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VECTOR LATTICES OF WEAKLY COMPACT OPERATORS
ON BANACH LATTICES

Z. L. CHEN AND A. W. WICKSTEAD

ABSTRACT. A result of Aliprantis and Burkinshaw shows that weakly compact
operators from an AL-space into a KB-space have a weakly compact modulus.
Groenewegen characterised the largest class of range spaces for which this
remains true whenever the domain is an AL-space and Schmidt proved a dual
result. Both of these authors used vector-valued integration in their proofs.
We give elementary proofs of both results and also characterise the largest
class of domains for which the conclusion remains true whenever the range
space is a KB-space. We conclude by studying the order structure of spaces of
weakly compact operators between Banach lattices to prove results analogous
to earlier results of one of the authors for spaces of compact operators.

1. INTRODUCTION

In 1981 Aliprantis and Burkinshaw [8] proved that every weakly compact oper-
ator from an Al-space into a KB-space has a weakly compact modulus. Proofs of
this may be found in, for example, Theorem 3.5.14 of [14] or Theorem 17.14 of [9)].
In 1982, G. Groenewegen [12] extended this result to the case of operators from an
AL-space into a Banach lattice with what he termed property (W1) (see below for
the definition), by representing operators by means of vector-valued integration. He
also showed that this was the widest possible extension of the class of range spaces
for which such a result held. Here we will provide an elementary proof of this result
using techniques similar to those used in [17] when dealing with compact operators.
We will also prove a dual version of this result which generalizes a result proved
in 1988 by Schmidt [16]. We further extend Aliprantis and Burkinshaw’s result
by finding the widest possible class of domains E for which each regular weakly
compact operator from E into a KB-space has a weakly compact modulus.

Recently in [6] it has been shown that there exist a Dedekind complete Banach
lattice F and a compact operator T' on F dominated by a positive compact operator
such that the modulus |T| of T is not compact. It is natural to consider the
corresponding problem for weakly compact operators. In the spirit of [6] we give
an example which shows the existence of a Dedekind complete Banach lattice F
and a compactly dominated compact operator T on F such that the modulus |7
of T is not weakly compact.

In [17] the order properties of some spaces of compact operators between two
Banach lattices was considered. In §3 we will prove analogous results for weakly
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compact operators. In particular we show precisely when, assuming that either E is
an AL-space or F' an AM-space, the space of all weakly compact operators from E
into F' is a vector lattice and, in a completely general setting, when the linear span
of the positive weakly compact operators forms a Dedekind complete vector lattice.
In several places in this paper we point out where similar results for Dunford-Pettis
operators also hold.

If £ and F are Banach lattices, then £(FE,F) and K(E,F) will respectively
denote the spaces of all bounded and of all compact operators from F into F. The
space of regular operators from F into F' is denoted by L"(E, F), and K"(E, F)
denotes the linear span of the positive compact operators from FE into F. For
general Banach lattice terminology we follow [9] or [14].

We reserve the notation e, to denote the sequence of reals with all terms zero
except for the n’th which is 1, and 1 for the constantly 1 sequence.

2. THE MODULI OF WEAKLY COMPACT OPERATORS

The following definition was introduced by Groenewegen in [12].

Definition 2.1. A Banach lattice E is said to have property (W1) if for each rela-
tively weakly compact subset A of E, |A| = {|z| : = € A} is also relatively weakly
compact.

Although this property first seems to have been mentioned by Groenewegen,
there are antecedents in the literature. Abramovich in [1] considered a very similar
condition involving only disjoint sets. Also Groenewegen defines property (W3)
to be that the solid hull of every weakly compact set is again weakly compact.
This was also introduced much earlier by Abramovich in [1] under the name of
condition (N). The same paper also seems to have been the first to use generalized
Rademacher functions in an abstract Banach lattice setting as well as containing
precursors of many results subsequently published independently in the western
literature.

It is proved in [1], Theorems 3.2 and 3.3 (see [9], Theorem 13.8 for a more
accessible proof), that each KB-space has property (W3) and hence has property
(W1) and it is clear that if the lattice operations of a Banach lattice E are weakly
sequentially continuous, then E has property (W1). In particular, each AM-space
has property (W1) by Proposition 2.1.11 of [14]. In [10] we characterised such
Banach lattices which also had an order continuous norm as those which were
an order direct sum of a KB-space and an atomic Banach lattice with an order
continuous norm. Thus ¢g(L1[0,1]) provides an example of a Banach lattice with
an order continuous norm which does not have property (W1). It is simple to
provide a self-contained proof of this fact, so we present that here for completeness.

Example 2.2. Let E = ¢¢(L1[0,1]), then the norm of F is order continuous but
E does not have property (W1).

Proof. Indeed, let r,(t) = sgn(sin 2"7t), the n’th Rademacher functions on [0, 1],
then 7, (t) — 0 weakly in L1[0,1] as n — oo. Define

n

——
Tpn = Tn,...,1,0,...) EE
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then it is not difficult to verify that x,, — 0 weakly in E as n — oo, and that

n
n

—_——— —
|| = (Irnl,- - 5 1ral,0,..0) = (X015 - - - » X[0,1]5 05+ -+ )
is increasing with |||, | — |zm||| = 1 if n # m. Thus the sequence (|x,|) does not

contain any weakly convergent subsequence, and FE fails to have property (W1). O

The following result has, essentially, the same statement as Theorem V.3.8 of
[12], but the proof is very different. In particular we avoid the use of vector-valued
integration. For that reason, plus the relative inaccessibility of [12], we include a
complete proof here.

Theorem 2.3. For a Banach lattice F the following assertions are equivalent:
(1) F has property (W1).
(2) For each AL-space E, every weakly compact operator from E into F has a
weakly compact modulus.
(3) Fvery weakly compact operator from £y into F has a weakly compact modulus.

Proof. (1) = (2). Suppose F has property (W1), E is an AL-space and T : E — F

is a weakly compact operator. We will show the modulus |T'| of T exists and is

weakly compact. Let E) denote the unit ball in E and let Fy4 denote its positive

part. A =TE;, is relatively weakly compact and by (1) so is |A]. It follows from

the Krein-Smulyan theorem that the closed convex hull K of |A| is weakly compact.
For each x € E;4, put

A, :{zn;|Ta:i|:n€N,xi Zo,ixi =z},

then A, is upward directed. Moreover A, C K. In fact,

n

DoATz =Y el T @i/l = D llillly:]
i=1 =1

i=1

where y; = T'(z;/||xi]|) € A, and Y. ||lzi| = || Xoi; @]l = ||z|| < 1 since E is an
AL-space. Noting that 0 € K, it follows that > ., |Tz;| € K, i.e. A, C K.

Being an upward directed subset of a weakly compact set K, A, weakly con-
verges, and hence norm converges, to its supremum, y(z) € K. Now Theorem 1.10
of [9] shows that the modulus |T'| of T exists, and that |T|z = y(z) € K for all
x € E14. Tt follows that |T'|(E7) is relatively weakly compact so that |T'| is weakly
compact. Also let us take this opportunity to point out that

1T[l- =TI =Tl
Indeed

1Tzl = [ly(@)[| = lim{{[y]| : y € Az} < [T
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for each x € F14, as
[ z T = | z el T/ 1|
< Z Il )

<7

<7

It is clear that (2)= (3). Now we show that (3)= (1). Assuming that (3) holds
but that (1) is false, there exists a weakly convergent sequence x,, € F' such that
{]2n]}22; does not contain any weakly convergent subsequence. Define T': {; — F
by T(\;) = Y oo Niw; for (X;) € ¢4, then Corollary 10.16 of [9] implies that T is
weakly compact. By (3) T has a weakly compact modulus. It is easy to verify that,

in fact,
ITI(N) = Al
i=1
for all (A\;) € ¢1, so the weak compactness of |T'| implies that {|x;| = |T|ei}2,
contains a weakly convergent subsequence, which is a contradiction, establishing
that (3) = (1). |

The following result is dual to Theorem 2.3 and generalises the result of Schmidt
in [16] in the same way that Theorem 2.3 generalises the result of Aliprantis and
Burkinshaw.

Theorem 2.4. For a Banach lattice E the following assertions are equivalent:
(1) E' has property (W1).
(2) For each Dedekind complete AM-space F with unit, every weakly compact
operator from E into F has a weakly compact modulus.
(3) E very weakly compact operator from E into {s, has a weakly compact modu-
lus.

Proof. (1)= (2). Since F' is a Dedekind complete AM-space with unit, by Propo-
sition 1.5.10 in [14] there exists a positive contractive projection P : F" — F.
Proposition 1.5.12 of [14] implies that

T = PIT"['j

forallT € L7(E,F) = L(E, F), where j : E — E" is the natural inclusion mapping.
If T is weakly compact, so is T” by Gantmacher’s theorem. Note that 77 : F/ —
E' F'" is an AL-space by Theorem 12.22 of [9], thus it follows from Theorem 2.3
above that |T”| is weakly compact and hence, by Gantmacher’s theorem, so is |T”|’
and hence so is |T'| = P|T'|'j.

It is clear that (2)= (3). To prove that (3)= (1), assume that E’ does not
have property (W1), then there exists a weakly convergent sequence z] € E,
say x, — x(, € E' weakly as n — oo, but with {|z,|}5°; containing no weakly
convergent subsequence.
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Define T : E — £y by Tax = (a] (x))22,, then T is weakly compact. Indeed,
if we define S : E — ¢y C Lo by Sz = (2),(x) — 25(2))52; and Sy : E — l by
So = x(x)eg, where eg = (1,1,...) € ls, then obviously T'= S + Sy and Sy is of
rank 1, whilst from Theorem 17.5 of [9] S is weakly compact as an operator into
¢o and hence into {. Hence T is weakly compact. By (3) |T'| is weakly compact,

and it is easy to see that Tz = (|z,|(x))52, for all x € E, so that

T (A Z An 0,

for all (A,) € 1 C (¢ ). Gantmacher’s theorem implies that |T|" is weakly com-
pact, which shows that {|z},| : n € N} = {|TVe, : n € N} contains a weakly
convergent subsequence, where e,, € ¢; denotes the sequence with n’th entry equal
to 1 and all others zero. This is a contradiction, thus (3)= (1) holds. O

We now give an example to show that if we only suppose that F' is a Dedekind
complete AM-space (without unit), the results in Theorem 2.4 are false even if F
is an AM-space.

Example 2.5. Let E = C([0,1]), F = oo (F},) where F,, = (U, || - ||) and ||(Ax)|| =
max{||(Ag)|loo, 7 limsup(|Ag])} for all (A\x) € foo. Then for each n € N, F, is a
Dedekind complete AM-space, hence so is F.

Define Ty, : E — F, by T,,f = (2" fln fridt);e, € F, for all f € E, where r,
is the n’th Rademacher function on [0,1] and I,, = (27",27"*1). Since r, — 0
weakly in L1(0,1) as n — oo, and L1[0, 1] is a closed subspace of E’, it follows that
rn, — 0 weakly in E' as n — oo. Also T,, : E — ¢g C F,, so that Theorem 17.5 of
[9] implies that T,, is weakly compact for all n € N. (Note that rix;, — 0 weakly
in B as k — 00.)

On the other hand, for each f € F and each n € N

1T flm, = 12" / Fredt) [oo < 117

so that ||T|| < 1. It is easy to check that the modulus |T},| of T}, exists and that
Tyl f = (2" [, fdt)eo € Fy, where eg = (1,1,...), so that | T, ||, = [|[Tn][| = n for
alln e N.

Now we define T': E — F by Tf = (%Tnf)%":l, then T is weakly compact as
the limit of Wcakly compact operators, and its modulus |T'| exists and satisfies

1T1f = (Tl F)i = ( / )Ly, = (2" /I Ft)e,)e

where €, = 1eg € F, so that [|€,||s, =1 for all n € N.

We claim that |T| is not weakly compact. In fact, choose f, € E with 0 < f,, <
1, fn(t) =0if t € I,, and fln fndt =271 The f, are order bounded and disjoint
and

1 1
1Sl 2 I Tlfall =2 | =

for all n € N. Therefore Theorem 3.4.4 of [14] implies that |T'| is not order-weakly
compact and hence not weakly compact.

Now let us turn our attention to the following problem: What happens if we have
a weaker condition on E and a stronger one on F' in Theorem 2.37 For example if
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we assume that F is a KB-space, for what E is the result in Theorem 2.3 still true?
To this end let us recall from [13] that a Banach lattice E is order bounded AM if
whenever z,, € E is an unconditionally summable sequence such that {31 | 2,152,
is order bounded, then {|z,|}22 is summable. Every AM-space is order bounded
AM, as is every Banach lattice with an order continuous norm; see [13] for details.
This terminology may seem to be a rather strange one. One justification for it is
that if the order boundedness condition is dropped and one merely asks that every
unconditionally summable sequence be absolutely summable, then Abramovich,
Posizelsky and Janovsky showed in [2], in response to a question of G. Jameson,
that an isomorphic characterisation of AM-spaces is obtained.

Theorem 2.6. For a Banach lattice E the following assertions are equivalent:
(1) E' is order bounded AM.
(2) For each KB-space F, every reqular weakly compact operator from E into F
has a weakly compact modulus.
(3) Fuvery weakly compact operator from E into ¢1 has a weakly compact modulus.

Proof. (1)= (2). Let F be a KB-space and T : E — F be a regular weakly compact
operator, so that |T| exists. If |T'| is not weakly compact, then by Theorem 1.4 of
[15] there exists an order bounded sequence of pairwise disjoint positive elements
2!, € F' such that

sup{|z, (|T|z)| : z € ball(E)} = |||T|'z},|| > € >0

for some € > 0 and all n € N. According to Theorem 5.11 of [9], |T’| = |T|', so
NT'|x),|| > € >0 for all n € N.
For each n apply Theorem 1.16 of [9] (remembering that the norm of E’ is Fatou)

to see that there exist m, € N, z,,y,... , 2, € F/ such that
My
(a) Z Zpi = Th,
i=1
o 1
() I3 Tl > 2
i=1

Choose z' € E’ such that Y. | «; < a’ for all n € N. It is clear that the sequence
of partial sums of the series

/ / / / /
D e S T P S W A s WP S M

is increasing and order bounded, so that it is a weak Cauchy sequence. Since T is
weakly compact, so is T’ by Gantmacher’s theorem, and it follows that the partial
sums of the series (x)

(+) Tyt A T2, + Ty 4o gy + Ty 4

form a weakly convergent sequence. For the same reason we know that each sub-
series of (x) is also weakly convergent. Thus the Orliz-Pettis Theorem (see [11],
Chapter 1V) implies that the sequence

! ! ! ! T/I ! ! !/ !
Ry 5L Bimqysd 221500 5L Romys L 2315 -
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is unconditionally summable. Also for each n € N,

S < SOST = 1Y ) < [T
=1 j=1 =1 j=1 =1

so that the sequence
T 2111 T 20 T 200 ] - oo [T 2, | T 25 |

has order bounded partial sums. The latter sequence is summable, as E’ is order
bounded AM, so that

Mn

IS T2l =0 as oo

which contradicts (b) above. Therefore |T'| is weakly compact.
Obviously (2)= (3). Now assume (3) and that {z]}72, is an unconditionally
summable sequence in E’ such that

n
Z|a:;| <z Vnel
i=1
Then for each z € E, and each 2" € E”, we have

>l < 3 lail() < o' (a),
i=1 =1
>l el < 31" (el < ")

for all n € N| so that (z),(x)), (|z,,|(x )) (2" (x,)) € by for all x € E, 2" € E”.
Now define T : E — {1 by Tz = (x},(z)) for € E. It is easy to verify that
T € L7(E,¢;) and that the modulus |T'| of T exists with

Tz = (2| (), z€kE.
Also T : boo — E' has T'(\,) = Y02 Anhy, for (A,) € £o, which series is norm

n=1
convergent as {x/ }°°; is unconditionally summable. Then T” : E"” — (¢1)" =

(), and for each '/ € E” and (\,;) € {s we have

T”:E”((/\n)) _ CL'/I(TI(/\n)) — Z /\nx//(x;)

and it follows that
T"2" = (2"(2])) € b4 V2" € E”,

which tells us that 7" E"” C ¢1, so that Theorem 17.2 of [9] implies that T" is weakly
compact, and by (3) |T'] also is weakly compact, as is |T"|" by Gantmacher’s theorem.
Note that

(ITVen)(2) = en(|T|x) = |27, |(2)
for all x € E, so that |T|'e,, = |z],| for each n € N. Since u,, = e1 +ea+---+ ey,
is a weak Cauchy sequence in Zoo, the weak compactness of |T'|" implies that the
increasing sequence (|| + |25 + -+ - + |2}, |) = (|T|'uy) is weakly convergent, and
hence norm convergent. This means that {|z],|}22; is summable, so that E’ is
order bounded AM and hence (3) = (1) holds. |
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In [6] it was shown that it is possible for a compact operator on a Dedekind com-
plete Banach lattice, which is dominated by a positive compact operator, to have a
modulus which is not compact. Our next result shows that in these circumstances
the modulus need not even be weakly compact.

Theorem 2.7. (1) There exist Dedekind complete Banach lattices E and F and
compact operators S, T : E — F with S,—S < T but with the modulus |S| of

S not weakly compact.
(2) There exist a Dedekind complete Banach lattice E and compact operators S,
T on E with S,—S < T such that the modulus |S| of S is not weakly compact.

Proof. Let us recall from [6] that S,, is an operator on 2™-dimensional Euclidean
space (3" with || S| = 1 and ||[S,||| = 2". The operator J,, embeds ¢3" into L[0,1]
by the formula

2n
o1, T2, ..., 220) = szX[(k—l)Q*",kQ*"]-
k=1

Recall also that for each n € N we have ||J,S,|| = 1, ||J,]S.||| = 27/ and that
TSl (1) = JalSal(e) = (30 o0) xio = 22(@) (0a)xp0,0, Where v, =
272(1,1,...,1) € £2", so that [jv,|l2 = 1.

Let E = (1(43") and F = (o (L2[0,1]) so that both E and F are Dedekind
complete. Define S,T : E — F by

Sx = (Z 2_k/2JkSka> ;
n=1

k=n

and

Tx = <Z 2_k/2Jk|Sk|Xk>
n=1

k=1

= (Z Xk(vk)X[0,1]>
k=1 n=1

for x = (x,) € E.

Clearly T is defined and compact as it is bounded and of rank 1 and it is also
clear that S, —S < T. The operator S is also compact. Indeed, for each n € N
define H,, : E — L]0, 1] by

H,x = Z 2_k/2JkSka
k=n
and Hy, : E — L3[0,1] by

n+m

Hom (%) = > 27521 Spxy,

k=n
then all H,,, are compact, as they are finite rank,
o0
[Hy = Hum| < ) 27%2 50 as m— o,
k=n+m-+1
so each H,, is compact.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



VECTOR LATTICES OF WEAKLY COMPACT OPERATORS ON BANACH LATTICES 405

Let U, : E — F by Uy(x) = (Hi(Xx),- .., Hp(xx),0,...) for x = (x;) € E.
Then U, is compact and

IS=Unl < Y 27*20Skl= > 272 =0 as n—oo
k=n+1 k=n+1

so it follows that S is compact.
Now we claim that the modulus |S| of S is not weakly compact. In fact, it is
easy to check that

|S|x = (Z 2_k/2Jk|Sk|Xk> = ((Z Xk(vk)> X[o,1]>
k=n n=1 k=n

for all x = (xi) € E. Let v,, denote the sequence with n’th entry equal to v, and
all others zero, so that ||v,|| =1 and

|S|Vn = (U’n«(vn)X[OJ]a s 7UH(UH)X[O,1]7Oa e )
—TN—
= (X[O,l]ﬂ ce 7X[O,1]707 s )
Clearly |S|v, 1 and |||S|vy — S|V || = 1 if n # m, so Dini’s theorem, see Proposi-

tion 1.4.1 of [14], shows that the set {|S|v, : n € N} does not contain any weakly
convergent subsequence, which implies that |S| is not weakly compact, so that (1)
holds.

For (2) taking S, T, E, F as above, let £y = E® F, and define S1,73 : B4 — F4
by Ti(x,y) = (0, Tx), Si(x,y) = (0, Sz), then we have the desired example. |

Corollary 2.8. There exist a Dedekind complete Banach lattice E and a pair of
positive compact operators T and S on E such that TV .S and T NS are not weakly
compact.

In a similar way we can produce compactly dominated compact operators with
a modulus which is neither Dunford-Pettis nor AM-compact.

3. VECTOR LATTICES OF WEAKLY COMPACT OPERATORS

In [5] the idea of a generalized sublattice was introduced to allow discussion of
lattice ordered subsets of partially ordered sets which were not themselves lattices,
such as the compact operators on C([0,1]) (which form a lattice) as a subset of
L7(C(]0,1])) (which is not a lattice). There we said that if (J,<) is a partially
ordered vector space and Z a subspace of 7, then Z is a generalized sublattice of J
if (Z, <) is a lattice and for each z,y € Z the supremum of z and y calculated in 7
is also their supremum in 7. Recall also that a subset A of a partially ordered set
X is order conver if x € X, a,b € A and a < z < b together imply that z € A.

Let W(E, F) denote the space of all weakly compact operators from a Banach
lattice E into a Banach lattice F' and let W"(E, F') be the subspace of W(E, F)
generated by all positive weakly compact operators from F into F'. It follows from
Theorem 2.3 above that W(E, F) is a generalized sublattice of L7(E, F) if E is an
AL-space and F' has property (W1). Moreover W(E, F') is then a Banach lattice
under the operator norm. The next result shows that this happens only for such
F.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Theorem 3.1. If E is an infinite dimensional AL-space, then the following condi-
tions on a Banach lattice F' are equivalent:

(1) F has property (W1).

(2) W(E,F) is a generalized sublattice of LT(E, F).

(3) W(E, F) is a vector lattice.

Proof. Clearly (1)= (2)= (3). Assume that (3) holds and suppose that E = L1 ().
Since FE is infinite dimensional, we may find disjoint measurable sets Ay, Aa, As, ...
0 < p(A;) < oo for each i € N. Let A = |J;2, A; and define P, P, : E — E by
Pf=fxa,Pif = fxa, forall f € E. Clearly P,P; = P;(P—P;) = (P —P;)P; =0
ifi#j,and Pf=5% .2 Pifforall f€E.

If F' does not have property (W1), then there exists a weakly convergent sequence
yn € F such that {|y,|} does not contain any weakly convergent subsequence.
Define S: E = Li(u) — F by

Sf= Zl(/A fdt)y

for all f € E. Since

;l/&fdﬂ<;/4L|f|dt<[4|f|dt<”f”

for each f € E, the series is norm convergent. Also
Sball(E) € {> Ay D [Aa] < 1}
n=1 n=1

is relatively weakly compact by Corollary 10.16 of [9], and hence S is weakly com-
pact, i.e. S € W(E,F). By (3) the supremum U of S and —S exists in W(E, F).

We claim that
vr=3 ([ sat) il
n=1 n

for each f € E. Indeed, note that UP > £SP = +S and that UP € W(E, F)
so that UP > U. Since we certainly have UP < U, we have UP = U. Since
SP;f = (fAi fdt)y;, the modulus |SF;| (calculated in L"(E, F)) of SP; exists and

satisfies
snif = ([ sde)ud
A;

for f € E. Clearly |SP;| € W(E, F) so that U(P — P;) + |SP;| € W(E, F) and
U(P—P)+|SP,| > +S(P — P,) + SP, = +SP = +8.

Hence U(P — P;) + |SP;| > U which, as UP = U, implies that |SP;| > UP;. As we
clearly have UP; > |SP;| we see that UP, = |SP;], i.e.

ors=( [ i)

for all 2 € N and all f € E. Therefore

Uf=UPf=U_Pf) = ZUPf Z/ Fdb)|yi
=1

as claimed.
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Now let g, = mXAn € E so that ||gn|l1 =1 and Ugy,, = |yn|. The weak com-
pactness of U implies that {|y,| : n € N} contains a weakly convergent subsequence,
which is a contradiction, so that (3)= (1) holds. O

Combining this with Theorem 17.10 of [9], we have

Corollary 3.2. For a Banach lattice F' the following assertions are equivalent

(1) F has the property (W1) and an order continuous norm.

(2) For each AL-space E, W(E, F) is an order convex generalized sublattice of
L7(E,F).

(3) For some infinite dimensional AL-space E, W(E, F) is a lattice and an order
convez subset of L™ (E, F).

The next result is the dual version.

Theorem 3.3. Let F' be an infinite dimensional Dedekind complete A M-space with
unit, £ a Banach lattice, then the following assertions are equivalent:

(1) E’ has the property (W1).

(2) W(E,F) is a sublattice of L™ (E, F).

(3) W(E, F) is a vector lattice.

Proof. Clearly (1)= (2)= (3). If (3) holds but (1) is false then there exist a2}, € F
with &/, — 2/ € E weakly as n — oo, but {|«],| : n € N} not containing any weakly
convergent subsequence.

We may assume that F' = C(X) for some Stonean X. Since F' is infinite dimen-
sional there exists a sequence of disjoint clopen subsets A, of X. Define Q,, : F — F
by an = fXAn then 0 < @, < Ip,QmQn = Qm(IF - Qm) = (IF - Qm)Qm =0
if m # n.

Define S : E — F by Sz = 2/(z)xx + Ynry Ya(z)xa, for z € E, where
yl, = x!, — 2/ which converges weakly to 0 € E’ as n — co. Define also T : E — F
by Tz =>7", yn(x)xa,, then it is easy to verify that

Ty =y (xa.)¥
n=1
for each 3’ € F’, and that for each m € N
S xa)l <011 (xan) < y'1xx) =11yl
n=1 i=n

so that (y'(xa,)) € ¢1 and T"ball(F") C {307 A¥h = Doney [An] < 1} which
implies that 7" is weakly compact by Corollary 10.16 of [9]. Hence T is weakly
compact by Gantmacher’s theorem, i.e ' € W(E, F) and hence S € W(E, F).

From (3) the supremum U of S and —S exists in W(E, F), and we claim that
QnUz = |2},|(x)x 4, . To this end we first note that Q,U > +Q,,S s0 Q,U > |Q,5|,
where |@,S] is the modulus of |@Q,S| in L7 (E, F) which is given by the formula
|QnS|x = |2i|(x)xa,, so that |Q,S| € W(E, F) and (Ir—Q,)U+|Q,S| € W(E, F).
From the inequality (Ir — Q,)U +|QnS| > £S5 we see that (Ir —Q,)U+|Q,S| > U
and

|QnS| = Qn|QnS| = Qn[(IF - Qn)U + |Qn5|] > QU.
Thus Q,U = |Q,S]|, so that Q,Uz = |z},|(x)xa, foreachn e N;x € E.
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Choose t,, € A, and define §,,(f) = f(t,) for f € F, then 6, € F/_ with ||0,,|| = 1.
Clearly

1) m=n
/5m: n» I
@n {O, m #n,

for all m,n € N. For each z € E,
(U'6,)(x) = 0, (Uz) = Q00 (Us)
= 0n(@uUz) = |a7,|(2)

and it follows that U’d,, = |z}| for n € N. Now the assumed weak compactness
of U and hence of U’ implies that {|z],| : n € N} contains a weakly convergent
subsequence. This is a contradiction so that (3)= (1) holds. O

Combining this with Theorem 17.10 of [9] we have

Corollary 3.4. For a Banach lattice E the following assertions are equivalent:

(1) E' has an order continuous norm (and is hence a KB-space).

(2) For each Dedekind complete AM-space F with unit, W(E, F) is an ideal of
L' (E, F).

(3) For some infinite dimensional Dedekind complete AM-space F, W(E, F) is
an ideal of L™(E, F).

It is well-known that W(E, F) ¢ L"(E, F) in general. As in the case of compact
operators we define the subspace W' (FE, F') to be the linear span of the space of
all positive weakly compact operators from E into F'. The operators constructed
in the course of the proof of Theorem 2.7 (a) show, given the atomic nature of
the domain, that even W' (E, F) need not be a vector lattice. When we consider
Dedekind completeness of W"(E, F') we obtain results similar to those that hold
for spaces of compact operator; see [17] for details in that case.

Theorem 3.5. For Banach lattices E and F' the following assertions are equiva-
lent:

(1) One of the following two conditions holds:
(a) E' has an order continuous norm and F is Dedekind complete.
(b) F has an order continuous norm.
(2) F is Dedekind complete and if 0 < S <T € W(E,F), then S € W(E, F).
(3) WT(E, F) is a Dedekind complete vector lattice.
(4) Any increasing order bounded set in W' (E, F) has a supremum.

Proof. Clearly (1)= (2)= (3)= (4). It is routine that (4) implies that F is
Dedekind complete. To see that (4)= (1) it suffices to show that either E’ or
F has an order continuous norm. Otherwise we may assume that ¢; and ¢, are
closed sublattices of E and F' respectively. According to Proposition 2.3.11 of [14]
there exists a positive projection P from E onto ¢1. Let ¢p, ¢ € (1) = loo with

and

o((A\r)) = i)\k.
k=1
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Define T,,,U,, : {; — €5 C F by
A) =) (Ve
k=1
(where €, =e1 +ea+ -+ e, € ) and
U( 1+Z¢k ek—l

for all A € ¢1. Clearly 0 < T3, T and 0 S Un 1. In a similar way to that used in
the proof of Theorem 2.1 of [17], we further have T, < Uy, for all n,m € N. Thus
0<T,P1,0<U,P | and T,,P < U, P for all n,m € N. From (4) the supremum
S of {T, P} exists in W' (E, F). Clearly T,,P < S < U,,P for all m,n € N and it
follows that

€, = Ty Pey < Sey, < U Pey, = €.

But {ex : k € N} does not contain any subsequence which is weakly convergent in
£+, and hence none weakly convergent in F', which contradicts the weak compactness
of S. O

It is worth pointing out that if W (E, F') is a Dedekind o-complete vector lattice,
then F must be Dedekind o-complete and either E’ or F' have an order continuous
norm. However the converse is false.

If we let E or F range over all Banach lattices we have the following two results.

Theorem 3.6. For a Banach lattice F' the following assertions are equivalent:

(1) F has an order continuous norm.
(2) For every Banach lattice E, W™ (E, F) is a Dedekind complete vector lattice.
(3) W(£1(L2[0,1]), F) is a vector lattice.

Proof. Clearly (1)= (2)= (3). The proof of (3)= (1) is carried out in two steps.
As a first step we show that F' is Dedekind o-complete. By Corollary 2.1.6 of

[14] it suffices to show that sup{y., : n € N} exists for each order bounded disjoint

sequence ¥y, € Fy. Fix such a sequence, bounded above by y € F, and define

S, T:E — F by
S|
:Z(/ flrndt)y
—1 Jo

o= nany

for (fx) € E = £1(L2[0,1]), where 7, is the n’th Rademacher function on [0, 1]. Let

P : E — L5[0,1] be defined by P(f;) = f1 for (fx) € E and H : L3[0,1] — F by

Hf = fo:l(fol frndt)y,, so that S = HP is weakly compact and &S < T. Thus

S, T € W'(E, F) and by (3) the supremum U of S and —S§ exists in W"(E, F') and
+S<ULT.

For each 0 < f

)

and

€ L[0,1] let f = (f,0,0,...) € E. Using the fact that
> (0 we see that UY[OJ] > ST, = yp for all n € N. Thus

(U=£9)(Xp,1) £
0<yn <UXpo1) < TXjo,1) =¥
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for all n € N. This argument holds for any choice of upper bound y for the set
{yn : n € N}, so that UXjg 1) = sup{y, : n € N}.

We now show that the norm on F' is order continuous. Let y, € F be disjoint
with supremum y. By Theorem 12.13 of [9], it suffices to prove that ||y,| — O.
Define S,T: E — F by Sg=3Y 7", 9(zn)yn and Tg = g(xo)y for g € E, where

Ty = (’I”n, Ce ,rn,O, .. ) S C()(LQ[O, 1]) C goo(LQ[O, 1]) =F

and zo = (X[0,1], X[0,1],- - -) € £'. It is not difficult to check that x,, — 0 weakly in
co(L2[0,1]) so that the series of disjoint terms is norm convergent. For each y’' € F’

we have
n

> 1Y () Z [(yn) < 1/1(w) < Nyl
=1

for all n € N| so that (y'(y,)) € (1. Note also that if g € E, then

S'y'(9) = v/ (Sg) = an Yn) = <Z y’(yn)xn> (9)
so that )

S ball(F') {Z)\ T ZIAnI < llyll}

n=1

S A S Il < 13
n=1 n=1

which is relatively weakly compact by Corollary 10.16 of [9]. So S/, and hence S,
are weakly compact. Clearly +5 < T so S,T € W' (E, F). By (3) the supremum
U of S and —S exists in W™(E, F). Moreover UQy(frn) = fo frdt)(y Zi:ll Yi),
where Qy : E — FE maps (f,) € F to the sequence with k’th entry equal to fg

and all others zero. Now, since UQy > £5Qk and SQi(fn) = Z;’ik(fol feredt)y;,
it is easy to verify that the modulus |SQg| of SQy exists in L"(E, F) and that

|SQk|(frn) = fo frdt)(y Zf;ll y;). Thus UQy > |SQy| which is weakly compact.
AsU(Ig — Qi) + |S'Qk| > +5 it follows that U(Ig — Qi) + |SQk| > U and hence
1SQk| = [SQk|Qk = (U(Ig — Qk) + |5Qk|)Qx > UQk

which implies that UQy = [SQx| so that UQk(fn) = ([ frxdt)(y — Xi=! y;). In

particular Uh,, = y— ZZ 1 ¥i |, where h,, € E/ denotes the sequence with n’th entry

equal to x[o,1] and all others zero. It follows from the weak compactness of U that

(y — Zf;ll yn) norm converges to 0 (noting that 0 = inf{y — Zf;ll yi - k € N})

which implies that ||y,|| — 0 as n — co. Therefore F' has an order continuous norm

as claimed. O
In the similar way, we have the following dual version.

Theorem 3.7. For a Banach lattice E the following assertions are equivalent:

(1) E’ has an order continuous norm (and is hence a KB-space).

(2) For each Dedekind complete Banach lattice F, W' (E, F) is a Dedekind com-
plete vector lattice.

(3) W'(E, £ (L2]0,1])) is a vector lattice.
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If D" (E, F) denotes the subspace of L"(E, F') generated by all positive Dunford-
Pettis operators from F into F', then we have:

Theorem 3.8. For Banach lattices E and F' the following assertions are equiva-
lent:

(1) One of the following two conditions holds.
(a) F is Dedekind complete and the lattice operations in E are weakly se-
quentially continuous.
(b) F has an order continuous norm.
(2) F is Dedekind complete and if 0 < S <T € D"(E,F), then S € D"(E, F).
(3) D"(E, F) is a Dedekind complete vector lattice.
(4) Any increasing order bounded set in D" (E, F) has a supremum.

Proof. Clearly (1)= (2)= (3)= (4). To see that (4)= (1) it suffices to show that
either the lattice operations of F' are weakly sequentially continuous or F' has an
order continuous norm, as (4) certainly implies that F' is Dedekind complete.

If (a) fails, then there exist z, € E, 2’ € E/, and 0 < € € R such that z, — 0
weakly in E as n — oo and 2/(Jz,|) > 2¢ > 0 for all n € N. If (b) also fails, then
there is a disjoint sequence y,, € F} with supremum y and ||y,|| > 1. It follows
from Lemma 1.4.4 of [14] that there exists 2], € [0, 2] such that |z} (z,)] > € >0
for each n € N.

Define S,,,T : E — F by Spz = >, 2}, (2)y, and Tz = 2/(z)y. Then 0 <
Sp 1< T and S,,T € D"(E, F). By (4) the supremum S of {S,,} exists in D" (E, F)).

Let @, be the band projection of F' onto the band B,, generated by ¥,,, then the
disjointness of y,, implies that Q,,S,, = @S, for all m > n, and Q,,S, € D"(E, F)
so that (Ir — Qpn)S+QnS, € D" (E, F) and we note that (Ir —Q,)S 4+ QnSn > Sm
for all m. It follows that (Ir — Q,)S + @S, > S which implies that @, S, > Q.S
for all n. Now for each x € F

192 > QulSz| = |QnSz| = |QnSnz| = |27, (2)|yn-
In particular
|Sxn| > |7, (€0)|yn > €yn

so that ||Sx,|| > €||lyn]] > € > 0 for all n. This means that S ¢ D"(E, F') which is
a contradiction. O

4. COMMENTS

(1) The following question was asked in [3] and modified in [4]: Does there exist
a pair of Dedekind complete Banach lattices F and F' such that at least one of
and F is reflexive and K(E, F) C L™(E, F) but L"(E, F) # L(E, F)? This question
is answered positively by taking F = L5[0,1] and F = ¢y , so that E is reflexive
and K(E,F) C L"(E,F)but L™(E,F) # L(E, F).

(2) The following question was also asked in [3] for the case of weak compactness:
Does there exist a pair of Dedekind complete Banach lattices F and F' such that
W(E,F)C L"(E,F) and L"(E, F) # L(E, F)? Again we obtain a positive answer
by taking E = L1[0,1] and F = ¢g. Theorem 3.1 above implies that W(E, F) is a
sublattice of L7(E, F) but L™(E,F) # L(E, F).
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