP2, one can see that transformation rT can be obtained from T
by replacing the parameter £ by the sequence o, p, §.

6. SUPPLEMENT

Proposition 13. The general solution of the equation

13 T3y = T3wo (w2 (w3we) )y

with O(x1) < 0(x3w2 (2o (2322) )Y, where X and k are natural parameters, is
described by the transformations

x 123,

t 3 — 123

A+1

x4 — v423(v27123) T2 ((T2m123) M ae) e,

(12),

xryp — 213317717,
t2 To — 1'717+0,
+0_ N0 O A1 n+0
xy — wa(x] " wg) ] (2] wa) M 2T ) s,

(5),

ry — $3$1$2(171332($3$1$2)’\+1)T(171332333)03317
t3 T2 — T172,

T4 — o (T37120) " (2122 (2331 22) )T

T3X1T2
(z122(T32122) M) (21 2023) 7 21,

(2),
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L1 — 1173117717%((95?%1173)”117717”)7(17717”333)’\“33717,

t4 T2 — x717+97
x4—>x4x§’+6(x3x;’+9)’\((x}’+9x3)’\+1x717+0)”_7_1x3
) ) 0 0
) (@] ) M) (2] )M
(5),
1 — x1x3(xgxl)B‘ng(((x2x1)5+1x2x1x3)’\+1(x2x1)5+1x2)“
((zaz1)P T wowy w3) M oz,
s 72— (@) s,
r3 — I1x3,
x4 — (2271)Pzo(((w221)P T xg123) M (w221 )P T )"
((zaz1)P T wowy w3) M oz,
(2),
11 — x3(xow3z1 )P o (((waz321 )P woz3) M (woz32 )P )"
((zamsgzr)P M aows) M aozszy,
t6 To — ((Egl‘g,l‘l)ﬁ-’_ll'g,
x4 — (w22311)P 2o (22371 )P wo23) T (w2321 )P n)"
((zomswr)P M agws)  agwsay,
(2),
21 — 12372 ((w22123) M 20) T (2021 23) w01,
t7 r3 — X173,
x4 — 2302 (212320) O (a1 23) M )T T 2320
((zom123) ML 22) T (zoz123) w21,
(2)
71 — T12302((v22123) M 22) T (22w 23) A 21,
8 I3 — X173,
T4 — 2423 (zoz123) w2 (T2m123) M L a0) " Lay 2300
(x5 — 1237201 23) 1 22) T (2221 23) N w221
(12),
21 — 212322 ((Bem123) N ) (o1 23) T,
t9 Ir3 — T1X3,

x4 — w32((wem123) T wg) (w221 23) o201,
(2),
where 1,0, 0,7, B are natural parameters.

Proof. The equation 13 can be divided into the collection of equations
(J) 13 with 8(.1?1) < 8(1?3);
(3j) 13 with 9(x3) < d(x1) < I(w322);
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(Jij) 13 with
O(x3wa((wox3) M ae)  (223)%) < d(21)
< 8(:63;102((achg))‘ng)T(xgxg)"xg), T<K, 0 <A+1;
(1jjj) 13 with
O3wo((woxs) M ag)T (20w3) 7 x2) < O(z1)

< O(z3xa((zoms) o) (wows)7 ), T<k, o<\
The equation (j) can be reduced by the transformation

T3 — 123,

x4 — za23(xox123) 0o (22 (21 2322) M)y

to the equation oz 2374 = T332, With 0(z3) > 0, that is, to the equation 12.
The equation (jj) can be reduced by the transformation

Ty — 371,

T2 — T1X2,

1 — af,
o — &C?,
)kx117+9((x117+9x3)>\+1x717+0)

n+0

g — za(x] a3 U

Fasr]

to the equation z374 = x{x3, that is, to the equation 5.
The equation (jjj) can be reduced by the transformation

x1 — 233 ((pow3) N a2) " (2213) w1,
To — T1To
to the equation F:
12023y = To(x30120) T (w1 @ozs) M o 20) " T3 0
((z1@ox3) M e @0 (2 2023) 21

The equation F with A+ 1 > o can be reduced by the transformation

T4 — T (ZZ?3$1$2)A_G((ZE1$2$3)A+1ZII1J?Q)K_TJJgZIIlZEQ

A+1

: (($1$2$3) $1$2)T($1$2$3)0$1

to the equation xyzox3 = xox371, that is, to the equation 2.
The equation E with A+1 = o and 7 < k can be reduced by the transformation

x — af,
X9 —>{E§,

4 0 0 O\ k—7—
n+ 717+ )k((lﬂlﬂ- xs))\-l-lx?lﬂ- )n T—1

x4 — 2q2] (232
G e e A e

to the equation z3x4 = x{x3, that is, to the equation 5.
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The equation E with A4+1 = ¢ and 7 = k can be reduced by the transformation
Xro — $?IIJ2,
1 — T2,
T4 — ($QZE1)BZE2((($2$1)B+1$2$3)A+1($QZE1)B+1ZE2)7)($2$1)B+1$2$3)UZE2$1,

then both z1 — x3z; and x3 — z1x3, to the equation 2.
The equation (jjjj) can be reduced by the transformation

Tl — T3T2 (($2$3)A+1$2)T(1?2333)033211717

T3 — T1T3
to the equation F":
ToT12324 = T322(T17322) "7 ((woz123) 22) T 2372
. ((xlexg)’\+1x2)T(x2x1x3)"x2x1 with 9(z3) > 0.
The equation F' with A > ¢ can be reduced by the transformation
Ty = x3x2(x1x3x2))‘_‘7_1((xgxlxg))‘ﬂxg)“_Txlmxg
) ((332171%3))‘“%2)7($2$1$3)0$2$1

to the equation zjxox3 = xzx122, that is, to the equation 2 with d(x3) > 0. On
the other hand, t7 is the parametric solution of 13.
The equation F' with A = ¢ and k > 7 can be reduced by the transformation

T4 — x4x3(J:Qxlxg)’\xg((xga:lxg)M'lxg)“_T_lxla:ng
. ((1‘21‘11‘3)>\+1(E2)T($2$1$3)>\{E2$1

to the equation xoxix324 = $3{E%£L’1 with d(z3) > 0, that is, to the equation 12.
The equation F with A = ¢ and k = 7 can be reduced by the transformation

xy — 23z9((v2x123) re) " (2ox 23) w01y

to the equation woxi23 = w3xoxwy with d(x3) > 0, that is, to the equation 2 with
d(z3) > 0. On the other hand, t9 is the parametric solution of 13.

Proposition 14. The general solution of the equation
14 LT1T2X3T4 — X3T ($2($3$2)>\+1)T+1$1

where X\ and T are natural parameters, is described by the transformations

A1y 41 T2 — 1,

xryp — ($3$2(1?2($31?2) ) )pl“h e — 1
<13> 3 )

Ty — 1,

where p is a natural parameter.
Proof. This follows directly from Propositions 8 and 13.

Proposition 15. The general solution of the equation

T+2
15 T1Tow3xs = (x321)" X2,
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where T is a natural parameter, is described by the transformations

23— 1, o )
<5>7 r3 — T123,

(14),
where « is a natural parameter.

Proof. The equation 15 can be divided into the collection of the equations 15 with
d(z3) = 0 and 15 with d(x3) > 0. In the second case we use Proposition 8.

Proposition 16. The general solution of the equation

16 T1Tox3Ts = x3x5+2x1

with O(x1) < O(x3xy?) and O(x3) < O(x129), where T is a natural parameter, is
described by the transformations

z — x3(x22) 21,

Ty — T1T2, z1 — w3(w122) T 21,
ry — x4(2172)" 11, Ty — T1T2,

x1 — 2, xg — (xow1)™ T,

xy — af, (2)

(5)

xr3 — T1T3,
T2 — X372,

(15),

where v,m,0 are natural parameters with v < 7.

Proof. The equation 16 can be divided into the collection of equations

(J) 16 with 8(563) < 8(1?1),

The equation (j) can be reduced by the transformation 23 — 31 to the equation
Eli

T1ToT3Ty = x§+2x3x1 with 9(z1) < 8(;105"’2).

The equation E; can be reduced by the transformation

T1 — THX1 (v <742),
T2 — T1T2
to the equation Fs:
_ T+1—v T
T1X2X3X4 = l'g(xll'g) xg(l'lxz) xXq.

If 74+ 1 > v, then the equation F5 falls into the system Fjs:

T1T2 = L2271,
3Ty = $2($1ZE2)7_VZE3(ZE1$2)VZE1.

The system Fs3 can be reduced by the transformation

x4 — za(T122)" 21
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to the system Fjy:

1z = T2x1,
T3Ty = l'g(l'lxg)T_ng.

By Proposition 1 the system FE, is reduced by the parametric transformation
x — ],
o — ;C?

O+ (),

to the equation

T3T4 =T

)

that is, to the equation 5.

If 7+ 1 = v, then the equation E5 can be reduced by the transformation x4 —
(z2x1)Y to the equation xjxows = woxsx, that is, to the equation 2.

The equation (jj) can be reduced by the transformation z3 — x5 to the equa-
tion Fi:

ToT1T3T4 = $3$§+2x1 with 9(x3) < d(x2).
The equation E5 can be reduced by the transformation xo — z3x2 to the equa-
tion

)T+2

Tox123%4 = (2322 x1,

that is the equation 15.

Proposition 17. The general solution of the equation

17 T1ToT3Ty = x3x5+2x1,

where T is a natural parameter, is described by the transformation

Fi T+2
{x1—> Yo, xaxy ™ ) Ha,

Fi T+2
x5 — Fl(z320 "2, my20) 23,

where 1 s a variable whose values are sequences of natural parameters, followed by
one of the three transformations

To — 1, 1 — 1,
x3 — 1, x9 — 1, (16).
g — 1, x4 — 1,

Proof. This follows directly from Propositions 9 and 16.
Proposition 18. The general solution of the equation

18 T1Tox3Ty = xg+3x3x1,

where o is a natural parameter, is described by the transformations

1 — (T122) 21,

11 — (2122)7 221, To — 12,
x| — x§+3x1, To — T1T2, Ty — $4(CC19€2)V$1,
(17), x4 — (w221)7 72, r1 — ],
<2>7 T2 — x(f,

(5),
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where v,n,0 are natural parameters with v < o + 1.

Proof. The equation 18 can be divided into the collection of equations

(j) 18 with 9(x3 ) < 9(x1),

(i) 18 with d(z§7?) < d(x1) < d(2§1?),

(i) 18 with d(2%) < 9(x1) < A(xy™), v < o + 2.

The equation (j) can be reduced by the transformation z; — xg+3x1 to the
equation r1Tox3Ts = xgzz:g+3:z:1, that is, to 17 with 7 > 0.

The equation (jj) can be reduced by the transformation x; — :z:g“:zrl, T —
T1Xo, Ty — (1‘2$1)a+2 to the equation x1zox3 = xox321, that is, to 2.

The equation (jjj) can be reduced by the transformation 1 — x5z with v <
0+ 2, x9 — 2122, 4 — T4(T122)" 21 to the equation E:

)o‘+1—1/

L1234 = l'gxlxg(l'lxg xIs3.

By Proposition 1 the equation FE is reduced by the parametric transformation
x — af,
o — ;C?

0+(n+0)(o+1-v)
T3y = Ty z3,

to the equation

that is, to 5.
Proposition 19. The general solution of the equation
19 T1T2T3T4 = 1?3$(17+32132 with O(x3) < O(x122),

where o is a natural parameter, is described by the transformations

xr3 — T1T3,
T1 — X3T1,
<15> ) T2 — I3T2,
(18).

Proof. The equation 19 can be divided into the collection of equations

(J) 19 with 3(.1?3) < 8(1?1),

The equation (j) can be reduced by the transformation 23 — 31 to the equation
1727374 = (2371)° T3 19, that is, to 15 with 7 > 0.

The equation (jj) can be reduced by the transformation s — x1x3, T3 — X322
to the equation xox 2324 = 232329, that is, to 18.

Proposition 20. The general solution of the equation
20 T1ToT3Ty = {,C3£L'71—+3$2,

where T is a natural parameter, is described by the transformations

xr1 — 1,
9 — 1, x3 — (x122)% 23,
T4 — 1, (19),

where « is a natural parameter.

Proof. The equation 20 can be divided into the collection of equations 20 with
O(z122) = 0 and 20 with O(z1x2) > 0. In the second case we use Proposition 8.
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7. THE FUNCTION B(zy, xq, x3)i M
Consider the equation
L1X2X3XL4 = l'gl'gxl

and a sequence of transformations (15):

r1 — ¥ (2320w, 2370 (2123)%) 1 232021
(15.1) 2y — Fi(zzwa (r123)?, 23w021)" 2320,

T3 — 173,

Ty — T4,

21— Tl (21 (2223)?, w32122)2 31,
(15.2) xy — Fl(z3a120, 1371 (2223)% )2 2371 22,

T3 — T2T3,

Ty — X422,

x1 — Fi (230001, 2320 (2123) %) 261 230071
(15.2k+ 1) wy — Fl(2awa(2123)?, w3y )M+t lws s,

T3 — T1T3,

Ty — X421,

Ty — Fi(1?3$1(172$3)2, argxlxg)#%m;pgxh
(15.2k + 2) zo — Fi(w3w1 @0, w321 (w23)?) M2 +2 w371 20,

T3 — T2X3,

Ty — X422,

Theorem R°1. For every natural t the sequence of the t joint parametric trans-
formations (15) can be collected by the following common transformation:

Ro H1yeees bt
Ty — (58179627963)1 €,
R K1yt
(16) To — O (x1, 22, x3)5 T2,
R H1yeees it
xg — O(x1, T2, x3)4 T3,
Re yeees
Xy — g (@1, T2, w3)H

Proof. 1f t = 0, it is obvious. Let ¢t = 1. By the definition of R (zq,zy, zg)t"
we have

A

RO (11, 2, w3)it = F(z320my, 2320 (2123)%) M w30,

A2y

RO (g1, w0, 23)8" = Fl(w320(v123)2, w30071) exs,

RO (01, w0, 23)4" = 11,
Re (21, 29, 23)" = 171,

and the transformation (16) coincides with (15.1).
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Let t > 1. By the inductive proposition the sequence of transformations (15.2),
., (15.t) can be collected into the transformation

z1 — ROz, 21, 23)5% M 2y,
(17) zy — RO(xg, w1, 3){> M 1y,
z3 — ROz, 11, m3)52 " a3,

Re
Xy — T4 (@, 1, Xy) M2 H

Substituting (17) into (15.1), we obtain (16).
Proposition 21. The general solution of the equation
21 T1T2T3T4 = $2$§$1
is described by the transformations
{961 — Fi(py, moad)ray,
@y — Fi(wga3, w1)M s,

where 1 is a variable for sequences of natural parameters, followed by one of the
three transformations

To — 1,
T — 1,
Tr3 — 1, { <22>.
Ty — I3,
Ty — 1,
Proof. This follows directly from Propositions 9 and 22.
Proposition 22. The general solution of the equation
22 T1T2T3T4 = x2x§$1 with O(x2) < O(x1) < 8(@1:%)

is described by the transformations (23), (24), (25).

Proof. The equation 22 can be divided into the collection of equations:
(J) 22 with 8(331) < 8(1?3),
(JJ) 22 with 8($2$3) S 8(1?1),
(j3j) 22 with 9(z3) < 9(z1) < O(wazw3).

By definition (j) is 23, (jj) is 24, (jjj) is 25.

Proposition 23. The general solution of the equation
23 T1T2X3T4 = 1172$§1717

with O(z2) < d(x1) < O(xez3) and d(x1) < d(z3), is described by the transforma-
tion
Typ — T2,
I3 — L1273,
Ty — T3T2T1,
(2).
Proof. The equation 23 can be reduced by the transformation x; — xox1 to the

equation Fi:

T1T2T3T4 = 1?%1322131 with 0 < 9(z1) < 8(1:%), O(xox1) < O(x3).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLUTIONS OF AN EQUATION IN A FREE MONOID 29

The equation F; can be reduced by the transformation x3 — zizoxs to the
equation Fs:

T1TaT3T4 = T3T1T2X3Toxy with I(zq) > 0.

The equation F; can be reduced by the transformation x4 — zszox; to the
equation z1xex3 = x3w122 With d(x1) > 0, that is, to the equation 2 with 9(z1) > 0.
On the other hand, the transformation t is a parametric solution of 23.

Proposition 24. The general solution of the equation
24 T1ToX3X4 = xgxgxl,

with d(z2) < O(x1) < O(x223) and O(waz3) < O(w1), is described by the transfor-
mation

Typ — L2371,

L3 — T1L3,

T4 — T3T1,

(2).

Proof. The equation 24 can be reduced by the transformation x1 — xox3x; to the
equation Fjy:

T1X2T3X4 = T3Tox3x1 With 0 < (9(1‘1) < 6(&63)
The equation E; can be reduced by the transformation x3 — x1x3 to the equa-
tion Fs:
To2X1T3X4 — T3X2L1T3T1
with d(z1) > 0, (z3) > 0. The equation Es can be reduced by the transformation
x4 — x3w1 to the equation woxixs = x3wex1 With d(x1) > 0, d(x3) > 0, that is, to

the equation 2 with d(z1) > 0, d(z3) > 0.
On the other hand, the transformation t is a parametric solution of 24.

Proposition 25. The general solution of the equation
25 T1ToX3X4 = xgxgxl,

with O(z2) < O(z1) < O(z223) and d(xs3) < d(x1) < (wazs), is described by the
transformation

T1 — T2,

L3 — L1T3,

T2 — T3T2,

Ty — L4271,

L1 — T2,

L2 — L1,

(21).

Proof. The equation 25 can be reduced by the transformation x; — xox1 to the
equation Fi:

L1X2X3XL4 = $§$QZE1
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with 0 < d(z1) < 9(2%) and 9(z3) < d(z122). The equation E; can be reduced by
the transformation x3 — z1x3 to the equation Es:

To2X1T3X4 — T3XL1XL3T2X]

with d(z3) < 9(xz2) and d(x1) > 0. The equation E2 can be reduced by the
transformations xo — X322, x4 — x4x1 to the equation Ej:

Lo2X1X3XL4 = 1‘11‘§x2

with d(z1) > 0. The equation E5 can be reduced by the transformation
Ty — T2,
To9 — X1

to the equation 21 with d(z3) > 0.
On the other hand, the transformation t is a parametric solution of 25.

Proposition 26. The general solution of the equation
26 T1XTox3T4 = $2$§$1

is described by the transformation

Fi 2
t {xl — Y@y, waw3) 21,

Fi 2
z9 — Fi(zo23, 21)H 2y,

where 1 is a variable for sequences of natural parameters, followed by one of the
four transformations

Tro — 1,
1 — 1,

x5 — 1, (23), (24),
T4 — I3,

Ty — 1)

and the transformation

z1 — F(z3momy, w3wo (2123)%) P asmony,
zo — Fl(za2s(2123)2, w3001 )M 239,
r3 — X173,

Tyg — T4T7,

where w is a variable for sequences of natural parameters, followed by the transfor-
mation

Ty — T2,
T2 — I,

(21).
Proof. Proposition 26 is deduced by means of Propositions 21-25.

Proposition 27. The general solution of the equation

27 T1XTox3T4 = xgxga:l
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is described by the transformation

R
°(z1,29,23) 21,

Ty, T2, x3)5 T2,

xy, $2,$3)§$3,
Re(

Tr1 —

(
Ro
T {7 (

x3 — 0
Ty — g 021, T2, T3)7,

where v is a variable whose values are even sequences of variables from the alphabet
(4), followed by the transformation

x1 — Fi(z, 2022y,
zo — Fl(zoxd, 21)M 2y,

where p is a variable whose values are finite sequences of natural parameters, fol-
lowed by one of the four transformations

Tro — 1,
Ir1 — 1,
xr3 — 17 <23>a <24>a
Ty — T3,
Ty — 1,
and the transformation
R
ry — O(x17x27x3)’f$17
R
Ty — (1, T2, 13)5 20,
T Ro K
ZC3 - (xl7x27x3)3x37

T4 — x4Re($17 x2, I‘g)’{v

where Kk s a variable whose values are odd sequences of variables from the alphabet
(4), followed by the transformation

w1 — Fi(z123, 2o )My,
xy — Fi(zg, x123) 2o,

where p is a variable whose values are finite sequences of natural parameters, fol-
lowed by one of the four transformations

ry — 1, Ty — T2, T — X2,
Xro — 1,

x3 — 1, s To — X1, To — T1,
4 3

gy — 1, ’ (23), (24).

Proof. 1t is easy to apply the transformations T and TT to the equation 27 and
to verify, by using the definition of the functions ®°(x1, z9,x3)" " (i = 1,2,3),
that they are parametric solution 27.

Let

z1 — X,
x2 — Xo,
z3 — X3,
zy — Xy,
where the X; are words in the alphabet (1), be an arbitrary solution of 27. We
prove by induction on | X7 X2 X3 X4| that S is contained either in the transformation

T or in TT.
The equation 27 can be divided into the following collection of equations:
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(j) 27 with 9(z2) < 9(x1) < d(z273),

(jjj) 27 with O(za23) < 9(z1).

Let S be a solution of (j). By Proposition 22, S is contained in (23), (24), (25).

If S is contained in (23) or (24), then S is contained in T with v = @ and p = &.

Let S be contained in (25). If |X1XoX3| = 0, then S is contained in T. Let
| X1X2X3| > 0. Then X; = XY, for some Y7, and Y1 X2 X3X, = X2XY;. Then
X3 = Y1Yv3 and X2Y'1Y'3X4 = YE),Y&YE),XQYl But then X2 = YE),YYQ and YQYl}/gX4 =
Y1Y3Y3Y5Y;. By Proposition 25 the equation 25 is reduced by the parametric
transformation

L1 — L3L2L1,
T2 — T3T2,
T3 — T123,

Ty — Ty,

ry — T2,
Ty — X1
to the equation 21, that is, to 27. The image of the solution S via the transformation
t is the coefficient transformation
Ty — }/17
Ty — Yo,
S, 2 2
xr3 — Yéa

x4 — X4

Since |Y1Y2Y5Xy| < | X1 X2X3X4|, one can use the inductive proposition to see that
S1 is contained in the parametric solutions ¢T, ¢TT. According to Lemma 1 the
parametric solutions tcT, tcTT of 27 contain the solution tcS; of 27, that is, S.

According to Theorem ®°1 the transformations tcT and tcTT can be obtained
from T and TT by replacing the parameter v by &, v.

Let S be a solution of t equation (jj). If | X1| = 0, then S is contained in T and
TT. Let |X1]| > 0. Then X5 = X;Y> for some Ys, and X1Y2X3X, = Yo X2X;. The
equation 27 is reduced by the transformation t: xo — x1x9 to 27. The image of
the solution S via the transformation t is the coefficient transformation

z1 — Xi,
S, xg — Yo,
x3 — X3,

x4 — X4

Since |Yz| < | X2, one can use the inductive proposition to see that S; is contained
in T and TT. According to Lemma 1 the parametric solution tT, tT'T of 27 contains
the solution tSq, that is, S.

According to Theorems Fi1 and B°1 the transformations tT and tTT can be
obtained from T and TT by replacing the parameters v, u by v/, u’, where if v = &,
then v/ = @ and ¢/ = 0,1, pu; if v = pq,...,us (s > 1), then v/ = uf, ..., us, where
ph = 0,1, and p' = p.

Let S be a solution of the equation (jjj). If |X2X2| = 0, then S is contained
in T, TT. Let |X2X2| > 0. Then X; = X5X3Y; for some Y;, and Y1 XoX3X, =
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X2X32Y1. The equation 27 is reduced by the transformation t: z; — xgxgxl to the
equation 27. The image of the solution S via the transformation t is the coefficient
transformation
xry — }/17
T — Xo,
S, 2 2
x3 — X3,
x4 — X4

Since |Y1| < |X1], one can use the inductive proposition to see that S; is con-
tained in T and TT. According to Lemma 1 a parametric solution tT, tTT of 27
contains the solution tS, that is, S.

According to Theorems ¥i1 and B°1 the transformations tT and tTT can be
obtained from T and TT by replacing the parameters v, u by parameters v/, i/,
where if v = @, then v/ = & and ¢/ = 1,0,u; if v = pg,...,us (s > 1), then
v = :u/lv -5 Msy where :u/l = laovlul and ,U/ = M-

8. EQUATIONS AND SOLUTIONS
Proposition 28. The general solution of the equation
28 T1ToX3Ts = xg(;vgxg)o‘+1x1 with 0(z1) < 8(1‘3($25L‘3)a+1),
where X\ is a natural parameter, is described by the transformations

x1 — (x322)7 21,

T3 — T173,

xy — (x322w1)* Tx321 (T32221)7,
(2),

z1 — (v372) 2371,

Tg — T1T2,

a—T17—1

T4 — Toxz(T12223) x3x1(z2w321)7,

(2),
{561 — I3 1?2$3) L1,

T2 — T1X2,

Ty — 334 1?23331171) ,

r, — (argxg)o‘+lx1
T3 — T1T3,
tttt ;C2 — x3x2’

T4 — $4($1$§$2)a$1,

Ty — T32221 (T2x3221)%,
(2).

z1 — (x322) a+19€1
T3 — T1ToL
bttt 3 1723,
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Proof. The equation 28 can be divided into the collection of equations:
(j) 28 with O((z322)7) < O(z1) < O(z3(z23)™), T < «,
(jj) 28 with d(z3(wax3)™) < d(11) < A(x372)7 1), T < @,
(ijj) 28 with O((w322)Tt) < d(x1) < A(w3(w2w3)*HL).
The equation (j) can be reduced by the transformation
w1 — (v372) 71,
T3 — T1T3,
x4 — (x32221)* T w321 (T32221)7
to the equation xox123 = xgxex; with d(x3) > 0, that is, to 2 with d(x3) > 0. On
the other hand, the transformation t is a parametric solution of 28.
The equation (jj) can be reduced by the transformation

ry — w3(T223)" 1,
Ty — T1T2
to the equation F:
T1X2T3T4 = $2$3(1?1$21?3)Q_T$3171($2173171)T
with d(z2) > 0. If 7 < «, then the equation E can be reduced by the transformation

—7—1

Ty — $2$3({E15L‘2$3)a $3$1($2$3$1)T

to the equation z1xex3 = xoxsxy with d(z2) > 0, that is, to 2 with d(z2) > 0. On
the other hand, the transformation tt is a parametric solution of 28. If 7 = «, then
the equation F can be reduced by the transformation

Ty — &C4((E25L‘3{E1)T
to the equation z1zew374 = xozizy With d(z2) > 0, that is, to 27 with d(z2) > 0.
On the other hand, the transformation ttt is a parametric solution of 28.
The equation (jjj) can be reduced by the transformation

a+1
T,

xry — (1?3332)
T3 — L1723
to the equation Fjy:
ToT1X3T4 = T3T1 (x3;v2;v1)°‘+1 with 9(z3) > 0.

The equation E; can be divided by means of the conditions 9(x2) > 9(x3) and
The equation E; with d(z2) > 0(z3) can be reduced by the transformation

T2 — T3X2,

Ty — x4(x1;v§x2)ax1
to the equation xoz1w374 = T17379 With O(z3) > 0, that is, to 27 with 21 < x2
and 9(xz3) > 0. On the other hand, the transformation tttt is a parametric solution

of 28.
The equation F; with d(x3) > d(x2) can be reduced by the transformation

xr3 — T213,
(07
Ty — 23T221 (T2L3L221)

to the equation x1zox3 = x3x122, that is, to 2.
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Proposition 29. The general solution of the equation

a+1$

29 T1X2TX3XL4 = ZZ?3($QZZ?3) 1

where \ is a natural parameter, is described by the transformations

o — 1,
z1 — (w3(z223) 1) 24,
t r3 — 1, (28)
Ty — 1, ’

where B is a natural parameter.

Proof. The equation 29 can be divided into a collection of equations by means of
the conditions 0(z2z3) = 0 and J(z2z3) > 0.

The equation 29 with d(zaz3) = 0 can be reduced by the transformation t to
the equation 1.

The equation 29 with d(x2x3) > 0 by Proposition 8 can be reduced by the
transformation o7 — (z3(xo23)**t1)P21, where 3 is a natural parameter, to 28.

Proposition 30. The general solution of the equation

30 T1ToX3T4 = x2x§+3x1 with O(x2) < O(x1) < 8($2x§‘+3),

where « s a natural parameter, is described by the transformations

T — x2x§‘+2x1, T — xgxgxl,
xr3 — T1X3, XT3 — T1X3,
x4 — (x321)"2, 24 — za(z123) 21,
(2), (29),

where (3 is a natural parameter with § < o + 2.
Proof. The equation 30 can be reduced by the transformation

x1—>x2x§x1 (B < a+2),
T3 — T1T3

to the equation F:

)a+2—ﬁ

Lo2X1X3XLy4 = 1‘3((E15L‘3 1‘2($11‘3)65L‘1.

The equation E can be divided into a collection of equations by means of the
conditions B =a+2 and f < a + 2.

The equation E with 8 = a + 2 can be reduced by the transformation z, —
(xgxl)o‘+2 to the equation xex1x3 = x37271, that is, to 2.

The equation E with § < a + 2 can be reduced by the transformation z, —
x4(x123) 21 to the equation

)a+2—ﬁ

Tox123%4 = x3(T123 Z2,

that is, to 29.

Proposition 31. The general solution of the equation

31 T1T2T3Ty = x2$§+3x1,

where « is a natural parameter, is described by the transformation

{xl — Fi(zy, 202§ ) Pay,

Fi a+3
zo — Fi(zoa§ ™3 my)Hlpy,
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where u is a variable for sequences of natural parameters, followed by one of the
three transformations

Ty — 1,
Tr1 — 1,

T3 — 1, a+2 <30>
Ty — Ty 5

T4 — 1,

Proof. This follows directly from Propositions 9 and 30.
Proposition 32. The general solution of the equation
32 T1ToT3T4 = T2THT1Ts,

where X\ is a natural parameter, is described by the transformations

a— 0, a—1,

t |25 — 2314, tt | x5 — 24,
(1), (2),

a— 2, a— v+ 3,

ttt | 2y — zaxs, ttt | zy — x4,
(27), (31),

where v is a natural parameter.

Proof. The equation 32 is divided into a collection of equations by means of the
conditions a =0, a =1, a = 2, a« = 7 + 3, where v is a natural parameter.

The equation 32 with @ = 0 can be reduced by the transformation t to the
equation z1xo = x2x1, that is, to 1.

The equation 32 with o = 1 can be reduced by the transformation tt to the
equation x1xox3 = Tor3x1, that is, to 2.

The equation 32 with o = 2 can be reduced by the transformation ttt to the
equation r1xox3Ts = xgxgxl, that is, to 27.

The equation 32 with @ = v + 3 can be reduced by the transformation tttt to
the equation x1Tox324 = :z:2x§+3x1, that is, to 31.

Proposition 33. The general solution the equation
33 T1To = THT4,
where « s a natural parameter, is described by the transformations

r1 — (z173)P 21,

o -8 71— 1,
T1 — TET4, 2o — x3(x123)7 Py,
T2 — X4,
Ty — T4, T3 — L1243,
a— 0,
a—y+1,

where B,7 are natural parameters.

Proof. The equation 33 can be divided by means of the conditions d(z2) < 9(x4)
and 0(xz2) > I(x4).

The equation 33 with 9(xz2)
T4 — x422 to the equation x; =

O(x4) can be reduced by the transformation

<
T5T4.
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The equation 33 with d(x2) > d(z4) and o > 0 can be reduced by the transfor-
mation

r3 — T1T3,
xy — (z123) 21,
xy — w3(z1w3)* Py
to the equation 1.
The equation 33 with d(xz3) > 9(x4) and o = 0 can be reduced by the transfor-
mation
x1 — 1,
T — X4,
a—0

to the equation 1.

Proposition 34. The general solution of the equation

34 T1T2T3T4 = x§‘+1x5,

where « s a natural parameter, is described by the transformations

zy — {0, z1 — (T122)% 71,
xy — xy e, Ty — :c717+0, Ty — T1T2,
Ty — T1T2T3T4, a— v+ 1, T5 — T5T3T4,
(33), (4),

where (,7v,n,0 are natural parameters with 8 < .

Proof. The equation 34 can be divided by means of the conditions d(z1) > d(z5™")
and 9(x1) < A(z5™H).
The equation 33 with d(z;) > d(z5™") can be reduced by the transformation
T — xS‘Hxl to the equation xizox324 = X5.
The equation 34 with d(z;) < d(z5 ') can be reduced by the transformation
x1—>x§x1 (B<a+1),
T2 — T1X2
to the equation F:
T1Tox31y = To(T122) Pas  with § < a, d(z2) > 0.

If B < «a, then by Proposition 1 the equation E is reduced by the parametric
transformation
1 — af,
o — &C?,

where 7, 0 are natural parameters, to the equation

vazs = 20O

with d(xf) > 0, that is, to 33.
If 3 = «, then the equation F is reduced by the parametric transformation
r5 — x52x3T4 to the equation x1xs = xoxs, that is, to 4.

L5
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Proposition 35. The general solution of the equation

a+1$

35 T1X2TX3XL4 = ZZ?3($QZZ?3) 5,

where « s a natural parameter, is described by the transformations

r1 — (r123%2)7 11,

T3 — L1T3,

Ty — x3(z22123)* w5,
(2),

x1 — (z12322) "y,

T3 — T1T3,

Ty — T5g,
(6),

vy — x3(x10223)7 21,

Xro — 1T

ttt 2 142, .
oa—T—

x4 — Toxz(T12223) x5,

(2),
Ty — $3($1$2$3)a$1,
T2 — T1X2,

tttt
L5 — T5T4,

(7),

T1 — T3(T2T3
ttttt (
L5 — T1L2X3T4,

)a+11’1,

where T is a natural parameter.
Proof. The equation 35 can be divided into the collection of equations
(j) 835 with d((z2x3)7) < d(z1) < I(z3(x223)7), T < @ + 1,
(jj) 35 with d(z3(wax3)™) < A(w1) < I((w2w3)™ ), 7 < q
(jii) 35 with d(x3(waz3)*Tt) < d(xy).
The equation (j) can be reduced by the transformation
Ty — (r322) 71,
T3 — 13
to the equation F:

)a+1—7’

Tox1x3%4 = x3(Tax1X3 Ts5.

If 7 < a+ 1, then the equation F can be reduced by the transformation x4 —
x3(xax123)* x5 to the equation xoxixs = x3w0w1, that is, to 2.

If 7 = a+1, then the equation E can be reduced by the transformation x5 — x5x4
to the equation xex123 = 2375, that is, to 6.

The equation (jj) can be reduced by the transformation

-
r1 — z3(T273)" 21,
Xrog — X1X9

to the equation F:

a—T
T1Taw3x4 = Tox3(T12223)" X5,
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If 7 < «, then the equation E can be reduced by the transformation x4 —
x2x3(x1x2x3)o‘_T_1x5 to the equation x1zsx3 = xox321, that is, to 2.

If 7 = «, then the equation E can be reduced by the transformation x5 — x5x4
to the equation xyzox3 = xox375, that is, to 7.

The equation (jjj) can be reduced by the transformation

xryp — $3($2$3)a+1$1

to the equation x1xex324 = 5.

Proposition 36. The general solution of the equation

_ a+l
T1XT2XT3L4 = T3 Ts,

where « is a natural parameter, is described by the transformations

L5 = L1L2L3L4,

z1 — (z123) 21,
tt |23 — zis,

(35),
z1 — (z123)%21,
r3 — X113,

ttt
L5 — T5T4,

(6),

where (3 is a natural parameter with 3 < .

Proof. The equation 36 can be divided by means of the conditions d(z1) > d(z§™")
and 9(x1) < A(z§™h).

The equation 36 with 9(x;) > d(x5+") can be reduced by the transformation

T — x?“xl to the equation xizox324 = X5.

The equation 36 with d(z;) < d(z§ 1) can be reduced by the transformation
x1—>x§x1 (B<a+1),
T3 — T1X3
to the equation F:
ToT1T3Ts = x3(x1x3)o‘_ﬁx5 with 8 < a.

If 8 < «, then FE is 35.

If 3 = «, then £ can be reduced by the transformation x5 — xsx4 to the
equation rox1x3 = X375, that is, to 6.
Proposition 37. The general solution of the equation
37 T1ToX3T4 = x2x§+1x5,

where « is a natural parameter, is described by the transformations

Tl — X221,
xrp — 1, N
t a tt To — (332171) €2,
T4 — 133 Ts,
(36),

where X\ is a natural parameter.
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Proof. The equation 37 can be divided by means of the conditions d(z1) = 0 and
8($1) > 0.

The equation 37 with d(z1) = 0 can be reduced by the transformation z; — 1
to the equation x4 = z§zs.

The equation 37 with d(x1) > 0 by Proposition 8 can be reduced by the trans-
formation x9 — 2722 to the equation 37 with d(z1) > d(x2), which in turn can be
reduced by the transformation 1 — x2x1 to the equation

T1ToX3Ts = xg‘ng, with d(z1) > 0,

that is, to 36 with d(x1) > 0. On the other hand, the transformation tt, (36) is a
parametric solution of 37.

Proposition 38. The general solution of the equation

38 ToX1X3Xy4 = 1‘3(E1((1‘1{E3)>\+1$1)N+15L‘5,

where A\, k are natural parameters, is described by the transformations

T3 — T2x3,
tl | 24 — zaxs(z12023) 01 (21 2203) M L2y ) s,

(12),
x] — x?w,
t2 T — 583510?,
T4 — x4(x§’+9x3)>‘x;7+0((x?+0x3)>‘+1x717+0)”x5,
(5)
€Tl — T2,
(3 %2 2322x1 ((212223) T a021) T (22m123) 7 20,
x4 — 21(222321) " ((22123) M 0wy ) 25,
(2),
T — J:Y'H),
 § @ o 2l (@ ) M) (@ ) M,
4 — 2a2] 0 (22O (2 ag) M) T e,
(5),
z1 — (z122) oy,
5 29 — x3(x120)P 21 (((2122)P 21 23) M (21 22)P 201 )"
'(($1$2)ﬂ$1$3)k+1$1$2,
T5 — ToT1T3T4,
T2 — Tow3wy ((w12223) 21T (21 2023) 7 21 22,
6 T3 — T2T3,

T4 — T3T1 (1172$3:Z?1)A—0—1((x1$2$3)k+1$1)n—7$57

(2),
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T2 — ox3x1 ((w120223) M 21T (21 2023) Moy 2,

t7 T3 — X2T3,
24 — zas(T10223) 21 ((T12223) 2y )" s,
(12),
g = Towsw ((w12223) 1) (212273) Y2122,
t8 T3 — T2I3,
T5 — T5T4,

(10),

£9 {332 — z3z1 ((w123) 2y )T la,,

Ty — T2X1T3T4,
where 1,0, 7,0, 0 are natural parameters.

Proof. The equation 38 can be divided into the collection of equations:

(j) 38 with 9(x2) < d(x3),

(jj) 38 with d(z3) < 9(x2) < I(w371),

(3jj) 38 with

8(1'3%1(($1$3)>\+1{E1)T(1‘1$3)0 S 8(1'2)
< O(wszy ((x123) M ay) T (2123) 7 1), T<k+1l,0<A+1,
(jiij) 38 with
8(IE3ZZ?1(($1$3))\+1ZE1)T($1$3>GZE1) S 8(2132)

< Oxzzy ((x123) o) (2123)7 ), T<Kk+1lo<A+1,

The equation (j) can be reduced by the transformation
T3 — T2X3,

A+1

Ty — x4x3(z1x2x3)kx1((x1x2x3) x1) s

to the equation xzox3w4 = T32329 With d(23) > 0, that is, to 12.
The equation (jj) can be reduced by the transformation

T2 — X372,

L1 — Taly,
1 — af,
Xro — I‘?,
n+6 A, n+0 n+0 A+1,.n+0
xg — wa(] xz) 2] (2] as) 2] ) s

to the equation z3zy = x}x3, that is, (vaz3z1)129)" to 5.
The equation (jjj) can be reduced by the transformation

xo — w3my ((x123) N 21) 7 (2123) 22,
Tl — X221
to the equation F:
ToX1T3XL4 = 131($3ZE2$1))\+1_0((%21312133)>\+12132$1)N_TZE5.
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The equation F with A+ 1 > ¢ can be reduced by the transformation

A+1

zg — 21 (222321) 7 (o1 23) T 201 )" 25

to the equation xox1x3 = 12372, that is, to 2.
The equation E with A+1 = o and 7 < k can be reduced by the transformation

1 — af,
Xro — I‘?,
n+6 7]+9))\(($71]+9$3))\+1$§7+9)K—T—1

xq — zax] (x3] Ts

to the equation x3zy = x?xg, that is, 5.
The equation F with A+1 = ¢ and 7 = k can be reduced by the transformation

Xrp — $§ZIJ1,
T2 — X172,
Ty — L2X1T3T4

to 1.
The equation (jjjj) can be reduced by the transformation

zo — x3zy ((T123) N wy) " (21 23) 7 21 22,

T3 — X223
to the equation F:
_ A A+l _
1222324 = 2321 (Xax321)" 7 ((X1@223)" 1) w5

with 8(x3) > 0.
The equation F with A > ¢ can be reduced by the transformation

)\+1$1)n—7

T4 — $3$1($2$3$1))\_0_1((1312132133) Ts

to the equation zox1x3 = T1x322, that is, to 2 with d(x3) > 0. On the other hand,
t6 is a parametric solution of 38.
The equation E with A = ¢ and x > 7 can be reduced by the transformation

)>\+1 )n—r—l

Ty — 1‘4$3((E15L‘2(E3))\5L‘1((1‘15L‘2$3 I I5

to the equation x1z2x314 = T32329 With d(z3) > 0, that is, to 12.

The equation F with A = ¢ and x = 7 can be reduced by the transformation
x5 — X524 to the equation z1xexs = xgxiw5 with d(xs) > 0, that is, to 10 with
9(z3) > 0. On the other hand, t8 is a parametric solution of 38.

zo — waaq ((x123) M ay) Ty,

Ty — ToX1X3T4
to the equation 1.

Proposition 39. The general solution of the equation

39 T1T2T3T4 = x3$f+lx5,
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where « s a natural parameter, is described by the transformations

r1 — 1, To — T3T9,
t1 o — 1, t2 | 23 — (z12320) 1123,
T4 — Ts, (34),
z1 — (z123)7 2y,
z1 — (z123)7 ey, Ty — T3T2,
w3 — ((wras) ™ aws) e — ((z123) 2w2)
t3 3 123 12 123, t4 3 173 x2) 1173,
a— k41, T5 — T5T3T4,
<38>7 o — O,
(4),
z1 — (z12223) 7 1y,
r3 — ((r12023)Y Thw29) N0y 2003, To — xT5,
tb 5 — T5%4, t6 xr3 — ($?+1$5))‘,
a — 0, T5 — T5X4,
(10),
T1 — T2,
To — 1,
s 2 Ty — (v211) 22,
t7 3 b t8 r3 — ((!’Ezl‘l)v—i_ll@))‘,
Ty — s, B—~
rq — (v122)" V2175,
a— 0,
a— [f+1,

where N\, 7, Kk, 3 are natural parameters.

Proof. The equation 39 can be divided into the collection of equations:

(J) 39 with 8(:51:102) = 07

(ji) 39 with d(z1x2) > 0.

The equation (j) can be reduced by the transformation ;1 — 1, 22 — 1 to the
equation x4 = xs.

The equation (jj) by Proposition 8 can be reduced by the transformation

xr3 — (331172))‘333,
where A is a natural parameter, to the equation E:
T1ToT3Ty = argxf""la:g) with d(z3) < O(x122).

The equation E can be divided by mean of the conditions d(x3) > 9(z1) and
The equation E with d(z3) > 9(x1) can be reduced by the transformation zs —
T1%3, T — T3T2 to the equation woriT37T4 = :z:f+1x5 with d(z2) > 0, that is, to
34 with d(x1) > 0. On the other hand, t2 is a parametric solution of 39.
The equation F with d(z1) > 0(z3) can be reduced by the transformation x; —
r3x1 to the equation Fi:
r12ox374 = (2321)* s with d(z122) > 0.

The equation F; with d(x3) > 0 by Proposition 8 can be reduced by the trans-
formation z; — xgxl, r3 — x173 to the equation Fs:

ToT1T3T4 = xgxl((x1x3)7+1a:1)o‘x5 with 9(xz3) > 0.
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The equation Ey with o > 0 is 38 with d(x3) > 0. On the other hand, t3 is a
parametric solution of 39.

The equation Es with a = 0 and 9(z2) > 9(x3) can be reduced by the transfor-
mation xo — T3T2, T5 — Ts5T3x4 to the equation zoxy = x1x5, that is, to 4.

The equation Fs with « = 0 and 9(z2) < d(z3) can be reduced by the transfor-
mation x3 — Tox3 to the equation xixsx3 = x3x175, that is, to 10.

The equation E; with d(z3) = 0 can be reduced by the transformation z3 — 1
the equation Fjs:

ToTq = 2T Ts5.

The equation F3 with d(z4) < 9(x5) can be reduced by the transformation
T5 — TsT4 to the equation x9 = x{xs.

The equation E5 with d(z4) > 0(z5) and a = 0 can be reduced by the transfor-
mation x4 = x425, @ — 0 to the equation zoxy = 1.

The equation F5 with d(z4) > 9(x5) and @ = S+ 1 can be reduced by the
transformation

a— [B+1,

Tl — T2T1,

T2 — ($2$1)V$27

T4 — (x1x2)6_7131135

to the equation 1.

9. MORE EQUATIONS AND SOLUTIONS

In this section we will denote the words in the alphabet of primitive paramet-
ric words Pi,..., Py by ((P1,...,P), v(P1,..., Px), o(P1,...,P;). The natural
numbers will be denoted by ¢, r, s, the natural parameters by «, 3, A, 7, and the
primitive parametric word by P.

The proofs of Propositions 40-55 are simple and very similar to proofs of the
previous propositions, so we shall omit them.

Proposition 40. The general solution of the equation
40 T1Tax3T4 = X2l (122, x3)x1  with O(xa) > 0,
where x3 occurs in ((x122,x3), is described by the transformations
1 — 2%,
To — xf,

a+p
x4 — zqv(z] ", x3)x,

(5),
where ((x172,x3) is (v112)9 T x3v (2120, 23);
Ty — T4220(T122, T3) 71,
(32),
where ((x1x2,x3) is x§+1x1x21j($1x2, x3); and
(32),

where ((z112,73) is xg'H,
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Proposition 41. The general solution of the equation
41 xox1x3xs = x3((T123, x2)x1  with O(x3) > 0,
where xo occurs in ((xr1x3,x2), is described by the transformations

Ty — ZB4U($1$3,$2)$1,
(29),

where ((x173,12) is (v173) 1 wov(21 03, 12);

T4 — T4230(2123, T2),
(20),
where ((x1x3,T2) is x£+1x1x3v(x1x3, x2);

Ty — Tax30(2123, T2),
(12),

where ( (2173, 12) is v3x1230(T173, T2);
xg4 — wex30(T123, T2),
(2),
where ((x1x3, T2) is Tax1x3V(T123, T2);
(20),

where ((x1x3,T2) is x§+3;

where ((x173,12) is x3; and

where ((x1x3,T2) is T2.

Proposition 42. The general solution of the equation

42 T1Tox3xs = ((T2,23)T1

where o and x3 occur in ((x2,x3), is described by the transformations

x2 — 1,

xr3 — 1,

Ty — 1
z1 = (p(@2, 13)T20(22, 73)) " P(22, T3) 71,
T2 — T122,

(40),
where ((x2,x3) is p(xa, r3)x2v (22, 23); and

x1 — (p(w2, 23)w30(%2, 73))“p(2, 73) 71,
T3 — T13,

(41),

where ((x2,23) s o(xa, x3)r30(T2, X3).
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Proposition 43. The general solution of the equation
43 T1Tox3xy = xo( (122, x3)T5 with O(xg) >0
is described by the transformations
(34)
where {(x1x2,x3) is 1;
1 — zf,
zo — 2P
2 €y,
(33),
where ((x179,13) is (v1m2)7F!;

Ty — T4220(T122, T3)T5,
(40),

oy zov (222, 13)75;

(37),

(e}

xr1 — ‘Tl )

B8

To — 7,
Ty — T4T5T5,

(5),

where ((z122,x3) is (T122)%25

where ((x1x2,x3) is $§+1; and

where ((x1, ) is (v122)9H af T
Proposition 44. The general solution of the equation
44 Tow1x3xy = x3((T123, T2)T5 with O(x3) >0

is described by the transformations

(36),
where ((x1x3, T2) is 1;

(35),
where ((z173,12) is (v113)?F!;

(39),

where ((x1x3,x2) is a:gH;

zy — xav(T123, T2)T5,
(29),

where ((x173,72) is (v173)9 T x0v (2123, T2);
Ty — T4230(T123, T2)T5,
(2),
where ((x1x3,x2) is Tox1x30(T123, T2)T5;
(12),
where ((z173,12) is vix1230(T103, 2)T5; and

(20),
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where ((x1x3,T2) is x§+3

T1230(T123, T2)T5.

Proposition 45. The general solution of the equation

45 L1X2X3XL4 = C($2,$3)$5

where xa,x3 occur in ((xa,x3) is described by the transformations
r1 — (2, 73)71,

Ts — T1T2X3T4;

1 — @(z2,z3)21,
T2 — T1T2,
(43),

where ((x2,x3) is p(xa, x3)x2v (22, 23); and

ry — <,0($2,1173)171,
r3 — X173,
(44),

where ((x2,23) s o(xa, x3)r30(T2, X3).
Proposition 46. The general solution of the equation
46 1027324 = ((21,T2)ws3,
where 1,2 occur in ((x1,x2), is described by the transformation
1 — zf,
Ty — 2P
2 Zy,
(5).
Proposition 47. The general solution of the equation
47 21292314 = ((21,22)T5,
where 1,29 occur in ((x1,x2), is described by the transformation
1 — zf,

X9 —>CL‘?,

(33).
Proposition 48. The general solution of the equation
48 ToT1T3T4 = ($3$1)T+1<(ZII1$3, (xlxg)’\xl)arg
with 0(x2) < O(z3xz1) is described by the transformations

T3 — TaT3,
x4 — (232122)",
(2),

where ((z1x3, (x123) 21) is 1;

xr3 — T2X3,
Ty — 14 P,
(12),
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where ((x12923, (T12923) 21 )22 can be 112 P;

T3 — ToT3,
T4 — T4 P,
(20),

where ((x12923, (T120923) 21 )22 can be x?”xQP;

T2 — I3T2,
T1 — T2,
x4 — (212322)",

(2),
where ((z173, (x123) 21) is 1;

T2 — I3T2,
T1 — T2,
-1 A
x4 — T1(x3w221)" (222123, (X221 23) X221 ) T3T2,
(2),
where r > 0; and
T2 — I3T2,
T — 21,
Ty — (,C4P,
1 — zf,

To — xf,
(5),
where r = 0, and 11((z27123, (Tam123) 2221 )T372 can be (voxy)*HazP.
Proposition 49. The general solution of the equation
49 Tor1x3Ts = x123¢(T1 23, (21311?3))\2131)132
with O(x2) < O(x1x3) is described by the transformations

T1 — T2,
T4 — P,

(2),
where (w2123, (T2123) T2m1)T2 can be xoP;

T2 — T1T2,
xr3 — T2X3,
Ty — P7

(2),
where ((x12923, (T12923) 1) 2172 can be v129P;

T2 — T1X2,

T3 — T2T3,

Ty — x4 P,
(12),
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where ((x12923, (T12923) 1) 2172 can be x2xoP;
T2 — T1T2,
xr3 — T2X3,
Ty — w4 P,
(20),
where ((x12923, (T12923) 1) 2172 can be x‘f+3x2P; and
Ty — X122,
T3 — T3,
T4 — x4 P,
(29),
where ((x12923, (T120923) 21 ) 2102 05 Tow371 P.
Proposition 50. The general solution of the equation
50 ToX1X3Xy4 = ($1$3)A$1C($1$3,1‘31‘1, (l'lxg)A{El)fL'g
with O(x3) < O((x123) x1) is described by the transformations
ry — (z123) 22,
T1 — T221,
T4 — P,
(2),
where (xox123) T (2221 73, 237221, (Tox123) 2z ) (w221 73) 20 can be x3wa P;
ry — (z123)7 22,
Ty — T2T1,
T3 — 1,
Ty — 1,
(1),
where (xox123) " (w221 13, 237221, (Tox123) 2z ) (w221 73) T2 Ccan be xo;
Ty — (z123)7 22,
Ty — T2T1,
x4 — x4 P,
1 — zf,
B
T2 — T,
(5),
where (xox123) " (w221 73, 237221, (Tox123) oz ) (w221 73) 20 can be zowi 3 P;
Ty — (r123)7 2172,
xr3 — T2X3,
Ty — P,
(2),
where (vox311) ™"~ (210023, o321, (T12003) 11 ) (11 2023) "1 T2 05 T129P; and
Ty — (z123)7 2122,
xr3 — T2X3,

T4 — T4P,
(29),
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where (vox311) "1 (211223, T2w321, (T12923) 21 ) (11 20w3) 21 T2 = Tow37 P.
Proposition 51. The general solution of the equation

51 Tox w3y = (x321)" T (2013, ($1$3)A$1)$5

with 0(x2) < O(zsxz1) is described by the transformations

T3 — Tol3,
L5 — T5&4,
(10),

A

where r = 0 and ((z123, (x123) 21) is 1;

T3 — T2T3,
T4 — P,

(2)
where (xox311)" ¢ (212273, (T12223) 01 )15 is T2 P;

T3 — T273,
T4 — T4 P,
(12),

where (xox311)"C (212223, (212223) 01 ) L5 can be x129P;

T3 — T273,
T4 — T4 P,
(20),

where (vox311)"((210223, (T12223) 11 )25 can be x‘f+2x2P,'

T2 — I3T2,
T1 — T2,
T5 — T5T3T4,

(4),
where r = 0, ((z123, ($1$3))‘$1) =1

Tg — T3T2,
T1 — T2,
x4 — 21(232221)" " (w271 23, (221 23) D221 )T — 5,
(2),

where r > 0;

To — T3T2,
T1 — T21,
Ty — 34 P,
1 — xf,
o — CL‘?,

(5),
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where v = 0 and ((xox173, (ox123) w221)25 can be (vax1) 23 P; and
T2 — T3T2,
T1 — X221,
1 — xf,
o — CL‘?,
(33),
where r = 0 and {(zox1 73, (2w123) 21) can be (zax1)T.
Proposition 52. The general solution of the equation
52 Tox1 7324 = 2173C (2173, (T173) 21 )25
with O(x2) < O(x1x3) is described by the transformations

xr1 — T2%1,
T5 — T5T4,
(7),
where ((z1x3, (x123) 1) is 1;

T1 — T271,
x4 — Pxs,

(2),
where ((z2x123, (T22123) T211) can be xoP;

T2 — T1T2,
T3 — Tals,
T5 — T5Zy,
(6),
where ((z1x3, (x123) 1) is 1;

Ty — 2122,
T3 — T2X3,
(39),
q+1,
1

)

where ((x12923, (v10223) 1) can be x

T2 — T1T2,
T3 — T3,
Ty — P
(2),
where ((x12923, (x120223) 1) can be 129 P;

Ty — T1T2,

T3 — T2T3,

Ty — 14 P,
(12),

where ((z17273, (T17223) 1) can be x2x9P; and

T2 — T1X2,

T3 — T2T3,

Ty — x4 P,
(20),
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where ((x12923, (T12923) 1) can be ;vf+3x2P.
Proposition 53. The general solution of the equation
53 Tox17324 = (T123) 21 ( (2123, (T123) 71 )25
with O(w2) < O((v123) w1) is described by the transformations
xy — (v133) 22,
T1 — T221,
T5 — T5T3T4,
(4),
where ((z123, (x123) 1) is 1;
ry — (z123) 22,
T1 — T221,
x4 — T4 P,
1 — zf,
B
T — T,
(5),
where (xox123)* T ((221 73, (T22123) T2m1 )25 can be (zowy)T a3 P;
xy — (z123) 22,
T1 — T221,
1 — zf,
o — CL‘?,

(33),

where (wox123) " ((2om123, (Tax123) 2w1) can be (zoxq)?T;

Tg — (!101583)’\_1561!1027
T3 — T2X3,
T5 — T5T4,

(10),
where ((z173, (T17371) is 1;

Tg — (!101583)’\_1561!1027

T3 — T2T3,

(39),

where ((x17223, (v17223) 1) can be xf“;

To — ($1$3)’\_17
T3 — X273,
T4 — P,
(2),
where ((x12923, (v17223) 1) can be T112P;
To — ($1$3)’\_17
T3 — X273,
x4 — x4 P,
(12),
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where ((x12923, (T120223) 1) can be x2x9P; and

Ty — (wy23)M 1

xr3 — T2X3,
Ty — 14 P,
(20),

)

where ((x17223, (v17223) 1) can be $i+3x2.

Proposition 54. The general solution of the equation
54 T1T2T3Ty = a:§+1a:1§(x1,x3):1:2,
where r is a natural number, is described by the transformations
1 — 1,
Tr3 — 1,
T4 — 1
x) — (z123) 1,
T3 — T1T3,
zy — ((z321) T ((w123) w1, 123) ) 0 (21 23) N1, 321, 21 203) 0,

where xgHC(xl,xg) is v(x1, x5, x3)e(x1, X5, T3), followed by one of the three trans-
formations (48), (49), (50).

Proposition 55. The general solution of the equation

55 T1T2T3Ty = x§+1x1§(x1,x3)x5,

where r is a natural number, is described by the transformations
x1 — (z123) 01,
I3 — T1T3,
zg — o((x123) 21, 2371, 2123) 22,

where xf T C(x1, 3) is (21,6, v3)V(T1, T4, 23), followed by one of the four trans-
formations (51), (52), (53), or x5 — xow1x32T4, where v(xy1,xg,x3) is 1.

Proposition 56. The general solution of the equation
56 T12027324 = ((T1, T2, T3)T5

is described by the transformations (42); (46); (54); (45); (47); (55); (34); (36);
x5 — T1T2x324, where ((x1,22,23) = 1.

Proof. If x1,x9,x3 occur in ((z1,z2,x3), then the equation 56 has one of the fol-
lowing three forms:

Ei:  xzimexswy = v(xa,x3)r10(21, T2, T3)T5,
where x9 and x5 occur in v(z2, x3);

Ey:  ximexswy = v(x1,x2)r30(21, T2, T3)T5,
where x1 and x5 occur in v(z1, 2);

Es:  ximexswy = v(x1,x3)T20(21, T2, T3)T5,

where 21 and x3 occur in v(z1,x3).
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The equation E; can be reduced by the transformation

T4 — Tap(T1, T2, T3)T5

to the equation 42.
The equation Es can be reduced by the transformation

T4 — Tap(T1, T2, T3)T5

to the equation 46.
The equation E3 can be reduced by the transformation

T4 — 140(T1, T2, T3)T5
to the equation 54.
If only z9, x5 occur in ((z1, z2, z3), then 56 is 45.
If only 21,z occur in ((z1, z2, z3), then 56 is 47.
If only 21, 25 occur in (x1, x2, x3), then 56 is 55.
If only 29 occurs in (1, x2, x3), then 56 is 34.
If only x5 occurs in (1, x2, x3), then 56 is 36.
If {(x1,z2,x3) is the empty word, then 56 has the form zzoz324 = 5.
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