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A MULTIPLICATION IN CYCLIC HOMOLOGY

KIYOSHI IGUSA

ABSTRACT. We define a multiplication on the cyclic homology of a commuta-
tive, cocommutative bialgebra H with “superproduct.” In the case when H is
a field of characteristic zero the cyclic homology becomes a polynomial algebra
in one generator. (The Loday-Quillen multiplication is trivial in that case.)

In this paper we define an associative multiplication on the cyclic homology of
certain commutative algebras H. The definition is based on the Cartesian product
of sets instead of the shuffle product as in the case of [LQ] and [Ga]. When H
contains Q our product is compatible with the Hodge decomposition of HC.(H) so
it has the form:

HCW(H) ® HCY) (H) — HCH) (/).

n+m

The existence of this multiplication in the case H = K is classical since it is just
given by the tensor product of complex line bundle. However its significance came
to our attention in joint work with John Klein as a consequence of our study of
fiberwise Morse theory on circle bundles [IK] and in other joint works with R. Penner
and R. Hain. By doing Morse theory on circles John Klein and I realized that there
was a rationally nontrivial associative multiplication on the cyclic homology of the
integral group ring on any cyclic group and that it had important consequences for
pseudoisotopy theory. This will be explained in a later paper.

In this paper we show that this multiplication in cyclic homotopy is defined first
in the case when the algebra is H = KM = K[M] where M is the underlying addi-
tive group of a ring, then in the case when H is a Hopf algebra with “superproduct”
in the sense of Gaucher [Ga] and finally in the more general case of any “u-algebra”
(Example 12.4). In fact we do not need additive inverses in M nor do we need an
antipode for H so we can take M to be a monoid and H to be a bialgebra. When
H = K, ie. M = 1, the cyclic homology becomes a divided power algebra which
is of course isomorphic to a polynomial algebra in one generator if K is a field of
characteristic zero.

We assume throughout the paper that K is a commutative ring with 1 and that
all tensor products are taken over K. This includes those tensor products which
appear in the definition of cyclic homology. We also use Connes’ original definition
that a cyclic object in a category C is a covariant functor A — C where A is Connes’
cyclic category. Since A =~ A°P this is the same as a contravariant functor A — C.

An outline of the paper is as follows. In the first section we give a topological def-
inition of the multiplication in HC\ (K M). The construction is so elementary that
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it must have been noticed before. For example when M = {1} the multiplication is
induced by the map BU(1) x BU(1) — BU(1) given by tensor product of universal
line bundles. Coupled with the well-known isomorphism HC, (K) ~ H,(BU(1); K)
we get a multiplication on HC,(K) with all the properties that we have claimed.

In §§2-6 we give an algebraic definition of this multiplication. The basic idea
is as follows. Given generators (zg,...,z,) and (yo,...,¥m) we get a “cylindrical”
array of (n+1)(m+ 1) elements z; *y; (given a pairing x on M). We take all maps
¢ of this cylinder into a circular array of n+m+ 1 points and multiply the elements
x;*y; which go to the same point. The sum of the resulting elements (zo, . . ., Zn+m)
with appropriate coefficients is the product of (zo,...,z,) and (yo,...,ym). The
algebraic description has the advantage that it generalizes to bialgebras.

In §87-9 we verify some of the basic properties of the multiplication . In §§10—
13 we show that u is compatible with the power operations of [L] and [FT]. Finally,
in the last five sections (14-18) we show that the algebraic definitions of p and the
power operations agree with the topological definitions given in section 1 in the
case H = KM when both are defined.

I would like to thank Tom Goodwillie for some very incisive comments on this
research and for explaining to us his version of the power operations in cyclic
homology. I would also like to thank J. Klein, R. Penner and R. Hain.

1. A TOPOLOGICAL DESCRIPTION OF THE MULTIPLICATION

If M is a multiplicative monoid then let BM be the space of all configurations in
S1 consisting of a finite subset Y of S1 = U(1) together with a “labelling” function
A:Y — M\ 1. We topologize BM so that it is a CW complex with one n-cell for
each (n + 1)-tuple z = (x9,21,...,2y) in M where z1,...,z, are not equal to 1.
The open cell e, corresponding to x is the set of all configurations (Y, A) so that:

(a) Y \ 1 has exactly n elements.

(b) My;) = =; for 1 < ¢ < n where y1,...,y, are the elements of Y \ 1 in
counterclockwise order.

(¢) 1 €Y if and only if g # 1.

As we go to the boundary of e, the elements of Y either come together or go to 1 €
S1. In the limiting configuration we should multiply the labels in counterclockwise
order and delete points with resulting label equal to 1.

The space BM together with its cell decomposition is the geometric realization of

a simplicial set F'(M) given by F,, (M) = M™*! with face and degeneracy operations

given by
0i(To, - sn) = (T, ooy X1,y Tp) Tor 0 < i <m— 1,
On(xo,y .-y xn) = (TnTo, 1,5 -+, Tpe1),
si(xoy .-y xn) = (T, -+ oy Tiy L@ig1, .oy xy) for 0 < <.

The homeomorphism |F(M)| = BM is given by sending (z,t) € M" ! x A" to
the configuration of points Y = (yo, ..., yn) given by
y; = exp(2mV/—1(to + -+ +t;—1)) € S*

with labels A(y;) = ;.
Let GM be the space of all pairs (C,X) where C € BU(1) and X is a finite
configuration in C' with labels in M \ 1. Since C is a coset of U(1) = S* in the
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A MULTIPLICATION IN CYCLIC HOMOLOGY 211

contractible topological abelian group EU (1) it is an oriented circle. Then GM =
BM X1y EU(1). Therefore for any commutative ring K we have: H,(GM; K) =
HC,,(KM). (See [J], Theorem 3.1.)

Now suppose that the multiplicative monoid M is commutative and has a bi-
multiplicative pairing * : M x M — M so that 1 xx =2+ 1 =1 for all x € M.
Then we obtain a continuous map p: GM x GM — GM as follows.

w((C,X),(D,Y))=(CD,X xY)

where CD = {cd € EU(1)|c € C,d € D} € BU(1) and X #Y is the configuration
{zy € CD|z € X,y € Y} together with the corresponding labels z xy. We multiply
the labels when points coincide.

If * is associative or commutative then so is p. Also if x has a two-sided neutral
element e then (S!, E) is a two-sided identity for y where E is the configuration in
S consisting of the one point 1 € S* with label e.

Theorem 1.1. If * is associative with e then HC.(KM) becomes a graded ring.
Furthermore

(a) This multiplication is natural with respect to maps M — M’ preserving
multiplication, *,1 and e and with respect to change of rings K — K'.

(b) In the case M = {1} = {e}, HC\(K) is a divided power algebra, i.e. the
product of the generators in degrees a,b is given by u,up = (“:b)ua+b.
Proof. The homology ring H,(BU(1)) is easy to compute and the answer is well
known to be a divided power algebra. O

Corollary 1.2. Suppose that M is a finite group and K is a field of characteristic
0. Then the multiplication in HC,(KM) is given by [z];[y]; = ("17)[z % y]i1; where
[x]; is the generator of HCqi (K M) corresponding to x € M. O

Remark. If (M, -) is a group then (M, -, %) is a ring and K M is a ring object in the
sense of Husemuller [H] or equivalently a Hopf algebra with superproduct in the
sense of Gaucher [Ga].

Theorem 1.3. If K contains Q, then multiplication in HC.(KM) is compatible
with the Hodge decomposition of HC.(KM). Thus we get
HCW(KM)® HCO (KM) — HC'"F) (K M).

n+m

Proof. The k-th power operation 1/k¥* = (—1)*=1\* is given by the map L* :
GM — GM given by L*(C,X) = (C*,L*(X)) where C* € BU(1) is the k-fold
product C¥ = CC - - - C using the abelian group structure on BU(1) and LF(X) is
the configuration of points (z;)¥ € C* given by the k-fold product in the abelian
group EU(1). The label on the point z € L¥(X) is the product of the labels of
those points z; € C for which z = (;)*.

Since C*DF = (CD)* and LF(X) * L*(Y) = L*(X *Y) we see that the product
operation * strictly commutes with L* in the sense that

L*(C, X))« L*(D,Y) = L*(CD, X xY) = L*((C,X) % (D,Y)).

Consequently if a € HCS (K M) and b € HCY (K M) then 1/kU*(a)x1/kT*(b) =
kia* kib=kiTiaxb=1/kUF(axb)soaxbe HCTI (KM). 0

n+m
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2. ACYCLIC CARRIERS

Let (C.(KM),b) be the standard Hochschild complex given by C,(KM) =

KM®+D) ~ K M™ 1 and b(xo, . .., 2,) = (201, T2, ..., 2n) — (T0, 122, . . ., Tp) +

<+ (=)™ (xpx0,21,...,2,—1) and let T(K M) be the total space of the following
standard bicomplex whose homology is HC, (K M).

e

CUKM)  Cu(KM) -
Co(K M) co<KM>\---

Here B is given in a standard way by

B(zg,...,xy) = E (=)™ (1,24, ... Ty 20, - - Ti1)
=0
+ (_1)n(1+1) (1?1'_1, 1, Liyeoey Ly, Loy .- - ,1‘1‘_2)].

We will construct an acyclic carrier for a map p: T(KM) @ T(KM) — T(KM)
which induces the multiplication on HC,(K M) defined in the last section. The
purpose of this is to obtain (the existence of) an algebraic formula for this mul-
tiplication and to use this formula (without knowing what it is) to generalize the
multiplication to the case of HC.(H) where H is a bialgebra over K with “super-
product.” The purpose of this section is to describe the nature of the acyclic carrier
that we will be using to specify both ; and the power operations ¥,

If C is a free K-complex then a basis for C' forms the set of objects of a category
which we call a “basis category” for C.

Definition 2.1. A basis category (with coefficients in K) is defined to be a small
category B together with a nonnegative grading on the set of objects deg : Ob(B) —
N and an incidence coefficient r, € K for each morphism « : z — y of degree
—1(deg(a)) = deg(y) — deg(x)) so that the following two conditions hold.

(1) For each object x in B there are only finitely many morphisms z — gy of
degree —1 with nonzero incidence coefficient.

(2) For any morphism ~ in B of degree —2 we have > rgr, = 0 where the sum
is taken over all factorizations v = B« of v into a composition of two morphisms of
degree —1.

We say that B is a basis category for a free K-complex C'if B,, (the set of objects
of B of degree n) is a free basis for C,, and if the coefficient of y € B,,_1 in dz for
x € B, is equal to the sum ) 7, of all incidence coefficients of all morphisms
«a:x — y. Since C is uniquely determined by B we sometimes write C' = KB.

An augmentation € : Cy — K for a free complex C' corresponds to an augmenta-
tion for the basis category B. This is defined to be a system of coefficients r, € K
for each b € By satistying the obvious conditions similar to (2) above.

If B is an augmented basis category over K and D is an augmented K-complex
then an acyclic carrier from KB to D is defined to be a contravariant functor C' from
B to the category of acyclic augmented complexes over D. An augmented chain
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A MULTIPLICATION IN CYCLIC HOMOLOGY 213

map f: KB — D is said to be carried by the carrier C if for each b € B, f(b) € D,
lifts to some f(b) € Cy(b) so that, if n # 0, df(b) = >_raa * f(ta) where the sum

is taken over all morphisms a : b — t,, of degree —1 in B and ef(b) =, if n = 0.

Theorem 2.2. Any acyclic carrier from KB to D carries at least one chain map
KB — D and any two such maps are chain homotopic. O

One standard example of a basis category is the opposite simp(X)°P of the
category of simplices of a simplicial set X. (See [W], p. 337.) The following related
example comes from any cyclic set.

Let X be a cyclic set, i.e. a covariant functor A — Sets where A is Connes’ cyclic
category. Then we define the basic category B(X) in such a way that KB(X) is
the total complex of the bicomplex B,(KX) as defined in [Go], I1.2 where KX is
the cyclic free K-module generated by X.

Definition 2.3. For any cyclic set X the basis category B(X) is given as follows.

(1) The objects of B(X) are all symbols S;(n,z) where i > 0 and = € X,.

(2) deg(S;(n,z)) =n+ 2i.

(3) A morphism S;(n,z) — S;(m,y) is a morphism « : [n] — [m] in A so that
Y= Q.

(4) The morphism &; : Sj(n,z) — Sj(n — 1,9;z) has incidence coefficient (—1)".

(5) stk : Si(n,z) — S;_1(n + 1,st*z) has incidence coefficient (—1)"*. Here
$ =18y so that s(xg,...,2n) = (1,20, .., Zn).

(6) tstk : Si(n,x) — Si_1(n+ 1,tstz) has incidence coefficient (—1)™(k+1),

(7) All other morphisms have coefficient 0.

(8) The augmentation of each element of the form Sy(0, z) is 1.

As an example we take the cyclic set M? given by (M*), = M™*! with the
usual action of the cyclic operators: ax(zo,...,Zn) = (Yo,...,Ym) where each y;
is the product of z; for all i € a~1(j). Then KB(M*) = T(KM).

A morphism of cyclic sets X — Y induces a morphism of basis categories
B(X) — B(Y) is defined below and thus a chain map KB(X) — KB(Y).

Definition 2.4. A morphism of basis categories is a degree preserving functor
f+ A — B satisfying the following.

(a) For each object X in A and each morphism 5 : F(X) — Y in B there is a
unique object Z in A and a unique morphism « : X — Z in A so that f(Z) =Y
and f(a) = 5.

(b) 7a = ff(a) for all morphisms a in A.

(c) rx = rs(x) for all objects X in Ay.

It is easy to see that any morphism f : A — B induces an augmentation pre-
serving chain map f, : KA — KB.

3. ACYCLIC COMPLEX GIVEN BY A CYCLICALLY ORDERED SET

Tony Elmendorf and perhaps others have been observed that Connes’ category A
can be expressed in terms of cyclically ordered sets. In this section we construct an
acyclic augmented complex E(P) associated to any cyclically ordered set P. These
will be used to construct acyclic carriers.

Definition 3.1. A cyclic partial ordering on a set P is defined to be a partial
ordering on the set P = P X Z so that:
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(a) (z,n) < (z,n+1) for all (z,n) € P.
(b) o(z,n) = (x,n 4+ 1) gives an automorphism of the poset P.
(c) For all z,y € P there is an N € Z so that (z,—N) < (y,0) < (z, N).

We will sometimes use the notation 6™ () = (z,n). To avoid confusion we should
point out that the term “cyclic poset” already has a (different) meaning, namely it
is a cyclic object in the category of posets.

Some important examples of cyclically ordered sets are as follows.

Definition 3.2. (a) Z[n] = {0,1,2,...,n} with the cyclic total ordering 0 < 1 <
s <n < o(0).

(b) \¥Z[n] = {0,1,2,...,n} with the cyclic partial ordering 0 < 1 < --- <n <
a*(0).

(c) Z[0,1) is the subset [0,1) of R with the cyclic total ordering (z,n) < (y,m)
ifx+n<y+m.

Definition 3.3. A morphism of cyclically ordered sets ¢ : P — @ is defined to be
an equivalence class of maps @ : P — @ which are order preserving (i.e. qg(a) < gg(b)
whenever a < b) and which commutes with ¢. Two such maps are equivalent if
they differ by a power of o. (45 ~¢o o®) For any morphism ¢ : P — @ there is an
induced set map ¢ : P — Q given by é(x, n) = (¢(x), m).

Given two cyclically ordered set P, Q the cartesian product P x @ has a product
cyclic ordering given by (x,y,n) < (p,q,m) if (z,7) < (p,j) in P and (y,n — i) <
(g;m —j) in Q for some 4, j. Given morphisms ¢ : S — P, : T — Q there is an
induced morphism ¢ x 9 : S x T'— P x Q given by ¢ X ¥(s,t,n) = (z,y,a+b+n)
if ¢(s,0) = (z,a), ¥(t,0) = (y,b). Although P x Q is not the categorical product
of P and @ (e.g. there is no natural morphism P x @ — P) it does define a factor
C x C — C where C is the category of cyclically ordered sets.

A morphism « : Z[n] — Z[m] can be represented by a sequence of words
wg, W1, . . ., Wy, in the letters 0,1,...,n so that the word wow; - - - wy, is equal to
the word (¢)(i +1)---(n)(0)--- (i — 1) for some i. The correspondence is given by
letting w; be the product of the elements of @ 1(4) in the correct order. It should
be well known that the objects Z[n] together with the morphisms between them
give Connes’ category A.

To obtain the correct names for cyclic operators (morphisms induced by covariant
functors on A) we make the following notation.

Definition 3.4. In the above notation the morphisms 0, s;, s,t are given by:
(a) 9; =(0,1,...,i(i+1),...,n): Z[n] > Z[n—1]if0<i<n—1,
b) O, = (n0,1,...,n—1): Z[n] — Zn — 1],
s;=1(0,1,...,i,9,i+1,...,n) : Z[n] — Z[n+ 1] where & is the empty word,
t=(n,0,1,...,n—1): Z[n] — Z|n],
s=ts, =(2,0,1,...,n): Z[n] = Z[n+1].

For any cyclically ordered set P let X (P) denote the cyclic set given by X,,(P) =
Hom(P, Z[n]). 1If we represent and element ¢ of Hom(P,Z[n]) in the format
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A MULTIPLICATION IN CYCLIC HOMOLOGY 215

(ag,...,a,) where a; = ¢~1(i) then the cyclic operators act on X (P) in the ex-
pected way by

Oi{ag, ... ,an) = (ag,...,a; UaGit1,...,a,) for 0 <i<n—1,

Onlag, ... an) = (0" an, ag, ..., an_1),

silag, ... an) = {ag,...,0;,,aiy1,...,a,) for 0 <i <n,

s(ag, ..., an) = (D, a0,...,an),

tag, ... ,an) = (0 ra, Uag,...,an_1).

More generally, for any morphism ¢ : Z[n] — Z[m| we have

Ve = (77 H0),..., o T (m)).

We define E(P) to be the augmented complex E(P) = KBX(P). It is clear from
the definitions that X, E are contravariant functors from the category of cyclically
ordered sets to the category of cyclic sets or augmented K-complexes respectively.
Since the augmented complex E(P) plays a crucial role in the rest of the paper we
will describe it explicitly.

Proposition 3.5. (1) The objects of the basis category BX (P) are symbols of the
form sq(n, ) where ¢ : P — Z[n] is a morphism and a,n > 0.

(2) A morphism o : Sg(n,p) — Sp(m, ) is given by o : Z[n] — Z[m] so that
¥=aop.

(3) In E(P) we have

(n,¢) =Y [(=1)"Sa(n, d;)
=0
+(=1)"Sa—1(n+1,5t'¢) + (—1)" " Se_1(n + 1, tst'¢)]

(i.e. d = b+ B) where the undefined terms S_1(x,*) are taken to be zero.

Remark. We will sometimes abbreviate this expression for dS,(n, ¢) as
S sgn()S.(+,a9)
aeW (a,n)
where W (a,n) is the set of all operations ;, st?, tst* appearing in the above sum. [J
The rest of this section is devoted to the proof of the following theorem.

Theorem 3.6. E(P) is acyclic for any nonempty finite cyclically ordered set P.

Proof. From the topological viewpoint this is more or less obvious.

Let M (P) be the space of all maps f: P — R so that

(1) foo(x) = f(z)+1forall z € P,

(2) f(x) < f(y)ifz <yin P.
Then M(P) is convex and thus contractible. (By Lemma 3.7 below M(P) is
nonempty.) This means that the space of all morphisms P — Z[0,1) is homotopy
equivalent to M(P)/Z ~ S' = U(1) and so (M (P)/Z) xy 1y EU(1) is contractible.
But H.E(P) is the homology of this space with coefficients in K so F(P) is acyclic.
An algebraic version of this proof is given below.

Lemma 3.7. If P is a finite cyclically ordered set then there is at least one mor-
phism P — Z[n] for each n.
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Proof. Tt suffices to take n = 0 since Z[0] maps to Z[n] for all n.

If P is empty or contains only one element then there is a unique morphism
P — Z]0] so suppose that P has at least two elements and the lemma hold for
S = P\ x where z € P is fixed. Let f : S — 7 be a poset map representing
a morphism S — Z[0]. Then we can extend f to a poset map g : P — Z by
letting g(x, n) be the smallest value of f(y, m) as (y, m) ranges over all elements of
S greater than (z,n). O

The algebraic proof of Theorem 3.6 starts with a special case.
Lemma 3.8. E(Z[m)) is acyclic for all m > 0.

Proof. Since E(Z[m]) is a free K-complex with integer coefficients it is chain con-
tractible in general if and only if it is contractible in the special case when K = Z.
This in turn is equivalent to the condition that F(Z[m])® F' is acyclic for any field
F. Thus it suffices to prove the lemma in the case when K is a field.

The proof will be by induction on m using the cyclic homology of monomial
relation algebras over a field K. (See [IZ].) Suppose first that m = 0. Then
E(Z[0]) is isomorphic to the weight x component of the total complex T'(K|z])
of the polynomial algebra K[z]. The lemma in this case follows from an easy
calculation starting with the observation that the only nondegenerate terms in
C.(K|[z]) of weight x are x € Cy(K|[z]) and 1 ® z € C1(K|x]).

Now suppose that m > 1 and that the lemma holds for m — 1. Let M, be the
free associative monoid generated by the symbols zg, 1, ..., Ty, i.e. M, is the set
of all words in these symbols. If we define an equivalence relation on M,, by saying
that a,b € M, are cyclically equivalent when the word b is a cyclic permutation
of the word a then the cyclic homology of K M,, decomposes as HC,(KM,,) =
@D, HC.(KM,,)¢ where ¢ runs over all cyclic equivalence classes in M,,. This
is because the Hochschild complex C,.(KM,,) and the cyclic complex T (K M,,)
decomposes in the same way.

If we compare the definitions we see that the complex E(Z[m]) is isomorphic to
the complex T'(K M,,)™ where ¢(m) is the cyclic equivalence class of 2oy - - - Zp,.
However there is a short exact sequence:

0 — T(KMy—1)“"™Y — T(K Mp,)“"™ — T(K Mg,/ J)*™ — 0

where the first map is indicated by the morphism f : M,,—1 — M,, given by
f(z;) = xiq1 for i < m—1 and f(xm-1) = Tmzo and the second map is the
natural quotient map where J is the two-sided ideal in KM, generated by all
monomials of the form x;x; where j < i. Therefore by induction on m it suf-
fices to show that T'(K M,,/J)(™ is acyclic as a nonaugmented complex, i.e. that
HC.(KM,,/J)*™ = 0.

Since J is generated by monomials in the noncommuting generators xg, . .., T
and since ¢(m) = xox1 - - - Ty, is aperiodic we may use [I1Z], Lemma 4.8 which implies
that HO\(KM,,/J)*™ ~ H,(CX,X; K) where CX is the cone of the simplicial
complex X (CX = x if X is empty) and X is the finite simplicial with vertices
given by all minimal “relations” (i.e. generators of J) which are subwords of words
in the cyclic class ¢(m). In this case X has only one vertex z,,zo so we are done.
However for the sake of completeness we give the general formula for the higher
simplices of X. The vertices wq, w1, ..., w; in X span a k-simplex in X if and only
if they all occur as subwords of the same word z;z;4+1 - Tmxo - 2;—1 € ¢(m). O
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A MULTIPLICATION IN CYCLIC HOMOLOGY 217

Algebraic proof of Theorem 3.6. We will do induction on the complexity of P which
is defined to be the number of elements (x,y,k) in P X P x Z so that (z,0) and
(y, k) are unrelated in the poset P. By (c) in Definition 3.1 the integer k is bounded
and thus the complexity if finite.

The complexity of P is zero if and only if P is isomorphic to some Z[m|. By
Lemma 3.8 the theorem holds in this case. If the complexity of P is nonzero then
P contains two unrelated elements a,b. Let Py, P_ be the cyclically ordered sets
obtained from P by adding the condition that a < b,b < a respectively. Let Py
be the cyclically ordered sets obtained from P by coalescing a,b. Then E(P) =
E(Py) + E(P-) and E(Py) ~ E(Py)N E(P-). Since Py, P_, Py have smaller
complexity than P the complexes E(Py), E(P-), E(Fy) are acyclic by induction.
Therefore E(P) is acyclic. |

4. THE MULTIPLICATION p ON HC.(KM)

Since B(M?) is a basis category for the free complex T'(K M) the product cat-
egory B(M*?) x B(M*?) with the appropriate sign conventions for the incidence
coefficients will be a basis category for T(KM) ® T(KM). Therefore we need to
construct an acyclic complex over T (K M) for each object of B(M*) x B(M*) and
show that it has the required properties. We assume that M is a commutative
monoid and that x : M x M — M is a bimultiplicative map so that 1xx =zx1 =1
for all z € M, i.e. * distributes over any finite product in M including the empty

product 1.

If © = (x0,...,2n),y = (Yo,--.,Yym) which we consider as set maps z : Z[n] —
M,y : Z[m] — M then x *x y is defined to be the set map Z[n,m] — M which
sends (4,7) to x; * y;. (We use an abbreviation Z[n,m] = Z[n] x Z[m] since

this product occurs quite often.) Given any morphism ¢ : Z[n,m] — Z[k] let
(z*y)#p = dg(z*y) = (20,...,2¢) € M*! where z, = [[{z; * y;|0(i, ) = t} is
the product in M of the images under z * y of the elements of 5_1@) C Zn,m).
Since M is commutative with unit (for the empty product) this is well defined and
(z * y)* gives a morphism of cyclic sets X Z[n,m] — M*. Let D(z *y) be the
augmented K-complex E(Z[n,m]) = KB(X Z[n, m]) together with the chain map
to T(KM) = KB(M") induced by the cyclic map (z * y)#.

In order to be an acyclic carrier D needs to be a contravariant functor from
B(M%) x B(M") into the category of acyclic complexes over T(KM). So sup-
pose that o x 5 : (S«(n,x), S«(m,y)) — (S«(a, agpx), Si(b, Bxy)) is a morphism in
B(M*?) x B(M™) given by two cyclic operators a : Z[n] — Zla|,3 : Z[m] — Zb].
(We ignore the irrelevant subscripts in S,.) Then a, 8 give a morphism a x 3 :
Z[n,m] — Z|a,b] which induces a morphism

Hom(Z[a.b], Z|k]) — Hom(Z[n,m], Z[k]).
This gives a morphism of cyclic sets (a x 8)* : X Z[a,b] — X Z[n,m].
Lemma 4.1. The following diagram commutes, i.e.

(g Byy)® = (zxy)p(a x §)":
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X Z[a,t) — L X 70, m]

_

MA
Proof. Take ¢ : Z[a,b] — Z[k] in X} Z[a,b]. Then

(x*y)*(ax 8)*(¢) = (xxy)* (¢ o (a x 3))
= (¢o(ax B)g(rxy) = dg(ax B)g(z*y)
= du(op * Buy) = (apx * Bay)* (¢)

where the crucial step (a X §)%(z *y) = agx * Sxy follows from the definition of
oz, fxy given at the end of §2 and the fact that * distributes over multiplication.
|

Lemma 4.1 implies that (o x 3)* : D(axz * Sxy) = E(Z[a,b]) — E(Z[n,m]) =
D(z *xy) is a morphism of complexes over T'(K M).

Definition 4.2. Let u: T(KM)® T(KM) — T(KM) be a chain map carried by
the acyclic carrier D.

5. A “FORMULA” FOR p

In order to show that the multiplication p can be extended to the case of a
bialgebra H with “superproduct” and to prove many of the properties of u we need
a formula for p satisfying certain properties. In this section we prove only the
existence of such a formula.

We note that if p is carried by the carrier D of the previous section then for each
object (Sq(n,x), Sp(m,y)) of B(M™) x B(M*") we have an element

(1) fi(Sa(n, x), Sp(m,y)) € Di(x *y) = E(Z[n,m])

where k = n + m + 2a 4 2b which is compatible with augmentation and boundary
operators in a certain way, for example i(So(0, ), S0(0,y)) € Eo(x * y) = K must
have augmentation equal to 1 € K.

If these elements (1) depend only on a,b,n, m (i.e. are independent of x,y) then
we get a “uniform family” of elements Fup(n,m) € Ey(Z[n,m]) for u which gives
the following uniform formula for p.

(2) (Sa(n, x), Sp(m,y)) = (z *y)* Fap(n,m).

A family of elements F,;,(n,m) is a uniform family for p if it satisfies certain condi-
tions which we will give below. Any two such families will be “uniformly homotopic”
since E(Z[n,m]) is acyclic.

Definition 5.1. By a uniform family for the multiplication y we mean a sequence
of elements Fyp(n,m) € Ex(Z[n,m]) where k = n+m+2a+2b for all n,m,a,b > 0
satisfying the following conditions.

(a) Foo(0m0) € Eo(Z[0,0]) is the unique element with augmentation 1.
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dFop(n,m) = Z 8><1 *Fap(n —1,m)
1=0
+ (D)™ (st x 1)*Fy_1(n+1,m)

+ (=) (tst x 1)*Fy_qp(n +1,m))
" Z I(1 x 0j)* Fap(n,m — 1)
7=0
+ (=)™ (1 x st))* F,p_1(n,m + 1)

+ (=1)™IT™ (1 X tst?)* Fyp1(n,m + 1)].

The undefined terms in (b) which occur when a, b, n or m = 0 are understood to be
zero. Using the terminology of the remark following Proposition 3.5 the right-hand
side of (b) can be written as:

Z sgn(a)(a x 1)*Fup(x,m)

aceW (a,n)

+(=1)" Y sgn(B)(1 X B)" Far (n, %).

BeEW (b,m)
We also use the expression F'dg,(n, m) to denote the right-hand side of (b).

Proposition 5.2. Let F be a uniform family for p then

(a) The expression (2) defines a chain map p = pp : T(KM) @ T(KM) —
T(KM) carried by D.

(b) pr is natural with respect to morphisms of monoids M — N. O

Proposition 5.3. A uniform family F for p exists. Furthermore F can be chosen
so that

(a) Fuo(n,0) = Sa(n,p1) for all a,n > 0 where py : Z[n,0] — Z[n] is the natural
isomorphism.

(b) Fop(0,m) = Sp(m,p2) for all bym > 0 where pa : Z[0,m] — Z[m)] is the
natural isomorphism.

Proof. Take the special case M = {1} and let g : T(K)®T (K) — T(K) be a chain
map carried by an acyclic carrier D. Then Fyp(n,m) = fi1(Sq(n,id), Sp(m,id)) is
the desired family of elements. (Definition 5.1 is equivalent to the condition that u
is carried by D.) The elements Fy,(n, m) can be constructed by induction on the
bidegree (n + 2a, m + 2b). We can start with formulas (a), (b). The first nontrivial
case if Fpo(1,1). O

Definition 5.4. By a uniform homotopy between two uniform families F, F’ we
mean a homotopy between the corresponding chain maps T(K) @ T(K) — T(K)
which is carried by D.

Proposition 5.5. A uniform homotopy G : F ~ F' is given by a family of elements
Gap(n,m) € Expy1(Z[n,m]) satisfying the following.
(a) dGoo(0,0) = 0.
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(b) Fap(n,m) — F!, (n,m) = dGap(n, m) + Gdap(n, m)
where
Gdgp(n,m) = Z sgn(a)(a x 1)*Gup(*,m)
aceW (a,n)
+ (_1)n Z Sgn(ﬂ)(l X ﬂ)*Ga* (nv *) U
BeEW (b,m)

Proposition 5.6. Let u, /' : T(KM)QT(KM) — T(KM) be given by the uniform
families F, F' and let G : F ~ F’ be a uniform homotopy. Then there is a homotopy
g: = carried by D and this homotopy is given by:
(3) 9(Sa(n,z), Sp(m,y)) = Gap(n, m),
(4) g(sa(nux)usb(may)) = (x*y)#Gab(num)' O

6. EXTENSION OF 1 TO BIALGEBRAS

We will define a multiplication on the cyclic homology of a commutative, cocom-
mutative K-bialgebra with “superproduct.” But first we recall the definitions. A
K-bialgebra H = (H,m,u, A, ¢) is a K-algebra (H, m,u) together with a coalgebra
structure (H, A, ¢) so that the diagonal (comultiplication) A : H — H ® H and
augmentation map € : H — K are morphisms of K-algebras. (See, e.g., [S] for
details.) In particular we have

(1) Aly) =A@A®WY) = Y 2wy @Teye  (or “@y)e = 26ym"),
(®),(v)
(2) A1) =1®1 where 1 =u(1),

(3)  el@,y) =e(@)e(y),
4) e1)=1

Any monoid algebra K M has the structure of a K-bialgebra given by A(>" a;x;)
= > a;x; ® x4, (D a;x;) =Y a;. This comultiplication is obviously cocommuta-
tive.

Definition 6.1 ([Ga]). Suppose that H is a K-bialgebra. Then by a superproduct
on H we mean a K-linear map * : H ® H — H satisfying the following for all
z,y,2 € H.
(a) Az xy) = Az) * A(y), i.e., “(T*y)u) = Tu) * Ya).
Here x: (HOH)®@ (H®R H) — H® H is given by (a®b) x (c®d) = (a*c) @ (bxd),
(b) e(z xy) = e(z)e(y),
(¢) zx1=1%z=ue(x),
(d) (left distributivity) = * (yz) = >_ (@) *y)(z(2) * 2),
(e) (right distributivity) zy * 2 = 3= ) (2 * 2(1))(y * 2(2))-

Note that any bimultiplicative map % : M x M — M on a monoid M satisfying
r+1l=1%xxz =1 gives a superproduct on K M.

Definition 6.2 ([Ga]). A unit for (H,x*) is an element e of H satisfying the fol-

lowing.
(a) Ale) =e®e.
(b) e(e) = 1.

(c)xxe=exx=uxforallz e H.
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Note that if * is associative with unit e, then conditions 6.1(a), (b) and 6.2(a),
(b), (c) are equivalent to saying that (H,x,e, A, ¢) is a bialgebra.

Given a commutative, cocommutative K-bialgebra H with superproduct * and a
uniform family F' we would like to construct a chain map p: T(H)QT(H) — T(H)
with the formula

(5) u(Sa(n,x),Sb(m,y)) = (z*y)#Fab(n,m)
if € C,(H) = H?"Y and y € C,,(H) = H®™+D, In order for this to be
defined we need is a chain map (x * y)* : E(Z[n,m]) — T(H).

Given x = (20,2, ..., 2") € H" L y = (4%, 4L, ...,y™) € H™H ! let 2%y denote
the element of H®("+)(m+1) given by the (n + m + 2)-fold iterated sum
(6) Try =Y ey > (@l eyl

(%) (@) (¥°) (™)

where we use the standard notation Z(wi)(x(o), e ,x(m)) for the m-fold diagonal
of ' and similarly for .
Lemma 6.3. (a) x xy is K-bilinear in x,y and is therefore defined for any = €
HOHD gnd y € HOm+D),

(b) Given morphisms « : Zn| — Zlal, B : Z[m] — Z[b] we have (agxx)* (Bxy) =
(o x B)g(w xy) where (¢pp2) = [[{z%|¢(i) = j} for any ¢ : P — Q and z € H®T.
Proof. This follows from the cocommutativity of H and the fact that * distributes

over multiplication. (When «, 8 are not surjective we also need conditions (b), (c)
of 6.1.) |

Given any element (z%7) of H("+t)(m+1) we have an induced chain map (2%)# :
E(Z[n,m]) — T(H) given on the generators S, (b, ¢ : Z[n, m| — Z[b]) by
(29)# S, (b, ¢) = Sa(b, d(27)) = Sa(b, (V,.... ")
where each c* is given by ¢* = [[{2"|¢(i,j) = k}. Since H is commutative with
unit this is well-defined. The map (2%)# commutes with all cyclic operators (it is
a morphism of cyclic K-modules) and therefore induces a chain map as required.

Since (z)# is K-multilinear the definition extends to any element of the tensor
product HEM+TVM+D)  Thus (z * y)# : E(Z[n,m]) — T(H) is defined.

Proposition 6.4. The expression (5) defines an augmented chain map p: T(H)®
T(H) — T(H).

Proof. We compare dy, ud using the definition of F.
dp(Sa(n, w), Sp(m, y)) = (@ +y)*dF (n,m) = 3 +(w xy)*(a x f) F'

pd(Sa(n,x), Sp(m,y)) =Y (agz * Byuy) ¥ F.
But as in Lemma 4.1 we have the formal identity (z+y)* (ax8)* = [(ax 3)x(z*y)]*
and this is equal to (agx * ﬁ#y)# by Lemma 6.3. O
By the same argument we have the following.
Proposition 6.5. If u,p/' : T(H) @ T(H) — T(H) are given by two uniform fam-
ilies F, I then there is a uniform homotopy G : F ~ F' and G gives a homotopy
p~p by
(7) 9(Sa(n, ), Sp(m,y)) = (x % y)*Gap(n,m). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



222 KIYOSHI IGUSA

7. ASSOCIATIVITY OF p FOR KM

We will now verify algebraically that the multiplication p on the cyclic homology
of H satisfies the various conditions that we have claimed except for the computa-
tion in Theorem 1.1b in the case H = K and Corollary 1.2. For these we must rely
on the topological argument and the proof given at the end of the paper that the
topological and algebraic definitions of u agree.

The first property that we will tackle is the associativity of u in the case when * is
associative. As in the case of Proposition 6.5 (the uniqueness of y up to homotopy),
a homotopy p(p x 1) ~ (1 x u) in the case of a bialgebra H results from a uniform
homotopy in the case H = KM which in turn comes from a specific homotopy
in the case M = {1}. The key point therefore is to show that the chain maps
plp x 1), w1 x p) : T(KM) @ T(KM) @ T(KM) — T(KM) are carried by the
same acyclic carrier A which is functorial in M. In this section we construct the
carrier A and use it to show that u(p x 1), u(1 x ) are uniformly homotopic. We
assume that the bimultiplicative pairing * : M x M — M is associative.

Let (S4(n, ), Sp(m,y),S(l,z)) be an object of the basis category B(M™) x
B(MA)xB(M™) of T(KM)RT(KM)RT (K M). We define zxy*z to be the element
of M+DMF+D+D) with (4, j, k)-coordinate x; *y, * 2 and we define the augmented
complex A(z*y*z) to be the acyclic complex E(Z[n,m,l]) where Z[n, m,l] = Z[n]x
Z[m] x Z|l] together with the augmented chain map (x * y * 2)# : E(Z[n,m,[]) —
T(K M) induced by the map of cyclic sets (z xy * 2)# : X(Z[n,m,[]) — M which
sends (¢ : Z[n,m,l] — Z[p] € X, Z[n,m,l]) to pu(xzxy+*z) = (wo,...,w,) € MIT!
where each wy is the product w; = [[{; * y; * zx|6(i, j, k) = t}. As before we get
an acyclic carrier A.

Theorem 7.1. The acyclic carrier A carries both u(px 1) and u(1x p). Therefore
w is homotopy associative on T(KM).

Remark. This is a special case of Theorem 13.1 below.

Proof. We will show that p(u x 1) is carried by A. The other case is similar.
Recall that u(Sq(n,z), Sy(m,y)) = (z % y)# Fup(n,m) where Fy, € Ey(Z[n,m)),
k=n+m+2(a+b). Let

(1) Fup(n,m) = Tos,(k-2d.6)

¢
be an expression for F,(n, m) as a linear combination of generators of Ey(Z[n, m]).
Then

(z % y)* Fop(n,m) = Z reSa(k — 2d, d4(x * y))

<

and
,U(,U(Sa(n, Jf), Sb(m’ y))’ SC(Z7 Z)) = ,LL((J? * y)#Fab(nv m)v Sc(l, Z))
> ro (G (@ xy) # 2)* Fae(k — 2, 1).
]

But (¢pu(z *y) * 2)# = (x *y x 2)#(¢ x 1)* by Lemma 4.1 so we have
(2)

(i x 1)(Sa(n, @), Sy(m,y), Se(l, 2)) = (@ xy * 2)* Y rg(d x 1) Fae(k — 2d,1)
2

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A MULTIPLICATION IN CYCLIC HOMOLOGY 223

where Gape(n, m, 1) = >, 1¢(¢ x 1)"Fye(k — 2d,1) € E(Z[n,m,l]) depends only on
a,b,c,n,m,l. This is a uniform formula for pu(u x 1) lifting it to the carrier A. We
need only check the boundary conditions:

(3) €Gooo(0,0,0) =1,

AGape(n,m, 1) = Y sgn(a)(a x 1 x 1)*Gue(*,m, 1)

aeW (a,n)
(4) + (=" Z sgn(B)(1 x B X 1)*Ggre(n, *,1)
BEW (b,m)
+ (=0 sgn(9)(1x 1 x ) Gape (n,m, ).

YEW (c,l)

The verification of (3) is easy. Since Fpo(0,0) = So(0,p1), Gooo(0,0,0) =
(p1 X 1)*S0(0, p1) has augmentation 1. To verify (4) we begin by taking the bound-
ary of (1):

(5)  dFu(n,m) Zr¢ dSq(k —2d,¢) = Zr¢ Z sgn()Sy(p, Vo).
YEW (d,k—2d)
For fixed ¢, let the operator L : E(Z[n,m]) — E(Z[n,m,l]) be defined by
L(S4(p, ) = (A X 1)" Fye(p, 1)

(L is not a chain map. It is a graded homomorphism of degree I + 2¢.) Then
Gape(n,m,l) = LF,,(n,m) so L transforms (5) and Fy;(n,m) into the following

equation.
dore D sgn()(We x 1) Feel(p,l)
¢ YeW (d,k—2d)
(6) = Z sgn(a)(a x 1 x 1)*Gpe(*, m, 1)

aeW (a,n)
+(=D" Y sgn(B)(1 x B x 1) Gave(n, #,1).
BeEW (b,m)
Compare this with

dGape(n,m, 1) = 14(¢ x 1)* dFac(k — 2d,1)
¢

=S raex 1) | S sgn()(¥ x 1) Felp, 1)
¢

YEW (d,k—2d)

(7) + (=D Y7 sgn(y)(1 x 7)*Fa- (k — 2d, )

YEW (c,l)

=Srs Y sgn(¥)(®é x 1) Frelp, 1)

6 peW(dk—2d)

Zw Z sgn(y) (¢ x v)* Fy« (k — 2d, ).

YW (c,l)
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By (6) the > , >, term in (7) agrees with the sum of the >, and > ; terms in
(4). The following computation shows that the > term in (7) agrees with the
>, term in (4).

Gab7(n, m, 77) = ZT¢(¢ X 1)* dFd?(k — 2d, ?7)

[
SO

(=)™ > sgn(y)(1 x 1 x )" Gapr (n,m, ??)
yeW (e,l)

ngn Y1 x 1 x7)*(¢ x 1)*Fyo(k — 2d,77)
ngn (¢ x 7)* Fao(k —2d,??7). O

8. ASSOCIATIVITY OF p FOR BIALGEBRAS H

We now consider the case when H is a commutative, cocommutative K-bialgebra
with associative superproduct .

Lemma 8.1. Ifz = (2% ...,2"),y = (4°,...,y"), 2 = (2°,..., 2!) then (z*y)*z =
z* (y * 2) as elements of HE+HD)m+1)(+1)

Proof. This is an easy computation:

(@xy)xz= Y (@) * vl w * () (by definition)
=D (@lyw *Yayw) * %) (by Def. 6.1.1)
= Z(Iéj)(k) * (y{i)(k) * 2(()) (by associativity of )
= Z(Iéj)(k) * (ygk)(i) *2(;y»)) by cocommutativity of A)
= @l * Wy *2() o) (by Def. 6.1.1)
=z *(y*2). O

Theorem 8.2. p: T(H)®T(H) — T(H) is homotopy associative.
Proof. We recall that i is given by (S, (n, x), Sp(m,y)) = (x*y)* Fup(n, m). Thus
(i Sa(n, @), Sy(m,y)), Se(l,2)) = (@ * y)* Fap(n,m), Se(l, 2))

=1 | > ro(axy)*Salk — 2d, ), Sc(l, 2)
ol

— | S raSalk — 2d, 64 (), Sell, 2)

¢
=Y ro(dp(ay) x 2)F Fack —2d.1)
¢
= ((@*y)*2)* > re(¢ x 1)* Fae(k — 2d, 1)

]
= ((xxy)* z)#Gabc(n, m,1)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A MULTIPLICATION IN CYCLIC HOMOLOGY 225

where Gape(n, m, 1) is a uniform family for p(p x 1). Similarly

1(Sa(n, ), 1(Sp(m, ), Se(l, 2))) = (z * (y * z))#G:zbc(nv m, 1)
where G/, .(n,m,!l) is a uniform family for u(1 x u). By Theorem 7.1 the uniform
families G, G’ are equivalent to chain maps ¢g,¢' : T(K) @ T(K) ® T(K) — T(K)
carried by the carrier A. Therefore any homotopy h : g ~ ¢’ carried by A is
equivalent to a uniform homotopy G ~ G’. Since (z *y) * 2 = x * (y * z) by Lemma
8.1 we are done. (]

9. COMMUTATIVITY AND UNIT FOR 17

By an easy variation of the associativity argument we can prove the following.
This general pattern of argument is later formalized in sections 12 and 13 although
the commutativity of u is not a special case of Theorem 13.1.

Theorem 9.1. If x is commutative then p is homotopy skew commutative on
HC.(H).

Proof. Let w: T(H) @ T(H) - T(H)® T(H) and w : Z[n,m] — Z[m,n] be the
switching maps w(z,y) = (—1)99¢9¢9Y(y 2) and w(a,b,k) = (b,a,k). Then we
want to show that p, p o w are uniformly homotopic for H = K M. First we note
that u(S,(n,z), Sy(m,y)) = (z * y)* Fup(n,m) and

/Lw(Sa(n, CL'), Sb(mv y)) = (_1)nm(sb(mu y)? Sa(”? CL')) = (_1)nm(y * x)#Fba(mv n)

But F/(n,m) = (=1)"w* Fy,(m, n) is a uniform formula for p and (y * r)#w* =
(wg(y * 2))#* = (z *y)*. Consequently a uniform homotopy F =~ F’ gives a
homotopy p ~ pow.

In the bialgebra case we need to note that wy (y*x) = xxy in HC+Nm+) O

Theorem 9.2. Suppose that e € M acts as a two-sided unit for x. Then Sy(0,e) €
To(KM) acts as a homotopy unit for p. (So(0,e) is a strict two-sided unit for u if
F' is chosen as in Proposition 5.3).

Proof. We may assume that F' is as in Proposition 5.3 since it is unique up to
homotopy. Then:

w(Sq(n, ), 80(0,€)) = (x % e)# Fuo(n,0) = 2% S, (n, p1) = Su(n, ),
/L(SO(Ov 6), Sb(mv y)) = (6 * y)#FOb(Ov m) = y#Sb(mvPQ) = Sb(mv y) O

Theorem 9.3. Suppose that H is a commutative, cocommutative bialgebra and *
is a superproduct with unit e. Then So(0,e€) is a homotopy unit for .

Proof. Choose F' as in Proposition 5.3. Then Sy(0, €) is a strict two-sided unit for
p by the calculation above and the fact that z x e = e x x = x for all z € H®(+1)
which in turn follows from the assumption A(e) = e ® e. |

10. THE POWER OPERATION \*

If P is a cyclically ordered set and k£ > 1 then let AfP be the set P with a
new partial ordering <; on P = P X Z given by (z,n) <j (y,m) if and only if
(z,0) < (y,[(m — n)/k]) where [ ] denotes the greatest integer function. Since

the new partial o@ering <y on P is weaker than the original partial ordering the
identity map on P gives a morphism A*P — P. However this morphism is not
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natural. The reader can check that for P = Z[n] the definition of \¥Z[n] agrees

with the original one given in Definition 3.3.

If ¢ : P — @ is a morphism of cyclically ordered sets then let \¥¢ : AP — M\¢Q

be given by /\kqbcr (z) = 0™ Jrp(x) where Jy is the operation Ji(y, m) =
and ¢ : P— Q is a representative of ¢.

Proposition 10.1. (a) (z,n) < (y,m) in P if and only if (z,kn) <
)\kP e, Jg: P AP s a poset embedding.

(b) Jka = ok Jy (in particular Jy is not a morphism of cyclically ordered sets).

(c) A\F is a functor from the category of cyclically ordered sets to itself.

(d) If ¢ : P — Q is a morphism of cyclically ordered sets, then the following

diagram commutes.

~ f ~
P—Q

J{ |

kD ko)
A P,\Tqé”‘ Q

Proof. We will verify that \*¢ : MNP — X\kQ is order preserving. The rest is

obvious.

Suppose that (z,n) < (y,m) in A*P. Then (z,0) < (y,
Thus qg( ) < o“qz( ) in @ and qub( ) < U“ka¢( ) <o
then /\kqb(x n) = U”Jk¢( ) < akaqﬁ( )= )\kq;(y, m) in A

)1nPwhereak<m n.
m- "Jk¢( ) in AFQ. But

Proposition 10.2. For any two cyclically ordered sets P, Q there is a natural iso-

morphism

MNP x Q)= NP x N\Q.

Proof. We first claim that the “identity map” gives an isomorphism \*(P x Q)

AP x A*Q. To see this note that the following are equivalent.
(a) (a,b,n) < (z,y,m) in \*(P x Q).
(b )(a 0) < (z,y,[(m —n)/k]) in P x Q.
(¢) Ji s.t. (a,0) < ( i) in P and (b,0) < (y,[(m —n)/k] — i) in Q.
(d) i s.t. (a,0) < (x ki) in A*P and (b,n) < (y,m — ki) in Q.
(e) (a, b n) (z,y,m) in \FP x \FQ.
Now suppose that ¢ : P — S, : Q — T are morphisms. Then

(& X ) (2,,0) = Jk(9 X $)(,£,0) = (5,1, k(a + b))
where ¢(z,0) = (s,a) and ¥(y,0) = (¢,b). But then \¢(z,0) =
Neab(y, 0) = (¢, kb) so

(NG x M) (2,3, 0) = (5,1, ka + kb) = \(§ x ¥)(w,9,0). O

11. THE POWER OPERATIONS ON HC,(A)

(s, ka) and

We will give an acyclic carrier for the power operations A¥ = 1/kU* on T'(A)
for any commutative K-algebra A. This will enable us to show that ¥* commutes
with g up to uniform homotopy. As before we will not need an explicit formula for

Uk except to show that our operations agree with those of [L] and [FT].
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As always we begin with the case A = KM where M is a commutative monoid.
For each k > 1let AF : T(K M) — T(K M) be any chain map carried by the acyclic
carrier C given by C(S.(n,2)) = E(M\*Z[n]) together with the chain map 27 :
E(\Z[n]) — T(KM) induced by the morphism of cyclic sets % : X (\*Z[n]) —
M*A given by % (¢) = ¢ = (20, ..., 2m) Where z; = [[{z;|¢(i) = j}. A morphism
Sa(n,z) — Sp(m,apx) given by a : Z[n] — Z[m] induces a chain map (\*a)*
E(\fZm]) — E(\*Z[n)).

To verify that this is a carrier we note that (A\fa)*(A\¥B)* = M (Ba)* and
o#(A\Fa)* = May(z)# = (agz)? since a, \Fa give the same map of underlying
sets Z[n] — Z[m).

As before we get a uniform formula for W*:

A (Sa(n, @) = 2 LE(n)
where LE(n) € E,12.(\*Z[n]) is a family of elements depending only on a,n, k.

Proposition 11.1. The uniform family of elements L¥(n) is characterized (up to
uniform homotopy) by the following properties.

(a) eL§(0) = 1,

(b) n

ALy (n) =Y [(=1)'(N*0,)"Li(n — 1) + (1) (\st)) LE_ (n+ 1)

1=0
+ (=) (WetstY* LF (n41)]. O

With this characterization we can compare L¥(n) with the power operations ¥*
as described in [FT].

Theorem 11.2. An eaplicit formula for L¥(n) € Eny2,(\*Z[n]) modulo genera-
cies is given as follows.

=k Z sgn(or)Sa(n, ¢r) + degenerate terms

where I = (I1,...,Ix) runs over all partitions of the set {1,2,...,n} and ¢r :
N Zn] — Z[n] is the morphism given by ¢r(0) = 0 and ¢1(i,0) = (a;, (i) for
i=1,...,n where ay,as,...,a, are the elements of I in increasing order followed
by the elements of I in increasing order etc. and w(i) = j if a; € I;.

Proof. This is a computation which can be broken into two parts.
(1)
Z(_l)iai ngn@] (n,¢r) = Z ngn (6,)Sa(n—1,05),

i=0 Ji §=0
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Comparison of the remaining terms shows that they are not equal:
n
kY (=1t Z sgn(r)Sa(n, 1)

=0

(3) n
£ Z )Mt (Nl )* ngn ¢1)Sa1(n+1,01).
7=0

L

However the expressions in (3) are all degenerate so L¥(n) = k%Y, +£S,(n, ¢1)
satisfies 11.1.b up to degeneracies. (Since this formula for L¥(n) sends degeneracies
to degeneracies the degeneracies can be factored out.)

To verify equation (1) we rewrite it in the following form

4) 3> (=1)sgn(d,)Sa(n — 1,8i61) §:§j ) sgn(@;)Sa(n — 1,6, 00).
i=0 I j=0 J
If 0 < i < n and 7,741 belong to different parts of the partition I, then 9;¢; = 0; ¢y,
where I’ is obtained from I by interchanging ¢,7 + 1. These terms occur with
opposite sign on the left side of (4) and so they cancel. The terms with dy¢; where
1 € I and 0,¢; where n € I also cancel. The remaining terms are equal to
corresponding terms on the right hand side of (4).
Equation (2) can be rewritten as:

kZZ )" sgn(¢r)Sa(n, st'er)

=0 I

=D > (=1)"Vsgn(@)Sa1(n + 1, é1 0 Ast)).
L

=0

()

Since st'¢; sends 0 to 7 + 1 one can see that the morphisms st'¢;, are all different
and that each of them occurs exactly k times (with the same sign) as a morphism
of the form ¢z, o \*st?. O

Corollary 11.3. kA* = UF = (—1)*kAF. O

Corollary 11.4. Let A be a commutative K-algebra. Then the power operation
Uk = kAR on T(A) is given by W*S,(n,x) = ka? L¥(n). d

12. GENERAL OPERATIONS ON HC,(H)

We want to show that the power operations A* commute with the multiplication
. This will be a formal consequence of the isomorphism A*P x \FQ = \F(P x Q)
in the category Cos of finite nonempty cyclically ordered sets.

In this section we will show how any functor f : Cos™ — Cos gives rise to
an operation on HC,(K M) for any “f-monoid” M and on HC.(H) for any “f-
algebra” H.

Definition 12.1. Let f : Cosx---xCos — Cos be a functor of n variables. We say
that f acts on the commutative monoid M (and we call M an f-monoid) provided
that for any n objects Py, Ps, ..., P, of Cos there is an n-multiplicative map (i.e.
multiplicative in each variable)

Fot MPY ook MP — ppf (P o)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A MULTIPLICATION IN CYCLIC HOMOLOGY 229

so that for any n morphisms ¢’ : P; — Q; the following diagram commutes.

(1) MP oo MPn—L s A s (PrP)

¢;x---x¢’;l lf(cbl,---@”)#
MQl X oo X MQn T} Mf(QhaQn)

e, f(ol ..., ¢ pfu(at, .. a™) = f*(gb;&xl, s @lya™). Here gy MP — M@ is
given by ¢4 (z) = y where y(j) = [[{z(9)|¢(i) = j}.

Note that there is a unique action of any functor f on the trivial monoid {1}.

Suppose that f,g : Cos™ — Cos are two functors acting on the monoids M, N
respectively. Then a morphism (M, f) — (N, g) of monoid-functor pairs consists of
a homomorphism of monoids h : M — N and a natural transformation n: f — g

making the following diagram commute for all Pi,..., P, in Cos.
(2) MPL oo s MPr—2 4 pf(PrP)

hx»»»xhl lhon#

NPI X oo X NPn T>N9(P1""’P").

Ifn: f — f is the identity transformation we call h : M — N an f-morphism. Note
that for any f-monoid M there are unique f-morphisms M — {1} and {1} — M.

Examples 12.2. (a) f = AF,\i = “dentity” : M¥ — M*'P, in particular any
commutative monoid has the natural “trivial” structure as a \¥-monoid.

(b) w(P,Q) = P x Q, pts : MY x M@ — MP*? given by p.(z,y) = z xy, (z *
y)(i,7) = x(i) * y(j) where x : M x M — M is a bimultiplicative pairing so that
lxz=x+1=1for all z € M. (The commutativity of (1) in this case is given by
Lemma 4.1.)

By replacing products with tensor products these definitions can be extended to
K-algebras.

Definition 12.3. We say that the functor f : Cos™ — Cos acts on a commutative
K-algebra H and we call H an f-algebra if for any Pi,..., P, € Cos there is a
K-linear map f, : H®M @...@ H®P» — HOf(P1.Pn) g6 that for any n morphisms
@' : P; — Q; the following “tensor analogue” of diagram (1) commutes.

3) HOPY & ... g HOPr —L s @ f(Pr.csPy)
¢;®---®¢;l Jf(&,..w")#
H®Q1 ® e ® H®Qn f—> H®f(Q1;~~~7Qn)

Here ¢y : H®P — H®9 is given on generators z € H' by ¢4 (v) =y € H?, y(j) =

[H{z()]o(i) = j}-

Examples 12.4. (a) Any commutative K-algebra has a natural “trivial” A\¥-action.
(b) Any commutative, cocommutative K-algebra with superproduct is a u-

algebra where p is the functor u(P,Q) = P x Q. (This follows from Lemma
6.3.b.)
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A morphism of algebra-functor pairs (H, f) — (H', g) is a K-algebra morphism
h: H — H' and a natural transformation 7 : f — g making the obvious diagram
(the tensor analogue of (2)) commute.

If f:Cos* — Cos is a functor which acts on the commutative monoid M let A
be the acyclic carrier from T(KM)® --- @ T(KM) to T(K M) given as follows.

(a) If a1, n1,...,ax,nk > 0 and 2* = (2%(0),...,2%(n;)) : Z[n;] — M are set
functions then

Af(Say (n1, ), .., Say (ni, 2%)) = E(f(Z[n4], ..., Z[ng]))

together with the map to T(K M) = KB(M?") induced by the morphism of cyclic
sets

felzt, 2™ X f(Zn], ..., Zng]) — M2

given as before by f.(z!,...,25)% ¢ = ¢ (f(z!,...,2%)). (Note that f.(z?,..., aF)
maps f(Z[ni], ..., Z[nk]) into M and ¢ : f(Z[n1), ..., Z[nk]) — Z[?].)

(b) If ¢* : Z[n;] — Z[my], i =1,2,..., k, are morphisms then there is an induced
map

F(&h . 0 B(f(Z[mi], ..., ZImy))) — B(f(Z[m], ..., Z[ny])).

In order to show that this defines an acyclic carrier we need to show that the
following diagram commutes:

E(f(Zlmal..... Zlmi]) —2 D B(p( 2 Zl))
f*(@rl,w’;r’“)\) A,m#
T(KM).

This is a familiar calculation:

fula, )P (o 08 (@) = fulahs L dR) (o £, ¢F))
=Puf(o.. . ) pfulat, . a")
=Yy fulohat, ... ¢ha®)
= fulola', ... ol ().

We also recall that f(Z[n4],...,Z[ng]) is finite and nonempty by assumption.
A uniform formula for a chain map 6¢ carried by A; can be given by

(4)  04(Sa, (n1,2Y), ..., Sap (g, 7)) = fulat, .. ¥ # Fr(ar,na, ..., ax, ny)
where Fr(a1,n1,...,ak,nk) € Ey(f(Z[n1],...,Z[ng])) with p = nq + -+ + ng +
2(aq + - -+ + ax) is a family of elements given uniquely up to uniform homotopy by

the following conditions.

(5) eF4(0,0,...,0,0) = 1,
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(6)

OFr(a1,n1, ..., ax,ng)

= Z Sgn((bl)f((bla17"'71)*Ff(*7*7a27n27"'7ak7nk)

prteW (ai,n1)

+(—1™ Z sgn(d®) f(1,¢%,1,..., 1) Fy(a1,n1, %, %, a3, n3, - . ., ag, ny)
P2eW (az,n2)
4Lt (_1)n1+n2+~~~+nk Z Sgn(d)k)
PFeEW (ak,nk)
X f(l, ey 1, d)k)*Ff(a,l,nl, ey Q—1,NEk—1, %, *)

Proposition 12.5. Suppose that f : Cos* — Cos acts on the K-algebra H. Then
(4) above defines a chain map 07 : T(H) @ k — T(H) and thus an operation
O : HC,,(H)®--- @ HCy, (H) — HCyy4...qn, (H) which is natural with respect to
morphisms of f-algebras. Furthermore this map in cyclic homology is independent
of the choice of the uniform family Fy.

Proof. Since fi(x!,...,2%) is multilinear, (4) defines a linear map 6y. Condi-
tion (6) shows that 6; commutes with boundary. We just need to check that
fel@t, . ) f(Ph, .., 9F) = f*(gb;l#xl, e gb’;&:z:k)#. But this follows from the
commutativity of (3). |

13. COMPOSITION OF UNIFORM FORMULAS

Let f : Cos® — Cos be a functor of s variables and let ¢g* : Cos'* — Cos be s
functors. Then we get a composite functor fg = fo (g' x --- x g*) : CosT — Cos

where T' = t1+- - -+t5. We will obtain a uniform family for this composite functor in

terms of the uniform family Fy for f and uniform families Gy, ..., G, for ¢*, ..., g°.

First we need some notation. For each i = 1,...,s we have

(1) Gi(al,nl,...,at,nt):Zr;isbll(mh,wli)
I;

where '+ g'(Z[ni],..., Z[n4]) — Z[my,] is a morphism, {I;} is an index set
depending on 4, (a1,n1,...,a:,nt) and t = t;. We note that my, + 2b;, = > n; +
2% a; for each I;. Since G; is a uniform family we have

(2)
0Gi(a1,n1,...,a1,n) = Z sgn(a®)ry, S (x, a'yp’?)
I; aiEW(in,mli)

= Z Sgn(ﬂil)gi(ﬁila17"'71)*Gi(*7*7a27n27'"7atant)

BreW (a1,n1)

_|_(_1)711 Z Sgn(ﬁﬁ)gi(laﬁl?vla"'71)*Gi(a17n17*5*7a37n37"'7at7nt)
6'i2€W(a2,n2)

o (St ST sgn(67)
BteW (a¢,nt)

X gi(l, ceey 1,5“)*Gi(a1,n1, ey A1, M1, %, *)
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We now construct Flg.

05(01,...,05)/(Sars (n11,21), Sury (na2, 2'2), ..., Sar, (nsr, 7))
=0p(gt (=™, ... 2"* G (arr,n1, - a1g, nat)s -

gi(il'Sl, e 7!ESt)#(;s(aslansla ceey

By (1) and the multilinearity of 8¢ this is equal to:

Z Zrh ngaf g*( 7"'7x1t)#sb11 (mhawh)a"w

st nst))~

gi(zﬂv s 7x5t)#sbls (mls ) ¢IS))

D I N e

X Ff(b]l,mh,...,b]s,m[

—Z Zrh crp fe(gh(att, ot gt (2t

sl

X f(’l/)117'.',/¢)15) Ff(b117m117"'7b155m13)

s xt)

7$St)#)

= fg*(xll, - ,l‘lt, .. ,1‘31, .. ,xSt)#ng(a,ll,nll, .. .,ast,nst)

where

Frg(aii,ni, ..., as,nst) € E(f(g"(Z[nan), ..., Z[n)), - 6°(Z[nal, - ...

is given by

—lfg a 1 ,a E § I
. ( y 11, - - St,nst rr 7-18 17'”

XFf(b]l,mjl,...,b[S,m

where f(¢lla"'7wls) : f(gl(Z[nll]v"'7Z[n1t])?'"7gS(Z[nsl]a"'7

f(Z[m11]7 - '7Z[mfs])'

Theorem 13.1. Fy, is a uniform family for fg.

» Z[nsi])))

7w15)*

1)

Zlnsl)) —

Proof. Since 0,61, ...,05, fg.(xt, ..., 2°)# commute with augmentation we have
€F4(0,...,0) = 1. Thus we need only verify the following boundary condition.

8ng(a113 Nty ..., st nst)
=(?) Z Sgn(ﬂll)f(gl(ﬂllv15"'71)517"'71)*
pHreW (ai1,n11)

(4) X ng(*,*,alg,nlg,...,ast,nst)

+(_1)n11 Z Sgn(/612)f(gl(176127]‘)"'7]‘)717"'

B12eW (a12,n12)

X ng(a’llanllv *, *,&13,7’L5t) + -
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where the indices of summation 3% are as in equation (2). The actual boundary of
Fyg(ain,...,ns) is obtained from (3):

(5)
8ng(a11,.. TLSt Z ZT}l T, f ...,’L/)Is)*aFf(bh,m[l,...,b[s,m[S)

_Z Zrh r,fwh...,wfs)

Z sgn(a') f(at,1,... 1) Fy(x, %,br,, ..., myz.)

OzIEVV(bI1 ,777,11)

+(=1)mn > sgn(@®)f(1,0%, 1, 1)

O¢26W(b127m12)
X Ff(bllamha*v*;bfsv"'7mIs) + e

where o' is as in (2). Thus it suffices to show that the RHS of (4) is equal to the
RHS of (5). We will see that this is a formal consequence of (2).

The terms in (2) can be converted into the corresponding terms in (4), (5) via
the graded homomorphisms

Vi: E(¢"(Z[nal, ..., Z[ng))
— B(f(t"(Z[n11), ..., Z[n1d))s -, 9°(Znsis - . ., Znt)))
given for each ¢,k > 0 and ¢ : ¢*(Z[ni1], ..., Z[ny)) — Z[k] by

E E E E TIhoo T TLiyq o

Lioi I
O R R )
X Fe(br,,mrp,...,br,_,my,_y, ¢,k by ,mp,,...,br,,mp,).
A}though V; is not a chain map (V;0 # 9V;) it is natural in the following sense. If
¢’ : Z[ni;] — Z[ni;] are morphisms then
Viogh(oh, ..., o) = f(1,...,1,4" (¢, ..., ¢"),1,...,1)* o V/

where V/ is the same as V; with each n;; replaced by n;j If we compare the terms
in the second expression in (2) with those in the RHS of (5) we see that

(6)

S
Z(—1)n11+'”+m’1‘tVz‘(an‘(&m, Nty -y Qit, Nit)) = OF pg(@11,ma1, - . -, Qst, Nst)-
i=1

The signs match since n;; + - - - + n;; has the same parity as my,. If we apply V; to
both sides of (1) we get

I I\ *
ViGi(ai,n, ..., a¢,ny) E E ro e f(T L)

Iy
XFf(bllamha-"vbIsv Is)

(7)

= ng(allvnlla e 7ast7nst)-
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Now we can use (7) and the naturality of V; to compute V;0G;(ai1,ni1, - . ., @ity Mit)
using the last expression in (2):

ViOGi(ai1, i, - - -, Qit, Nit)

= Z Sgn(ﬁil)f(17'"717g1:(/61:171,"'71)’17"'71)*
BeW (ai1,ni1)
X ViGi(*, %, @i, Mig, . . ., Qig, Mg) + -+

Comparing this with the RHS of (4) we see that
RHS(4) = Z(—l)nlﬁ'%m*l‘tvi(5Gz‘(az‘17 Nily - -+ ity Nit))
i=1
:ang(all7n117~"7ast7nst)' D

Corollary 13.2. The following diagram commutes for any p-algebra H and for
allm > 0,k > 1. In particular this holds if H is a commutative cocommutative
K -bialgebra with superproduct:

Ak®Akl J/Ak

Proof. When H = KM this follows from Theorem 13.1 and the fact that A\¥(P x
Q) = AFP x A\*Q (Proposition 10.2). For the general case we need to verify that
both compositions (A, A¥), A are given by uniform formulas, i.e., we need to
know that the calculations leading to (3) above work for bialgebras. But this just
boils down to checking that:

(a) (o + Byy)d = (@ + y)* o (o x B)",

(b) (ye( + y)* = (2 % y)# 0",

More generally one needs to check that

F(@ygt (@), 0%0° @) = f(g' ("), ..., g° (@) o f(¢',...,6°)".
But this is exactly Definition 12.3. O

14. TOPOLOGICAL CARRIERS

In the last five sections of this paper we will show that the topological defini-
tions of the operators p, A¥ on HC,(K M) as given in §1 agree with the algebraic
definitions given above. The idea is to show that the continuous maps defined in
§1 are carried by “topological carriers” corresponding to the acyclic carriers used
above. This section contains the definition of a topological carrier.

Definition 14.1. Suppose that (X, {1.}) is a CW complex. (3. : D™ — X is the
characteristic map of the cell e™.) Then a category of cells for X is a pair (£(X), L)
where
(a) £(X) is a small category whose object set is the set of cells of X so that:
(i) Each cell is the source of only finitely many morphisms.
(ii) For each nonidentity morphism « : e — €', dim(e) > dim(e’).
(b) L is a contravariant functor from £(X) to the category of finite CW complexes
over X so that:
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(i) The cells of L(e) is in 1-1 correspondence with the morphisms in £(X)
with source e. (The cell corresponding to « : e — €’ is denoted e,.)
(ii) The map 7. : L(e) — X sends the open cell e, homeomorphically onto
the open cell ¢/, in fact we assume that 7. 0 P, = Per.
(iii) For each «: e — e’ the induced map a* : L(e’) — L(e) satisfies a*otpe, =

Ve

Proposition 14.2. If (£(X), L) is a category of cells for X then

(a) X has the quotient topology with respect to [], L(e).

(b) If an orientation is chosen for each cell of X then the morphisms of £(X)
of degree —1 acquire incidence numbers ro and E(X) becomes a basis category.

If Y is any space and X is as above then a topological carrier from X to Y
is defined to be a contravariant functor F from £(X) to the category of weakly
contractible spaces over Y, i.e., spaces with the weak homotopy type of a point. A
continuous map f : X — Y is said to be carried by the carrier F if for each cell e
in X there is a lifting f, : L(e) — F(e) of the composition L(e) — X — Y so that
the following diagram commutes for all morphisms « : e — ¢’ in £(X).

L(e') —>— L(e)

E

F(e’ a—*>F(e)

b

el

)
)
Proposition 14.3. FEvery topological carrier from X to'Y carries at least one map
and any two such maps are homotopic. O

We say that the topological carrier F' is regular if Y and each F(e) is a CW
complex and all maps F(e) — Y and F(e’) — F(e) are regular in the sense that they
send open cells homeomorphically onto open cells. Since a regular map F(e) — Y
induces a well-defined chain map of cellular chain complexes C(F(e)) — C(Y) we
get an ordinary carrier “C(F')” from C(X) to C(Y).

Proposition 14.4. Let F be a reqular topological carrier from X to Y. Then
there is a cellular map f : X — Y which is carried by F and the induced map
fi: C(X) — C(Y) is carried by C(F). |

There are some CW complexes which have canonical cell categories. We say
that a CW complex X is weakly regular if for every pair of open cells e, e’ the
inverse image 1, (e’) € D™ is locally path connected and the map (/) — ¢’
is open. In particular this implies that each component of 1 *(e’) maps onto €’ so
the closure of each cell is a finite subcomplex of X. With a little thought one can
see that 1. 1(¢/) has only finitely many components.

Definition 14.5. If X is a weakly regular CW complex then the canonical cell
category for X is defined as follows.

(a) The objects of £(X) are the cells of X. A morphism e” — ¢’ is defined to be
a component of 1, (e') C D™.

(b) For each cell e, L(e) is defined to be the quotient space of D™ modulo
the equivalence relation & ~ y if ¥ (x) = ¥ (y) € ¢ C € and x,y lie in the same
component of 1.1 (€’). This means that each element of L(e) is uniquely represented
by a pair (z,a) where a : e — €’ is a morphism in £(X) and z € €.
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(c) me : L(e) — X is given by m.(x,a) = z and o* : L(e’) — L(e) is given by
o*(z, ) (z, Ba).

(d ) The composition of the quotient map D™ — L(e’) with the map o* : L(e’) —

L(e) gives the characteristic map from the cell in L(e) corresponding to a: e — €.

As an example, the geometric realization of a simplicial set X is weakly regular
and its canonical cell category resembles the category of simplices of X (without
the degeneracies).

15. THE CANONICAL CELL CATEGORY FOR VM ~ BM

If M is an associative monoid then let VM be the space of all finite nonempty
configurations X C S' together with labels in M. As in the case of BM in §1
the points in X are allowed to merge with corresponding labels being multiplied in
clockwise order. However we do not delete points with resulting label equal to 1.

There is a map VM — BM given by ignoring the points in X with label 1 and
inserting 1 € S! with label 1 € M if it is not already in the configuration.

Proposition 15.1. VM ~ BM.

Proof. Let VoM be the subspace of VM consisting of all configurations X contain-
ing the point 1 € S*. Then VM is homeomorphic to the nondegenerate realization
||E(M)] of the simplicial set F'(M) of §1 and thus VoM ~ BM.

To see that VoM ~ VM we note first that there is a retraction r : VM — VoM
given by inserting the point 1 € S* with label 1 € M. A homotopy between r and
the identity on VM is given as follows. For any nonempty configuration X C S!
we detach one new point from each point of X with label 1 and move it clockwise
until it merges with the next point. When one of these new points passes the point
1 € S we split it in two and leave a fixed point at 1 with label 1. O

Now we need a cell decomposition of VM so that VoM is a subcomplex. If
x = (zg,...,xn) € Mn™+1! then let e, C VoM be the set of all configurations
{Y0,-..,Yn} in S written counterclockwise with yo = 1 so that y; has label x;.
The characteristic map ., : A" — VoM of the n-cell e, is given in barycentric
coordinates by ., (t) = {yo, - - ., yn} where y; = exp(2mv/—1(to + - - -+ t;_1)) with
appropriate labels. Then 7., : 0A™ — VoM™~ is clearly regular so VoM becomes
a weakly regular CW complex.

For each z = (zg,...,2,) € M1 let u, C VM be the set of all configurations
{Y0,---,yn} With y, < 1 < yo in counterclockwise order with labels x;. Then u,
is an (n + 1)-cell with characteristic map t,, : A"T! — VM given by 1, () =
{y0,---,yn} where y; = exp(2mv/—1(to + -+ + t;)). Again n,, : OA™ — VM™ is
regular so VM is a weakly regular CW complex. Consequently there is a canonical
cell category £(VM). From the geometric description it is obvious that there is one
morphism e; — € in E(VM) for every simplex in A™ and one morphism u, — €”
for every simplex in A™*!. Furthermore the incidence numbers are all +1.

A morphism e; — e, where y = (Yo,...,Ym) is given by an epimorphism « :
Z[n] — Z|m] so that @(0) = 0 (these are dual to monomorphisms [m] — [n] in A)
and so that y = axx. There are no morphisms e, — uy. A morphism u, — uy
is given by an epimorphism « : Z[n] — Z[m] in A so that y = axz. A morphism
Uy — ey is given by an epimorphism « : Z[n] — Z[m] so that y = agz and @ *(0)
contains either 0 or n.
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The incidence numbers for the morphisms in £(V M) of degree —1 are indicated
by the following proposition.

Proposition 15.2. In the cellular chain complex of VM the boundaries of the
generators (n,x),u(n,z) corresponding to e,,u, have boundaries:

n

d(n,x) = Z(—l)i(n —1,0x),

=0
ou(n,z) = — Z_:(—l)iu(n —1,0x2) + (n,x) — (=1)"(n,tz). O
=0

16. THE CANONICAL CELL CATEGORY FOR WM ~ GM

Let WM denote the space of all pairs (C, X) where C € B(1) = CP* and X is
a finite nonempty configuration in C' with labels in M. We give WM the topology
analogous to that of the previous configuration spaces VM, BM,GM. Then WM
is a fiber bundle over BU(1) with fiber VM. There is a natural map WM — GM
given by ignoring points with label 1. Since VM ~ BM we conclude the following.

Theorem 16.1. WM ~ GM. O

To construct a cell decomposition for WM we need to start with the stan-
dard cell decomposition of BU(1) = CP> which has one cell €2* in every even
dimension so that ¢ Ue? U--- U e?* = CP* Thus the open cells are given by
e?® = {[z,...,24] € CPz, # 0}. The characteristic map s, : D** — CP® of %

is given by ¥4 (20, .- - 2a—1) = [20,- - -, Za—1, 2] where © = /1 — ||2]|? is the unique

nonnegative real number so that (zo,...,2,—1,7) € S?*T1. This has an obvious
lifting 1o, : D% — S2¢+1 given by a4 (20, - -+ 2a—1) = (20 -+, Za—1,T)-
We will use the notation ¢ to denote the unique element ¢ = (2o, ..., 2,) of each

fiber of E(1) = S — BU(1) = CP* so that the last nonzero coordinate z, is
positive and real. This is the same as saying that ¢lies in the image of ﬁga(im‘ D?)
for some a > 0.

For each a,n > 0 and x € M™*! let eS,(n, x) denote the set of all (C, X) € WM
so that C € BU(1) lies in the open cell €2® and ¢ € X = {yo, ..., yn} with elements
numbered counterclockwise with yo =¢ and with corresponding labels xg, ..., .
Then eS,(n, z) is an (n+2a)-cell with characteristic map ¢ : D?*xA™ — W M given
by ¢(27 t) = (¢2a(2)7 {yo, v 73/71}) where Yi = exp(QW\/__l(tO +o 4+ ti—l))w2a(z)'

Similarly let eR,(n,z) denote the set of all (C,X) € WM so that C € e*®
but ¢ ¢ X = {yo,...,yn} with corresponding labels g, ...,z,. Then eR,(n,z)
is an (n + 2a + 1)-cell with characteristic map @ : D?* x A"l — WM given by

P(z,t) = (Y24 (2), {¥0 - - -, yn}) Where y; = exp(2piv/—1(tg + -+ + ti))i@a(z).

Proposition 16.2. This defines a weakly regular cell decomposition of WM. The
boundary map in the associated cellular chain complex is given by

n n

08a(n,z) =Y (=1)'Sa(n— 1,0iw) + > _(—=1)"Ra_1(n, t'z)

(a) i=0 i=0
(i.e. 9=b+ N),
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b) ORy(n,x) = — 2(—1)iRa(n —1,0;2) + Sa(n,x) — (=1)"S,(n, tx)
i=0
(ie., = —b +1-1),

where Sa(n,z) € Cpioa(WM) and Ry(n,x) € Crioar1(WM) are the generators
corresponding to eS,(n,z) and eRq(n,z) and the undefined terms R_i(n,t'z) are
understood to be zero. O

The canonical cell category E(W M) can be described as follows. For A, B =
S or R there is a morphism eA,(n,z) — eBy(m,y) for every epimorphism « :
Z[n] — Z[m] so that y = axx provided that the open cell eBy(m,y) is contained
in the closure of eA,(n,z). This geometric condition is equivalent to the following
combinatorial conditions.

(a) b < ain all cases,
(b) b<aif (4,B)=(S,R).
(¢) Suppose that a = b then (as in the case of VM):
(i) @(0) =0 in the case (A, B) = (S, S),
(i) @~ 1(0) contains either 0 or n in the case (4, B) = (R, S),
(iii) «: [n] — [m] is a morphism in A in the case (4, B) = (R, R).
This construction generalizes to the following.

Definition 16.3. If X is any cyclic set let A(X) be the basis category defined as
follows.

(1) The objects of A(X) are symbols Sg(n,z), Ry(n,z) where a,n > 0 and
z € X,.

(2) deg So(n,x) = n+ 2a,deg Ry (n,x) =n+ 2a + 1.

(3) A morphism A,(n,z) — By(m,y) is an epimorphism « : Z[n] — Z[m] so
that y = a.x and the combinatorial conditions (a), (b), (c) above are satisfied.

(4) The incidence coefficients are as indicated in Proposition 16.2.

With this definition we have E(WM) = A(M™).

Proposition 16.4. For any cyclic set X there is a natural chain homotopy equiv-
alence vx : KB(X) = KA(X) which is carried by the acyclic carrier which sends
Su(n,x) to KA(X Z[n)) which maps to KA(X) by the cyclic map % : XZ[n] — X
given by 7 (o : Z[n] — Z[k]) = a.(x) € Xp.

Proof. vx(Sa(n,z)) = Sa(n,1) + > i (1) Uq—1(n + 1, st*). O

17. A TOPOLOGICAL CARRIER FOR p: WM x WM — WM

We are now ready to show that the topological and algebraic definitions of the
multiplication p in HC,(K M) agree. We are assuming that M is a commutative
monoid with a bimultiplicative pairing * : M x M — M so that lxxz =zx1=1
for all x € M.

Let p: WM x WM — WM be given by u((C,X),(D,Y)) = (CD,X xY) as
in §1. Then we will construct a regular topological carrier F), for u. For each cell
e(Aa(n,x), By(m,y)) = eAq(n,x) X eBy(m,y) in WM x WM where A, B represent
either S or R let F,(e(Aq(n,z), By(m,y))) = F,(n,m) be the space of all pairs
(C,¢) where C € BU(1) and ¢ : Z[n,m] — C is a morphism of cyclically ordered
sets with the map (z*y)# : Fj,(n,m) — WM given by (z+y)(C, ¢) = (C, ¢4 (rxy))
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where ¢4 (x * y) is the image of ¢ together with labels [[{z; * y;|6(i,5) = 2} for
each z € Im¢.

For any morphism («, 3) : e(Aq4(n, x), By(m,y)) — e(Xo (0, apx), Yb/( " Bxy))
given by two morphisms « : Z[n] — Z[n'], 3 : Z[m] — Z[m/] let (o, B)* : Fj,(n/,m’)
— Fj(n,m) be given by (o, 8)*(C,¢) = (C,$ o (a x 3)).

Slnce F,(n,m) is clearly contractlbl e we have:

Lemma 17.1. F}, is a topological carrier from WM x WM to WM. O
Lemma 17.2. p: WM x WM — WM is carried by F),.
Proof. Let fi : L(eAq(n,z)) x L(eBy(m,y)) — F,(n,m) be given by

i((C, X, ), (D,Y,3)) = (CD, ¢)

where we view «, as morphisms « : Z[n| — C,0 : Z|m| — D with images
X,Y having labels agz, B4y and ¢ : Z[n,m] — CD is given by ¢(i,j, k) =
(a(i,0), B(4, k), k). The following discussion shows that /i is a continuous function.

Let v : Z[0,1) x Z[0,1) — Z[0,1) be the morphism of cyclically ordered sets
given by

o, y.m) = (x+y,n) ife+y<l1,
e (c+y—1,n+1) ifzt+y>1

Then v is rotationally invariant in the sense that v o (T, x T) = T,y o v for all
a,b € R where T, : Z[0,1) — Z[0,1) is given by T, (x) = z+a (if we identify Z[0,1)
with R).

Since v is rotationally invariant it induces a morphism v : C' x D — CD for any
C,D € BU(1). Furthermore the underlying set map 7 of v varies continuously with
(C,D) € BU(1) x BU(1). The map ¢ : Z[n,m] — CD factors as ¢ = vo (a x () :
Z[n,m| — C x D — CD so it varies continuously with ((C, X, «),(D,Y,3)). O

Lemma 17.3. F}, is a regular topological carrier and the canonical cell category of
E(Fu(n,m)) is naturally isomorphic to A(X Z[n,m]).

Proof. First we need a cell decomposition of F,(n,m). For each morphism ¢ :
Z[n,m] — Z[k] and a > 0 let eS,(k, @) be the space of all pairs (C,« o ¢) where
C € e’ C BU(1) and « : Z[k] — C is a morphism so that @(0) =¢. Let eR,(k, ¢)
be the space of all pairs (C, 3 o ¢) where C € €2% and 8 : Z[k] — C is a morphism
so that ¢ < 5(0) < --- < B(k) < o(¢).

The characteristic maps
Y D* x A", D** x A"t — F,(n,m)

for €Su(k, ), eRq(k, $) are given by ¥ (z,t) = (Y2a(2),a 0 @), (P24(2), 3 0 @) re-
spectively where a, 3 are given by @(i) = exp(2mv/—1(to + - - - + ti—1))th2a(z) and
B(j) = exp(2my/—1(to + -+ 4 t;))h2a(2).

By comparing formulas it is clear that the maps (x * y)# : F,(n,m) — WM
and (a x B)* : Fy(n',m') — F,(n,m) are all regular. It follows that F),(n,m) is
weakly regular and that (z*y)? induces a morphism of basis categories. This forces
E(F,(n,m)) to be isomorphic to A(X Z[n, m]). |
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Theorem 17.4. The topological and algebraic definitions of the multiplication
p:HC(KM)® HC.(KM) — HC,(KM)

agree.

Proof. The regular topological carrier F), gives an operation ps on KA(M*). The
acyclic carrier E gives an operation g on KB(M*) = T(KM). Thus it suffices to
show that the following diagram commutes up to homotopy where v is the chain
homotopy equivalence given by Proposition 16.4.

KB(MM @ KB(MY) 2= KB(MM)

KAM") ® KAM") —— KA(M")

In order to do this we form the mapping cylinder Cyl(v) of v and construct an
acyclic carrier for a map pc : Cyl(v) @ Cyl(v) — Cyl(v) making the following
diagram commute.

(0) KB(MM @ KB(M?) 2= KB(MA

|

Cyl(v) ® Cyl(v) —E— Cyl(v)

l |

)
KAMY) @ KAM?Y) 2 KAMN)

The mapping cylinder Cyl(v) is defined to be KC(M*) where C(X) is the basis
category defined for any cyclic set X as follows.

The category C(X) is a union of three disjoint full subcategories A(X), B(X),
and ) B(X) where > B(X) is the same as B(X) except that the degrees of all
objects are raised by 1 and the incidence coefficients change in sign (degd A =
degA+1,75 o = —74). There are no morphism between A(X) and B(X) nor from
AX) I B(X) into > B(X).

The morphisms from > B(X) to B(X) are simply morphisms in B(X). Thus
C(X)>_A,B)=B(X)(A,B) for all A, B in B(X). The identity morphisms > A —
A have incidence coefficient equal to 1. All other morphisms > A — B have
coefficient zero. The morphisms from > S, (n,z) € > B(X) to Ay(m,y) € A(X)
(A =r or S) are defined to be the morphism « : Z[n] — Z[m] so that y = axz.
The only morphisms from B(X) to A(X) with nonzero incidence coefficient are
those which occur in the formula for vx. These are id : Y Sy(n,z) — Sq(n,x) with
coefficient 1 and st : 3" S, (n,z) — Re—1(n + 1, st'z) with coefficient (—1)" for
0 < i < n. Composition is defined in the obvious way by composition of morphisms
in Cos.

The inclusion functors A(X) — C(X) and B(X) — C(X) induce the chain
maps from KA(X), KB(X) into Cyl(v) = KC(X) which appear in (0) above for
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X = M". To prove the theorem it now suffices to construct an acyclic carrier for
a map uc : KC(X) ® KC(X) — KC(X) which is compatible with w4, pup. Such
an acyclic carrier is given by sending (Aq(n,z), By(m,y)) in C(M™) x C(M™) for
A,B = R,S,3S to the complex KC(X Z[n,m]) which maps to KC(M?*) by the
cyclic map (z * y)# : X Z[n,m] — M. O

18. A TOPOLOGICAL CARRIER FOR A* : WM — WM

Theorem 18.1. The topological and algebraic definitions of the power operations
AF = 1/kU* on HC.(KM) agree.

Remark. This result is essentially due to Goodwillie since our topological definitions
of A¥ is just a rewording of this intuitive description of these operations.

Proof. This proof is analogous to, but easier than, the proof of Theorem 17.4. To
minimize repetition we give only the first half of the proof.

Let A¥ : WM — WM be the continuous function A*(C,X) = (C*, A¥(X)).
Then a regular topological carrier F) for A* can be given as follows. For any cell
eAy(n,x) in WM where A = R or S let Fa(eAq(n,z) = Fa(n) be the space of
all pairs (C, ¢) where C € BU(1) and ¢ : \*Z[n] — C is a morphism of cyclically
ordered sets with the map 27 : Fyx — WM given by 2% (C,¢) = (C, ¢4x). Any
morphism « : eAq(n,x) — eBy(m,y) is given by a morphism « : Z[n] — Z[m] so
that y = agz. Let a* : Fy(m) — Fx(n) be given by o*(C, ¢) = (C, ¢ o \Fa).

To see that A* is carried by Fx let A* : L(eAq(n,z)) — Fa(n) be given by
A*((C,X),0) = (C*,¢) where ¢ : A*Z[n] — C* is the composition of Aa :

AeZn] — AFC and the unique continuous morphism p : A*C' — C* so that

p(z) = 2",

The remainder of the proof is analogous to the proof for F),, for example, in
the final step we use the acyclic carrier which sends A,(n,z) € C(M?) for A =
R,S,3.S to the complex KC(XAZ[n]) which maps to KC(M?*) by 2#. This
defines a chain map A% : KC(M*) — KC(M*) compatible with the topologically
defined operators A% on K A(M?™) and the algebraically defined operators A% on
KB(M™M). O
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