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VARYING BIFURCATION DIAGRAMS OF
POSITIVE SOLUTIONS FOR A CLASS OF
INDEFINITE SUPERLINEAR BOUNDARY VALUE PROBLEMS

JULIAN LOPEZ-GOMEZ

ABSTRACT. In this work we analyze the existence, multiplicity and stability of
positive solutions for a class of indefinite superlinear elliptic boundary value
problems. The main contribution of this paper consists in the change of mind
inherent to the fact of adding the superlinear amplitude € as an unfolding
parameter. This change of mind allows us to unify many previous results
obtained separately in the literature, it helps us to realize the global structure
of the set of positive steady states, and provides us with a great variety of new
general results. Our techniques can be applied to much more general equations
and systems.

1. INTRODUCTION

In this work we analyze the existence, multiplicity and stability of positive steady
states of the following reaction diffusion problem

Ou+ Lu = Au — ac(x) u? in Q x (0,00),
(1.1) u=0 on 990 x (0, 00),

u(,0)=up >0 in Q

where € is a bounded domain of R, N > 1, with boundary 99 of class C?>*" for
some v € (0,1), L is a second order uniformly elliptic operator of the form

N
L:=— Z Di(cij(x)Dj) + CQ(Z‘),
ij=1
with ¢;; € C1(Q), ¢ij = ¢jiy i, j=1,..., N, co € CY(Q), X € Ris a real parameter,
and a. € C¥() is an indefinite weight function of the form
(1.2) ac=a" —ca”,
where ¢ > 0, at, a= € C¥(Q2), and
Qp ={zeQ: a"(x) >0}, Qu={xre: a (z) >0}

Received by the editors August 26, 1996 and, in revised form, October 14, 1997.

2000 Mathematics Subject Classification. Primary 35B60, 35J25, 35K20.

Key words and phrases. Indefinite superlinear problems, superlinear amplitude as unfolding
parameter, multiplicity results without a priori bounds.

This work was supported by the EC Network REACTION DIFFUSION EQUATIONS under
grant ECBCHRX CT 93-0409 and the Spanish DGYCIT PB93-0465 and DGES PB96-0621.

(©2000 American Mathematical Society

1825

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1826 JULIAN LOPEZ-GOMEZ

are disjoint subdomains of {2 whose boundaries have the same regularity as 92 and
Qp CQ, Q- C Q. In particular, a. =0 in

=0\ (@, U0).

We shall refer to € as a parameter measuring the amplitude of the superlinear part
of the nonlinearity.

Problem (1.1) is well-posed in the Banach space U := C;1"(Q), the closed
subspace of C?T¥(Q) constituted by the functions v vanishing on 9. By the
parabolic maximum principle, if ug > 0, then the solution wu(¢, z;ug) of (1.1) lies in
the interior of the positive cone of C3(Q) for all ¢+ > 0 where it exists.

The positive steady states of (1.1) are the positive solutions of

(1.3) Lu = Au— a.(z)u?, uel.

When € = 0, then @ = a™ and in this special case the structure of the set of positive
solutions of (1.3) is well known. Namely, an increasing analytic curve bifurcating

from u = 0 at A = o$¥[£] and growing to infinity as A T 0'?\§+ [£], 17, [22], [11],

[14]. Hereafter, oP[L] stands for the principal eigenvalue of £ in D C Q under
homogeneous Dirichlet boundary conditions. The techniques introduced in [14]
also provide us with the existence and some uniqueness results for a very general
class of sublinear elliptic boundary value problems [20].

When € > 0 then a sort of competition between the sub and the superlinear parts
of the nonlinearity arises, making the analysis of the existence and multiplicity of
positive steady states far from easy, even looking as simple as (1.3) does. In the
last few years three types of techniques have been used, and sometimes developed,
to treat this problem.

Ouyang [23] took £ = —A and using some classical techniques of bifurcation the-
ory showed that if the spatial dimension is not too large and the bifurcation to pos-

itive solutions from u = 0 is supercritical, then there exists \g € (o$}[£], 0?\Q+ (£])
such that (1.3) possesses at least two positive solutions for each A € (o$}[£], \g) and
it has no solution for A > Ag.

Beresticky, Capuzzo-Dolcetta and Nirenberg in [3], [4] and [5], using variational
methods and topological degree, found some existence results. Some of them are
of a local nature, but others are global and those will be used in Section 6 to get
some new multiplicity results. More precisely, we shall make use of the a priori
bounds of [5]. We refer to Section 6 for a detailed comparison of our results versus
the results of [5]. In Section 2 will be given a complete answer to all the questions
that arise in the final remarks of [4]. I would advise having copies of these papers
when reading this one.

Alama and Del Pino [I], using Morse theory and min-max methods, found some
multiplicity results, but their solutions possibly change sign and therefore their
results are useless for our purposes herein.

The main contribution of this paper consists in the change of mind inherent to
the fact of adding the superlinear amplitude £ as an unfolding parameter. This
change of mind allows us to unify many previous results obtained separately in the
literature and helps us to realize the global structure of the set of positive solutions
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of (1.3). For example, by setting
Jo, atel

— 3
fo a1
where 1 > 0 stands for the principal eigenfunction (positive) associated with
o$¥[L], Theorems 2 and 3 of Beresticky, Capuzzo-Dolceta and Nirenberg [4] are
better understood in the following terms: The bifurcation to positive solutions
from w = 0 is supercritical if € < €*, and subcritical if € > &*. This provides us
with a new and striking proof of Theorem 3 of [4].

Once the new parameter € has been introduced, a very natural question arises.
How does the global continuum of positive solutions of (1.3) vary when e changes
from 0 to infinity? Giving a complete answer to this question should provide us
with a unified view over all previous results and so it should help us to find out new
and deeper results. This is what we are going to do in this paper. Our strategy will
be the following. First, to analyze (1.3) when ¢ is small, then to perform a global
continuation using ¢ as the main parameter.

This paper is organized as follows. In Section 2 we introduce some notations,
recall the characterization of the strong maximum principle by means of strict
positive supersolutions, analyze the behaviour of (1.3) when ¢ = 0 and then give
the first general results about the existence of positive solutions of (1.3). A new
and shorter proof of the main theorems of [7], [22] and [14] will be given, analyzing,

in addition, how the solution grows to infinity as A T U?\Q+[£], [I1]. We need

this growth to show that there exists A*(e) < U¥\Q+ [£] such that (1.3) does not
admit a positive solution if A > A*(g) and, in addition, to get explicit estimates for
A*(g). These estimates show how \*(g) decreases as € increases. Moreover, it will
be shown that for any

et =

Q\Q
5 € (0,07 1] ~ o L))
there exists £(§) > 0 such that (1.3) possesses a positive solution for each
re (of1L).07 (2] - 9)

and ¢ < €(d). However, to be rather natural, all these results are new. Also, we
should point out that none of them depends qualitatively on the spatial dimension,
as it happens with most of the existence results in the references.

In Section 3 we use singularity theory techniques to analyze the nature of the
local bifurcation to positive solutions from u = 0. If € > €*, then the bifurcation is
transcritical with the half curve of positive solutions emanating subcritically, while
if e = €*, then the bifurcation is a subcritical quadratic pitchfork, and if € < &*,
then it is transcritical with the positive solutions emanating supercritically. Since
the pitchfork obtained when € = &* is quadratic, it follows from the theory of
Golubitsky and Schaeffer [I5] that for ¢ < * close enough there exists A[g] > o$*[£]
such that in a neighborhood of (u,)\) = (0,0}[£]) the problem (1.3) does not
admit a positive solution if A > A[e], while it has one if A = A[¢] and it has
two for each A € (0$2[L], A[g]). In the latest case the smaller solution is linearly
asymptotically stable while the other is unstable with one-dimensional unstable
manifold (cf. Figure 3 in Section 3). A fundamental observation is that this result
is independent of the spatial dimension. When the spatial dimension is sufficiently
low, then a priori bounds are available in the region where u = 0 is unstable and
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therefore for each € < * there exists A\; > o$}[£] such that (1.3) possesses at least
two solutions if A € (¢$}[£], A1), being the minimal one weakly stable in the sense
of Amann [2].

Singularity theory has proven so useful because it suggests the local behaviour
persists for values of the parameters far away from their singular values. Model (1.3)
provides us with an excellent example of this. For example, it does not admit a
positive solution if ¢ > ¢* and A > o$}[£] (cf. Theorem 3.6 in Section 3). This result
is a generalization of Theorem 2 of [4]. As in [4] it follows from a Picone identity
[4], [24]. Moreover, the local bifurcation diagram obtained for ¢ < ¢* sufficiently
close still persists as € decreases up to reach a critical value e, € [0,e*), where the u
components of the turning points grow to infinity while their A components increase
converging to a value A\; < ai)\Q* [£]. At € = &, the global continuum of positive
solutions of (1.3) bifurcating from u = 0 is formed by an increasing analytical curve
filled in by linearly asymptotically stable solutions blowing up as A T A;. This
global theorem is one of the main results in this paper. Its proof is included in
Section 5, and it is based upon the direct method for computing higher order folds
proposed by Keller and Yang in [16] and the theory previously developed in Section
4, where we characterize whether or not a singular point is a single fold. Since this
is the first global analytical result of this nature available in the literature in the
context of problem (1.3), at a first glance, its reading might be a bit confusing for
nonexperts in the numerical analysis of bifurcation problems.

In general, we do not know whether €, = 0 or g, > 0 occurs. If a priori bounds
for the positive solutions of (1.3) are available for the range of \’s where the trivial
solution is unstable, then ¢, = 0. If not, €, > 0 might occur. Therefore, the
spatial dimension seems to play an important role to ascertain whether €, > 0 or
€+« = 0 occurs. In fact, thanks to the results of Beresticky, Capuzzo-Dolcetta and
Nirenberg [5] and Ouyang [23], if the spatial dimension is sufficiently low, then
€x = 0. In other words, the local subcritical turning point emanating from the
bifurcation point at € = £* persists for all values ¢ € (0,e*). Moreover, if we denote
the turning point by (u[e], Af]), then

limule] = o0
el0

uniformly on compact subsets of Q\ Q,, and

lim Afe] = o3\ [£]

el0
(cf. Section 5 for details). Therefore, in the presence of a priori bounds the branch
of minimal solutions of (1.3), those asymptotically stable connecting (0, o$}[£]) with
the subcritical turning point (u[e], Ale]), converges as € | 0 to the global bifurcation
diagram of (1.3) with ¢ = 0. This seems to be the first global analytical result of
this nature available in the literature.

In Section 6 we shall complete the comparison of our results with those found in
[5] and [23], giving, in addition, some further global results.

Most of our results are true for general differential operators £, not necessarily
selfadjoint, general boundary conditions (cf. [14]), and much more general nonlin-
earities. We have chosen L selfadjoint for the validity of the Picone identity. We
have chosen 2, instead of u?, p > 1, because in this special situation the singular-
ity theory needed to treat (1.3) is contained in [I5], while in the general case we
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should elaborate more on this point. Our techniques also apply for more general
nonlinearities like a™uP — ea~u? with p # q.

2. THE CASE € = 0. SOME EXISTENCE AND NONEXISTENCE RESULTS
FOR THE GENERAL CASE

First, we introduce some notations. Fix v > 0 and consider the Banach spaces
U:=Ct(Q), V:=C"(Q)

ordered by their cones of nonnegative functions Py and Py, respectively. The
interior of a cone P will be denoted by P and we shall write f > g if f —g € P,
f>gif f—ge P\{0}and f > gif f —g € P. The interior of Py is the set
of w € U such that w(z) > 0 for all € Q and $%(x) < 0 for all z € 09, where
n stands for the outward unit normal at 9€2. The parabolic maximum principle
ensures that if u is a solution of (1.1) with initial data ug > 0, then u € Py for any
t>0.

Given ¢ € C(Q) and a smooth subdomain Q; C Q we consider the linear elliptic
eigenvalue problem

(2.1) (L4q(x))p=0¢p in O, v=0 on 0.

This problem possesses a unique eigenvalue to a positive eigenfunction, denoted by
oM [L+q] and  OP[L+q],

respectively. By a principal eigenvalue we mean an eigenvalue to a positive eigen-

function. This result can be obtained from the strong maximum principle and the

Krein-Rutman theorem, [19]. The principal eigenvalue is real and algebraically sim-

ple. Moreover, the principal eigenfunction lies in the interior of the positive cone

of U and the next characterization of the strong maximum principle going back to
[21] and [18] holds (cf. [19]).

Theorem 2.1. The following conditions are equivalent:
(i) o L+ q] > 0. B
(ii) There exists 1 € C1(Q1) N C?(21) such that (z) > 0 for all v € Q1 and
(L+q(x)yv >0 in Qi, >0 on 094,
with some of these inequalities strict. In other words, the problem
(L+g(x))w=0 in S, w=0 on 0,
possesses a strict positive supersolution. In this case, it will be simply said that
L + q possesses a strict positive supersolution.
(iii) The operator L+ q under Dirichlet conditions satisfies the strong mazimum
principle, i.e., if w € C1(Qy) N C?(Qy) satisfies
(L+qQuw=>0 in O w>0 on 094,
then w > 0 in 1. Moreover, if some of these inequalities is strict, then w > 0.
The equivalence of assertions (i), (iii) in the statement of Theorem 2.1 was
shown to occur for very general classes of second order elliptic operators in general
nonsmooth domains by Beresticky, Nirenberg and Varadhan [6], but in this work
nothing was said about the equivalence between the maximum principle and the

existence of a strict positive supersolution, being one of the main features which
will be used throughout the rest of this paper.
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Theorem 2.1 is substantially sharper than the generalized maximum principle
of Protter and Weinberger [25]. The generalized maximum principle of [25] shows
that the existence of a positive supersolution positive on 92y is sufficient for the
strong maximum principle, while Theorem 2.1 characterizes the strong maximum
principle in terms of the existence of a strict positive supersolution not necessarily
positive on the boundary of the domain. We should point out that Theorem 2.1 is
valid for general second order elliptic operators not necessarily selfadjoint (cf. [16]).

The following consequence of the strong maximum principle will be very useful

later.
Theorem 2.2. (i) If there exists u > 0 in Qq such that u|oq, = 0 and (L+q)u >0
in Q1, then
oM [L4q]>0.
(i) If there exists u > 0 in Qq such that ulpq, =0 and (L + q@)u < 0 in Q, then
oM [L+q] <0.

Proof. By Theorem 2.1, part (i) is already known. Moreover, if there exists u > 0
in €, such that u|sq, = 0 and (£+¢)u < 0in Q, then 03 [£+¢] < 0. By Theorem
3.2(iv) of Amann [2], this eigenvalue cannot vanish. This completes the proof. O

By the strong maximum principle, the analytic semigroup e!(“+9 ¢t > 0, is
strongly order preserving and hence the principal eigenvalue is strictly dominant in
the sense of [17], i.e. for any other eigenvalue o € C of (2.1)

Re o > o™ [L+q].
Thus, the sign of O’?l [£ + ¢] provides us with the stability properties of the zero
solution of
O+ L+qgx))u=0 in Q5 x (0,00), u|p0, x (0,00) = 0.
The zero solution is exponentially asymptotically stable if a?l[ﬁ +4q] > 0, and

unstable if 03" [£4¢] < 0. Furthermore, the linearized stability principle is satisfied

and therefore the zero solution of (1.1) is exponentially asymptotically stable if
A < 0$[£], and unstable if A > o$}[£].

Theorem 2.1 can be used to get the standard comparison properties of principal
eigenvalues (cf. [18]) and it provides us with a necessary condition for the existence
of positive solutions.

Theorem 2.3. Suppose that (1.3) possesses a positive solution. Then,
(2.2) A<oY L) (Ul =0\ 04).
Proof. Let u be a positive solution of (1.3). In the region g UQ_ we have
a:u=—<ca u<0
and hence
(L=MNu>0 in QoUO_.

Moreover, u = 0 on 9§, u > 0 on 904, and I(Qy UQN_) = 9N U Q4. Thus, u
is a strict positive supersolution of £ — X in Qy U Q_ and therefore it follows from
Theorem 2.1 that

AP L= N > 0.
This completes the proof. O
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When ¢ = 0, (2.2) provides us with an optimal upper bound of the range of \’s
for which (1.3) admits a positive solution. The following result characterizes the
existence in this special case.

Theorem 2.4. Assume € = 0. Then, (1.3) possesses a positive solution if, and
only if,

(2.3) o2L] < A < N\ g,

Moreover, the positive solution is unique if it exists and if we denote it by 6, then
the mapping X — 0y is increasing and

(2.4) lim |0l =0, lim 6y = oo,
Alet[£] Mot g

uniformly on compact subsets of 2\ Q.
Furthermore, 0 is a global attractor for (1.1) if X < 0$¥[L], O is a global attractor
of the positive solutions of (1.1) if (2.3) is satisfied, and

lim ||u(-, ;5 u0)|lo = 00,
tToo

if up >0 and X > ai)\Q* (£].

Except for the uniform convergence of the solution to infinity as A 1 0?\Q+ [£],
this result goes back to [7], [11], [14] and [22]. References [7], [I1] and [22] dealt
with the special case when £ = —A, while [T4] dealt with general second order
elliptic operators not necessarily selfadjoint. In [7], Brezis and Oswald found the
characterization of the existence as well as the uniqueness by means of variational
methods. Independently, Ouyang [22] used some global continuation methods to
show the existence and the uniqueness as well as the divergence of the L?-norm of
the positive solution as A 0?\&’, and Del Pino [11] gave a simpler variational
proof of Ouyang’s result including the limiting bahaviour of the solution. Fraile et
al. [14] used monotonicity methods to show the existence, the uniqueness and the
global attractive character of the positive solution for general second order elliptic
operators, where variational methods do not work. Here, we will give a new and
shorter proof of the existence which works out as well for general operators not
necessarily selfadjoint.

Proof of Theorem 2.4. Set Do := Q\Q, and suppose that (1.3) possesses a positive

solution. Due to Theorem 2.3, A < 0°[£]. Moreover, in Q we have that

(L= Nu=aou>0

and hence we find from Theorem 2.2(i) that A < o$}[£]. Therefore, (2.3) is necessary
for the existence of a positive solution. To show the sufficiency of (2.3) we use the
method of sub and supersolutions. Assume (2.3) and let ¢ denote the principal
eigenfunction associated with o$?[£]. Then, §¢ is a positive subsolution of (1.3) if
0 > 0 is sufficiently small. So, it suffices to construct a supersolution in the interior
of the positive cone. For § > 0 small set

Ds := Dy + Bs,

where Bs is the ball of radius & centered at 0. Let @5 denote the principal eigen-
function associated with 0'1D *1L]. Let 15 be any smooth positive function such that
s = @5 in D s and s is bounded away from zero uniformly in the complement of
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Ds. Since A < UID °[L], the continuous dependence of the principal eigenvalue with
respect to the domain shows that

(2.5) A< or?[L]

if § > 0 is sufficiently small [I9]. Choose ¢ satisfying (2.5). We claim that ks is
a supersolution of (1.3) if x > 1 is sufficiently large. Indeed, in the complement of
D 5 we have that agis is positive and bounded away from zero. Hence,

Lips > Aips — a ki)
for large . In Ds, ¢s = s and hence (2.5) implies

L(kps) = koP?[L] s > Akths > Artbs — ao(kibs)? .

This completes the proof of the existence. For a proof of the uniqueness, the
asymptotic behaviour of the nonnegative solutions and the validity of the first limit
of (2.4) we refer to [14].

We now show the validity of the second limit of (2.4). Assume (2.3) and let 6,
denote the positive solution of (1.3). Then, (1.3) implies

(2.6) (L—=X+aphr)0,=0
and hence, we find from the uniqueness of the principal eigenvalue that
(2.7) oL [L =X+ aphy] =0.
Differentiating (2.6) with respect to A yields
(2.8) (L — X+ 2apby) % =0,.
Moreover, (2.7) implies
(2.9) oL — A+ 2a06,] > 0
and hence it follows from (2.8) that
d

H = (£ - A + 20/09)\)_19)\ >0.

This shows that A — 6, is increasing. Moreover, if we fix
A1 € (07[£], 077 (L)),
then we find from (2.8) that

(2.10) (£ -2+ 2@09)\) % > 9)\1, VA > A

Let ¢¢ > 0 denote the principal eigenfunction associated with 0'1D °[L]. Let ¢ >0
be a constant such that 0y, > cgo. Then, (2.10) gives

(2.11) LA+ 2a09>\)% >cp0,  YAS AL

Moreover, 8\ > 0 = cpg on 0Dy and ag = 0 in Dgy. Thus, it follows from the strong
maximum principle that

H > @)\,

where ©, is the solution of
(L=XN)O\ =cpo
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in Dy under homogeneous Dirichlet boundary conditions. By the definition of ¢q
we have that
c

Oy=—
P oDl - A

©o -

This completes the proof, since this function grows to infinity as A T UlD °[L] uni-
formly on compact subsets of Dy. O

Theorem 2.4 provides us with the following result.
Theorem 2.5. Set
Dy :=Q\Qy
and take
6 € (0,07°[£] = oT'[£]) -
Then, there exists () > 0 such that (1.3) possesses a positive solution for each
A€ (07 L], 07" [£] = 4]
provided € € (0,&(9)).
Proof. Set
A i=oL) -6,

Thanks to Theorem 2.4, (1.3) possesses a unique positive solution if (A, &) = (A1, 0).
Namely, 6,. Consider the operator N : U x [0,00) — V defined by

N(u,€) = Lu — \u + azu?,

whose zeros are the solutions of (1.3) for A = A;. We have N'(6,,,0) = 0. Moreover,
due to (2.9),

D N (0y,,0) = L — X + 2a00,,

is a topological isomorphism. Therefore, the implicit function theorem guarantees
that there exist £(d) > 0 and an analytic mapping u(-) : [0,e(8)] — U such that
u(0) = 6, and N (u(e),e) = 0 for each € € [0,£(d)]. In fact, since 85, > 0,
u(e) > 0 provided ¢ is sufficiently small, which can be accomplished by reducing
€(9), if necessary.

Assume A € (o$}[£], \1] and € € [0,2(0)]. Then,

Lu(e(8)) = M u(e(9)) = (a™ — e(8) a™)u?(£(6))
> Au(e(9)) — (a* —ea”)u?(e(9))

and hence u(g(4)) is a positive supersolution of (1.3). Moreover, if we denote by
1 the principal eigenfunction associated with ¢$}[£], then cp; is a subsolution of
(1.3) for ¢ sufficiently small. This completes the proof. O

The next result shows the optimality of Theorem 2.5.
Theorem 2.6. Assume that

oP[L] < A < o\ g,
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and that (1.3) possesses a positive solution. Then,
Q>

L] —A
(2.12) e < inf 71 £l :
5>0 mings @~ mings Oy

where
Q0 ={zeQ_ : d=00.)>d}
and 0 is the unique positive solution of (1.3) for e = 0. In particular, there exists
N(e) < o7\ L)
such that (1.3) does not admit a positive solution if X > \*(g).
Remark 2.7. Since Q2 C Q\ Q4, (2.4) implies

lim miné, = co.
Aoy [e) 9
Therefore, the right-hand side of (2.12) goes to zero as A | 0?\@’ [£]. Similarly,

lim minfy =0,
AloPlL] Q2
and therefore, the right-hand side of (2.12) grows to infinity as A | o$}[£]. These
results are rather natural. If we want (1.3) to have positive solutions for A close to
J?\Q+ [£], then we should take ¢ small enough. On the contrary, if we are looking
for positive solutions when X is close to o$*[£], then we can allow ¢ to be very large
and this is so because for any ¢, (u, A) = (0, 0}[£]) is a bifurcation point to positive
solutions. The nature of this bifurcation will be analyzed in Section 3.

Proof of Theorem 2.6. Let u be a positive solution of (1.3). Then, (1.3) gives

5 5
0=0[L— X+ au] < a?’[ﬁ—)\—f—aau] = 0?’[£—)\—6a_u]
and hence
)
(2.13) 0< 0’?_ [£] —A—emina” minu.
Qs Qs
Moreover,

Lu = M — a.u? > M — agu?
and so u is a positive supersolution of (1.3) for e = 0. By the uniqueness, u > 0.
Finally, by substituting this estimate into (2.13) we get (2.12). This completes the
proof. O
3. LOCAL BIFURCATION ANALYSIS AND SOME GLOBAL EXISTENCE RESULTS
The solutions of (1.3) are the zeros of the operator F : U x R?* — V defined by
(3.1) Flu, M) = Lu — Au + ac(x)u?, (u, \,e) € U x R2.

Let 1 > 0 and Z denote the principal eigenfunction associated with o$}[£] and
the L2-orthogonal of ¢; in U, respectively. For any (v, \,&,5) € Z x R? define

(3.2) G(v,\g,8) = L(p1 +v) — M1 +v) + sa-(x) (1 +v)2.
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The operators F and G are analytic in all their arguments. Moreover, G(v, A, g, s) =
sEF(s(p1 +v), N\ €) if s # 0 and G(v, \,&,0) = D,F(0, )\, €)(p1 + v). Hence, the
zeros of G provide us with zeros of F. Fix ¢ = ¢ arbitrary. Then,

G(0,07'[£],£0,0) = 0
and its Fréchet differential
Dy )G(0,0%[L],20,0): Z xR =V
is given by
D,y,)G(0,01[£],20,0) (v, A) = (L — o [L]) v — A1 .

Since @1 € R(L — o$[L]), the open mapping theorem implies that this operator
is an isomorphism and therefore the implicit function theorem gives the following
result.

Proposition 3.1. There exist 61 > 0, d2 > 0 and two analytic mappings

v: (g0 — 01,80 +01) X (—02,02) = Z, A: (g0 — 01,60 + 1) X (—02,d2) — R,
such that

v(ep,0) = 0, Aeo,0) = 0¥[L]
and for each (g,s) € (g9 — d1,€0 + 1) X (—d2,d2)
(3.3) G(v(e, s), (g, s),e,8) =0.
Moreover, these are the unique zeros of G in a neighborhood of (v,\ e,s) =
(0,08[£],0,0).
Remark 3.2. For all e € R we have
G(0,0%[L],£,0) =0

and hence, by the uniqueness of Proposition 3.1,
(3.4) v(g,0) =0, Mg, 0) = oi}[L]
for all € € (eg — d1,€0 + 01). Thus, due to (3.3), for each (g,s) € (eg — 1,0 + 1) X
(—d2,02) we have
(3.5) F(slp1 +v(e,8)], A, 8)) =0.
Therefore, for each € € (g9 — 01,60 + d1) there is a curve of nonzero solutions of

(1.3) emanating from (u,\) = (0,\) at A = o$}[£]. These solutions are positive if
s > 0 and negative if s < 0.

The celebrated theorem of Crandall and Rabinowitz [8] shows that any non-
trivial solution (u, ) of (1.3) in a neighborhood of (u,\) = (0,0$}[£]) must be of
the form

(u7 )‘) - (8[501 + U(Ev 5)]) /\(5, S))
for some s >~ 0, s # 0. The next result shows that the neighborhood can be chosen
to be independent of € ~ g¢. A proof of it can be found in [I3].
Proposition 3.3. There exzists a neighborhood B of (u,\,e) = (0,0%}[L],20) in
U x R? such that if (u,\,e) € B, u # 0 and F(u,\,e) = 0, then (u,\) =
(s[e1 +v(e, s)], Mg, s)) for some s # 0.
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u(s u(s)

FIGURE 1. Local bifurcation diagrams.

The global theorem of Rabinowitz [26] shows that the continuum C* of positive
solutions of (1.3) emanating from u = 0 at A = o}[£] is unbounded in U x R.

We now analyze the nature of the local bifurcation. Differentiating (3.3) with
respect to s we find that

D,G(v(e, s), A, 8), ¢, s)@ (g,8) + DrG(v(e, s), Ale, 9), &, s)%(

ds
+ Dsg(’U(E, 5)7 )‘(57 5)7 g, 5) =0.
Specifying (3.6) at s = 0 and using (3.4) gives

(3.6) )

d dX
D.G(0.07[£],¢,0) 722, 0) + DAG(0, 07 [£],2.0) 72(2.0) + ax(w)f =0,
which can be written in the form
d X
(3.7) (£ - oL Z-(6,0) = 22 (2,0) 1 + as() g} = 0.

Multiplying (3.7) by ¢1, integrating in © and normalizing o1 so that [, ¢7 =1, we
find that
dX 3 + 3 - 3
(3.8) d—(E,O) = [ a.p] = aty] —€ a=e3.
s Q Q4

Setting
B fQ+ at el

Jo amet’
(3.8) implies 2 (e*,0) = 0. Moreover, 2(£,0) < 0 if ¢ > *, and £(£,0) > 0
if € < &*. Thus, the bifurcation is transcritical if € # €*. Moreover, the positive
solutions emanate supercritically if ¢ < €* and subcritically if ¢ > &*. Figure 1

shows the corresponding local bifurcation diagrams.
By using the exchange stability principle [9], the following result holds.

(3.9) e

Theorem 3.4. (i) Ife > c*, then there exists A\ < 0$¥[L] such that (1.3) possesses
an unstable positive solution for each A € [\*,0$}[L]).

(i) If € < €*, then there exists \* > o$[L] such that (1.3) possesses a stable
positive solution for each \ € (o$[L], \*].
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Now, we analyze the nature of the local bifurcation when € = *. In this case,

dA
1 *,0) =
(3.10) (.00 =0
and so higher order terms are needed. Differentiating (3.6) with respect to s gives
(3.11)
dv dv, , dr, dv ,
D)5 (E" ), S (e, )] + T (", ) DurG() T (€ 5) + DisGi(5) T (<", 5)
d*v dA dA
£ DUG() 5 () + T ) DAG(5) () + (S (6, 9) Dan(s)
ar, 2\ dv ,
+ 2 )DAG(s) + T 9)DAG(S) + DonG(s) (")
A
+ 75 (€50 DaG(s) + DisGls) =
where, in order to shorten the notations, we have denoted
(s) :== (v(e*, s), A", 5),€%,5).
We already know that
dA
v(e*,0) =0, Ae*,0) = o[L], E(e*,O):O.

Moreover, (3.2) implies
DyG(0,01[L],€%,0) =0,  DyG(0,01[L],€%,0) = 2acp1,
D,sG(0,09[L],€%,0) = 0,
D,G(0,08[L],e*,0) = L — o [L],  DxG(0,08[L],e%,0) = —¢1.
Therefore, specifying (3.11) at s = 0 and substituting all these relations into the

resulting equation, we find that

2 2

(3.12) (L— 0¥[£])Z 5 (€7,0) +4a6¢12 (*,0) — = ;\(E 0)p1 =0.

Multiplying this relation by 1, integrating in 2 and applying the formula of inte-
gration by parts yields

P2\ dv |
(3.13) e 0) = 4/ 001 (=", 0),
since [, 97 = 1. On the other hand, specifying (3.7) at s = 0 and using 22 (*,0) =
0, gives
d
(3.14) (£ = oPIL) = (e7,0) + a=(a)¢} = 0.

By multiplying this relation by &= dv 2(€*,0), integrating in 2 and applying the formula
of integration by parts we obtam

S [en e o, 20+ [ - otiene o

2,7=1
dv ,
=—/Qasgo%£<s 0).
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u(s)

€=¢€ U

Fi1cUre 2. Bifurcation diagram for ¢ = ¢*.

Moreover, since a. # 0, (3.14) guarantees that %(6*, 0) cannot be a multiple of
¢1. Thus, using the variational characterization of o$?[£] and taking into account
that ; is the unique function reaching the infimum, we find that

N dv dv dv dv
D, — * D. * * 2 Q * 2
E : /QCU ZdS (6 70) st (6 70) /QCO(CZS (E aO)) > 0y [‘C]/Q(ds (6 70)) >

4,j=1

and hence,

dv, ,
[ a0 <o.
Thus, (3.13) implies that

2
(3.15) %(€*a0) = 4/Qaega§%(e*,o) <0,
and therefore at ¢ = * we have a subcritical pitchfork bifurcation. The corre-
sponding bifurcation diagram is illustrated in Figure 2.

In the figures, continuous lines represent stable solutions and dashed lines unsta-
ble solutions. By the exchange stability principle, the two branches of the pitchfork
are unstable [9]. If we perturb £ around e* we get an unfolding of the pitchfork as
sketched in Figure 3 [15]. For € # ¢* we know from above that there is a transcrit-
ical bifurcation from u = 0 at A = ¢$}[£]. Singularity theory provides us with some
additional information. The stable branch of bifurcating solutions which exists
for A > o$}[£] quickly turns around and becomes a stable branch. By quickly we

mean that the quadratic subcritical turning points converge to (u, \) = (0, 0$*[L£])
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u(s u(s)

€<e

F1GurE 3. Unfolding of the pitchfork.

as € — 0. Note that for s > 0 the bifurcating solutions are positive, while they are
negative for s < 0.
The previous information can be summarized in the following theorem.

Theorem 3.5. (i) Assume ¢ < ¢*. Then, there exists e1 < £* such that for any
£ € (e1,%) one can find a neighborhood B of (u,\) = (0,0![£]) in U x R and a
value \* > o$[L] such that

(a) (1.3) does not admit a positive solution in B if X > \*;

(b) (1.3) possesses one positive solution in B when A = A*. Moreover, this solu-
tion is neutrally stable;

(c) (1.3) possesses two positive solutions in B for each A € (a$}[L], \*); the smaller
solution is asymptotically stable and the other unstable with one-dimensional
unstable manifold;

(d) if X < o[L], then (1.3) possesses one positive solution in B which is unstable
with one-dimensional unstable manifold.

(ii) Assume e > e*. Then, there exists a neighborhood B of (u, \) = (0, 0$}[£])
in U xR such that

(a) (1.3) does not admit a positive solution in B if X > o$}[L];
(b) (1.3) possesses one positive solution in B for each X < a$¥[L]. Moreover, the
unstable manifold of this solution is one-dimensional.

In many different contexts experience suggests the local behavior often persists
for values of the parameters far away from those for which Theorem 3.5 holds true,
which explains why singularity theory has proven so useful. In Sections 4 and 5 we
shall give a global version of Theorem 3.5(i). The next generalization of Theorem
2 of [4] shows the global nature of Theorem 3.5(ii)(a).

Theorem 3.6. Assume ¢ > ¢*. Then, (1.3) does not admit a positive solution for
A > a[L].
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Proof. First, we show that if u, v € C§(Q2) NC?(Q) satisfy £ € C*(Q2), then for any
function ¥ : R — R of class C’1 the following identity holds

(3.16) /Q\I/(%)[vﬁu—ul:v]: / Z e D) (Y.

3,j=1

C

Indeed, rearranging terms gives

N N
@(%) [vCu — ulv] = \II(%)[U 3" Di(eiyDjw) — v Y. Dy(eyDyu))
i,j=1 ,j=1

N v N
—)’U,ZCU‘D]"U — \I/(E)U ZCU‘D]‘U]
ZC’LJD v — ZCUD U

Il
_MZ
>

s
I
-

tlﬁz

<.
Il
i

Thus,
(3.17)

RIS E Z/ Z%D v Z%D .

On the other hand, differentiating and rearranging terms gives

N
Z ZC”D v — ZC”D u]
i=1
Zc” v — ’UZC”D U
DUZC” v — D’UZC”D U
ey ey Di(7)D; ().

i,j=1

s
Il
i

+ I
MZ ‘MZ

s
Il
-

<

since ¢;; = ¢j;. Substituting this relation into (3.17) we get (3.16).
We now complete the proof of Theorem 3.5. Let u be a positive solution of (1.3).
Multiplying (1.3) by ¢1,

Loy =0y [L] o1

by w and substracting the corresponding results yields
(318)  (E)fpiLu—ulen] = (B (h - oP[L]) - ac(@) ¢}

Moreover, it follows from (3.16) that

319) [ (et utp] = - [ 22 @3 Dy £, (2L <o,

u
4,7=1
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since L is elliptic. In this relation the inequality is strict because ¢; cannot be a
multiple of w. On the other hand, € > &* implies

/aaapi’ <0
Q

and therefore we find from (3.18) and (3.19) that
A < oi[L].

This completes the proof. [l

4. THE STRUCTURE OF THE GLOBAL ARCS OF STABLE POSITIVE SOLUTIONS

In this section we fix € > 0 and regard to A as the main continuation parameter
to analyze the global structure of the arcs of stable positive solutions of (1.3). It
will be shown that these arcs are filled in by linearly asymptotically stable solutions
and that some of the following options occur. Either (i) the arc can be globally
continued, or (ii) the arc ends in a quadratic turning point, where the positive
solution becomes unstable with one-dimensional unstable manifold, or (iii) the arc

can be prolongated up to degenerate at « = 0. If the third option happens, then the

degeneration occurs at the value A = o$?[£] and necessarily ¢ < £*. In particular,

these arcs do not have any hysteresis point. All these features are consequences of
the next two propositions.

Proposition 4.1. Let (uq, Ag) be a degenerate positive solution of (1.3) such that
(4.1) a? [£—Aa+2a.uq4) =0

and let ¥g > 0 denote the principal eigenfunction associated with this principal
eigenvalue. Then, there exist so > 0 and an analytic mapping

(u(-);AC)) = (=s0,50) = U xR
such that (u(0), A(0)) = (uq, A\a) and (u(s), A(s)) is a positive solution of (1.3) for
each s € (—so, S0). Moreover, (u(s), A(s)) admits a representation of the form
(4.2) u(s) = ug + stqg + Z s’ xj, Als) =g+ Z s? Aj,
j=1 j=1

where \j € R and x; € U, j > 1, satisfy

Q

and there exists a neighborhood B of (ug, Aq) in U x R such that if (u,\) € B is a
solution of (1.3), then (u, \) = (u(s), A(s)) for some s € (—so, o). Furthermore,

(44) AL = 0, r1 = 0,

and if we normalize ¥4 so that fQ 1/)3 =1, then

Jo as¥d
4.5 A = 22—,
(4.5) 2 Jo uath
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Proof. The solutions of (1.3) are the zeros of the operator F defined by
Flu, N\ e) = Lu — I+ a-u?.
By the simplicity of the principal eigenvalue,
N[DyF(ug, Aa, €)] = span [¢q] .
We claim that
(4.6) DyF(ug, Ag,€) = —ug & R[DyF(ug, Aa,€)] -
Indeed, if there exists u € U satisfying
D, F(ug, \g, &) u = ug,

then multiplying this relation by 14, integrating in €2 and applying the formula of
integration by parts yields
/ U’dwd = 07
Q

which is impossible, since the integrand is positive. It can be easily seen that (4.6)
implies

(4.7) NIDu,x)F (ta, A, €)] = span [(¥4,0)] .

We now show that the structure of the solution set around (uq, Ag) possesses the
structure of an analytic curve. Let X denote the L2-orthogonal of span [th4] in U,
and set Z := X x R. Then, thanks to (4.7) we have

U xR = N[Dg\F(uq,Aa,€)] ®© Z
and hence, each element (u, ) € U x R admits a unique decomposition as
(u, A) = 5(1pq,0) + 2
where s € R and z € Z. Indeed, it suffices to take
s = Jo wia .
Jo v
Thus, the equation F(u, A,e) = 0 can be written as H(z, s) = 0, where
H(z, s) = F((ud, Ad) + s(a,0) + 2) .

In this way the solutions (u,A) of F = 0 close to (ug4, Aq) are in correspondence
with the solutions (z, s) of H = 0 near (0,0). We have

H(0,0) = f(ud, /\d) =0.

z = (u_ SwdvA)a

Moreover, the operator
D.H(0,0) = Dy n)F(ud, Aa, €)|z

is a topological isomorphism. Thus, by the implicit function theorem, there ex-
ist s > 0 and an analytic mapping z : (—sg,S0) — Z such that z(0) = 0 and
H(z(s),s) = 0 for each s € (—so, s0). Moreover, there is a neighborhood B of (0,0)
in Z x R such that if (z,s) € B satisfies H(z,s) = 0, then z = z(s). Therefore,
in a neighborhood B of (ug4, Aq) the solution set F(-,-,&) = 0 is constituted by an
analytic curve (u(s), A(s)) which admits a parametrization of the form (4.2) with
xzj € X and Aj € R for all j > 1. Condition (4.3) follows from the definition of X.
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To complete the proof it suffices to show (4.4) and (4.5). Substituting (4.2) into
(1.3), we find that

L(ug + s(ta + 1) + Z s xj)
j=2

(4.8) = [/\d—i—ZsJ' Aj —ae(ud+s(1pd+x1)+zsi ;)]

j=1 =2
oo
“[ua + s(Ya + 1) + Z s’ x;)]
j=2
for all s ~ 0. Thus, identifying terms up to the second order yields

(4.9a) Lug = (Aa — acua)ud,
(4.9b) E(wd + 371) = (/\d - aeud)(wd + 1‘1) + (/\1 — ae(wd + xl))ud,

(4.9¢)  Lxg = (Ag—acug)ra + (A — ac(Pa + 21))(Ya + 21) + (A2 — acx2)uq .

Condition (4.9a) is the same as F(ug, Ag,e) = 0 and so it does not give any addi-
tional information. By rearranging (4.9b) we find that

(4.10) (L4 2acuqg — Ag) (Vg + 21) = Muq.
Thanks to (4.6), it follows from (4.10) that
A =0

and so g + x1 € N[D,F(uq, \q)]. Hence, there exists ¢ € R such that
Ya+x1 = g .

Multiplying this relation by 14 and integrating in £ we find from (4.3) that ¢ = 1
and therefore,

1‘1:0.

This completes the proof of (4.4). Now, substituting (4.4) into (4.9¢c) and rearrang-
ing terms gives

(411) (,C + 2a.uq — )\d)il,'g = Aug — ag,ll)g .

Finally, multiplying this relation by 14, integrating in Q and applying the formula
of integration by parts, we get (4.5). This completes the proof. O

If we assume Ay = 0 and A3 # 0, for instance A3 < 0, then the curve of solutions
passing through by (ug4, Aq) appears as illustrated in Figure 4, where a genuine
cubic hysteresis point is shown.

Note that 9%(s) = ¥4 + O(s) > 0 and that A(s) = Ag + Azs® + O(s*). So,
A(s) > Ag if s <0, and A(s) < Ag if s > 0. If we now vary a further parameter, for
instance €, then the diagram of Figure 4 will generically degenerate into a curve of
some of the two types illustrated in Figure 5.

The next result shows that these situations cannot occur if some of the half-curves
of solutions passing through by (uq, A¢) are filled in by linearly asymptotically stable
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FIGURE 4. An hysteresis point.
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F1GURE 5. The unfolding of a cubic.

solutions. Notice that since the mapping s — o$?[D,F(u(s), A(s),¢)] is analytic,
some of the following options occur. Either

(4.12) oDy F(u(s), \(s),€)] - o [DuF(u(—s), \(=s),€)] > 0,
for all s sufficiently small, or

(4.13) o DL F(u(s), A(s),€)] - o [DuF(u(—s), AM(=s),€)] < 0,
for all s sufficiently small, or

(4.14) a1 [DuF (u(s), A(s),)] = 0,

for all s sufficiently small. Condition (4.12) means that the two half-curves are
filled in by either linearly asymptotically stable states or by linearly unstable states.
Condition (4.13) means that some of the half-curves are filled in by linearly asymp-
totically stable solutions while the other is formed by linearly unstable solutions.
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Condition (4.14) means that the two half-curves are filled in by neutrally stable
states, and it arises when we have a vertical diagram of solutions. The latest case
cannot occur in our current situation, because in this case by Proposition 4.1 we
could continue the curve of positive solutions up to reach v = 0 and therefore
g = 0$¥[L£], which is impossible because thanks to the local analysis of Section 2
we already know that no vertical bifurcation occurs from v = 0. The next result
shows that if some of the half-curves are formed by linearly asymptotically sta-
ble states, then (ug4, Aq) is a quadratic turning point, i.e., A2 # 0, and vice versa.
Therefore, hysteresis points are only possible on arcs of solution curves filled in by
linearly unstable solutions.

Proposition 4.2. Under the assumptions of Proposition 4.1, the following asser-
tions are true:
(i) A2 < 0 if, and only if,

(4.15) o [DuF(u(s), X(s),€)] > 0 for s<0.
Moreover, in this case we have

o [DuF (u(s), \(s),€)] < 0 for s>0.
(i) A2 > 0 if, and only if,
(4.16) o [DuF(u(s), A(s),€)] > 0 for s>0.
Moreover, in this case we have

o [DuF(u(s), A(s),€)] < 0 for s<0.

In particular, (uq, \q) s a quadratic turning point if and only if, some of the half-
curves are filled in by linearly asymptotically stable solutions. Moreover, if this is
the case, then the other half-curve is formed by linearly unstable solutions.

Proof. First, we show that Ao = 0 implies

(4.17) A3 <0,
Suppose A2 = 0. Then, (4.11) reduces to
(4.18) (L +2a.uq — Ag)xa = —agwg .

Multiplying this relation by x, integrating in 2 and applying the formula of inte-
gration by parts, gives

N
(4.19) Z / cijDixoDjxo + / (co + 2a:uq — /\d)xg = —/ aewﬁmg.
Q Q Q

i,j=1
By (4.18), 2 # 0. Moreover, since fQ qre = 0, T2 cannot be a multiple of 4. On
the other hand, by the variational characterization of o$*[£ + 2a.uq — A,
YL + 2a.ug — A
N
= inf { / cl-D-wa+/(co + 2a.ug — A\g)?, /sz =1},
YEH(Q) i;l o Q ) Q

being the infimum if and only if ¢ = 4. Hence, due to (4.1) we get

N
Z / cijDizoDjxo + / (co + 2a-uq — A\g)xs > 0’? £+ 2a.uq — )\d]/ 23 =0
Q Q

ij=1 Q2
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and so the right-hand side of (4.19) is positive. Therefore,

(4.20) / asars < 0.
Q

Now, going back to (4.8) and identifying third order terms yields

Lxz =(Aa — acuq)zs + (A — ac(Ya + 1)) 2
+ (A2 — acw2)(Yq + 21) + (A3 — acx3)uq -
Since 1 = 0 and A\; = A2 = 0, this relation reduces to

(,C + 2a:uq — )\d){Eg = —20,61/Jd{£2 + A3uyg

>\3/ Ucﬂ/)d:?/ a5z .
Q Q

Thanks to (4.20) the right-hand side of this relation is negative and therefore (4.17)
is proven.
Now, by differentiating F(u(s), A(s),e) = 0 with respect to s we find that

(4.21) (L—=X(s)+ 2a€u(s))fl—2(s) = %(s)u(s) .

Moreover, from (4.2) we have

d dX

) =1ha+0(s) >0,  Z2(s) =25\ + 3523 + O(s°).

ds ds

Assume equation (4.15) and pick up s < 0. Since u(s) > 0, %(s) > 0 and

oS [L — \(s) + 2a.u(s)] > 0, applying Theorem 2.2 to (4.21) gives
dA
ds
Thus, it follows from (4.22) that Ao < 0. Moreover, if Ao = 0, then A3 < 0 and this
contradicts (4.23). Therefore, Ay < 0. The same argument shows that Ay > 0 if
(4.16) is satisfied.

We now show the contrary. Assume A < 0. Then, it follows from (4.22) that
dA () > 0 if s < 0 and that %(s) < 0if s > 0. Thus, we find from (4.21) that

and hence

(4.22)

(4.23) (s)>0.

ds
du .
(4.24) (L—A(s)+ 2a€u(s))£(s) >0 if s<0,
and that
(4.25) (L—X(s)+ 2a5u(s))%(s) <0 if s>0.

Therefore, thanks to Theorem 2.2,

YL — A(s) 4 2a.u(s)] > 0 if s<0,
and

aSHL — A(s) 4 2a.u(s)] <0 if s>0.

This argument can be easily adapted to complete the proof of part (ii). O
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We now show how the previous propositions provide us with the structure of the
arcs of the curve filled in by stable solutions. Fix € > 0 and assume that (ug, Ao) is
a positive solution of (1.3) linearly asymptotically stable, i.e.,

(4.26) SL — No + 2a(z)ug(z)] > 0.
We have F(ug, Ao, e) = 0 and thanks to (4.26) the operator
D, F(ug, Ao, &) = L — Ao + 2a-(x)up(x)

is an isomorphism. Thus, through by (ug, Ag) passes a real analytic curve of positive
solutions of (1.3) of the form u = u(\), A ~ XAg. Moreover, the solutions on
this curve provide us with all the solutions of (1.3) in a neighborhood of (ug, Ao).
Differentiating F(u(X), A, &) = 0 with respect to A at Ag gives

(L= Mo+ 2ac(x)up(z)) %()\0) = ug > 0,

and hence, the strong maximum principle implies
du
dX
Therefore, the mapping A — u()\) is increasing in Cy(2). This analysis shows that

as soon as the positive solution is linearly asymptotically stable we can continue
the curve of positive solutions for larger values of \. We already know that this

(Ao) = (£ — Ao + 2ac(z)uo(x)) " (ug) > 0.

curve cannot be prolongated beyond the critical value U?\Q+ [£]. Therefore, the
supremum of the set of A for which the curve can be prolongated is well defined.
Let A, denote it. We have A, € (Ao, 0?\Q+ [£]]. Moreover, some of the following
options occur. Either

(4.27) A [u(M)[loo = o0,

or

(4.28) oL — A4 2a.u(N)] >0 forall A€ [\, \)
and

(4.29) oL — Ao + 2acu(N,)] = 0.

Note that since (1.3) can be regarded as a fixed point equation for a compact
operator if u()) is uniformly bounded in A, then the solutions converge to another
solution. Moreover, the limiting solution is positive because u(A) > ug > 0 for

A > X and since (1.3) does not admit a positive solution for A = aimh (L],

Aw < aimh [£]. Thanks to Theorem 2.6, this estimate of A, is also true when
(4.27) occurs and € > 0. Propositions 4.1 and 4.2 provide us with the following
result.

Theorem 4.3. Suppose (4.28) and (4.29). Then, (u(A,), \y) s a subcritical qua-
dratic turning point of the curve of positive solutions passing through by it. In
other words, there exists a neighborhood By, of (u(Ay), o) i U X R such that the
following assertions are true:

(i) (1.3) does not admit a positive solution in By, if X > \y;

(i1) (1.3) possesses one positive solution in By, if A = \,,. Moreover, this solution
is neutrally stable;

(i) for each A < A, problem (1.3) possesses two positive solutions in B,,, say uy
and ua. Moreover, they are ordered and, if we assume that u1 < ug, then u; = u(\)
and us is unstable with one-dimensional unstable manifold.
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FI1GURE 6. Possible curves of positive solutions.

Now, let A, denote the infimum of the set of A < Ag for which u(A) is well defined
and

oL — A+ 2a.u(N)] > 0.

Either A, = —o0, or A, € R. In general, the first option is not excluded [I4].
Assume A\, € R. Then, thanks to the implicit function theorem

oL — Mo + 2a.u(No)] = 0.

Since the mapping A — wu(A) is increasing, u(A,) is well defined and some of the
following options occurs. Either u(A,) =0, or u(A,) > 0. Moreover, when u, =0
necessarily A\, = o$}[£] and e < £*. If u(\,) > 0, then Propositions 4.1 and 4.2
provide us with the following result.

Theorem 4.4. Suppose Ao, € R and u(Ay) > 0. Then, (u(Aa), Aa) s a supercrit-
ical quadratic turning point of the curve of positive solutions passing through it. In
other words, there exists a neighborhood By of (u(Aa), Aa) i U X R such that the
following assertions are true:

(i) For A < A\, (1.3) does not admit a positive solution in By,

(i1) (1.3) possesses one positive solution in By if X\ = A,,. Moreover, this solution
is neutrally stable.

(iii) For each \ > A\, problem (1.3) possesses two positive solutions in B, say
w1 and us. Moreover, they are ordered and, if we assume that uy < usz, then
uz = u(A) and uy is unstable with one-dimensional unstable manifold.

5. GLOBAL CONTINUATION IN £ OF THE BIFURCATION DIAGRAMS
OF POSITIVE SOLUTIONS

By the analysis done in Section 4 we already know that for e < ¢* the curve of
positive solutions bifurcating from zero is of one of the two types shown in Figure
6.

Moreover, thanks to Theorem 3.5 we know that if £* —e > 0 is sufficiently small,
then the curve is as shown in Figure 6(a). In this section we refer to ¢ as the main
continuation parameter to analyze how varies the curve shown in Figure 6(a), as €
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decreases from ¢* to 0. Our main theorem says that this diagram persists until &
reaches a critical value €, € [0,e*) at which

lim fJue]loc = o0
elex

where (ule], A[g]) is the first degenerate solution on the curve of positive solutions
bifurcating from u = 0. Thanks to Propositions 4.1 and 4.2, (u[e], A[€]) is a sub-
critical turning point where the solution becomes unstable. The next result shows
the local persistence of the bifurcation diagram and it will provide us with the key
to get the main result. The solutions of (1.3) will be denoted by (u, A, €).

Theorem 5.1. Fiz ey € (0,€*) and let (u(X), A,e0) be a curve of positive solutions
of (1.3) defined for \ € (6}[L], No] satisfying

u(oy[£]) =0,
(5.1) o Dy F(u(N), N\ e0)] >0,  for A& (a[L], M),
and
(5.2) O'? [Du]:(’u,o, )\0, EQ)] = 07

where ug := u(Ng). Then, there exist 6 > 0 and a unique analytic mapping
(u[-],A\[[]) : (g0 —0,e0+9) = U xR

satisfying the following conditions:
(1) For each € € (g9 — 0,€0 + ), (ule], Ale],€) is a positive solution of (1.3) such
that

o1 [DuF (ule], Ae], )] = 0;
(ZZ) (’U,[€Q], /\[Eo]) = (’U,Q7 )\Q),‘

(i11) (ule], Ale]) is the first degenerate solution on the curve of positive solutions
bifurcating from u =0 at A\ = o$}[L];
(iv) the mapping € — Ae| is decreasing.

Remark 5.2. (a) Thanks to Theorem 3.5, for € < e* sufficiently close, we are under
the assumptions of Theorem 5.1.

(b) Condition (iii) means that if (u(A), A, €) is the curve of positive solutions
bifurcating from u = 0, then it is defined for all A € (o$*[L], A[e]], u(Ag]) = ule],
S [DyF(u(N), A, €)] > 0 for A < A[e], and o$}[ D, F(ule], A[g],€)] = 0.

(c) Thanks to Propositions 4.1 and 4.2, for each € € (g9 — 8,20 + d) the couple
(ule], Ag]) is a subcritical quadratic turning point of the corresponding curve of
positive solutions bifurcating from u = 0.

Proof of Theorem 5.1. Let 19 > 0 denote the principal eigenfunction associated
with %[ D, F (uo, Mo, €0)], normalized so that fQ 13 = 1. Then,

N[D,F(ug, Ao, €0)] = span [thg] .
Consider the operator Fr : U? x R? — V2 x R defined by

F(u, A €)
(53) FT(U,Z/J,)\af‘?) = Duf(%%ﬁ)w
fQ Wﬂo -1
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Fr is an analytic operator whose zeros are in correspondence with the degenerate
solutions of (1.3). By construction,

fT(anwOaA(%EO) =0.

Moreover,
D,F 0 DyF
(5.4) D (5,0 F1 (0, %0, Aoy €0) = | DuuF (W0, ") DyF  DuxFio |,
0 fQ 1[)0 -dx 0

where all the entries of this matrix are evaluated at (ug, o, Ao, €0). In the sequel
to short notations we will not make this dependence explicit. We now show that
(5.4) is a topological isomorphism. Since (5.4) is linear and continuous, thanks to
the open mapping theorem, it suffices to show that (5.4) is a bijection. Given

(i, \) € V2 xR

we have to see that there exists a unique (u, 1, \) € U? x R satisfying the following

(5.5a) DyFu+ AD\F =,
(5.5b) Dy F (W0, u) + DuFth + ADypFipg = 1),
(5.5¢) / Yotpdr = X.

Q
By the definition of F, (5.5a) and (5.5b) can be written in the form
(5.6a) (L = Xo + 2ac,up)u — Aug = 4,
(5.6b) 2yttt 4 (L — No + 2ac,u0)th — Mpg = .
Equation (5.6a) admits a solution u € U if, and only if,
(5.7) A= _ Ja @0 .

Jo uoto

Moreover, if we give this value to A, then there exists a unique solution of (5.6a) in
the L2-orthogonal of vy in U, say uer¢n, and in fact any solution of (5.6) admits a
unique decomposition as

(58) U = 041/)0 + Uorth

where a € R. So, give to A the value (5.7). Let X denote the L2-orthogonal of 1
in U. In fact, any ¥ € U possesses a unique decomposition as

(59) d) = ﬂl/Jo + 1Z)m"thv

where # € R and 9o, € X. Substituting (5.9) into (5.5¢) and using [, 1§ = 1, we
find that 8 = X. Therefore, the set of solutions of (5.5¢) is given by

(5.10) = Mpo + Yorths  Yortn € X .

Now, substituting (5.8) and (5.10) into (5.6b) we are reduced to the problem of
finding out 1oren € X and a € R satisfying the following:

(5'11) (‘C — Ao+ 2a€0u0)worth = 1; + /\wO - 2aso¢o (Oﬂbo + 'U'orth) .
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This problem admits a solution if, and only if,

(5.12) /QWHA/QW) —2a/ﬂa501/)g —2/Qasowgumh —0.

Moreover, if (5.12) holds, then (5.11) possesses a unique solution ¥o-+r, € X. Thanks
to Propositions 4.1 and 4.2, we have

[avi#o0.
Q
Therefore, there exists a unique value of « satisfying (5.12). This shows that (5.4)

is an isomorphism.
Now, it follows from the implicit function theorem that there exists § > 0 and a
unique analytic mapping
(ul], 9L AL+ (0 = 8,60 +68) — U xR
such that

(U[Eo], w[EO]a >‘[€0]) = (uov 1/)07 )‘0)
and
Fr(ule], v[e], Ale],e) =0,  |e—eo| <.

Moreover, these are the unique zeros of Fr in a neighborhood of (ug, %o, Ao, €0),

say Q, and hence (ule], Ae], €), |e — o] < 4, are the unique degenerate solutions of

(1.3) in the projection of Q on U x R2. Notice that if § is sufficiently small, then
ule] > 0, Ple] >0

and hence Proposition 4.1 shows that (u[e], A[€]) is a regular zero of F(-,-, ). Let
(ule](s), Ale](s)) denote the arc length parametrization of the curve of positive so-
lutions of F(-,-, &) = 0 passing through by (u[e], A[€]), normalized so that

(ule](0), Ale](0)) = (ule], Ale]) -
Proposition 4.1 implies
dule]

(5.13) Is (0) =0, W(O) =le].
Moreover,
EPNel factle]?
57 O T e

On the other hand, we have
fQ acyle]? _ fQ acy Vi
Joulelvle] [ uotho

and, due to Proposition 4.2,

+ O(le — e0)), € — €0,

Jo 90t <0.
Jo uoto
Thus, if § is sufficiently small,
d*\e]
ds?

(0)<o0 for |e —eol <.
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Therefore, by Proposition 4.2, (ule], A[g]) is a subcritical quadratic turning point of
F(-,-,e) =0 and, in addition,
YL — Ne](s) + 2acule](s)] > 0 if s<0,
and
YL — Ne](s) + 2a.ule](s)] <0 if s>0.

Notice that the half-curve corresponding with s < 0 can be reparametrized in terms
of A and that the corresponding parametrization, say u.()), is increasing with A,
because the principal eigenvalue of the linearization is positive.

Now, we show that if ¢ is sufficiently close to e, then (ule], A[e]) is the first
degenerate solution on the curve of positive solutions of F(-,-,&) = 0 bifurcating
from uw = 0. To prove this fact we need the following result, whose proof can be
accomplished in the same way as the proof of the exchange stability principle [9],
by making explicit the e-dependence in all the steps of the proof to be sure that all
the eigenvalue perturbations are uniform in €. Notice that ¢ is bounded away from
e* if ¢ is sufficiently small.

Lemma 5.3. There exists a neighborhood B of (u,\) = (0,0%}[£]) in U x R such
that if € is sufficiently close to €g, then any positive solution of (1.3) in B is linearly
asymptotically stable.

Let B,(0,0%[L]) denote the open ball of radius p centered at (0,0}[£]) € U x R
and B, (ug, Ag) the ball of radius p centered at (ug, A\g) € U x R. Choose p small
enough so that

B,(0,07[£]) C B, B, (ug, Xo) C Q,
where Q is the (u, \)-projection of Q. Let A; > o[£] be such that
(w(A1), M) € 9B,y(0,07[£L]),  (u(N),A) € B,(0,07[£]),

for all A < A1. Let Ao > A1 be such that

(), A) € OB, (o, M), (u(N), ) & Bp(uo, No),
for A < Ag. Then,

Ko:={(uM\),A) : <A<}
is a compact arc of analytic curve such that
oL [L = A+ 2a.,u(N)] > C >0, YA€ [\, N,

for some positive constant C. The implicit function theorem together with a com-
pactness argument show that if € is sufficiently close to g, then the arc of curve
Ko perturbs into a family of arcs

Ke i ={ (ule](A),A) : Ale] <A< Aqe] 1, € ~ &,
such that
Atleo] = A1, Aefeo] = A2, ufeo](A) = u(A).

By the continuous dependence of the principal eigenvalue on the potential we find
that

a?[ﬁ — A+ 2a.,ule](N)] > % >0,
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for all A € [A1[e], Az[e]] if € is sufficiently close to 9. Moreover,
(ule]Mlel), Aile]) € B, (ule)(Aele]), Aafe]) € Q.

In B all the positive solutions are linearly asymptotically stable and in O the only
degenerate solutions are (ule], A[€]). Therefore, (ule], A[e]) must be the first degen-
erate solution along the curve of positive solutions bifurcating from zero.

To complete the proof it suffices to show (iv). Differentiating F(ule], Afg],€) = 0
with respect to ¢ yields
du, . d\
de el = de
This problem admits a solution if, and only if,

6 [ wllvle + [ @l =0,

Q

(L — Ne] + 2acule]) [elule] + a~u?[e] .

and therefore,
Dy _ oo vl
de Jo ulelle]
This completes the proof. [l

<0.

As a consequence of the previous result we obtain the following.

Theorem 5.4. Let ¢, be the infimum of the set of values €9 < €* such that the
turning point (ule], Ale]) is well defined for each € € [go,e*). Then,

(5.14) lilm [lu[e]|loo = 00

Proof. By the local analysis of Section 3 e, is well defined. Moreover, €, > 0.
To show (5.14) we argue by contradiction assuming that along some decreasing
sequence £, converging to ¢, the sequence u[e,] is bounded in Cy(Q2). We will get
a contradiction with the definition of .

Since (1.3) is equivalent to a fixed point equation for a compact operator, we can
extract a subsequence of u[e,], relabeled by n, converging to a positive solution, say
ules], of (1.3) for € = e,. Since A[e,] is increasing and bounded above by 0?\Q+ [£],
the limit

Mex] = lim Mgy,

n—oo

is well defined. Moreover, for each n > 1 we have

oL — Nen] + 2aculen)] =0
and hence, passing to the limit as n — oo gives

oL — Meu] + 2a-ule.]] = 0.
Thus, (ule.], Ale«]) satisfies the assumptions of Proposition 4.1. Moreover, due to
(4.5),
. fQ ac, P°[e.] _ fQ az°[e]
 Jquledvles o ulelvle]
and therefore, it follows from Proposition 4.2 that (ule.], A[e«]) is a quadratic sub-
critical turning point.

Azles]

+ O(|e — &4]), €] €y
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It suffices to show that (u[e.], A[e«]) is the first singular point on the curve of
positive solutions bifurcating from u = 0 for (1.3) with ¢ = £,. Indeed, if this is
the case, then it follows from Theorem 5.1 that the structure of this curve will be
the same for € < ¢, sufficiently close and this contradicts the definition of ,.

For each n > 1, let I'} denote the curve of positive solutions of (1.3) with ¢ = ¢,
joining (0, 0$}[£]) with (u[e,], Men]). Let (un(N),N), 02[£] < A < Aen], denote its
A-parametrization. Consider the set '} of w-limits of '}, n > 1. This set is closed
and connected and hence it provides us with a continuum of solutions of (1.3) for
€ = ¢, joining (0,0$}[£]) with (ule.], A[e+]). Moreover, for each n > 1, u,()\) is a
strict positive supersolution of (1.3) with € =0 and so

Un(N) > 0, .

Therefore, '} is constituted by positive solutions of (1.3) for € = €,. Furthermore,
since

AL — X+ 2a., un(N)] > 0, n>1, X e (6L[L], Nen]),
the following holds
(5.15) oL — A+ 2a.,u] >0,

for each (u,\) € T'}. By the uniqueness obtained as an application of the theorem
by Crandall and Rabinowitz it follows from the exchange stability principle that in
a neighborhood of the bifurcation point (0, 0$}[£]) the continuum '} possesses the
structure of an analytic curve, say (u.()), ), A =~ o$}[£], such that

(5.16) oL — A+ 2a., u.(N)] > 0.

The implicit function theorem guarantees that we can continue this curve as soon
as we have (5.16). We claim that (ule.], Ale.]) is the first degenerate solution on
I'}. On the contrary, assume that the first singular point along I'}" is

(we; As) 7 (ules], Ale]) -

Then, by Propositions 4.1 and 4.2, (u«, \«) is a subcritical quadratic turning point
of I'} where the asymptotically stable solutions become unstable, but still being
regular solutions of the curve, and therefore, these unstable solutions must be in
I'}. This contradicts (5.15) and shows that, in fact, I'}" is an analytic curve filled in
by asymptotically stable solutions joining the bifurcation point with (ule.], Aex])
which is its first degenerate solution. This completes the proof. O

6. FURTHER RESULTS AND COMPARISON WITH OTHER RESULTS
IN THE REFERENCES

In our current situation, Theorem 1 of [5] reads as follows.

Theorem 6.1. Assume 0$![L] > 0. Then, problem (1.3) with A = 0 has a solution
provided N < 4.

This is so, because N < 4 implies 2 < % and therefore, due to Theorem 4 of
[5], the positive solutions of (1.3) are uniformly bounded for A varying in compact
subintervals of [0,00). Using this fact together with the theory developed in this

paper, we obtain the following sharper version of Theorem 6.1.
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Theorem 6.2. Under the conditions
(6.1) oL >0, N <4,

the following assertions are true:
(i) If € < €%, then there exists

N e (02[c), 01\ (L))

such that (1.3) does not admit a positive solution if X\ > \* and it possesses at least
one positive solution for each X € [0, \*). Moreover, there exists

Ale] € (01'[£], A7)

such that (1.3) possesses at least two solutions for each A € (o$[L], N[€]) and, in
addition, at least one of these solutions is linearly asymptotically stable.

(i) If € > e*, then (1.3) does not admit a positive solution for X > o$}[L], and
it possesses a positive solution for each \ € [0, 0{}[L]).

Proof. (i) Assume e < e*. Theorem 3.4(ii) implies that the set A of values A\; >

o$?[L] such that (1.3) has a positive solution for each A € (o$}[£], \;] is nonempty.

Moreover, due to Theorem 2.3, it is bounded above by U?\Q+ [£]. Therefore, A* :=
sup A is well defined. We now show that (1.3) does not admit a positive solution
if A > A*. On the contrary, assume that (1.3) has a positive solution ug for some
Ao > A*. Then, ug is a supersolution of (1.3) for any A < Ag. Moreover, if §
is sufficiently small and ¢, is the principal eigenfunction associated with o$*[L],
then dp; is a subsolution of (1.3) provided A > o$}[£]. Thus, (1.3) possesses a
positive solution for each A € (0$}[£], A\g] and hence \g € A. This contradicts the
definition of A\*. Therefore, (1.3) does not admit a positive solution if A > A*. By
construction, (1.3) possesses at least one positive solution if A € (o$}[£], \*).

Now, it will be shown that (1.3) possesses a positive solution for each A €
[0,0$4[£]]. Let C* denote the global continuum of positive solutions bifurcating
from u = 0 at o$?[£]. By the celebrated theorem of Rabinowitz [26] C* is un-
bounded in Cy(Q) x R. By (6.1) and the results of [5] there exists M = M(e) such
that ||ullec < M for any positive solution (u, A) of (1.3) with A € [0, A* + 1]. Set

O :={(u,)) € Co(Q) xR : Jlulloo <M, 0< A\ +1}.

This is a bounded and closed set whose interior contains the curve of positive
solutions of CT bifurcating from u = 0. Since CT is unbounded, there exists
(u1,A\1) € CT NOO. We know that ||u[l« < M and that (1.3) admits a positive
solution if A > A*. Thus, A; = 0. Moreover, since C* is connected, its projection
on the \ axis is an interval and since e < £* the bifurcation of C* is supercritical.
Therefore, (1.3) possesses at least one solution for each A € [0, o$}[L]].

For values of (u, \) close to (0,0%[£]), C* has the structure of an analytic curve
which can be parametrized by A, (u(\), ). Since u()) is uniformly bounded, (4.27)
is excluded and so this curve bends back at a quadratic turning point. In Section
5 denote it by (ule], A[e]). We have

(u1,0), (ule], Ae]) € CT.

Let C;-r C C* denote any subcontinuum of C* joining (u1,0) with (u[e], A[¢]). Since
for any A € (0$2[L], A¢]) the solution (u(\), \) does not degenerate, the following
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set is empty

e} N {@(N). N, oL <A< ALl
Therefore, (1.3) possesses at least two positive solutions for each A € (o$*[L], A[¢]).
This completes the proof of part (i).

Part (ii) follows from Theorem 3.6 using the global bifurcation theorem as in the
proof of part (i). O

Note that thanks to (2.4) we find from Theorem 2.5 that M(e) T oo as € | 0,
showing how deep are the results of Section 3 of [J]. In our setting Theorem 2 of
[5] reads as follows:

Theorem 6.3. Assume

o [L] =0, e<e”.
Then, there exists \* > 0 such that for A € (0,\*) problem (1.3) has a positive
solution, but for A > \* it has no solution.

The argument in the begining of the proof of Theorem 6.2 provides us with the
following sharper version.

Theorem 6.4. Assume e < e*. Then, there exists \* > 0 such that for A € (0, \*)
problem (1.3) has a positive solution, but for X > A* does not admit a positive
solution.

Finally, Theorem 3 of [5] reads as follows.

Theorem 6.5. Under the conditions of Theorem 6.3 if in addition N < 4, then
(1.3) has a solution when A = 0.

With the same argument of the proof of our Theorem 6.2(i) we can prove the
following sharper version.

Theorem 6.6. Assume
(6.1) L] =0, e<er, N <4.
Then, there exists

A € (0,05 (£])

such that (1.3) does not admit a positive solution if X > \* and it possesses at least
one positive solution if X € [0, \*). Moreover, there exists

Ale] € (oF[£], A7)

such that (1.3) possesses at least two solutions for each A € (0$}[L], N[e]); at least
one of them is linearly asymptotically stable.

Now, we will compare our results with the theorems of [23]. Our Theorem 2.4
is sharper than Theorem 1 of [23], which was the main theorem of [22]. Our proof
is considerably shorter and works out for general operators and general boundary
conditions (cf. [14]). Moreover, we study, in addition, the stability properties of
the solutions and show that €, grows to infinity uniformly on compact subsets of
Q\Qy as AT a?\ﬂ+[£]. In particular, any LP-norm of @) grows to infinity and
not only the L%norm which is the result found in [22]. In our setting, the main
Theorem of [23] reads as follows (cf. Theorem 2 in Section 1 and Theorem 3 in
Section 4 of [23]).
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Theorem 6.7. If 0 < e < €*, then

(1) There is a number \g € (o$}[L], ai)\Q*[ﬁ]) such that for any A € (6$[£], \o),
there is a positive solution u(X\) of Problem (1.3) which is the smallest solution
of Problem (1.3). Moreover, (u(\),\) forms a smooth increasing solution curve
starting at (0,0%[L]).

(2) For N < 14, the solution curve (u(X),\) continues smoothly through
(u(Xo), Ao) and bends back in such a way that for each A in some deleted left neigh-
borhood of X\, there are precisely two distinct positive solutions of Problem (1.3)
near (u(Xo), Ao).

(8) Ao is the greatest number for the solvability of Problem (1.3), i.e., for any
A > Ao there is no positive solution of (1.3). Moreover, for A\ = Ao, the positive
solution u(Ao) of (1.3) is unique.

(4) For N < 6, there exist two distinct positive solutions of Problem (1.3) for all
A€ (U?[ﬁ]v )‘0)

The fact that u(X) is the pointwise smallest positive solution of (1.3) was shown
in Lemma 2 of [23], pp. 1092-1093, where we send for details. Condition N < 14
guarantees that u(\) is bounded in C(Q) and therefore shows the existence of a
first turning point on the curve bifurcating from v = 0. This is a very interesting
result as it is valid for any € > 0. Our analysis in Sections 2 and 5 shows that,
independently on N, there exists €, € [0,£*) such that part (2) of Theorem 6.7
holds provided € € (e4,e*) (cf. Theorem 5.4), and fails for € = .. By using our
terminology, part (2) of Theorem 6.7 shows that if N < 14, then ¢, = 0. So,
both kind of results fit together very well to get sharper information on how the
bifurcation diagrams of (1.3) vary as ¢ decreases from &*.

Theorem 6.7(4) is an immediate consequence from part (2). It has the same proof
as our Theorem 6.2. In [23], pp. 1118-1139, the author used variational methods
instead of global bifurcation theory to prove it. Our proof is really striking and, in
addition, gives the result for a larger range of dimensions; namely, N < 14.
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