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ON BC TYPE BASIC HYPERGEOMETRIC
ORTHOGONAL POLYNOMIALS

JASPER V. STOKMAN

ABSTRACT. The five parameter family of Koornwinder’s multivariable ana-
logues of the Askey-Wilson polynomials is studied with four parameters generi-
cally complex. The Koornwinder polynomials form an orthogonal system with
respect to an explicit (in general complex) measure. A partly discrete or-
thogonality measure is obtained by shifting the contour to the torus while
picking up residues. A parameter domain is given for which the partly dis-
crete orthogonality measure is positive. The orthogonality relations and norm
evaluations for multivariable g-Racah polynomials and multivariable big and
little g-Jacobi polynomials are proved by taking suitable limits in the orthogo-
nality relations for the Koornwinder polynomials. In particular new proofs of
several well-known g-analogues of the Selberg integral are obtained.

1. INTRODUCTION

In [25] Macdonald introduced a remarkable family of multivariable (g-)orthogonal
polynomials associated with root systems (the so-called Macdonald polynomials).
The Macdonald polynomials interpolate various families of special functions associ-
ated with groups, such as spherical functions on real semisimple Lie groups (¢ = 1),
spherical functions on semisimple p-adic groups (¢ = 0) and characters of compact
semisimple Lie groups. They also arise as spherical functions on certain quantum
symmetric spaces (see for instance [29], [31]).

Cherednik (see for instance [8], [9], [L0]) has shown that these polynomials are
closely related to certain representations of affine Hecke algebras. Many properties
of the polynomials can be derived by this approach while they were first untractable
or could only be proved for very special parameter values from the (quantum) group
interpretation. In particular the explicit evaluations for the quadratic norms of the
Macdonald polynomials, which were conjectured by Macdonald [25], have been
proved by Cherednik [8] using this approach.

In this paper we will consider families of multivariable g-orthogonal polynomials
associated with the non-reduced root system BC'. The starting point is the five
parameter family of Koornwinder polynomials [24], which contains the three pa-
rameter families of BC' type Macdonald polynomials and which reduces in the
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1528 JASPER V. STOKMAN

one-variable setting to the well-known four parameter family of Askey-Wilson po-
lynomials [6]. Koornwinder [24] proved two basic properties of these polynomials,
namely that they are mutually orthogonal with respect to an (explicit) absolutely
continuous measure, and that they are diagonalized by an (explicit) second order
g-difference equation. Van Diejen [12] evaluated the quadratic norms for a four pa-
rameter subfamily of the Koornwinder polynomials using so-called Pieri formulas.
The affine Hecke algebraic approach can be applied to this five parameter family
of Koornwinder polynomials (see [28], [30] and [32]), which in particular yields a
proof of van Diejen’s quadratic norm evaluations for the full five parameter family
of Koornwinder polynomials (see [32]).

The one-variable Askey-Wilson polynomials contain various interesting families
of basic hypergeometric orthogonal polynomials as special cases or as limit cases
(these families are collected in the Askey tableau, see [6], [23]). In particular the
Askey tableau contains the families of g-Racah polynomials [5], big g-Jacobi poly-
nomials [2] and little g-Jacobi polynomials [I]. These three families were recently
introduced and studied in the multivariable setting.

The multivariable g-Racah polynomials [14] can be considered as Koornwinder
polynomials for which the parameters satisfy a particular truncation condition.
In [14] it was shown that they are orthogonal with respect to a finite, discrete
orthogonality measure. The multivariable big and little g-Jacobi polynomials [33]
can be considered as limit cases of rescaled Koornwinder polynomials in which
some of the parameters tend to infinity (see [36]). In [33] it was shown that they
are orthogonal with respect to infinite discrete measures (which can be expressed
in terms of multidimensional Jackson integrals).

The derivation of the orthogonality relations for these three limit cases followed
the same line of arguments as in the case of the Macdonald polynomials [25] and
the Koornwinder polynomials [24]. The quadratic norm evaluations for the mul-
tivariable g-Racah polynomials were obtained in [I4] by use of Pieri formulas (see
[13] for the constant term identity, i.e. the quadratic norm evaluation of the unit
polynomial). In this paper we prove the orthogonality relations and norm evalua-
tions for these three limit cases of the Koornwinder polynomials by extending the
limit relations to the level of the orthogonality measures in a suitable, weak sense.

We proceed as follows. In section 2 the orthogonality relations [24] for the
Koornwinder polynomials and the corresponding quadratic norm evaluations [12],
[32] are extended to the case that four of the five parameters are generically complex.
The extended orthogonality measure is an absolutely continuous complex measure
with weight function identical to the weight function considered by Koornwinder
[24], but with a suitably deformed integration contour. If all the four parameters
have moduli < 1, then the n-torus 7™ may be chosen as integration contour and
Koornwinder’s [24] orthogonality measure is recovered.

In section 3 a residue calculus is developed for the complex orthogonality measure
of section 2. The orthogonality relations and norm evaluations for the Koornwinder
polynomials can be reformulated with respect to partly discrete orthogonality mea-
sures using this calculus.

In section 4 the limit from Koornwinder polynomials to multivariable g-Racah
polynomials is studied on the level of the orthogonality measures. A suitable partly
discrete orthogonality measure for the Koornwinder polynomials is rescaled such
that certain common poles of the completely discrete weights become zeros for the
continuous parts of the orthogonality measure. These zeros cause the vanishing
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of the continuous parts of the orthogonality measure in the limit. We end up
with a finite discrete measure, which is easily recognized as the measure of the
multivariable ¢-Racah polynomials. We obtain new proofs of the orthogonality
relations and norm evaluations for the multivariable g-Racah polynomials, simply
by taking the limit in the corresponding results for the Koornwinder polynomials.
See [37] for the use of this idea in the one-variable case.

In section 5 the residue calculus of section 3 is used to deform the integration
contour of the orthogonality measure for the Koornwinder polynomials (cf. section
2) to the n-torus T™. We obtain a partly discrete orthogonality measure which is
positive for a large parameter domain. In particular the parameter values which
occur in the limits from Koornwinder polynomials to multivariable big and little
g-Jacobi polynomials lie in this parameter domain.

In sections 6 and 7 these two limits are taken in the (suitably rescaled) positive,
partly discrete orthogonality measure for the Koornwinder polynomials. The partly
continuous contributions (which are supported on subtori of 7™) disappear in these
limits because the corresponding weight functions tend to zero, while the support of
the completely discrete part of the measure blows up to an infinite set. We end up
with the orthogonality measures of the multivariable little and big g-Jacobi polyno-
mials. The orthogonality relations and norm evaluations for the multivariable little
and big g-Jacobi polynomials are obtained by taking limits of the corresponding
results for the Koornwinder polynomials. The rigorous proofs of the limits of the
orthogonality measures are postponed to section 8 and 9.

The constant term identities which are obtained as special cases of the qua-
dratic norm evaluations for the multivariable little and big ¢-Jacobi polynomials
reduce to well-known g-analogues of the Selberg integral. The constant term iden-
tity for the multivariable little g-Jacobi polynomials (Corollary [6.5]) is known as the
Askey-Habsieger-Kadell formula (see [4],[19],]21]) and was proved in full generality
by Aomoto [3]. The constant term identity for the multivariable big g-Jacobi po-
lynomials with one of the parameters discrete (Corollary [Z.7) was conjectured by
Askey [4] and proved by Evans [15]. The constant term identity in the general form
(Corollary [7.6]) is equivalent to Tarasov’s and Varchenko’s identity [38, Theorem
(E.10)].

The method of proving the orthogonality relations and norm evaluations for
the one-variable g-Racah, big and little g-Jacobi polynomials by considering them
as limit cases of the Askey-Wilson polynomials was discussed in detail in [37)].
Although the computations are more involved in the multivariable setting, the
techniques we employ here are essentially the same as in the one-variable case.

Notations and conventions. We write N = {1,2,...}, Ng = NU {0}, C* =
C\ {0} and R* = R\ {0}. Empty sums are equal to 0; empty products are
equal to 1. In order to keep the notations transparent, we will omit in formulas the
dependence on parameters if the dependence is clear from the context. In this paper
n denotes the rank of the BC type root system (i.e. the multivariable orthogonal
polynomials which we study in this paper depend on n variables z = (z1,... ,2n))-
We use the convention that a function h(z) for which a definition with respect to
the n variables z = (z1,...,2,) is given should be read with n = m if it follows
from the context that z € C™. If h(z) appears in formulas with z € C"™ and m = 0,
then h(z) should be read as 1.
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1530 JASPER V. STOKMAN

Throughout this paper, we fix a ¢ € (0,1). Parameters a,b and t are related
to o, 3 and 7 by a = ¢®, b = ¢ and t = ¢7, and we choose a, 3,7 € R if a,b
respectively ¢ are positive real. We use this correspondence also formally for b = 0
(i.e. 8 = o00) with the obvious interpretation of the formulas.

2. KOORNWINDER POLYNOMIALS FOR GENERIC PARAMETER VALUES

We first introduce some notations. The g-shifted factorial is given by

(2.1) (z:0), = % (i) = [[ (01— 7).
=0

rqY;q) o

provided that z¢¥ ¢ {q¢~*}ren,. For y = k € Ny, we have (z;q), = Hi:ol(l —xq'),

which is well defined for all x € C. We write furthermore
(22) (xlv 7x’m’(1)y = H(xj7Q)y
j=1

for products of g-shifted factorials.

Let S be the group of permutations of the set {1,... ,n} and W = S5 x {+1}"
the Weyl group of type BC,. Let z1,...,z, be independent variables; then W
acts in a natural way on the algebra A := C[zfﬂ, ..., 21, We denote AW for the
subalgebra of W-invariant functions in A. A basis for AW is given by the monomials
{mx|A €A}, where A:={AeNJ|A\; >... >\, }, and

ma(z) := Z zH
peEWX

with z# = z{"" ... zkn. The W-orbit of A € A C Z™ is with respect to the natural
action of W on Z".

We write ¢ = (to,t1,%2,t3) for the four tuple of parameters to,t1,t2,t3. We
assume in this section that t € V', where V' C C* is the following parameter domain.

Definition 2.1. Let V be the set of parameters t € (C*)* for which

#{arg(ts) arg(t; 1) |1 =0,1,2,3} =8
and for which tot1tets ¢ R>1. Here arg(u) € [0, 27) is the argument of v € C* and
Rsi:={reR|r>1}.
For t € V we define o = o (t) by

+1
(2.3) af = %ﬁ:’), i€1{0,1,2,3).
Note that aif #0,1/2 and that a; =1 — ;" for all 4.
The (in general complex) measure which we will introduce in this section is
supported on a suitably deformed n-torus C™ C C", where C' C C is the following

deformation of the unit circle T'.

Definition 2.2. We call a continuous rectifiable Jordan curve C = ¢¢([0,1]) C C
a deformed circle if C' has a parametrization ¢¢ of the form

(2.4) bc(z) = ro()e*™™ (x € [0,1]), rc:[0,1] — (0,00)

and if C is invariant under inversion, i.e. C~!':={z71|2 € C} =C. Fort €V,
we call a deformed circle C' a t-contour if the four parameters tg, t1, t2, t3 are in the
interior of C.
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For a deformed circle C = ¢¢([0, 1]) the radial function r¢ satisfies r¢(1 — z) =
(re(z))~t since C = C~1. Since a deformed circle C' is by definition a closed
contour, we furthermore have that r¢(0) = r¢(1/2) = r¢(1) = 1. Note that the
unit circle T is a deformed circle with r = 1. If t € V and C is a t-contour, then
the radial function r¢o satisfies the extra conditions

ro(af) > |t i€{0,...,3},

since t; is in the interior of C for all 7. In particular the unit circle T is a ¢-contour
if |t;] < 1 for all ¢+ € {0,...,3}. We will use the convention that a deformed
circle C' is counterclockwise oriented (i.e. has the orientation induced from the
parametrization ¢¢) when we integrate over C.

Let t € (0,1), £ € V and let C be a deformed circle such that t;¢? ¢ C for
1€{0,...,3} and j € Ng. Let dv(z;¢;t) be the measure on C™ given by

d
(2.5) d(z 1) = Az 1) =
z
[ dz .__ dz dzn : : : .t :
for z € C™ with % := <2+ ... <= and with weight function A(z;1;t) given by
n
(2.6) Az tit) = [ []we(ziit) | 6(z:1),
j=1
with we(z;t) given by
(22,27 %q)

(2.7) we(x;t) ==

(tox, tox 1, ty, trz—1  tom, tox =", tax, tsz 1 q) _

and 0(z;t) given by

(2.8) 0(z;t) := H (zizj,zi_lzj,zizj_l,zi_lzj_l;q)T.
1<i<j<n

The factor w.(x;t) is exactly the weight function which occurs in the continuous
part of the orthogonality measure for the one-variable Askey-Wilson polynomials
[6]. The interaction factor d(z;t) is only present in the multivariable setting (i.e.
when n > 1), so in particular the measure is independent of the deformation pa-
rameter t when n = 1.

The measure dv(.;¢;t) on C™ is well defined, since the poles of A(.;¢;t) do not
lie on the integration domain C™. Indeed, the poles of the weight function A(z;t;t)
lie on hyperplanes

(2.9) Zi =tmq’ or z = t,_nlq_j

with m € {0,...,3}, € Ngand i € {1,... ,n} (the poles coming from w,(z;)) and
on hypersurfaces

(2.10) Zkat =t"1q77

with 1 <k #1<n,j € Ngand e, ¢ € {—1,1} (the poles coming from §(z;t)). We
have z ¢ C™ for a pole z of the form (ZH) since C~! = C and the assumption that
ti¢? ¢ C (i € {0,1,2,3},5 € Ng) and it follows from the definition of a deformed
circle C that z ¢ C™ for a pole z of the form (ZI0).

In this section we will study orthogonal polynomials related to the complex
measure (C’", dv(.;t; t)) where C' is an arbitrary t-contour. We first show that the

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1532 JASPER V. STOKMAN

measure dv(.;t;t) is independent of the ¢-contour C' when integrating against W-
invariant Laurent polynomials. In order to obtain this result, we first define specific
subsets of (C*)™ on which the interaction factor §(.;¢) is analytic.

Let C, € be deformed circles, with parametrization given by ¢ (z) = ro(z)e? ™,
respectively ¢¢(z) = re(z)e?™®. Let AT(C,€) be the open subset

(2.11) AT(C,¢€) :={x €[0,1] |rc(z) > re(z)} C (0,1).

Set

(2.12) Q(C,¢) =0 (C,¢e)uQt(e,C)uC,

where Q1 (C, €) is given by

213) 07O = | W@ o) > y) > re(@).
CEAH(C,E)

The following properties of Q(C, &) C C* follow easily from the definitions:

(i) Q(C,¢) =Q(e,C).

We will use, in view of (i), the notation Q = Q(C, €) when it is clear from the
context which pair of contours C, € is meant.

(i) Q-1 = Q.

(iii) The contour C' can be deformed homotopically to € within .

We call Q C C* the domain associated with the pair (C,€). We write Ow (2")
for the ring of W-invariant functions f which are analytic on ™. We have now the
following crucial lemma.

Lemma 2.3. Lett € (0,1) and let C, € be deformed circles satisfying the condition
t(re(z)) < re(z) for all z € AY(C,€). Then §(.;t) € Ow (Q™).

Proof. Let C, € be deformed circles satlsfylng t(re(x)) <re(z)forallz € AT(C, Q).
Let z € (C*)" such that z;*z' = t71¢7 for some j € Ny, some k # | and some
€x, € € {£1}. Write By := arg(z;)/2m and () := arg(z;)/2n. For the proof of the
lemma it suffices to show that either zx & Q or z; & Q.

As an example, let us check that either zi & Q or z; € Q when 3, € AT(C,€)
and 22 = t~1q~7 for some j € Ng. We then have B, =1 — 3, and 3, € A*(¢,C),
so in particular r¢(Bk) = ro(8) 71, re(Br) = re(B3) 1. Suppose that z; € Q. Then

el =t g | = g Tt e (Br) > ¢ e (Br) = re(Br);

hence z, ¢ . All the other cases are checked similarly. O

Lemma 2.4. Lett € V,t € (0,1) and f € AW. Then

(2.14) / f(z)dv(z;t;t)

zeCn

is independent of the choice of t-contour C.

Proof. Write N¢(C) for the integral (2.14). We have to show that N¢(C') = N (<)
for arbitrary pairs of t-contours (C, €).

Let £ be the collection of pairs of t-contours (C,€) for which AT(C,€) is a
finite disjoint union of open intervals and for which ¢(rc(z)) < re(z) for all x €
AT(C,€). Fix a pair (C,€) € L and let  be the associated domain. Since the four
parameters to, 11,12, t3 are in the interior of C' and €, we have w.(.;t) € O(+13(Q),
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ON BC TYPE BASIC HYPERGEOMETRIC ORTHOGONAL POLYNOMIALS 1533

and by Lemma [Z3 we have §(.;t) € Ow (Q™). So Cauchy’s Theorem implies that
N;(C) = Ny(©).

Suppose now that (C,€) is an arbitrary pair of t-contours. Then there exists a
finite sequence of t-contours Cy, Cy,...,Cs such that Cy = €, Cy = C and such

that (C;,Ci—1) € L for all i € {1,...,s}. It follows that Ny(C) = Ny (€). O
We define for parameters t € V and ¢ € (0,1) a symmetric bilinear form (., ) it
on AW by
w
(2.15) (f, : 27” //f 2)dv(z;t;t), f,ge A,

zeCn

where C is an arbitrary t-contour. The bilinear form (ZI3) is independent of the
choice of t-contour C' by Lemma [Z4] An important tool for studying orthogonal

polynomials with respect to the bilinear form (., ) ., 1s an explicit second order

g-difference operator D = D, ; which preserves the algebra A" and which is sym-

metric with respect to the bilinear form (., ) .+ The second order g-difference

operator D was introduced by Koornwinder [24] and it is explicitly given by

n
(2.16) D:=Y (¢f Id) + ¢ (2)(T; —1d)),
Jj=1
where Tji is the ¢*!-shift in the jth coordinate,
(T]if) (Z) = f(zlv cee 5 Z5—1, qilzjv Zj4lye- - 7Zn)a
and the functions zi);'(z;j; t) and ¢; (2;t;t) are given by

Hfzo(l —t;zj) H (1 —tziz;) (1 — tzflzj)

1=z —a2]) 10 (L—azz) (L—2"2)

oF (z4:t) =

o5 (z:4:t) := ¢ (2715 5),

where we have used the notation 27! = (27 Lo, 2, 1). The BC type dominance
order on A is defined by
(2.17) p<XA e > <> N (i=1,...,n)

j=1 j=1

for \, u € A. Koornwinder proved the following triangularity property of D (see
[24, Lemma 5.2] and the remark after [36, Proposition 4.1]).

Proposition 2.5. Let A\ € A. For arbitrary t € C* and t € C we have

(2.18) Dmy =Y Exumy
759

with E ,(t;t) € C depending polynomially on the parameters t and t. The leading
term Ex A (t;t) will be denoted by Ex(t;t) and is given by

n
(2.19) Ex(tt) =Y (¢ "totatatst™ 7 (g¥ = 1) + 87 (g — 1))
j=1
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In particular D preserves the algebra A" . The other property of D which we
already mentioned is the symmetry of D with respect to the bilinear form (., .), i.e.

(220) (Di,t.ﬁ g)Lt = (fa Di,tg)gta fvg € AW;

for parameters t € V and t € (0,1). Koornwinder [24, Lemma 5.3] proved (2.20)
for parameters ¢ with |¢;| < 1 (then the unit circle T' can be chosen as t-contour).
By Proposition 2] ([220) follows for ¢ € V by analytic continuation.

We define explicit expressions N'(X;;t) for A € A by

(2.21) NN t;t) == 2"nINT (NG ON ™ (Nt t)
where N7 (X) := N (\;4;t) is given by
. n (¢ 12D tgttotss q)
NTN) ::H SV T ST S
S (gt tats, gty @A oty g ots; )

2.22 ; .
( ) H (q)\j+/\k71t2n7]7kt0t1t2t3’ q)\]f)\ktkfj;q)oo
\<ihen (q)\jJr)\k71t2n—j—k+1t0t1t2t3, q)\y*)\ktk—j-l-l; q)oo’
and N7 () := N7 (\;;t) is given by
o T g bt
228) Lot (g g it g, g i, N oty q)
2.23

(qA‘j+Akt2n_j_kt0t1t2t3, qkj—kk-'rltk—j; q)oo

1§j1:£§n (qz\j-l—)\kt2n7jfk71t0t1t2t3’ q/\j—/\k+1tk7j71; q)oo

The following theorem extends the results of Koornwinder [24] (the orthogonality
relations for the Koornwinder polynomials) and van Diejen [I2], Sahi [32] (the
quadratic norm evaluations for the Koornwinder polynomials) to parameters t € V'
(in [24], [12] and [32] these results were obtained for a parameter domain such that
[ti] <1 for all 7).

Theorem 2.6. Let t € V and t € (0,1). There exists a unique linear basis
{Pr(:;t:t)}ren of AW such that

(224) PA(,Z, t) = m) + Z C)\,;J,(L t)mu7 C/\,H(L t) € (C7
pn<A
(2.25) (P)\(.;ﬁ; t),P.(;t; t))i,t =0 if p#£ A

Furthermore, Py(.;t;t) is an eigenfunction of Dy, with eigenvalue Ey(t;t) and we
have the explicit evaluation formula

(2.26) (PaCstst), PA(st51)), , = N(Ntst)
for the quadratic norms of the polynomials Py .

Definition 2.7. The W-invariant Laurent polynomial Py (.; ;) is called the Koorn-
winder polynomial of degree A € A.

We end this section with a sketch of the proof of Theorem 2.6 using the techniques
of Koornwinder [24] and van Diejen [I2]. For more details, we refer the reader to
these two papers.

We fix arbitrary 0 # v € A. It is sufficient to prove the existence and uniqueness
of a set of W-invariant Laurent polynomials {Py(.;¢;t)}r<, satisfying (Z24) and
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ON BC TYPE BASIC HYPERGEOMETRIC ORTHOGONAL POLYNOMIALS 1535

229) for A\, < v and to prove the remaining assertions of the theorem for the
polynomials {Px(.;t;t) fa<w-

We first define the polynomials {Py(.;¢;t)}a<, for a dense parameter domain
U, C Vx(0,1). The subset U, is by definition the set of parameters (¢,t) € V' x(0, 1)
such that E,(t;t) # Ex(t;t) for all A, < v, A # p. Note that U, C V x (0,1)
is open and dense since the eigenvalues {E\(f;t)}rea are mutually different as
polynomials in the parameters ¢, t.

The polynomials Py(.;¢;t) € AW for (t,t) € U, and A < v are defined by

Dyt — Eu(t;t)
2.2 Pa(it:t) = '
(2.27) A58 t) Ml:[)\ Ex(t;t) — Eu(t:t) "

(ct. [25], [B6]). It is an easy consequence of the triangularity of D (cf. Proposition
23) and of the Cayley-Hamilton Theorem that Py(.;;t) (227) is the unique func-
tion of the form ([224]) which is an eigenfunction of Dy, with eigenvalue Ej(t;1).
The polynomials {Py(.;t;t)}r<, @20 satisfy the orthogonality relations (2:2H)
for parameters values (t,t) € U, since D is symmetric with respect to (., ) and
E,(t;t) # Ew (1) for p,p" <A p# .

Next we establish the quadratic norm evaluations (2:26) for {Px(.;¢;t) }a<, with
(t,t) € Uy. In the special case A = 0, (2.28) reduces to

(1,1),, =N(0;t;¢)
(2.28) . 12[ (t, 2" Motatats;q)
.i:1 (Q7tn7i+1;Q)a3I10§j<k§3(tn4itjtk;q)aa

which was proved by Gustafson [17] for parameterst € (0,1) and t € C* with |t;| < 1
(since then the unit circle T' can be chosen as t-contour). The second equality follows
by a straightforward computation (see also [26]). By analytic continuation, (2.28)
is valid for parameters ¢t € (0,1) and t € V.

For general A\, van Diejen [12] proved explicit Pieri formulas for the renormalized
Koornwinder polynomials

(2.29) pa(stst) i=c(N ) Pa(s i),  c(htt) = ";\v[:—é?\; H(tot”*j))\%

The renormalization constant c¢(A;t;¢) is a rational expression in the parameters

t,t. The Pieri formulas give explicit expressions for the coeflicients dg\r) (u;t;t) in
the expansions

(230)  E.(zutitha(ztt) = Y. dV(mttpulzntt), re{l,... n},
p<A+H(17)

where {E,(z;t;t)}7'—, are explicit algebraic generators of the algebra of W-invariant
Laurent polynomials AW and where (1) := (1,...,1) € A is the nth fundamental
weight (see [12] for the explicit formulas, or [14, Appendix B] where the notations
are closer to the ones used in this paper). Van Diejen [12] proved the Pieri formulas
for a four parameter family of Koornwinder polynomials. Sahi [32] proved that van
Diejen’s formulas are in fact valid for the full five parameter family of Koornwinder
polynomials using the affine Hecke-algebraic approach. In particular, (Z30) may
be viewed as an identity in the algebra of W-invariant Laurent polynomials over
the quotient field C(¢,t), where t,t are considered as indeterminates.
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The Pieri formulas and the orthogonality relations for the renormalized Koorn-
winder polynomials with real parameters ¢; and |¢;| < 1 allowed van Diejen (cf. [12]
Theorem 4]) to reduce the norm computation for arbitrary A to the case A =0 € A.
Gustafson’s evaluation (ZZ8) then completes the evaluation for general A. By taking
a dense subset of the parameter domain U, if necessary, exactly the same reduction
can now be done for the norm evaluations of the polynomials {px(.;¢;t)}a<, for
parameters (t,t) € U,. The extension of Gustafson’s result (2.28) then completes
the proof of (2:26) for {Px(.;t;t)}a<, and (¢,t) € U,.

The polynomials {Py(.;¢;t) }a<, with (¢,¢) € U, are uniquely characterized by
B24) and @229) for A\, u < v, since their quadratic norms (2.26) are non-zero.
Indeed, the functions

(2.31) (t,t) = NE(\t;t): Vx(0,1) = C

are well defined, continuous functions which do not have zeros on the domain V' x
(0,1). This is immediately clear except for N*(\) with A € A and A\, = 0. But
then the expression for N (\) can be simplified, similarly as the simplification of
the expression for N'(0) in ([2:28), from which it follows that N ();£;¢) is a well
defined, continuous function of (¢,t) € V' x (0, 1) without zeros.

The proof of the theorem can now be finished by extending these results to
parameter values (t,t) € V' x (0,1) using a continuity argument, as follows. The
Koornwinder polynomial Py satisfies the following Gram-Schmidt formula:

m>\, t;t)
(2.32) Px(z;t;t) -y % M t) )“Pu(z;t;t)
pn<A

for (t,t) € U, and A < v. By induction, we conclude from (Z32) that the coefficients
eyt Uy — Cin ([224) uniquely extend to continuous functions ¢y, : Vx(0,1) — C
for all i < A <w. Hence existence and uniqueness of {Py(.;%;t)}x<, as well as the
other assertions follow now by continuity for all (¢,¢) € V' x (0,1). This completes
the proof of the theorem.

Remark 2.8. For n = 1 the polynomials {Py(z;%f) | A € Ng} are independent of ¢
and are known as (monic, one-variable) Askey-Wilson polynomials. Theorem 2.0
reduces to the orthogonality relation and quadratic norm evaluation stated in [6]
Theorem 2.3]. The polynomials Py(z;t) (A € Ng) can then be given explicitly in
terms of the basic hypergeometric series

(o)
A1y... y0s541 (ala'” 7as+1;Q)m m
1 4,2 | = z
st ¢s< bi,...,bs ) = (b1, b, G O

as

(233) Py(xt) =

(tot1, tota, tots; q)a é (q)\v @ otitats, toz, toz ! . q)
) (tot1tatsqg* 15 q)x tot1, toto, tots '

(see [6] for details). The renormalized Askey-Wilson polynomial py(z;t) (Z29) is
then exactly the 4¢3 part of (Z33).

Remark 2.9. The renormalization constant c(X; ;) ([229) is easily seen to be reg-
ular and non-zero at (¢,t) € V x (0,1) for all A € A. Hence the renormalized
Koornwinder polynomials {px(z;t;t)}aea form an orthogonal basis of AW with
respect to the bilinear form (., .)t,t for all parameter values (¢,t) € V' x (0,1).
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3. RESIDUE CALCULUS FOR THE ORTHOGONALITY MEASURE dv

In this section we develop a residue calculus for integrals of the form

81 g [[ 106 = oo [[ 1A Z Feow@n.

zeCn zeCm

when C™ is shifted to €™, where 2 C C* is the domain associated with the pair
(C,€) and (C,€) is a so-called (n, tp)-residue pair, which is defined as follows.

Definition 3.1. Let t = (tg,t1,t2,t3) € V (V as given by Definition [21]). A pair
of contours (C,€) is called a (n,tg)-residue pair if C' and € are deformed circles
satisfying the following three properties.

(i) The subset A*(C,€) @) is an open interval for which af € A*(C,€) but
af ¢ AT(C,¢) (i=1,2,3);

(ii) tig" ¢ CUC for r € Ngand i € {0,...,3};

(iii) totPq" ¢ Cfor pe {—1,... ,n—1} and r € Z.

We will see in this section that the poles which are picked up when deforming
C™ to €™ in BI) for a (n,tp)-residue pair (C,€) only depend on ¢, t and t5. We
therefore fix in this section ¢ € (0,1) and t1,ts,t3 € C* such that #{a;",a; |i =
1,2,3} =6 (oz?E given by (Z3)) and simplify the notations by omitting the depen-
dence on these parameters. For instance, we will write w.(x;to) instead of w.(z; ),
etc. Due to the symmetry of A(z;¢;t) in the four parameters to, t1, t2 and t3, all
the results on the residue calculus for (n,ty)-residue pairs can be reformulated for
(n, t;)-residue pairs with ¢ € {0, 1,2, 3} arbitrary, by relabelling the parameters ¢.

We define now the measures dv,.(z;tg) (r = 1,...,n) which will appear when
the contour C™ in (B]) is shifted to €". First we need to introduce some more
notations.

We set
(3.2) P(T):{)\EN6|)\1S)\2§§)\T}

and we set \g := 0 for arbitrary A € P(r). We write p; = p;(to;t) := tot'~! for
i € Z and, for A € P(r),

(3.3) pa* = (a2 ped™) = (tog™ totg™, bt ).
Define D(r) = D(r; C, €;tg) for r =1,... ,n by
(3.4) D(r):={pg* | X € P(r) and rc(ag) > |piq* | > re(ad) (i=1,...,7)}

Observe that, for w € D(r), we have w; € int(Q) for all 4, where int(Q) is the
interior of Q. For pg* € D(r), we set

(3.5) AD(pgrito) = | [ walpia®s i) | 6a(pa*)
j=1
with
Aj—
) i We\T5 'qjlvtvtvt
(3~6) wd(qu)v;qu’\]— ):: reSI:pJqu ( ( = x — 3)>
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where w,. is given by (Z7) and with interaction factor

1 (o™= py o g )

Ak—1+A; =1 Ap_1—X;- ’
1§k<l§r (pkplq k=1 I)pkpl q k=1 l7q))\k*)\k—1

(3.7) Sa(pg’) =

The discrete parts of the measure which will appear after deforming C™ to €" in
(B) involve the weights A4 ([33). Observe that for r = 1 and pg* = toq’ € D(1),
we have A(@ (toq’; to) = wa(toq’; to).

The weight function w, (x; qu’\ﬂfl)/x has a simple pole at = = qu’\ﬂ since \; —
Aji—1 € Ng and ¢t € V; hence wq(p;q™;p;qti-1) (BB) is non-zero. An explicit
expression for wy can be given using the fact that for 7 = (79,71, 72,73) € V and
for i € Ny, the discrete weight

T

(3.8) wq(T0q%; 70) = Wy (Toqi;To;Tl,TQ,Tg) = T€S;_rygi (

can be explicitly given by the formula
(70 %9)
(qa7-07'1;7'1/7'077'07'277'2/7'077'07'377'3/7-0§Q)oo
@&mﬁﬂm%mmmh (1—%fﬁ< q )i
'(q77OQ/71,7OQ/72,TDQ/73;QL (1“75)

(see [0, Theorem 2.4] or [18, (7.5.22)] to avoid a small misprint).
For pg* € D(r) and z € €™ ", we set

wq(Toq’; 70) =
(3.9)

ToT17273

dz
(3.10) dvy(pg*, zito) = Ar(pa™, zit0) —
with weight function A, (pg*, z;t9) given by
(3.11) Ar(pg, zto) == AD (pg*; t0) A5 t0)de (pg; 2)
where A(z;tg) is the weight function (Z6]) in the variables z = (z1,... ,2,—,) and
where 0.(pq’; 2) is an interaction factor given by
(312)  delpgtiz) = [ (ewa™ 2, pea™ 2" op a2 o a2 )
1<k<r
1<i<n—r

In particular we have A, (pg*;to) = A@(pg*;tg) for pg* € D(n). The measure
dv,(pg*, z; to) is well defined on D(r) x €"~" since the denominator of A,.(pg*, 2;to)
is non-zero by properties (ii) and (iii) of the (n, tg)-residue pair (C, €) (Definition
BOl). We call dv, the rth measure associated with the (n,tg)-residue pair (C, ).

Proposition 3.2. Let (C,€) be a (n,to)-residue pair and let Q@ = Q(C,€) be the
associated domain. Let dv, be the rth measure associated with (C,&). Then

ﬁ//f(z)du(z) = ﬁ/ f(z)dv(z)

zecr zecn
n 2r _ 1
+Z 7ﬂ;ﬂ'lrn—’—r ) Z // f(waz)dVr(w7Z)

WED(T)Zegn—r

(3.13)

for f € Ow (Q™), where (u)r = H:z_ol(u + i) is the shifted factorial.
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In the next lemma we will give the proof of Proposition for (n,tp)-residue
pair (C, €) such that the interaction factor 6(.;t) is analytic on (Q(C, QI))” We use
in this lemma the notations of Definition -2 so in particular we write ¢¢c(x) =
rc(x)e*™™® for the parametrization of a deformed circle C.

Lemma 3.3. Suppose that (C,€) is a (n,ty)-residue pair such that
(3.14) t(re(z)) < re(z), vz € AT(C,¢).
Then (313) is valid.

Proof. Fix a (n,tg)-residue pairs (C, €) satisfying the extra condition [BI4). We
will prove by induction on [ € {0, ... ,n} that

/[ 1@ (zst0)

z€CtxEn—l zegn

dz
27mn12/ f(tog’, 2)Ax (tog’, zito)—

Z€¢n 1

Zt()

(3.15)

for f € Ow (Q™), where
(3.16) I={ieNg| rc(ao ) > |toq’| > T@(Oég_)}

Then (313)) is the special case [ = n in (315)), since D(r) = 0 for r > 1 by (B.14).

For [ = 0, (B15) is trivial. Let [ € {1,... ,n}. Since 6(.;t) € Ow (Q™) by Lemma
B3, we can shift C to € for the first variable z; in the left-hand side of (ZIH) and
we obtain, by (IEI), by the W-invariance of A(z) and by Cauchy’s Theorem

// I e | B (O

(2mi)™
CZXCn 1 2eCl-1xgn—1+1
3.17 Ze
(3.17) i i .
Gy DY Ftog' =) (tod' 25 t0)
i€l ity gn—t

for f € Ow(Q"). Here we have used that the residue at z; = t;'¢™" (i € I) of
A(z1,2';t9)/ 21 is equal to —Aj(toq, 2’;to) since

We(x; T .
T€Sy_y-1g—i (%) = —wq(toq';to; t1, t2,t3).

The weight function Aj(toq?, 2;tp) in (BIT) can be rewritten as

(3.18) Ai(toq’, zito) = h(toq", z; to) A(z; ttog")
with

- t q Pty q z ~lq
(319) h(toq zZ; to)—wd(toq t() H >0 )T.

(tozs, tozs ,q)i

This follows by interchanging the factor (tozs,tozgl;q)oo in the denominator of
we(zs;to) with the factor (ttoqizs,ttocf,z;l;q)C>O in the denominator of d.(toq’; 2)
for s = 1,...,n — 1. We have A(.;ttoq") € Ow (2" 1) for i € I by (3Id) and
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Lemma 3. We claim that h(toqt,.;to) € Ow (2" 1) for i € I. Indeed, it is
sufficient to check that the map

(talq_ix, tolgir q)oo
(tox, tox—1; q)i (ttalq—ix, ttalq—im—l; q)oo

(3.20)

is analytic on € when ¢ € I. The zeros of the factor (tox, tox ™1 q)i in the denomina-
tor are compensated by zeros in the numerator. Next, we check that (ttg Yy ia; q)oo
is non-zero for x € Q and ¢ € I. Now (ttalq’ix;q)oo = 0iff z = t~1¢" ™t for
some m € Np. In particular, we must have arg(z) = arg(ty) = 2mag. Since i € I,
we have, for m € Ny,

[t Mo >t re(ad)gT™ =t re(af) > re(ag),

where the last inequality is obtained from the extra condition ([B:I4). Since z= €
Q with arg(r) = 27 implies that re(af) < |2| < ro(ad), we conclude that
(ttalq_ix;q)w £ 0 forx € Qand i € I. Since Q7! = €, we then also have

(ttalq’ifc’l;q)oo # 0 for x € Q and i € I. Thus the map given by (B:20) is
analytic on Q if ¢ € I. In particular,

ftoq", )A1(toq’, 1 to) € Ow (")
for ¢ € I, so we obtain by Cauchy’s Theorem and BI7)

1 dz 1 dz

Az tg)— = A(z;tg)—

@) // f(2)A(z;tg) . = @ // f(2)A(z;to) .

zeClxegn—t zeCl-1xgn—1+1
3.21
. TS //f(t Atz t0) E
(27Ti)n71 : oq , 1{toq , Z5t0 P
€l eqn—1

for f € Ow(Q"). Then (BIH) follows by applying the induction hypotheses on the
integral over C'~1 x ¢n~+1 in (F2T). O

Lemma B3] can be used to prove Proposition inductively. The following
definition will be used to formulate the induction hypotheses.

Definition 3.4. Let (C,€) be a (n,to)-residue pair and let AT (C,€) (ZII) be
the associated open interval. A sequence of closed contours (Cy, ... ,Cs) is called a
(n, tg)-resolution for (C, €) if the contours C; are deformed circles satisfying the fol-
lowing four conditions (we write r; for the (radial) functions r¢, in the parametriza-
tion ¢¢, of Cp):

(i) Co =< and Cs; = C

(ii) ri(x) = re(z) = re(z) for z ¢ AT(C,€) UAT(E,C) and | € {0,...,s};

(iii) t(ri41(2)) < ri(@) < riga(z) for z € AT(C,€) and 1 € {0,...,s — 1};

(iv) totPq" ¢ Cyforpe {-1,... ,n—1},r€Z andl € {1,... ,s—1}.

We call s the length of the resolution.

Observe that there exists a (n, to)-resolution for every (n, tg)-residue pair (C, €).
If (Co, ... ,Cs) is a (n, to)-resolution for a (n, to)-residue pair (C, €), then (Cj, Cj—1)
is a (n,tg)-residue pair satisfying the extra condition (BI4) used to prove Lemma
(le{1,...,s}). We will prove now Proposition B2l by induction on the length
of the resolution.
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Proof of Proposition[33. Suppose that, for all n € N and all t, € C* with t =
(to,t1,te,t3) € V, Proposition has been proved for (n,tp)-residue pairs which
have a (n, tp)-resolution of length < s — 1, where s > 2.

Fix arbitrary n € N and ¢y € C* such that t = (to, t1,t2,t3) € V. The induction
step is clear for n = 1, so we may assume that n > 1. Let (C, €) be a (n, to)-residue
pair with a (n,tg)-resolution (Co, ... ,Cs) of length s. It suffices to prove ([B13) for
the (n, to)-residue pair (C,€). We write Q) and Q) for the domains associated
with the (n,tp)-residue pairs (C;,Ci—1) and (Cj, €) respectively (I € {1,...,s}).
Note that Q1) C Q) C ... C Q) = Q where () is the domain associated with the
(n, tg)-residue pair (C, €). By (B:E) and (IB:[SI), we have

N

zeCn 2€(Cs_1)"
(3.22) © e .
27” AT D // fi(2) Az ttog")—

i€l 2€(Cu_1)n—1

for f € Ow (Q™), where
(3.23) I, = {i € No|rs(af) > [toq’| > rs—1(ad)}

and f;(2) := f(toq’, 2)h(toq’, z; to) with h given by (B.I9). We will apply the induc-
tion hypotheses on all the terms in the right-hand side of ([3:22). For the integral
over (Cs— )n note that (Co, ... ,Cs_1) is a (n,to)-resolution of length s — 1 for the
(n, to)-residue pair (Cs_1, ©). Hence by the induction hypotheses,

// fz ztoz 27” //f zto

ze(C; )" zEEN

n 27” o 1
* Z T;mr"—i—r ) Z // f(w,z)AT(w,z;to)%

w€eD(r;Cs—1,C;t0) zeen—r

(3.24)

for all f € Ow (27).

Now fix an 7 € I,. We have seen in the proof of Lemma [3.3] that h(toq’, .;to) €
Ow ((2))»=1). In fact it follows from the proof that h(toq’, .;t0) € Ow (Q"~1). In
particular we have f; € Ow ((Qs_1))" ") for f € Ow (Q™). Observe furthermore
that (ttoq', t1,t2,t3) € V since arg(ttoq’) = arg(tp) and that (Cp,...,Cs_1) is a
(n — 1,ttoq")-resolution of length s — 1 for the (n — 1, ttgq")-residue pair (Cs_1, €).

So we can apply the induction hypotheses to all the terms in the second line of
(B22), and we obtain

(3. 25)
dz i az
2m oy — / fi(2)A(z; ttog") — ; 2m oy / fi(2)Az thog") —

2€(Cy_q)n1 zegn—1

2 71—7"4—1) i dz
+Z (2mi)n—r Z // filw, 2)Ar 1 (w, z; ttog )7

wED(r—1;Cs_1,;ttoq?) segn—r

for f € Ow (Q™) and i € I;.
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Substitution of (3.24) and (B:2H) in the right-hand side of (3:22) completes the
proof of (BI3), since

D(1;C, € to) = D(1;Cs—1, € to) U {toq' ticr, ,
D(r;C,€;ty) = D(r; Cs—1,C;t9) U U {(toqi,w) |we D(r—1;Cs_q, Qﬁ;ttoqi)}

icl,
disjoint unions (r € {2,...,n}) and
(3.26) fi(Z)A(Z;ttoqli) = f(toqzia 2) A1 (tod’, % to),
filw, 2)Ar_1(w, 25 ttoq") = f(toq",w, 2)Ar(toq",w, z; to)
forie I, re{2,...,n} and w € D(r — 1;Cs_1, €; ttoq'). O

4. LIMIT TRANSITIONS TO MULTIVARIABLE ¢-RACAH POLYNOMIALS

Multivariable g-Racah polynomials are Koornwinder polynomials for which the
parameter values (t,t) satisfy a particular truncation condition. They are orthogo-
nal with respect to a finite, discrete measure and their quadratic norms are explicitly
known (see [14] and [13]).

In this section we derive the orthogonality relations and norm evaluations for
the multivariable g-Racah polynomials directly from the orthogonality relations
and norm evaluations for the Koornwinder polynomials (cf. Theorem using
the residue calculus of the previous section.

For A € P(r) we set

T

(ap?;4),, ]pz,
AR )‘;t;t = 2 -
(ea”st1) 1;[1 (P7:9) oy, (4 Mol totst?—2)% H Tpirg )

(4.1)
(aprpvtorpis @)y, oy, (api pustoy pz;q) N

: = ) P ——
ey (oo prpia) o (E a0y oo osa)

where p; := tot'~! and we set, for r € Ny,

T

K1) =] i

=5 (g, pit1, p; Y1, pita, p; Yo, pits, py 33 q)

(4.2) I iteneitorsa),

1<k<I<r

_H (szttOQtz - ryq)

(¢, pitr, p; M1, pita, p; Mo, pits, p; s, 1, 1 212720 q)

The discrete weights A (pg;¢;t) (BH) can now be rewritten as follows.
Proposition 4.1. For A € P(r) we have

AD (pg 1) = Ko (1) AT (pg s 1),
where p; = tot' 1.

Proof. We rewrite every factor (:cqm; q)y in the explicit expression of the discrete

weight A (pg*;t;t) in which m € Z only depends on )\ as a quotient of infi-
nite products using (ZI). Then we replace the factors of the form (cqm; q)oo by
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(c; q)oo (c; q) :nl if m € Ny, respectively by (c; q)oo(—c)_’”’q_(l?L) (qc‘l; q)im if
m € —N. For the case m € —N, we used here the formula
l

(4.3) (¢ 'w;q), = (—2)lq ) (@7 Yq),, €N

Using this method we obtain, for j € {1,... ,r},

Jj—1 1
i1 (g% pop g Nsa)y
o ; topq;
(4.4) — (—)N g DN = (V) H(Y) (2q N 0_'011 9,
(P3:9)y,1a, , (ato Pi3a),,
j—1

(tﬂiﬂj3 ),\iﬂj (qpi—lpj;Q),\j,,\i puS
L (pipiia) s oy, (07201 0s50) 5,

)

Using ([@4]) and applying the same method to the explicit expression for the weight
wq (BY) give

j—1

1
Mgt
wa(pjq™; piq™
E pipgg =N pipy g N )

_ (p;%14)
s (4, pst1, 0] 't1s pita, py 'ta, pyts, py ts; )
3) (2035 9) 4y IE[ (trpsiq)
(P a),n, (@ 1tot1t2t3 N AL (gt 55 )
Jﬁ (tpipssa) s, a, (207 P33 0) 5,y ey
i=1 (pzpja ),\7.,.4_)\].(qtilp;lpj;Q)/\j_M
for j € {1,...,r}. Now again applying the above mentioned method gives
j—1
L (i tpia® = 0yt %5q)
(4.6) | B
ﬁ L (toi 'pisa) s,y (@Pirs @) s n,
= PjsPi P 5(])7_ — ; I : ST AT
i=1 (pt pj’q)kj—)\i(qt pip‘j7q))\7;+kj

for j € {1,...,r}. Now the proposition follows by multiplying (@H) and @8] and
taking the product over j € {1,...,r}. O

In the remainder of this section we fix a N € N. In the next theorem the
orthogonality relations for the Koornwinder polynomials are given when the pa-
rameters (t,t) satisfy the truncation condition t"~'tot3 = ¢=V. We will formulate
the theorem with the parameters considered as indeterminates. Set F' := C(t,t),
F := C(to, t1,t2,t) and t := (to, t1, ta, tl_"tglq_N). Let AY | respectively AW, be
the algebra of W-invariant Laurent polynomials over the field F', respectively F.
We define the Koornwinder polynomial Py(.;t;t) € AW of degree A € A over the

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1544 JASPER V. STOKMAN

field F by

(4.7) Pr(st;t) =

H Dy — ELu(t,t)
L B0 — Bu(t0)

The Koornwinder polynomial Py(.;t;t) € AW of degree \ as defined in Theorem 2.6
(see also Definition 2.7)) can be reobtained from (@.7)) by specializing the parameters
(t,t) to values in V' x (0,1).

Note that Py(.;tx;t) € AY is well defined since the eigenvalues { E(A\;tx;t)}aen
(ET19) are mutually different as elements in Clto, t1, 2, t].
Definition 4.2. We call {Py(.;tyit)}aean C AY with Ay = {A € A|\; < N}
the multivariable (BC' type) ¢-Racah polynomials.

Let A € P(n). Then the weight A4%(pg*;ty;t) € F is well defined (A given
by (B1l)) and it is non-zero if and only if A, < N, due to the factor (pntg, ))\ in
the numerator of A%%(pg*;¢;t). So the bilinear form

(4.8) (F, @) arine = Y Tpa)glpa A (pg;tnsit),  f.9€ AV,
AEP(n)
takes its values in the field F. Let N9%(\;t;t) for A € A be given by
N\t t)
4.9 BN tt) = =
(1.9 N tit) = g

where N'(X) (ZZI) is the expression for the quadratic norms of the Koornwinder
polynomial Py. Substitution of the explicit expressions of N'(\) and K, in (H9)
yields that N9%(\;ty;t) € F and that N9%(\;ty;t) is non-zero if and only if
Ae An.

Theorem 4.3. The multivariable q-Racah polynomials Py(.;tx;t) (A € An) are
mutually orthogonal with respect to (.,.)qr.t,.¢ and their quadratic norms are given
by

(4.10) (Pr(itit) PrGitnsD)gray e = N (Nityit), A€ An.

Proof. Let V C (C*)* be the set of parameters ¢ € (C*)* for which tot;tots € C\R.
Note that there exists an open dense subset Iy C (0,1) such that Ey(¢;t) # E,,(¢;t)
forallt e V,te Iy and all \,pn € Ay with X # p.

Fix tg,t1,t2 € C* such that #{arg(t;),arg(t;')|i = 0,1,2} = 6 and t € Iy.
Then ) € V and there exists a sequence {t3; }ien, C C* converging to t'~"t5 g~V
such that t; := (fo,t1,12,t3:) € V N V for all i (V given in Definition [2T]).
considering a subsequence if necessary, we may assume that there exist (n,tg)-
residue pairs (C;, €) where C; is a t;-contour and where € is a deformed circle
such that the sequences {t1¢’,t2q’,t3,:¢’ }jen, are in the interior of € for all ¢ and
such that t"~'#yq¢"V is in the exterior of ¢. Then we obtain from Theorem 2.6
Proposition 32 and Proposition (4Tl that

N()‘atwt) A( 'ﬁi;t)%
Kn@i,t) e // PAPu) (st Ku(t;t) z

zEQEN

7“—!-1 A (w, z;t;;t) dz
+Z 27” n—r Z // P)\P W Zat'ut) Kn(_i7 z) 7

WGD(T)Zegn r

(4.11)
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where 0y ,, is the Kronecker-delta and D(r) = D(r; C;, €; to;t) (B4) (which is inde-
pendent of 4). By (31l and Proposition @1l we have

(4.12) A (w, zit5t) = Kp(t; ) AT (w5 ) A2 15 8) 00 (w5 2).

? =) R )<y

After substitution of (@I2) in the right-hand side of (.Il) for all r, it follows from
the bounded convergence theorem that the limit ¢ — oo may be pulled through
the integrals in the right-hand side of (@I1). Only the completely discrete part
survives the limit ¢ — oo in the equality (ZI1]) since

K. (t;
im M =0, 0<r<mn,
by the factor (pntg; q)oo in the denominator of K, (¢;t). The theorem follows now
for the specialized parameter values tg, t1, t3,t from the fact that
{pa* | X € P(n), A\n <N} C D(n)
and the fact that A% (pg*;ty;t) = 0 for A € P(n) with A, > N. It is now clear
that the theorem also holds over the field F. [l
The constant term identity can be simplified as follows.

Corollary 4.4. We have the summation formula
N P A7) I
(4.13) (1, 1>qR,£N,t = H 1 —1n—q. :
=5 (atoty ' gtoty T q)
Proof. First note that by [228), (Z2) and (Z9) we have the explicit formula
(418 N0 12[ (totatatst® =1 byt =0 g ot 7ty st T )
' U (to 2t1Hi2n tytoti=1 tytgti=) totsti=liq)

i=1
Then (BI3) follows by substitution of ¢3 = t5't!~"¢~" in (@I4) and by applying
formula ([A3) repeatedly (see also [I3, section 3]). O

The second order ¢-difference operator D, ; (2.16]) diagonalizes the g-Racah po-
lynomials {Px(.;tx:t)}reay - By Theorem B.3]we conclude that D, is symmetric
with respect to (.,.)qrt,,¢- In [14] the symmetry of Dy ; was proved by direct
calculations and the orthogonality relations for the multivariable g-Racah polyno-
mials were proved using the symmetry of Dy ;. Furthermore, in [14] the quadratic
norms of the g-Racah polynomials were expressed in terms of the quadratic norm of
the unit polynomial by studying Pieri formulas for the ¢g-Racah polynomials. The
constant term identity (@ I3)) was recently proved by van Diejen [13, Theorem 3] by
truncating a multivariable analogue of Roger’s g¢s-series [I3] Theorem 2], which in
turn is closely related to an Aomoto-Ito type sum (cf. [3], [20]) for the non-reduced
root system BC),. The proofs of the summation formulas in [I3] are based on a
multiple s summation formula of Gustafson.

In the one-variable case it is known that the Askey-Wilson integral can be rewrit-
ten as an infinite sum of residues for some parameter region by shifting the contour
over four infinite sequences of poles (see [6] Theorem 2.1]). More generally one
can ask the question whether a completely discrete orthogonality measure for the
Koornwinder polynomials can be obtained by pulling the t-contours over certain
infinite sequence of poles in the orthogonality relations of the Koornwinder poly-
nomials (Theorem [Z6]).
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Strong indications in that direction can be found in Gustafson’s paper [16] and
the recent paper of Tarasov and Varchenko [38] where contours in multidimensional
integrals are shifted over infinite sequences of poles in order to arrive at (purely
discrete) multidimensional Jackson integrals. Another strong indication is the fact
that the Macdonald polynomials are orthogonal with respect to Aomoto-Ito type
(cf. 3], [20]) weight functions (see Cherednik [11]). Since the B, C' and D type
Macdonald polynomials can be obtained from the Koornwinder polynomials by
suitable specialization of the parameters, we thus have orthogonality relations for
these subfamilies of the Koornwinder polynomials with respect to infinite discrete
measures (and the corresponding discrete weights are directly related to (@], see
[13)).

In this paper we will not consider the above-mentioned questions, but instead
look at the implications of the residue calculus for certain limit cases of the Koorn-
winder polynomials (the so-called multivariable big and little g-Jacobi polynomials).
In order to study these limit cases we first need to consider the Koornwinder po-
lynomials for yet another parameter domain. This will be the subject of the next
section.

5. KOORNWINDER POLYNOMIALS WITH POSITIVE ORTHOGONALITY MEASURE

In this section we will consider the Koornwinder polynomials for parameters ¢
in the following parameter domain.

Definition 5.1. Let Vi be the set of parameters t = (to, t1, t2,t3) which satisfy
the following conditions:

(1) The parameters tg,¢1,ta,t3 are real, or if complex, then they appear in
conjugate pairs.

(2) trt; §é Rzl forall0<k<<3.

Note that parameters t € Vi satisfy the following properties:

(A) t; eRif ;] > 1

(B) There are at most two parameters with modulus > 1. If there are two, then
one is positive and the other is negative.

We will show that the Koornwinder polynomials are orthogonal with respect to
a positive, partly discrete orthogonality measure when t € (0,1) and t € Vi by
shifting the contour C™ in the integral

1
(5.1) P J[ perac)

zeCn

dz
z

to the n-torus T™ for a specific parameter domain Vy C V' (here C is a t-contour
(Definition [Z2)) and V is the parameter domain given in Definition [ZT]). We then
obtain a partly discrete orthogonality measure which turns out to be well defined
and positive for parameter values t € V. Orthogonality relations for parameter
values t € Vi with respect to this positive, partly discrete orthogonality measure
can then be derived by suitable continuity arguments.

The parameter domain Vj is defined as follows.

Definition 5.2. Let Vj be the set of parameters t € V' for which
(i) at most two parameters have modulus > 1;
(ii) t;t'q? ¢ T for i €{0,...,3},j€{-1,...,n—1} and p € Z.
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Fixt € (0,1),t € Vo and 0 <14 # j < 3 such that |t;]| <1 for k # 4,j. We write

pz(,i) = tP~1¢, respectively p(j) := tP~1¢; for p € Z. Define for r € N a finite discrete

set D;(r) = D;(r;t;t) C C" by
(5.2) Di(r) = {p¢" | p € P(r), |p\"¢"
and similarly for D;(r), where P(r) is given by (32) and

pDgt = (g, ... p D)

for p € P(r). Observe that D;(r) = 0 if |¢;| < 1. Furthermore, we write F(r) =
F(r;t;t) C C" for the disjoint union

(5.3) F(ry:== |J Di() x Dj(m),  re{l,...,n}

l+m=r
l,meNy

> 1}

We use here the convention that D;(I) x Dj(m) = (0 if I > 0 and D;(l) = 0 or
m > 0 and D;(m) = 0, and that D;(0) x D;(m) = D;(m), D;(l) x D;(0) = D;(l).
Let w € F(r) and z € T"" and set

(5.4) dvE(w, z; ;1) == AF (w, 2 t; t)@

z
with weight function AKX (w, 2) for w = (9,¢) € D;(I) x D;(m) given by
(5.5) AR (w, z3851) i= AD @5 6) AD (5 8) A3 81)8e(9; ¢, 2)8e(C 2)

where A is given by B.5]) and . is given by [B.12). For the special case | = 0,
respectively m = 0, (5.5) simplifies to

(5.6) AK(C ztt) = AD(G ) Az 58)6:(C 2) = A (G, 2585),
respectively
(5.7) Af(ﬁ, ztyt) = A(d)(ﬁ;ti)A(z;z; 1) (9 2) = A (9, 23 ty),

where A, is given by (BI1l). We obtain from the residue calculus of section 3 the
following lemma.

Lemma 5.3. Lett € (0,1) and t € VQ Let C be a t-contour and f € AW . Then,

W gze

ZEC” ze€T™

SEALCSLAL R o R

+Y
Z (271—2)”77” wEF(r)

r=1

(5.8)

2eTn—r

Proof. If |ti| < 1 for all k, then we only have the completely continuous measure
dv on T™ in the right-hand side of (5.8)) since F(r) = (). Since T is a t-contour in
this case, the lemma follows from Lemma [2:4]

Suppose that at most one parameter has modulus > 1. By the symmetry of
dv(z;t;t) in the four parameters t, we may assume that || > 1. By Lemma
24, we may assume that the ¢-contour C' satisfies the additional conditions that
At :={z € [0,1]|rc(x) > 1} is an open interval and that af € At but o ¢ AT
for i = 1,2,3 (here r¢ is as in Definition 222} and o] is given by (Z3)). Then (C,T)
is a (n,tg)-residue pair since t € Vy (Definition B2), and Do(l) = D(l;C,T;to)
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(B4) since to is in the interior of C'. The lemma is then a direct consequence of
Proposition B2l and (B7).

Suppose now that two parameters have moduli > 1. Without loss of generality,
we may assume that |[tg| > 1 and |¢;| > 1 and that the ¢-contour C' satisfies the
additional condition that

{x €[0,1]|rc(z) > 1} = AF U AT
disjoint union, with A;-" open intervals such that a;" € A;-" and ajt ¢ A;-" for j #£ i
and ¢ = 0,1. Let C' := ¢¢([0,1]) be the deformed circle with parametrization
pci(z) = ror(z)e*™ given by
ror(z) =ro(@) (x ¢ AJUAY), ro(z):=1 (v € AJ UAY),

where Ay = (1—3,1—a) when AJ = (o, 3). Then (C,C") is a (n, to)-residue pair,
(C',T) is a (n,ty)-residue pair and Dy(l) = D(l;C,C";tp), respectively Di(m) =
D(m;C’,T;t1), since ¢y and t; are in the interior of C. Write 2 for the domain
associated with (C’,T). Then 6.(9;.) € Ow (()"") for ¥ € Dy(l); hence the
lemma follows by applying Proposition first to the (n,tg)-residue pair (C,C"),
and then to the (n,t1)-residue pair (C',T). O

For t = ¢* with k € N, formula (5.8) can be rewritten as

(2732)71 //f(Z)du(z)

zeCmn

" o 5 k

(5.9) =2 @) 2. // (=)0 )
! r=0 €1;.--,€pr 11 Ne; n—mr
zieief'q g (Brga,e 20 ETT

n

T
de
. de(zi, 67;) H ’U}C(Zj)z—j
i=1 j=r+1
for f € AW, where the sum is over e; € {t;|[t;| > 1} and N,, is the largest
positive integer such that |e;q™<i| > 1. This follows from the fact that §(z;¢*) =0

if z; = qlzj for some ¢ # j and some [ € {0,... ,k — 1} and from the fact that

wq(x; eiql) = (eix, ezl q)lwd(x; €;), z =e;¢ 7™, m e Ny.

Remark 5.4. Observe that §(.;t) € AW when t = ¢ with & € N. In particular,
we will only encounter residues of the factor [];_, wc(z;) when deforming C™ for
parameter t = ¢* (k € N) to the torus 7™ in the left-hand side of (E0). Conse-
quently (&3) can also be proved by induction on n using the residue calculus for
the one-variable weight functions w,. and using the W-invariance of the integrand

in the left-hand side of (5.

We define now bilinear forms (.,.),,; on AW for r € {0,...,n}, t € Vy and
te€(0,1) by
(o = [[ 1a1ance),
(5.10) et
Gar= Y [[ fwsgte il @), re i ),
WEF(T)ZET"—T
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for f,g € AW and we set

" 2" (n—r+1
(5.11) (.9 :=Z%<ﬁg>m, figea”.

r=0

In the following lemma we consider the symmetric bilinear form (.,.),, for param-
eter values (¢,t) € Vk x (0,1).

Lemma 5.5. Lett € (0,1) and t € Vk.

(i) The bilinear form (.,.)p¢ is well defined;

(ii) The weight function A(z;t;t), respectively AX (w, z;t;t), is positive for z €
T™, respectively (w,z) € F(r) x T " (r=1,...,n).

Proof. The discrete weights wy ([B3) appearing as factors of the weight function
AK(w,z) for r > 0 are well defined and strictly positive. Indeed if totitats = 0,
then the factors (tiq/t;;q), t5 in the denominator of wy (BH) should be read as

k:ol (t; — tig"™). The factor &(z;t) = |4 (z;¢)|? is also well defined and positive
for zeT"".

Without loss of generality we may assume that [to, |[t35] < 1. Fix w = (0,() €
F(r) with ¢ € Do(l) and ¢ € D1(m) (r =1+ m). The factor d4(1), respectively
64(¢) B), appearing in the discrete weights A (19;ty), respectively A ((;ty),
when [ > 0, respectively m > 0, is well defined and strictly positive. Indeed, if
¥ € Do(l) and I > 0, then we have [tg| > 1; hence ¢ty € R. Then d4(9) > 0 follows
easily from the definition of the set Do(l) E2).

It remains to show that h(z) := ([T, we(z151))6c(9; ¢, 2)6c(; 2) is well defined
and positive for z € T™~". Let us check the case that both ¢g and t; have moduli
> 1, and that t is positive real and ¢; negative real (see property (B) for parameters
t € Vik). The case that at most one parameter has modulus > 1 will then also be
clear.

Rewrite the factor (132, x~2; q)oo appearing in the numerator of w.(z;t) as

(z*,27%q) = (z,—z, 27", =275 q) (g2, g% %) .
Then it is sufficient to check that the factors of the form

(xm ,q)

l
ho(z) == 3 H (Vez, Op™ ", 0w, 9 T Y q)

1.
tol‘ tox ]

(
hl(x) = ( q H CkxvCkx_laglglxaglglx_l;Q)T

(tll‘ tlx 1,

(I,m € {0,... ,n—1}) are well defined and positive for € T. Indeed, the remaining
factors of w.(x;t) are easily seen to be well defined and positive since [t2], |t3] < 1
and tg, t3 are both real or are a conjugate pair, while the remaining factors

H (95°¢75q) s ie{l,...,01}, je{l,...,m},

€i,65==%1

of 6.(9; ¢, z) are well defined and positive since ¢ is positive real and ¢; is negative
real. Now let A € P(I) such that ¥ = p(¥¢* € Dy(l). Then ho(z) = |hg (z)|? for
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x €T with ha' given by

l
+ - (x;q)oo —-1,..
| )

_ (ma) 1 (V% '259),

(t0y; q)oo P (t0p—17;q) Ao A1

— =

where ¥y := t~ !ty and A\ := 0. It follows that ha'(x) is well defined for x € T,
since the possible zero at z = 1 of the factor (tﬁla:; q)oo in the denominator can be

compensated by the zero at x = 1 of the factor (x; q)oo. Similarly, one deals with
hl (J)) O

Let AY be the R-algebra of W-invariant Laurent polynomials in the variables
Z1y...,%n. We have the following corollary of Lemma [5.5

Corollary 5.6. Lett € Vi andt € (0,1). Then the restriction of the bilinear form
(o, et to AY x A maps into R and is positive definite.

Proof. The monomials my (A € A) are real valued on F(r) x T"~" since F(r) C R"
by property (A) for parameters in Vi (Definition [(5.1]), so the assertion follows from

Lemma [B.5|(ii). O

The following theorem defines the Koornwinder polynomials for parameters t €
Vi and t € (0,1) as a special choice of orthogonal basis for A} with respect to the
positive definite bilinear form (.,.);; : AY x A} — R.

Theorem 5.7. For parameters (t,t) € Vi x (0,1) there exists a unique basis
{P\(:;t;t)}ren of AY such that

(1) Pr(st5t) =my + E/K)\ exu(t;t)my, some ey, (t;t) € R;

(i) (Pa(54t), Pu(t0))ee = 0 if p # A

Furthermore, Py(.;t;t) is an eigenfunction of Dy, with eigenvalue Ex(t;t) and
we have the explicit evaluation formula

(Pa(5), P ))e = N(Nit), A €A,

for the quadratic norms of the polynomials Pj.

Proof. Fix t € (0,1) and t € V. Since (.,.);, is positive definite on AY', there
exists for A € A a unique W-invariant Laurent polynomial Py (.;¢;t) € AY satisfying
(i) and the conditions (Px(.;¢;t), my ), = 0 for all 4 < A. Furthermore,

e (mx, Bu(5850))se
(512) P)\(Z,ﬁ, t) m)\(’z) /;\ <RL(7L t), Rt(vzy t)>1,t
By Lemma B3] the polynomials Py(z;t;t) = ma(2) + 35, 5 expu(t;t)my(z) for
t € V) as defined in Theorem [2.0] satisfy the same formula (512). Fix t € Vi \ Vi,
where V. is the set of parameters ¢ € Vg such that ¢; = £t "¢ ° for some
i€{0,...,3}, me{0,...,n—1} and s € Ng. Let {¢;}ren, be a sequence in V}
converging to t. Then, by the bounded convergence theorem,

(513) klggo<f7 g>£k,t = <f7 g>Lt7 Vfag € AW

Indeed, by assuming ¢t ¢ V-, we have that F(r;7;t) = F(r;¢;t) for 7 in an open
neighbourhood of ¢ (r = 1,...,n) and that no zeros in the denominator of the

P,(z:t;t), XeA.
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expression for AK(w, ;t:t) (w € F(r), r € {0,... ,n — 1}) occur which need to be
compensated by zeros in the numerator (see the proof of Lemma [B.H). Hence the
bounded convergence theorem may be applied at once.

By induction on A we then obtain from (&12)) and (&I3)) that

(5.14) lim ey ,(t;t) = eapn(tst), <A,

k—o0

where ¢y, are the expansion coefficients of P\ with respect to the monomials m,,
(1 € A). By the residue calculus given in Lemma[5.3], we can reformulate Theorem
226 with respect to the bilinear form (.,.),; for £ € V5. The theorem follows then
for t € Vx \ Vi by taking limits in the reformulated results using Proposition
and (5.14).

To prove the theorem for ¢ € Vj, we use again a continuity argument. We
treat here one typical example; the general case is derived similarly. We assume
that ¢t € Vo with to = t7™¢~* for some m € {0,...,n — 1}, s € Ny and that
ti #t lqg7P foralli € {1,2,3},1€ {0,... ,n—1} and p € Ny. Then there exists an
€ > 0 such that (7o,t1,%2,%3) € Vi \ Vix and F(r;70,t1,t2,t3;t) = F(r;t;t) for all

re{l,...,n} and all 7o € Ry with tg — 79 < e. We claim that
(515) 7_101%10<f7 g>‘ro,t1,t2,t37t = <fa g)Ltv Vf,g € AW

We use the bounded convergence theorem. In Lemma [5.5] we have seen that zeros
in the denominator of the expression for the weight function AX (w, .; 7;¢) can occur
when w € F(r;7;t) and 7 € Vi, and that these zeros can be compensated by zeros
in the numerator. It follows, from the specific form of these compensated zeros and
from the fact that the functions

(1£x) if 1
h*(u,m) = { ;ucux) ;f u“jl ,

are bounded on U x T where U C Ry is some open set containing 1, that the
bounded convergence theorem may be applied in the limit (5.15). Now the theorem
for the specific parameter values ¢ follows by continuity arguments from (5.15). O

For parameters t € Vi with |t;| < 1 the orthogonality measure is completely con-
tinuous (i.e. we have (.,.) = (., .)o) and coincides with Koornwinder’s orthogonality
measure [24]. In particular the orthogonality relations reduce to Koornwinder’s
orthogonality relations (see [24]) and the quadratic norm evaluations reduce to van
Diejen’s quadratic norm evaluations (see [I2]) for parameter values t € Vi with
|ti] <1 for all 7.

Theorem B.7] for n = 1 reduces to the orthogonality relations and norm evalua-
tions stated in [6, Theorem 2.5].

Theorem b7 implies that D, ¢ is symmetric with respect to (., .);+. The symmetry
of D and the orthogonality of the Koornwinder polynomials with respect to (., .)
have been proved by different methods in [35] for deformation parameter ¢ = ¢*
with & € N. In this special case we can rewrite the bilinear form (., .); ,» using (B:9)
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and we obtain

Z QW "X X J[ s

N O ieleid i (zrpre. zn)ETT
(5.16) i=1,...,r
i n dz
J
Nlwatzien T welzn=
=1 j=r+1

for f,g € AW, where the notation is as in formula (53).

6. LIMIT TRANSITIONS TO MULTIVARIABLE LITTLE ¢-JACOBI POLYNOMIALS

In this section we consider a limit case of the Koornwinder polynomials with
positive partly discrete orthogonality measure (Theorem [5.7)) for which the contin-
uous part of the orthogonality measure disappears while the completely discrete
part of the orthogonality measure blows up to an infinite discrete measure.

We will obtain as limit the family of multivariable little g-Jacobi polynomials
(previously introduced in [33]) which depends (besides on ¢,t € (0,1)) on two
parameters. The parameter domain for the little g-Jacobi polynomials is defined as
follows.

Definition 6.1. Let V7, be the set of parameters (a,b) for which a € (O, l/q) and

be (—o0,1/q).

For functions f : C — C and u,v € C, the Jackson g¢-integral of f over [u,v] is

defined by
/f da:—/f dx—/f
/f -=1—q2qu vg",
k=0

provided that the infinite sums are absolutely convergent. For a point £ € (C*)",
the Jackson integral of f over the set

(6.2) (&n ={&q¢" |v € P(n)},
where £¢” := (194", ... ,&nq") and P(n) is given by (B:2), is defined by

(6.3) [[1eaz= -0 3 s Hezq
(E)n

veP(n)

(6.1)

provided that the multisum is absolutely convergent. Note that, for special points
¢ = (&4,47....&7"Y) € (C*)", the multisum (B3) can be expressed as an
iterated Jackson integral by

’Y’Zl ,YZ’L 1
(6.4) //f dz-/ / / 2)dgzn . .. dgz1.
z1=0 2, =0

(E)n

Let AZ be the R-algebra of S-invariant polynomials in the variables z1, ..., z,.
An R-basis for Ag is given by the set of monomials {r}rea, where 1m(2) =
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> uesy 2. Define a symmetric bilinear form (., )‘zi on AZ for t € (0,1) and
(a,b) € Vi, by

(6.5) (f 9 = / / f(2)g()AL()dyz,  frg € AS,
(PL)n

where py,; := t"~1 and where the weight function AL (z) = AL(2;a, b;t) is given by

(6.6) AL(Z) — q7272(g)t*(a+1)(g) <ﬁ ’Z)L(Zi)> (qu(,z)7

with
5
(6.7) vr(z;a,b) == 7((] ?oe x®
(abz:q)
and with interaction factor d4;(z;t) given by
(6.8) dqa(z5t) := H |z; — zj||zi|27_1(qt_1zj/zi;q)QT_l.

1<i<j<n
The function vy, is exactly the weight function in the orthogonality measure of
the one-variable little g-Jacobi polynomials [I]. The same bilinear form (.,.) was
considered in [33] section 5], up to the positive constant q7272(§)t7(a+1)(g). The
weights AL (z) in the bilinear form (.,.); are strictly positive for z € (p1), and

(f,g) L, written out as a multidimensional infinite sum, is absolutely convergent for
all f,g € AZ (see [33]).

Definition 6.2. Let ¢ € (0,1) and (a,b) € V. The multivariable little g-Jacobi
polynomials { PE(.; a, b;t)}rea are by definition the unique symmetric polynomials
which satisfy

(a) P{ =1y + 32, 5 cx iy for certain ¢f | = ¢k (a,b;t) € R;

(b) (P, ) =0 for u < A

The following proposition establishes the link between Koornwinder polynomials

with positive partly discrete orthogonality measure and the multivariable little g-
Jacobi polynomials. We use the notation |A| := Y7 | A; for the length of a partition

AeA.
Proposition 6.3. Lett € (0,1), (a,b) € Vi, and define for e € R*
(6.9) t(e) = (¢ 'q¥, —ag? ebg?, —¢*).
Then there exists a sequence of positive real numbers {ex}ren, which converges to
0, such that
x Al+n

li -1 ti—l -1 ti—l, -1 Iz

G10) P ([[1( et —etqat ™ q) ) (eng2) (mx, M), ().

—2n — ~ ~ a,
=2"n(giq) " (1 —q) " (1ix, ) T

for all X\, € A, where (., )¢ is given by (5.I1)).

The proof of the proposition will be given in section 8. Observe that ¢, (¢) € Vi
for € € R~ sufficiently small, so (.,.);, (¢),¢ is well defined and positive definite for
€ > 0 sufficiently small by Lemma and Corollary
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We will use Proposition[G.3]to prove that the multivariable little g-Jacobi polyno-
mials are limit cases of the Koornwinder polynomials and to establish orthogonality
relations and norm evaluations for the little g-Jacobi polynomials with respect to
the scalar product (.,.)7, on A3.

The following definition of limit transitions between S-invariant Laurent poly-
nomials will be used (cf. [36]). Let f(;u) (v € R*) and f be S-invariant Lau-
rent polynomials in n variables z1,...,2,. Then we write lim,_o f(;;u) = f
if lim,_o f(z;u) = f(2) for all z € (R*)™. Observe that the R-algebra of S-
invariant Laurent polynomials has as R-basis the set of monomials {mx(2)} ¢z,
where A := {A € Z"[ A1 > g > ... = Ay} and i (2) i= 3 cgx 2 I f(u) =
Yoaei ea(w)my (uw € R*) and f = ), 5 carny satisfy the additional condition that
{\ € Alca(u) # 0} is contained in some finite u-independent subset for |u| suffi-
ciently small, then lim, o f(.;u) = f iff lim,_0cx(u) = ¢y for all A € A. Crucial
in the limit from Koornwinder polynomials to multivariable little g-Jacobi poly-
nomials is a limit from rescaled monomials my(z|u) to mx(z), where the rescaled
monomial my(z|u) for u € R* is the S-invariant Laurent polynomial given by

(6.11) ma(zlu) == uMmy(u12), AEA,
where u™'z := (u™"21,... ,u'2,). In terms of the basis {1} ,c 5, we have
> dau(wim(z),  A€A,
HEANWA

with d ,(v) homogeneous of degree |A|—|u| and dx x(u) = 1. Furthermore, |p| < |)|
if w € WA and || = |p| iff © € SA. Hence we obtain the limit transitions

(6.12) lirr%) ma(z|u) = ma(z), AeA.

We express the quadratic norms of the multivariable little g-Jacobi polynomials in
terms of functions ./\/’;f,( ) = ./\/'Jr 7(A\a,bit) and N5 (A) = N ;(A;a,b;t) which are
defined by

f[ dNi+ 1+ =T +a+ BTN+ 1+ (n—i)T+a)
11 L,2N +14+2(n—i)T+a+p)

TN+ M +1+2n—j—k+1)7+a+p)

(6.13) i ( LA+ A+ 14+ @2n—j — k)T +a+5)

PAM—Aw+@—j+Uﬂ)

C TN =X+ (k—g)7) ’

1<j<k<n

ﬁ o +1+(n—z) WLg(Xi +14 (n—i)T+ )
paie} 2N +242n—i)T+a+0)

H ( (A + M +2+2n—j—k-Dr+a+p)
P+ X +2+@2n—j—Kk)T+a+p)

(6.14)

l“q()\j—Ak+1+(k:—j—1)T)>
C T\ =X+ 1+ (k—j)7)
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where

(¢:9), 4
(1 =gt
is the ¢-Gamma function. For A € A, (a,b) € V and t € (0,1) let NE(\) =
NL(); a,b;t) be given by

(6.16) NE) 1= gim Qura2=0mX ArE (NN ().

q

(6.15) Ty(u) := u & —Np,

Observe that N ()) is well defined and positive.

Theorem 6.4. Let (a,b) € V, and t € (0,1). There exists a sequence of positive
real numbers {ex}ren, which converges to 0, such that

[Al
(6.17) klijgo (q_%ek) P,\(q%elzlz;h(ek);t) = PE(z;a,b;t)

for all X € A. Furthermore, the polynomials {P/\L})\GA are orthogonal with respect
to (.,.)r and the quadratic norms of the little q-Jacobi polynomials are given by

(6.18) (PE PEYL = NN, A€ A.
Proof. We write
(q*%e)‘ lP)\ z ity (e Zc)\,u “Z¢ |“lrrLM(z),
(6.19) iy
PE(z;a,b;t) Z ex (2
BEA

for the expansions of the Koornwinder polynomial and the multivariable little ¢-
Jacobi polynomial in terms of monomials. In particular, we have ¢y x(€) = ci)\ =1.

Let < be a total order on A such that 4 =< Aif 4 < A. Let {e }ren, be a sequence
in Ry converging to 0 such that (6I0) is satisfied for all A\, u € A. We will prove
that

(6.20) Jim ey p(er) =Xy V<A

and we will prove full orthogonality for the subset {PHL} u=<x of multivariable little
g-Jacobi polynomials by induction on A € A. The limit (6I7)) is then an immediate
consequence of (612), (6I9) and (G20), and the quadratic norm evaluations (615)
are then immediate consequences of the quadratic norm evaluations of the Koorn-
winder polynomials (cf. Theorem [5.7)), Proposition 6.3, (6.20) and the observation
that

lim (H(—elqt“, —e lqat’1; q)oo> (a2 MIN (At (e); )

e—0
=1

=2"nl(q;9) " (1 — @) "N (N a, b t).

So it remains to prove the induction step (the case A = 0 being trivial). For A # 0,
observe that t; (¢) € Vi for € > 0 sufficiently small; hence by Theorem [5.7 we can
write

(6.21)
(qiéE)l)\‘P)\(z;iL(E);t) = ((f% Zd)\,, q 25 ‘ lP (z tr(e); t)

v<A
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with

(g 2e) M+ my, P (5t (€)i ), (o0
(g2 )2 (P, (5 1(€); 1), Po L1 (€); )i, ()0
for € > 0 sufficiently small. By the induction hypotheses, we also have

dy(€) ==

6.22 Pl(z;a,b;t) 5, Pr(za,b;t),
A
<A
with
. (mx, PX(.;a,b; t))
d)\’

T B Gabit), PEa b )

1

It follows that, for p < A,

(623) C)“u Z d)\u Cup, ) C)\,p, Z d)\u v,

pn<v<A p<r<A

for € € R+ sufficiently small. Again by the induction hypotheses and by Proposi-
tion [6.3] we obtain

(6.24) Jim dyy(e) = d5,, Vv <A

o (620) follows from the induction hypotheses, (6:23)) and (6:24]). The orthogonal-
ity relations for {PML} u=x now follow by taking limits in the orthogonality relations
for the Koornwinder polynomials (Theorem (7). This completes the proof of the
induction step. [l

Full orthogonality of the multivariable little g-Jacobi polynomials was proved
in [33] by means of an explicit second order ¢-difference operator D, which diag-
onalizes the little g-Jacobi polynomials. The operator Dy and the corresponding
eigenvalue equations can be obtained from ([@.17) by taking the limit ¥ — oo in the
equations

(6.25) (q_lek)w (D - E)\)P,\)(q%eglz;h(ek);t) =0, A€EA,

where D is given by (216) and E) is given by (2I9) (see [B3| section 3] for the
formal computation of the limits of D and E} ). In [36] it was shown that the formal
computation of the limits of D and E) in [33] section 3] can be used to prove the
limit transition (EI7) for generic ¢ € (0,1). See also [34] for the special case that
t=q" keN.

The constant term identity for the little g-Jacobi polynomials can be rewritten
as follows.

Corollary 6.5. Fort € (0,1) and (a,b) € Vi, we have

o - a+1+ U =DTC(B+1+ (G = D7)l (47)
11“_1;[ Pyla+B+2+(n+j—2)7)Cy(1) '

(6.26)

The constant term identity (G.26) has been studied extensively in the past 20
years. It was conjectured by Askey [4] for ¢t = ¢*, k € N and proved in this case
independently by Habsieger [19] and Kadell [21I]. For arbitrary ¢ € (0, 1) the first
proof appeared in Aomoto’s paper [3] (see also [22] and [38] for alternative proofs).
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7. LIMIT TRANSITIONS TO MULTIVARIABLE BIG ¢-JACOBI POLYNOMIALS

In this section, we consider an other limit transition involving the Koornwinder
polynomials with positive partly discrete orthogonality measure (Theorem B.7) for
which the continuous part of the orthogonality measure disappears while the com-
pletely discrete part of the orthogonality measure blows up to an infinite discrete
measure. Instead of sending one parameter to infinity, as we did in the previous
section, we will send now two parameters to infinity. We will obtain the four pa-
rameter family of multivariable big g-Jacobi polynomials (previously introduced in
[33]) as limit case of the five parameter family of Koornwinder polynomials. The
parameter domain Vg for the multivariable big g-Jacobi polynomials is defined as
follows.

Definition 7.1. Let Vg be the set of parameters (a, b, ¢, d) for which ¢,d > 0 and
€ (—c/dq7 1/q), be (—d/cq, 1/q) or a =cu, b= —du with u € C\ R.

Before defining the orthogonality measure for the big g-Jacobi polynomials we
first need to introduce some more notations. We set

n

&ma = J©; x n-ycC"
=0
where n,& € (C*)™ and (£),, is defined by (E2). Here we use the convention that

<§>n X <77>0 = <§>n and <§>O X <77>n = <77>n Let ¢ = (COa e acn) € ((C*)n-i-l. Then
we define the c-weighted Jackson integral of f over the set (£,7), by

/f dCZ— "jc// / [z, w)dgzdgw

n

(&mn
(7.1) n—j
=(1—q)"z > cifEatng” Hézq’” 11 (=ma™),
7=0 HEP(H) =1 m=1
veEP(n—j)

where the j = 0, respectively j = n, term in (Z.I)) should be read as

—1)"co // fw)dyw = (1—¢q)" Z cof(ng” H q)
weln. vEP(n) m=1
respectively
/ f@dz= (=" Y enf(er) [[aa™.

26(E)n pneP(n) =1

Ifn=(m,my, ..,m(H)"1) and € = (&1,&17, ... ,E9™ 1), then the c-weighted
Jackson integral over <§ ,Mn can be rewritten as an iterated Jackson integral by

&1 Yz1 Yzj-1
/ f(z)dﬁz— of o
z1=0 z;=0

(&Mn
0 0 0
/ / . / f(z)dgzn ... dgz1.
zZjr1=m J zj42=7"241 Zn=""2n-1
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Define a symmetric bilinear form (., .)‘gbt’c’d on AZ for parameters t € (0,1) and
(a’a bv Cy d) € VB by

(7.2) tow= [[ fee@aREdr s fge s
(pB,oB)n
with pp; == et~ 1, OB, = —dt'*~! and with weight function

(7.3) AB(z) = (H UB(Zi)> 0q7(2),

where vp is the weight function in the orthogonality measure for the one-variable
big ¢-Jacobi polynomials [2],

(gz/c,—qx/d;q)
(qax/c, —gbx/d, q)oo

and 0q47(2) = dqs(2;t) is given by (6.8). The weight cp = cp(c, d;t) is of the form
cp,j := cpdp,j, with

(7.5) dpj= [[ Wi(—t"mF /e

1<k<m<n
k<j

(7.4) vp(z;a,b,c,d) =

where U, (z) is defined by

O(tx)

(7.6) Uy(z) = IxIQT‘lm,

with 6(z) the Jacobi theta function

(7.7) O(z) := (q,a:,qafl;q)
and the constant cp is defined by

(7 8) (q; q)zoq_QTz(g)d_%—(;)_nt_(;)
. cp = .
’ [T, 6(~t=ic/d)
The positive constant cp is not essential for the definition of (.,.) 5. We have chosen
to take this constant within the definition of (.,.) g because it will simplify formulas
and notations later on.
The Jacobi theta function satisfies the functional relation

oo’

(7.9) 0(¢*z) = (~2~ Vg~ (3)o(z), ke N,.

This implies that ¥, is a quasi constant, i.e. ¥y(qr) = U;(x). In particular, the
weight dp (TH) is independent of a,b and quasi constant in the parameters c, d.

The bilinear form (.,.) g is the same as the one defined in [33] up to the positive
constant cg (Z8). This is easily verified using the fact that (.,.)p is defined as
bilinear form on the space of symmetric polynomials.

The weight ¢ in the definition of (.,.)p is needed in order to obtain good
asymptotic behaviour of the weights. To be more precise, let j € {1,...,n},
A€ P(j—1), p€ P(n—j)and set \U) := (\,1) € P(j) for I > \;_1, respectively
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pl™ = (u,m) € P(n —j+ 1) for m > pn—j. For j =1, respectively j = n, this
should be read as ) =1 € P(1), respectively u(™ =m € P(1). Define

)
(7.10) 2P A ) = (pBd” oBd") € (pB); X (0B)n—j, 1> A1,

_ (m)
2 (mi A p) = (pqt 080" ) € (pB)j—1 X (OB)n—jr1, ™M > finj.

Then we have
lim 2 (1A 1) = (ppg™,0,08¢"),  lim 2z~ (m; A\ 1) = (ppq>, 0Bq",0)
l—o0 m— o0

(with the obvious conventions when j = 1, respectively j = n). We have now good
asymptotic behaviour of the weights in the following sense.

Lemma 7.2. Let (a,b,c,d) € Vg and t € (0,1). Then
(7.11) lim cp ;APT(G N p) = lim cp ;1 AP (27 (m; )\, )
l—o0 m— 00

forallA e P(j—1), p€ P(n—j) and j € {1,... ,n}. The conditions (L) for
AeP(G—1),uePn—3j)andje€{l,...,n} characterize the weight cg uniquely
up to a multiplicative constant.

Proof. See the proof of [33] Theorem 6.5]. O

It was proved in [33] that the weights AB(z) in the bilinear form (., .) g are strictly
positive for z € (pp,op), and that (f,g)p, written out as a multidimensional
infinite sum over (pg,op)n, is absolutely convergent for all f,g € Ag.

Definition 7.3. Let ¢t € (0,1) and (a, b, ¢,d) € Vp. The multivariable big g-Jacobi
polynomials { PZ(.;a,b,c,d;t)}ren are by definition the unique symmetric polyno-
mials which satisfy
(a) PB =m, + DI ciurhu for certain constants Cf,u = cf,u(a, b,c,d;t) € R;
(b) (PB,m,)p =0 for u < A

The following proposition is the analogue of Proposition in case of the big
g-Jacobi polynomials.

Proposition 7.4. Lett € (0,1), (a,b,c,d) € Vi and define for e € R*
(7.12) tg(e) := (e_l(qc/cl)%7 —~€_1(qd/c)%,eoa(qcl/c)%7 —eb(qc/d)%).

Then there exists a sequence of positive real numbers {ex}ren, which converges to
0, such that

. i — i— ERNIPY
(7.13) A <H(_6k2qt 15‘1)00) (exled/) )™ ma ) o
. i=1

a,b,c,d

-2 e~ o~
(L= @) (i, 1)

=2"n!(g;q)
for all \,pp € A, where (., )+ is given by (G11)).

The proof will be given in section 9. Note that tz(e) € Vi for e € R+ sufficiently
small, 0 (.,.);,(e),¢ is well defined and positive definite for e > 0 sufficiently small
by Lemma and Corollary B.G.

We can repeat now the arguments of the previous section to establish full orthog-
onality of the big g-Jacobi polynomials with respect to (.,.)p and to calculate their

o0
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norms. For A € A, (a,b,c,d) € Vg and t € (0,1) let NB(\) = NB(X;a,b,c,d;t) be
given by
NE() = (ed)Mgs Ha Qb2 emImANTL (3 0, b N (s a, b5 1)
7.14 n ) ) _
( ) .H(_q)\iJrlbtnsz/d? _q)\iJrlatnfzd/c; Q)Ool
i=1

where N, ;:], respectively NV, 7, is given by (6.13), respectively (6.14). Observe that
NB()) is well defined and positive.

Theorem 7.5. Let t € (0,1) and (a,b,c,d) € Vg. There exists a sequence of
positive real numbers {ey}ren, which converges to 0, such that

1\ 1A 1
(7.15) klim (ek(cd/q)i) P,\((q/cd)ieglz;zB(ek);t) = PP(z;a,b,¢,d;t)

for all X € A. Furthermore, the polynomials {Pf})\e,\ are orthogonal with respect
to (.,.)B and the quadratic norms of the big q-Jacobi polynomials are given by

(7.16) (P2, PPy = NB()\), AeA.
Proof. We have the limit

lim (H(—G‘th"‘l; q)oo> ((cd/q)* &) N (X tp(e)st)

=2"n!(g; q) ;02n(1 —q) "NB(\a,b,¢,d;t).
The proof is now analogous to the proof of Theorem [6.4] O

Full orthogonality of the multivariable big g-Jacobi polynomials was proved in
[33] by studying an explicit second order g-difference operator Dp which diago-
nalizes the big g-Jacobi polynomials. The operator Dp and the corresponding
eigenvalue equations can be obtained from (ZIH)) by taking the limit ¥ — oo in the
equations

(717)  (erled/q)?) N (D = BEX)P) (e H(a/cd)? 5t p(er)it) =0, A €A,

where D is given by (210) and E) is given by (2I9) (see [B3l section 3] for the
easy computation). In [36] it was shown that the formal computation of the limits
of D and E) in [33] section 3] can be used to prove the limit transition (ZI%)) for
generic t € (0,1). See also [34] for the special case that t = ¢*, k € N.

It follows from Theorem [ZHlthat Dp is symmetric with respect to (.,.) . In [33]
the symmetry of D was established by direct calculations in which the asymptotic
behaviour of the weight function AP (see Lemma [TZ) plays a crucial role.

The quadratic norm evaluations of the multivariable big g-Jacobi polynomials
for the special case @ = b = 0, ¢ = 1 and t = ¢* with k¥ € N were recently
proved by Baker and Forrester [, section 4.3] using Pieri formulas. In order to see
that the quadratic norms of the big ¢g-Jacobi polynomials in this special case are
in agreement with the quadratic norm evaluations [7, (4.3)], one needs to use the
evaluation formula for the Macdonald polynomials [27), (6.11)] together with [22]
Proposition 3.2] and the computation preceding [33, Remark 5.4].

The constant term identity for the big g-Jacobi polynomials can be rewritten as
follows.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON BC TYPE BASIC HYPERGEOMETRIC ORTHOGONAL POLYNOMIALS 1561

Corollary 7.6. Lett € (0,1) and (a,b,c,d) € Vg. We have
n

abed a+1+(J—1>) ¢(B+1+ (=11 (j7)
(LD [1( IFya+B8+2+(n+j—2)7)Tq(7)

(7.18)
(=g HHGDTg e, PTGV g, q)—1> .

The g-Selberg integral (TIR) for t = ¢*, k € N, reduces to the following evalua-
tion formula.

Corollary 7.7. Let t = ¢* with k € N and (a,b,c,d) € Vg. We have

/ / 0 [ e
q~i
a=—d z,,——d1§1<j<n ' Jai (¢"+ozi/e,—q**P2i/d;q)

B ﬁ( a—l—l—l—(z—l)) (6+1+(z—1)) ik +1)
N Fyla+B+2+(n+i—2)k)Cy(k+1)

(=d/c,—c/d; q) _(cd)'+=DF
'(_q&+1+(i_1)kd/c, _q[3+1+(z‘—1)kc/d; q)oo(c+ d) .

i=1

Proof. The bilinear form (., .) g differs from the one considered in [33, section 5] by
the constant cp (78), and cp for t = ¢* (k € N) can be rewritten as

EEFE)(c+ar
_ q .
e (_d/C, _C/d, q)oo(cd)n+(2)k’ t= qa, ke N.

This follows by a straightforward calculation using the relation §(qz~') = 0(z),
9 and >, (i — 1)* = 2(3) + (5). Hence the corollary follows from Corollary
[Z6 and the computation preceding [33, Remark 5.4]. O

The constant term identity for the multivariable big g-Jacobi polynomials has
appeared in the literature before. Corollary [[.7] was conjectured by Askey [4] and
proved by Evans [I5]. For arbitrary ¢ € (0,1) the evaluation (ZIJ) is equivalent
to Tarasov’s and Varchenko’s summation formula [38, Theorem (E.10)]. The proof
of Tarasov and Varchenko is by computing residues for an A type generalization of
Askey-Roy’s ¢-beta integral. The equivalence of [38, Theorem (E.10)] with (TIS)
can be seen by making the substitution of variables p = ¢, © =t, a = —d, b = ¢,
a=—¢b/d, f =qa/cand | =n in [38, (E.10)] and by applying the formula

AP(opq” , ppa”) = AP (ppa” ope”) T[]  Wu(—t"Fd/e)

1<k<j
1<m<n—j

where v € P(j) and v/ € P(n — j) (here ¥, is given by (Z4))) .

8. LIMIT OF THE ORTHOGONALITY MEASURE (LITTLE ¢-JACOBI CASE)

In this section a proof of Proposition[G.3]is given for parameters (a,b) € Vi, with
b # 0. The condition b # 0 is not essential; we only make this assumption because
the formulas are more transparent when we may divide by b.

Let € € Rug and set pr j(€) = tro(e)t/™" = e 1q2ti! for j € Z (here ¢ (e)
is given by (6.9)). The parameter ¢t 1(c) = —aq% has modulus > 1 for all €
if a € (qfé,q’l), so it can also give contributions to the discrete parts of the
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symmetric form ()¢, (o, @II) in the limit (EI0). We therefore write o, ; 1=

tpati=' = —aqzti=1 for j € Z. Then F(r;t;(e);t) (53) for € > 0 sufficiently small
is given by

F(ritp(e)it) = |J Dollsty(e)it) x Di(msty(e);t) € C"
l+m=r
with the set Do(l;2.(€);t) (2) for I > 0 given by
Do (Lt (e);t) ={pr(e)q” |v € Pr(li€)},
Pr(l;e) :=={v e P()] |pro(e)g” > 1}
and with the set Dy (m;t; (e);t) (B2) for m > 0 given by

(8.1)

{7} if lop.m| > 1,
0 otherwise

(8.2) Di(m;ty(e);t) = {

where o' := (01,1,... ,0L,m). Note, in particular, that Dq(m;¢; (€);t) is indepen-
dent of e. Using the explicit deﬁnltlon of the symmetric form (.,.) (1) as given
in section 4, as well as the definition for my(z|u) @II), we can write

<H 1 tz 1 —elqatil;q)oo> (eq*1/2)‘)‘|+w<m,\,mM)LL(e),t
(8.3) - dx
= > /(mxmu)(qu Leq 2o eq Taleqg )W (v, 3 €)—
UL e ;

where the sum is over four tuples (r,l,m,v) with r € {0,... ,n}, ,m € Ny with
l+m =r,and v € P(l) (the sum over v € P(l) should be ignored when [ = 0). The
renormalized weights Wlf‘m;r(l/, x; €) are given by W o.o(—: 25 €) := A(x; 2y (€); t) for
r=0,and forr=1,... ,n,

Wl[,lm;r(yﬂ xz; 6) = H<_€_1qti_1a _6_1qati_1; q)oo
i=1

2" (n —r+ 1)
T'AK v o_m . .
gy A (pr(€)g”, 07 w1 (€)t)

if (pr(e)q”,0") € F(r;ty(e);t) and zero otherwise. We split the renormalized
weights in three parts:

2’"(n—r—|—1)

(84) Wll,/m;r(ya €3 6) = (27_‘_2-)”_7" - AflL (V; E)Aé(,ll,/m(l/; 5)A§l€m(yv 5 6)

where A{(ZL, Agle and A3 i.m glven by

l
AfF(vie) == (H(—elqt“, —elqat“;q)oo> AD(pr(e)g”str0(e))

i=1
if v € Pr(l;¢) and zero otherwise;

m

AfE o) =T (—e gt — e qat'™ T q)

i=1

. A(d) (O'Zly tL71(6))5C(pL(€)qV; UyLn)
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if v e Pr(l;e), Di(m;t(€);t) # 0 and zero otherwise;

n—r
Agﬁm(y,x;e) = H (—e gttt —eflqat"ﬂfl;q)oo
i=1

A(st(€):t)de(pr(e)g”; 2)dc (o )

ifv € Pr(l;€), D1(m; ;. (€); t) # 0 and zero otherwise, where r = [+m and A is given
by (Z8), A is given by B3] and 6, is given by (312). The formula d.(z;u,v) =
dc(z;u)dc(z;v) is used for obtaining (84]). We have used for the definitions of AflL,
AKL and Aé(le the obvious conventions when [ = 0 or m = 0; for instance,

2,l,m
Ag&o(—;e) =1, Agﬁo(u;e) =1,
m
Aéf(){m(_; €)= H(_e—lqti—17 —e LgatL: q)ooA(d) (UZL; tra(e);t)
i=1
for I, m,v such that {,m > 0, v € P(l;¢) and D(o};tr1(€);t) # 0.

We will use Lebesgue’s dominated convergence theorem to pull a limit €, | 0
in the right-hand side of (B33)) through the integration over x € T™~" and through
the infinite sum over v € P(I) for some sequence of positive real numbers {¢ez }ren,
converging to 0. For the application of Lebesgue’s dominated convergence theorem
we need certain estimates for the functions A{(IL , Aé(le and Agl’:“m, which are given
in the following lemma.

Lemma 8.1. Keep the notations and conventions as above. In particular, letl,m €
No with I + m <n, and write v := [ +m. Then there exists a sequence of positive
real numbers {ex}ren, which converges to 0, such that:

(1) Ifl € N, then for all v € P(l),

l

. —2I v Ui
Jim AT () = (a:0) 0 A (pra”rabit) [T pria”,
=1

and there exists a K € Rsq independent of v € P(l) such that

l
(85) sup [Aff (vse)] < KA (prq”;a,b;1) [1ec.ia
€No i=1

for all v e P(I).
(ii) If m € N, then limy_ 0 Aﬁffm(y; er) =0 for all v € P(l) and

sup |A§l’:“m(u; €r)| < oo.
(v,k)EP(1)xNo

(iii) If r < n, then limy_ ., AKL

3,l,m

(v,z;5ex) =0 for allz € T" ", v € P(l) and

sup |A§fm(u,x; €r)| < oo.
(v,x,k)eP(I)xT™—"xNg

Before giving a proof of Lemma [R], we first complete the proof of Proposition
B3 Since the infinite sum

(8.6) (1—g) L5 = > AMprg’a.b:0) [ [ pr.ig”
i=1

veEP(n)
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is absolutely convergent (cf. [33], proof of Proposition 6.1]) and

sup [ma(prg”, eq 207 eq Fxleg )| < oo,  A€A,

V,€,X

where the supremum is taken over triples (v, e, z) with v € Pr(l;€), € € Ry and
x € T" ", it follows by Lebesgue’s dominated convergence theorem, ([612)), (83),

(B4)) and Lemma [81] that

n
. o IR EERN\
&= (1_[(_equ’fz ' ey lqat’ 1;q)oo) (erq %)l | |H|<mA’mH>§L(5k):t

k—o0
i=1
. v S R _1 —1NaasL dz
= Jim (mam,) (pra”, exa™2 01 exg™ 2 wlenq™ 2 )W (v, a5 66) —
rlmy *
9 n
—zn ~ ~ .
=2"nl(giq) " D (M) (prg”) A" (prg”sa,b:t) [ ] prag”

vEP(n) i=1
_ —2n, . ~ a,
= 2"71'(1 _q) n(Qaq)OO <m)\;mM>L,bt

for some sequence of positive real numbers {ej }ren, converging to 0, where the sum
in the second line is over four tuples (r,1,m,v) with r € {0,... ,n}, I,m € Ny with
l+m =r,and v € P(l). So for the proof of Proposition [63] it suffices to prove
Lemma 8Tl We use the following elementary lemma.

Lemma 8.2 ([37, Lemma 3.1]). For given ey € Rsq, we set e := eoq".

(a) Let c € C. For eg € Ruq with |cleo & {q~ ' }ien, there exist positive constants
K* > 0 which only depend on €y and |c|, such that K~ < |(cek;q)oo| < KT for all
k € Ng. Furthermore, we have limg_, o (cek; q)oo =1.

(b) Let a,b € C*, and set

(6—1aq1—m; q)m

(8.7) fumy(€a,b) = ( , l,m € Np.

Let ¢g € Rsg such that €5 |b| & {¢"}ren,- Then there exists a positive constant
K > 0 which depends only on €, |a| and |b|, such that | f{ my (ex; a,b)| < K|q'a/b]™
for all k,l,m € No. Furthermore, we have limy .o f1,m}(ex; a,b) = (¢ta/b)™.

(c) Let uj,vj € C* forie{1,...,r}, j€{1,...,s} and assume that r < s, or
that r = s and |uy ... uy| < |vy...0p|. Set

(e_lul, R ,e_lu,«; q)oo

(e*lvl, oo e g q)Oo '

(8.8) 9le) =

Let g € Rsq such that ey |v;| ¢ {¢'}iez for j € {1,...,s}. Then there ea-
ists a positive constant K > 0 which depends only on o, |u;| and |vj|, such that
SUPgen, |9(€x)| < K. Furthermore, we have limg_.o g(ex) = 0.

The proofs of (b) and (c) are based on the formula ([@3]) for ¢-shifted factorials.
See [37, Lemma 3.1] for details.

We proceed with the proof of Lemma [8l We use the notation e = eog® for
given €y € Ry .
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Proof of Lemma[81(i). By (33) one has
!

AfF(ie) = balpr()g”) [T{ (=t —e gt 5q)

i=1

(8.9)
-wa(pr.i(€)q”; pr.i(e)d” )}

with d4 given by (B) and wy given by (33). By (B.7) and (), we have

(8.10) da(prle)q”) = Fi(v)G1(vse)

with

(F~'q" "1q)
Fl(l/) = H (tifj Vi—1—Vj. ) - ’
1<i<j<li q ) vi—viy
(€2t2—i—jq—l/1j—l/j—1; q)T

Gi(v;e) = H ———— - ,
1<i<i<l (e2trtim2qrmtiitlig)

for v € P(l), where vy = 0. By applying ([3)) to the g-shifted factorials in the
denominator of F; and using the formula

(8.12) i(i —1)(—i) = (é)

(8.11)

=1
we obtain
Fi(v) =345(pra")a > ) ﬁ ((tZ._lyq.V_J:f.q)oo 2
(8.13) o (@7t
H (_quj—uﬂrltj—i)l’i*l’i—lq(”’i_;ifl)7
1<i<j<l

where d47 ([G.8]) is the interaction factor for the weight function of the little g-Jacobi
polynomials. On the other hand, we have for i = 1,... 1 by (33),

(8.14) (= lqt"" —e qat 1 q) walpri(€)g”s pri()d” ) = Li(¥)Tu(vie)
with

gy
(¢, 90t q3q) (a59)

(I—=8)T—v; (4i—1 vi—1+1 Vi_1—V4
N " q ab
=ve(praa”) = ( )

Il,i(l/) =

Vi—Vi—1

A ) I (/) B
(here vy, ([6.7) is the one-variable weight function of the little g-Jacobi polynomials)
and with Jy ;(v;€) given by
(62152721‘(]72”,171; q)oo
(€2bt1—iq—y,¢_17 —etl—ig—vi-1 | —eqtl—ig—vi-1; q)oo
(672q1+2ui,1 122, q) o (—eiltl’lq; q) . (—eilatl’lq; q) ”
(e*2b*1ti*1q”i*1+1, —elg—lpi-lgrioatl, q)
(1 _ 6—2q1+2u,;t2i—2)
‘ (1 _ 672q1+2v,¢_1t2i72) :

J1,i(vie) ==

Vi—Vi—1
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So we have by (89), (8I0), (BI3) and &I4) that A/ (v;e) = Mi(v)N1(v;e) for

€ € Ry and v € Pr(l;€) with
1
V) HIM(V)
i=
!
(8.15) —AL(qu H t_2(l D —1 vi (tz 1 w141 b)”i—l—l’i

H (_qu—V1j+1tj—1) i Vm—lq(”% ’2’1 1)

1<i<j<l

(A% given by (6.6)) and with

1
Ni(v;e) :== Gi(vse) H J1,i(vse).

i=1

Now replace the factor (—e_lati_lq; q)w in Ji ;(v;€) by

(_ tz lquL 1+1, q)w_w_l (_Eflatiflq; (J)w_l

for i € {1,...,1l}. Then Ny(v;e€) can explicitly be given by

(8.16) Ni(v;€) = Ni (v;€) Nt (v; €) N} (v5€)

with

_ﬁ ( 242— qu—2u1 1— 1,q)
(8 17) e (€2bt1—iqfl/i717 _€t1—’Lq7Vi71, _eatl i 71/1'71;q)
H ( t2 i— ]q—v,—vj—l’q)
1<i<j<l

it v € Pr(l;¢) and zero otherwise,
! < R e L )

(G—Qb—l-lfi—lql-i-l/,;_17 _6—1a—1ti—1q1+1/,¢_1 ; q)

Vi—Vi—1

Vi—Vi—1

( 72q1+21/1t21 Q,q) )
1

. (6_2q1+2v1ﬂ,_1t21 27 q)
if v € Pr(l;¢) and zero otherwise, and
l 1 1 i
Hi=1 (_6 1t’L 1q’ —€ 1at7, 1q;q)ui_1
H1§i<j§l(672ti+j72qw_1+yj+l; q)u,;—w—l
if v € Pr(l;¢€) and zero otherwise. For the factor N we have, for generic eg > 0,

(8.20) lim N{(v;e) = 1, v € P(l),

k—o0

by Lemma [82(a). For the factor N7 we can use Lemma B2(b) to calculate the
limit. We obtain, for generic ¢y > 0,

(8.19) N3(vye) =

l
(821) lim ]\71 (1/ gk) H(qwf1+2tifla2b)wfw71

k—oo -
=1
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for all v € P(l). As an example, let us calculate explicitly the limit of a factor of
N2, using Lemma B2(b). Consider the factor

(672q1+2ui,1t2i72; q)

5,2/ . o Vi—Vi—1
(8.22) N, (1/7 6) = (672q1+ui,1b71ti71; q)u»—y'_l
of NZ(v;e) for some i € {1,...,1}. Then for generic ¢y > 0, we obtain by Lemma
B2(b)

lim NP2 (vier) = lim NP2 (v epys,)
k—o00 k—o00
= lim N}?(v;¢"er)

(8.23) . 142i—2 _—1p-14i—1

= khm f{l’i—lyl’i*l’i—l}(62’/1—’/72—V11—1+2k’;ea e s €0 b=t )

— 00

= (qyi_lti_lb)’/i_’/i_l.

The limits of the other factors of N7 can be computed in a similar manner, which

yield (B2I)). Finally, we have, for generic ¢y > 0,

l
lim N13(V7 €k) = H(atQ(i_l)qti_1+1)Vi—1

k—oo

(8.24) i=1 -
H (_ti+j—2qu7:_1+uj+1)Vi—l—wq_(”%’;’%—l)
1<i< <l
since
l
(8.25) Svici= > (wi-vie), vePQ).
i=1 1<i<j<l

We thus obtain for generic ey > 0 by (816), (8:20), B2I) and (8:24)

l
lim Nl(l/; Gk) _ H t(ifl)(l’i‘i’l’i—l)ql’i—l vi—vi_1+2v; ani*Vi—lei*Vi—l
k—oo -
(8.26) i=1
H (_ti+j72qui71+uj+1)Vi—l*l/iqf(”i’;i—l)
1<i<j<l

for all v € P(I). By (BI5) and (826) we obtain, for generic ey > 0,

lim AFF(vyer) = Mi(v) lim Ny (v;e)
k—o0 ’ k—o0

_91 oo (M) Jw
= (¢:0) ' AL (prg”)t ) gl
1
-2l y Vi
= (g:9) - A" (pra”) [ [ pr.aa”
i=1
for all v € P(l), where AL is given by (6.8) and |v| := vy + -+ + v for v € P(1).
To prove the estimate (1)), we use the estimates of Lemma &2 (a) and (b) for
(factors of) Ny. For N}, we use LemmaR2(a) and the condition that Ni (v;€) =0
if v ¢ Pr(l;€) to prove that sup, , |[N{(v;ex)| < oo for generic € > q?. Indeed,
since v € Pr(l;€) implies € < g3, we have, for g > ¢3,
(8.27) sup INL (v e)| = sup INT (v; exg”)| < o0
(v,k)eP(I)xNo (v,k)EP(1)xNo

by (81I7) and Lemma [BZ(a).
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For N2(v;¢€) we want to establish the estimate

l

(8.28) :;\II) |N v; €k H Vi 1+2ti—1a2|b|)w—w—1
)

for generic eg > ¢2 with K2 > 0 independent of v € P(l), in view of the limit, (821).
This can be done with the help of Lemma B2(b). As an example, we consider the
factor Ni?(v;€) (822). In view of the limit (8:23), we want to prove the estimate

sup [N12(vser)| < Kp2 (g p))"
keNy

for generic ¢y > q% with K f’Q > 0 independent of v € P(l). This follows for generic
€0 > q7, using the fact that le,z(y; €) =0 if v ¢ Pr(l;€), by the estimates

sup |[N1?(vier)| = sup |Ny? (15" e
keNy keNp

= ksulg |f{l/1:—17w—l/1‘,—1} (E2Vl7Vi*Vi—1+2k; Eathi_Qv Galb_lti_lﬂ
0
< sup |f{m71,wfm71}(€k; 651t2i72a 661b71ti71)|
keNy
< K%Q(qw—lti—llbDw—w—l

with K 1’2 independent of v by Lemma[82b). Estimates can be given for the other
factors of N? in a similar manner.
For N}, we want to prove that

l

sup [N} (v ee)| <K [[ (a0 Dg7 4™
(8.29) e i=1
H (ti+j—2qv,z_1+uj+1)Vf,—l—wq,(”i—;’i—l)

1<i<j<l

for generic ¢y > ¢ with K3} > 0 independent of v € P(l), in view of the limit
(B24)). This follows by straightforward estimates, using (£3) and the fact that

N3 (vie) =0 if v & Pr(l;¢). Hence by (815, (IEZZI) (B23) and (BZ9) we have the

estimate

l

sup |N1(l/ Ek)| <K1Ht(z 1)(vi+vi-1) v1 Wi Vi1 +205 (20— Vi 1|b|l’1_"’ 1
keNg i=1

H (ti+j—2qu,;_1+uj+1)w—1—l/f,q_(”i—;ifl)
1<i<j<l

(8.30)

for generic ¢y > q%, with K37 > 0 independent of v € P(l), so in particular,
l

sup |AflL(V;ek)| = |M;(v)| sup |N1(v;er)| < KA (prq” HpL iq"
kENy kENo ey

with K > 0 independent of v € P(I). This completes the proof of LemmaRIYi). O
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Proof of Lemmal81(ii). Observe that d.(pr(€); o) (6 given by (BIZ)) can be

rewritten as

Se(pr(e)g”soi) = [ (—eaq "t~ —ea™'q ' "1t* 7 I1q)

1<i<l
1<5<m
ﬁ (—e_laqtj_l,—e_la_ltl_j; )Oo
(8.31) 'j=1 (—elagti+i—1, —e~Ta—1tI=i+1;q)

=1 ddwiglbi—1 o —1 -1 v gl—j+1.
(e aq t ,—€ ~a” q"t ’q)w+1—w

H,l (_EflaqlJruitiJrjfl’ _EflaflquitifjJrl; q)

-
A
A

Vit1—V;

where 1 = 0. By the explicit expression for A4 ([B.F) and for the parameters £; (¢)
(69) we then obtain

(8.32) ARE, (vie) = NyN3 (v;€)N3 () Ny (vse)
with
m o (m2g 14200, q).

N21 ::H

L1 (g aqti=t am =i g)

II #a227 gy,

oo 1<i<j<m

m Hi:1 (_€aq—y,¢tj—i, _ea—lq—l—u,;tQ—i—j; q)

N2(v;e) =
2(v;€) 31;[1 (—ea=1bt! =7, —eabqti=1;q)

T

if v € Pr(l;€) and zero otherwise,

=1 A4wiglbj—1 _ —1,—1 v 4l—j+1.
(e aq t ,—€ ~a” q"t ’q)w+1—w

Ny (vie) :==

_—1 14vi+i+7—1 _ —1,—1,v;41—7+1.

€ ta ity € ta ift—d
0<icio ( q , q iq)
1<j<m

Vit1—V;

if v € Pp(l;€) and zero otherwise. For generic ¢y > ¢2 we have

lim NZ(v;ep) =1, sup INZ(v; )] < o0
k—o0 (v,k)€P(1)xNo

by Lemma B2(a) and by the fact that N3 (v;e) = 0 if v & Pr(l;¢€), we have
lim N3(ex) =0, sup |[N3(e)| < oo
k—o00 keNy

by Lemma [B2(c) since 0 < a < 1/¢, and we have

lim Ny (v;ep) = 2Vl sup INy (v e)| < KétleV‘ < K3
k—oo keNg

with K3 > 0 independent of v € P(I) by Lemma [R2(b) and by the fact that
Ni(vie) =0 if v ¢ Pr(I;€). This completes the proof of Lemma RII(ii). O
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Proof of Lemma[811(iii). We first use the explicit formulas for the weight function

A [Z9), (Z1), () and for 6. (3I2) as well as the definition of ¢; (¢) ([EH) to give

an explicit expression for Agfm(y, x;€). This explicit expression can be written as
A (v, x5€) = N3 (2) N3 (v, 25 €)N3 (23 €) N3 (v, 25 €)

with
n—r

w2,z % q
(8.33)  Nj(x) = d(z:t)0c(o7s2) [] . . (71 ] )ee —
1=1 (_q2$i,—q2qji y —q20aT;, —q2ar; ;q)oo

Y

if Di(m;t;(€);t) # 0 or m = 0 and zero otherwise, where § is given by (2.8)),

T —d—vigl—i 11— —1
(8.34) N2(v,z;€) O C T (e 2 it iay, eqm 2 it i 5q)7
’ Y ’ L II

1 -
paiey (equxj, ebqz z; L q)

oo

if v € Pr(l;€) and zero otherwise,

n—r (_6—1qtr+i—1, _6—1qatr+i—17 6_1(]%%1', e_lq%xfl; q)
(8.35)  N3(z;€) := H - ¢

i=1

(o8]

_ 1 _ 1 _ 1 _ 1 —1
(e tqzas, e tqra;t e tqztlay, e g2 tlay 5 q)

and

—1 44vigl,  —1 544l —1.
(6 qz"t g, e g txj ’q)w+1—w

(8.36) Ni(v,aie):= ][

0<i<l-1

1<jsn—r

—lgi4vipig . —lgs+vigin—1.
(e q ttxj, e q tr; ’q)w+1—w

if v € Pr(l;¢€) and zero otherwise, where vy = 0. Observe that N1 is bounded on
T"=". For N2 it follows from Lemma B2(a) that limy_,o. N2 (v, x;¢,) = 1 for all
ve P(l), z € T" 7 and that

sp MR a)] < oo
(v,z,k)eP(l)xT"—"xNg

for generic ¢y > ¢2. By LemmaB2(c) and the fact that 0 < a < 1/q, we have for
generic €y > 0 that limg_ oo N3 (2;¢;) = 0 for all z € T " and

sup |N3 (5 ex)| < oo.
(w,k)€T™—7xNo

Finally, we can use Lemma [82(b) to prove that limy_.., Nj(v,z;e;) = t2= ¥l
for all v € P(l), x € T"~" and that

sup |N3 (v, 25 ex)| < 00
(v,x,k)eP(I)xT™="xNg

for generic €y > q2. This completes the proof of Lemma RI(iii). O

9. LIMIT OF THE ORTHOGONALITY MEASURE (BIG ¢-JACOBI CASE)

In the next lemma we give a new expression for the weight ¢ which appears in
the definition of the inner product (.,.)s.
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Lemma 9.1. The weight cg € ((C*)n—|r1 can be rewritten as

—titi—ne

cn; =(a:4 oone t1 idjc)o(

/) T

—tic/d) 1_[1 t1 ic/d)
2 (OO0 - -(5)

*QT(J(W 9+ ()) —ig—2r("37)+i-n

(9.1)

for 5 €{0,... ,n}.

Proof. For j =0, (&1 follows from (Z8) since c¢p,; = cpdp,; with dg,o = 1. For
j € {1,... ,n}, write ég,; for the right-hand side of (@1I); then by the explicit
expression ([(3) for dp ; it remains to prove that

~ n
~CB,] _ H \I,t(_tnfmfjJrld/C)
CB.j-1 i

for j € {1,... ,n}, with ¥, given by (). This follows by a direct calculation. O

The remainder of this section is devoted to a proof of Proposition[E.3 We fix in
this section (a, b, c,d) € Vg with a,b # 0. With slight modifications, the proof goes
also through for a = 0 or b = 0.

For € € Rug we set ppj(€) == tpo(e)t/! = (g¢/d)2e =" and op ;(€) =
tpa(e)ti=' = —(gd/c)ze 9" for j € Z, where tg(e) is given by (ZIZ). Then for
€ > 0 sufficiently small, we have

F(ritg(e);it)= | Do(litg(e)it) x Dy(msty(e);t) C C
LmeNy

where F(r) is given by (.3) and

02) Do(tp(e);t) = {pn()g” |v € PY(se)},
Py (ie) = {v € P()|lpp.(e)g”| > 1},

if [ > 0, respectively

Di(mitg(e)it) = {on(e)g” |v € PS (m; o)},

(9.3) @ y
Py’ (mse) :={v € P(m)||og,m(e)g"™| > 1}
if m > 0. We write
(9.4)
- : NEIEEM
(H(—qutll;q)m> ((cd/q)2e) " ma, my)e (o).
i=1
1 1 dx
= > (mamy.) (ppa” 054" (cd/q) exl(cd/q) 2 YW, (v, 1) —
rl,m,v,v’ zeTn—r
where pp; = ct'™!, op,; = —dt'"! and my(z|u) is given by (GII), and the sum
is over five tuples (r,l,m,v,v’) with r € {0,... ,n}, ,m € Ny with [ + m = r,
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v e P(l), v € P(m), and with the renormalized weight Wl]?mw (v, V', z;€) given by

or (n —r—+ 1) KB Kn
WAUM(V, Vie) A (v, v ase)

(95) WLBm;T(Vv I//,QC;E) =
when r = [ + m, with
AFDL (v V5 €) = <H(—6‘2qti_1; q)oo> Sc(pp(€)a”;oB(e)q”)

i=1

(9.6)
.A(d) (PB (e)qv; tB,O(G))A(d) (O'B (e)ql’/; tB,l(E))

ifve Pg)) (l;e), V' € Pg)(m; €) and zero otherwise,

n—r

ASP (V) zye) = —e 2qtmti L
9.7) 2,1, ( €) };[1( € q Q)Oo

Awstp(€); )0 (pp(€)a" 208 ()g” ; x)

ifve Pg)) (l;e), V' € Pg)(m;e) and zero otherwise, with . given by ([BI2). We
use the obvious conventions when | = 0, m = 0 or r = n (compare with the
little g-Jacobi case in section 8). In particular, we have Agﬁnil(y, V'ie) =1 for
Ve Pg))(l;e), ZS Pg)(n —l;e)and [ € {0,... ,n}.

The following lemma will be used to pull a limit €, | 0 in the right-hand side
of ([@.4) through the integration over x € T"~" and through the infinite sums over
v € P(l) and v/ € P(m) for some sequence {€x }ren, in Rso converging to 0.

Lemma 9.2. Keep the notations and conventions as above. Let I,m € Ny with
I+m € {0,...,n} and write r := 1+ m. Then there exists a sequence of positive
real numbers {ex}ren, which converges to 0, such that:

(i) For allv € P(l), V' € P(m) we have

m
—2 , . ,
Jim ATE, (v e) = (0:0) eadP (ppa” o5¢”) [ [ pp.aa” [ ] los.sla”,

and there exists a K € Ry independent of v € P(l) and v' € P(m) such that

sup |ALE v,V e)] < Kep AP (ppa”,op4”) IIrsia7 1] lo5.5lq"
[SI) X .
for all v € P(l) and all V' € P(m), where AP(2) = AB(z;a,b,c,d;t) is given by
(3).
(ii) If r < n, then limj_oo AKB

aimW V' xiey) =0 for allv € P(l), v' € P(m),
zeT™ " and

sup |A21m(1/ vV xiep)| < oo
(k,v,v’,2)ENgX P(l)x P(m)xTn—"

The proof of Proposition [Z4 is now an easy consequence of Lemma and
Lebesgue’s dominated convergence theorem. Indeed, the infinite sum

n—1
98) (1—q ™Llp= Y c5:A%(ppqg" 089" Hszq [ lo5.la%.
(v,v',1) i=1 j=1
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where the sum is taken over three tuples (v,v/,1) with v € P(l) and v’ € P(n —1)
and [ € {0,...,n}, is absolutely convergent (cf. [36, proof of Proposition 6.1]).
Since

1 1

sup Imx(pBq”, 09" (cd/q)2 z|(cd/q)?€)| < oo,
where the supremum is taken over the four tuples (v,v/,x,¢) with v € P (l €),
Vo€ P](Bl)(m,e), x €T " (r =1+ m) and ¢ > 0, we obtain, by Lebesgue’s
dominated convergence theorem, (6.12)), ([@.4), (0.8) and Lemmal[3.2],

klggo <H(_5k2qti_l;Q)w> ((Cd/‘I)% )‘)\lﬂﬂ‘(m)\,m“};B(ek),t
=1
n , l n—I ,
—= > > esi(mamuAP)(ppg” o5q”) [ [ peaa” [ los.ila"
(q’q)oo I=0  veP(l) i=1 j=1
V/EP(n—l)

2"n!

=2"nl(1—q) "(q; q) " (i i) 5

for some sequence {€x }ren, in Rso converging to 0. So for the proof of Proposition

[4], it suffices to prove Lemma [9.2]

Proof of Lemma[d-.2 Using the explicit expressions for A4 @F5), 6, B12) and
tp(e) (TI12), we can write

(99) A1 l, m(Vﬂ V/; 6) = UO(Vv I/,; lvm)UJr(E; v, V/; la m)U*(E; v, I/; lvm)

with Uy, Uy, respectively U_, the factor of A{( le consisting of products of g-shifted
factorials of the form (e;q)s7 (e e,q)s7 respectively (e_Qe;q)s (s € NgU{o0}). By
a straightforward computation, the factors Uy, Uy and U_ can be explicitly given
by

Uo(v,v';1,m) :=Vo(v,l;a,b,c,d)¥o(v',m;b,a,d,c)
(9.10) I (g d, — g d e q)
1<i<l
1<j<m
if (v,1') € Py(l;€) x Pi(m;e), and zero otherwise, with
Uo(v,l;a.b,c,d) := Fi(v)

: 1
(9.11) E (g, —t1—iq ui,ld/c’ati—1qui,1+17_bti—lqui,lﬂc/d;q)m
l (atzflqwflﬂ’ _btiflqlli71+10/d; q)Vi_Vi,—l
E , —ti-lgriitle/d; q) o (abtiqqui,lﬂ)”i*”iﬂ

where vy = 0 and F; (v) is given by (811)), and
Us(ev,V51,m) =Y, (e;v,1;a,b,¢,d) ¥ (e;v',m;b,a,d, c)
(9.12) ] (e YiVig)

1<i<l
1<5<m
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if (v,v') € P](go)(l; €) X P](;)(m; €) and zero otherwise, with

l (62t2(1—i)q—2w_1—1d/c. q)
\I] 2 l, 5 b7 5 d = . : ) 0o
(9.13) +(ev,l5a,b,c¢,d) 11;[1 (520,15171(]71471({/07 —e2btl—ig—vi-1; q)

H (62t2—i—jq—l/,;—l/j—1d/c; q)T

1<i<j<l

oo

and
U_(ev,/51,m) =¥ _(e;v,l;a,b,¢,d)¥_(€;v',m;b,a,d,c)

m _672qtl+j71.q o ' ,
(914) ] H ((_6_2qtj_1. ;Z))oo H (_6—2t1,+j—2qu,,+uj+1; q)T
Jj=1 ’

00 1<i<l
1<5<m

if (v,1) € P](B,O)(l; €) X Pg)(m; €) and zero otherwise, with

l (6—2t2(i—1) Wit/ 4.

. . ¢ *e/d;q),

U (v, labcd) =] (e 22G-D g2 +1c/d; q)
’ 1

i=1
! (672t2(i71)q2ui,1+10/d’ e 24t q) s

(9.15) : H (6—2a—1ti—1qui,1+1c/d7 —e2p—lpi-lgriitl, q)

=1
[Tio (—%at5q),,,

Tlicicjc(e2titiz2grimtvitic/d; q)

Vi—Vi—1

Vi—Vi—1
For given €y € R*, we write €, := €gg”. Then for generic ¢y > 0 we have
(916) leII()lo U+(€k;V, l//;l,m) =1

for all (v,v') € P(l) x P(m) by Lemma R2(a). By (B2H), we have for generic
€ >0

. [Tiey (= *at " 50),,

k—s00 H1<i<j<l (EI;QtiJrijqqurVnglc/d; q)l/‘ e

(9.17) l
_ Hq(wf;%—l)t(i_l)w_l H (_ti+j—2qw_1+uj+1c/d)Vi71qu7(ui—;i71)
i=1

1<i<j<l

for the factor of W_ in the third line of (9.I5). The factor of U_ in the second line
of (@I4) can be rewritten as

B0 [T (st
i (me2qti i) 1<i<l
(9.18) e '
) H (_E—thz+1—1;q)w+yj,
pmg GG
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It follows then from (014), (@1H), (@117), (OI8) and LemmalR2(b) that, for generic
€0 >0,

(9.19) klim U_(ex;v,v'51,m) = tml”H””/‘\If‘f’(V,l;a,b, ¢, d)U> (V' ,m;b,a,d,c)

with
1
U (v,l;a,b,¢,d) := H(ti’lq”"'*lwab) V’;V""lq(ulﬁﬁl)t(i’l)”i*l
(9.20) i=1
H (_ti+j—2qw_1+uj+1C/d)1’i—1*wq7(”i_‘2’i71).
1<i<j<l

We will now rewrite Uy in the form

l m
—r —ti= mc/cl
l
Uo(w, /51, m) }_[19 t1 id/c)0(—tic/d) ]Hl t1 ic/d)

. CO(Va 14 ;l7m)AB(quya O-Bqul;aa ba c, d t)

(9.21)

and we determine the factor Cy(v,v';1,m) explicitly. Using () and the formula
6(x) = 0(qx~') for the Jacobi theta function 6(z) (Z.1), we can rewrite the factor

lI/()(V7l;a/7b7 ¢, d) @D as
Uo(v,l;a,b,c,d) = Fi(v)
(922) ﬁ UB(/)B zq a7b7 ¢, d)(ti—lc/d)w_lq("i—21+1)
—ti=id/c) (¢ q) (a3q),_,  (abti=lgrmtl)rimvis

1,=1

where vp () is the one-variable weight function for the big g-Jacobi polynomials.
Since vg(—dz;a, b, c,d) = vg(dz; b, a,d, ), we obtain from (22)

\IIO(Vlvm;baavdv C) = Fl(l/)

’ . ’ v 1
(9.23) ﬁ vg(0B,;¢"7;a,b, ¢, d)(tj’ld/c)”j—lq( 5
i 0=t ie/d) (¢ 1 q) (g5q),,_,,  (abtiTlgm )T
J ji—1

The factor Fy(v) (BII) of ¥o(v,l;a,b,c,d) can be rewritten as

l tz 1 1+u,7q)

Fi(v) :5qJ(PBqV)q 2 =7 H ?”q)oot 2(1—i)v;
(924) =1
H (_qu*Vi+1t]fz)Vi*Vi71q( v —1)
1<i<j<l

for v € P(l) where d4y is given by (6.8). This follows from (BI3)) since d4s(ppqg”) =

=175 1(ppg”) for v € P(1) (here pr; = t~1). Similarly, we have, for the factor
Fi (V') of Wo(v',m;b,a,d,c),

N2 (8 (P g Ny

Fi(v') =04(op4" )a~*" (3)g-m(m=17 H (( T+ —vi_,. ))OO t—2m=i)v;

i (a 1q

H (_q,,;,,,;Jrlt]‘,i)ngu;_lq("if;’f—l),

1<i<j<m

since 8,7(opq” ) = d™" V76, ;(prg” ) for v/ € P(m).

oo

(9.25)
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Finally, we set, for z = (21,...,2,) with r := 1+ m,
o) =TItz = zllal (et 2/ 25 0),, -
1<i<l
I+1<j<r

Then the factor of Uy in the second line of ([@I0) can be rewritten as
H (—ti_qu’i_ J/'c/d, —tj_iq”yl'_”"’d/c; q)T

1<i<l
1<5<m

(9.26)

l .
_ A 0(—tmc/d)
= 0bs(ppa” opg I —— :
! =1 0(=tic/d)(cti—1q7)

for v € P(l) and v/ € P(m), since we have for i € {1,...,1}, j € {1,... ,m} that
(~t"9q" Vie/d,~t"'q T dferq),

(9.27) _ O(—t=Ic/d)(—t/ gt vimvid /e Q)

0(—ti*j+10/d)(—tj*i“q”ﬂl‘*”id/c; q)Oo

(formula @Z17) follows from a straightforward computation using 3), [Z9) and
0(x) = 0(qz~1)). Since

2mT

(1 + tj*iql/;-*wd/c)twfuj’-

8q1(pBa" 080" ) = 641(pBa")dqs(05a" )0k (ppa”, 0q"")

for v € P(l) and v/ € P(m), we obtain from (Z3), (@I0), @22), (@Z3), @24,
(B29) and ([@20) that (@ZI) holds with

C v, V/; l, m :t7m|u\7l|u'\672lm‘r —2m(é)7’2
(9.28) o )=t 1
: CO(V) l7 a, ba c, d)CQ(V,, m; b7 a, d7 C)
where
Co(v, lya,b,c,d) i= g2 ()2
l

(9.20) .H(ti—lc/d)W—lq(”1—21+1)t—2(l—i)1/,¢ (abti—lql/f,_l-‘rl)’/i—l—l/i,

i=1

H (_quj—ui+1tj—i)Vi—V7:—1q("i*;’i—l).
1<i<j<i

We have by Lemma[@1] (with n in the right-hand side of (3.1]) equal to r = [ +m in

this situation) and by (@9), (E16), (19), (@21)) and [@.28)) that for generic ¢y > 0,
khlg) AFE (v, vser) = Uo(v, V5 1,m) khj& U_(eg;v,v'51,m)
(9-30) =(q;9) ;QTCB,ZAB(/)B(]V7 opq” sa,b,c,d;t)
-E(v,l;a,b,¢c,d)E(V',m;b,a,d,c)
for v € P(l) and v/ € P(m), with
(9.31) E(v,l;a,b,¢,d) = qQTz(é)t(é)CQ(é)T+lC'0(u, l;a,b,¢,d) U (v,1l;a,b,c,d).

By ([@20) and (3.29), we obtain

l
EW,l;a,b,¢,d) = (gl = [1r5.ia, vePQ.
i=1
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In particular we have E(v',m;b,a,d,c) = H;nzl |JB,j|q”;' for v/ € P(m); hence by

(@.30)

l m

. —2 ’ . /

Jim AFS (v ex) = (0:0) o e81A (pBd”, 0BG") [1rz:a I] los.la"
i=1 j=1

for all v € P(l), v' € P(m). To complete the proof of Lemma [0.2(i), it suffices to
prove that, for generic ¢q > max((qc/d)%7 (qcl/c)%)7

l m
sup |Afl?m(1/a V/; 6k)| é KCB,IAB (quyv JBqV ya, ba C, d, t) H PB,qu H |0—B7j|quj
keNg i=1 i=1
for all v € P(l) and all v/ € P(m), with K > 0 independent of v and v’. This can
be proved by similar arguments as in the little g-Jacobi case (see proof of Lemma

B(i)). In particular, the estimates for almost all factors of Af'” = can be obtained

from one of the three estimates of Lemma Only for the factor in the third
line of the expression of ¥_ (@.IH]) one needs a separate argument to establish the

desired estimate. We may assume that this factor is zero unless v € Pg))(l; €) and
Ve P](;)(m; €). In view of the limit ([@I7), we would like to establish, for generic
€0 > max((qc/d)%, (qd/c)%), the estimate

1 9 i
[Tiei (—e gt q)ui,l
(6];2ti+j_2ql’j+1’i71+1c/d; q)y

sup

{keNo|ve P (1;er) and v/ ePL) (mier)} H1§i<j§l i1
l

< K' H q(ui}l_*—l)t(i—l)w—l H (t’i+j—2qqu—l+Vj+1C/d)V’L’*l7Viq7(ui_l2li*1)

i=1 1<i<j<l

with K’ > 0 independent of v € P(l) and v/ € P(m). This can be done similarly
as we have done for the factor N7 (8I9) in the little g-Jacobi case.
The proof of Lemma [0.2((ii) is similar to the proof of Lemma [8](iii). O
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