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FUNCTIONS FOR PARAMETRIZATION OF SOLUTIONS
OF AN EQUATION IN A FREE MONOID

GENNADY S. MAKANIN AND TATIANA A. MAKANINA

Abstract. In this paper we introduce recursive functions

Fi(x1, x2)λ1,...,λs (s ≥ 0),

Th(x1, x2, x3)
λ1,...,λ2s
i (i = 1, 2, 3; s ≥ 0),

Ro(x1, x2, x3)
µ1,...,µs
i (i = 1, 2, 3; s ≥ 0)

of the word variables x1, x2, x3, natural number variables λk and variables
µk whose values are finite sequences of natural number variables. By means
of these functions we give finite expressions for the family of solutions of the
equation

x1x2x3x4 = ζ(x1, x2, x3)x5,

where ζ(x1, x2, x3) is an arbitrary word in the alphabet x1, x2, x3, in a free
monoid.

1. Introduction

In 1960 Lyndon [1], [2] considered equations with one unknown in a free group
and proved that the family of solutions of such an equation can be represented by
a finite number of parametric words. In 1967 Khmelevskii [3] considered equations
with three unknowns in a free monoid and proved that the family of solutions of
such an equation can be represented by a finite number of parametric words. For
a short time after that it was believed that the solutions of all equations in a free
group or a free monoid are parametrizable. However in 1971 Khmelevskii [4] pointed
out that the solutions of Markov’s equation x1x3x2 = x2x4x1 with four unknowns
in a free monoid is not parametrizable by a finite number of parametric words.

Parametrizations of solutions in the Lyndon-Khmelevskii sense (now called prim-
itive parametrization) use variables of two kinds: word variables and natural num-
ber variables. We suppose that the idea of finite parametrization of the solutions
of the equations in a free group and a free monoid can be saved if we admit an ad-
ditional kind of variables, namely, variables whose values are the finite sequences of
natural number variables. In this paper we intend to demonstrate the possibilities
of the parametrization of the solutions of the equations in a free monoid by means
of parametrizing functions of variables of the three mentioned kinds on a carefully
chosen example of an equation in a free monoid. This equation is not bulky and
“contains” many known difficult equations.

Received by the editors April 14, 1997.
1991 Mathematics Subject Classification. Primary 20M05; Secondary 03D40, 20F10.

c©1999 American Mathematical Society

1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2 G. S. MAKANIN AND T. A. MAKANINA

We introduce recursive functions
Fi(x1, x2)λ1,...,λs , Th(x1, x2, x3)

λ1,...,λ2s

i , Ro(x1, x2, x3)
µ1,...,µs

i ,

where s ≥ 0, i = 1, 2, 3, of the word variables x1, x2, x3, natural number variables
λk, and variables µk whose values are finite sequences of natural number variables.
We consider here an equation of the form

x1x2x3x4 = ζ(x1, x2, x3)x5,

where ζ(x1, x2, x3) is an arbitrary word in the alphabet x1, x2, x3 in a free monoid.
We shall give concrete expression from parametric words and parametrizing func-
tions Fi, Th, Ro, which describe the family of solutions of the equation x1x2x3x4 =
ζ(x1, x2, x3)x5 in a free monoid.

We use the preprints [5] and [6].

2. Definitions and notation

Let Π be a free monoid (a free semigroup with unit) with a countable alphabet
of generators

a1, a2, . . . , ak, . . .(1)

Let

x1, x2, . . . , xn, . . .(2)

be a countable alphabet of word variables.
Let

λ1, λ2, . . . , λt, . . .(3)

be a countable alphabet of natural number variables (also called natural parame-
ters).

Let

µ1, µ2, . . . , µu, . . .(4)

be a countable alphabet of variables (called second parameters) whose values are
finite sequences of natural parameters.

Let

ν1, ν2, . . . , νv, . . .(5)

be a countable alphabet of variables whose values are finite sequences of second
parameters.

Define inductively a primitive parametric word as follows: Any word on the
alphabet (2) is a primitive word. If P is a primitive parametric word and λ is a
natural parameter, then (P )λ is a primitive parametric word. If P and Q are two
primitive parametric words, then PQ is a primitive parametric word.

We denote by L the set of linear polynomials of the form k0 +
∑r

i=1 kiλi, where
r, k0, k1, . . . , kr are natural numbers, and λ1, . . . , λr are natural parameters.

A primitive parametric transformation is defined by the application{
xi → Wi(x1, . . . , xn, λ1, . . . , λq) (i = 1, . . . , n),
λi → Li(λ1, . . . , λq) (i = 1, . . . , q),

where every Wi is a primitive word, and Li ∈ L. The components of the form
xi → xi and λi → λi are often omitted.
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SOLUTIONS OF AN EQUATION IN A FREE MONOID 3

Now we inductively define a parametric word (transformation). Any primitive
parametric word (transformation) is a parametric word (transformation).

Define the function Fi(x1, x2)λ1,...,λs for s ≥ 0, where x1 and x2 are two word
variables, and λ1, . . . , λs are natural parameters, inductively as follows:

Fi(x1, x2) = 1,

Fi(x1, x2)λ1,...,λs = (Fi(x2, x1)λ2,...,λsx2)λ1Fi(x1, x2)λ3,...,λs (s ≥ 1).

In particular,
Fi(x1, x2)λ1 = (x2)λ1 ,

Fi(x1, x2)λ1,λ2 = ((x1)λ2x2)λ1 ,

Fi(x1, x2)λ1,λ2,λ3 = (((x2)λ3x1)λ2x2)λ1(x2)λ3 ,

Fi(x1, x2)λ1,λ2,λ3,λ4 = ((((x1)λ4x2)λ3x1)λ2(x1)λ4x2)λ1((x1)λ4x2)λ3 .

The empty sequence is denoted by ∅. Let µ be a variable whose values are finite
sequences of natural parameters. The variable µ| is connected with a variable µ as
follows: If µ = λ1, λ2, . . . , λs, where s ≥ 1, then µ| = λ2, . . . , λs. If µ = ∅, then
µ| = ∅.

A transformation is defined by the application{
x1 → Fi(x1P, x2Q)µx1,

x2 → Fi(x2Q, x1P )µ|x2,

where P, Q are parametric words on the alphabet x3, . . . , xn and µ is a variable
whose values are finite sequences of natural parameters, is a parametric transfor-
mation (by the function Fi).

We next define by a joint induction the functions
Th(x1, x2, x3)

λ1,...,λ2s

1 ,

Th(x1, x2, x3)
λ1,...,λ2s

2 ,

Th(x1, x2, x3)
λ1,...,λ2s

3 ,

for s ≥ 0, where x1, x2, x3 are three word variables, and λ1, . . . , λ2s are natural
parameters. Specifically, we set

Th(x1, x2, x3)i = 1 (i = 1, 2, 3);

Th(x1, x2, x3)
λ1,...,λ2s

1 = (Th(x1, x2, x3)
λ1,...,λ2s

3 x3)λ1Th(x1, x2, x3)
λ3,...,λ2s

1 ;

Th(x1, x2, x3)
λ1,...,λ2s

2

= (Th(x1, x2, x3)
λ3,...,λ2s

2 x2
Th(x1, x2, x3)

λ3,...,λ2s

3 x3
Th(x1, x2, x3)

λ3,...,λ2s

1 x1

· Th(x1, x2, x3)
λ1,...,λ2s

1 x1)λ2Th(x1, x2, x3)
λ3,...,λ2s

2 ;

Th(x1, x2, x3)
λ1,...,λ2s

3

= Th(x1, x2, x3)
λ3,...,λ2s

1 x1
Th(x1, x2, x3)

λ3,...,λ2s

2 x2
Th(x1, x2, x3)

λ3,...,λ2s

3 .
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4 G. S. MAKANIN AND T. A. MAKANINA

Define inductively the auxiliary function
Oc(x1, x2, x3)λ1,...,λ2s

for s ≥ 0, where x1, x2, x3 are three word variables, and λ1, . . . , λ2s are natural
parameters, by setting

Oc(x1, x2, x3) = 1;

Oc(x1, x2, x3)λ1,...,λ2s

= Oc(x1, x2, x3)λ3,...,λ2s(Th(x1, x2, x3)
λ3,...,λ2s

3 x3

· Th(x1, x2, x3)
λ3,...,λ2s

1 x1
Th(x1, x2, x3)

λ3,...,λ2s

2 x2)λ1 .

A transformation defined by the application{
xi → Th(x1, x2, x3)

ξ
i xi, i = 1, 2, 3,

x4 → x4
Oc(x1, x2, x3)ξ,

where ξ is a variable whose values are even sequences of natural parameters, is
called a parametric transformation (by the function Th).

Define by a joint induction the functions
Ro(x1, x2, x3)

µ1,...,µt

1 , Ro(x1, x2, x3)
µ1,...,µt

2 , Ro(x1, x2, x3)
µ1,...,µt

3

for t ≥ 0, where x1, x2, x3 are three word variables, and µ1, . . . , µt are variables
whose values are finite sequences of natural parameters, as follows:

Ro(x1, x2, x3)i = 1 (i = 1, 2, 3);

Ro(x1, x2, x3)
µ1,...,µt

1

= Fi(Ro(x2, x1, x3)
µ2,...,µt

3 x3
Ro(x2, x1, x3)

µ2,...,µt

1 x2,

· Ro(x2, x1, x3)
µ2,...,µt

2 x1
Ro(x2, x1, x3)

µ2,...,µt

3 x3

· Ro(x2, x1, x3)
µ2,...,µt

1 x2(Ro(x1, x2, x3)
µ1,...,µt

3 x3)2)µ1

· Ro(x2, x1, x3)
µ2,...,µt

3 x3
Ro(x2, x1, x3)

µ2,...,µt

1 x2

· Ro(x2, x1, x3)
µ2,...,µt

2 ;

Ro(x1, x2, x3)
µ1,...,µt

2

= Fi(Ro(x2, x1, x3)
µ2,...,µt

3 x3
Ro(x2, x1, x3)

µ2,...,µt

1 x2

· (Ro(x1, x2, x3)
µ1,...,µt

3 x3)2, Ro(x2, x1, x3)
µ2,...,µt

3 x3

· Ro(x2, x1, x3)
µ2,...,µt

1 x2
Ro(x2, x1, x3)

µ2,...,µt

2 x1)µ1|

· Ro(x2, x1, x3)
µ2,...,µt

3 x3
Ro(x2, x1, x3)

µ2,...,µt

2 ;

Ro(x1, x2, x3)
µ1,...,µt

3 = Ro(x2, x1, x3)
µ2,...,µt

2 x1
Ro(x2, x1, x3)

µ2,...,µt

3 .

Define inductively the auxiliary function
Re(x1, x2, x3)µ1,...,µt

for t ≥ 0, where x1, x2, x3 are three word variables, and µ1, . . . , µt are variables for
sequences of natural parameters:

Re(x1, x2, x3) = 1;
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SOLUTIONS OF AN EQUATION IN A FREE MONOID 5

Re(x1, x2, x3)µ1,...,µt = Re(x2, x1, x3)µ2,...,µtRo(x2, x1, x3)
µ2,...,µt

2 x1.

A transformation defined by the application{
xi → Ro(x1, x2, x3)ν

i xi, i = 1, 2, 3,

x4 → x4
Re(x1, x2, x3)ν ,

where ν is a variable whose values are finite sequences of second parameters, is a
parametric transformation (by the function Ro).

A composition of parametric transformations is a parametric transformation.
Any word in the right side of a parametric transformations is a parametric word.

A coefficient transformation is defined by the application
xi → Xi (i = 1, . . . , n),
λi → Λi (i = 1, . . . , t),
µi → Mi (i = 1, . . . , u),
νi → Ni (i = 1, . . . , r),

(6)

where every Xi is a word in the alphabet (1), every Λi is a natural number, every Mi

is a finite sequence of (λ1, . . . , λt), and every Ni is a finite sequence of (µ1, . . . , µu).
A coefficient transformation

xi → Xi (i = 1, . . . , n),
λi → Λi (i = 1, . . . , l),
µi → Mi (i = 1, . . . , m),
νi → Ni (i = 1, . . . , p),

is called an extension of the coefficient transformation (6) if l ≥ t, m ≥ u, and
p ≥ r.

A parametric equation in a free monoid is given by an equality of parametric
words

Φ(x1, . . . , xn, λ1, . . . , λt) = Ψ(x1, . . . , xn, λ1, . . . , λt).(7)

If Φ and Ψ are empty words, the equation (7) is called the trivial equation,
denoted by 1.

A parametric transformation (a coefficient transformation) is called a parametric
solution (a solution) of the equation (7) if the result of the application of this
transformation to (7) is the trivial equation.

We will say that the parametric transformation T contains the coefficient trans-
formation C by means of the auxiliary transformation I, if TI = C.

A finite list of parametric solutions of the equation E will be called a general
solution of E, if every solution of E is contained in some parametric solution of this
list. The general solution of E will be denoted 〈E〉.

The length of a word A in the alphabet (1) is denoted by |A|. The empty word
is denoted by 1. The length of a finite sequence B is denoted by |B|.

A condition on natural parameters has the form

L1(λ1, . . . , λq) <,≤, = L2(λ1, . . . , λq),(8)

where L1, L2 are integer polynomials. A coefficient transformation (6) is called a
solution of the equation E with condition (8) on natural parameters, if (6) is a
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6 G. S. MAKANIN AND T. A. MAKANINA

solution of E that satisfies

L1(Λ1, . . . , Λq) <,≤, = L2(Λ1, . . . , Λq).

A condition on the length of a solution has the form

0, ∂(P (x1, . . . , xn, λ1, . . . , λq)) <,≤, = ∂(Q(x1, . . . , xn, λ1, . . . , λq)),(9)

where P, Q are two primitive parametric words. A coefficient transformation (6) is
called a solution of the equation E with a condition (9) on the lengths of solutions,
if (6) is a solution of E that satisfies

0, |P (X1, . . . , Xn, Λ1, . . . , Λq)| <,≤, = |Q(X1, . . . , Xn, Λ1, . . . , Λq)|.
A condition on the length of a sequence of variables has the form

Ni <,≤, = ∂(µi),(10)

where Ni is a natural number and µi is a second parameter. A coefficient trans-
formation (6) is called a solution of the equation E with a condition (10) on the
length of sequences, if (6) is a solution of E that satisfies

Ni <,≤, = |Mi|.
A parametric transformation T is called a parametric solution of the equation

E with a condition R, if T is a parametric solution of E and the result of the
application of T to R is a true proposition for any values of the variables.

Let E be an equation with conditions and let R1, . . . , Rm be the list of new
conditions. By (E, Ri) we denote the equation E with additional condition Ri. The
equation E s said to be divided into a collection of equations (E, R1), . . . , (E, Rm),
if every solution S of E is a solution of some (E, Ri). An equation (E, R1) contains
an equation (E, R2) (and we write (E, R1) ⊇ (E, R2)), if every solution of (E, R2)
is a solution of (E, R1).

We say that the equation E1 is reduced by the parametric transformation T to
the equation E2, if E1T = E′

2, where E′
2 ⊇ E2, and for every solution S1 of E1

there exists a solution S2 of E2 such that S1 = TS∗
2 for some extension S∗

2 of S2.
We say that S2 is the image of S1 via the transformation T . We need the extension
S∗

2 , because T could have some variables that are not in E2.

Lemma 1. Let E1 be reduced by T to E2. Let S1 be a solution of E1 and S2 its
image via T . If the parametric solution Q2 of E2 contains a solution S2 of E2, then
the parametric solution TQ2 of E1 contains the solution S1 of E1.

Theorem 1. Let the equation E1 be reduced by the parametric transformation T to
the equation E2. If the general solution 〈E2〉 of E2 is Q1, . . . , Qr, then the general
solution 〈E1〉 of E1 is TQ1, . . . , TQr.

Theorem 2. Let the equation E be divided into a collection of equations with
conditions (E, R1), . . . , (E, Rm). If the general solution 〈(E, Ri)〉 of (E, Ri) is
Qi,1, . . . , Qi,ri (i = 1, . . . , m), then the general solution 〈E〉 of E is Q1,1, . . . , Q1,r1,
. . . , Qm1, . . . , Qm,rm.

Let

Kα(λ1, . . . , λq) <,≤, = Mα(λ1, . . . , λq) (α = 1, . . . , t),(11)
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where Kα, Mα ∈ L, be a system of linear Diophantine equations and inequations.
A transformation

λi → Li, Li ∈ L (i = 1, . . . , q),

is called a parametric solution of the system (11), if

Kα(L1, . . . , Lq) <,≤, = Mα(L1, . . . , Lq) (α = 1, . . . , t)

for any values of the variables.

Theorem 3. The family of solutions of the system (11) is described by a finite list
of parametric solution (see [7]).

3. Preliminaries

The following seven propositions belong to folklore (see [4], [8], [9]). Observe
that a boldface n means “the equation in Proposition n”.

Proposition 1. The general solution of the equation

x1x2 = x2x11

is described by the transformation {
x1 → xα

1 ,

x2 → xβ
1 ,

where α, β are natural parameters.

Proposition 2. The general solution of the equation

x1x2x3 = x3x1x22

is described by the transformations
x1 → 1,

x2 → 1,

x3 → x3,


x1 → (x1x2)αx1,

x2 → (x2x1)βx2,

x3 → (x1x2)γ ,

where α, β, γ are natural parameters.

Proposition 3. The general solution of the equation

x1x2x3 = xα
2 x1,3

where α is a natural parameter, is described by the transformations
x1 → xβ

1 ,

x2 → xγ
1 ,

x3 → xδ
1,

where β, γ, δ are natural parameters.

Proposition 4. The general solution of the equation

x1x3 = x2x14

is described by the transformations
x1 → x1,

x2 → 1,

x3 → 1,


x1 → (x1x2)αx1,

x2 → x1x2,

x3 → x2x1,

where α is a natural parameter.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



8 G. S. MAKANIN AND T. A. MAKANINA

Proposition 5. The general solution of the equation

x1x3 = xα
2 x1,5

where α is a natural parameter, is described by the transformations
x1 → x1,

x2 → x2,

x3 → 1,

α → 0,


x1 → x1,

x2 → 1,

x3 → 1,

α → α,


x1 → (x1x2)βx1,

x2 → x1x2,

x3 → (x2x1)α,

α → α,

where β is a natural parameter.

Proposition 6. The general solution of the equation

x1x2x3 = x3x46

is described by the transformations
x1 → 1,

x2 → 1,

x3 → x3,

x4 → 1,


x1 → x1,

x2 → x3x2,

x3 → (x1x3x2)αx1x3,

x4 → x2x1x3,


x1 → x3x1,

x2 → x2,

x3 → (x3x1x2)αx3,

x4 → x1x2x3,

where α is a natural parameter.

Proposition 7. The general solution of the equation

x1x2x3 = x2x3x47

is described by the transformations
x1 → 1,

x2 → x2,

x3 → x3,

x4 → 1,


x1 → x2x3x1,

x2 → (x2x3x1)αx2,

x3 → (x3x1x2)βx3,

x4 → x1x2x3,


x1 → x3x2x1,

x2 → (x3x2x1)αx3x2,

x3 → (x1x3x2)βx1x3,

x4 → x2x1x3,

where α, β are natural parameters.

Proposition 8. The parametric equation

x1R(x2, x3)x4 = (p(x2, x3))t+1x1Q(x1, x2, x3)x58

with ∂(P (x2, x3)) > 0, where P, Q, R are parametric words and t is a natural num-
ber, is reduced by the parametric transformation T :

x1 → (P (x2, x3, λ1, . . . , λr))αx1,

where α is a natural parameter, to the parametric equation E:

x1R(x2, x3)x4

= (P (x2, x3, λ1, . . . , λr))t+1x1Q(P (x2, x3, λ1, . . . , λr))αx1, x2, x3, λ1, . . . , λr)x5

with ∂(x1) < ∂(P (x2, x3, λ1, . . . , λr)).
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SOLUTIONS OF AN EQUATION IN A FREE MONOID 9

Proof. It is easy to verify that the substitution of the transformation T into 8
transforms 8 to some equation E′ which contains E. On the other hand, let the
transformation S1: 

x1 → X1,

xi → Xi (i = 2, . . . , 5),
λi → Λi (i = 1, . . . , r),

where the Xi are words in the alphabet (1) and the Λi are natural numbers, be
an arbitrary solution of the equation 8. Since |P (X2, X3, Λ1, . . . , Λr)| > 0, we have
X1 = (P (X2, X3, Λ1, . . . , Λr))AY1 for some word Y1 in the alphabet (1) and some
natural number A such that

A|P (X2, X3, Λ1, . . . , Λr)| ≤ |X1| < (A + 1)|P (X2, X3, Λ1, . . . , Λr)|.
After the substitution of the solution S1 in the equation we easily obtain that the
coefficient transformation S2:

x1 → Y1,

xi → Xi (i = 2, . . . , 5),
λi → Λi (i = 1, . . . , r)

is a solution of the equation E. The extension S∗
2 :

x1 → Y1,

xi → Xi (i = 2, . . . , 5),
λi → Λi (i = 1, . . . , r),
α → A

satisfies S1 = TS∗
2 . Therefore the solution S2 is the image of S1 via T . Thus

the parametric equation 8 is reduced by the parametric transformation T to the
parametric equation E.

4. The function Fi(x1, x2)λ1,...,λs

Theorem Fi1. The following identities hold:
Fi(x1, x2)λ1,...,λ2k = Fi(x1, x

λ2k
1 x2)λ1,...,λ2k−1 (k ≥ 1),

Fi(x1, x2)λ1,...,λ2k+1 = Fi(xλ2k+1
2 x1, x2)λ1,...,λ2kx

λ2k+1
2 (k ≥ 0).

Proof (Joint induction on k). If k = 0 or 1, the proof is obvious.
Suppose that k > 1. By definition, Fi(x1, x2)λ1,...,λ2k equals

(Fi(x2, x1)λ2,...,λ2kx2)λ1Fi(x1, x2)λ3,...,λ2k .

According to the induction proposition (second identity), this last expression equals

(Fi(xλ2k
1 x2, x1)λ2,...,λ2k−1xλ2k

1 x2)λ1Fi(x1, x2)λ3,...,λ2k .

According to the induction proposition (first identity), this in turn is equal to

(Fi(xλ2k
1 x2, x1)λ2,...,λ2k−1xλ2k

1 x2)λ1Fi(x1, x
λ2k
1 x2)λ3,...,λ2k−1 ,

and this is equal (by definition) to
Fi(x1, x

λ2k
1 x2)λ1,...,λ2k−1 .
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By definition, Fi(x1, x2)λ1,...,λ2k+1 equals

(Fi(x2, x1)λ2,...,λ2k+1x2)λ1Fi(x1, x2)λ3,...,λ2k+1 .

According to the induction proposition (first identity), this last expression equals

(Fi(x2, x
λ2k+1
2 x1)λ2,...,λ2kx2)λ1Fi(x1, x2)λ3,...,λ2k+1 ,

and by the induction proposition (second identity), this is in turn equal to

(Fi(x2, x
λ2k+1
2 x1)λ2,...,λ2kx2)λ1Fi(xλ2k+1

2 x1, x2)λ3,...,λ2kx
λ2k+1
2 .

But this is equal (by definition) to
Fi(xλ2k+1

2 x1, x2)λ1,...,λ2kx
λ2k+1
2 .

Consider an equation of the form x1Px2U = x2Qx1V , where P, Q are parametric
words in the alphabet x3, . . . , xn and U, V are parametric words. Consider the
sequence of parametric transformations

1. x1 → (x2Q)λ1x1,
2. x2 → (x1P )λ2x2,
3. x1 → (x2Q)λ3x1,
4. x2 → (x1P )λ4x2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2k − 1. x1 → (x2Q)λ2k−1x1,
2k. x2 → (x1P )λ2kx2,
2k + 1. x1 → (x2Q)λ2k+1x1,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(12)

where λ1, λ2, . . . are natural parameters.

Theorem Fi2. For every natural s, the sequence (12) of the first s parametric
transformation can be collected by the following common transformation:{

x1 → Fi(x1P, x2Q)λ1,...,λsx1,

x2 → Fi(x2Q, x1P )λ2,...,λsx2.

Proof. If s = 0 the proposition obviously holds. Consider two cases.

Case 1. Suppose that the sequence of the first 2k − 1 transformations can be col-
lected by the common transformation{

x1 → Fi(x1P, x2Q)λ1,...,λ2k−1x1,

x2 → Fi(x2Q, x1P )λ2,...,λ2k−1x2.

Let the 2kth transformation be of the form

x2 → x2P
λ2kx2.

Then the sequence of the first 2k transformations can be collected by the common
transformation{

x1 → Fi(x1P, (x1P )λ2kx2Q)λ1,...,λ2k−1x1,

x2 → Fi((x1P )λ2kx2Q, x1P )λ2,...,λ2k−1(x1P )λ2kx2.

According to Theorem Fi1 this transformation coincides with the transformation{
x1 → Fi(x1P, x2Q)λ1,...,λ2kx1,

x2 → Fi(x2Q, x1P )λ2,...,λ2kx2.
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Case 2. Suppose that the sequence of the first 2k transformations can be collected
in the common transformation{

x1 → Fi(x1P, x2Q)λ1,...,λ2kx1,

x2 → Fi(x2Q, x1P )λ2,...,λ2kx2.

Let the (2k + 1)st transformation be of the form

x1 → (x2Q)λ2k+1x1.

Then the sequence of the first 2k+1 transformations can be collected by the common
transformation{

x1 → Fi((x2Q)λ2k+1x1P, x2Q)λ1,...,λ2k(x2Q)λ2k+1x1,

x2 → Fi(x2Q, (x2Q)λ2k+1x1P )λ2,...,λ2kx2.

According to Theorem Fi1 this transformation coincides with the transformation{
x1 → Fi(x1P, x2Q)λ1,...,λ2k+1x1,

x2 → Fi(x2Q, x1P )λ2,...,λ2k+1x2.

Theorem Fi3. The following identities hold:
Fi(x1, x2)0,λ2,...,λs = Fi(x1, x2)λ3,...,λs ,

Fi(x1, x2)λ1,...,λr−1,0,λr+1,...,λs = Fi(x1, x2)λ1,...,λr−1+λr+1,...,λs ,

Fi(x1, x2)λ1,...,λs−1,0 = Fi(x1, x2)λ1,...,λs−1 .

Proof. Follows from Theorem Fi2.

Proposition 9. The parametric equation

x1x
α
3 x2U(x1, x2, x3, λ1, . . . , λr)x4 = x2x

β
3x1V (x1, x2, x3, λ1, . . . , λr)x59

with ∂(x1x
α
3 ) > 0, ∂(x2x

β
3 ) > 0, α + β > 0, where α, β, λ1, . . . , λr are natural

parameters and U, V are parametric words, is reduced by the transformation T :{
x1 → Fi(x1x

α
3 , x2x

β
3 )µx1,

x2 → Fi(x2x
β
3 , x1x

α
3 )µ|x2,

where µ is a variable for sequences of natural parameters, to the equation E:

x1x
α
3 x2U(Fi(x1x

α
3 , x2x

β
3 )µx1,

Fi(x2x
β
3 , x1x

α
3 )µ|x2, x3, λ1, . . . , λr)x4

= x2x
β
3 x1V (Fi(x1x

α
3 , x2x

β
3 )µx1,

Fi(x2x
β
3 , x1x

α
3 )µ|x2, x3, λ1, . . . , λr)x5

with ∂(x1) < ∂(x2x
β
3 ), ∂(x2) < ∂(x1x

α
3 ).

Proof. It is easy to verify that T reduces 9 to some equation E′ which contains E.
On the other hand, let the transformation S1:

x1 → Xi (i = 1, . . . , 5),
λ1 → Λi (i = 1, . . . , r),
α → A,

β → B,

where the Xi are words in the alphabet (1) and Λi, A, B are natural numbers, be
an arbitrary solution of the equation 9.
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We prove by induction on |X1X2X3| that S1 is contained in the parametric
transformation T .

If |X1| < |X2X
B
3 | and |X2| < |X1X

A
3 |, then the coefficient transformation S2 :

xi → Xi (i = 1, . . . , 5),
λi → Λi (i = 1, . . . , r),
α → A,

β → B,

µ → ∅

is a solution of the equation E, and S1 = TS2.
Let |X1| ≥ |X2X

B
3 |. Since |X2X

B
3 | > 0, we have X1 = X2X

B
3 Y1 for some word

Y1 in the alphabet (1), where |Y1| < |X1|.
It is easy to see that equation 9 with the additional condition ∂(x1) > ∂(x2x

β
3 )

is reduced by the transformation t:

x1 → x2x
β
3x1

to the equation E′:

x1x
α
3 x2U(x2x

β
3x1, x2, x3, λ1, . . . , λr)x4

= x2x
β
3x1V (x2x

β
3 x1, x2, x3, λ1, . . . , λr)x5

with ∂(x1x
α
3 ) > 0, ∂(x2x

β
3 ) > 0, α + β > 0.

The transformation S′: 
x1 → Y1,

xi → Xi (i = 2, 3, 4, 5),
α → A,

β → B

is a solution of the equation E′.
Since |Y1| < |X1|, one can use the inductive proposition to see that S′ is contained

in the parametric transformation T . Hence S1 is contained in the parameter solution
tT . Using Theorem Fi2, one can see that the transformation tT has the form{

x1 → Fi(x1x
α
3 , x2x

β
3 )1,0,µx1,

x2 → Fi(x2x
β
3 , x1x

α
3 )µ|x2.

Let |X2| ≥ |X1X
A
3 |. Since |X1X

A
3 | > 0, we have X2 = X1X

A
3 Y2 for some word

Y2 in the alphabet (1), where |Y2| < |X2|.
It is easy to see that equation 9 with the additional condition ∂(x2) > ∂(x1x

α
3 )

is reduced by the transformation t : x2 → x1x
α
3 x2 to the equation E′:

x1x
α
3 x2U(x1, x1x

α
3 x2, x3, λ1, . . . , λr)x4

= x2x
β
3x1V (x1, x1x

α
3 x2, x3, λ1, . . . , λr)x5

with ∂(x1x
α
3 ) > 0, ∂(x2x

β
3 ) > 0, α + β > 0.
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The transformation S′: 
x2 → Y2,

xi → Xi (i = 1, 3, 4, 5),
α → A,

β → B

is a solution of E′.
Since |Y2| < |X2|, one can use the inductive proposition to see that S′ is contained

in the parametric transformation T . Hence S1 is contained in tT . Using Theorem
Fi2, one can see that the transformation tT has form{

x1 → Fi(x1x
α
3 , x2x

β
3 )µx1,

x2 → Fi(x2x
β
3 , x1x

α
3 )1,µx2.

Proposition 10∗. The general solution of the equation

x1x
α+1
3 x2 = x2x1x4 with ∂(x1) < ∂(x2) < ∂(x1x

α+1
3 ),10∗

where α is a natural parameter, is described by the transformation{
x2 → x1(x2x3)βx2,

x3 → x2x3,

x1 → (x3(x2x3)α−β)λx1,

followed by one of the two transformations
x1 → (x1x3x2)σx1,

x3 → x1x3,

x4 → x3(x2x1x3)α−β−σ(x1x3x2)σx1(x2x1x3)βx2,
x1 → (x3x1x2)τx3x1,

x2 → x1x2,

x4 → x2x3(x1x2x3)α−β−τ−1(x3x1x2)τx3x1(x1x2x3)βx1x2,

where β, λ, σ, τ are natural parameters, with β ≤ α, σ + β ≤ α, τ + β + 1 ≤ α.

Proof. The equation 10∗ can be reduced by the transformation

x2 → x1x2

to the equation E1:

xα+1
3 x1x2 = x2x1x4 with 0 < ∂(x2) < ∂(xα+1

3 ).

The equation E1 can be reduced by the transformation{
x2 → (x2x3)βx2,

x3 → x2x3,

where β is a natural parameter with β ≤ α, to the equation E2:

x3(x2x3)α−βx1(x2x3)βx2 = x1x4 with ∂(x3) > 0.

According to Proposition 27, the equation E2 is reduced by the parametric trans-
formation

x1 → (x3(x2x3)α−β)λx1,
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where λ is a natural parameter, to the equation E3:

E2 with ∂(x1) < ∂(x3(x2x3)α−β).

The equation E3 can be divided into the collection of equations
(j) E3 with ∂(x3x2)σ ≤ ∂(x1) < ∂((x3x2)σx3), σ ≤ α− β,
(jj) E3 with ∂((x3x2)τx3) ≤ ∂(x1) < ∂((x3x2)τ+1x3), τ ≤ α− β − 1.
The equation (j) can be reduced by the transformation{

x1 → (x1x3x2)σx1,

x3 → x1x3

to the equation

x3(x2x1x3)α−β−σ(x1x3x2)σx1(x2x1x3)βx2 = x4.

The equation (jj) can be reduced by the transformation{
x1 → (x3x1x2)τx3x1,

x2 → x1x2

to the equation

x2x3(x1x2x3)α−β−τ−1(x3x1x2)τx3x1(x1x2x3)βx1x2 = x4.

Proposition 10. The general solution of the equation

x1x
α+1
3 x2 = x2x1x4,10

where α is a natural parameter, is described by the transformation{
x1 → Fi(x1x

α+1
3 , x2)µx1,

x2 → Fi(x2, x1x
α
3 )µ|x2,

followed by one of the three transformations
x1 → 1,

x3 → 1,

x4 → 1,

{
x2 → 1,

x4 → xα+1
3 ,

〈10∗〉.

Proof. This follows directly from Propositions 9 and 10∗.

5. The function Th(x1, x2, x3)
λ1,...,λ2s

i

Theorem Th1. The following identities hold for s ≥ 0 :
Th(x1, x2, x3)

λ1,...,λ2s+2
1

= Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x1x2x3)
λ1,...,λ2s

1 (x1x2x3)λ2s+1 ;

Th(x1, x2, x3)
λ1,...,λ2s+2
2

= Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x1x2x3)
λ1,...,λ2s

2 (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2 ;
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Th(x1, x2, x3)
λ1,...,λ2s+2
3

= Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x1x2x3)
λ1,...,λ2s

3 x1x2;

Oc(x1, x2, x3)λ1,...,λ2s+2

= (x3x1x2)λ2s+1Oc((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2

x2, x1x2x3)λ1,...,λ2s .

Proof. We argue by a joint induction on s.
Third identity. By definition,

Th(x1, x2, x3)
λ1,...,λ2s+2
3

= Th(x1, x2, x3)
λ3,...,λ2s+2
1 x1

Th(x1, x2, x3)
λ3,...,λ2s+2
2 x2

Th(x1, x2, x3)
λ3,...,λ2s+2
3 .

According to the induction proposition, it is equal to
Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x1x2x3)
λ3,...,λ2s

1 (x1x2x3)λ2s+1x1

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

2

· (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

3 x1x2.

This is equal by definition to
Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)

λ1,...,λ2s

3 x1x2.

First identity. By definition,
Th(x1, x2, x3)

λ1,...,λ2s+2
1 = (Th(x1, x2, x3)

λ1,...,λ2s+2
3 x3)λ1Th(x1, x2, x3)λ3,...,λ2s .

According to the induction proposition and the third identity this is equal to

(Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

3 x1x2x3)λ1

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

1

· (x1x2x3)λ2s+1 .

This is equal by definition to

Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

1

· (x1x2x3)λ2s+1 .

Second identity. By definition
Th(x1, x2, x3)

λ1,...,λ2s+2
2

= (Th(x1, x2, x3)
λ3,...,λ2s+2
2 x2

Th(x1, x2, x3)
λ3,...,λ2s+2
3 x3

· Th(x1, x2, x3)
λ3,...,λ2s+2
1 x1

Th(x1, x2, x3)
λ1,...,λ2s+2
1 x1)λ2

· Th(x1, x2, x3)
λ3,...,λ2s+2
2 .
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According to the induction proposition and the first identity, this is equal to

(Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

2

· (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

3

· x1x2x3

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

1

· (x1x2x3)λ2s+1x1

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

1

· (x1x2x3)λ2s+1x1)λ2

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

2

· (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2 .

This is equal by definition to

Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

2

· (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2 .

Fourth identity. By definition,

Oc((x1, x2, x3)λ1,...,λ2s+2

= Oc(x1, x2, x3)λ3,...,λ2s+2(Th(x1, x2, x3)
λ3,...,λ2s+2
3 x3

Th(x1, x2, x3)
λ3,...,λ2s+2
1 x1

· Th(x1, x2, x3)
λ3,...,λ2s+2
2 x2)λ1 .

According to the induction proposition and the first, second and third identities,
this is equal to

(x3x1x2)λ2s+1Oc((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)λ3,...,λ2s

· (Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

3 x1x2x3

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λ2s

1

· (x1x2x3)λ2s+1x1

· Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ3,...,λs

2

· (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2)λ1 .

This is equal by definition to

(x3x1x2)λ2s+1Oc((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x1x2x3)λ1,...,λ2s .

Consider the equation

x1x2x3x4 = x3x
2
1x2
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and the sequence of joint parametric transformations (13):
x1 → (x1x2x3)λ1x1,

x2 → (x2x3x1(x1x2x3)λ1x1)λ2x2,

x3 → x1x2x3,

x4 → x4(x3x1x2)λ1 ;

(13.1)


x1 → (x1x2x3)λ3x1,

x2 → (x2x3x1(x1x2x3)λ3x1)λ4x2,

x3 → x1x2x3,

x4 → x4(x3x1x2)λ3 ;

(13.2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
x1 → (x1x2x3)λ2s−1x1,

x2 → (x2x3x1(x1x2x3)λ2s−1x1)λ2sx2,

x3 → x1x2x3,

x4 → x4(x3x1x2)λ2s−1 ;

(13.s)


x1 → (x1x2x3)λ2s+1x1,

x2 → (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x3 → x1x2x3,

x4 → x4(x3x1x2)λ2s+1 ;

(13.s + 1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Theorem Th2. For every natural s the sequence of the s joint parametric trans-
formations (13) can be collected by the following common transformation:

x1 → Th(x1, x2, x3)
λ1,...,λ2s

1 x1,

x2 → Th(x1, x2, x3)
λ1,...,λ2s

2 x2,

x3 → Th(x1, x2, x3)
λ1,...,λ2s

3 x3,

x4 → x4
Oc(x1, x2, x3)λ1,...,λ2s .

(14)

Proof. Suppose the sequence of the first s transformations can be collected by the
common transformation (14), and let the (s + 1)st transformation be of the form
(13.s+ 1). Then the sequence of the first s + 1 transformations can be collected by
the common transformation



x1 → Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

1

·(x1x2x3)λ2s+1x1,

x2 → Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

2

·(x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2,

x3 → Th((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)
λ1,...,λ2s

3

·x1x2x3,

x4 → x4(x3x1x2)λ2s+1

·Oc((x1x2x3)λ2s+1x1, (x2x3x1(x1x2x3)λ2s+1x1)λ2s+2x2, x1x2x3)λ1,...,λ2s .
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18 G. S. MAKANIN AND T. A. MAKANINA

According to Theorem Th1 this transformation coincides with the transformation
x1 → Th(x1, x2, x3)

λ1,...,λ2s+2
1 x1,

x2 → Th(x1, x2, x3)
λ1,...,λ2s+2
2 x2,

x3 → Th(x1, x2, x3)
λ1,...,λ2s+2
3 x3,

x4 → x4
Oc(x1, x2, x3)λ1,...,λ2s+2 .

Proposition 11. The general solution of the equation

x2x1x3x4 = x3x
2
1(x3x1)αx211

with ∂(x3) ≤ ∂(x2) < ∂(x3x
2
1(x3x1)α), where α is a natural parameter, is described

by the transformations

t


x1 → xη+θ

1 ,

x2 → x3x
θ
1,

x4 → x4(x
η+θ
1 x3)αxθ

1,

tt


x2 → x3x1(x1x3)γx2,

x1 → x2x1,

x4 → (x1x3x2)α−γx1x2(x1x3x2)γ ,

〈5〉 〈2〉

ttt


x2 → x3x1(x1x3)δx1x2,

x3 → x2x3,

x4 → (x3x1x2)α−δ−1x3x
2
1x2(x3x1x2)δ,

〈2〉
where η, θ, γ, δ are natural parameters with γ ≤ α and δ < α.

Proof. It is easy to see that 11 can be divided into the following collection of
equations:

(j) 11 with ∂(x3) ≤ ∂(x2) < ∂(x3x1),
(jj) 11 with ∂(x3x1(x1x3)γ) ≤ ∂(x2) < ∂(x3x1(x1x3)γx1),
(jjj) 11 with ∂(x3x1(x1x3)δx1) ≤ ∂(x2) < ∂(x3x1(x1x3)δ+1),

where γ, δ are natural parameters with γ ≤ α and δ < α.
It is obvious that (j) is reduced by the parametric transformation

x2 → x3x2,

x1 → x2x1,

x4 → x4x2(x1x3x2)α

to the equation x2x1x3x4 = x1x2x1x3 with ∂(x2) < ∂(x1). The last equation falls
into the system {

x2x1 = x1x2,

x3x4 = x1x3

with ∂(x2) < ∂(x1). By Proposition 1 this system is reduced by the parametric
transformation {

x1 = xη
1 ,

x2 = xθ
1

to the equation x3x4 = xη
1x3 with θ > η, that is, to the equation 5.

The equation (jj) is reduced by the parametric transformation tt to the equation
2.
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The equation (jjj) is reduced by the parametric transformation ttt to the equation
2.

Proposition 12∗. The parametric equation

x2x1x3x4 = x3x
2
1(x3x1)αx212∗

with ∂(x2) < ∂(x3), where α is a natural parameter, is reduced by the transformation{
x3 → x2x3,

x4 → x4(x3x1x2)α

to the parametric equation 12.

Proof. This is obvious.

Proposition 12. The general solution of the equation

x1x2x3x4 = x3x
2
1x2 with ∂(x3) > 012

is described by the transformation

T


x1 → Th(x1, x2, x3)

ξ
1x1,

x2 → Th(x1, x2, x3)
ξ
2x2,

x3 → Th(x1, x2, x3)
ξ
3x3,

x4 → x4
Oc(x1, x2, x3)ξ,

t


x1 → (x1x3)σx1,

x2 → (x3x
2
1(x3x1)σ)ρx2,

x3 → x1x3,

x4 → x4,

〈11〉
where ξ is a variable whose values are even sequences of natural parameters, and
σ, ρ are natural parameters.

Proof. It is easy to apply the transformation Tt〈11〉 to the equation 12 and to
verify, by using the definition of the functions Th(x1, x2, x3)

λ1,...,λ2s

i , that it is a
parametric solution of 12.

According to Proposition 8 the equation 12 is reduced by the parametric trans-
formation x1 → xσ

3x1, where σ is natural parameter, to the equation E1:

x1x2x3x4 = x3x1x
σ
3x1x2 with ∂(x1) ≤ ∂(x3).

According to condition ∂(x1) < ∂(x3) the equation E1 is reduced by the para-
metric transformation x3 → x1x3 to the equation E2:

x2x1x3x4 = x3x1(x1x3)σx1x2.

According to Proposition 8 the equation E2 is reduced by the parametric trans-
formation

x2 → (x3x1(x1x3)σx1)ρx2,

where ρ is a natural parameter, to the equation E3:

x2x1x3x4 = x3x
2
1(x3x1)σx2 with ∂(x2) < ∂(x3x

2
1(x3x1)σ).

It is easy to see that E3 can be divided into the following collection of equations:
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(j) E3 with ∂(x3) ≤ ∂(x2),
(jj) E3 with ∂(x3) > ∂(x2).
The equation (j) is equation 11.
According to Proposition 12∗ the equation (jj) is reduced by the transformation{

x3 → x2x3,

x4 → x4(x3x1x2)σ

to the equation 12.
The sequence of transformations

x1 → xσ
3x1,

x3 → x1x3,

x2 → (x3x1(x1x3)σx1)ρx2,

x3 → x2x3,

x4 → x4(x3x1x2)α

can be collected by the following common transformation r:
x1 → (x1x2x3)σx1,

x2 → (x2x3x1(x1x2x3)σx1)ρx2,

x3 → x1x2x3,

x4 → x4(x3x1x2)α.

Using Theorem Th2, one can see that transformation rT can be obtained from T
by replacing the parameter ξ by the sequence σ, ρ, ξ.

6. Supplement

Proposition 13. The general solution of the equation

x1x2x3x4 = x3x2(x2(x3x2)λ+1)κ+1x113

with ∂(x1) ≤ ∂(x3x2(x2(x3x2)λ+1)κ+1), where λ and κ are natural parameters, is
described by the transformations

t1

{
x3 → x1x3,

x4 → x4x3(x2x1x3)λx2((x2x1x3)λ+1x2)κx1,

〈12〉,

t2


x1 → x3x

η
1 ,

x2 → xη+θ
1 ,

x4 → x4(x
η+θ
1 x3)λxη+θ

1 ((xη+θ
1 x3)λ+1xη+θ

1 )κx3x
η
1 ,

〈5〉,

t3


x1 → x3x1x2(x1x2(x3x1x2)λ+1)τ (x1x2x3)σx1,

x2 → x1x2,

x4 → x2(x3x1x2)λ−σ(x1x2(x3x1x2)λ+1)κ−τx3x1x2

·(x1x2(x3x1x2)λ+1)τ (x1x2x3)σx1,

〈2〉,
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t4


x1 → x3x

η+θ
1 ((xη+θ

1 x3)λ+1xη+θ
1 )τ (xη+θ

1 x3)λ+1xη
1 ,

x2 → xη+θ
1 ,

x4 → x4x
η+θ
1 (x3x

η+θ
1 )λ((xη+θ

1 x3)λ+1xη+θ
1 )κ−τ−1x3

·xη+θ
1 (xη+θ

1 x3)λ+1xη+θ
1 )τ (xη+θ

1 x3)λ+1xη
1 ,

〈5〉,

t5



x1 → x1x3(x2x1)β+1x2(((x2x1)β+1x2x1x3)λ+1(x2x1)β+1x2)κ

·((x2x1)β+1x2x1x3)λ+1x2x1,

x2 → (x2x1)β+1x2,

x3 → x1x3,

x4 → (x2x1)βx2(((x2x1)β+1x2x1x3)λ+1(x2x1)β+1x2)κ

·((x2x1)β+1x2x1x3)λ+1x2x1,

〈2〉,

t6



x1 → x3(x2x3x1)β+1x2(((x2x3x1)β+1x2x3)λ+1(x2x3x1)β+1x2)κ

·((x2x3x1)β+1x2x3)λ+1x2x3x1,

x2 → (x2x3x1)β+1x2,

x4 → (x2x3x1)βx2(((x2x3x1)β+1x2x3)λ+1(x2x3x1)β+1x2)κ

·((x2x3x1)β+1x2x3)λ+1x2x3x1,

〈2〉,

t7


x1 → x1x3x2((x2x1x3)λ+1x2)τ (x2x1x3)σx2x1,

x3 → x1x3,

x4 → x3x2(x1x3x2)λ−σ−1((x2x1x3)λ+1x2)κ−τx1x3x2

·((x2x1x3)λ+1x2)τ (x2x1x3)σx2x1,

〈2〉

t8


x1 → x1x3x2((x2x1x3)λ+1x2)τ (x2x1x3)λx2x1,

x3 → x1x3,

x4 → x4x3(x2x1x3)λx2((x2x1x3)λ+1x2)κ−τ−1x1x3x2

·((x3 → x1x3x2x1x3)λ+1x2)τ (x2x1x3)λx2x1,

〈12〉,

t9


x1 → x1x3x2((x2x1x3)λ+1x2)κ(x2x1x3)λx2x1,

x3 → x1x3,

x4 → x3x2((x2x1x3)λ+1x2)κ(x2x1x3)λx2x1,

〈2〉,
where η, θ, σ, τ, β are natural parameters.

Proof. The equation 13 can be divided into the collection of equations
(j) 13 with ∂(x1) < ∂(x3);
(jj) 13 with ∂(x3) ≤ ∂(x1) ≤ ∂(x3x2);
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(jjj) 13 with

∂(x3x2((x2x3)λ+1x2)τ (2x3)σ) ≤ ∂(x1)

≤ ∂(x3x2((x2x3)λ+1x2)τ (x2x3)σx2), τ ≤ κ, σ ≤ λ + 1;

(jjjj) 13 with

∂(x3x2((x2x3)λ+1x2)τ (x2x3)σx2) ≤ ∂(x1)

< ∂(x3x2((x2x3)λ+1x2)τ (x2x3)σ+1), τ ≤ κ, σ ≤ λ.

The equation (j) can be reduced by the transformation

x3 → x1x3,

x4 → x4x3(x2x1x3)λx2((x2(x1x3x2)λ+1)κx1

to the equation x2x1x3x4 = x3x
2
2x1 with ∂(x3) > 0, that is, to the equation 12.

The equation (jj) can be reduced by the transformation

x1 → x3x1,

x2 → x1x2,{
x1 → xη

1 ,

x2 → xθ
1,

x4 → x4(x
η+θ
1 x3)λxη+θ

1 ((xη+θ
1 x3)λ+1xη+θ

1 )κx3x
η
1

to the equation x3x4 = xθ
1x3, that is, to the equation 5.

The equation (jjj) can be reduced by the transformation

x1 → x3x2((x2x3)λ+1x2)τ (x2x3)σx1,

x2 → x1x2

to the equation E:

x1x2x3x4 = x2(x3x1x2)λ+1−σ((x1x2x3)λ+1x1x2)κ−τx3x1x2

· ((x1x2x3)λ+1x1x2)τ (x1x2x3)σx1.

The equation E with λ + 1 > σ can be reduced by the transformation

x4 → x2(x3x1x2)λ−σ((x1x2x3)λ+1x1x2)κ−τx3x1x2

· ((x1x2x3)λ+1x1x2)τ (x1x2x3)σx1

to the equation x1x2x3 = x2x3x1, that is, to the equation 2.
The equation E with λ+1 = σ and τ < κ can be reduced by the transformation{

x1 → xη
1 ,

x2 → xθ
1,

x4 → x4x
η+θ
1 (x3x

η+θ
1 )λ((xη+θ

1 x3)λ+1xη+θ
1 )κ−τ−1

·x3x
η+θ
1 (xη+θ

1 x3)λ+1xη+θ
1 )τ (xη+θ

1 x3)λ+1xη
1

to the equation x3x4 = xθ
1x3, that is, to the equation 5.
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The equation E with λ+1 = σ and τ = κ can be reduced by the transformation

x2 → xβ
1x2,

x1 → x2x1,

x4 → (x2x1)βx2(((x2x1)β+1x2x3)λ+1(x2x1)β+1x2)τ )(x2x1)β+1x2x3)σx2x1,

then both x1 → x3x1 and x3 → x1x3, to the equation 2.
The equation (jjjj) can be reduced by the transformation

x1 → x3x2((x2x3)λ+1x2)τ (x2x3)σx2x1,

x3 → x1x3

to the equation F :

x2x1x3x4 = x3x2(x1x3x2)λ−σ((x2x1x3)λ+1x2)κ−τx1x3x2

· ((x2x1x3)λ+1x2)τ (x2x1x3)σx2x1 with ∂(x3) > 0.

The equation F with λ > σ can be reduced by the transformation

x4 = x3x2(x1x3x2)λ−σ−1((x2x1x3)λ+1x2)κ−τx1x3x2

· ((x2x1x3)λ+1x2)τ (x2x1x3)σx2x1

to the equation x1x2x3 = x3x1x2, that is, to the equation 2 with ∂(x3) > 0. On
the other hand, t7 is the parametric solution of 13.

The equation F with λ = σ and κ > τ can be reduced by the transformation

x4 → x4x3(x2x1x3)λx2((x2x1x3)λ+1x2)κ−τ−1x1x3x2

· ((x2x1x3)λ+1x2)τ (x2x1x3)λx2x1

to the equation x2x1x3x4 = x3x
2
2x1 with ∂(x3) > 0, that is, to the equation 12.

The equation F with λ = σ and κ = τ can be reduced by the transformation

x4 → x3x2((x2x1x3)λ+1x2)κ(x2x1x3)λx2x1

to the equation x2x1x3 = x3x2x1 with ∂(x3) > 0, that is, to the equation 2 with
∂(x3) > 0. On the other hand, t9 is the parametric solution of 13.

Proposition 14. The general solution of the equation

x1x2x3x4 = x3x2(x2(x3x2)λ+1)τ+1x114

where λ and τ are natural parameters, is described by the transformations

x1 → (x3x2(x2(x3x2)λ+1)τ+1)ρx1,
〈13〉


x2 → 1,

x3 → 1,

x4 → 1,

where ρ is a natural parameter.

Proof. This follows directly from Propositions 8 and 13.

Proposition 15. The general solution of the equation

x1x2x3x4 = (x3x1)τ+2x2,15
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where τ is a natural parameter, is described by the transformations

x3 → 1,
〈5〉,

{
x1 → (x1x3)αx1,

x3 → x1x3,

〈14〉,
where α is a natural parameter.

Proof. The equation 15 can be divided into the collection of the equations 15 with
∂(x3) = 0 and 15 with ∂(x3) > 0. In the second case we use Proposition 8.

Proposition 16. The general solution of the equation

x1x2x3x4 = x3x
τ+2
2 x116

with ∂(x1) < ∂(x3x
τ+2
2 ) and ∂(x3) < ∂(x1x2), where τ is a natural parameter, is

described by the transformations
x1 → x3(x1x2)νx1,

x2 → x1x2,

x4 → x4(x1x2)νx1,{
x1 → xη

1 ,

x2 → xθ
1,

〈5〉


x1 → x3(x1x2)τ+1x1,

x2 → x1x2,

x4 → (x2x1)τ+1,

〈2〉

{
x3 → x1x3,

x2 → x3x2,

〈15〉,
where ν, η, θ are natural parameters with ν ≤ τ .

Proof. The equation 16 can be divided into the collection of equations
(j) 16 with ∂(x3) ≤ ∂(x1),
(jj) 16 with ∂(x1) ≤ ∂(x3).
The equation (j) can be reduced by the transformation x1 → x3x1 to the equation

E1:

x1x2x3x4 = xτ+2
2 x3x1 with ∂(x1) < ∂(xτ+2

2 ).

The equation E1 can be reduced by the transformation

x1 → xν
2x1 (ν < τ + 2),

x2 → x1x2

to the equation E2:

x1x2x3x4 = x2(x1x2)τ+1−νx3(x1x2)τx1.

If τ + 1 > ν, then the equation E2 falls into the system E3:{
x1x2 = x2x1,

x3x4 = x2(x1x2)τ−νx3(x1x2)νx1.

The system E3 can be reduced by the transformation

x4 → x4(x1x2)τx1
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to the system E4: {
x1x2 = x2x1,

x3x4 = x2(x1x2)τ−νx3.

By Proposition 1 the system E4 is reduced by the parametric transformation{
x1 → xη

1 ,

x2 → xθ
1

to the equation

x3x4 = x
θ+(ν+θ)(τ−ν)
1 x3,

that is, to the equation 5.
If τ + 1 = ν, then the equation E2 can be reduced by the transformation x4 →

(x2x1)ν to the equation x1x2x3 = x2x3x1, that is, to the equation 2.
The equation (jj) can be reduced by the transformation x3 → x1x3 to the equa-

tion E5:

x2x1x3x4 = x3x
τ+2
2 x1 with ∂(x3) < ∂(x2).

The equation E5 can be reduced by the transformation x2 → x3x2 to the equa-
tion

x2x1x3x4 = (x3x2)τ+2x1,

that is the equation 15.

Proposition 17. The general solution of the equation

x1x2x3x4 = x3x
τ+2
2 x1,17

where τ is a natural parameter, is described by the transformation{
x1 → Fi(x1x2, x3x

τ+2
2 )µx1,

x3 → Fi(x3x
τ+2
2 , x1x2)µ|x3,

where µ is a variable whose values are sequences of natural parameters, followed by
one of the three transformations

x2 → 1,

x3 → 1,

x4 → 1,


x1 → 1,

x2 → 1,

x4 → 1,

〈16〉.

Proof. This follows directly from Propositions 9 and 16.

Proposition 18. The general solution of the equation

x1x2x3x4 = xσ+3
2 x3x1,18

where σ is a natural parameter, is described by the transformations

x1 → xσ+3
2 x1,

〈17〉,


x1 → (x1x2)σ+2x1,

x2 → x1x2,

x4 → (x2x1)σ+2,

〈2〉,


x1 → (x1x2)νx1,

x2 → x1x2,

x4 → x4(x1x2)νx1,{
x1 → xη

1 ,

x2 → xθ
1,

〈5〉,
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where ν, η, θ are natural parameters with ν ≤ σ + 1.

Proof. The equation 18 can be divided into the collection of equations
(j) 18 with ∂(xσ+3

2 ) ≤ ∂(x1),
(jj) 18 with ∂(xσ+2

2 ) ≤ ∂(x1) < ∂(xσ+3
2 ),

(jjj) 18 with ∂(xν
2) ≤ ∂(x1) < ∂(xν+1

2 ), ν < σ + 2.
The equation (j) can be reduced by the transformation x1 → xσ+3

2 x1 to the
equation x1x2x3x4 = x3x

σ+3
2 x1, that is, to 17 with τ > 0.

The equation (jj) can be reduced by the transformation x1 → xσ+2
2 x1, x2 →

x1x2, x4 → (x2x1)σ+2 to the equation x1x2x3 = x2x3x1, that is, to 2.
The equation (jjj) can be reduced by the transformation x1 → xν

2x1 with ν <
σ + 2, x2 → x1x2, x4 → x4(x1x2)νx1 to the equation E:

x1x2x3x4 = x2x1x2(x1x2)σ+1−νx3.

By Proposition 1 the equation E is reduced by the parametric transformation{
x1 → xη

1 ,

x2 → xθ
1

to the equation

x3x4 = x
θ+(η+θ)(σ+1−ν)
1 x3,

that is, to 5.

Proposition 19. The general solution of the equation

x1x2x3x4 = x3x
σ+3
1 x2 with ∂(x3) < ∂(x1x2),19

where σ is a natural parameter, is described by the transformations

x1 → x3x1,
〈15〉 ,

{
x3 → x1x3,

x2 → x3x2,

〈18〉.
Proof. The equation 19 can be divided into the collection of equations

(j) 19 with ∂(x3) ≤ ∂(x1),
(jj) 19 with ∂(x3) ≥ ∂(x1).
The equation (j) can be reduced by the transformation x1 → x3x1 to the equation

x1x2x3x4 = (x3x1)σ+3x2, that is, to 15 with τ > 0.
The equation (jj) can be reduced by the transformation x3 → x1x3, x2 → x3x2

to the equation x2x1x3x4 = xσ+3
1 x3x2, that is, to 18.

Proposition 20. The general solution of the equation

x1x2x3x4 = x3x
τ+3
1 x2,20

where τ is a natural parameter, is described by the transformationsx1 → 1,
x2 → 1, x3 → (x1x2)αx3,
x4 → 1, 〈19〉,

where α is a natural parameter.

Proof. The equation 20 can be divided into the collection of equations 20 with
∂(x1x2) = 0 and 20 with ∂(x1x2) > 0. In the second case we use Proposition 8.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLUTIONS OF AN EQUATION IN A FREE MONOID 27

7. The function Ro(x1, x2, x3)
µ1,...,µt

i

Consider the equation

x1x2x3x4 = x2x
2
3x1

and a sequence of transformations (15):
x1 → Fi(x3x2x1, x3x2(x1x3)2)µ1x3x2x1,

x2 → Fi(x3x2(x1x3)2, x3x2x1)µ1|x3x2,

x3 → x1x3,

x4 → x4x1,

(15.1)


x1 → Fi(x3x1(x2x3)2, x3x1x2)µ2|x3x1,

x2 → Fi(x3x1x2, x3x1(x2x3)2)µ2x3x1x2,

x3 → x2x3,

x4 → x4x2,

(15.2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
x1 → Fi(x3x2x1, x3x2(x1x3)2)µ2k+1x3x2x1,

x2 → Fi(x3x2(x1x3)2, x3x2x1)µ2k+1|x3x2,

x3 → x1x3,

x4 → x4x1,

(15.2k + 1)


x1 → Fi(x3x1(x2x3)2, x3x1x2)µ2k+2|x3x1,

x2 → Fi(x3x1x2, x3x1(x2x3)2)µ2k+2x3x1x2,

x3 → x2x3,

x4 → x4x2,

(15.2k + 2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Theorem Ro1. For every natural t the sequence of the t joint parametric trans-
formations (15) can be collected by the following common transformation:

x1 → Ro(x1, x2, x3)
µ1,...,µt

1 x1,

x2 → Ro(x1, x2, x3)
µ1,...,µt

2 x2,

x3 → Ro(x1, x2, x3)
µ1,...,µt

3 x3,

x4 → x4
Re(x1, x2, x3)µ1,...,µt .

(16)

Proof. If t = 0, it is obvious. Let t = 1. By the definition of Ro(x1, x2, x3)
µ1,...,µt

i

we have
Ro(x1, x2, x3)

µ1
1 = Fi(x3x2x1, x3x2(x1x3)2)λ1,...,λsx3x2,

Ro(x1, x2, x3)
µ1
2 = Fi(x3x2(x1x3)2, x3x2x1)λ2,...,λsx3,

Ro(x1, x2, x3)
µ1
3 = x1,

Re(x1, x2, x3)µ1 = x1,

and the transformation (16) coincides with (15.1).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



28 G. S. MAKANIN AND T. A. MAKANINA

Let t > 1. By the inductive proposition the sequence of transformations (15.2),
. . . , (15.t) can be collected into the transformation

x1 → Ro(x2, x1, x3)
µ2,...,µt

2 x1,

x2 → Ro(x2, x1, x3)
µ2,...,µt

1 x2,

x3 → Ro(x2, x1, x3)
µ2,...,µt

3 x3,

x4 → x4
Re(x2, x1, x3)µ2,...,µt .

(17)

Substituting (17) into (15.1), we obtain (16).

Proposition 21. The general solution of the equation

x1x2x3x4 = x2x
2
3x121

is described by the transformations{
x1 → Fi(x1, x2x

2
3)

µx1,

x2 → Fi(x2x
2
3, x1)µ|x2,

where µ is a variable for sequences of natural parameters, followed by one of the
three transformations

x2 → 1,

x3 → 1,

x4 → 1,

{
x1 → 1,

x4 → x3,
〈22〉.

Proof. This follows directly from Propositions 9 and 22.

Proposition 22. The general solution of the equation

x1x2x3x4 = x2x
2
3x1 with ∂(x2) < ∂(x1) < ∂(x2x

2
3)22

is described by the transformations 〈23〉, 〈24〉, 〈25〉.
Proof. The equation 22 can be divided into the collection of equations:

(j) 22 with ∂(x1) ≤ ∂(x3),
(jj) 22 with ∂(x2x3) ≤ ∂(x1),
(jjj) 22 with ∂(x3) ≤ ∂(x1) ≤ ∂(x2x3).

By definition (j) is 23, (jj) is 24, (jjj) is 25.

Proposition 23. The general solution of the equation

x1x2x3x4 = x2x
2
3x1,23

with ∂(x2) < ∂(x1) < ∂(x2x
2
3) and ∂(x1) ≤ ∂(x3), is described by the transforma-

tion

t


x1 → x2x1,

x3 → x1x2x3,

x4 → x3x2x1,

〈2〉.
Proof. The equation 23 can be reduced by the transformation x1 → x2x1 to the
equation E1:

x1x2x3x4 = x2
3x2x1 with 0 < ∂(x1) < ∂(x2

3), ∂(x2x1) ≤ ∂(x3).
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The equation E1 can be reduced by the transformation x3 → x1x2x3 to the
equation E2:

x1x2x3x4 = x3x1x2x3x2x1 with ∂(x1) > 0.

The equation E2 can be reduced by the transformation x4 → x3x2x1 to the
equation x1x2x3 = x3x1x2 with ∂(x1) > 0, that is, to the equation 2 with ∂(x1) > 0.

On the other hand, the transformation t is a parametric solution of 23.

Proposition 24. The general solution of the equation

x1x2x3x4 = x2x
2
3x1,24

with ∂(x2) < ∂(x1) < ∂(x2x
2
3) and ∂(x2x3) ≤ ∂(x1), is described by the transfor-

mation

t


x1 → x2x3x1,

x3 → x1x3,

x4 → x3x1,

〈2〉.
Proof. The equation 24 can be reduced by the transformation x1 → x2x3x1 to the
equation E1:

x1x2x3x4 = x3x2x3x1 with 0 < ∂(x1) < ∂(x3).

The equation E1 can be reduced by the transformation x3 → x1x3 to the equa-
tion E2:

x2x1x3x4 = x3x2x1x3x1

with ∂(x1) > 0, ∂(x3) > 0. The equation E2 can be reduced by the transformation
x4 → x3x1 to the equation x2x1x3 = x3x2x1 with ∂(x1) > 0, ∂(x3) > 0, that is, to
the equation 2 with ∂(x1) > 0, ∂(x3) > 0.

On the other hand, the transformation t is a parametric solution of 24.

Proposition 25. The general solution of the equation

x1x2x3x4 = x2x
2
3x1,25

with ∂(x2) < ∂(x1) < ∂(x2x
2
3) and ∂(x3) ≤ ∂(x1) ≤ ∂(x2x3), is described by the

transformation

t


x1 → x2x1,

x3 → x1x3,

x2 → x3x2,

x4 → x4x1,{
x1 → x2,

x2 → x1,

〈21〉.
Proof. The equation 25 can be reduced by the transformation x1 → x2x1 to the
equation E1:

x1x2x3x4 = x2
3x2x1
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with 0 < ∂(x1) < ∂(x2
3) and ∂(x3) ≤ ∂(x1x2). The equation E1 can be reduced by

the transformation x3 → x1x3 to the equation E2:

x2x1x3x4 = x3x1x3x2x1

with ∂(x3) ≤ ∂(x2) and ∂(x1) > 0. The equation E2 can be reduced by the
transformations x2 → x3x2, x4 → x4x1 to the equation E3:

x2x1x3x4 = x1x
2
3x2

with ∂(x1) > 0. The equation E3 can be reduced by the transformation{
x1 → x2,

x2 → x1

to the equation 21 with ∂(x2) > 0.
On the other hand, the transformation t is a parametric solution of 25.

Proposition 26. The general solution of the equation

x1x2x3x4 = x2x
2
3x126

is described by the transformation

t

{
x1 → Fi(x1, x2x

2
3)

µx1,

x2 → Fi(x2x
2
3, x1)µ|x2,

where µ is a variable for sequences of natural parameters, followed by one of the
four transformations

x2 → 1,

x3 → 1,

x4 → 1,

{
x1 → 1,

x4 → x3,
〈23〉, 〈24〉,

and the transformation

tt


x1 → Fi(x3x2x1, x3x2(x1x3)2)µx3x2x1,

x2 → Fi(x3x2(x1x3)2, x3x2x1)µ|x3x2,

x3 → x1x3,

x4 → x4x1,

where µ is a variable for sequences of natural parameters, followed by the transfor-
mation {

x1 → x2,

x2 → x1,

〈21〉.
Proof. Proposition 26 is deduced by means of Propositions 21–25.

Proposition 27. The general solution of the equation

x1x2x3x4 = x2x
2
3x127
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is described by the transformation

T


x1 → Ro(x1, x2, x3)ν

1x1,

x2 → Ro(x1, x2, x3)ν
2x2,

x3 → Ro(x1, x2, x3)ν
3x3,

x4 → x4
Re(x1, x2, x3)ν ,

where ν is a variable whose values are even sequences of variables from the alphabet
(4), followed by the transformation{

x1 → Fi(x1, x2x
2
3)

µx1,

x2 → Fi(x2x
2
3, x1)µ|x2,

where µ is a variable whose values are finite sequences of natural parameters, fol-
lowed by one of the four transformations

x2 → 1,

x3 → 1,

x4 → 1,

{
x1 → 1,

x4 → x3,
〈23〉, 〈24〉,

and the transformation

TT


x1 → Ro(x1, x2, x3)κ

1x1,

x2 → Ro(x1, x2, x3)κ
2x2,

x3 → Ro(x1, x2, x3)κ
3x3,

x4 → x4
Re(x1, x2, x3)κ,

where κ is a variable whose values are odd sequences of variables from the alphabet
(4), followed by the transformation{

x1 → Fi(x1x
2
3, x2)µ|x1,

x2 → Fi(x2, x1x
2
3)

µx2,

where µ is a variable whose values are finite sequences of natural parameters, fol-
lowed by one of the four transformations

x1 → 1,

x3 → 1,

x4 → 1,

{
x2 → 1,

x4 → x3,

{
x1 → x2,

x2 → x1,

〈23〉,

{
x1 → x2,

x2 → x1,

〈24〉.
Proof. It is easy to apply the transformations T and TT to the equation 27 and
to verify, by using the definition of the functions Ro(x1, x2, x3)

µ1,...,µt

i (i = 1, 2, 3),
that they are parametric solution 27.

Let

S


x1 → X1,

x2 → X2,

x3 → X3,

x4 → X4,

where the Xi are words in the alphabet (1), be an arbitrary solution of 27. We
prove by induction on |X1X2X3X4| that S is contained either in the transformation
T or in TT.

The equation 27 can be divided into the following collection of equations:
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(j) 27 with ∂(x2) ≤ ∂(x1) ≤ ∂(x2x
2
3),

(jj) 27 with ∂(x1) ≤ ∂(x2),
(jjj) 27 with ∂(x2x

2
3) ≤ ∂(x1).

Let S be a solution of (j). By Proposition 22, S is contained in 〈23〉, 〈24〉, 〈25〉.
If S is contained in 〈23〉 or 〈24〉, then S is contained in T with ν = ∅ and µ = ∅.
Let S be contained in 〈25〉. If |X1X2X3| = 0, then S is contained in T. Let

|X1X2X3| > 0. Then X1 = X2Y1 for some Y1, and Y1X2X3X4 = X2
3X2Y1. Then

X3 = Y1Y3 and X2Y1Y3X4 = Y3Y1Y3X2Y1. But then X2 = Y3Y2 and Y2Y1Y3X4 =
Y1Y3Y3Y2Y1. By Proposition 25 the equation 25 is reduced by the parametric
transformation

t


x1 → x3x2x1,

x2 → x3x2,

x3 → x1x3,

x4 → x4x1,

c

{
x1 → x2,

x2 → x1

to the equation 21, that is, to 27. The image of the solution S via the transformation
t is the coefficient transformation

S1


x1 → Y1,

x2 → Y2,

x3 → Y3,

x4 → X4.

Since |Y1Y2Y3X4| < |X1X2X3X4|, one can use the inductive proposition to see that
S1 is contained in the parametric solutions cT, cTT. According to Lemma 1 the
parametric solutions tcT, tcTT of 27 contain the solution tcS1 of 27, that is, S.

According to Theorem Ro1 the transformations tcT and tcTT can be obtained
from T and TT by replacing the parameter ν by ∅, ν.

Let S be a solution of t equation (jj). If |X1| = 0, then S is contained in T and
TT. Let |X1| > 0. Then X2 = X1Y2 for some Y2, and X1Y2X3X4 = Y2X

2
3X1. The

equation 27 is reduced by the transformation t : x2 → x1x2 to 27. The image of
the solution S via the transformation t is the coefficient transformation

S1


x1 → X1,

x2 → Y2,

x3 → X3,

x4 → X4.

Since |Y2| < |X2|, one can use the inductive proposition to see that S1 is contained
in T and TT. According to Lemma 1 the parametric solution tT, tTT of 27 contains
the solution tS1, that is, S.

According to Theorems Fi1 and Ro1 the transformations tT and tTT can be
obtained from T and TT by replacing the parameters ν, µ by ν′, µ′, where if ν = ∅,
then ν′ = ∅ and µ′ = 0, 1, µ; if ν = µ1, . . . , µs (s ≥ 1), then ν′ = µ′

1, . . . , µs, where
µ′

1 = 0, 1, µ1 and µ′ = µ.
Let S be a solution of the equation (jjj). If |X2X

2
3 | = 0, then S is contained

in T, TT. Let |X2X
2
3 | > 0. Then X1 = X2X

2
3Y1 for some Y1, and Y1X2X3X4 =
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X2X
2
3Y1. The equation 27 is reduced by the transformation t: x1 → x2x

2
3x1 to the

equation 27. The image of the solution S via the transformation t is the coefficient
transformation

S1


x1 → Y1,

x2 → X2,

x3 → X3,

x4 → X4.

Since |Y1| < |X1|, one can use the inductive proposition to see that S1 is con-
tained in T and TT. According to Lemma 1 a parametric solution tT, tTT of 27
contains the solution tS1, that is, S.

According to Theorems Fi1 and Ro1 the transformations tT and tTT can be
obtained from T and TT by replacing the parameters ν, µ by parameters ν′, µ′,
where if ν = ∅, then ν′ = ∅ and µ′ = 1, 0, µ; if ν = µ1, . . . , µs (s ≥ 1), then
ν′ = µ′

1, . . . , µs, where µ′
1 = 1, 0, µ1 and µ′ = µ.

8. Equations and solutions

Proposition 28. The general solution of the equation

x1x2x3x4 = x3(x2x3)α+1x1 with ∂(x1) < ∂(x3(x2x3)α+1),28

where λ is a natural parameter, is described by the transformations

t


x1 → (x3x2)τx1,

x3 → x1x3,

x4 → (x3x2x1)α−τx3x1(x3x2x1)τ ,

〈2〉,

tt


x1 → (x3x2)τx3x1,

x2 → x1x2,

x4 → x2x3(x1x2x3)α−τ−1x3x1(x2x3x1)τ ,

〈2〉,

ttt


x1 → x3(x2x3)αx1,

x2 → x1x2,

x4 → x4(x2x3x1)α,

〈27〉,

tttt


x1 → (x3x2)α+1x1,

x3 → x1x3,

x2 → x3x2,

x4 → x4(x1x
2
3x2)αx1,

〈27〉,

ttttt


x1 → (x3x2)α+1x1,

x3 → x1x2x3,

x4 → x3x2x1(x2x3x2x1)α,

〈2〉.
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Proof. The equation 28 can be divided into the collection of equations:
(j) 28 with ∂((x3x2)τ ) ≤ ∂(x1) < ∂(x3(x2x3)τ ), τ ≤ α,
(jj) 28 with ∂(x3(x2x3)τ ) ≤ ∂(x1) < ∂(x3x2)τ+1), τ ≤ α,
(jjj) 28 with ∂((x3x2)α+1) ≤ ∂(x1) < ∂(x3(x2x3)α+1).
The equation (j) can be reduced by the transformation

x1 → (x3x2)τx1,

x3 → x1x3,

x4 → (x3x2x1)α−τx3x1(x3x2x1)τ

to the equation x2x1x3 = x3x2x1 with ∂(x3) > 0, that is, to 2 with ∂(x3) > 0. On
the other hand, the transformation t is a parametric solution of 28.

The equation (jj) can be reduced by the transformation

x1 → x3(x2x3)τx1,

x2 → x1x2

to the equation E:

x1x2x3x4 = x2x3(x1x2x3)α−τx3x1(x2x3x1)τ

with ∂(x2) > 0. If τ < α, then the equation E can be reduced by the transformation

x4 → x2x3(x1x2x3)α−τ−1x3x1(x2x3x1)τ

to the equation x1x2x3 = x2x3x1 with ∂(x2) > 0, that is, to 2 with ∂(x2) > 0. On
the other hand, the transformation tt is a parametric solution of 28. If τ = α, then
the equation E can be reduced by the transformation

x4 → x4(x2x3x1)τ

to the equation x1x2x3x4 = x2x
2
3x1 with ∂(x2) > 0, that is, to 27 with ∂(x2) > 0.

On the other hand, the transformation ttt is a parametric solution of 28.
The equation (jjj) can be reduced by the transformation

x1 → (x3x2)α+1x1,

x3 → x1x3

to the equation E1:

x2x1x3x4 = x3x1(x3x2x1)α+1 with ∂(x3) > 0.

The equation E1 can be divided by means of the conditions ∂(x2) ≥ ∂(x3) and
∂(x3) ≥ ∂(x2).

The equation E1 with ∂(x2) ≥ ∂(x3) can be reduced by the transformation

x2 → x3x2,

x4 → x4(x1x
2
3x2)αx1

to the equation x2x1x3x4 = x1x
2
3x2 with ∂(x3) > 0, that is, to 27 with x1 ↔ x2

and ∂(x3) > 0. On the other hand, the transformation tttt is a parametric solution
of 28.

The equation E1 with ∂(x3) ≥ ∂(x2) can be reduced by the transformation

x3 → x2x3,

x4 → x3x2x1(x2x3x2x1)α

to the equation x1x2x3 = x3x1x2, that is, to 2.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLUTIONS OF AN EQUATION IN A FREE MONOID 35

Proposition 29. The general solution of the equation

x1x2x3x4 = x3(x2x3)α+1x1,29

where λ is a natural parameter, is described by the transformations

t


x2 → 1,

x3 → 1,

x4 → 1,

x1 → (x3(x2x3)α+1)βx1,
〈28〉,

where β is a natural parameter.

Proof. The equation 29 can be divided into a collection of equations by means of
the conditions ∂(x2x3) = 0 and ∂(x2x3) > 0.

The equation 29 with ∂(x2x3) = 0 can be reduced by the transformation t to
the equation 1.

The equation 29 with ∂(x2x3) > 0 by Proposition 8 can be reduced by the
transformation x1 → (x3(x2x3)α+1)βx1, where β is a natural parameter, to 28.

Proposition 30. The general solution of the equation

x1x2x3x4 = x2x
α+3
3 x1 with ∂(x2) < ∂(x1) < ∂(x2x

α+3
3 ),30

where α is a natural parameter, is described by the transformations

x1 → x2x
α+2
3 x1,

x3 → x1x3,
x4 → (x3x1)α+2,

〈2〉,

x1 → x2x
β
3x1,

x3 → x1x3,
x4 → x4(x1x3)βx1,

〈29〉,
where β is a natural parameter with β ≤ α + 2.

Proof. The equation 30 can be reduced by the transformation

x1 → x2x
β
3x1 (β ≤ α + 2),

x3 → x1x3

to the equation E:

x2x1x3x4 = x3(x1x3)α+2−βx2(x1x3)βx1.

The equation E can be divided into a collection of equations by means of the
conditions β = α + 2 and β < α + 2.

The equation E with β = α + 2 can be reduced by the transformation x4 →
(x3x1)α+2 to the equation x2x1x3 = x3x2x1, that is, to 2.

The equation E with β < α + 2 can be reduced by the transformation x4 →
x4(x1x3)βx1 to the equation

x2x1x3x4 = x3(x1x3)α+2−βx2,

that is, to 29.

Proposition 31. The general solution of the equation

x1x2x3x4 = x2x
α+3
3 x1,31

where α is a natural parameter, is described by the transformation{
x1 → Fi(x1, x2x

α+3
3 )µx1,

x2 → Fi(x2x
α+3
3 , x1)µ|x2,
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where µ is a variable for sequences of natural parameters, followed by one of the
three transformations

x2 → 1,

x3 → 1,

x4 → 1,

{
x1 → 1,

x4 → xα+2
3 ,

〈30〉.

Proof. This follows directly from Propositions 9 and 30.

Proposition 32. The general solution of the equation

x1x2x3x4 = x2x
α
3 x1x5,32

where λ is a natural parameter, is described by the transformations

t

{
α → 0,

x5 → x3x4,

〈1〉,
tt

{
α → 1,

x5 → x4,

〈2〉,

ttt

{
α → 2,

x4 → x4x5,

〈27〉,
tttt

{
α → γ + 3,

x4 → x4x5,

〈31〉,
where γ is a natural parameter.

Proof. The equation 32 is divided into a collection of equations by means of the
conditions α = 0, α = 1, α = 2, α = γ + 3, where γ is a natural parameter.

The equation 32 with α = 0 can be reduced by the transformation t to the
equation x1x2 = x2x1, that is, to 1.

The equation 32 with α = 1 can be reduced by the transformation tt to the
equation x1x2x3 = x2x3x1, that is, to 2.

The equation 32 with α = 2 can be reduced by the transformation ttt to the
equation x1x2x3x4 = x2x

2
3x1, that is, to 27.

The equation 32 with α = γ + 3 can be reduced by the transformation tttt to
the equation x1x2x3x4 = x2x

γ+3
3 x1, that is, to 31.

Proposition 33. The general solution the equation

x1x2 = xα
3 x4,33

where α is a natural parameter, is described by the transformations

{
x1 → xα

3 x4,

x4 → x4x2,


x1 → (x1x3)βx1,

x2 → x3(x1x3)γ−βx4,

x3 → x1x3,

α → γ + 1,


x1 → 1,

x2 → x4,

α → 0,

where β, γ are natural parameters.

Proof. The equation 33 can be divided by means of the conditions ∂(x2) ≤ ∂(x4)
and ∂(x2) ≥ ∂(x4).

The equation 33 with ∂(x2) ≤ ∂(x4) can be reduced by the transformation
x4 → x4x2 to the equation x1 = xα

3 x4.
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The equation 33 with ∂(x2) ≥ ∂(x4) and α > 0 can be reduced by the transfor-
mation 

x3 → x1x3,

x1 → (x1x3)βx1,

x2 → x3(x1x3)α−β−1x4

to the equation 1.
The equation 33 with ∂(x2) ≥ ∂(x4) and α = 0 can be reduced by the transfor-

mation 
x1 → 1,

x2 → x4,

α → 0

to the equation 1.

Proposition 34. The general solution of the equation

x1x2x3x4 = xα+1
2 x5,34

where α is a natural parameter, is described by the transformations

{
x1 → xα+1

2 x1,

x5 → x1x2x3x4,


x1 → x

(η+θ)β+η
1 ,

x2 → xη+θ
1 ,

α → γ + 1,

〈33〉,


x1 → (x1x2)αx1,

x2 → x1x2,

x5 → x5x3x4,

〈4〉,
where β, γ, η, θ are natural parameters with β ≤ γ.

Proof. The equation 34 can be divided by means of the conditions ∂(x1) ≥ ∂(xα+1
2 )

and ∂(x1) < ∂(xα+1
2 ).

The equation 33 with ∂(x1) ≥ ∂(xα+1
2 ) can be reduced by the transformation

x1 → xα+1
2 x1 to the equation x1x2x3x4 = x5.

The equation 34 with ∂(x1) < ∂(xα+1
2 ) can be reduced by the transformation

x1 → xβ
2 x1 (β < α + 1),

x2 → x1x2

to the equation E:

x1x2x3x4 = x2(x1x2)α−βx5 with β ≤ α, ∂(x2) > 0.

If β < α, then by Proposition 1 the equation E is reduced by the parametric
transformation {

x1 → xη
1 ,

x2 → xθ
1,

where η, θ are natural parameters, to the equation

x3x4 = x
θ+(η+θ)(α−β−1)
1 x5

with ∂(xθ
1) > 0, that is, to 33.

If β = α, then the equation E is reduced by the parametric transformation
x5 → x5x3x4 to the equation x1x2 = x2x5, that is, to 4.
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Proposition 35. The general solution of the equation

x1x2x3x4 = x3(x2x3)α+1x5,35

where α is a natural parameter, is described by the transformations

t


x1 → (x1x3x2)τx1,

x3 → x1x3,

x4 → x3(x2x1x3)α−τx5,

〈2〉,

tt


x1 → (x1x3x2)α+1x1,

x3 → x1x3,

x5 → x5x4,

〈6〉,

ttt


x1 → x3(x1x2x3)τx1,

x2 → x1x2,

x4 → x2x3(x1x2x3)α−τ−1x5,

〈2〉,

tttt


x1 → x3(x1x2x3)αx1,

x2 → x1x2,

x5 → x5x4,

〈7〉,

ttttt

{
x1 → x3(x2x3)α+1x1,

x5 → x1x2x3x4,

where τ is a natural parameter.

Proof. The equation 35 can be divided into the collection of equations
(j) 35 with ∂((x2x3)τ ) ≤ ∂(x1) ≤ ∂(x3(x2x3)τ ), τ ≤ α + 1,
(jj) 35 with ∂(x3(x2x3)τ ) ≤ ∂(x1) ≤ ∂((x2x3)τ+1), τ ≤ α,
(jjj) 35 with ∂(x3(x2x3)α+1) ≤ ∂(x1).
The equation (j) can be reduced by the transformation

x1 → (x3x2)τx1,

x3 → x1x3

to the equation E:

x2x1x3x4 = x3(x2x1x3)α+1−τx5.

If τ < α + 1, then the equation E can be reduced by the transformation x4 →
x3(x2x1x3)α−τx5 to the equation x2x1x3 = x3x2x1, that is, to 2.

If τ = α+1, then the equation E can be reduced by the transformation x5 → x5x4

to the equation x2x1x3 = x3x5, that is, to 6.
The equation (jj) can be reduced by the transformation

x1 → x3(x2x3)τx1,

x2 → x1x2

to the equation E:

x1x2x3x4 = x2x3(x1x2x3)α−τx5.
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If τ < α, then the equation E can be reduced by the transformation x4 →
x2x3(x1x2x3)α−τ−1x5 to the equation x1x2x3 = x2x3x1, that is, to 2.

If τ = α, then the equation E can be reduced by the transformation x5 → x5x4

to the equation x1x2x3 = x2x3x5, that is, to 7.
The equation (jjj) can be reduced by the transformation

x1 → x3(x2x3)α+1x1

to the equation x1x2x3x4 = x5.

Proposition 36. The general solution of the equation

x1x2x3x4 = xα+1
3 x5,

where α is a natural parameter, is described by the transformations

t

{
x1 → xα+1

3 x1,

x5 → x1x2x3x4,

tt

{
x1 → (x1x3)βx1,

x3 → x1x3,

〈35〉,

ttt


x1 → (x1x3)αx1,

x3 → x1x3,

x5 → x5x4,

〈6〉,
where β is a natural parameter with β < α.

Proof. The equation 36 can be divided by means of the conditions ∂(x1) ≥ ∂(xα+1
3 )

and ∂(x1) ≤ ∂(xα+1
3 ).

The equation 36 with ∂(x1) ≥ ∂(xα+1
3 ) can be reduced by the transformation

x1 → xα+1
3 x1 to the equation x1x2x3x4 = x5.

The equation 36 with ∂(x1) ≤ ∂(xα+1
3 ) can be reduced by the transformation

x1 → xβ
3 x1 (β < α + 1),

x3 → x1x3

to the equation E:

x2x1x3x4 = x3(x1x3)α−βx5 with β ≤ α.

If β < α, then E is 35.
If β = α, then E can be reduced by the transformation x5 → x5x4 to the

equation x2x1x3 = x3x5, that is, to 6.

Proposition 37. The general solution of the equation

x1x2x3x4 = x2x
α+1
3 x5,37

where α is a natural parameter, is described by the transformations

t

{
x1 → 1,

x4 → xα
3 x5,

tt

{
x1 → x2x1,

x2 → (x2x1)λx2,

〈36〉,
where λ is a natural parameter.
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Proof. The equation 37 can be divided by means of the conditions ∂(x1) = 0 and
∂(x1) > 0.

The equation 37 with ∂(x1) = 0 can be reduced by the transformation x1 → 1
to the equation x4 = xα

3 x5.
The equation 37 with ∂(x1) > 0 by Proposition 8 can be reduced by the trans-

formation x2 → xλ
1x2 to the equation 37 with ∂(x1) > ∂(x2), which in turn can be

reduced by the transformation x1 → x2x1 to the equation

x1x2x3x4 = xα+1
3 x5 with ∂(x1) > 0,

that is, to 36 with ∂(x1) > 0. On the other hand, the transformation tt, 〈36〉 is a
parametric solution of 37.

Proposition 38. The general solution of the equation

x2x1x3x4 = x3x1((x1x3)λ+1x1)κ+1x5,38

where λ, κ are natural parameters, is described by the transformations

t1

{
x3 → x2x3,

x4 → x4x3(x1x2x3)λx1((x1x2x3)λ+1x1)κx5,

〈12〉,

t2


x1 → xη+θ

1 ,

x2 → x3x
θ
1,

x4 → x4(x
η+θ
1 x3)λxη+θ

1 ((xη+θ
1 x3)λ+1xη+θ

1 )κx5,

〈5〉

t3


x1 → x2x1,

x2 → x3x2x1((x1x2x3)λ+1x2x1)τ (x2x1x3)σx2,

x4 → x1(x2x3x1)λ−σ((x2x1x3)λ+1x2x1)κ−τx5,

〈2〉,

t4


x1 → xη+θ

1 ,

x2 → x3x
η+θ
1 ((xη+θ

1 x3)λ+1xη+θ
1 )τ (xη+θ

1 x3)λ+1xθ
1,

x4 → x4x
η+θ
1 (x3x

η+θ
1 )λ((xη+θ

1 x3)λ+1xη+θ
1 )κ−τ−1x5,

〈5〉,

t5


x1 → (x1x2)β+1x1,

x2 → x3(x1x2)βx1(((x1x2)βx1x3)λ+1(x1x2)βx1)κ

·((x1x2)βx1x3)λ+1x1x2,

x5 → x2x1x3x4,

t6


x2 → x2x3x1((x1x2x3)λ+1x1)τ (x1x2x3)σx1x2,

x3 → x2x3,

x4 → x3x1(x2x3x1)λ−σ−1((x1x2x3)λ+1x1)κ−τx5,

〈2〉,
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t7


x2 → x2x3x1((x1x2x3)λ+1x1)τ (x1x2x3)λx1x2,

x3 → x2x3,

x4 → x4x3(x1x2x3)λx1((x1x2x3)λ+1x1)κ−τ−1x5,

〈12〉,

t8


x2 → x2x3x1((x1x2x3)λ+1x1)κ(x1x2x3)λx1x2,

x3 → x2x3,

x5 → x5x4,

〈10〉,

t9

{
x2 → x3x1((x1x3)λ+1x1)κ+1x2,

x5 → x2x1x3x4,

where η, θ, τ, σ, β are natural parameters.

Proof. The equation 38 can be divided into the collection of equations:
(j) 38 with ∂(x2) < ∂(x3),
(jj) 38 with ∂(x3) ≤ ∂(x2) ≤ ∂(x3x1),
(jjj) 38 with

∂(x3x1((x1x3)λ+1x1)τ (x1x3)σ ≤ ∂(x2)

≤ ∂(x3x1((x1x3)λ+1x1)τ (x1x3)σx1), τ < κ + 1, σ ≤ λ + 1,

(jjjj) 38 with

∂(x3x1((x1x3)λ+1x1)τ (x1x3)σx1) ≤ ∂(x2)

< ∂(x3x1((x1x3)λ+1x1)τ (x1x3)σ+1), τ < κ + 1, σ < λ + 1,

(jjjjj) 38 with ∂(x3x1((x1x3)λ+1x1)κ+1) ≤ ∂(x2).
The equation (j) can be reduced by the transformation

x3 → x2x3,

x4 → x4x3(x1x2x3)λx1((x1x2x3)λ+1x1)κx5

to the equation x1x2x3x4 = x3x
2
1x2 with ∂(x3) > 0, that is, to 12.

The equation (jj) can be reduced by the transformation

x2 → x3x2,

x1 → x2x1,{
x1 → xη

1 ,

x2 → xθ
1,

x4 → x4(x
η+θ
1 x3)λxη+θ

1 ((xη+θ
1 x3)λ+1xη+θ

1 )κx5

to the equation x3x4 = xη
1x3, that is, (x2x3x1)β+1x2)κ to 5.

The equation (jjj) can be reduced by the transformation

x2 → x3x1((x1x3)λ+1x1)τ (x1x3)σx2,

x1 → x2x1

to the equation E:

x2x1x3x4 = x1(x3x2x1)λ+1−σ((x2x1x3)λ+1x2x1)κ−τx5.
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The equation E with λ + 1 > σ can be reduced by the transformation

x4 → x1(x2x3x1)λ−σ((x2x1x3)λ+1x2x1)κ−τx5

to the equation x2x1x3 = x1x3x2, that is, to 2.
The equation E with λ+1 = σ and τ < κ can be reduced by the transformation{

x1 → xη
1 ,

x2 → xθ
1,

x4 → x4x
η+θ
1 (x3x

η+θ
1 )λ((xη+θ

1 x3)λ+1xη+θ
1 )κ−τ−1x5

to the equation x3x4 = xη
1x3, that is, 5.

The equation E with λ+1 = σ and τ = κ can be reduced by the transformation

x1 → xβ
2x1,

x2 → x1x2,

x5 → x2x1x3x4

to 1.
The equation (jjjj) can be reduced by the transformation

x2 → x3x1((x1x3)λ+1x1)τ (x1x3)σx1x2,

x3 → x2x3

to the equation E:

x1x2x3x4 = x3x1(x2x3x1)λ−σ((x1x2x3)λ+1x1)κ−τx5

with ∂(x3) > 0.
The equation E with λ > σ can be reduced by the transformation

x4 → x3x1(x2x3x1)λ−σ−1((x1x2x3)λ+1x1)κ−τx5

to the equation x2x1x3 = x1x3x2, that is, to 2 with ∂(x3) > 0. On the other hand,
t6 is a parametric solution of 38.

The equation E with λ = σ and κ > τ can be reduced by the transformation

x4 → x4x3(x1x2x3)λx1((x1x2x3)λ+1x1)κ−τ−1x5

to the equation x1x2x3x4 = x3x
2
1x2 with ∂(x3) > 0, that is, to 12.

The equation E with λ = σ and κ = τ can be reduced by the transformation
x5 → x5x4 to the equation x1x2x3 = x3x1x5 with ∂(x3) > 0, that is, to 10 with
∂(x3) > 0. On the other hand, t8 is a parametric solution of 38.

The equation (jjjjj) can be reduced by the transformation

x2 → x3x1((x1x3)λ+1x1)κ+1x2,

x5 → x2x1x3x4

to the equation 1.

Proposition 39. The general solution of the equation

x1x2x3x4 = x3x
α+1
1 x5,39
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where α is a natural parameter, is described by the transformations

t1


x1 → 1,

x2 → 1,

x4 → x5,

t2

{
x2 → x3x2,

x3 → (x1x3x2)λx1x3,

〈34〉,

t3


x1 → (x1x3)γ+1x1,

x3 → ((x1x3)γ+1x1x2)λx1x3,

α → κ + 1,

〈38〉,
t4



x1 → (x1x3)γ+1x1,

x2 → x3x2,

x3 → ((x1x3)γ+2x2)λx1x3,

x5 → x5x3x4,

α → 0,

〈4〉,

t5


x1 → (x1x2x3)γ+1x1,

x3 → ((x1x2x3)γ+1x1x2)λx1x2x3,

x5 → x5x4,

α → 0,

〈10〉,

t6


x2 → xα

1 x5,

x3 → (xα+1
1 x5)λ,

x5 → x5x4,

t7


x2 → 1,

x3 → xλ
1 ,

x4 → x5,

α → 0,

t8



x1 → x2x1,

x2 → (x2x1)γx2,

x3 → ((x2x1)γ+1x2)λ,

x4 → (x1x2)β−γx1x5,

α → β + 1,

where λ, γ, κ, β are natural parameters.

Proof. The equation 39 can be divided into the collection of equations:
(j) 39 with ∂(x1x2) = 0,
(jj) 39 with ∂(x1x2) > 0.
The equation (j) can be reduced by the transformation x1 → 1, x2 → 1 to the

equation x4 = x5.
The equation (jj) by Proposition 8 can be reduced by the transformation

x3 → (x1x2)λx3,

where λ is a natural parameter, to the equation E:

x1x2x3x4 = x3x
α+1
1 x5 with ∂(x3) < ∂(x1x2).

The equation E can be divided by mean of the conditions ∂(x3) ≥ ∂(x1) and
∂(x1) ≥ ∂(x3).

The equation E with ∂(x3) ≥ ∂(x1) can be reduced by the transformation x3 →
x1x3, x2 → x3x2 to the equation x2x1x3x4 = xα+1

1 x5 with ∂(x2) > 0, that is, to
34 with ∂(x1) > 0. On the other hand, t2 is a parametric solution of 39.

The equation E with ∂(x1) ≥ ∂(x3) can be reduced by the transformation x1 →
x3x1 to the equation E1:

x1x2x3x4 = (x3x1)α+1x5 with ∂(x1x2) > 0.

The equation E1 with ∂(x3) > 0 by Proposition 8 can be reduced by the trans-
formation x1 → xγ

3x1, x3 → x1x3 to the equation E2:

x2x1x3x4 = x3x1((x1x3)γ+1x1)αx5 with ∂(x3) > 0.
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The equation E2 with α > 0 is 38 with ∂(x3) > 0. On the other hand, t3 is a
parametric solution of 39.

The equation E2 with α = 0 and ∂(x2) ≥ ∂(x3) can be reduced by the transfor-
mation x2 → x3x2, x5 → x5x3x4 to the equation x2x1 = x1x5, that is, to 4.

The equation E2 with α = 0 and ∂(x2) ≤ ∂(x3) can be reduced by the transfor-
mation x3 → x2x3 to the equation x1x2x3 = x3x1x5, that is, to 10.

The equation E1 with ∂(x3) = 0 can be reduced by the transformation x3 → 1
the equation E3:

x2x4 = xα
1 x5.

The equation E3 with ∂(x4) ≤ ∂(x5) can be reduced by the transformation
x5 → x5x4 to the equation x2 = xα

1 x5.
The equation E3 with ∂(x4) ≥ ∂(x5) and α = 0 can be reduced by the transfor-

mation x4 = x4x5, α → 0 to the equation x2x4 = 1.
The equation E3 with ∂(x4) ≥ ∂(x5) and α = β + 1 can be reduced by the

transformation
α → β + 1,

x1 → x2x1,

x2 → (x2x1)γx2,

x4 → (x1x2)β−γx1x5

to the equation 1.

9. More equations and solutions

In this section we will denote the words in the alphabet of primitive paramet-
ric words P1, . . . , Pk by ζ(P1, . . . , Pk), υ(P1, . . . , Pk), ϕ(P1, . . . , Pk). The natural
numbers will be denoted by q, r, s, the natural parameters by α, β, λ, τ , and the
primitive parametric word by P .

The proofs of Propositions 40–55 are simple and very similar to proofs of the
previous propositions, so we shall omit them.

Proposition 40. The general solution of the equation

x1x2x3x4 = x2ζ(x1x2, x3)x1 with ∂(x2) > 0,40

where x3 occurs in ζ(x1x2, x3), is described by the transformations
x1 → xα

1 ,

x2 → xβ
1 ,

x4 → x4υ(xα+β
1 , x3)xα

1 ,

〈5〉,
where ζ(x1x2, x3) is (x1x2)q+1x3υ(x1x2, x3);

x4 → x4x2υ(x1x2, x3)x1,
〈32〉,

where ζ(x1x2, x3) is xq+1
3 x1x2υ(x1x2, x3); and

〈32〉,
where ζ(x1x2, x3) is xq+1

3 .
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Proposition 41. The general solution of the equation

x2x1x3x4 = x3ζ(x1x3, x2)x1 with ∂(x3) > 0,41

where x2 occurs in ζ(x1x3, x2), is described by the transformations

x4 → x4υ(x1x3, x2)x1,
〈29〉,

where ζ(x1x3, x2) is (x1x3)q+1x2υ(x1x3, x2);

x4 → x4x3υ(x1x3, x2),
〈20〉,

where ζ(x1x3, x2) is xr+1
2 x1x3υ(x1x3, x2);

x4 → x4x3υ(x1x3, x2),
〈12〉,

where ζ(x1x3, x2) is x2
2x1x3υ(x1x3, x2);

x4 → x4x3υ(x1x3, x2),
〈2〉,

where ζ(x1x3, x2) is x2x1x3υ(x1x3, x2);

〈20〉,
where ζ(x1x3, x2) is xr+3

2 ;

〈12〉,
where ζ(x1x3, x2) is x2

2; and

〈2〉,
where ζ(x1x3, x2) is x2.

Proposition 42. The general solution of the equation

x1x2x3x4 = ζ(x2, x3)x142

where x2 and x3 occur in ζ(x2, x3), is described by the transformations
x2 → 1,

x3 → 1,

x4 → 1;

x1 → (ϕ(x2, x3)x2υ(x2, x3))αϕ(x2, x3)x1,

x2 → x1x2,

〈40〉,
where ζ(x2, x3) is ϕ(x2, x3)x2υ(x2, x3); and

x1 → (ϕ(x2, x3)x3υ(x2, x3))αϕ(x2, x3)x1,

x3 → x1x3,

〈41〉,
where ζ(x2, x3) is ϕ(x2, x3)x3υ(x2, x3).
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Proposition 43. The general solution of the equation

x1x2x3x4 = x2ζ(x1x2, x3)x5 with ∂(x2) > 043

is described by the transformations

〈34〉
where ζ(x1x2, x3) is 1; {

x1 → xα
1 ,

x2 → xβ
1 ,

〈33〉,
where ζ(x1x2, x3) is (x1x2)q+1;

x4 → x4x2υ(x1x2, x3)x5,
〈40〉,

where ζ(x1x2, x3) is (x1x2)qxr+1
3 x1x2υ(x1x2, x3)x5;

〈37〉,
where ζ(x1x2, x3) is xr+1

3 ; and {
x1 → xα

1 ,

x2 → xβ
1 ,

x4 → x4x
r
3x5,

〈5〉,
where ζ(x1, x2) is (x1x2)q+1xr+1

3 .

Proposition 44. The general solution of the equation

x2x1x3x4 = x3ζ(x1x3, x2)x5 with ∂(x3) > 044

is described by the transformations

〈36〉,
where ζ(x1x3, x2) is 1;

〈35〉,
where ζ(x1x3, x2) is (x1x3)q+1;

〈39〉,
where ζ(x1x3, x2) is xr+1

2 ;

x4 → x4υ(x1x3, x2)x5,
〈29〉,

where ζ(x1x3, x2) is (x1x3)q+1x2υ(x1x3, x2);

x4 → x4x3υ(x1x3, x2)x5,
〈2〉,

where ζ(x1x3, x2) is x2x1x3υ(x1x3, x2)x5;

〈12〉,
where ζ(x1x3, x2) is x2

2x1x3υ(x1x3, x2)x5; and

〈20〉,
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where ζ(x1x3, x2) is xs+3
2 x1x3υ(x1x3, x2)x5.

Proposition 45. The general solution of the equation

x1x2x3x4 = ζ(x2, x3)x545

where x2, x3 occur in ζ(x2, x3) is described by the transformations{
x1 → ζ(x2, x3)x1,

x5 → x1x2x3x4;
x1 → ϕ(x2, x3)x1,
x2 → x1x2,

〈43〉,
where ζ(x2, x3) is ϕ(x2, x3)x2υ(x2, x3); and

x1 → ϕ(x2, x3)x1,
x3 → x1x3,

〈44〉,
where ζ(x2, x3) is ϕ(x2, x3)x3υ(x2, x3).

Proposition 46. The general solution of the equation

x1x2x3x4 = ζ(x1, x2)x3,46

where x1, x2 occur in ζ(x1, x2), is described by the transformation{
x1 → xα

1 ,

x2 → xβ
1 ,

〈5〉.
Proposition 47. The general solution of the equation

x1x2x3x4 = ζ(x1, x2)x5,47

where x1, x2 occur in ζ(x1, x2), is described by the transformation{
x1 → xα

1 ,

x2 → xβ
1 ,

〈33〉.
Proposition 48. The general solution of the equation

x2x1x3x4 = (x3x1)r+1ζ(x1x3, (x1x3)λx1)x248

with ∂(x2) ≤ ∂(x3x1) is described by the transformations

x3 → x2x3,
x4 → (x3x1x2)r,

〈2〉,
where ζ(x1x3, (x1x3)λx1) is 1;

x3 → x2x3,
x4 → x4P,
〈12〉,
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where ζ(x1x2x3, (x1x2x3)λx1)x2 can be x1x2P ;

x3 → x2x3,
x4 → x4P,
〈20〉,

where ζ(x1x2x3, (x1x2x3)λx1)x2 can be xq+2
1 x2P ;

x2 → x3x2,
x1 → x2x1,

x4 → (x1x3x2)r,
〈2〉,

where ζ(x1x3, (x1x3)λx1) is 1;

x2 → x3x2,
x1 → x2x1,

x4 → x1(x3x2x1)r−1ζ(x2x1x3, (x2x1x3)λx2x1)x3x2,
〈2〉,

where r > 0; and

x2 → x3x2,
x1 → x2x1,
x4 → x4P,{
x1 → xα

1 ,

x2 → xβ
1 ,

〈5〉,
where r = 0, and x1ζ(x2x1x3, (x2x1x3)λx2x1)x3x2 can be (x2x1)s+1x3P .

Proposition 49. The general solution of the equation

x2x1x3x4 = x1x3ζ(x1x3, (x1x3)λx1)x249

with ∂(x2) ≤ ∂(x1x3) is described by the transformations

x1 → x2x1,
x4 → P,
〈2〉,

where ζ(x2x1x3, (x2x1x3)λx2x1)x2 can be x2P ;

x2 → x1x2,
x3 → x2x3,

x4 → P,
〈2〉,

where ζ(x1x2x3, (x1x2x3)λx1)x1x2 can be x1x2P ;

x2 → x1x2,
x3 → x2x3,
x4 → x4P,
〈12〉,
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where ζ(x1x2x3, (x1x2x3)λx1)x1x2 can be x2
1x2P ;

x2 → x1x2,
x3 → x2x3,
x4 → x4P,
〈20〉,

where ζ(x1x2x3, (x1x2x3)λx1)x1x2 can be xq+3
1 x2P ; and

x2 → x1x2,
x3 → x2x3,
x4 → x4P,
〈29〉,

where ζ(x1x2x3, (x1x2x3)λx1)x1x2 is x2x3x1P .

Proposition 50. The general solution of the equation

x2x1x3x4 = (x1x3)λx1ζ(x1x3, x3x1, (x1x3)λx1)x250

with ∂(x2) ≤ ∂((x1x3)λx1) is described by the transformations

x2 → (x1x3)τx2,
x1 → x2x1,

x4 → P,
〈2〉,

where (x2x1x3)λ−τ ζ(x2x1x3, x3x2x1, (x2x1x3)λx2x1)(x2x1x3)τx2 can be x3x2P ;

x2 → (x1x3)τx2,
x1 → x2x1,

x3 → 1,
x4 → 1,
〈1〉,

where (x2x1x3)λ−τ ζ(x2x1x3, x3x2x1, (x2x1x3)λx2x1)(x2x1x3)τx2 can be x2;

x2 → (x1x3)τx2,
x1 → x2x1,
x4 → x4P,{
x1 → xα

1 ,

x2 → xβ
1 ,

〈5〉,
where (x2x1x3)λ−τ ζ(x2x1x3, x3x2x1, (x2x1x3)λx2x1)(x2x1x3)τx2 can be x2x1x3P ;

x2 → (x1x3)τx1x2,
x3 → x2x3,

x4 → P,
〈2〉,

where (x2x3x1)λ−τ−1ζ(x1x2x3, x2x3x1, (x1x2x3)λx1)(x1x2x3)τx1x2 is x1x2P ; and

x2 → (x1x3)τx1x2,
x3 → x2x3,
x4 → x4P,
〈29〉,
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where (x2x3x1)λ−τ−1ζ(x1x2x3, x2x3x1, (x1x2x3)λx1)(x1x2x3)τx1x2 = x2x3x1P .

Proposition 51. The general solution of the equation

x2x1x3x4 = (x3x1)r+1ζ(x2x3, (x1x3)λx1)x551

with ∂(x2) ≤ ∂(x3x1) is described by the transformations

x3 → x2x3,
x5 → x5x4,

〈10〉,

where r = 0 and ζ(x1x3, (x1x3)λx1) is 1;

x3 → x2x3,
x4 → P,
〈2〉

where (x2x3x1)rζ(x1x2x3, (x1x2x3)λx1)x5 is x2P ;

x3 → x2x3,
x4 → x4P,
〈12〉,

where (x2x3x1)rζ(x1x2x3, (x1x2x3)λx1)x5 can be x1x2P ;

x3 → x2x3,
x4 → x4P,
〈20〉,

where (x2x3x1)rζ(x1x2x3, (x1x2x3)λx1)x5 can be xq+2
1 x2P ;

x2 → x3x2,
x1 → x2x1,

x5 → x5x3x4,
〈4〉,

where r = 0, ζ(x1x3, (x1x3)λx1) = 1;

x2 → x3x2,
x1 → x2x1,

x4 → x1(x3x2x1)r−1ζ(x2x1x3, (x2x1x3)λx2x1)x− 5,
〈2〉,

where r > 0;

x2 → x3x2,
x1 → x2x1,
x4 → x4P,{
x1 → xα

1 ,

x2 → xβ
1 ,

〈5〉,
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where r = 0 and ζ(x2x1x3, (x2x1x3)λx2x1)x5 can be (x2x1)q+1x3P ; and

x2 → x3x2,
x1 → x2x1,{
x1 → xα

1 ,

x2 → xβ
1 ,

〈33〉,
where r = 0 and ζ(x2x1x3, (x2x1x3)λx2x1) can be (x2x1)q+1.

Proposition 52. The general solution of the equation

x2x1x3x4 = x1x3ζ(x1x3, (x1x3)λx1)x552

with ∂(x2) ≤ ∂(x1x3) is described by the transformations

x1 → x2x1,
x5 → x5x4,

〈7〉,
where ζ(x1x3, (x1x3)λx1) is 1;

x1 → x2x1,
x4 → Px5,

〈2〉,
where ζ(x2x1x3, (x2x1x3)λx2x1) can be x2P ;

x2 → x1x2,
x3 → x2x3,
x5 → x5x4,

〈6〉,
where ζ(x1x3, (x1x3)λx1) is 1;

x2 → x1x2,
x3 → x2x3,

〈39〉,
where ζ(x1x2x3, (x1x2x3)λx1) can be xq+1

1 ;

x2 → x1x2,
x3 → x2x3,

x4 → P
〈2〉,

where ζ(x1x2x3, (x1x2x3)λx1) can be x1x2P ;

x2 → x1x2,
x3 → x2x3,
x4 → x4P,
〈12〉,

where ζ(x1x2x3, (x1x2x3)λx1) can be x2
1x2P ; and

x2 → x1x2,
x3 → x2x3,
x4 → x4P,
〈20〉,
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where ζ(x1x2x3, (x1x2x3)λx1) can be xs+3
1 x2P .

Proposition 53. The general solution of the equation

x2x1x3x4 = (x1x3)λx1ζ(x1x3, (x1x3)λx1)x553

with ∂(x2) ≤ ∂((x1x3)λx1) is described by the transformations

x2 → (x1x3)λx2,
x1 → x2x1,

x5 → x5x3x4,
〈4〉,

where ζ(x1x3, (x1x3)λx1) is 1;

x2 → (x1x3)τx2,
x1 → x2x1,
x4 → x4P,{
x1 → xα

1 ,

x2 → xβ
1 ,

〈5〉,
where (x2x1x3)λ−τ ζ(x2x1x3, (x2x1x3)λx2x1)x5 can be (x2x1)q+1x3P ;

x2 → (x1x3)τx2,
x1 → x2x1,{
x1 → xα

1 ,

x2 → xβ
1 ,

〈33〉,
where (x2x1x3)λ−τ ζ(x2x1x3, (x2x1x3)λx2x1) can be (x2x1)q+1;

x2 → (x1x3)λ−1x1x2,
x3 → x2x3,
x5 → x5x4,

〈10〉,
where ζ(x1x3, (x1x

λ
3x1) is 1;

x2 → (x1x3)λ−1x1x2,
x3 → x2x3,

〈39〉,
where ζ(x1x2x3, (x1x2x3)λx1) can be xs+1

1 ;

x2 → (x1x3)λ−1,
x3 → x2x3,

x4 → P,
〈2〉,

where ζ(x1x2x3, (x1x2x3)λx1) can be x1x2P ;

x2 → (x1x3)λ−1,
x3 → x2x3,
x4 → x4P,
〈12〉,
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where ζ(x1x2x3, (x1x2x3)λx1) can be x2
1x2P ; and

x2 → (x1x3)λ−1,
x3 → x2x3,
x4 → x4P,
〈20〉,

where ζ(x1x2x3, (x1x2x3)λx1) can be xs+3
1 x2.

Proposition 54. The general solution of the equation

x1x2x3x4 = xr+1
3 x1ζ(x1, x3)x2,54

where r is a natural number, is described by the transformations
x1 → 1,

x3 → 1,

x4 → 1;
x1 → (x1x3)λx1,

x3 → x1x3,

x2 → ((x3x1)r+1ζ((x1x3)λx1, x1x3))αυ((x1x3)λx1, x3x1, x1x3)x2,

where xr+1
5 ζ(x1, x3) is υ(x1, x5, x3)ϕ(x1, x5, x3), followed by one of the three trans-

formations 〈48〉, 〈49〉, 〈50〉.
Proposition 55. The general solution of the equation

x1x2x3x4 = xr+1
3 x1ζ(x1, x3)x5,55

where r is a natural number, is described by the transformations
x1 → (x1x3)λx1,

x3 → x1x3,

x2 → ϕ((x1x3)λx1, x3x1, x1x3)x2,

where xr+1
6 ζ(x1, x3) is ϕ(x1, x6, x3)υ(x1, x6, x3), followed by one of the four trans-

formations 〈51〉, 〈52〉, 〈53〉, or x5 → x2x1x3x4, where υ(x1, x6, x3) is 1.

Proposition 56. The general solution of the equation

x1x2x3x4 = ζ(x1, x2, x3)x556

is described by the transformations 〈42〉; 〈46〉; 〈54〉; 〈45〉; 〈47〉; 〈55〉; 〈34〉; 〈36〉;
x5 → x1x2x3x4, where ζ(x1, x2, x3) = 1.

Proof. If x1, x2, x3 occur in ζ(x1, x2, x3), then the equation 56 has one of the fol-
lowing three forms:

E1 : x1x2x3x4 = υ(x2, x3)x1ϕ(x1, x2, x3)x5,

where x2 and x3 occur in υ(x2, x3);

E2 : x1x2x3x4 = υ(x1, x2)x3ϕ(x1, x2, x3)x5,

where x1 and x2 occur in υ(x1, x2);

E3 : x1x2x3x4 = υ(x1, x3)x2ϕ(x1, x2, x3)x5,

where x1 and x3 occur in υ(x1, x3).
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The equation E1 can be reduced by the transformation

x4 → x4ϕ(x1, x2, x3)x5

to the equation 42.
The equation E2 can be reduced by the transformation

x4 → x4ϕ(x1, x2, x3)x5

to the equation 46.
The equation E3 can be reduced by the transformation

x4 → x4ϕ(x1, x2, x3)x5

to the equation 54.
If only x2, x3 occur in ζ(x1, x2, x3), then 56 is 45.
If only x1, x2 occur in ζ(x1, x2, x3), then 56 is 47.
If only x1, x3 occur in ζ(x1, x2, x3), then 56 is 55.
If only x2 occurs in ζ(x1, x2, x3), then 56 is 34.
If only x3 occurs in ζ(x1, x2, x3), then 56 is 36.
If ζ(x1, x2, x3) is the empty word, then 56 has the form x1x2x3x4 = x5.

References

[1] R. C. Lyndon, Equations in free groups, Trans. Amer. Math. Soc. 96 (1960), 445–457. MR
27:1488

[2] , Groups with parametric exponents, Trans. Amer. Math. Soc. 96 (1960), 518–533.
MR 27:1487
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