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STRICHARTZ ESTIMATES IN THE HYPERBOLIC SPACE
AND GLOBAL EXISTENCE
FOR THE SEMILINEAR WAVE EQUATION

DANIEL TATARU

ABSTRACT. The aim of this article is twofold. First we consider the wave equa-
tion in the hyperbolic space H" and obtain the counterparts of the Strichartz
type estimates in this context. Next we examine the relationship between
semilinear hyperbolic equations in the Minkowski space and in the hyperbolic
space. This leads to a simple proof of the recent result of Georgiev, Lindblad
and Sogge on global existence for solutions to semilinear hyperbolic problems
with small data. Shifting the space-time Strichartz estimates from the hy-
perbolic space to the Minkowski space yields weighted Strichartz estimates in
R™ x R which extend the ones of Georgiev, Lindblad, and Sogge.

1. INTRODUCTION

We start by explaining the relationship between the wave equation in R™ x R
and the wave equation in the hyperbolic space. Denote by (z,t) the cartesian
coordinates in the Minkowski space R™ x R and by (r, ©) the polar coordinates in
R", z = 70, r = |z|. In the forward light cone {t? — 2% > 0, t > 0} introduce the
new coordinates (7, s, ©) by

x = O ¢ sinhs,
= ¢ coshs.
We interpret (s,0) as the polar coordinates in the hyperbolic space H", while 7
will be the substitute for time. The level surfaces 7 = const are the hyperboloids
2 _ g2 27

The volume element changes to

dz dt = " dz dr d© = ™7 (sinh s)""Ldr ds dO,
which further gives
(1) de dt = "7 dr w,

where w is the volume element in the hyperbolic space H".
Denote by [J the wave operator in the Minkowski space,

O=-0}+ A,.
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796 DANIEL TATARU

In polar coordinates it can be expressed as

9 5 n—1 1 9
O=-07+0] + ——0-+ 505 ,
where 93 is the spherical Laplacian. Now we want to write (] in the new coordinates.
Set
~n—1
p=—"

Then a simple computation leads to
O =e27(=0% — 2p0; + Ap),

where Ay is the Laplace-Beltrami operator in the hyperbolic space, whose expres-
sion in polar coordinates is

(2) Ag = 9% + 2p(coth s)d; + (sinh s) 203 .
This expression can be simplified if we conjugate it by e?”. Then we obtain
(3) P e = e 270y,

where [y is the wave operator in the hyperbolic space,
(4) Ou = —02+ (Ag + p?).

For the convenience of the reader we recall that the spectrum of —Ap is [p?, 00).

2. THE SPHERICAL FUNCTION AND THE SPHERICAL
TRANSFORM IN H"

The aim of this section is to give a brief overview of the spherical function and the
spherical Fourier transform in H"™. We direct the reader who is interested in more
details to [2] and the references therein. In the more general context of symmetric
spaces, see [10].

Given a spherically symmetric function f = f(s) in H", we can define its spher-
ical transform (which is an analogue of the Fourier transform in R™ acting on
spherically symmetric functions) by

(5) FOn) = /O " F(5)x(5)(sinh )2 ds, A € [0,00),

where ®)(s) is the spherical function in H". Of the many integral formulas for
®, (s) we shall use the following (see [2]):

2°"'T(p+ 3) /
I'(p)(sinh s)2,—1 J_
Observe that, as a function of A, ®,(s) can be extended to an even entire function

in the complex plane.
The inversion formula (an “inverse Fourier transform”) is

7) £6) = [ TN 2 ax
where ¢(A) is the Harish-Chandra c-function,

220717 (p + $)0(iX
® o =

(6) Dy(s) = e (cosh s — cosh p)? =t dp.

S
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THE WAVE EQUATION IN THE HYPERBOLIC SPACE 797

Spherically symmetric multipliers can be defined in an abstract fashion in H" as
functions of the modified Laplace-Beltrami operator —Ag — p?. Given a symbol
a()), the inversion formula yields the spherically symmetric kernel of the corre-

sponding operator A(|D|), |D| = (~Ag — p?)2, as

K(s) = / T a)B()]e(N)]2 d,
where
(9) “NE = [ FWK( iy

Here [z, y] denotes the Riemannian distance between y and z in H".

As usual, all multipliers with bounded symbols are L? bounded. The question
of the LP boundedness of spherically symmetric multipliers has been addressed in
[4]. Unlike in R™, here one needs symbols which have a holomorphic extension in a

strip if p # 2.

2
Theorem 1. Let 1 < p < oo and B(p) = p ‘1 - —‘. Let a(\) be an even holomor-
p

phic S° symbol in the strip |S\| < B(p). Then the multiplier A(|D|) is bounded in
LP(H™).

We conclude this section with some precise asymptotics at infinity for ¢=*(\) and
®,(s), which are needed in the sequel. For ¢=!()\) we have the following lemma:

Lemma 2.1. The Harish-Chandra c-function c¢()\) has the following properties:
a) ¢ 1()\) is a holomorphic SP symbol in the strip |SA| < p with the possible

exception of a simple pole at A = —ip.

2%~ 'T(p + 3)

b) The principal symbol of ¢ is 7
T

(iA+ 0)°.

This follows directly from (). Observe that (b) implies that for large A we have

_ 27 T(p+5)

(10) Y 7

(iA+0)” + O(|AP~H).

For the spherical function ®(s), matters are a bit more complicated. Start with
the following bound, which is a simple consequence of ({):

(11) [Pa(s)] <ce™(1+5s), AeR.
This is good enough for small A but is imprecise as A\ — oo. A better result is

Lemma 2.2. a) Suppose that s > 1. Then

1
(12)  (sinhs)?®y(s) = 2°T(p + E)cos(|/\|s — %)W‘” +O(N"hH, A>1,
and

(13) (sinh s)P®y(s) = ZPFF([(); 2 SinAAS +0(1), 0<A<1.

b) Suppose that s <1, s\ > 1. Then

(1) (sinhs)a(s) = 2o+ 3) cos(Ms = O + O~ A7),
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798 DANIEL TATARU

Proof. (al) The estimate for large s and large A. We use the formula (B).
First we cut off the integral at +(s —1). Thus, let x be a smooth cutoff function so
that x(z) =1 for < 1 and x(z) =0 for > 1. Then we claim that the integral

S
I = (sinh s)l_Qp/ e (1 — x(s — |pl))(cosh s — cosh p)?~du

—S

is rapidly decaying as A approaches infinity. Indeed, we have
9 [(1 = x(s — |u]))(cosh s — coshp)? '] < cqcoshp(coshs)? ™2, a > 1;
therefore for I we obtain
11| <eye PNV, N>1

Hence, to prove ([I2)) we still need to estimate

J = (sinhs)lf%/ ey (s — |p|)(cosh s — cosh )P~ tdp

= 2(sinhs)' %R / ey (s — p)(cosh s — cosh p)? L dp.
s—1
Use the change of variable u := s — p to rewrite J as

1
J = 2(sinhs)' %R ei”\s/ e~y () (cosh s — cosh (s — )P~ tdu
0

; 1-2 i\ ! —iX . I A
= 2(sinhs) 7R e 5/ e My () <2smh(s— §)smh 5) du
0

1 1
= 2(sinhs) PR (/ e‘““x(u)u”‘lduﬂL/ e‘““g(s,u)u”du)
0 0

where

2sinh £ sinh (s — £)\ "'
-1 2 2
= -1
g9(s, 1) = x(n)p l< ik s )
is smooth and bounded, uniformly in s > 1, 4 € R. Now for large \ the first
integral equals T'(p)(—iA + 0)~” modulo a rapidly decaying component, while the
second integral has an additional factor of p and therefore decays one order better,

i.e. like [\|"~!. Hence, for large A we have
J =2I(p)(sinh ) # (R e (—iA+0)"" + O(|]A| "7 1)).
Adding I and J, by (@) we get (I2). q.e.d.

(a2) The estimate for large s, small A\. We replace (cosh s — cosh y)?~1 by
(sinh s)?~1 in the integrand in (@) and estimate the error. This yields

/ e (coshs — coshp)?™! dy = (sinhs)?? / e dy + O((sinh s)P™1)
in A
= 2(sinhs)p*1m + O((sinh )P~ 1),

which implies (I3).
(b) The estimate for small s. Again, we are looking at

L g

(15) (sinh s)P®4(N) = (o) 3 eMal(s, p)dp,
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THE WAVE EQUATION IN THE HYPERBOLIC SPACE 799

where
a(s, ) = sinh s'?(cosh s — cosh )P~ 1.
We claim that we have the representation
(16) a(s, u) = (25) 7P ((s* = p*)" =" + g(s, ) (s> = p?)P),

where g is a smooth function. Indeed,

s+ s—p\" "
a(s,;r) = (sinhs)'™7 <2sinh 5 E sinh TM>
= (29)'77(s* = p)* " (s, ),

where b(s, 1) is the smooth function

st g s—p\ PL
b(s, 1) = 2s sinh =5 sinh =5
’ sinh s H'T” Q_T” ’

Since b satisfies b(+s, s) = 1, we can decompose it as

b(s,p) =1+ (s> — p?)g(s, p),

where g is a smooth function. This proves (IG).
Next we estimate the principal part of the integral (IH),

J = / ei)\u(2s)1—p(82 o MQ)p_ldM

S
1
_ / ei/\su21—p5p(1 _ /.LQ)p_ld/.l.
-1

This gives

J =21"PsPd(Ns),
where d is the Fourier transform of (1 — MQ)fl. Then d has the form

d(€) = 2°T(p)R (i€ +0)~° + O(l¢] 7).
Hence, for As > 1 we get
(17) J =2T(p)s PR (=i +0)7" + O(s P A7 h).
The similar result with p replaced by p + 1 yields the bound for the remainder,
1= [ Mgl n(s® — iyrdu=O((xs) 7).

—S

Adding I and J yields (I4). q.e.d.

3. INHOMOGENEOUS SOBOLEV SPACES IN THE HYPERBOLIC SPACE H"

The aim of this section is to define the inhomogeneous Sobolev spaces H*? in
H"™. We start with a more intuitive definition and then relate it to multipliers in
H™.

Observe first that the H*P norms can be easily defined, as in R™, for functions
supported in a ball of fixed radius, say 4. An invariant way to do that is to fix
a point O, introduce the geodesic local coordinates in the ball of radius 4 in H"
centered at O, and define the Hj” norm of functions in H" supported in B(0,4)
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800 DANIEL TATARU

as the pull-back of the H*P norm in R™ in the local coordinates. Then for another
z € H" we can define the H$? norm for functions supported in B(z,4) as

[z =11 o gllug,

where ¢ is a Lorentz transformation so that g(O) = z.

It remains to derive a global definition from this. Choose a countable collection
of points xj, € H” with the following properties:

a) U, B(xg,2) = H™.

b) d(zk, zm) > 1.

Corresponding to these points, choose a smooth partition of unit ¢ in H™,
uniformly bounded in C*°, so that ¢y (z) = 0 if d(z, z1) > 4.

Now define the global spaces H*®P in terms of their local version,

(18) weHY if Yy lorulfysp < 0o

with the corresponding norm. It is easy to see that the spaces defined like this are
Lorentz invariant and do not depend on the choice of the points xy.

These spaces have the usual duality and interpolation properties, which can be
derived as in [I], Chapter 6. Next we use multipliers to give another equivalent
characterization for these spaces.

Theorem 2. Let s € R, 1 <p < oo. Then u e H*P iff AZ{Qu e LP.

Proof. Observe first that A;y, has the symbol (A2 + p?)%, which is S° in the strip
ISA| < p; therefore, by Theorem [ it is LP? bounded. Then by duality and in-
terpolation the problem reduces to the case when s is a nonnegative even integer.
Clearly

[AFullLr < el gars.
It remains to prove the converse inequality,

(19) AT ullze > cllull 2.

By Theoreml[], if & is a nonnegative integer then A;Ik is bounded in LP. Therefore

(20) lullze < [AFullzs.
Then, according to the definition of the H?** space, (IT) would follow from the
estimate

[ bull gzr < clllullLo(Bay,ay) + AR ullLe(By.a))-

But this follows from standard local elliptic theory. q.e.d.

4. STRICHARTZ ESTIMATES IN THE HYPERBOLIC SPACE

We recall first the fixed time estimates for the wave equation in R™*!, from
which the space-time Strichartz estimates can be derived (see [3], [6], [15], [20]).
Define the operator A(t) by

At)f = u(?),
where u is the unique solution for the equation

Lu =0,
u(0) =0,
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THE WAVE EQUATION IN THE HYPERBOLIC SPACE 801

Then the following estimate holds:

(L _ 1
(21) JA®) fllr-sr1w < 757D F e,
where
1 1
(22) 2= (p+1)(; =), 2<p<oc

Here H®P are the homogeneous Sobolev spaces in R™.
Now we are interested in the counterpart of this estimate corresponding to the
wave equation in the hyperbolic space H™. Thus, consider the operators

S(r)f =v(r),  C[@)f =v(7),

where v is the unique solution for the hyperbolic equation in R x H"™

DH’U = O7
v(0) =0,
v-(0) = f.

Then we have the following estimates:
Theorem 3. Suppose that (22) holds. Then
(1+7)7

—s+1,p < s,p’
(23) 1S(7) fll r—s+10 < b )P L f1l o
and
1
en < -
(24) IO s < sl

Proof. We prove only [23); the proof of (24)) is similar. The (spherically symmetric)
symbol for S(7) is
sin A\t

A

To prove the result we use complex interpolation. Consider the analytic family of
operators SZ with symbols

(25) SEN) = a(2)S, NN + 825, 8> p,

where the function a(z) = 622F’1(z + p) is bounded and holomorphic in the strip
—p < Gz < 1. Then by Stein’s complex interpolation theorem [I8] it suffices to

S-(A) =

prove that

(26) 182 e < c(l4+7), Re=1,
and

(27) 1SZ]| L1 poo < c(sinh7)™?) Rz = —p.

The L? estimate (26) follows from the straightforward bound
[SZN)] <e(l+7), Rz=1.

Hence, it remains to prove the L' — L* estimate (27). We need to show that
the spherically symmetric kernel KZ?(s) of the operator SZ satisfies the uniform
bound

(28) |KZ(s)| < c(sinh7)™”, Rz=—p.
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802 DANIEL TATARU

By (@) the kernel KZ(s) can be written in terms of the (spherically symmetric)
symbol SZ as

Ki) = ale) [ SH0@ 6] an
= a(z)%?ﬁ/z AT (A2 4 32) 2Dy (s)c(N) " te(N) T d
a) Suppose that
(29) sinh 7 > 2sinh s.

Then use the Plancherel theorem and () to rewrite the integral as
20T (p + 3)
I'(p)(sinh s)2p—1

where g is the Fourier transform of the function
A2+ 822 " te(N) " te(n) L
If Rz = —p, then by Lemma [2.1] this is a holomorphic S#~! symbol inside the strip

|SA| < p (with the possible exception of simple poles at +ip). Therefore its Fourier
transform ¢ satisfies the bound

9(¢) < clsinh €|,
Hence using ([2Z9) we can estimate in (B0):

(30) KZ(s) = a(2)R /j (cosh s — cosh )P~ g(pu —7) dp,

|KZ(s)] < c(sinhs)' ™2 (coshs —1)P~* /S (sinh (p — 7)) ~"d p

—S

< ¢(sinh 5)'7??(cosh s — 1)?~![(tanh s)(sinh (7 — 5)) 7]
= ¢(coshs)™(cosh %)Q*QP(Sinh (tr—s8))""
< ¢[coshssinh (7 — s)] 77
< e(sinhT)™7,
which gives
(31) |KZ(s)| < ¢(sinh7)~7.

q.e.d.
b) Suppose now that 2sinh s > sinh 7, and look for a bound on

KZ(s)= /OO sin ATN (A, s) dA,
0
where
N\, s) = a(2)A"H (A% + 5%) 2 Dx(s) e(N)] 2.

Set z = —p + io.
bl) The case when s > 1. Since ¢~1(0) = 0, by ([3) we obtain for small A

IN(\, s)| < e(sinhs)™”, A\ < 1.

For large positive A we use the more precise asymptotics in (I0), (I2)) to obtain

N(\ s) = cpez2 (sinh s)~"(T ! (ic) cos (As + %))\_Hw +O(N2), A>T,
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THE WAVE EQUATION IN THE HYPERBOLIC SPACE 803

where ¢, is a constant which depends only on p. Since the Fourier transform of
I=1(io) A7 is the bounded function (A+140)%, the last two estimates imply the
bound

|KZ(s)| < c(sinhs)™”.

Since we are in the case sinh 7 < 2sinh s, the desired conclusion (28) follows. g.e.d.
b2) The case when s < 1. Then 7 < 2s. Since ¢~ 1(0) = 0, by (1) we get the
bound

IN(\, s)| < exet.

We can use this bound for A < s7! to get
-1

(32) /OS IN(A, s)| dA < es™”.
On the other hand, for A > s~1, by ([0) and (4) we obtain
N(\ s) = cpez2 (sinh s) P (T~ (ic) cos (As + %r))fl“” +O07HAIT?), As> 1.
The last two estimates imply the bound
|KZ(s)| < (sinhs)™”.

Since we are in the case 7 < 2s, (28)) follows. q.e.d.

5. GLOBAL SOLUTIONS FOR SEMILINEAR HYPERBOLIC EQUATIONS
Consider the semilinear hyperbolic equation
(33) Ou=u® in R™!

with initial data w(0) = ug, u+(0) = u;. There are two special values of a. One is
the conformal exponent,

n+3
n—1

Q¢
The other one is ag, which is the positive solution of the equation
pala—1)=a+1.

Recently Georgiev, Lindblad and Sogge [7] have proved that if & > g then one
has global existence for (B3) for small and compactly supported initial data. Their
work follows partial results in [I1], [I3], [21], [T2]. It has been known for some time
that such a result would be sharp. For o < a, counterexamples were produced in
1] (n = 3), [T7] (any n).

Our aim here is to provide an alternate and, hopefully, simpler proof of the same
result, using the new estimates for the wave equation in the hyperbolic space.

We also consider the critical case a = a, where we prove that “almost global”
well-posedness holds, i.e. we prove exponential bounds on the life-span of the
solutions. This extends results proved in [I4] in dimension n < 8. However, our
bounds are not as good as those in [I4]; this reflects the fact that the function
spaces we use are Lorentz invariant, i.e. we do not assume any decay at infinity for
the initial data in the hyperbolic space.
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804 DANIEL TATARU

Theorem 4. The following hold for solutions to the equation [33) with initial data
in the space H' x L?:

a) Suppose that a. > a > ag. Then the equation has global solutions for small
compactly supported data.

b) Suppose that o = ag. Then the lifespan of solutions with compactly supported
initial data of size O(€) is at least O(ec "), where r = %ﬁ_l)

From the proof it is clear that one should be able to replace the initial data space
with

s+1,p s,p’ ’ 1 1
H*THP x HP | pzap,sz—l—i—(p—i—l)(}?—];).

The technical difficulty is that we want to prove the result for initial data provided
on the surface t = const, while in order to do the analysis on the hyperbolic space
it is more convenient to assume that the initial data is provided on a hyperboloid
T = const.

Proof of Theorem 4. Suppose that the initial data at ¢ = 1 are chosen in the set
2|z| < 1. Then the solution is supported in the forward light cone ¢ > |x|. Hence, we
can transform the equation into a semilinear hyperbolic equation in the hyperbolic
space. Since local well-posedness holds in the energy space H' x L2, without any
restriction in generality we can assume that the initial data is provided on the
hyperboloid 7 = 0.

The function v = e””u solves the equation

(34) Opv=€v, B=2+p(1-a).
Note that a@ = a, corresponds to = 0 while a < a, corresponds to 5 > 0.

Choose p so that p = ap/, i.e. p = a+ 1. If a < a, then s in [23) satisfies
1 — s > s; therefore (23) implies the estimate

(147)7

(35) 1S(T) fllee < oy I fllo-

(sinh 7)"7 ~

Observe that, using (BH), one can easily prove that the solution v to (B4)) can
be extended as long as it remains bounded in LP. Hence, in order to estimate its
life-span, it suffices to produce appropriate LP bounds.

Using the variation of parameters formula, the estimates Ba), (24) yield

() le < (1+T)7 (s T) 7 ([[0(0)]| 1.0 + o (O] )

T
" / e’ (sinh (T — 7)) (1 +T = 7)7||o(r) | £, dr,
0

where

Hence, if we set

_2
36) BT =@0+T) e o), 00w + - (0]l =€,
then for T' > 1 we get

T
(37) E(T) <e+ / (1 + 7)%6(64‘(1—0‘)’7)7(1;&11}1 (T _ T))_’YTE(T)O(dT.
0
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Observe that the exponent 8+ (1 — «)7y equals

ala-1)
a+1

B+ (—a)yy=2+p(l-a)2—2) =2(1—p )

which is negative if & > ag and 0 if o = ayp.

Set
Te= E(iTI;fz% =
Then for o > o ([B7) gives
€ < ce”,

which is false if € is sufficiently small. Hence E(T) < 2¢ for all T', which implies
global existence.
If & = ag then 8+ (1 — a)y = 0. Therefore (7)) gives

2a

e<(1+T.)7 e,
Hence, for small € we get
a?—1
Te > ce3oTT,

But a lifespan of at least T in the hyperbolic space implies a lifespan of at least
O(e™¢) in the Minkowski space, and therefore the conclusion follows.

6. WEIGHTED STRICHARTZ ESTIMATES

The aim of this section is to use the inequality (23) to prove weighted Strichartz
type estimates in the hyperbolic space and then to transfer them to the Minkowski
space. Thus we recover scale invariant formulations of the estimates used in [7].
Note that, using arguments similar to those in R”*!, one can easily derive the mixed
norm space-time Strichartz estimates in the hyperbolic space, which are identical to
those in R"*!. However, the estimates with the same LP regularity in all variables
can be easily transferred to the Minkowski space.

Our main result is

Theorem 5. Let u be a solution for Ou = f which is supported in the forward
light cone. Then the following estimate holds:

(38) 10t = 2®)*ull Lo(rotny < N(E2 = 22)° fll ot (gni)

for

b<= a=b-1
n—1" <p7 @ + 2

39 2<p<
(39) P p

M 1 n—l—l(l 1>.

The two forbidden endpoints for this estimate are

1 1 2(n+1) 1
p=2a=-p =9 o= amp-d)

This result follows from (Z3)) combined with the following simple lemma.
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806 DANIEL TATARU

Lemma 6.1. Let F,, be the convolution with the kernel sinh T_:a, 0<a<1l. Then

for
1 1
1<qu<00, ___Sl_aa ﬁ<0&,
q p
we have
(40) 1€°™ Fofllzom < €77 fllpa)-

Proof of Lemma 6.1. The translation invariant kernel of the operator
Fop=e""Fe P
is
K(1) = €’ (sinh 7).

This is both integrable and bounded by |7]~%, and so the conclusion follows from
the Hardy-Littlewood-Sobolev inequality.

Proof of Theorem 5. The forward solutions v to Oyv = g in Rx H"™ are represented
as

o(r) = /_ S(r — #)g(7) dr.

Then we can combine the above lemma with (BB) to get

(41) 1”7 0]l Lo@uiny < 1€°7gll Lo @xrmy
for
1 1 2(n+1
Bept -ty 2<p<ntl)
D D n—1

Set v = e"u. Then v solves Oyv = g, with g = e(®*27 f. Hence, applying (@)
to v and changing coordinates, we get

_ntl _ntl 2
(42) e 5407w sy < [P 5D .
Since €27 = t? — 22, the conclusion follows.
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