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SPECTRAL THEORY AND HYPERCYCLIC SUBSPACES

FERNANDO LEÓN-SAAVEDRA AND ALFONSO MONTES-RODRÍGUEZ

Abstract. A vector x in a Hilbert space H is called hypercyclic for a bounded
operator T : H → H if the orbit {Tnx : n ≥ 1} is dense in H. Our main
result states that if T satisfies the Hypercyclicity Criterion and the essential
spectrum intersects the closed unit disk, then there is an infinite-dimensional
closed subspace consisting, except for zero, entirely of hypercyclic vectors for T .
The converse is true even if T is a hypercyclic operator which does not satisfy
the Hypercyclicity Criterion. As a consequence, other characterizations are
obtained for an operator T to have an infinite-dimensional closed subspace of
hypercyclic vectors. These results apply to most of the hypercyclic operators
that have appeared in the literature. In particular, they apply to bilateral and
backward weighted shifts, perturbations of the identity by backward weighted
shifts, multiplication operators and composition operators. The main result
also applies to the differentiation operator and the translation operator T :
f(z)→ f(z+1) defined on certain Hilbert spaces consisting of entire functions.
We also obtain a spectral characterization of the norm-closure of the class of
hypercyclic operators which have an infinite-dimensional closed subspace of
hypercyclic vectors.

1. Introduction

A bounded operator T on a Hilbert space H is said to be cyclic if there is a vector
x ∈ H such that the orbit {T nx}n≥1 has dense linear span. If this is the case, the
vector x is called a cyclic vector for T . If the orbit {T nx}n≥1 is itself dense in H,
then T is said to be hypercyclic. In this case the vector x is called hypercyclic for
T .

Each of the following classes of linear maps contains hypercyclic operators: back-
ward and bilateral shifts [Ro], [GS], [Sa2], translations and differentiation operators
[CS], composition operators [BS1], [BS2], multiplication operators [GoS], perturba-
tion of the identity by a weighted shift [Sa2].

Interest in cyclic operators arises from the invariant subspace problem. In fact,
it is easy to see that an operator T has no non-trivial invariant closed subspace
if and only if each non-zero vector is cyclic for T . It is not known if there is a
bounded linear operator on a separable Hilbert space that does not have closed,
non-trivial invariant subspaces. Similarly, an operator has no non-trivial closed
invariant subset if and only if each non-zero vector is hypercyclic. Again, it is
not known if there is an operator on Hilbert that does not have closed, non-trivial
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invariant subset. On Banach space the situation is different: Enflo [En] solved the
invariant subspace problem, and Read [Re] constructed on the space `1 an operator
without invariant closed subset.

Herrero [He3] and Bourdon [Bou] independently showed that every hypercyclic
operator on Hilbert space has a (non-closed) dense invariant subspace that consists,
except for the zero vector, entirely of hypercyclic vectors, thus completing earlier
results that appeared in [Be], [GoS] and [Pa]. As a consequence, the restriction of
a hypercyclic operator to such a subspace gives an example of a bounded linear
operator on a pre-Hilbert space with no proper, closed invariant subset.

There is also some work which complements Herrero’s and Bourdon’s result.
Bernal and Montes [BM] proved that there is an infinite-dimensional closed vector
space consisting, except for zero, of hypercyclic vectors for the translation operator
in the space of entire functions with the topology of uniform convergence on compact
subsets. This result has been extended to Banach spaces: The main result in [Mo]
gives sufficient conditions on a bounded linear operator defined on a Banach space
which guarantee that there exists a whole infinite-dimensional Banach space which
consists, except for zero, of hypercyclic vectors. This result was used to prove that
certain composition operators acting on Hardy spaces have an infinite-dimensional
closed subspace of hypercyclic vectors (see Theorem 3.1 in [Mo]). In strong contrast
with Herrero’s and Bourdon’s result, there exist hypercyclic operators such that all
closed subspaces of hypercyclic vectors for T are finite dimensional—in particular,
certain scalar multiples of the backward shift defined on `2 (see [Mo, Theorem 3.4]).
Therefore, the following question arises:

Question. Which hypercyclic operators have an infinite-dimensional closed sub-
space of hypercyclic vectors?

A partial solution to this question was given in [LM]. Specifically, if an operator T
is a compact perturbation of the identity and satisfies the Hypercyclicity Criterion,
then there is an infinite-dimensional closed subspace consisting, except for zero,
of hypercyclic vectors for T . This is a somewhat surprising conclusion, because
compact perturbations of the identity were not expected to be hypercyclic (see
[CS], [HW], [Sa2]).

In Section 2 we state the main result, which answers the above question for
all operators satisfying the Hypercyclicity Criterion. Then we apply the result to
bilateral and backward weighted shifts, perturbation of the identity by a backward
weighted shift, multiplication operators and composition operators. The main result
also applies to the differentiation operator and the translation operator T : f(z)→
f(z + 1) on certain Hilbert spaces consisting of entire functions. Thus we answer
some of the questions posed in [LM].

Section 3 is devoted to proving that if an operator T satisfies the Hypercyclicity
Criterion and the essential spectrum intersects the closed unit disk, then there
is an infinite-dimensional closed subspace consisting, except for zero, entirely of
hypercyclic vectors. Section 4 is an expository section devoted to the concept of the
essential minimum modulus. The essential minimum modulus is the most important
technical concept in the following section. Section 5 is devoted to proving that if an
operator is hypercyclic and the essential spectrum does not intersect the closed unit
disk, then all closed subspaces of hypercyclic vectors are finite-dimensional. The
essential minimum modulus will play a critical role in an argument that depends in
an essential way on a deep theorem of Zemánek that relates asymptotic properties
of the essential minimum modulus with the distance from zero to the left essential



SPECTRAL THEORY AND HYPERCYCLIC SUBSPACES 249

spectrum. We will close Section 5 with a characterization of the norm-closure of
the hypercyclic operators which have an infinite-dimensional closed subspace of
hypercyclic vectors.

The results of this work clarify the idea suggested in [LM] that “the less opportu-
nity an operator has of being hypercyclic, the more opportunity it has of supporting
an infinite-dimensional closed subspace of hypercyclic vectors”.

Before proceeding further we would like to say that the authors are deeply in-
debted to Joel H. Shapiro, who has contributed a great deal of work and very sharp
observations to improve this paper.

2. Statement and applications

Throughout this section H will denote a separable Hilbert space. We start
by recalling some definitions from spectral theory (see [He1, Chapter 1]). Let
L(H) denote the space of bounded linear operators which apply H into itself. The
spectrum of an operator T is σ(T ) = {λ ∈ C : T − λ is not invertible}. The left
spectrum of T will be denoted by σl(T ). It is the set of complex numbers λ such
that T − λ is not left invertible. The right spectrum σr(T ) is defined similarly.

If K(H) denotes the ideal of all compact operators acting on H, then the Calkin
algebra is the quotient space L(H)/K(H). If T ∈ L(H), then the canonical projec-
tion π(T ) onto L(H)/K(H) will be denoted by T̃ . The essential spectrum of T is
σe(T ) = σ(T̃ ). The left essential spectrum σle(T ) and the right essential spectrum
σre(T ) are defined in the obvious way. Recall that T ∈ L(H) is called Fredholm if
ranT is closed and the index ind T = dim(kerT )− dim(kerT ?) is finite. Atkinson’s
Theorem (see [Ha, p. 91]) asserts that T is Fredholm if and only if T̃ is invertible
in the Calkin algebra. Hence, ρF (T ) = {λ ∈ C : T − λ is Fredholm} (the Fredholm
domain of T ) is an open subset of C and σe(T ) = C \ ρF (T ).

We will rely heavily on the following theorem, which gives sufficient conditions
for an operator T to have an infinite-dimensional closed subspace of hypercyclic
vectors for a bounded operator T on a separable Banach space (see [Mo, Theorem
2.2 and the remarks following it]).

Theorem A. Let T be a bounded linear operator on a separable Banach space B.
Suppose that there exists a sequence {nk} of positive integers, strictly increasing to
∞, corresponding to which there are

a1) a dense subset X ⊂ B such that ‖T nkx‖ → 0 for every x ∈ X,
a2) a dense subset Y ⊂ B and a mapping S : Y → Y such that TS = identity on

Y , and ‖Snky‖ → 0 for every y ∈ Y , and
b) an infinite-dimensional closed subspace B0 ⊂ B such that ‖T nke‖ → 0 for

every e ∈ B0.
Then, there is an infinite-dimensional closed subspace B1 such that each z ∈ B1\{0}
is hypercyclic for T .

It is known that an operator satisfying a1) and a2) for a sequence {nk} is hy-
percyclic, in fact, this is the result known as the Hypercyclicity Criterion. The
Hypercyclicity Criterion was discovered by Carol Kitai in her 1982 Toronto disser-
tation [Ki]. This result was never published and it was rediscovered by Gethner and
Shapiro [GS] in more generality and with a simpler proof. They used it to unify
the proofs of theorems of Birkhoff [Bi], Seidel and Walsh [SW], MacLane [Mc], and
Rolewicz [Ro], and to discover hypercyclic behavior in many other settings. Since
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then, the Hypercyclicity Criterion has figured prominently in subsequent studies
to discover hypercyclic behavior [BS1], [BS2], [GoS], [CS], [He3], [HW]. Theorem
A states that the Hypercyclicity Criterion plus condition b) give a whole infinite-
dimensional closed subspace of hypercyclic vectors. From now on, for the sake of
fluency we omit the phrase “except for zero”. Although conditions a1) and b) might
appear similar at first glance, they are quite the opposite of each other. Indeed, if
property b) is satisfied for the whole sequence of natural numbers, then hypercyclic
vectors cannot exist in B0.

Observe that the class of all operators having an infinite-dimensional closed
subspace of hypercyclic vectors and the class of all operators satisfying property b)
of Theorem A are invariant under similarity. Therefore, as Herrero did with the
class of all hypercyclic operators in [He3], these properties can be analyzed with
the approximation machinery developed in [AFHV], [He1], [He2]. Usually, this
machinery gives a characterization of the norm-closure of the operators satisfying
some certain property. In a sense the next result, which is the main goal of this
paper, tells us that we can do a little more.

Theorem 2.1. Let T be a bounded linear operator on a separable Hilbert space H
satisfying the Hypercyclicity Criterion. Then the following conditions are equiva-
lents:

i) There is an infinite-dimensional closed subspace H1 such that each z ∈
H1 \ {0} is hypercyclic for T .

ii) There exists a sequence of positive integers {nk} corresponding to which there
is an infinite-dimensional closed subspace H0 ⊂ H such that ‖T nkz‖ → 0 for
every z ∈ H0.

iii) There exists a sequence of positive integers {nk} corresponding to which there
are an infinite-dimensional closed subspace Hb ⊂ H and a constant M > 0
such that ‖T nkz‖ ≤M‖z‖ for every z ∈ Hb and for every k.

iv) The essential spectrum of T intersects the closed unit disk.

We stress here that in order to apply Theorem A it is necessary to verify condi-
tions a) and b) on the same subsequence of positive integers. Observe that Theorem
2.1 does not need this requirement. Condition iii) is another improvement of Theo-
rem A. From Theorem 2.1 we see that condition b) in Theorem A was quite sharp.
Theorem 2.1 says that in some sense certain hypercyclic operators (including com-
pact perturbations of the identity) are more hypercyclic than others.

Theorem 2.1 will be proved in Section 5. We devote the rest of the present
section to applying the result to the most common classes of operators which are
known to contain hypercyclic operators.

1. Bilateral weighted shifts. Assume now that H = `2(Z). The operator T is
an (injective) bilateral (forward) weighted shift with respect to the canonical basis
{en : n ∈ Z} if Ten = wnen+1, where the weight sequence {wn : n ∈ Z} is a
bounded subset of C \ {0} (without loss of generality we may assume that each wn
is positive). Salas [Sa2] proved that a weighted shift with positive weight sequence
{wn} is hypercyclic if and only if, given ε > 0 and a positive integer q, there exists
n arbitrarily large such that

n−1∏
s=0

ws+j < ε and
n∏
s=1

wj−s >
1
ε

(|j| ≤ q).(1)
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In order to apply Theorem 2.1, let us show that a hypercyclic bilateral weighted
shift always satisfies the Hypercyclicity Criterion. To verify conditions a1) and a2)
of Theorem A we follow the lines of Gethner and Shapiro. We take X = Y =
span{en}, and the operator S will be the backward weighted shift defined on `2(Z)
by

Sen =
1

wn−1
en−1 (n ∈ Z).

Clearly, TS= identity on `2(Z). Observe that if the sequence {wn} is not bounded
away from zero, then S is not a bounded operator. But the Hypercyclicity Criterion
copes as well with this more general situation. Let {εk}k≥1 be any sequence of
positive numbers decreasing to zero. Upon applying conditions (1) for each positive
integer k we can find a positive integer nk such that conditions (1) are satisfied for
ε = εk, q = k and n = nk. The sequence required by the Hypercyclicity Criterion
will be {nk}. Therefore, if x ∈ span {en}, then x =

∑k0
i=−k0

αiej , where k0 is a
positive integer and some αj may be zero. So if k ≥ k0, we have

‖T nkx‖ =

∥∥∥∥∥∥
k0∑

j=−k0

αj

(
nk−1∏
s=0

ws+j

)
ej+nk

∥∥∥∥∥∥
=

 k0∑
j=−k0

|αj |2
(
nk−1∏
s=0

ws+j

)2
1/2

<εk‖x‖,

which tends to zero as k tends to infinity. On the other hand,

‖Snkx‖ =

∥∥∥∥∥∥
k0∑

j=−k0

αj
1

(
∏nk
s=1 wj−s)

ej−nk

∥∥∥∥∥∥
=

 k0∑
j=−k0

|αj |2
1

(
∏nk
s=1 wj−s)

2

1/2

<εk‖x‖,

which also tends to zero as k →∞.
The spectrum of a bilateral weighted shift T is either an annulus or a disk,

depending on whether T is invertible or not (see [Shi, Theorem 5, p. 67]). First,
we suppose that the spectrum is a disk. Since bilateral weighted shifts have dense
range and are injective, we find that ranT is not closed; otherwise T would be
invertible. Thus, the origin belongs to the essential spectrum and, therefore, the
essential spectrum intersects the closed unit disk. Now suppose that the spectrum is
an annulus. Having in mind that each component of the spectrum of a hypercyclic
operator must intersect the unit circle (see [Ki, Theorem 2.8]), we find that the
boundary of the annulus intersects the closed unit disk. On the other hand, for
any operator nonisolated points in the boundary of the spectrum belong to the
essential spectrum (see [Co, Chapter XI, Theorem 5.3]). Therefore, we find that
the essential spectrum also intersects the closed unit disk. Therefore, in any case
we may apply Theorem 2.1 to obtain the following fact.
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Corollary 2.2. Let T be a hypercyclic bilateral weighted shift. Then there always
exists an infinite-dimensional closed subspace of hypercyclic vectors.

As noted by Salas [Sa2], a characterization similar to conditions (1) above can be
given for a bilateral backward weighted shift to be hypercyclic. Of course, it can be
proved that a hypercyclic bilateral backward shift also satisfies the Hypercyclicity
Criterion for a subsequence of positive integers {nk}. These results are not in
contradiction with the result of Salas [Sa1] in which he constructed a bilateral
shift which does not satisfies the Hypercyclicity Criterion for the whole sequence
of natural numbers. Finally, as in [Sa2], we may deduce that there is a hypercyclic
operator T such that T and its adjoint T ? have an infinite-dimensional closed
subspace of hypercyclic vectors.

2. Backward weighted shifts. Let {en}n≥0 be the canonical basis of `2. The
backward weighted shift T : `2 → `2 is defined by Ten = wnen−1 for n ≥ 1 and
Te0 = 0, where the weight sequence {wn}n≥1 is a bounded sequence of positive
numbers. Gethner and Shapiro [GS], by means of the Hypercyclicity Criterion,
proved that if lim

∏n
j=1 wj = ∞, then T is hypercyclic. Salas [Sa2] proved that a

backward weighted shift is hypercyclic if and only if lim supn→∞
∏n
j=1 wj =∞.

In order to apply Theorem 2.1 let us show that a backward weighted shift always
satisfies the Hypercyclicity Criterion whenever it is hypercyclic. As before we take
X = Y = span{en}, and the operator S will be the weighted forward shift defined
on `2 by

Sen =
1

wn+1
en+1 (n = 0, 1, 2, ...).

Clearly, TS = identity on `2. Since T is hypercyclic we have lim supn→∞
∏n
j=1 wj =

∞. Thus for every ε > 0 and for every positive integer q there is an nk such that
nk∏
i=1

wi+j >
1
ε

(j ≤ q).(2)

Again, let {εk}k≥1 be any sequence of positive numbers decreasing to zero. For
each positive integer k we can find a positive integer nk such that condition (2) is
satisfied for ε = εk and q = k. Let x ∈ span{en}; then x =

∑k0
j=0 αjej and T nkx is

eventually zero. As before, for k ≥ k0 we can prove that ‖Snkx‖ < εk‖x‖. Thus T
satisfies the Hypercyclicity Criterion.

In Section 4 (see Proposition 4.1) we will prove that the nearest part of the
essential spectrum of a backward weighted shift is a circle centered at the origin
and of radius

r1 = lim
n→∞

(
inf
k

n−1∏
i=0

wk+i

)1/n

.(3)

If r1 = 0, then the circle degenerates to a point. For the existence of the above
limit see [Shi, Propositions 12 and 14] or Section 4. Thus the essential spectrum
intersects the closed unit disk if and only if r1 ≤ 1. Thus we may apply Theorem
2.1 again to obtain

Corollary 2.3. Let T be a backward weighted shift with positive weight sequence
{wn}. Then T has an infinite-dimensional closed subspace of hypercyclic vectors if
and only if lim supn

∏n
i=1 wi =∞ and r1 ≤ 1.
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3. The identity plus a backward weighted shift. Let T be a backward
weighted shift as above. Chan and Shapiro [CS] proved that for certain types
of unilateral backward weighted shifts T on Hilbert space the operator I + T is
hypercyclic. Godefroy and Shapiro [GoS] asked whether I + T is hypercyclic on a
Hilbert space if T is a quasinilpotent unilateral backward weighted shift. A simi-
lar question was asked also in [CS]. In [Sa2] H. Salas proved that for a backward
weighted shift T : `2 → `2 with positive weights, I + T is hypercyclic. In [LM,
Proposition 4.3 and remark following it] it is proved (using Salas’s method) that
the operator I+T always satisfies the Hypercyclicity Criterion. Therefore, a direct
application of Theorem 2.1 gives the following

Corollary 2.4. Let T be a backward weighted shift. Then the operator I + T has
an infinite-dimensional closed subspace of hypercyclic vectors if and only if r1 ≤ 2.

Corollary 2.4 answers one of the questions posed in [LM].

4. Multiplication operators. Following Godefroy and Shapiro [GoS], let Ω ⊂ C
be a region (that is, a connected, open subset of C) and let H be a Hilbert space
of holomorphic function on Ω subject to the restrictions of non-triviality (that is,
H 6= 0) and bounded point evaluations (for each z ∈ Ω, the evaluation functional
f → f(z) is continuous on H). A complex valued function ϕ on Ω for which the
pointwise product ϕf ∈ H for every f ∈ H is called a multiplier. Each multiplier
of H determines a linear multiplication operator Mϕ by the formula

Mϕf = ϕf (f ∈ H).

The boundedness of Mϕ follows from the point continuity evaluations and the
Closed Graph Theorem. Proposition 4.4 in [GoS] proves that every multiplier is
a bounded holomorphic function on Ω. Godefroy and Shapiro [GoS, Theorem 4.9]
also proved that if

‖Mϕ‖ = ‖ϕ‖∞ = sup{|ϕ(z)| : z ∈ Ω},
then the adjoint M?

ϕ is hypercyclic if and only if ϕ(Ω) intersects the unit circle.
From part b) of Proposition 4.4 in [GoS] it can be deduced that the spectrum

of M?
ϕ is the closure of ϕ(Ω) = {z : z ∈ ϕ(Ω)}. In addition, if ϕ is one-to-one,

then the essential spectrum of M?
ϕ is the boundary ∂ϕ(Ω). Therefore, we have the

following fact.

Corollary 2.5. Suppose every bounded function ϕ on Ω is a multiplier of H, with
‖Mϕ‖ = ‖ϕ‖∞. Then whenever ϕ is one-to-one the operator M?

ϕ has an infinite-
dimensional closed subspace of hypercyclic vectors if and only if ϕ(Ω) intersects the
unit circle and the boundary ∂ϕ(Ω) intersects the closed unit disk.

5. Differentiation and translation operators. Following Chan and Shapiro
[CS], let us call an entire function γ(z) =

∑
γnz

n a comparison function if γn > 0
for each n, and the sequence of ratios γn+1/γn decreases to zero as n increases to
∞. If the sequence (n + 1)γn+1/γn is monotonically decreasing to zero, then γ is
called an admissible comparison function. For each comparison function γ, it can
be defined E2(γ) to be the Hilbert space of power series:

f(z) =
∞∑
n=0

f̂(n)zn
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for which the norm

‖f‖22,γ =
∞∑
n=0

γ−2
n |f̂(n)|2 <∞.

It can be said that the restrictions on the growth of comparison functions are
reflected in the behavior of the functions in the corresponding Hilbert space (see
[CS, p. 1429]).

Proposition 1.1 in [CS] states that the differentiation operator D : E2(γ) →
E2(γ), which assigns to each function f ∈ E2(γ) its derivative f ′, is bounded on
E2(γ) if and only if nγn/γn−1 is bounded. In fact they proved that it is a backward
weighted shift with respect to the orthonormal basis en = γnz

n with positive weight
sequence wk = kγk/γk−1. So, applying Corollary 2.3, we have the following.

Corollary 2.6. Suppose that γ is a comparison function. The operator of differ-
entiation has an infinite-dimensional closed subspace of hypercyclic vectors if and
only if

lim sup k!γk =∞ and lim
n→∞

(
inf
k

(n+ k − 1)!
(k − 1)!

γn+k−1

γk−1

)1/n

≤ 1.

From the fact that the differentiation operator D is bounded, and the fact that
the translation operator by a complex number a, which assigns to each function
f(z) the function f(z+ a), satisfies the equation Ta = eaD, Chan and Shapiro [CS,
Corollary 1.2] proved that the translation operator Ta is also bounded whenever
nγn/γn−1 is bounded.

From the equation Ta = eaD we see that the essential spectrum of Ta contains a
closed curve which passes through e−|a|r1 and e|a|r1 if r1 > 0 and {1} if r1 = 0. In
any case, σe(Ta) intersects the closed unit disk. Since the translation operator also
satisfies the Hypercyclicity Criterion (see [CS]), we have

Corollary 2.7. If γ is a comparison function, then there is an infinite-dimensional
Hilbert subspace of hypercyclic vectors for the translation operator Ta.

This answers another question posed in [LM]. Corollary 2.7 was obtained in
[LM] only for admissible comparison functions.

6. Composition operators. We close this section with composition operators,
which were the first class of operators to which Theorem A was applied. Let
H = H2(D) be the Hardy space of analytic functions on the unit disk D and whose
boundary values are in L2(∂D).

If ϕ is holomorphic on D and ϕ(D) ⊂ D, the Littlewood Subordination Theorem
(see [Sh, Chapter 1]) asserts that the corresponding composition operator Cϕ which
assigns to each function f ∈ H2(D) the function Cϕ(f) = f ◦ ϕ takes H2(D)
boundedly into itself.

In [BS1], Bourdon and Shapiro gave a complete characterization of those lin-
ear fractional transformations which induce hypercyclic operators. In [BS2], they
extend their results to a larger class of inducing maps. The second author by
means of Theorem A proved that hypercyclic composition operators induced by
linear fractional transformations have an infinite-dimensional closed subspace of
hypercyclic vectors (see [Mo, Section 3]). Theorem 2.1 clarifies why hypercyclic
composition operators were so good in satisfying Theorem A. The fact is that the
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essential spectrum of hypercyclic composition operators induced by linear fractional
transformations always intersects the closed unit disk.

Theorem 2.1 also applies to hypercyclic composition operators studied in [BS2].
In fact, Theorems 4.7 and 4.16 in [BS2] give sufficient conditions for a composition
operator Cϕ to be hypercyclic. Under the hypotheses of Theorem 4.7 in [BS2] we
can apply Lemma 7.24 in [CM] to see that the essential spectrum of Cϕ always
intersects the closed unit disk. Also, under the hypotheses of Theorem 4.16 in
[BS2] we can apply Corollary 7.39 in [CM] to see that the essential spectrum of
Cϕ always contains the unit circle. Therefore, applying Theorem 2.1 we find that
under the hypotheses of Theorem 4.7 or 4.16 in [BS2] there always exists an infinite-
dimensional closed vector space of hypercyclic vectors.

3. The essential spectrum intersects

In this section we will prove that if the essential spectrum of an operator satis-
fying the Hypercyclicity Criterion intersects the closed unit disk, then there is an
infinite-dimensional closed subspace of hypercyclic vectors.

We begin with a result that asserts that for hypercyclic operators the essential
spectrum and the left essential spectrum coincide. This fact will be very useful in
this section and in Section 5.

Proposition 3.1. If T is a hypercyclic bounded operator on a separable Hilbert
space H, then σe(T ) = σle(T ).

Proof. Since σle(T ) is contained in σe(T ), we need only prove the other inclusion.
If λ does not belong to σle(T ), then ran(T − λ) is closed. Since T is hypercyclic,
ran(T − λ) is dense in H (see [Ki, Theorem 2.3]). Therefore, ran(T − λ) = H and,
consequently, λ does not belong to σe(T ). The proof is finished.

One of the main keys for the proof of our result in this section is the follow-
ing proposition, which is a version of the Apostol-Foiaş-Voiculescu Theorem about
normal restrictions of compact perturbations of the identity (see [He1, Theorem
3.49]). The proof is the argument g) implies d) in [Co, Chapter XI, Theorem 2.5].
We include the proof not only for the sake of completeness, but also because it gives
insight in our results.

Proposition 3.2. Given a bounded linear operator T , λ ∈ σle(T ) and ε > 0, there
exist an infinite-dimensional subspace Hε and a compact operator Kε such that
‖Kε‖ < ε, (T −Kε)Hε ⊂ Hε, and the restriction of T −Kε to Hε is λIε, where Iε
is the identity on Hε.
Proof. Since λ ∈ σle(T ), the operator T −λ is not a left Fredholm operator. There-
fore, there is an orthonormal system {en} such that

lim
n
‖(T − λ)en‖ = 0

(see [Co, Chapter XI, Theorem 2.5]). By extracting a subsequence, if necessary, we
may suppose that

‖(T − λ)en‖ <
ε

2n
(n ≥ 1).

We define

Kε(x) =
∞∑
n=1

〈x, en〉(T − λ)en.
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Since Kε is the limit of finite rank operators, we find that Kε is compact. On the
other hand, it easy to see that ‖Kε‖ < ε. If we define Hε = span{en}, then we
have

(T −Kε)en = Ten − Ten + λen = λen,

and all the required properties are satisfied.

We remark here that in order to prove our results we do not even require the
full strength of Proposition 3.2.

Finally, some elementary theory about basic sequences will be required. Recall
that {xn} ⊂ H is a basic sequence if for each x belonging to the closed linear span
of {xn} there exists a unique sequence of scalars {αn} such that

x =
∞∑
n=1

αkxk.

For instance, an orthonormal system in a Hilbert space is a basic sequence. The
coefficient functionals {x?n} are defined as the linear functionals x?k (

∑∞
n=1 αkxk) =

αk. These functionals are continuous (see [Di, pp. 32-33]) and can be extended by
the Hahn-Banach Theorem to H.

Two basic sequences are called equivalent if the convergence of
∑
αnxn is equiv-

alent to that of
∑
αnyn. If {xn} and {yn} are basic sequences, then there is an

obvious isomorphism between their closed linear spans, span{xn} and span{yn}.
We also need the following standard stability theorem for bases (see [Di, Theorem
9, p. 46]).

Theorem 3.3. Let {yn} be a basic sequence in a Hilbert space H and suppose that
{y?n} is the sequence of coefficient functionals. Suppose that {zn} is a sequence in
H for which

∑
‖y?n‖ ‖yn − zn‖ < 1. Then {zn} is a basic sequence equivalent to

{yn}.

Now we turn to the proof of the spectral sufficient condition for the existence
of an infinite-dimensional closed subspace of hypercyclic vectors. Observe that the
Hypercyclicity Criterion makes a new appearance.

Theorem 3.4. Let T be a bounded linear operator on a separable Hilbert space H
satisfying the Hypercyclicity Criterion. Suppose also that the essential spectrum of
T intersects the closed unit disk. Then there exists an infinite-dimensional closed
subspace of hypercyclic vectors for T .

Proof. Since the operator T satisfies the Hypercyclicity Criterion, condition a) of
Theorem A is satisfied for some subsequence of positive integers. Therefore, we have
only to prove that condition b) of Theorem A is satisfied for the same subsequence.

Suppose the essential spectrum σe(T ) intersects the closed unit disk. Since T
is hypercyclic, Proposition 3.1 implies that σle(T ) = σe(T ). Thus σle(T ) also
intersects the closed unit disk. Thus we can take λ ∈ σle(T ) with |λ| ≤ 1. By
Proposition 3.2 we can find a compact operator K and an infinite-dimensional
Hilbert spaceH′ such thatH′ is invariant under T−K and the matrix representation
for some orthonormal basis is (

N ∗
0 A

)
,(1)
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where N is an infinite-diagonal matrix with diagonal entries equal to λ. Here N
is the matrix representation of restriction of T −K to H′. In fact the norm of K
can be taken as small as desired, but this is irrelevant for our purposes. However,
observe that the norm of the restriction of T −K to H′ is ≤ 1.

Although the rest of the proof runs parallel to that of Theorem 2.1 in [LM], the
details are different. The algebraic properties of compact operators imply that, for
each positive integer n,

T n = (T −K +K)n = (T −K)n +Kn,

where Kn is a compact operator. Let {en} be the orthonormal basis of H′ for
which T −K has the matrix representation (1). We will construct a subsequence
{yn} ⊂ {en} such that for every x =

∑∞
j=1 αjyj ∈ span{yn} and for every positive

integer n the following inequality is satisfied:∥∥∥∥∥∥Kn

∞∑
j=n

αjyj

∥∥∥∥∥∥ <
∥∥∥∥∥∥
∞∑
j=n

αjyj

∥∥∥∥∥∥ .
In order to do this we consider a sequence {εm} of positive numbers such that∑∞
m=1 ε

2
m < 1. Since K1 is compact and {en} converges weakly to zero, we have

‖K1en‖ → 0. Thus we can choose a positive integer m1 large enough to have
‖K1em‖ < ε1 for every m ≥ m1. In this way we can choose mn ≥ mn−1 such that
‖Knem‖ < εm for every m ≥ mn. We define yn = emn . Therefore, if

∑∞
j=1 αjyj ∈

span{yn} we have, for each positive integer n,∥∥∥∥∥∥Kn

∞∑
j=n

αjyj

∥∥∥∥∥∥ ≤
∞∑
j=n

|αj | ‖Knyj‖

<

∞∑
j=n

|αj |εj

≤

 ∞∑
j=n

|αj |2


1
2
 ∞∑
j=n

ε2
j


1
2

<

∥∥∥∥∥∥
∞∑
j=n

αjyj

∥∥∥∥∥∥ .
It is important to observe that we are free to choose the sequence {mn} contained
in the sequence for which the Hypercyclicity Criterion is satisfied.

Let X ⊂ H be the dense subset required by the Hypercyclicity Criterion. We
choose a sequence {zn} ⊂ X such that for each positive integer n

‖yn − zn‖ <
εn

max{‖T ‖, ..., ‖T n‖} .(2)

Since T is hypercyclic, ‖T ‖ > 1 and also ‖yn − zn‖ < εn for every n. In addition,
we may suppose that the sequence {εn} also satisfies

∑∞
n=1 εn < 1. Let {y?n}n≥1 be

the sequence of coefficient functionals corresponding to the orthonormal sequence
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{yn}. Thus
∞∑
n=1

‖y?n‖ ‖yn − zn‖ <
∞∑
n=1

εn < 1.

Therefore, upon applying Theorem 3.3 we find that every subsequence {znk} is a
basic sequence equivalent to the corresponding orthonormal sequence {ynk}. We
are in position to construct a basic subsequence of {zn} whose closed linear span
will be the space H0 we are looking for. Set n1 = 1. Since zn1 ∈ X , we may
apply hypothesis a1) of Theorem A to choose a positive integer n2 > n1 such that
‖T n2zn1‖ ≤

εn1
2 . Again, we may choose a positive integer n3 > n2 large enough to

have

‖T n3znk‖ <
εnk
22

for k = 1, 2.

In this way we construct an increasing sequence of positive integers {nk} such that

‖T nkznj‖ <
εnj
2k

for j = 1, ..., k − 1.

We define H0 = span {znk}. Let z =
∑∞

j=1 αjznj ∈ H0. Since {znk} is a perturba-
tion of an orthonormal system, it is bounded away from zero, so we may assume
|αj | < ‖z‖. Taking into account the fact that the norm of the restriction of T −K
to H′ is ≤ 1 and the fact that ‖Knkxk‖ < ‖xk‖ for xk =

∑∞
j=k αjynj , and using

the inequalities (2), we estimate∥∥∥∥∥∥T nk
∞∑
j=k

αjznj

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∞∑
j=k

αjT
nk(znj − ynj )

∥∥∥∥∥∥+

∥∥∥∥∥∥T nk
∞∑
j=k

αjynj

∥∥∥∥∥∥
<

∞∑
j=k

|αj | ‖T nk‖ ‖znj − ynj‖+

∥∥∥∥∥∥T nk
∞∑
j=k

αjynj

∥∥∥∥∥∥
< ‖z‖

∞∑
j=k

εnj +

∥∥∥∥∥∥(T −Knk)nk
∞∑
j=k

αjynj

∥∥∥∥∥∥+

∥∥∥∥∥∥Knk

∞∑
j=k

αjynj

∥∥∥∥∥∥
< ‖z‖

∞∑
j=k

εnj + 2

∥∥∥∥∥∥
∞∑
j=k

αjynj

∥∥∥∥∥∥ .
Finally, using the above estimation in the second inequality below,

‖T nkz‖ ≤
k−1∑
j=1

|αj | ‖T nkznj‖+

∥∥∥∥∥∥T nk
∞∑
j=k

αjznj

∥∥∥∥∥∥
<

k−1∑
j=1

|αj |
εj
2k

+ ‖z‖
∞∑
j=k

εnj + 2

∥∥∥∥∥∥
∞∑
j=k

αjynj

∥∥∥∥∥∥
< ‖z‖

 1
2k

+
∞∑
j=k

εnj

+ 2

∥∥∥∥∥∥
∞∑
j=k

αjynj

∥∥∥∥∥∥ .
(3)

Upon letting k tend to ∞ we have that (3) tends to zero because each of the
series which appear in (3) is the remainder of a convergent series. Therefore, we
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have proved that the hypotheses of Theorem A are satisfied for the sequence {nk}.
Consequently, if T satisfies the Hypercyclicity Criterion and the essential spectrum
intersects the closed unit disk, then there is an infinite-dimensional closed subspace
of hypercyclic vectors, and the proof is complete.

Remark. From (3) above we have

‖T nkz‖ ≤ ‖z‖

 1
2k

+
∞∑
j=k

εnj

+ 2

∥∥∥∥∥∥
∞∑
j=k

αjynj

∥∥∥∥∥∥ ≤ 4‖z‖

for every positive integer k and for every z ∈ H0. Thus, under the hypotheses of
Theorem 3.4 condition iii) of Theorem 2.1 is satisfied.

4. The essential minimum modulus

In this expository section we will define the essential minimum modulus and
discuss several of its properties which are relevant to the proof of the converse of
Theorem 3.4 in the following section. If T ∈ L(H), then the minimum modulus is
defined as

m(T ) = min{λ ∈ σ(T ?T )
1
2 }

and the essential minimum modulus is defined as

me(T ) = min{λ ∈ σe(T ?T )
1
2 }.

This is one of the most standard ways of defining the essential minimum modulus
on Hilbert space (see [He1, p. 167]). The essential minimum modulus has been
important in understanding the structure of the Calkin algebra, and has also been
used to obtain conclusions about the algebra of operators L(H). For instance, in
[Bo, Theorem 3], it is proved that the distance from an operator T to the set of
all invertible operators is max{me(T ),me(T ?)} whenever indT 6= 0. Theorem 4 in
[Bo] shows that the distance from an operator T to the set of Fredholm operators
is max{me(T ),me(T ?)} whenever T is not Fredholm.

First we will see several properties of the minimum modulus that have their
corresponding counterparts in the essential minimum modulus. By using the polar
factorization of T , it is easy to check that (see [Bo, Theorem 1, (i)])

m(T ) = inf{‖Tx‖ : ‖x‖ = 1}.(1)

The minimum modulus has a nice geometric interpretation. Let M(H) denote
the set of operators T such that kerT = {0} and ranT is closed. Clearly,M(H) is
open in L(H). It is well-known that m(T ) > 0 if and only if T belongs to M(H)
(see [Bo, Theorem 1, (ii)]). Proposition 2 in [MZ] shows that

m(T ) = dist (T,L(H) \M(H)).(2)

Furthermore, denoting by b(T ) the supremum of all ε ≥ 0 such that m(T −λI) > 0
for |λ| < ε, we have the following asymptotic formula (see [MZ, Theorem 3]):

b(T ) = lim
n→∞

m(T n)1/n.(3)

For instance, if T ? is the adjoint of a backward weighted shift T with positive weight
sequence {wn}, then

b(T ?) = r1(T ?),
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where r1(T ?) = r1 is defined as in formula (3) in Section 2 (see [Shi, Propositions
12 and 14]). As an application of formula (3) above we will prove the following
proposition, which completes the proof of Corollary 2.3 in Section 2.

Proposition 4.1. If T is a backward weighted shift, then the nearest part to the
origin of the essential spectrum is the circle centered at the origin of radius r1(T ?).

Proof. First, observe that for any complex number λ the operator T ?−λ is injective.
Hence, by the definition of b(T ?) we have that for any ε > 0 we can find r1(T ?) ≤
|λ1| < r1(T ) + ε such that T ? − λ1 is not closed. Therefore, λ1 belongs to the
essential spectrum of T ?. Since σe(T ?) is compact, we find that there is, at least,
one point on the circle |z| = r1(T ?) that belongs to σe(T ?). By circular symmetry
(see [Shi, Corollary 2, p. 52]) the whole circle |z| = r1(T ?) must be contained in
the essential spectrum.

Second, let us prove that if |λ| < r1(T ?), then λ does not belong to σe(T ?).
Toward this end, we consider the quantity

r2(T ?) = lim inf
n→∞

(
n∏
i=1

wi

)1/n

.

Observe that r1(T ?) ≤ r2(T ?). If |λ| < r1(T ?) ≤ r2(T ?), then dim ker(T ? − λ)? =
dim ker(T − λ̄) = 1 (see [Shi, Theorem 8, p. 70]). Also ker(T ? − λ) = {0}, and by
the definition of b(T ?) we have that the range of T ? − λ is closed. Upon putting
everything together we see that λ is not in the essential spectrum of T ?.

Finally, the result follows from the fact that σe(T ) = {λ̄ : λ ∈ σe(T ?)}.

The rest of this section is based on the work of Bouldin [Bo] and Zemánek [Ze1].
Let us prove that the essential minimum modulus satisfies a formula analogous to
(1). Recall that π(T ) = T̃ denotes the projection of T onto the Calkin algebra.
The formula π(T ?) = (π(T ))? can be used to define an involution which makes the
Calkin algebra into a C?–algebra, and the projection π from L(H) onto the Calkin
algebra is a ?-homomorphism. It is not difficult to check that

π((T ?T )1/2) = (π(T ?)π(T ))1/2.(4)

Now, the elements of any C?–algebra can be regarded as operators on a Hilbert
space H1 with norm |.| and such that |T̃ | = ‖T̃‖e, where ‖T̃‖e denotes the norm
of T̃ in the Calkin algebra (see [Co, Chapter VIII, Theorem 5.17]), for instance).
Thus the notation m(T̃ ) makes sense, and it follows from (1) and (4) that

me(T ) = m(T̃ ) = inf{|T̃x| : x ∈ H1, |x| = 1}.(5)

Now we turn to the geometric interpretation of the essential minimum modulus.
Let SF+(H) denote the set of all operators such that ranT is closed and kerT is
finite dimensional. It is well-known and not difficult to show that SF+(H) is open
in L(H). The following theorem, due to Zemánek (see [Ze1, p. 226]), provides a
geometric interpretation of the essential minimum modulus analogous to that of
m(T ).

Theorem 4.2. Let T be a bounded operator on a Hilbert space H. Then the essen-
tial minimum modulus me(T ) is equal to the distance from the operator T to the
closed set L(H) \ SF+(H).
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Proof. By Theorem 2 (iv) in [Bo], me(T ) > 0 if and only if T belongs to SF+(H).
Therefore, to show that me(T ) ≥ dist(T,L(H)\SF+(H)) it is enough to prove that
me(S) > 0 whenever ‖T − S‖ < me(T ). By using the expression (5) above for the
essential minimum modulus and the fact that |T̃ | = ‖T̃‖e ≤ ‖T ‖ we have, for each
x ∈ H1 with |x| = 1,

|S̃x| ≥ |T̃ x| − |(T̃ − S̃)x| ≥ me(T )− |T̃ − S̃| ≥ me(T )− ‖T − S‖ > 0.

Upon taking the infimum over all x ∈ H1 with |x| = 1, we see that me(S) > 0.
Now, given ε > 0, we must find an operator S in L(H) \ SF+(H) such that

‖T − S‖ ≤ me(T ) + ε.

Toward this end, let us consider the spectral resolutionE[.] of the operator (T ?T )1/2.
By Theorem 2 (ii) in [Bo] the subspace E[me(T ),me(T ) + ε]H has infinite di-
mension, and since E[me(T ),me(T ) + ε] ≤ E[0,me(T ) + ε] the subspace H′ =
E[0,me(T ) + ε]H is also infinite-dimensional. Let us define the operator S by
Sy = 0 when y ∈ H′, and by Sz = Tz when z is in the orthogonal complement of
H′. Clearly, the operator S is in L(H) \ SF+(H). Let x be an arbitrary vector of
norm one in H. Set x = y+z, where y ∈ H′ and z is in the orthogonal complement
of H′. Then we have (T − S)x = Ty. Therefore, ‖(T − S)x‖ = ‖Ty‖ ≤ me(T ) + ε.
For a proof of the last inequality see [Co, Chapter XI, Theorem 2.5, e) implies f)].
The proof is completed.

The preceding theorem was used by Zemánek (see [Ze1]) to define the essential
minimum modulus in the Banach space setting.

Now, Theorem 4.2 implies that if |λ| < me(T ), then T − λ is in SF+(H). Thus
λ is not in σle(T ). Hence, me(T ) ≤ dist(0, σle(T )). Although sometimes there is
equality in the last inequality (see [AFHV, p. 159]), there are operators for which
me(T ) < dist(0, σle(T )). In fact, if T is a unilateral forward shift, T −λ is injective
for any complex number λ. Thus me(T ) = m(T ). Using Proposition 4.1 and
the fact that m(T ) can be explicitly computed in terms of the weights (see [Shi,
Proposition 14, p. 68]), it is not difficult to construct a unilateral forward weighted
shift for which me(T ) < dist(0, σle(T )). However, the following deep theorem of
Zemánek (see [Ze2, Theorem 1]) asserts that it is still true that dist(0, σle(T )) can
be expressed as an asymptotic formula involving me(T n).

Theorem 4.3. If T is a bounded linear operator on a separable Hilbert space, then

lim
n→∞

me(T n)1/n = dist (0, σle(T )).

The above theorem will play a critical role in the proof of the converse of Theorem
3.4.

We close this section by stating another property of me(T ) which will be very
useful in the following section (see [He1, Proposition 6.10, ii), p. 167]).

Proposition 4.4. Let T be a bounded linear operator on a separable Hilbert space
H. Then

me(T ) ≤ lim inf
n
‖Ten‖

for any orthonormal system {en}, and there is an orthonormal system for which
there is equality.
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5. The essential spectrum must intersect

In this section we will prove the converse of Theorem 3.4. This time we do not
need the Hypercyclicity Criterion. The proof depends strongly on the properties of
the essential minimum modulus. As in the proof of Theorem 3.4 in [Mo], we will
use the sliding hump method.

Theorem 5.1. Suppose that T is a hypercyclic bounded operator on a separable
Hilbert space H. If the essential spectrum does not intersect the closed unit disk,
then every closed subspace of hypercyclic vectors is finite dimensional.

Proof. Let us suppose that there is an infinite-dimensional closed subspace H1

consisting of hypercyclic vectors. We will construct a vector x ∈ H1 such that

lim
k→∞

‖T kx‖ =∞,

so x cannot be hypercyclic, a contradiction. Since T is hypercyclic, we can apply
Proposition 3.1 to see that σe(T ) = σle(T ). On the other hand, the fact that σe(T )
does not intersect the closed unit disk implies that dist(0, σle(T )) > 1. Therefore,
upon applying Theorem 4.3 in the preceding section we have

lim
n→∞

(me(T n))
1
n = dist(0, σle(T )) > 1.

This implies that there exist λ > 1 and a positive integer k0 such that

me(T n) > λn for each n ≥ k0.(1)

Now, Proposition 4.4 implies that if {em} is any orthonormal system, then inequal-
ity (1) applied to T n yields

lim inf
m
‖T nem‖ ≥ me(T n).(2)

Therefore, if {em} is an orthonormal basis ofH1, then inequalities (1) and (2) imply
that

lim inf
m
‖T nem‖ ≥ me(T n) > λn for each n ≥ k0.(3)

Let {e′i} be an orthonormal basis of H. For each element eml of {em} we write
T keml =

∑∞
i=1 ak,l,i e

′
i, the expansion with respect to {e′i}. We claim that it is

possible to choose a strictly increasing sequence of non-negative integers {nk}k≥k0

and a subsequence {emk}k≥k0 such that, for every k ≥ k0,

‖T kemk‖ > λk,(4)

∥∥∥∥∥
∞∑

i=nk+1

ak,k,i e
′
i

∥∥∥∥∥ < 1
2
,(5)

∥∥∥∥∥
nk−1−1∑
i=1

ak,k,i e
′
i

∥∥∥∥∥ < 1
2
,(6)
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∞∑
i=nk

ak+1,l,i e
′
i

∥∥∥∥∥ < 1
k + 1

, for (k0 ≤ l ≤ k),(7)

∥∥∥∥∥
nj∑
i=1

aj,k,i e
′
i

∥∥∥∥∥ < 1
k

for (k0 ≤ j < k).(8)

Using (3) for n = k0, it is possible to choose mk0 large enough to have inequality (4)
for k = k0. Since T k0emk0

and T k0+1emk0
are already defined, we can choose nk0

large enough to have inequalities (5) and (7) for k = k0. If we set nk0−1 = 1, then
inequality (6) is trivially satisfied for k = k0 if we define the sum on the left hand
side of (6) as zero. Now suppose that nk0 , ..., nk−1 and emk0

, ..., emk−1 satisfying
(4) through (8) are already chosen. Since {em} tends weakly to zero, so do T jem
(k0 ≤ j ≤ k). This along with (3) allows us to choose emk to have (4), (6) and (8).
Finally, since T k+1eml is already defined for k0 ≤ l ≤ k, we can choose nk large
enough such that (5) and (7) are satisfied.

Now, from (4), (5), (6) and the reverse triangle inequality we have

∥∥∥∥∥∥
nk∑

i=nk−1

ak,k,i e
′
i

∥∥∥∥∥∥ =

∥∥∥∥∥T kemk −
nk−1−1∑
i=1

ak,k,i e
′
i −

∞∑
i=nk+1

ak,k,i e
′
i

∥∥∥∥∥
≥ ‖T kemk‖ −

∥∥∥∥∥
nk−1−1∑
i=1

ak,k,i e
′
i

∥∥∥∥∥−
∥∥∥∥∥
∞∑

i=nk+1

ak,k,i e
′
i

∥∥∥∥∥
> λk − 1.

(9)

Using the orthogonality of the basis {e′i}, (7) for l < k and (8) for l > k, we have
for l 6= k

∥∥∥∥∥∥
∑
l 6=k

1
l

nk∑
i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥ ≤
∑
l 6=k

1
l

∥∥∥∥∥∥
nk∑

i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥
=
∑
l<k

1
l

∥∥∥∥∥∥
nk∑

i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥+
∑
l>k

1
l

∥∥∥∥∥∥
nk∑

i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥
≤
∑
l<k

1
l

∥∥∥∥∥∥
∞∑

i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥+
∑
l>k

1
l

∥∥∥∥∥
nk∑
i=1

ak,l,i e
′
i

∥∥∥∥∥
<
∑
l 6=k

1
l2

<
π2

6
.

(10)
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We define x =
∑∞

l=k0

1
l eml , which clearly is in H1. Now, for each positive integer

k ≥ k0

‖T kx‖ =

∥∥∥∥∥
∞∑
l=1

1
l
T keml

∥∥∥∥∥
=

∥∥∥∥∥
∞∑
l=1

1
l

∞∑
i=1

ak,l,i e
′
i

∥∥∥∥∥
=

∥∥∥∥∥∥
∞∑
l=1

1
l

nk−1−1∑
i=1

ak,l,i e
′
i +

nk∑
i=nk−1

ak,l,i e
′
i +

∞∑
i=nk+1

ak,l,i e
′
i

∥∥∥∥∥∥
≥

∥∥∥∥∥∥
∞∑
l=1

1
l

nk∑
i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥
≥

∥∥∥∥∥∥1
k

nk∑
i=nk−1

ak,k,i e
′
i

∥∥∥∥∥∥−
∥∥∥∥∥∥
∑
l 6=k

1
l

nk∑
i=nk−1

ak,l,i e
′
i

∥∥∥∥∥∥
>
λk

k
− 1
k
− π2

6
.

We have applied the orthogonality of the basis {e′i}, the reverse triangle inequality
and the inequalities (9) and (10). Therefore, ‖T kx‖ → ∞ as k →∞. So x cannot
be hypercyclic, and we are finished.

Remark. The same arguments of the proof of Theorem 5.1 show that if ii) or iii)
in Theorem 2.1 holds, then the essential spectrum intersects the closed unit disk.
For if not, exactly as in the proof of Theorem 5.1 we can construct a vector x in
any infinite-dimensional closed subspace such that limn ‖T nx‖ → ∞. Therefore, so
does ‖T nkx‖ for every subsequence {nk}, in contradiction with ii) or iii).

Proof of Theorem 2.1. Suppose that i) is satisfied, Theorem 5.1 implies that the
essential spectrum intersects the closed unit disk. The proof of Theorem 3.4 shows
that ii) is satisfied, and the remark following Theorem 3.4 shows that iii) is also
satisfied. If ii) is true, then by the remark above the essential spectrum intersects
the closed unit disk, and Theorem 3.4 gives i). It should be observed that since
we do not know that condition i) is satisfied for the subsequence in the hypothesis
of the Hypercyclicity Criterion, we cannot apply Theorem A directly to see that
ii) implies i). So we had to take a short detour. The same reasoning gives that
iii) implies i). So i) through iii) are equivalent. Theorems 3.4 and 5.1 show the
equivalence of i) through iv).

Let us denote by HC(H) the class of all bounded operators which are hyper-
cyclic and by HC∞(H) the subclass of operators in HC(H) which have an infinite-
dimensional closed subspace of hypercyclic vectors. Herrero [He3] characterized the
norm-closure of HC(H). We will characterize the norm-closure of HC∞(H). We
denote by σ0(T ) the set of all normal eigenvalues of T , that is, the set of isolated
points of σ(T ) which are not in σe(T ). Recall that the Weyl spectrum of a bounded
operator is defined by

σW (T ) =
⋂
{σ(T +K) : K is compact}
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(see [He1, p. 82]). Finally, ρs−F (T ) = {λ ∈ C : T − λ is semi-Fredholm}. Recall
that an operator is called semi-Fredholm if ranT is closed and either dim(kerT ) is
finite or dim(kerT ?) is finite (see [He1, pp. 10-11]).

Theorem 5.2. A bounded linear operator T is in the closure of HC∞(H) if and
only if T satisfies the conditions

(i) σW (T ) ∪ ∂D is connected,
(ii) σ0(T ) = ∅,
(iii) ind (T − λ) ≥ 0 for each λ ∈ ρs−F (T ), and
(iv) σe(T ) ∩ D 6= ∅.

Proof. First observe that the conditions (i) through (iii) are the conditions that
characterize the norm-closure of HC(H) (see [He3, Theorem 2.1]). Theorem 2.1
in [He3] along with Theorem 5.1 implies that if T is in HC∞(H), then conditions
(i) through (iv) are satisfied. Since the class of all operators satisfying (i)–(iv) is
obviously closed, we find that the operators in the closure of HC∞(H) also satisfy
(i)–(iv). On the other hand, suppose that T satisfies conditions (i)–(iv). Then,
given ε > 0, there exists a compact operator Kε, with ‖Kε‖ < ε, such that T −Kε

satisfies the Hypercyclicity Criterion (see the proof of Theorem 2.1 in [HW]). As
the essential spectrum is invariant under compact perturbations, σe(T −Kε) also
intersects the closed unit disk. Therefore, we can apply Theorem 3.4 to obtain that
T −Kε has an infinite-dimensional closed subspace of hypercyclic vectors. Since ε
was arbitrary, T is in the closure of HC∞(H). The proof is finished.

We could also have proved Theorem 5.2 following the lines of the proof of theorem
2.1 in [He3]. In such a case, we would have obtained that

HC∞(H)− +K(H) = {T ∈ L(H) : T satisfies (i), (iii) and (iv)}

is a closed subset of L(H).
By replacing in Theorem 5.2 the condition σe(T ) ∩D 6= ∅ by σe(T )∩D = ∅ and

using the methods of Theorem 2.1 in [He3] we may obtain the norm-closure of the
class of all hypercyclic operators such that each subspace of hypercyclic vectors is
finite dimensional, that is, the norm closure of HC(H)\HC∞(H). Finally, observe
that if T ∈ HC(H) \ HC∞(H), then σ(T ) has a unique connected component
that contains the closed unit disk. For if not, it is easily seem that ∂σ(T ) (which
is contained in σe(T ) because σ0(T ) = ∅ for hypercyclic operators) intersects the
closed unit disk, a contradiction.

6. Concluding remark

It would be interesting to replace the Hypercyclicity Criterion in Theorem 2.1 by
the weaker hypothesis that the operator T is hypercyclic. However, it may happen
that these two hypotheses are equivalent. In fact, as far as we know all hypercyclic
operators that have appeared in the literature satisfies the Hypercyclicity Criterion.
Thus the following question remains open

Question. Does every hypercyclic operator satisfy the Hypercyclicity Criterion?
To appreciate the importance of an affirmative answer to this question, observe

that if an operator T satisfies the Hypercyclicity Criterion, so do T n and T ⊕ T .
This provides a further proof of a recent result of Ansari [An] and a solution to a
question posed by Herrero.
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[Ze1] J. Zemánek, Geometric interpretation of the essential minimum modulus, in: Invariant
Subspaces and Other Topics (Timisoara/Herculane, 1981), Operator Theory: Adv. Appl,
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