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RATIONAL HOMOTOPY THEORY
FOR NON-SIMPLY CONNECTED SPACES

ANTONIO GO’MEZ—TATO7 STEPHEN HALPERIN, AND DANIEL TANRE

ABSTRACT. We construct an algebraic rational homotopy theory for all con-
nected CW spaces (with arbitrary fundamental group) whose universal cover is
rationally of finite type. This construction extends the classical theory in the
simply connected case and has two basic properties: (1) it induces a natural
equivalence of the corresponding homotopy category to the homotopy cate-
gory of spaces whose universal cover is rational and of finite type and (2) in
the algebraic category, homotopy equivalences are isomorphisms. This alge-
braisation introduces a new homotopy invariant: a rational vector bundle with
a distinguished class of linear connections.

The rationalisation of an abelian group I' is the rational vector space I' ® Q,
together with the obvious homomorphism I' — I' ® Q. Rational homotopy theory
begins with the introduction by Sullivan [20] of a geometric analogue: with any
simply connected CW space X there is associated a continuous map f: X — Xg
with Xg simply connected, and such that m;(Xq) = m(X) ® Q and m;(f) is the
rationalisation. The homotopy type of Xq is called the rational homotopy type
of X, the space Xq is called the rationalisation of X, and X is called a rational
space if the groups m;(X) themselves are rational — in which case f is a homotopy
equivalence.

A principal feature of rational homotopy theory in the simply connected case,
as developed by Quillen [18] and Sullivan [21], is that the geometric construc-
tion Xq can be replaced by an equivalent algebraic construction. Sullivan’s ap-
proach consists of three steps. First, a simplicial commutative cochain algebra
{Apr(n),0;,s;} is used to define a functor Apy(—) from connected simplicial sets
(and topological spaces) to the category A of commutative cochain algebras A
satisfying H°(A) = Q. Second, a distinguished class of these cochain algebras is
introduced, now called minimal Sullivan algebras. Any cochain algebra A € A
admits a quasi-isomorphism M = A from a uniquely determined minimal Sullivan
algebra, the minimal Sullivan model of A. If X is a connected topological space,
then the minimal model Mx of Apr(X) is a Sullivan model for X. Finally within
A the full subcategory M of minimal Sullivan algebras is equipped with a notion
of homotopy. A homotopy preserving functor ( ) is then constructed from M to
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simplicial sets and, if X is simply connected with rational homology of finite type,
then ( Mx ) is a rationalisation of X.

An important feature is that homotopy equivalences in M are automatically
isomorphisms. Thus the model Mx for X has the two fundamental properties [21]:

(1) The passage X ~ Mx does not lose any rational homotopy theoretic infor-
mation.

(2) The isomorphism class of Mx (and any of its invariants) is a rational homo-
topy invariant of X.

Subsequent applications of this machine have led to the discovery of a wide
variety of geometric phenomena for simply connected spaces, sometimes of a purely
rational nature, but often suggesting new theorems about their integral homotopy
invariants.

For non-simply connected CW spaces, the appropriate geometric rationalisation
is supplied by the work of Bousfield and Kan [2]: for any such space X there
is a natural fibration X — X — Bm(X) whose fibre is homotopy equivalent to
the universal cover of X. Bousfield and Kan provide a fibrewise rationalisation
Xo — Xg 2 Bm(X) whose fibre is the classical rationalisation of the simply
connected space X. There is now a general consensus that this is the correct
notion of rationalisation, so that X is rational if and only if its higher homotopy
groups, m;(X), i > 2, are rational vector spaces. Thus the rationalisation of X
consists of three pieces of data:

e The classical rationalisation, X@, of the universal cover.

e The fundamental group, 1 (X).

e The twisting of Xg over B (X) into the fibration Xg.

(Note by contrast that Sullivan’s extension of the classical theory to nilpotent spaces
has the effect of rationalising the fundamental group. In this case, it is easy to
see that Xq is the pull-back of his rationalisation, Xgsq, over the induced map
Bm (X) — B(m(X)g).)

Thus one approach to an algebraic description of Xg is to model the twist of
the Sullivan model of X over Bmi(X). (Representations of 71(X) in the model
do not always suffice as we see in Example [6.71) This problem is solved first in
[15] in the smooth category, and then by Brown and Szczarba in [4] as follows.
The fibration X — B (X) pulls back to a fibration X — Em(X) of m(X)-
spaces, where Em;(X) is the universal cover of Bm(X); in particular, X ~ X.
The fibration X — Em;(X) admits a 71 (X)-equivariant Postnikov decomposition,
which is used in [4] to construct a m (X)-equivariant Sullivan model. Then in [4]
Sullivan’s geometric realisation functor is applied to this model to construct Xg,
thereby establishing that the model determines the rational homotopy type of X.
Moreover, the work in [4] is carried out in the context of the category .7-"If{ of general
Kan fibrations

(*) E:F—-X-—-K,

with F simply connected and each 7;(F) ® Q finite dimensional, and with K any
connected simplicial set.

In this paper we extend the work in [4] to a complete analogue of Sullivan’s
approach in the simply connected case, working as in [4] in the context of the
category .7-'{;. First, we introduce a new algebraic category Ak of local systems of
commutative cochain algebras over K (it plays the role of A in the classical case) and
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we use Apy (%) to construct a functor from }"IJ; to Akx. Within Ak we distinguish
a subcategory Mg of minimal algebras and we show that any element of Ak has
a minimal Sullivan model, whose geometric realisation is just the rationalisation
Xg — K. Finally, we show that geometric realisation is an equivalence of homotopy
categories from Mgk to .7~'If{.

It is easy to see that the pull-back of our minimal model to the universal cover
K is a minimal model as constructed in [4], and that the geometric realisation here
coincides with the realisation in [4] for the pull-back.

The essential part of the paper, however, is the analysis in §1-§3 of the structure
of minimal models in this setting. This requires that we introduce a new notion:
‘rational vector bundles’ over a simplicial set. These (the R-modules of §1) are the
analogue of classical vector bundles and indeed if rational is replaced by real and
the simplicial set is finite, then the two notions coincide. Then a minimal model
for the fibration (*) consists of:

e a rational vector bundle (AY, Dy) over K whose fibre at the base point is the
classical minimal model of F.

e a ‘homotopy gauge class’ of distinguished linear connections D; in the vector
bundle (AY, Dy).

e a differential D = Do + D1 + Do - - - in the differential forms on K with values
in AY, such that D; raises the form degree by 1.

With the aid of this analysis we show in particular that a minimal Sullivan model is
unique up to isomorphism. This completes the analogy with the simply connected
case.

It also exhibits the vector bundle (AY, Dy) and the homotopy gauge class of
connections D as new homotopy invariants of the fibration. In particular, the
geometry of the connection D is an tmportant part of the description of the twisting
of Fg over K. For instance, we construct in Example a fibration in which
71(K) cannot act on the minimal model of Fgp and induce the classical action in
H*(Fg). This implies (as we show in a subsequent paper) that no distinguished
linear connection Dy can be flat although in this example the vector bundle does
admit other flat connections.

In [21] Sullivan pointed out that C*°-differential forms could be used instead of
rational differential forms to provide a ‘real’ analogue of rational homotopy theory.
This also carries over completely to the non-simply connected case, where we may
replace Apy, (%) by the simplicial cochain algebra Apg(*) that assigns to each n the
algebra of C*° differential forms on A™. Here we find real vector bundles and linear
connections over a simplicial set. The case that K is itself a smooth manifold was
already dealt with in [15], where the vector bundles and linear connections are the
classical objects.

In fact, we work with an arbitrary simplicial commutative cochain algebra A(x)
over any field k of characteristic zero, provided that A(x) satisfies the four basic
classical properties: (A(pt) = k, A(n) = A%(n) ® A(dty,... ,dt,), for elements
t; € A%n), A(x) is extendable (Definition [[4), H(A(n)) = k and one further
property: if f € A%(n), then df = fw implies f = 0 or f is invertible. Both Apy,(x)
and Appg(*) then arise as particular examples.

Our program is carried out in Sections 1-7 below, whose headings are self-
explanatory:

§1. Linear algebra of R-modules
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§2. R minimal models

§3. A minimal models

84. Homotopy

§5. Kan fibrations

86. Non-simply connected rational homotopy theory
§7. Applications, examples and problems.

1. LINEAR ALGEBRA OF R-MODULES

Let K be a connected simplicial set. The n-skeleton of K is the simplicial set
K (™) generated by the non-degenerate simplices of dimension < n, and K is (n+1)-
reduced if K has a single vertex and no other non-degenerate simplices of dimension
< n. We say that K is finite if it has only finitely many non-degenerate simplices;
i.e. if its geometric realisation | K | is a finite polyhedron. We denote by A™ the
standard simplicial n-simplex, by OA™ its (n — 1)-skeleton and by A"™F the sub-
simplicial set of JA™ obtained by removing the k-th (n — 1)-face. The dimension
n of a simplex o of K is written | o |= n, and we identify o with the induced
simplicial map: o : A" — K.

We also recall [16] that a Kan fibration is a simplicial map K — K’ such that
for each commutative diagram of simplicial maps

avt LK
! !
A" 4 K (0 <k <n),

there exists a map A" — K extending f and lifting g. When K’ = A°, K is called
a Kan complez.

Vector bundles (real or complex) over | K | are a classical concept. Our goal
in this section is to describe linear objects over K with projectivity properties
analogous to those of the module of cross-sections of vector bundles over compact
spaces, the role of continuous functions being played by a local system R of rings
on K (for example, the polynomial functions of Sullivan [21, §7]). A basic notion
will be that of local systems over K, as described in [I3] Chapter 12]:

Definition 1.1. Let C be a category of sets, with pullbacks, possibly graded or
with additional structure.

(1) A local system F on K, with values in C, is:

(i) a family of objects F,, € C, indexed by the simplices o of K ; together
with

(ii) a family of morphisms 0;: Fy — Fp,,, s;: Fy — Fj,, , called the
face and degeneracy operators, and satisfying the usual commutation relations.

(2) A morphism ¢: F — G between local systems is a family of morphisms
Yy: F, — G, indexed by the simplices ¢ of K, and compatible with the face
and degeneracy operators.

(3) The global section functor, T', associates to a local system F' on K the object
of C whose elements are the functions that assign to each simplex o € K an element
®, € F,, and which are compatible with the face and degeneracy operators. For
any simplex o the evaluation morphism T'(F) — F, in C is defined by ® — ®,.

When C = {CP} is a category of graded sets, then F = {FP} and I'(F) is the
graded object defined by I'(F)? = T'(FP).
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(4) The pull-back of F via a simplicial map u : L — K is the local system F“
on L defined by (F%), = Fu). When L C K, we write instead Fjy, and call it
the restriction of F' to L. There is an obvious pull-back or restriction morphism
I'(F) — I'(F“). When L C K and C is an abelian category, the kernel of the
restriction morphism is the object T'(F; K,L) ={® € I'(F) | ®, =0, o € L}.

In particular, if o € K,,, we denote by F? the pull-back of F' via the simplicial
map o : A" — K. We identify I'(F?) = F, via the C-isomorphism ® — ®4 .
By analogy, we adopt the notation I (F‘% A) = Fy, and (when C is an abelian
category) I' (F7; A", 0A™) = F, 5.

Definition 1.2. (1) If F' is a local system of differential Z-modules the homology
of F' is the local system H(F) = {H(F,), H(0;), H(s;)}.

(2) A morphism ¢ : C — C’ between two such local systems is called a quasi-
isomorphism and written C = C” if H(yp) is an isomorphism. It is called a I'-quasi-
isomorphism if H(T'(y)) is an isomorphism.

Remark 1.3 ([I3] Lemma 12.17]). Given ® € T (F‘K@)) together with elements
v, € F, for each non-degenerate (n + 1) simplex o and satisfying djv, = ®o,0,
then there is a unique ¥ € " (F|K(n+1)) extending ® and satisfying ¥, = v,.

Definition 1.4. A local system F' on K is:

(1) extendable if, for each simplex o € K, the restriction morphism F, — Fj,
is surjective;

(2) locally constant if the face and degeneracy operators are isomorphisms;

(3) constant if for some G € C, F, = G for each ¢ € K, and each 9; and s; is
the identity map of G.

We recall from [13 12.21] that if F' is extendable, then for any L C K, I'(F') —
r (F|L) is surjective. When C is abelian, we then have the short exact sequence:

0 —T(F;K,L) —T(F)— F(F|L) — 0.
Now let R be a local system of rings over K, so that I'(R) is a ring.

Definition 1.5. An R-module, V, is a local system of abelian groups over K such
that each V, is an R,-module, and scalar multiplication R, ®z V, — V, is compat-
ible with the face and degeneracy operators. A morphism of R-modules is called
an R-linear map.

In the same way we define graded R-modules, differential graded R-modules and,
when R is commutative, differential graded R-algebras, ... ; in each case the extra
structure being required to commute with scalar multiplication from R.

Remark 1.6. (i) R-modules are local systems of I'(R)-modules, via the evaluation
homomorphisms I'(R) — R,.

(ii) The category of R-modules is an abelian category with products and tensor
products: (V@ W), =V, ®Wy; (ILV (7)), =1LV (i)o; (VOr W), =V, ®r, W.
A sequence U 2V % W of R-modules is exact if and only if each U, i Vs Ye W,
is exact.

(iii) If V' is an R-module, then I'(V') is a I'(R)-module via (f.®)_ = f,.®,, f €
I'(R), ® € T'(V). A left adjoint to this functor is defined as follows: Given a
I'(R)-module M, we define the R-module R ®r M by (R®r M), = R, ®pr) M,
where T'(R) acts on R, via the evaluation morphism. When K = A", we have
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identified I'(R) = Ra~ via evaluation. Thus, for each Ra»-module V' we obtain
the R-module R ®r V on A",

(iv) R itself is an R-module.

(v) f u: L — K is a simplicial map and V is an R-module, then the pull-back
V% is an R"-module.

(vi) If V and W are R-modules, we denote by R-lin(V,W) the Z-module

R-linear maps from V to W. Note that a natural isomorphism R-lin(R,V)

I'(V) is given by f — {fs(15)} and that, more generally, R-lin (€D, Re;,V)
Hi (ei X F(V))

L L g

Lemma 1.7. Let (V(a)),c; be a family of R-modules. Then the canonical map
v: @, T'V(a) — (B, V(a)) is injective. If J or K is finite, then v is an
isomorphism.

Lemma 1.8. The direct sum of R-modules, V (), is extendable if and only if each
V(a) is extendable.

Proof. Since extendability of a local system F' is defined in terms of the pullbacks
F on Al°l and Al is finite, the lemma follows at once from Lemma[T.7. O

Definition 1.9. An R-module V is:
(1) free if it is a direct sum of copies of R.
(2) locally free if, for each o0 € K, V7 is a free R%-module.

Lemma 1.10. Suppose Y is a locally free R-module and let M be any R-module.
Then

(i) a local system of abelian groups, Homp (Y, M), is uniquely determined by the
conditions: [Homp(Y,M)], = Hompg, (Y, Ms); 0;(fs)00; = 0;0 fo; 5i(fs) 0585 =
sj o fo. If M is extendable, so is Homg(Y, M).

(i1) R-lin(Y, M) =T(Homg(Y, M)).

Proof. (i) For any o € K we may write Y7 = R? ®r X (0), where X (o) is a free R,-
module on a basis {z,}. Hence the Yp,, (resp. Y,,) are generated as Rg,, (resp.
Rs, ) modules by 0;(Y5) (resp. s;(Y,)). This shows that the face and degeneracy
operators, if they exist, are uniquely determined by the conditions above. To show
existence we may suppose K = A" in which case Y is free and Hompg (Y, M) is the
local system I, {2} x M. In particular this system is extendable if M is.

(i) This is true by definition. O

Remark 1.11. Given any two R-modules N, M we could define a local system of
Z-modules Hompg(N, M) by setting Homgr(N, M), = R-lin(N°,M?), and this
coincides with the definition in Lemma [[T0 when N is locally free. Note that if
the rings R, are commutative, then Hompg (M, N) is naturally an R-module.

Next let V be an R-module and o : A™ — K be an n-simplex and pull V and
R back to V7 and R? over A™. Passing to global sections we have the submodule

Vo,00 C V, and the ideal Ry 5, C R, each consisting of the elements vanishing on
OA".

Lemma 1.12. If V is a locally free R-module, then
(Z) Vo,00 = Ro00Ve, 0 € K.
(i1) V is extendable if R is.
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Proof. (1) Without loss of generality (via pull-back to A™) we may suppose K =
A" o=1id: A" — A" and V is a direct sum of copies of R. Since A" is finite,
Lemma [[7implies that the functor I' commutes with (possibly infinite) direct sums
over OA™. This reduces us to the trivial case V = R.

(ii) is obvious. O

In this and the following sections we shall frequently need to lift R-linear maps
from locally free R-modules in analogy with the lift of maps from projective modules
through surjections. The appropriate notion replacing surjection in our context is
given by

Definition 1.13. An R-linear map p : U — W will be called strongly surjective
if p, is surjective for each vertex v € K and if the R,-maps (res, p,) : U, —
Uss Xw,, W are surjective for each 0 € K,,, n > 1.

Proposition 1.14. Let p : U — W be an R-linear map with U extendable and
each p, surjective. Then the following conditions are equivalent:

(i) p is strongly surjective;

(it) p induces surjections Us,00 = Ws00, 0 € K;

(iii) ker p is extendable.
In particular, if W is locally free, then p is strongly surjective.

Proof. The equivalence of (i)—(iii) is straightforward. If W is locally free, then (ii)
follows from Lemma and the surjectivity of each p,. O

Lemma 1.15. (i) Strong surjectivity inherits to pull-backs.
(i) If p: U — W s strongly surjective, then T'(p) and each p, are surjective.

Proof. (i) This is obvious.

(ii) To show I'(p) is surjective, consider some ¥ € T'(W') and suppose by induction
that ® € T’ (U|K(n_1)) satisfies I'(p)® = ¥|gn-1. It is sufficient to extend @ to
the n-skeleton. For each non-degenerate n simplex o choose ®, € U, so that
(res, po )Py = (Pos, ¥y ), where Py, is the pull-back of & to JA™. Then apply
Remark to extend to the degenerate simplices.

Next since strong surjectivity inherits to pull-backs, what we have just showed
proves the surjectivity of Us, — Wa, for all simplices of K. Thus Uy, xw,, Wo —
W, is surjective and p, is the composite of this with the surjection (res, p,). O

Proposition 1.16. Suppose given an R-linear diagram
U
lp
V——=W

in which p is strongly surjective. If each V, is R,-projective, then there is an
R-linear map B :V — U such that pf = a. (We call 8 a lift of a.)

Proof. We suppose by induction that 3 has been constructed over the k simplices
of K, k < n, compatible with face operators and degeneracy maps where defined.
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Let o be any n-simplex and note that we have a diagram of R,-modules

Us

l(res,pa)

Vo (I(B)ores,as) Uao X Woo Wo

By hypothesis, (res, po) is surjective and V,, is Re-projective. Lift (T'(5) o res, o)
over (res, p,) to obtain an R,-linear map v, : V,, — U, satisfying p,7, = o, and
0iYs = V9,0, 1 <1 < n. If o is non-degenerate, we set 5, = 7,. If o is degenerate,
let I ={i| o =s;7:}. Note that 7, = 9;0.

Without loss of generality, and to simplify the notation, we shall suppose I =
{0,1,... ,k} and weset J={k+1,...,n—1}

Let S, C V, be the R,-submodule generated by the s; (V;,), i € I. We show
that

k
(1.17) Vo =S, @) kero;
i=0
and that a map 6 : S, — U, is defined by
(1.18) 0: z:szxz — Zsiﬁn (), z; € Vo, .

Then we define (3, to be 6 in S, and 7, in ();c; ker d;. To establish (II7) and
(L18) we first observe that a relation of the form dy (soxg + - - - + spzg) = 0 implies
that zg = — Zle sj—100xj, whence sozg = — Zle 578000

We now prove (LI7)). For any v € V,,, define elements v; € V, inductively by vy =
v, and v;41 = v; —8;0;v;. Then v;41 € ﬂjgi ker 0;. Clearly v = Zf:o $;0i0; + Vg1,
which establishes that V,, = S(,—l—ﬂfzo ker 0;. On the other hand if v = Zf:o Six; €
ﬂfzo ker 0; we have by the remarks above that

k k
v = Zsj (xj — sp0ozxj) € ﬂ ker 0; .
j=1 i=1

Tterating this procedure we find v = sz with 0 = Jyv = z, i.e., v = 0.
The same type of argument shows that 6 is well defined. O

2. R MINIMAL MODELS

In this section, K is a connected simplicial set, kK is a field of characteristic zero
and R is an extendable local system of commutative k-algebras on K. We consider
R as a graded object, concentrated in degree zero.

Recall (Definition [LH) that an R-CDGA is a local system of commutative dif-
ferential graded algebras over R. In this section we extend Sullivan’s theory of
minimal models to this context. For simplicity we shall restrict ourselves to the
1-connected case, but the results in this section can be extended to the general
situation. Recall that if Z = {Z;},., is a graded k-vector space, then

AZ = exterior algebra (ZOdd) ® symmetric algebra (Z°V°")

is the free graded commutative k-algebra on Z. A 1-connected Sullivan algebra
(called KS-complex in [13]) is a CDGA of the form (AZ,d) in which Z is the
increasing union of subspaces 0 = Z(—1) C Z(0) C Z(1) C --- C Z(j) C --- with
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dZ(j) C AZ(j —1). If Imd C (AZ)" - (AZ)™", then (AZ,d) is called minimal. In
this case d : Z"™ — AZ<". We say that (AZ,d) has finite type if each Z* is finite
dimensional. For the theory we refer to [21], [I3], [1].

Now we set some notation. If A is a local system of k-CDGA’s, we define a local
system R @i A of R-CDGA’s, by (R ®x A), = Ry ®x As. Given a local system of
graded k-vector spaces Z we define the local system AZ by (AZ), = AZ,. Similarly
we set ®7 = {®Z,}, ®Z, denoting the tensor algebra on Z,.

Lemma 2.1. IfV is an extendable local system of graded k-vector spaces, then so
is AV.

Proof. Since Q C k the projection 7 : V' — AV restricts to an isomorphism from
the submodule of graded skew symmetric tensors on V. Thus QV 2 kerm @ AV.
Since the tensor product over k of extendable local systems is extendable [13]
Theorem 12.37], the lemma follows from Lemma [T.8 O

Given a graded R-module Y we define the local system AY by (AY), = AY,,
AY, denoting the free commutative graded R,-algebra on Y,. Thusif Y = R®x Z,
then AY = Ry AZ.

Definition 2.2. (1) A local system of k-CDGA’s (resp. an R-CDGA), A4, is 1-
connected if H°(A) is the constant local system k (resp. if H°(A) = R) and if
H(A) =0.

(2) A 1-connected R minimal model is an R-CDGA, M, such that, for some
fixed 1-connected minimal Sullivan algebra, (AZ, d), and for each o € K, there is an
isomorphism of R°-CDGA’s: M7 =2 R @k (AZ,d). We call (AZ, d) a representative
Sullivan algebra for M. (We shall see in Proposition that M has the form
(AY, d).)

Our main result establishes the existence and uniqueness of models in certain
cases:

Theorem 2.3. Let A be a 1-connected extendable local system of k-CDGA’s on
K such that the system H(A) is locally constant. Then there exists a 1-connected
R minimal model, (AY,d), and a quasi-isomorphism of R-CDGA’s, m : (AY,d) 3
R ®x A. Moreover (AY,d) is uniquely determined up to isomorphism.

Definition 2.4. The morphism m : (AY,d) — R ®x A is called an R minimal
model for R ®y A.

The proof of the theorem requires three preliminary propositions.

Proposition 2.5. Let M be a I-connected R minimal model. Then

(i) There exists an isomorphism of local systems of commutative graded algebras
M =AY withY = {Y"}i>2 and each Y locally free (Definition[1.9). In particular,
M is locally free and hence extendable.

(it) The differential d of the local system AY restricts to R-linear maps: d :
Yi — AY <,
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Proposition 2.6. Let (AY,d) be a 1-connected R minimal model and suppose given
a diagram of R-CDGA’s

A

P
(AY,d) ~— B

Then there is an R-CDGA morphism ¢ : (AY,d) — A such that pp = n, provided
that, either

(i) A is extendable and p is a strongly surjective quasi-isomorphism,
or

(1)) K = A" and T'(p) is a surjective quasi-isomorphism.

Before stating the third proposition we introduce a little more notation. If
M is a local system of R-CDGA’s, with M°® = R, we define local systems M,
M* .Mt and QM) by: (M*)y = MO, (M+-M7T), = M} - M} and Q(M) =
M™*/(M* - M"). In particular, if (AY,d) is a 1-connected R minimal model ([22),
one has Q(AY) 2 Y. Moreover since d(AY) C (AY)"-(AY)™", the natural R-linear
surjection (AY)"T — Q(AY) induces an R-linear map

(2.7) HY(AY) S Q(AY).

Similarly, d : (AY)™ — AY <™ factors over (27 to yield an R-linear map Q™ (AY)
2, H"ML(AY<"). Finally, the sequence

(2.8)  H™AY<")=H"(AY)SQ™(AY)S HMH(AY <) — H" L (AY)

is naturally identified with part of the long exact sequence associated to AY <" —
AY — AY/AY <™.

Proposition 2.9. Let ¢ : AY — AZ be a morphism between 1-connected R mini-
mal models. The following conditions are then equivalent:

(i) H(p) is an isomorphism.

(i1) Q(p) is an isomorphism.

(iii) @ is an isomorphism.

Proof of [Z4. (i) We wish to apply Proposition [[TH to the quotient map p: M+ —
Q(M). Tt is immediate from Definition that each p, is surjective and that
M, M+, M+ - M* and Q(M) are locally free (CJ). Now the final assertion of
Proposition [LTdlimplies that p is strongly surjective and we may apply Proposition
[CT6. It gives a section 8 : Q(M) — M™ such that p3 = id. Extend 8 to a
morphism of local systems of algebras: AQ(M) — M. Our hypothesis implies that
this pulls back to isomorphisms AQ(M)? = M. Hence it is an isomorphism. Thus
M is locally free, and extendable by Lemma (it).

(ii) It is sufficient to check this on the pull-backs M7, where it is true by defini-
tion. |

Proof of [Z8. (i) We assume ¢ is constructed on the simplices of dimension less than
n, compatible with the face operators and the degeneracy maps where defined, and
show we can extend ¢ to the n simplices with the same compatibility.

First consider a non-degenerate n-simplex . To extend ¢ to ¢ we may work
over the pull-backs (—)7; thus we are reduced to the case K = A" and o = id :
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A™ — A". In particular, we may write (AY,d) = R ®k (AZ,d) where (AZ,d) is a
classical minimal Sullivan algebra.

Since we are already given ¢ on the faces of o, we obtain the commutative
diagram of CDGA morphisms

Ag

J(res,pa)

(AZ, d) e Aaa X Bye BU
(poo,ns)
By the hypothesis of strong surjectivity, (res, p,) is surjective. We shall show it is
a quasi-isomorphism. Since the kernel of (res, p,) is (ker p)s,00, we have precisely
to show that

(2.10) H ((ker p)o,ss) = 0.

For this, observe first that since A is extendable and p is strongly surjective, ker p
is extendable (Proposition[T.14). Thus (ker p)o s, fits in the short exact sequence

0 — (kerp)soo — (kerp)e — (ker plos — 0.

We establish (ZI0) by proving that H ((ker p),) = 0 = H ((ker p)as). Now for
all 7, p; is a strongly surjective quasi-isomorphism. Thus p, is also surjective
(Lemma [IT5) and H(ker p;) = 0. In particular, 0 — ker p is a quasi-isomorphism
between extendable local systems. Hence by [I3, Theorem 12.27], for all L C A",
H (T(ker pjr,)) = 0. In particular, H(ker p)a, = 0, and (2.10) is established.

Thus (res, p,) is a surjective quasi-isomorphism and the classical lifting theorem
for Sullivan models [21], Corollary 3.6], [13, Proof of Theorem 5.19] gives a CDGA
morphism ¢, : (AZ,d) — A, extending s, and such that p,p, = 7,.

Suppose now that o is degenerate and write o = s;7. Then pull-back all the local
systems over 7 to A", and again write (AY,d) = R®y (AZ,d). By hypothesis we
are given ¢, : (AZ,d) — A,, and now we define ¢, by ¢, = s;0¢p, : (AZ,d) — A,.
It is easy to see that this is independent of the choice of s; and satisfies the desired
compatibility conditions.

(ii) Since K = A", we may write (AY,d) = R ®Qx (AZ,d), where (AZ,d) is
a classical minimal Sullivan algebra. The CDGA morphism I'(n) restricts to a
morphism (AZ,d) — T'(B), which lifts through I'(p) to a morphism @ : (AZ,d) —
T'(A). Define ¢ by @q(r @ w) = r.®(w),-. O

Proof of[229. The assertions (i) = (iii) and (iii) = (i) are obvious, and (i) = (ii)
follows directly from (2-8)) and an inductive argument. O

Proof of Theorem [ZZ3l Since K is connected, our hypothesis on H(A) implies that
all the CDGA’s A, are connected by chains of CDGA quasi-isomorphisms. Hence
we can find a single 1-connected minimal Sullivan algebra (AZ,d), in the classical
sense, and for each 0 € K a CDGA quasi-isomorphism (AZ, d) = A,. Next, we
choose a CDGA surjection N, — A, in which e, : N, — k is an augmented CDGA
satisfying H(N,) = k. Tensoring these morphisms together yields a surjective
CDGA quasi-isomorphism «, : (AZ,d) ®x N, 5 A,. This induces a morphism
&, from the constant local system (AZ,d) ®k N, on Al7l to A?, which extends to
Bs = R° ®x &y : R” ®k (AZ,d) @ No - R’ @k A°. We may identify I'(G,) =
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R, ® a, , so that I'(3,) is also a surjective quasi-isomorphism. On the other hand
since H(A) is locally constant, 3, is a quasi-isomorphism of local systems.

We are now ready to construct the desired (AY, d) and quasi-isomorphism (AY d)
— R ®y A, by induction on degree. More precisely we suppose constructed:

e For each i, 2 < i < n, locally free R-modules, Y. We write Y <" = {Y"}2<i<n.

e An R-CDGA of the form (AY<",d) and a morphism ¢ : (AY<",d) — R®y A.

e For each 0 € K a morphism ¢, : (AY<",d)° — R° ®x (AZ,d) ®k N, such
that

(a) the diagram

R @y (AZ,d) ®x No

b

(AY <" d)7 s R @1 A7

commutes and
(b) the composite (id ® €,) o ¢, defines an isomorphism:

(id ® £4) 0 0o : (AY<",d)" = R @y (AZ<",d).

We show that we can extend the construction to ¢ = n. First, we recall that any
chain complex morphism f : C’ — C is naturally equivalent to the inclusion in the
short exact sequence 0 — C' — C' ¢ C & sC' — C @ sC' — 0, in which in the
central term (sC’)" = (C")i*! and dsx = —x + f(z) — sdz. The quotient C @ sC’
is called the cofibre, C(f), of f and its homology fits in the natural long cofibre
sequence: ... — H(C") — H(C) — H(C(f)) > H(C") — ....

Because these constructions are natural, they also apply to local systems. In
particular, let C(¢)) be the cofibre of the morphism ¢ : (AY<",d) — R ®y A.
Clearly cofibres commute with pull-backs, so we can identify (C(¢))? = C(¢?). On
the other hand id ® €, and the quasi-isomorphism f, identify the cofibre sequence
for ¢ with that for the inclusion

(2.11) R @k (AZ<",d) — R® @y (AZ,d).

In the case of an inclusion C’ — C of chain complexes, however, the cofibre sequence
is just the long exact homology sequence associated to the short exact sequence
0—C"— C — C/C"— 0. We have at once that H*(C(+))) = 0, i < n. Moreover,
(23) yields a commutative diagram of R?-linear maps

H"(AY<")”  — H"(R°®kA’) —  H"(C[))” —
= = =
R° @ H'(AZ<") — RC®yx H"(AZ) — R°®xQ"(AZ) —

s Hn+1(Ay<n)a s Hn+1(Ra Rk Aa) s
| =
— RO@ H"™(AZ<") — R @ H"'(AZ) —
in which the upper row is the pull-back of the cofibre sequence for 1.
This diagram shows that the R-module H™(C(v)) is locally free. The iso-
morphism (b) of our induction hypothesis identifies the surjection & : (kerd) N
AY <" — H(AY<™) as a surjection between locally free R-modules. Hence by
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Proposition [LT4, € is strongly surjective and so by Proposition the con-
necting homomorphism & : H"(C(v)) — H"t1(AY <") lifts through ¢ to an R-
linear map: 6 : H"(C(v)) — (kerd) N (AY<")"T1. We regard 6 as a map
(H™(C(¢)),0) — (AY=" d) of degree 1 between differential R-modules. Extend
(AY <" d) to (AY=",d) by setting Y™ = H"(C(¢))) and d = § in Y™.

The composite H (1) o H(f) : Y™ — H" L (AY<") — H""Y(R ®y A) is just
H (%) 0 6 = 0, because the cofibre sequence is exact. Thus we can regard ¢ o d as
an R-linear map ¢ od : Y" — R®y d(A™). We may apply [13, Lemma 12.48 (i)] to
conclude that the kernel of the surjective morphism id® d : R @k A — R Qk d(A)
is extendable. Since Y™ is locally free, we may use Proposition to lift ¢ o d
through this morphism to obtain an R-linear map Y — R ®y A™. This defines a
unique extension of ¢ to a morphism of R-CDGA’s ¥ : (AY<".d) — R ®y A.

Finally, recall the quasi-isomorphism (,. Since I'(5,) is a surjective quasi-
isomorphism and Y™ is locally free, the argument of Proposition @l (ii) shows
that we can extend ¢, to a lift ®, : (AYS",d)” — R’ ®y (AZ,d) ®x N, of ¥,
over f3,. Consider the composite v = (id ® ,) 0 ®, : (AY=")? — R’ @ AZ. By
construction, ¥ induces an isomorphism H™(AY<"/AY<") 5 H"(C(¢)). Hence
~ induces an isomorphism H™(AY <" /AY<")* 5 H"(R® @, AZ/AZ<"). By [£X)
this isomorphism can be identified with @™(+y). Since ~y restricts to an isomorphism
(AYy<m) = R @i AZ<", it follows that 7 itself is an isomorphism from (AY=n)e
to R® ®x AZ=". The inductive step is now complete and, with it, the proof of the
existence of (AY,d) and m.

It remains to prove uniqueness. Define a local system (U(A),d) of k-CDGA’s

by: U(A) = A(AaV); §: A = V. The identity map of A extends to a unique
surjective morphism of local systems of k-CDGA’s, p : (U(A),0) — A. The identity
map also defines a section 7 : A — U(A) in the category of local systems of k-vector
spaces, and there is an obvious augmentation e from U(A) to the constant local
system k.

Now suppose m : (AY,d) Z Rex A, and m : (AY",d") = Rk A are 1-
connected R minimal models for R ®y A. Consider the diagram

(AY?,d’) @k (U(A),0)

J/ ’
m'.p

(AY,d) ——— Ry A

We wish to verify the hypotheses of Proposition 6. On the one hand, since
H(U(A)) is the constant system k, we deduce that m’.p is a quasi-isomorphism.
On the other, by Lemma [ZT] U/(A) is extendable. Since the tensor product of
extendable local systems is extendable [13, Theorem 12.37], it follows that AY”' ®y
U(A) is extendable. Moreover, since R®yn provides an R-linear section for m/'.p, it
follows from Lemma [[CR] that ker (m’.p) is extendable. Since each p, is surjective,
so is (m’.p), and now Proposition [ T4 asserts that m’.p is strongly surjective.
We can therefore apply Proposition to lift m through m’.p to a morphism
w: (AY,d) — (AY',d') @k (U(A),d), which will be a quasi-isomorphism because
m and m'.p are. Composing with the quasi-isomorphism AY' @y e : (AY’,d’) ®x
(U(A),0) — (AY',d’) yields a quasi-isomorphism (AY,d) — (AY’,d’). By Proposi-
tion 29 this is an isomorphism. O
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We complete this section by establishing a result about derivations from R min-
imal models (Proposition Z14) that is critical for the sequel.

Let A be a differential graded algebra over a commutative ring S, and let M be a
graded differential A-bimodule. Recall that a derivation of degree k from A into M
is an S-linear map 6 : A* — M*** such that 6(ab) = 0(a).b + (—1)de994¢9% g(b).
Thus the derivations form a graded differential S-module Derg(A, M) with differ-
ential given by d(f) = do 8 — (—1)9°9%9 o d.

Definition 2.12. (1) A bimodule over an R minimal model (AY, D) is a graded
differential R-module, M, together with a (AY, D),-bimodule structure in each My,
compatible with the face and degeneracy operators. A morphism of bimodules is
an R-linear map, commuting with the differentials and preserving the bimodule
structure.

(2) A derivation from (AY, D) to a bimodule M is an R-linear map 6 : AY — M
of some degree, such that each 6, is a derivation from (AY), — M,. The graded
differential I'(R)-module of all such derivations is denoted by Derpg(AY, M).

(3) Given a morphism ¢ : M — N of (AY, D)-bimodules we define Derg(AY, o) :
Derg(AY,M) — Derr(AY,N) to be the morphism of I'(R) graded differential
modules given by 6 +— @ o 6.

Lemma 2.13. Let M be an extendable bimodule over the R minimal model (AY, D).
Then

(i) an extendable R-module DERR(AY, M) is uniquely determined by the condi-
tions: [DERR(AY, M)], = Derr,((AY ), Ms); 0i(05) 0 0; = 0;005; 5;(05) 0 55 =
550 90.

(ii) Derg(AY, M) = T(DERg(AY, M)).

Proof. Tt is sufficient to note that the restriction to Y, defines an isomorphism

Derp, (AY ), My) = Homp,(Yy, M,) of Ry-modules and then to apply Lemma
. O

Proposition 2.14. Let ¢ : M — N be a quasi-isomorphism of extendable bimod-
ules over the R minimal model (AY, D). If R is extendable, then Derg(AY, @) is
also a quasi-isomorphism.

Proof. The morphism ¢ defines a morphism of differential graded R-modules ® :
DERR(AY, M) — DERR(AY, N), given by ®,(0,) = ¢ 06,. We show first that @
is a quasi-isomorphism.

Let (AZ,d) be a representative Sullivan model for (AY, D). Then for each o we
can identify ®, as the morphism U, : Dery(AZ, M,) — Derx(AZ, N,), where U,
is again the composition with ¢,. Since ¢, is a quasi-isomorphism, the classical
Sullivan theory asserts that so is ¥,. Hence each ®, is a quasi-isomorphism.

On the other hand, ® is a morphism between extendable R-modules (Lemma
213). Thus [13| Theorem 12.27] asserts that I'(®) is a quasi-isomorphism. But
clearly I'(®) = Dergr(AY, ), and so the proof is complete. O

3. A MINIMAL MODELS

In this section, we work over a field k of characteristic zero and with the category
of connected simplicial sets, K.

A simplicial CDGA, (A(x),;, s;), determines the local system Ak of CDGA’s
on K which assigns to each o € K,, the CDGA A(n) and with face and degeneracy
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morphisms the 9; and s;. A simplicial CDGA, A(x), is extendable if A(n) —
I'(Apan) is surjective. (Note that in this case Ak is extendable for all K.) There
are two particularly important examples we shall consider: Apg(*) and App (*).

Apr: (k =R)Here Apg(n) is the CDGA of C*°-differential forms on the Euclid-
ian simplex A™. The face and degeneracy maps are the DGA-quasi-isomorphisms
Apr(0;) and Apg(s;) induced by the face and degeneracy maps between the Eu-
clidian simplices. In particular (4% ), = C=(Al°l). The CDGA, T(Apr k), is
the algebra of C*°-differential forms on K.

Apy: Here k is arbitrary. Let Apr(n;Q) C Apgr(n) be the rational CDGA
generated (over Q) by the barycentric coordinate functions ¢;. Explicitly

3.1. ApL(n;Q) = AQ (f,o, ce ,tn;dto, cee ,dtn)/zti = 1, Zdti =0.

Put Apr(n;k) = Apr(n;Q) ®g k. The maps Apgr(d;) and Apg(s;) restrict
to DGA quasi-isomorphisms Apr(n;Q) S Apr(n — 1;Q) and these extend by
&gk to the face and degeneracy maps for Apy(x;k). In particular (A%,), is a
polynomial algebra in dim o variables. The CDGA, I'(Apr, k), is Sullivan’s algebra
of polynomial differential forms on K with coefficients in k.

Definition 3.2. A simplicial CDGA, A(x), is admissible if it satisfies the condi-

tions

(i) A(0) = A(0)Y = k.

(ii) For each n there are elements t1, ... ,t, € A(n)? such that A(n) = A(n)° ®x
A(dty, ..., dt,).

(iii) The simplicial algebra H (A)(x) satisfies: H'(A)(x) = 0,7 > 1, and H°(A)(*)
is the constant simplicial algebra k.

(iv) The simplicial algebras A%(x), i > 0, are extendable.

(v) Let n be an integer. If f € A(n)? satisfies df = fw, for some w € A(n)?!,
then either f =0 or f is invertible in A(n)°.

Lemma 3.3. Ap(*) and Apgr(x) are admissible.

Proof. Properties (i) and (ii) are immediate from the definition (cf. B]). Property
(iii) is in [21) §7] or [13| §13.1], and property (iv) is proved in [21], §1] or [13
Proposition 13.8]. For A(x) = Apgr(x), (v) is an obvious property of the solution
of a linear differential equation. In the case A(x) = App(x), A(n)? =k[t1,...  t,].
The projection of the equation df = wf on dt; gives g—t]: = gf with ¢g a polynomial.
Comparing the degree in t; gives % = 0. Thus f is constant. O

For the rest of this section we fix an admissible simplicial CDGA, A(x), and a
connected simplicial set K. We will usually denote the local systems Ax and A%
simply by A and by R.

Definition 3.4. An A-algebra is a morphism jg : A—F of local systems of CDGA’s
(on K) such that F is extendable and the system H(FE) is locally constant. An
A-morphism is a morphism ¢ : E — E’ such that ¢ o jg = jg. The category of
A-algebras and A-morphisms is denoted by Ak.

An A-algebra E will be called 1-connected (resp. of finite type) if for each 0 € K
the algebra H(E,) is 1-connected (resp. if each H*(E,) is finite dimensional). The
full subcategory of 1-connected A-algebras of finite type will be denoted by .A{<.

We come now to the notion of minimal model in this setting. Recall (§ 2) that
given a graded R-module Y we can form the R-algebra AY. Suppose now that we
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have an A-algebra of the form j : A — (A ®pg AY, D), with j the obvious inclusion.
Then A ®r AY = @DoAi @rAY, and A°@r AY = R@r AY = AY. Thus D
decomposes as D = Z_i>0 D; with D; : A* ® g AY — A*t* @ AY. In particular,
(AY, Do) is an R-CDGA.

Definition 3.5. A I-connected A minimal model is an A-algebra that can be put
in the form A — (A ®g AY, D) as above, such that (AY, Dy) is a 1-connected
R-minimal model. A representative Sullivan algebra for (AY, Dy) is called a repre-
sentative Sullivan algebra for (A ®@pr AY, D).

We will denote by Mg the full subcategory of Ak consisting of the 1-connected
A minimal models of finite type.

Remark 3.6. Let E = (A®pr AY, D) be an A minimal model with representative
Sullivan algebra (AZ,d). Fix a vertex, v, of K; then E, = (AZ,d). Since K is
connected and H(E) is locally constant, it follows that H(E,) = H(AZ,d) , 0 € K.
Since Z = Z2? the A-algebra E is 1-connected. Moreover the classical theory of
Sullivan algebras implies that E has finite type if and only if each Z* is finite
dimensional.

Our first main result deals with morphisms between 1-connected A minimal
models, ® : (A®gr AY', D) — (A®Rr AY, D), and generalizes the classical theorem
that a quasi-isomorphism between minimal Sullivan algebras is an isomorphism.

Write (AY, Dg) = F'/Fy, where A®@pg AY is filtered by FP = AZP.(A®@p AY) =
AZP @ AY. Thus ® induces a quotient morphism ¢ : (AY’, D) — (AY, Dg) and
the induced morphism between the associated bigraded local systems has the form
E@)=AQryp: (A®r AY' D}) — (A®g AY, Dy).

Theorem 3.7. Let @ : (AQrAY’',D') — (A®QgrAY, D) be an A-morphism between
1-connected A minimal models of finite type. If any one of p, ® or E(P) is a quasi-
isomorphism then o, ® and E(P) are all isomorphisms.

Our second main result asserts the local triviality of 1-connected A minimal
models

Theorem 3.8. Let (A®r AY, D) be a I-connected A minimal model of finite type.

Then for each simplex o € K,, there is an A%-isomorphism: A% Qx (AZ,d) =
(A®rAY, D).

Both Theorems 37 and B8] are fairly straightforward consequences of

Lemma 3.9. Let (AZ,d) be a 1-connected minimal Sullivan algebra of finite type
and suppose ® : A @k (AZ,d) — (A ®r AY, D) is an A-quasi-isomorphism of A
minimal models. Then ¢ : R®x (AZ,d) — (AY, Do) is an isomorphism.

Proof. We have to prove that each ¢, is an isomorphism. Thus we may suppose
that K = A™ and 0 = id : A" — A"; in particular A, = A(n). Denote ®, and ¢,
by ¥ and ¢. Identify (AY, Dy) = R®x (AZ’,d’), where (AZ’,d’) is a representative
Sullivan algebra for the R-minimal model (AY, Dy). Let v be the initial vertex of
A". Then R, = (A%), = k, so that ®, is a quasi-isomorphism from (AZ,d) to
(AZ',d"). Hence @, is an isomorphism [2I], Theorem 2.2].

Identify (AZ,d) and (AZ’,d") via ®,. Thus ® is identified with a morphism
®: AQy (AZ,d) — (A ®«x AZ, D) such that @, is the identity of (AZ,d). Let
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e : A(n) — k be the augmentation corresponding to the inclusion of v. Then
U: A(n) @k (AZ,d) — (A(n) @« AZ, D) is a quasi-isomorphism satisfying

(3.10) (e @k id) o ¥ = e Ry id.

Write ¥ = > W, with ¥; : A(n)* @k AZ — A(n)**" @k AZ. Then ¥ is a
morphism of graded algebras restricting to

Y (An)° @y AZid @ d) — (A(n)° @k AZ,id @ d).
Write A7Z = Z A--- A Z (j factors). Then, since Z = Z22, one has:
VY Z — An)° @k AZ1Z,
Dy : A(n)° @k Z — A(n)! @i AZ1Z,
Uy Z — An)' @k A2 2.

Let 1o : A(n)° @k Z — A(n)° ®x Z be the A(n)’-linear map defined by:
Y(z) — o(z) € A(n)® @ AZ2Z, x € Z. Similarly, define D1 : A(n)’ @k Z —
An)' @k Z by D1 — D1o: A(n)° @k Z — A(n)! @x AZ2Z. We shall show that
is an isomorphism, which will immediately imply that v is one as well.

Since W is a morphism of algebras it follows that

\111(1'1 AN A :cp) = Zl/)(itl AN A xi,l)\Ill(xi)z/J(le VANIAN :cp), T\ € Z.

Thus the relations above imply that ¥, : A22Z — A(n)! @ A=2Z. Since (AZ,d) is
minimal, ¥1dz € A(n)! ®x AZ%2Z, x € Z. Finally since Dy = id ®y d we know that
Im Dy C A(n)®xA=2Z. Thus the relation D¥x = Wdx gives D gtpoz =0, z € Z.

Fix some m, and let {z} be a (finite) basis of Z™. Then ¢o(za) = >4 fapzp for
coefficients fo5 € A(n)°. Moreover, for f € A(n)? and z € Z we have D1 o(fz) =
(df)x + fD1,0x. Thus writing D1 o(za) = ) wapxg we find

dfop+ Y faywys =0, alla, 3.

It follows that d(det(fap)) = det(fap) w, where w = — 3 5 wgg. The fifth property
of admissible simplicial CDGA’s now asserts that det(f,g) is invertible or zero.
But it follows from B0l that (fag) restricts to the identity matrix on v. Hence
det(fap) is invertible and so (fag) is an invertible matrix; i.e., ¢ is an isomorphism
in each degree. O

Proof of Theorems and [3.8. Consider first Theorem [3.71 We may write £(®) =
id®r¢: A®r (AY', D)) = A®pr (AY, Dy). It follows from the second condition
of Definition B.2 that A is locally free as an R-module (Definition[T.9). Hence £(®P)
is an isomorphism if and only if ¢ is, and that £(®) is a quasi-isomorphism if and
only if ¢ is. This shows that if either ¢ or £(®) is a quasi-isomorphism, then ¢,
E(®) and & are isomorphisms.

Next, we establish Theorem B-8 Here, we may, without loss of generality, sup-
pose that K = A", and o = id. Let (AZ,d) be a representative Sullivan algebra
for (AY, Dy), so that (AY, Dg) = (R ®k AZ,id ® d). Then restriction to a vertex
v is a surjective quasi-isomorphism (A ®g AY, D), = (AZ,d). A CDGA sec-
tion (AZ,d) — (A ®gr AY, D), [21] Corollary 3.6] induces an A-quasi-isomorphism
®: ARy (AZ,d) — (A®R AY, D) of A-algebras which, by Lemma [3:9, induces an
isomorphism ¢. Hence @ itself is an isomorphism and Theorem [3.8 is proved.
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We return to the proof of Theorem 37l We must show that a quasi-isomorphism
® between 1-connected A minimal models of finite type induces an isomorphism ¢.
Again it is sufficient to consider the case K = A™. But now Theorem [3.§ allows
us to suppose that our minimal models have the form A ®x (AZ, d), and the result
follows from Lemma B.9. O

In view of the local triviality of (A®@gr AY, D) (Theorem B.8), the proof of Propo-
sition [Z61 (i) gives

Theorem 3.11. Let
C

dl
(A®@RrAY,D) —— B
n

be a diagram of A-morphisms. Suppose that (A g AY, D) is a 1-connected A
minimal model of finite type and p is a strongly surjective quasi-isomorphism. Then
there is an A-morphism ¢ : (A®g AY, D) — C, such that pp = 1.

We can now establish existence and uniqueness of minimal models.

Theorem 3.12. Let jg : A — E be a 1-connected A-algebra of finite type. Then
there are a 1-connected A minimal model (A ®@r AY, D) of finite type and an A-

quasi-isomorphism, m : (A®grAY, D) = E. This condition determines the minimal
model uniquely up to A-isomorphism.

Definition 3.13. The morphism m : (A®g AY, D) = E (or sometimes just the A
minimal model) is called the A minimal model of E.

The first step in proving Theorem B.I2]is the analogue of the existence of linear
connections in a vector bundle.

Lemma 3.14. Let Z be a locally free R-module. Then there is a k-linear map of
local systems, V : Z — A' ® Z, such that, for 0 € K,

Vo(rz)=dr®z+rVy,z, r € R,, 2 € Zy.

Proof. We suppose V constructed for all simplices 7 of dimension less than n,
compatible with the face operators, and the degeneracy operators where defined.
Let 0 € K. If 0 = s;7, then Z, = R, ® Z and Z, = R, Qr, Zr = R, ®x Z.
Define V, in this case by Vo (> r; @ ;) =Y dry @ x5 + Y 18i(Vrxj).

Suppose ¢ is non-degenerate. The construction of V over the (n — 1) simplices
gives a map ['(V) : Zg, — (A ®r Z)s,. Again, by pulling back to A" via
o and writing Z° = R? ®yx Z, we can identify this as a map v : Ry, Qkx Z —
(A 9y ®x Z. Choose a basis x; of Z and write v(z;) = > i ® T, Vij € (A as-
The extendability of A! implies that the 7;; extend to elements I';; in A(n)'. Set

VU(Z” ®{Ei) = Zdn XK x; + Zrifij DTy .
i ij
([l

Definition 3.15. The map V of Lemma BI4lis called a linear connection in Z.
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Proof of Theorem [T12. We first note that multiplication by A determines an A-
quasi-isomorphism, A®y E = E, which identifies A®y F as an A-algebra under left
multiplication by A. Hence for existence it will be sufficient to construct a minimal
model for A Qg E.

Apply Theorem 2.3 to obtain an R minimal model ¢ : (AY, Dy) = (Rex E,dg).
Apply A ®p — and identify A ®p (R ®x E) = A Q F to obtain a morphism of
R-CDGA’s, Y9 = AR ¢ : (A®rAY,Dy) — (A®x F,A® dg). Since each A(n) is
a free A°(n)-module, vy is also a quasi-isomorphism.

Now let da be the differential in A so that the differential in the A-algebra,
AQk FE, is just da ® E + A ® dg. We shall perturb Dy and vy by adding terms
involving A%, i > 1, in order to construct our minimal model. More precisely,
choose a linear connection V in Y. Extend V+ Dy : Y — A ®r AY (uniquely)
to a derivation, &g, of degree 1, such that Jy restricts to d4 in A. We shall extend
(00, %0) to a sequence (d;,1;);>0 such that for j > 1:

(a) d; is a derivation in the local system A ®g AY, and d; — d;_1 vanishes on A
and sends Y to A7 @z AY;

(b) ¥; : A®r AY — A ®x E is a morphism of local systems of graded algebras,
and 1; — 1;j_1 vanishes on A and sends Y to AZI @y E:

(c) 62:Y — A2t @p AY;

(d) dip; —1p;6; Y — AZIH @y E.

First, we note that left and right multiplication make each (A’ ®z AY, Dy) into
a (AY, Dg)-bimodule (cf. Definition [ZT2). Moreover, we may use ¢ to regard
A ®y F as an algebra over AY. Thus left and right multiplication also make each
(Ai Rk F, dE) into a (AY, Dg)-bimodule, and vy : (A'L Qpr AY, DO) — (Az @k E,dg)
is a quasi-isomorphism of bimodules.

Next note that the couple (g, 10g) does in fact satisfy conditions (a)—(d). Suppose
(05,%;) constructed for some j > 0. Then 5]2 is a derivation which vanishes on A,
and so it can be uniquely written as the sum of two such derivations, one of which
sends AY to A7 @z AY, and the other of which maps AY — AZI2 @z AY. Call
the first derivation f.

Similarly, di; — 1;0; vanishes on A and maps Y into A2/t @, E. Thus its
restriction to Y is sum of two R linear maps, the first sending Y into A7t @y E
and the second sending Y into AZ7+2 @y E. Extend the first map to a derivation
g € Der(AY, A7 @y E).

A straightforward calculation now shows that Dof — fDg = 0 and 99 o f =
dgg + gDo.

On the other hand, Proposition [Z.14] applied with M = (A9l @x AY, Do)
and N = (At @y E,dg), asserts that composition with 1y defines a quasi-
isomorphism from Derg(AY, A7t @ AY) to Derg(AY, A7T! @y E). Hence we
can find derivations § € Derg(AY, A7t @z AY), £ € Derg(AY, A7+ @y E), such
that Do + 0Dy = f and Y9080 = g+ dg& — £Dy.

Now define 041 and 141 by the conditions 5j+1‘y =6;—0 and ’l/)jJrllY =1;—¢&.
An easy verification shows that (c) and (d) are satisfied.

Finally, set D = lim; §; and m = lim; ¢;. Formulae (a) and (b) identify £(m)
with the quasi-isomorphism 2pg. Thus m is a quasi-isomorphism by Theorem [B.71

Given the Lifting Theorem [3.11] and the Isomorphism Theorem B.7, the proof
of uniqueness is identical with the proof in Theorem O
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Let m : (A®rAY, D) — E be an A minimal model for an A-algebra F, and write
D =Dy+D;+--- as above. Thus D; : AY — Al @ AY is a linear connection in
the R-module AY, satisfying Dy Doy + DoD; = 0.

Definition 3.16. (AY, Dy) is the fibre of the minimal model and D; is a distin-
guished connection corresponding to the A-algebra F.

From the uniqueness of minimal models we deduce

Proposition 3.17. The set of distinguished connections in (AY, Dy) corresponding
to E consists of the operators D} satisfying (id®p) D} (id®@p) ™! — Dy = Doh—hDy,
where h : AY — A' ®p AY is a AY -derivation and o is an automorphism of
(AY, Dy).

4. HOMOTOPY

In this section, we work over a field k of characteristic zero and with the cate-
gory of connected simplicial sets, K. A(x) is an admissible simplicial CDGA with
coefficients in k and R(x) is the simplicial algebra A(x)°.

Consider the CDGA’s A(t, dt) and A(t, s, dt, ds) where t and s are variables of
degree zero. They determine constant local systems I and T on K, I, = A(t, dt),
T, = A(t, s, dt, ds), o € K, with all face and degeneracy operators reducing to the
identity. Define g, €1 : I — k and dp, 01, 02 : T — I, by g9(t) = 0, e1(t) = 1 ;
80(75) = 1, 80(5) =1 ; 81(t) = t, 81(8) =1 ] 82(t) = t, 82(5) =0.

Definition 4.1. (1) The cylinder for an A-algebra, E, is the A-algebra F ®x I,
together with the retractions ¢;, = F ®g¢e; : E®x [ — E.

(2) Let ¢o, 1 : (A®Rr AY,D) — E be A-morphisms (over K), with source a
1-connected A minimal model of finite type. Then g and ¢, are homotopic over
K (we write ¢ ~k ¢1) if there is an A-morphism @ : (A®Qg AY, D) — E &y I such
that £, = ¢;, i =0, 1. The morphism ® is called an A-homotopy from g to ;.

Lemma 4.2. (i) Suppose given a sequence of A-morphisms (A ®gr AY', D) 4,

(A ®g AY,D)%E LN E’, with the first two objects 1-connected A minimal
models of finite type. Then pg ~k v1 = hpog ~k hp1g.
(ii) A-homotopy is an equivalence relation.

Proof. (i) is obvious, as is the reflexivity of A-homotopy. Symmetry follows from
the fact that the isomorphism ¢ +— 1 — ¢, dt — —dt of I interchanges £9 and ;.
For transitivity, suppose given g, v1, 92 : (A ®r AY, D) — E with ¢o ~x ¢1 and
©1 ~K @2 via homotopies ®; and ®,. Let I’ be a second copy of I and consider
the fibre product I xy I’ with respect to €1 : I — k and g : I’ — k. Since tensor
products commute with fibre products, ®; and ®, define an A-morphism (1, P2) :
(ARRAY, D) — EQx(I xx I'). Put p = (02,00) : T — IxyI'. A trivial calculation
shows that p is surjective, and clearly kerp is again a constant local system. Then
E®xp: E@T — EQy (I xx I') is strongly surjective because F is extendable and
kerp is constant (Proposition [[LT4). Thus by Theorem BT, (®1, ®2) lifts through
the quasi-isomorphism F ®y p to an A-morphism Q : (A®rAY, D) — EQxT. Now
(E ®k 01) o {2 is the desired A-homotopy from g to ps. O

Let (A®g AY, D) and E be respectively a 1-connected A minimal model of finite
type and an A-algebra. We will denote by [(A®g AY, D), E] the set of A-homotopy
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classes of A-morphisms. Lemma shows that if E’ is a second A-algebra, then
an A-morphism ¢ : B/ — E induces a set map

i [(A®Rr AY,D),E'] — [(A®r AY, D), E].
Theorem 4.3. If ¢ is a quasi-isomorphism, then oy is a bijection.

Proof. First consider the case that ¢ is strongly surjective. It follows immediately
from the Lifting Theorem[3.TTl that ¢y is surjective. Observe now that A-morphisms
fos f1: (A®RrAY, D) — E, together with an A-homotopy ® from ¢ fy to ¢ f1, define
an A-morphism (®; fo, f1) : (A®rAY,D) — (FE ®k I)xpxr(E’ x E"). Moreover

the kernel of the A-morphism E’ Qi I _{e@idicoe) (E @x DXxgxp(E' x E') is
ker ¢ ®y ker (g9,£1). Since ¢ is a strongly surjective quasi-isomorphism and FE’
is extendable, ker ¢ is extendable (Proposition [.14) and H(ker p) = 0. Since
ker (g0,€1) is a constant system, these properties extend to ker ¢ ®x ker (eo,€1).
Thus the morphism (p®xid; €g, €1) is also a strongly surjective quasi-isomorphism.
Lift (®; fo, f1) through this morphism (Theorem to obtain an A-homotopy
from fy to fi.

Consider the general case. Define (U(E),8) by U(E), = A(Ey ® V), § : E, —
Vo, and a morphism 7 : (U(E),5) — E by mp = identity. Now factor ¢ as the

composite of the A-morphisms E’ A E ®kx U(E) 2% E. The map X is a quasi-
isomorphism and ¢.7 is a strongly surjective quasi-isomorphism. Thus by the first
part of the proof, (¢.7)y is a bijection. It remains to show that A4 is a bijection.
Define p : E' @ U(E) — E’ by setting p = 0 in E and in V. Then p is a strongly
surjective quasi-isomorphism and so p; is a bijection. Since pA = id, A4 is the
inverse. |

Definition and Remark 4.4. (1) Let fo, f1 : E — E’ be A-morphisms with F

1-connected and of finite type, and let m : (A ®g AY, D) = E be an A minimal
model. We say fo and f; are A-homotopic and write fo~k f1 if fo om ~x f1 om.

(2) It follows immediately from Theorem @ 3lthat A-homotopy is independent of
the choice of m, and Lemma (ii) shows that it is an equivalence relation. The
set of homotopy classes of A-morphisms from E to E’, with E simply connected
and of finite type, will be denoted by [E, E'].

Finally Lemma[£2 (i) and Theorem 3 extend immediately to the

Proposition 4.5. Let g: E — E' and h: E” — E"" be A-morphisms, with E, E’
simply connected and of finite type.

(i) Precomposition with g and composition with h define maps g* : [E,—] «
[E',—] and hy : [-,E"] — [, E"].

(i) If g and h are quasi-isomorphisms, then g* and hy are injections.

We end this section by constructing an action ‘up to homotopy’ of the funda-
mental group of K on the fibre of an A minimal model. Let (A ®r AY, D) be a
1-connected A minimal model of finite type. For any edge 7 € Ky, from vy to vy,
we have the quasi-isomorphisms:

01

(AZ,d)y, <~ (A®pAY,D), -2

(AZ,d), .

~

By the classical lifting property, there exists o, : (AZ,d)y, — (A®rAY, D), such
that 01 o a; ~k id and the homotopy class [a] is uniquely defined @3]). This gives
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a quasi-isomorphism dp o a; : (AZ,d)y, — (AZ,d),, (therefore an isomorphism)
the homotopy class of which is well defined. Consider the monoid

QOK, = {(00,01,-.. ,0n) | 0,(0) = 00(1); 0:(0) =0;-1(1), 0< i <n—1}
with the usual composition. Denote by mg Aut(AZ,d), the group of homotopy
classes of automorphisms of (AZ,d),. This construction defines a homomorphism
p: QK, — mo Aut(AZ,d),. Moreover, if A is a 2-simplex in K with edges . A = o,
oA = 041 and 1A = 7, then

P(00y -+ 04 Tit1yeee s On) =P(00s e 041, Ty g2y e v, On).
Thus p induces a representation of 71 (K, v) [I6][Chapter 1, §3]:
(4.6) p:m(K,v) — mo Aut(AZ,d).
As a consequence of (.6), one has structures of 7 (K, v)-modules on H(AZ,d)

and Hom(Z* k) induced by the natural maps mo(Aut(AZ, d)) Haue AutH(AZ,d)
and mo(Aut(AZ,d)) ™ Autr.(AZ,d) where . (AZ,d) = AT Z/AYZ. AT Z.

On the other hand, p does not always lift to a representation 7 (K,v) —
Aut(AZ,d). In fact even H 4, © p may not lift, as we show in Example [67

5. KAN FIBRATIONS

We continue the conventions of S8 We work over a fized field k of characteristic
zero and with the category of connected simplicial sets K. A(x) is an admissible
simplicial CDGA with coefficients in k, R(x) the simplicial algebra A(x)° and A
the local system Ax on K determined by A(x). At the end of this section, for
Theorems [5.10 and[Z 11, we specialize to k = Q.

For any simplicial set L we will denote by A(L) the CDGA T'(Ar) of global
sections of Ag,.

Proposition 5.1. There are natural isomorphisms of graded algebras H*(A(L)) &
H*(L; k) for all simplicial sets L.

Proof. The morphisms Apy,(x) — Apr(x) ® A(x) < A(x) are quasi-isomorphisms
of extendable simplicial CDGA’s [13| Theorem 12.37]. Thus they define natural
isomorphisms H(Apy, (L)) = H(A(L)). On the other hand, H(Apy (L)) is naturally
isomorphic with H*(L;k) [21] Theorem 7.1]. O

Definition 5.2. A simplicial set over K is a simplicial map E 2 K, denoted by
(E,p). A morphism u : (E, p) — (E’, p’), between simplicial sets over K, is a
simplicial map, u: E — E’, such that p’ ou = p.

Given a simplicial map p : E — K and o € K,, we denote the pull-back over
o by p° : E° — A", The restriction to JA™ is denoted by p?? : E?? — A",
We say p is a locally trivial fibre bundle if, for each o € K,,, there are simplicial
isomorphisms E? 2 A" x F(o) that convert p? to the obvious projection. In this
case, since K is connected, each F (o) is isomorphic with a single simplicial set F,
called the typical fibre of p. A locally trivial bundle is a Kan fibration if and only
if the typical fibre is a Kan complex.

We establish the following notation: Sk is the category of simplicial sets over K;
Kk is the full subcategory of Kan fibrations with simply connected fibres; IC{< is the
full subcategory of Kk in which the rational homology of the fibre has finite type.
Recall that Ak (resp. .A{<) denotes the category of A-algebras (resp. 1-connected
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A-algebras of finite type) on K and A-morphisms, and that Mg denotes the full
subcategory of 1-connected A minimal models of finite type.

We now define contravariant functors F : Kx — Ak and () : Ax — Sk sat-
isfying an adjointness condition compatible with the relations of homotopy. When
K = pt, there are precisely Sullivan’s constructions |21} §8] and for arbitrary K
both the constructions and the verifications of their properties are the obvious
generalizations.

To construct F let p : E — K be any simplicial set over K. If o € K, there
are canonical simplicial maps v, : E%° — E and w; : E%7 — E7, satisfying
the usual commutation relations, and covering the standard face and degeneracy
maps 9; : Al7I=1 — Al7l and Sj : A7 A7l Thus a local system F(E, p)
of CDGA’s on K is defined by F(E,p), = A(E?) and with face and degeneracy
operators A(v;) and A(w;). Moreover, a morphism j : A — F(E,p) is given by
jo = A(p%) : A(lo]) = A(A7l) = A(E?). Note that if E = K, then F(E,p) = A
and that if K = pt, then F(E, p) is the CDGA, A(E). It is immediate from the
construction that 7 commutes with pull-backs.

Proposition 5.3. Let p: E — K be a Kan fibration. Then

(i) D(F(E,p)) = A(E).

(ii) (F(E,p),j) is an A-algebra on K. If the Kan fibration is in IC{O then the
A-algebra is in A{;.

Proof. (i) Recall that a simplex in E? is a pair (w, 7) where w is a simplex in A“",
7 € E and o(w) = p(7). Now a global section f € T'(F(E,p)) is a function that
assigns to each o € K an element f, € A(E?), compatible with A(y;) and A(w;).
The corresponding element g € A(E) is given by g, = (fP(T))(p(T),T)' It is obvious
(cf. [13, Lemma 19.21] for the case A = Apr) that this defines an isomorphism
from I'(F(E, p)) to A(E).

(ii) Since p is a Kan fibration, the v, and w; induce isomorphisms of homo-
topy and homology groups. Hence by Proposition 511 A(;) and A(w;) are quasi-
isomorphisms and so H (F(E,p)) is locally constant. Since A is extendable, the
restrictions A(E?) — A(E??) are surjective. By (i) these are identified with the
restrictions F(E,p), — F(E,p)ss and so F(E, p) is extendable. If the Kan fibra-
tion is in IC{{, then the fibre EV at a vertex v is simply connected and has homology
of finite type. Thus H (A(EV)) also has these properties, and so F(E, p) is simply
connected of finite type. O

To construct the realisation functor { ) let jg : A — E be an A-algebra on K, de-
fine the simplices of (E, jg) by (E,jg),, ={(p,0) |0 € Ky; v € Aan (E7, Aan)}.
The face and degeneracy operators are defined by 0;(p, o) = (9;¢, 9;0) and s;(p, o)
= (s, s;0), where 0;¢ and s, are the respective pull-backs of ¢ via the simplicial
maps 8; : A""! — A" and Sj ¢ A" — A™. The projection (F, j) 2 K is given
by p(¢,0) = 0. Again note that () commutes with pull-backs. When K = pt,
then an A-algebra is just a CDGA, C, and its realization (C') is precisely as defined
in [21], §8] both in the case A(x) = Apr (%) and A(x) = Apgr(*).

Theorem 5.4. For Kan fibrations p : E — K and A-algebras jg : A — E there is
a natural bijection: Sk ((E,p),{E,jg)) = Ak ((E,jr), F(E,p)).

Proof. The left-hand side consists of the functions that assign to each 7 € E a
morphism f, € Apj- (EP(T),A Am), compatible with the face and degeneracy
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operators. The correspondence fr < h; = (fr)p(r) : Epr) — A(|7]) identifies
this with the set of functions that assign to each 7 € E a DGA homomorphism
hr : Ep(ry — A(|7]), inducing the identity in A(|7|), and such that hs,, 09; = d;0h
and hs,r 05 = 80 h,.

On the other hand, the right side consists of functions that assign to each 0 € K
a DGA homomorphism g, : E, — A(E?), compatible with the face and degeneracy
operators, and inducing the identity in A(|o|). Now a simplex in E? is a pair (w, 7)
where w is a simplex in Al?l, 7 € E and o(w) = p(r). Moreover w induces a
DGA morphism E, —- Eq(wy. Thus given a family (h;)-eg as above we can
define a corresponding family g, by (95®)(, ) = hr (w(®)). This is the desired
bijection. [l

Proposition 5.5. Let (A ®r AY, D) be a 1-connected A minimal model of finite
type with representative minimal Sullivan algebra (AZ,d). Then {(A®gr AY, D), j)
— K is a locally trivial fibre bundle with fibre the Kan complex (AZ,d). In partic-
ular, it is an object of IC{{.

Proof. Tt suffices to consider the case when K = A"™. In this case, by Theorem B.]]
we may write (A ®g AY, D) = A ®x (AZ,d), whence (A Qg AY,D),j) = A" x
(AZ,d). We have only to verify that (AZ,d) is a Kan complex, since it is clearly
l-connected. A simplicial map ¢ : A™" — (AZ,d) corresponds by adjunction
to a CDGA morphism ¢ : (AZ,d) — A(A™"). Inclusion induces a surjective
quasi-isomorphism p : A(A") — A(A”’k). Thus 9 lifts through g to a morphism
¥ (AZ,d) — A(A™). By adjunction, we get the extension of . O

Let Ao, A1 : A® — A denote the inclusions of the initial and terminal endpoints
of the interval. If S is a simplicial set, we also denote by A; : S — S x Al
the simplicial maps S x A;. If (E,p) € Sk, we abuse notation and denote by

p: E x A" — K the composite E x A’ - E 2 K.

Definition 5.6. If f, f, : (E,p) — (E’,p’) are two Sk morphisms and (E’, p’) is
a Kan fibration, then f is homotopic to f, over K if there exists an Sk morphism
F:(Ex Al,p) — (E',p’), such that FoX; = f,, i =0, 1. We write f,~k f;.

The set of homotopy classes of morphisms [L6l page 28] f € Sk ((E, p), (E/,p’)),
is denoted by [(E, p), (E’,p’)]. We use an argument of Goyo [12] to prove:

Theorem 5.7. Let (E,p) be a Kan fibration and suppose (A @r AY, D) is a 1-
connected A minimal model of finite type. Then the bijection of Theorem[5.4] induces
a bijection [(E,p), (AQr AY)] 2 [A®r AY, F(E,p)] (see Section 4).

Proposition 5.8. (i) If fo ~x f1: (A®gr AY,D) — (E,jg) are homotopic mor-
phisms from a 1-connected A minimal model (A @ g AY, D), then {fo) ~x {f1) :

(i) If fo ~x f1 : (E,p) — (E',p’) are homotopic Sk morphisms, with (E',p’) €
K. then F(fo) ~x F(f1) : F(E,p') — F(E,p).

Proof. (i) The f; factor as f; = ¢;0F, where F' : (AQrAY, D) — EQyA(t, dt). Thus
(fi) = (F) o (g;). But it is immediate from the definition that (F ®x A(t,dt)) =
(E) x (A(t,dt)). It is thus sufficient to prove (A(t,dt)) is contractible.

A simplicial map ¢ : @A™ — (A(t, dt)) determines, by adjunction, a morphism
@ A(t,dt) — A(OA™), which lifts to a morphism A(¢, dt) — A(A"™) since A(x) is
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extendable. Thus ¢ extends to ¢ : A™ — (A(t,dt)), and v is homotopically trivial.
Thus the Kan complex (A(¢,dt)) having trivial homotopy groups is contractible.
(i) Let w : Ex A’ — E be the projection and m : AR gAY = F(E’,p’) be a min-
imal model. Then the quasi-isomorphisms F (), F(Ag), F(A1) induce bijections
F(m)y, F(Xo)p and F(A1)y in [A ®@r AY, —]. Since wA; = identity, it follows that
F(Xo)g = .7-"(71')11_1 =F(\);. fF: (ExA' p) — (E/,p') is a homotopy from f to
f1, then we have [F(f)om] = F(A1)4[F(F)om] = F(Xo)s[F(F)om] = [F(f,)om].
Proposition L8 implies [F(f,)] = [F(f1)]- O

Proof of Theorem [5.7 First, suppose fo, f1 : A®r AY — F(E,p) are homotopic
maps. Decompose their adjoints fq, f; : (E,p) — (A ®r AY) as (E,p) —

(F(E,p)) <i>> (A ®gr AY'). Proposition 5.8 now implies that f,~k f;.

For the reverse implication let f, f; : (E,p) — (A ®r AY) be two simplicial
maps, homotopic over K. Their adjoints factor as Agzr AY—=F(A®@r AY) YD 7 E, p),
and the F(f,) are homotopic by Proposition 5.8l O

If (E, p) is a Kan fibration in IC{(, then we can apply Theorem [3.12]to obtain the
(unique) minimal model (A® gAY, D) of F(E, p) together with a quasi-isomorphism
m : (AQgAY, D) — F(E,p). This corresponds under the bijection of Theorem 5.4
to a morphism of Kan fibrations over K, m : (E,p) — ((A ®g AY, D), j).

Let F be the fibre of (E, p) and let (AZ,d) be a representative Sullivan algebra,
so that m, : (AZ,d) = A(F). By hypothesis, F is simply connected. Since A(1) is
concentrated in degrees 1 and 0 and since Z = Z22, (AZ, d) is even 2-reduced. Since
both simplicial sets are Kan complexes, m,(F) = [0A™"!, F| and m,(AZ,d) =
[BA”Jrl, (AZ, d)} Since (AZ,d) is minimal, [(AZ, d), A(BA"JFI)} = Hom(Z™ k).

Thus m" and m, determine the commutative diagram

7 (mY)

7 (F)

m(AZ, d)

N

Hom(Z, k)

It is an easy exercise that 3 is a group homomorphism (and hence, by Theorem 5.7}
an isomorphism) compatible with the structures of m (K)-modules (£.6). This
identifies 7, (AZ,d) as a graded k vector space. On the other hand, since m, is
a quasi-isomorphism, the classical Postnikov tower argument [21], bottom of page
309], using the fact that Z has finite type, shows that o extends to an isomorphism
7. (F) ®z k = Hom(Z, k).

In summary then we have
Proposition 5.9. The map m.(m") extends uniquely to an isomorphism m,(mV) :
. (F)®zk =, (AZ,d), while m,, induces an isomorphism H(m,) : H(AZ,d) =
H*(F; k) of algebras and w1 (K)-modules.

For the rest of this section, k = Q. As usual we put R(x) = A(*)".

Denote by IC{;’O the full subcategory of IC{; in which the homotopy groups of the
fibre are rational vector spaces. We use the two functors ( ) and F to construct

natural equivalences of homotopy categories connecting IC{{O and Mxg. A version
over R using Apg(*) and continuous cohomology also exists [21], Theorem (8.1)'].
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If (A®g AY, D) is any minimal model in the subcategory Mg, the identity map
of ((A®RrAY, D), j) corresponds under the bijection of Theorem[(54l to a morphism

©:(AQrAY,D) —» F({((A®rAY,D),j)).

Theorem 5.10. Let (E,p) be a Kan fibration in K? and let (A ®@p AY, D) be a
minimal model in My. Then

(i) m : (E,p) — ((A®gr AY, D), j) is a fibrewise rationalisation in the sense
of Bousfield and Kan [2, Chapter 1, §8]; i.e., its restriction to the typical fibre is
a rationalisation. In particular, if (E,p) € K0, then m is a fibrewise homotopy
equivalence.

(ii) © is a quasi-isomorphism of local systems, and hence a minimal model.

Proof. (i) It follows from Proposition that m is a homotopy equivalence. Thus
by the simplicial version of a theorem of Dold [7], m is a fibrewise homotopy
equivalence.

(#i) Since both the domain and target of © are A-algebras, it is sufficient to verify
that O, is a quasi-isomorphism of DGA’s. Let (AZ,d) be a representative Sullivan
model for (A ®r AY, D). Then O, is the DGA morphism (AZ,d) — A({AZ,d))
adjoint to the identity map of (AZ,d). Thus it is a quasi-isomorphism by [2T]
Theorem 8.1]. O

Suppose, finally, that in a category C there is specified an equivalence relation,
homotopy, in each morphism set C(C,C"), compatible with composition, and recall
that the associated homotopy category, ho-C, is the category with the same objects,
but with morphisms ho-C(C, C") the set of homotopy classes of C morphisms from C
to C’. A homotopy equivalence in C is a morphism that becomes an isomorphism in
ho-C. Thus the homotopy equivalences in /0 are precisely the fibrewise homotopy
equivalences. Exactly as in the case when K = pt we have [21] Theorem 10.1]:

Theorem 5.11. The functor { ) : Mk ~ IC{{O induces a natural equivalence of
homotopy categories.

6. NON-SIMPLY CONNECTED RATIONAL HOMOTOPY THEORY

In this section we work over the ground field Q and A(x) is an admissible
simplicial CDGA over Q (cf. Section 8). We apply the results of Section 5 to
classify non-simply connected rational homotopy types.

Definition 6.1. A path connected topological space, X, is rational if its universal
cover X is; i.e. if m;(X) is a rational vector space for i > 2. The rationalisation Xg
of X is the fibrewise rationalisation of the fibration X — X — K (m1(X),1). The
rational homotopy type of X is the homotopy type of its rationalisation, Xg.

Let 7 be the category of pointed path connected topological spaces X. Let T/
be the full subcategory of spaces X such that 7;(X) ® Q is finite dimensional for
i > 2 (equivalently H;(X;Q) is finite dimensional for i > 2), and let 7/ be the
full subcategory of rational spaces in 7. Two maps in 7 (or in T/ or T7°) are
homotopic if they are connected by a basepoint-preserving homotopy. Denote by
Tew, Tgw and chi/?, the full subcategories of spaces of the homotopy type of a
CW-complex.
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Theorem 6.2. (i) There is an algebraic category M with a relation of homotopy
in its morphism sets, and there is a homotopy preserving functor from M to the
category chl’/?, of rational spaces, inducing an equivalence of homotopy categories:
ho-M =~ ho-TJ).

(it) In M the homotopy equivalences are isomorphisms.

Proof. In [8, 1.3] Eilenberg and Mac Lane describe a classifying functor 7 — B
from the category of discrete groups to the category of 1-reduced simplicial K (m,1)’s.
This functor is an isomorphism onto a full subcategory of Kan complexes with in-
verse the functor 7. We denote this subcategory by 7 (1).

Now let K denote the category whose objects are the 1-reduced Kan fibrations
with simply connected fibre and with base some K € 7(1) and whose morphisms
are the commutative diagrams

E——F

|

K—]K

of simplicial maps. We denote by Kf the full subcategory of K in which the ra-
tional homology groups of the fibre are all finite dimensional, and by K/ the full
subcategory of K/ in which the homotopy groups of the fibre are themselves ratio-
nal vector spaces. A morphism (¢p,u) : E — E’ in K (or K/ or K£/:0) factors as

E % (E")* — E’ through the pull-back (E’)". Two morphisms (¢, u) and (¢, w)
are homotopic if u = w and " ~g ¥ (cf. Section[H).

Denote by Sing; the functor from pointed topological spaces to 1-reduced sim-
plicial sets that assigns to X the 1-reduced singular simplices on X. In [8, I1.7]

this is extended to the functor %1 : T ~ K that assigns to X the Kan fibration

Sing; (X) LA B71(X) defined as follows: if o : {eq,... ,e,) — X is a l-reduced n
simplex, then po = (g1, ,gn) with g; € m1(X) represented by the restriction of
o to the edge (ei_1,€;). On the other hand, if | | denotes the Milnor realisation
functor, then it can be considered as a functor | |:  ~ 7 assigning to E — K the
pointed CW complex | E |.

It is straightforward to check that | | and %1 are adjoint functors and preserve
the relation of homotopy for 7 and K as described above. A small variation on
the classical result for Sing and | | shows that the functors | | and S%l induce
natural equivalences of homotopy categories: ho-K ~ ho-Tow, ho-IKCf ~ ho—TCfW
and ho-K/0 ~ ho—’T(J{p{,?,.

We now define the category M as follows:

e the objects of M are pairs (Ek,K) with K in 7(1) and Fx in Mgk (§5).

e the morphisms M(Ek, Ei/) are the pairs (p,u) in which u: K — K’ is a
simplicial map and ¢ : Fx « (Eg,)" an Ag-morphism from the pull-back (Ej, )"
to Fx. Two morphisms (p,u) and (¢, w) are homotopic if u =w and ¢ ~k .

The functor { ) : Mg ~ IC{{O of Section 5 defines a functor { ) : M ~» /-0
which preserves homotopy, and it follows from Theorem BETT that this induces
an equivalence of categories, ho-M =~ ho-K/:0. The yields a natural equivalence
ho-M =~ ho—TCfi/?,. Finally, it follows at once from Theorem [3.7 that the homotopy
equivalences in M are isomorphisms. O
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Fix a pointed topological space X in 7/ and denote the local system ABmr,(x)

on By (X) simply by A. Let (A®g AY,D) = F(%IX) be the minimal model,
and denote by (AZ,d) its representative Sullivan algebra.

Definition 6.3. The minimal model (A® gAY, D) will be called the minimal model
of the space X.

As in Theorem B.10 we have

Theorem 6.4. The realisation functor | (A®pr AY, D) | is a rationalisation of the
space X.

As in the classical case, it follows from Theorem that any invariant of the
rational homotopy type of X can be read off from its minimal model, and that any
invariant of the isomorphism class of the model is a rational homotopy type invariant
for X. Giving an explicit description is an entirely different matter however. For
the classical invariants of homology and homotopy we have:

Theorem 6.5. Let (A ®@g AY, D) be the minimal model of a space X in T+, and
let (AZ,d) be a representative Sullivan algebra. Then

(i) The base K of (A®pr AY, D) is just Bw1(X) so that m1(X) = m1(K).

(ii) The CDGA, (AZ,d), is the minimal Sullivan algebra of the universal cover,
X, of X. In particular, m,(X) ® Q = Hom(Z*,Q), k > 2, and H*(X;Q) =
H(AZ,d) as graded algebras. Moreover these two isomorphisms are isomorphisms
of m1(X)-modules (cf.[4-0).

(iii)) The DGA’s C*(X,Q) and T'(A ®r AY, D) are connected by a sequence
of DGA quasi-isomorphisms. Thus there is an isomorphism of graded algebras,
H*(X;Q) = HT'(A®gr AY, D).

Proof. (i) is by definition and, as we remarked just before Proposition [0, (ii)
is standard [21] §8]. For (iii) recall from [13] Theorem 12.27] that the quasi-
isomorphism of local systems induces a DGA quasi-isomorphism I'(A®r AY, D) —
I'F(Sing,(X),p). As in [I3] Lemma 19.21] the latter DGA is isomorphic to
A(Sing, (X)), while as in [I3, Proof of Theorem 14.18] A(Sing, (X)) is connected
to C*(X) by a chain of DGA quasi-isomorphisms. O

Example 6.6. m = Z, (AZ,d) arbitrary.

Here By ~ S! and the fibration X — X — S is determined by the action
of the generator g of Z on X , or, equivalently, by the single automorphism p(g) of
(AZ,d). Thus in this case the representation lifts to a representation in Aut (AZ,d)
which determines X.

Example 6.7. 7 = Z x Z, (AZ,d) = (A(z,y, z,w,u),d) with z, y, z cocycles of
degree 3, w a cocycle of degree 6, degu =5, du = yz.

Here By ~ S x S!. Thus a fibration over Bar; with fibre X is described by

e two automorphisms ¢ and ¥ of (AZ,d), which together define the fibration
over St v St

e a homotopy ¢y ~ 1, which permits the extension of this fibration to a
fibration over St x S1.
Consider the automorphisms ¢ and v given by:

¢ is the identity on each generator but w, while p(w) = w + zy;

1 is the identity on each generator but x, while ¥(z) = z + z.
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Then @o1) is homotopic to Yoy via the morphism F' : (AZ,d) — (AZ,d)®A(t, dt),
which is the identity on each generator but z and w, and is given there by F(z) =
x4+ 2z and F(w) = w+ zy + tzy — dt Au. Thus ¢ and ¢ determine a fibration
X - X — Stx st

The induced representation of Z X Z in the cohomology H(AZ,d) of the fibre is
exactly that given by H(y) and H (). It is a straightforward calculation that for
any morphisms ¢’ and v’ inducing respectively H(¢) and H(v) we have ¢'v)’ #
Y'¢’. Thus this representation in H(AZ,d) does not lift to a representation in
Aut (AZ,d). On the other hand, since (AZ,d) = (AZ, dz), the fibration does furnish
us with a representation of m; in (AZ,d). However this representation does not lift
the canonical representation of w1 in moAut (AZ, d)

Next observe that the representation of Z x Z in H*(X; Q) is nilpotent. Hence X
is a nilpotent space, and there exists a classical minimal model which contains the
rational homotopy type of the fibration X — X — S x S'. A computation shows
this has the form: (A(w,(),0) — (A(e,8) ® AZ,D) — (AZ,d), where dega =
degB =1, Dy=Dz=0, Dx = Bz, Dw = azy — affu, Du = yz.

Example 6.8. 1, = Z X Z X Z x Z, (AZ, d) = (A(u,v), d) with u a cocycle of
degree 2, degv = 3, dv = u>.

Here Bmry ~ S x S1 x S1 x St Let A(x) = Apr(x;Q) and A = Aggr,. An A-
minimal model (A® g AZ, D) is specified by setting (Du), = 0 and (Dv), = u®+z,,
o € Bmy, where {2,} € A*(Bm) is a cocyle representing the fundamental class of
St x 81 x 8t xSt

The resulting space X = (A ®g AZ, D) satisfies X ~ 53 and m (X) = 7Z x
7 x 7 x Z. The action of m on m,(X) and on H,(X) is trivial; however X o
Sé x St x 81 x S x S', and so the trivial representation does not determine
X. As In Example 67 X is a nilpotent space. Its minimal Sullivan model is
(Ala, B, 7, 6, u, v), D) with D = 0 on all the generators but v and Dv = u?+a374.

7. APPLICATIONS, EXAMPLES AND PROBLEMS

In this section, we work over a fized field k of characteristic zero; A(x) is an
admissible simplicial CDGA with coefficients in k. Classical minimal Sullivan al-
gebras will be 1-connected and of finite type unless we explicitly assert the contrary.

7.1. Free commutative cochain algebras. Consider commutative cochain al-
gebras, (B,d), in which the wunderlying algebra is connected, free and of finite
type: B = AV, V = {Vi}i>1 and dim V% < oo, i > 1. Suppose further that
Imé C BY.Bt. Then necessarily (AV!,d) is a sub cochain algebra. More gener-
ally suppose given some V! C W C V such that (AW, d) is a sub cochain algebra.
Write V.= W @ Z so that B = AW ® AZ, and consider the sequence of cochain
algebra morphisms: £ (AW, ) — (AW @ AZ,8) £ (AZ,d), where p = 0 in W and
p =1idin Z. It may happen that Z can be written as the increasing union of graded
subspaces Z(k), k > 0, such that 6 : Z(0) - AW and ¢ : Z(k) - AW @ AZ(k —1),
k > 1. In this case the sequence & is called generalized nilpotent [21] or a relative
Sullivan algebra [10].

A local system, (F, D), of commutative cochain algebras on (AW, ) is defined

by (E'mDU) = A(n) Ro (AW@AZ,&). Put A = A(AW&)'
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Proposition 7.1. (i) If either £ is generalized nilpotent, or if k = R and A(x) =
Apr(x), then (E, D) is an A minimal model.

(i) In either case the realisation (E, D) of §5 coincides with Sullivan’s realisation
(AW @ AZ,5).

Remark 7.2. If M = (AV,0) is a connected cochain algebra of finite type with
Imé C ATV.ATV, then we have the sequence (AV?' 6) — (AV,8) — (AVZ=2 4d).
In this case, when k = Q and A(x) = Apy(*), Propositions and [5.9 reduce to
a result of Sullivan [2I] Theorem 8.1]. When k = R and A(x) = Apgr(x), these
propositions reduce to part of [21], Theorem 8.1'].

Remark 7.3. If k = QQ as opposed to k = R, it is necessary to impose the condition
of generalized nilpotence in [[1l In fact, consider M = (A(z,y),d), where degz =
3, degy = 1, dy = 0, dv = yx. For the l-simplex o : M! — A(t,dt), defined by
o(y) = dt, the face operator A(t,dt)®, M — M, t — 0, is not a quasi-isomorphism.
Thus M is not an A minimal model.

Remark 7.4. In the minimal model of Proposition [l the fibre (AY, Dy) is given
by (AY,Dg)y = A%(n) ®, (AW @ AZ,8) = A%(n) ®k (AZ,d), where we identify
A%(n) = A(n)/A* (n). Thus the fibre is the free A°-module, A° ®y (AZ,d). (Note
that as shown by Examples and 67 this does not imply that 71 (AW, ) acts
trivially in H(AZ, d).)

For general A minimal models, however, the fibre (AY, D) will not be A°-free.
For example, suppose k = R and consider the representation of Zs in (Ax,0),
degx = 3, given by 1oz = —z. The associated locally constant system, U, on BZy
is the direct sum of the canonical line bundle and the trivial line bundle. Hence
A% ®y U, which corresponds to the space of cross sections, cannot be a free A°-
module. But A°®y U is the fibre of the A minimal model for the space RP3, viewed
as a fibration S? — RP? — K (Za,1).

Proof of Proposition [7]. By construction, E, = (A(n) ® AW) @k AZ. This iden-
tifies £ = A ®@gr AY, with (AY, Dg) = A° ®y (AZ,d). In particular (forgetting
differentials), E = A ®x AZ and hence is extendable.

It remains to prove that (E, D) is an A-algebra; i.e. that H(E, D) is a locally
constant system. It is obviously sufficient to prove that the inclusion of a vertex
v in A™ induces a quasi-isomorphism A(n) ®, (AW @ AZ) — k®, (AW @ AZ).
Rewrite this as a morphism € ® id : (A(n) @k AZ,8)—(AZ,d), where € : A(n) — k
is the augmentation defined by v. In the generalized nilpotent case ¢ ® id is a
quasi-isomorphism because ¢ is [21], Theorem 4.5].

Consider the case k = R and A(x) = Apr(*). Let (2;)1<i<n be a basis of ZP.
The differential § has the form §z; = Zjvzl 0i; zj+w(z;), where w(z;) € Apr(A™)®
AZ<P and 0;; € AlDR(A”). The equation 62 = 0 implies that gﬂij = > 1 O0irO;-
Identify z = > A; z; with 2 = (A1, ..., An). We are looking for an invertible matrix
M = (fij)lgi,jgN; fij S AODR(An)v such that S(MZA’) S ADR(An) ® AZ<P. This
is provided by the solution of the differential equation, SM + M6 =0, 6 = (6;;),
whose integrability condition is exactly 66 = 6 o 6.

The last assertion of the proposition is an immediate consequence of the defini-
tions. O
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7.2. Formality. The notion of a formal space, whose rational homotopy type de-
pends only on its cohomology algebra, has played a significant role in simply con-
nected rational homotopy theory. This is in part because every simply connected
space is a “perturbation” of the corresponding formal space.

We can now extend this notion to the non simply connected case. Indeed, let
X € 77 and consider the locally constant system H over Bz (X) corresponding
to the 7 (X)-module, H*(X;Q). Evidently Ap; ®g (H,0) is a 1-connected Apr-
algebra of finite type; let (Apy @ gAY, D) — App, ®q (H,0) be its minimal model
(Section 3). Thus the space (Ap;, ® g AY, D) is a formal consequence of the group
m1(X), the algebra H*(f(; Q) and the representation of 71 (X) in H* (X;Q). (Note
that this construction could be applied to any representation of a discrete group I'
in a suitable algebra, H.)

Definition 7.5. The space ((Apr ®r AY, D)) is the formal space associated with
X, and X is formal if ((Apr ®r AY, D)) ~ Xg or equivalently, if (Apr, ®r AY, D)
is a minimal model for X.

If we consider instead the 71 (X)-module C*(,(QX) ® Q) where 7,(2X) ® Q
is the homotopy Lie algebra and C*(—) is the classical cochain construction of
E. Cartan and D. Quillen, we get the corresponding notion of coformal space. In
this context, we pose two problems:

Problem 1. Is every space the perturbation of a formal space as described in [14]
in the simply connected case? If so, is there a well defined sequence of “obstructions
to formality”? If so, are they independent of the ground field? Is there an analogue
of grading automorphisms [21] Page 319]?

Problem 2. Are compact Kéhler manifolds M formal in the sense of Definition
7.3.17

7.3. Universal fibrations. Let I be a simply connected space in 770, There is
a universal fibration with fibre F', whose base is denoted BAutF. Now on the one
hand, a model of the universal cover of BAutF' can be explicitly described ([21],
[22], [19]). On the other hand, m (BAutF) is just the group of homotopy classes of
automorphisms of the Sullivan minimal model of F'.

Problem 3. Find an explicit description of the Apy-minimal model of BAutF'.

7.4. Classification. One ultimate goal of an algebraisation of homotopy theory is
to obtain an explicit determination of moduli spaces:

Problem 4. For given discrete group 7 and given minimal Sullivan algebra (AZ, d)
classify explicitly:

(i) The isomorphism classes of A% -minimal models (AY, d) with representative
Sullivan algebra (AZ, d);

(i) For each (AY,d) the isomorphism classes of Apy-minimal models (Apr, ®p
AY, D).

7.5. Nilpotent fibres. At various places in this paper we have relied heavily on
the hypothesis that our fibres are simply connected. Since classical Sullivan theory
works for nilpotent spaces we ask

Problem 5. Does the theory presented here extend to the case of nilpotent fibres?
Note that a solution would give an interesting way of approaching solvmanifolds,
since these fibre over a torus with fibre a nilmanifold [17, Theorem 2, Page 25].
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7.6. Infinite type. The restriction that the rational cohomology of the universal
cover have finite type is really unfortunate, since it rules out even simple spaces
such as S'V S3. This is also a difficulty in the simply connected case where Sullivan
[21], Page 303] has suggested the use of continuous duals as a solution.

Problem 6. Extend the theory (or find a replacement) to include all CW spaces.

7.7. Rational homotopy invariants. Since the minimal model (Ap;, ® g AY, D)
of a space X € T/ determines Xg up to homotopy equivalence, it is natural to
try to determine how to read off rational homotopy invariants of X directly from
the model. In the case of Lusternik-Schnirelmann category the solution [9] to this
problem in the simply connected case has had a number of useful consequences.
Thus

Problem 7. Given X € 77 determine the LS category of Xq in terms of the
Apr-minimal model.
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