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ON THE TELESCOPIC HOMOTOPY THEORY OF SPACES

A. K. BOUSFIELD

ABSTRACT. In telescopic homotopy theory, a space or spectrum X is approx-
imated by a tower of localizations Lle, n > 0, taking account of vy-periodic
homotopy groups for progressively higher n. For each n > 1, we construct
a telescopic Kuhn functor @, carrying a space to a spectrum with the same
vp-periodic homotopy groups, and we construct a new functor ©,, left adjoint
to ®,,. Using these functors, we show that the nth stable monocular homotopy
category (comprising the nth fibers of stable telescopic towers) embeds as a
retract of the nth unstable monocular homotopy category in two ways: one
giving infinite loop spaces and the other giving “infinite Lfl—suspension spaces.”
We deduce that Ravenel’s stable telescope conjectures are equivalent to unsta-
ble telescope conjectures. In particular, we show that the failure of Ravenel’s
nth stable telescope conjecture implies the existence of highly connected infi-
nite loop spaces with trivial Johnson-Wilson FE(n)s«-homology but nontrivial
vp-periodic homotopy groups, showing a fundamental difference between the
unstable chromatic and telescopic theories. As a stable chromatic application,
we show that each spectrum is K(n)-equivalent to a suspension spectrum. As
an unstable chromatic application, we determine the E(n)s-localizations and
K (n)«-localizations of infinite loop spaces in terms of E(n)«-localizations of
spectra under suitable conditions. We also determine the E(n)«-localizations
and K (n)«-localizations of arbitrary Postnikov H-spaces.

1. INTRODUCTION

With the probable failure of Ravenel’s telescope conjecture, a “telescopic” or
“finite chromatic” approach to stable homotopy theory has emerged in its own
right (see [Mil2], [Rav4], [MS]). In this approach, a spectrum E is approximated
at a prime p by a tower {L{E},>0 of localizations away from the finite p-local
spectra of type n + 1. Recall that a finite p-local spectrum W is of type n when
K(i)W =0 for i <n and K(n).W # 0, where K (n) is the nth Morava K-theory.
By results of Mitchell, Hopkins, and Smith, such a W exists for each n and admits
a self-map w : LW — W with K(n).,w an isomorphism and with K(i).w = 0
for i # n. Such an w is called a v,-map and leads to the v,-periodic homotopy
groups v, 'm (E;W) = w{W, E], of a spectrum E. The localization E — L/ E
preserves the v;-periodic homotopy groups of E for i < n while annihilating those
for i > n, and the fiber M/ E of LI E — L£71E captures the v,-periodic homotopy
groups alone. From this perspective, {LnyE}nZO resembles a Postnikov tower. As
suggested by Ravenel, we call the spectrum M E monocular.
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2392 A. K. BOUSFIELD

For spaces, a similar telescopic theory is obtained using the nullification or peri-
odization functors of [Bouf7], [Bou§], or [Dro|. A pointed space X is approximated
at a prime p by a tower {L{X},>0 of nullifications away from desuspensions of
finite p-local spectra of type n + 1. Like its stable counterpart, the nullification
X — L X preserves the v;-periodic homotopy groups of X for i < n while an-
nihilating those for 4 > n, and the fiber MJX of LI X — Lfle captures the
vp-periodic homotopy groups alone. We likewise call the space M X monocular.

For n > 1, Kuhn [Kuh2] introduced a remarkable functor ¢,, from pointed spaces
to spectra with ¢,QQ°E ~ Ly, E for a spectrum E, where Ly () is the K (n).-
localization functor. This greatly extended a similar result of [Bou6] for n = 1.
Using Kuhn’s basic approach, we now construct a/\telescopic Kuhn functor &,
from pointed spaces to spectra with ®,Q*FE ~ M/E and v, 'm (0, X; W) =
v (X; W) (by Theorem 5.3) for a spectrum E and pointed space X, where
]\//.7,{ is a variant of the nth monocular functor M;. Our key result (Theorem 5.4)
provides a new functor ©,, from spectra to pointed spaces which is homotopically
left adjoint to ®,, in the sense that

map, (0, F, L X) ~ map,(E,®,X).
In particular, K (n)*(0,F) ~ K(n)*(FE), so that ©,, F behaves somewhat like an in-
finite desuspension of E. Moreover, we establish a natural equivalence LfLE‘X’@nE ~
M,J:E showing that monocular spectra are closely related to suspension spectra.
This is carried by Lg () to a natural equivalence Ly, 20, E ~ Lk (,)E showing
that every spectrum is K (n)-equivalent to a suspension spectrum (see Corollary
5.8).

For n > 1, we let M/ be the nth stable monocular homotopy category comprising
all M E for spectra E, and we let UN;] be the nth unstable monocular homotopy
category comprising all (MJX)(d,) for spaces X, where d,, is a certain integer
increasing with n and (d,) denotes a d,-connected cover. In Theorem 5.14, we
deduce that MJ embeds as a retract of N,/ in two ways given by the adjoint
factorizations

, Lixee

M uN M
M@, Q%

ME S22 ynE M

of the identity functor for M/, where QFF = (Q>®°E)(d,). We note that the
ﬁ‘x’—embedding of M{ in UN; consists of infinite loop spaces, while the ©,,-
embedding of M in UN;] consists of “infinite L}-suspension spaces” since 6, F ~
L{¥*(©,27*E) for k > 0. Moreover, there is a correspondence of unstable and
stable maps given by isomorphisms [0, F, SNZOOG] ~ [E,G] for E,G € M.
Ravenel’s original telescope conjecture involves the mapping telescopes of v,,-
maps, but may be reformulated to assert that each K(n).-equivalence of spectra is
a vy-periodic homotopy equivalence (see e.g. [Rav1], [MS], or 6.13). Since the con-
verse is true, this would give a perfect Whitehead theorem for K (n).-equivalences
of spectra. From another standpoint, the telescope conjecture concerns the natural
telescopic-to-chromatic transformation L{ — L,, where L, is the F(n),-localization
functor. In fact, LfLE — L, F is an equivalence for each spectrum F if and only if
the mth telescope conjecture holds for each m < n. The nth telescope conjecture
was proved for n = 1 by Mahowald [Mah] and Miller [MilI], but has been strongly
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ON THE TELESCOPIC HOMOTOPY THEORY OF SPACES 2393

doubted for n > 2 since 1990 when Ravenel [Rav2] sketched a refutation for n = 2
and p > 5. However, a completely convincing refutation has been extraordinarily
hard to achieve, and Ravenel cautions us against drawing conclusions at this time.

To formulate an unstable telescope conjecture, we call a map X — Y of
pointed spaces a virtual K(n).-equivalence when it induces a K(n).-equivalence
(QX)(n+2) — (QY)(n + 2). By [Boud], the virtual K (n).-equivalences behave
much like periodic homotopy equivalences; for instance, in a ladder of fiber se-
quences

if any two of «, 3, and v are virtual K(n).-equivalences, then so is the third. Our
unstable telescope conjecture asserts that each virtual K (n).-equivalence of pointed
spaces is a v,-periodic homotopy equivalence, and we prove that this is equivalent
to the stable telescope conjecture for K(n). (see Theorem 6.5). If the conjecture
fails, then we can deduce the existence of highly connected infinite loop spaces with
trivial F(n).-homology but nontrivial v,-periodic homotopy groups (see Theorem
6.11).

Our telescopic results have important chromatic applications. They enable us
to determine the E(n).-localizations of many infinite loop spaces in terms of the
E(n).-localizations of spectra, very much as we determined the E(1).-localizations
of infinite loop spaces in [Bond]. For a connected infinite loop space QP E, we show
that L,Qf°E is given by (25° L, E/ with low dimensional adjustments under suitable
conditions (Theorem 8.1). These conditions hold, for instance, when n < 2 or when
E is a BP-module spectrum. The K (n).-localizations of spaces are very closely
related to F(n).-localizations; if Y is a connected H-space or simply connected
space, then Ly ()Y ~ (L, Y)} (see Theorem 7.3). In particular, L ,,)Q°E is given
by Q5°(L,E), with low dimensional adjustments under suitable conditions (see
Theorem 8.2), and may differ substantially from Q§°Lg,)£. We also determine
L,Y and Lg,)Y for any Postnikov H-space Y using work of Hopkins, Ravenel,
and Wilson [HRW].

Much of our effort is devoted to constructing the functors ®,, and ©,, using the
technology of model categories. We give a much improved version of the Bousfield-
Friedlander [BE] construction of new model categories from old ones with “Q-
structures,” and deduce that each nullification functor determines a proper model
category for spaces (see Theorem 9.9). In particular, the telescopic functor L
determines a proper model category structure for spaces, giving the nth telescopic
homotopy category. We construct a chain of right Quillen functors and left Quillen
equivalences from this model category to the model category of spectra, and we
compose their total derived functors to define ®,,. We then construct an adjoint
chain of functors and compose their total derived functors to define ©,,. The ho-
motopy functors ®,, and ©, can be induced by simplicial functors between the
categories of spaces and spectra.

The paper is organized as follows. In Section 2 we discuss the general theory
of relative homological localizations of spectra, and in Section 3 we review the
telescopic homotopy theory of spectra. Although this material is more or less
known, it is needed to establish notation, terminology, and background. In Section
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4 we introduce the telescopic homotopy theory of spaces. In Section 5 we state our
main theorems on the existence and basic properties of the functors ®,, and ©,,, and
we derive our embedding theorem for monocular homotopy categories. In Section 6
we prove the equivalence of the stable and unstable telescope conjectures. In Section
7 we determine the F(n).-localizations and K (n).-localizations of Postnikov H-
spaces. In Section 8 we determine the F(n).-localizations and K (n).-localizations
of infinite loop spaces under suitable conditions. In Section 9 we show that a
nullification functor, such as L{, determines a proper model category structure for
spaces. In Sections 10-13 we construct the functors ®,, and ©,, and establish their
basic properties listed in Theorems 5.3 and 5.4.

We work simplicially so that a “space” is a simplicial set, and a “spectrum”
is as in [BE| or [HSS| 4.2]. However, to make the presentation more accessible,
we frequently work in the homotopy categories Ho, of pointed spaces and Ho® of
spectra. We develop our results in telescopic and chromatic homotopy theory at a
fixed but arbitrary prime p.

We are very grateful to the referee for critical comments and suggestions which
have helped to make this work more accessible.

2. RELATIVE HOMOLOGICAL LOCALIZATIONS OF SPECTRA

To set the stage for our discussion of telescopic stable homotopy theory in Sec-
tion 3, we shall establish an equivalence between two sorts of relative homological
localizations of spectra. We work in the stable homotopy category of spectra and
assume familiarity with

2.1. Homological localizations and acyclizations of spectra. For a spectrum
E,welet X — LgX and Cg X — X denote the F,-localization and E,-acyclization
of a spectrum X, and we obtain a homotopy cofiber sequence Cp X — X —
LpX (see [Bon?2|, [Rav1]). We let Lg C Ho® (resp. Cp C Ho®) denote the full
subcategory of E,-local (resp. FE.-acyclic) spectra.

2.2. Ayclicity classes of spectra. The functors Lg and Cg depend only on the
equivalence class (E) obtained by considering two spectra as equivalent when their
homology theories have the same acyclic spectra. These acyclicity classes (E) are
studied at length in [Bonll], [Rax1], and [HP]. They are partially ordered, where
(G) > (E) means that each G,-acyclic spectrum is E,-acyclic, and they have the
usual smash and wedge operations. A class (X) may have a complement (X)¢,
which is uniquely determined by the conditions (X) A (X)¢ = (0) and (X) V (X)° =
(S) where S is the sphere spectrum. For a class (W) and a complemented class
(X), the difference class (W)\(X) is defined as (W) A (X)°.

2.3. Relative homological localizations. For spectra E and G with (G) > (E),
there is a natural map LgX — LgX with homotopy fiber CgLgX for a spectrum
X. Weregard CgLg X as a relative homological localization of X giving its G .-local
E.-acyclic part. When (F) is complemented, we may choose a representative G\ E
of (G)\(E) and regard Lg\pX as another sort of relative homological localization
of X. We shall show that CrLg and L\ g are functorially equivalent when E is
smashing.
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2.4. Smashing spectra. As in [Ravll, a spectrum E is called smashing when
the natural map X A LgS — LpX is an equivalence for all spectra X. When F is
smashing, X A CgS — CgX is also an equivalence, and (E) is complemented with
(E) = (LgS) and (E)¢ = (CgS).

Theorem 2.5. For a smashing spectrum E and spectrum G with (G) > (E), the
relative homological localization functors CpLg and Lg\g are related by natural
equivalences Le\p(CeLgX) ~ LengX and CpLg(Lag\gX) ~ CpLgX for X €
Ho®.  Moreover, they restrict to adjoint functors CpLg : Ho® & Lg : La\g
which in turn restrict to adjoint equivalences CpLg : Love & Ce A Lg @ Lenk-
Furthermore, Lg\pX ~ F(CgS,LcX) ~ Ls\pLcX for X € Ho®.

Cases of this result have been proved in [Boud], [Bou§|, [HPS], and [HSt]. Our
proof in 2.7 will use the following categorical lemma. For a class W of maps in
a category A, an object J € A is called W-local (resp. W-colocal) when f* :
Hom(B,J) = Hom(A, J) (resp. f* : Hom(J, A) = Hom(J, B)) for each map f :
A — Bin W. A W-localization of A € A consists of a map A — I in W such that
I is W-local, and a W-colocalization consists of a map J — A in W such that J is
W-colocal.

Lemma 2.6. If each object of A has both a W-localization and a W-colocalization,
then:

(i) the W-colocalization functor C : A — A is left adjoint to the W-localization
functor L : A — A;

(ii) there are natural isomorphisms LCX = LX and CLX = CX for X € A;

(ili) C and L restrict to adjoint equivalences between the full subcategories of
W-local objects and of W-colocal objects in A.

Proof. C is a left adjoint to L via the natural bijections
Hom(CX,Y) =2 Hom(CX,LY) =2 Hom(X, LX).

The lemma follows easily since C' and L carry maps of W to isomorphisms by
adjunction arguments. O

2.7. Proof of Theorem 2.5. Let W be the class of Cg-equivalences in Ho®.
Then each spectrum X has a W-localization X — Lg\ X and a W-colocalization
CgX — X. Thus Lg\g : Ho® — Ho® is right adjoint to Cr : Ho® — Ho® by
Lemma 2.6, and hence Lg\ g X ~ F(CgS, X) for X € Ho® since Cg X ~ XACgS. If
W € Ho* is G\ E,-acyclic, then WA(GACES) ~ 0 and thus [W, F(CgS, L¢X)] =0
for X € Ho®. Hence F(CgS, LgX) is G\E,-local and Lo\ pX ~ F(CpS, LgX) ~
Ls\pLcX. The theorem now follows easily.

Examples of smashing spectra arise from the theory of

2.8. Homotopical trivializations and cotrivialization of spectra. As in
[Boul] for W € Ho®, we say that a spectrum I is W-trivial when [W, I], = 0 and
say that a spectrum J is W-cotrivial when [J,Y]. = 0 for each W-trivial spec-
trum Y. By [Boull 1.7], each spectrum X has a W-trivialization X — L X and
a W-cotrivialization CV' X — X, and we obtain a homotopy (co)fiber sequence
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CVYX - X - LWX. Welet L C Ho® (resp. C'Y C Ho®) denote the full subcat-
egory of W-trivial (resp. W-cotrivial) spectra. By [Boull, 1.6], C" is the smallest
full subcategory of Ho® which contains W, is closed under arbitrary wedges, and
contains all three spectra in a cofiber sequence when it contains any two. We re-
mark that homological localizations of spectra are actually examples of homotopical
trivializations by [Bou2l 1.14].

The following theorem generalizes a result of [Bou2l 3.5] or [Mil2] showing that
the spectrum L"'S is smashing when W is a wedge of finite spectra.

Theorem 2.9. Let W be a spectrum such that LV is closed under arbitrary wedges.
Then LW S is smashing with (LW S) = (W)€, and the L™ S..-localization of a spec-
trum X is given by the W -trivialization X — LW X .

Proof. If E € LW, then X A E € LV for each X € Ho*, since CF c £V by 2.8.
Using the cofiber sequence X ACWS — XA S - X ALWS with X ACW S eV
and X A LWS € £, we obtain natural equivalences X A CWS ~ C" X and
XANIWS ~LWX for X € Ho®. Since WACWS ~W and CWSALYS ~ 0, we
easily deduce (W) = (CW'S) and (W)¢ = (LW S) as required. O

3. THE TELESCOPIC HOMOTOPY THEORY OF SPECTRA

We now discuss the “finite chromatic” or “telescopic” approach to stable homo-
topy theory in which spectra are approximated by their homotopical trivializations
away from finite spectra of progressively higher types as in [Mil2], [Rav4], or [MS].
Using our knowledge of relative homological localizations, we establish an equiv-
alence between two sorts of “monocular” stable homotopy categories. Let p be a
fixed prime, and let K(n) be the nth Morava K-theory spectrum at p for n > 0
where K(0) = HQ.

3.1. Types of spectra. The type of a finite p-local spectrum W is the smallest
integer n > 0 such that K(n),W # 0, or is co when there is no such n (i.e.,
when W ~ 0). A spectrum W of type n exists for each n > 0, and any two such
spectra have the same acyclicity class; moreover, this class decreases monotonely
as n increases.

3.2. Telescopic towers of spectra. For n > —1, let F'(n + 1) be a finite p-local
spectrum of type n+ 1, let F(n+1) = F(n+1)V \/ S/q be the wedge of F(n+1)
q#p

with the Moore spectra S/q for all primes ¢ # p, and let S(n) be the F(n + 1)-
trivialization of the sphere spectrum S. We note that S(n) does not depend on
the choice of F(n + 1), and we have S(—1) = 0 and S(0) = HQ. By Theorem 2.9,
S(n) is smashing with (S(n)) = (F(n + 1)>C and hence with (S(m)) < (S(n))
for m < n. For a spectrum X, we write Lf X = Lg(nX and CiX = Cs(n)X and
obtain the natural telescopic tower

LIX—LIX— . L] X—Lix—..

under X. The homotopy fiber MJX of L{X — Lfle is given by M/ X =

C’f:_lLfLX and is called the nth monocular part of X. It has a variant ]\/ZT{X =
Ly X where T'(n) = S(n) A F(n) is the “difference spectrum” with

(T(n)) = (SO)\(S(n = 1)) = (F())\(F(n+1)).
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We let £f C Ho®, M] C Ho®, and /\//Yfl C Ho?® respectively denote the full sub-

categories given by all Lf X, M/ X, and J/W\,J:X for X € Ho®. By Theorem 2.5 we
have

Theorem 3.3. For n > 0, the functors M and JTJ\/: are related by natural equiv-
alences M MJX ~ MIX and MfMIX ~ MJX for X € Ho®. Morecover, they
restrict to adjoint functors M : Ho® = Lf : MJ which in turn restrict to adjoint
equivalences M} : M = MJ : MJ. Furthermore, M/ X ~ F(CYJLIS, LIX) ~
F(CL_8(p), LX) ~ Ly L4 X ~ Lp(y LEX for X € Ho®.

A similar result is proved in [HStl Theorem 6.19], for the monochromatic functors
M, and M, and can also be derived from Theorem 2.5. We immediately deduce

Corollary 3.4. For spectra X,Y € Ho® and n > 0, there are isomorphisms
(M X, MY~ [MIX, MIY] > M X, M!Y).
The functors L, M, and ]\//.77{ are perhaps best understood in terms of

3.5. wvy-periodic homotopy groups. Let F, C Ho® be the full subcategory of
finite p-local spectra of type > n. For a spectrum W € F,, with n > 0, a v,-map
is a map w : LW — W with d > 0 such that K(n).w is an isomorphism and
K(i),w = 0 for all i # n. By the periodicity theorem of Hopkins and Smith (see
[Hop], [HSm], [Rav3], each spectrum W € F,, has a v,-map, which is unique and
natural up to iteration. The v,-periodic homotopy groups of a spectrum X € Ho®
with coefficients in a spectrum W € F,, are defined by

v, ' (X5 W) = w W, X, = colim[Z“W, X,
K]
for n > 0 using the sequence
W & 20w & D20

for a vy,-map w : DW — W, and by vy 7. (X; W) = [W, Xg|« for n = 0. The
periodicity theorem ensures that v,, 17.(X; W) does not depend on the choice of w
and is functorial in X and W. In fact, v, 17.(—; W) is a homology theory by

Lemma 3.6. For a spectrum X and W € F, with n > 0, there is a natural
isomorphism v, 'm (X;W) = (S(n) A DW) X where DW = F(W,S,)) is the
p-local Spanier- Whitehead dual of W .

Proof. We may assume n > 0. Since Dw : DW — X~¢DW is a v,-map in F,, its
homotopy cofiber is in F,, 41, and the map Dw A C' is nilpotent for each C' € F,, 1
by the nilpotence theorem of Devinatz, Hopkins, and Smith (see [Hop|, [HSm],
[Rav3]). Hence, the sequence

pw 2 s-dpw 24 s-2dpy 29
has the telescope L DW ~ S(n) A DW and
v, ' (X W) 2 colim(E7DW), X = (S(n) A DW) X.
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3.7. v,-periodic homotopy equivalences. For a finite p-local spectrum W of

type n, we have (S(n) A DW) = (S(n) A F(n)) = (T'(n)). Thus by Lemma 3.6,

a v, 1. (—; W)-equivalence of spectra is the same as a T'(n).-equivalence and does

not depend on the choice of W. It will be called a v,, ! m,-equivalence. A map which
n

is a v;lw*—equivalence for 0 < i < n will be called a v;lw*—equivalence and is
i=0

the same as an S(n).-equivalence since (S(n)) = (T(0)) V-V (T'(n)).

3.8. An interpretation of the telescopic tower. For a spectrum X and n > 0,

n
we may interpret L{ X as the @ v 'm.-localization of X, and we obtain
i=0

o7l (LEX F(i)) = v m (X5 F()  fori<m,
o 0 for i > n,

v b (M X P (i) = {vi T (GE) forimn

0 for i # n,

for i > 0 where F(i) is a finite p-local spectrum of type i. Thus the telescopic
tower {L{ X },>0 resembles a Postnikov tower for X, while its monocular fibers
M,J:X resemble Eilenberg-MacLane objects. We may likewise interpret J/\/.T\T{X as
the v,, !m,-localization of X.

4. THE TELESCOPIC HOMOTOPY THEORY OF SPACES

We now introduce a “finite chromatic” or “telescopic” approach to the homotopy
theory of spaces, using the theory of homotopical nullifications (= periodizations)
developed by Dror-Farjoun [Dro] and the author [Bou7], [Bou8|. For convenience,
we work primarily in the homotopy category Ho, of pointed spaces (i.e. pointed
simplicial sets), and start by recalling

4.1. Nullifications and conullifications of spaces. For a space A € Ho,, we
say that a space Y € Ho, is A-null if the map A — * induces an equivalence
Y ~ map(A4,Y) of unpointed mapping spaces. When Y is connected, this means
that the pointed mapping space map.(A,Y) is contractible. We say that a space
J € Ho, is A-conull if map,(J,Y) ~ * for each A-null space Y € Ho.. By [Bou7]
or [Dra|, each space X € Ho, has an A-nullification X — P4 X going universally to
an A-null target, and has an A-conullification P4 X — X coming universally from
an A-conull source. These form a homotopy fiber sequence P4 X — X — P4 X by
[Dral p. 37]. We note that the terms “A-null” and “A-nullification” have exactly
the same meanings as the earlier terms “A-periodic” and “A-periodization” used
in [Bou7).

4.2. Nullity classes and relative nullifications. The functors P4 and P4
depend only on the equivalence class (A) obtained by considering two spaces as
equivalent when they have the same null spaces. These nullity classes (A) are
studied in [Bou7] and [Dro]. They are partially ordered where (4) < (B) means
that each B-null space is A-null, which happens if and only if PgA ~ *. (The
opposite ordering is used in [Dro].) If (A) < (B), then for X € Ho, there is a
natural map P4 X — PpX with homotopy fiber PPy X, and we regard PpPsX
as a relative nullification of X, giving its A-null B-conull part.
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4.3. Telescopic towers of spaces. For n > 0, we choose a suspension space
A(n + 1) € Ho, such that ¥>*°A(n + 1) is a finite p-local spectrum of type n + 1
with the connectivity of H, (A(n +13Z /p) as low as possible. For instance, we
might choose A(1) = M(Z/p,2) = S? U, e3. We let d,, — 1 denote the connectivity
of H, (A(n—l— 1); Z/p) and observe that dy = 2, d,,41 > d,,, and d,, > n+1 by [Bou7|
13.8]. We let

An+1)=An+1)v \/ M(Z/q,2)
qF#p
be the wedge of A(n + 1) with the Z/g-Moore spaces M (Z/q,2) for primes g # p.
Then by [Bou7l 9.15], the nullity class </1(n + 1)> does not depend on the choice
of A(n + 1), and it decreases monotonely as n increases. For a pointed space X,
we write L{X = Pjin41)X and ClX = ?A(nH)X, and we obtain the natural
telescopic tower

LIX—LIX— . L] X—Lix—. .

under X. For n > 1, the homotopy fiber MJX of LI X — Lfle is given by
MIX = CZ?ILfLX and is called the nth monocular part of X. We let UL] C Ho,
and UM/ C Ho. respectively denote the full subcategories given by all L{ X and
M X for X € Ho,. As will be explained below in 4.11, L X is very closely related
to the v,-periodization P, X of [Bou7|.

4.4. Simplicial functoriality. Since the functors LfL : Ho, — Ho, for n > 0 are
nullifications, they are induced as in [Bou7, 2.10] by simplicial functors Lf : §S, —
S8, which may be constructed with simplicial natural transformations giving a
functorial telescopic tower X — {L{ X}, >0 for X € §S..

The telescopic tower is perhaps best understood in terms of

4.5. v,-periodic homotopy groups. The v,-periodic homotopy groups of a
space X € Ho, with coefficients in a spectrum W € F,, are defined for n > 1 by

v, ' (X5 W) = w W, Xy = colim[ZTW, X,
using the eventual desuspension to Ho, of the sequence
W & AW & w2

for a v,-map w : YW — W. As in the stable case (3.5), v, 7. (X; W) does not
depend on the choice of w and is functorial in X and W. A map f: X — Y in
Ho, will be called a v, 'm,-equivalence when f, : v, 1m (X; W) = v tm, (Y; W)
for some (and hence all) W € F,, of type n (see [Boud, 11.11]). It will be called
a vo_lm—equivalence when f, : Q ® T, X = Q ® 7, Y assuming that X and Y are
nilpotent.

4.6. An interpretation of the telescopic tower. For a space X € Ho,, we
have
X for i < 2,
WiL(J;X = dmX/rmX  fori=2,
X ®Q for i > 2
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by [Bou7, Theorem 5.2], where 7m; X is the torsion subgroup of m;X. For n > 1
and ¢ > 1, we obtain

IR

—1 s .
v (LLXG P (i) {”i T (X; F(i))  fori<mn,

0 for i > n,
v b (M X F (i) = {vi T (GE) forimn

0 fori #n

by 4.11 below and [Bou, 11.5] where F'(i) is a finite p-local spectrum of type 4.
Thus the telescopic tower {LfLX }n>0 resembles a Postnikov tower for X, capturing
progressively higher types of periodic homotopy.

This interpretation can be strengthened for highly connected spaces. For j > 0
let Y(j) denote the j-connected cover of a space Y € Ho,, and let Ho.(j) C Ho,
denote the full subcategory of j-connected spaces. By 4.11 below and Theorems
11.5, 13.1, and 13.3 of [BouT|, we have

Theorem 4.7. Forn >0 and X € Ho.{(d,), the map X — L{X is a @ v; ' .-
i=0

localization of X in Ho.(d,). Moreover, forY € Ho,, there is a natural ecﬁtivalence
L} (Y(dn)) = (LY ){dn)-

Corollary 4.8. For n >0, a map in Ho.(d,) is an L{-equivalence if and only if

n

., -1 .

it is a @ v; T -equivalence.
i=0

For n > 1, we write NJX = (M X)(d,) and let UN;/ C Ho. denote the full
subcategory given by all NJX for X € Ho,. We call UN;/ the nth monocular
homotopy category of spaces.

Lemma 4.9. Forn > 1, UN] is contained in UM,.

Proof. For X € Ho,, we have Lfb_l(Ner) ~ % by Corollary 4.8 and have N/ X in
UL{ by Theorem 4.7 since N X = (M X)(d,,) with M/ X e ULS. O

Thus, UN; is the full subcategory of UM given by its d,,-connected spaces.
Finally, we shall explain the very close relationship between L{ : Ho, — Ho,
and the v,-periodization functor P, : Ho, — Ho, of [Bon7|. For a pointed space

X, we let Py X denote the M-nullification of X where M = \/ M(Z/q,2). By
q#p
[Bou7, Theorem 5.2], P, X is a partial p-localization of X with

X for i < 2,
WiP(p)X = WiX/TpI’]TiX for i = 2,
X ® Z(p) for i > 2,
where 7,m; X C mX is the subgroup of torsion prime to p. Since A(n +1) =

A(n+1)V M, there are natural maps P,y Pa(n41) — L{X and Pyt Ppy X —
L{ X, and we have

Lemma 4.10. For a space X € Ho, and n > 0, there are natural equivalences
P(p)PA(nJrl) =~ L,le and PA(n+1)P(p)X ~ L,le
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Proof. Since A(n+ 1) is a simply connected space with p-torsion homology groups
H, (A(n + 1);Z), the functor P, preserves the A(n + 1)-null property, while
P4 (n41) preserves the M-null property. Hence, P,y Pa(n+1)X and P(,11)Pp) X are
A(n + 1)-null, and the lemma follows easily. O
4.11. Comparison of L and P, . For a space X € Ho,, the localizations
L{X and P, X are closely related by natural maps Pynyny X — L{X and
PynyyX — P, X. The first map is obtained by Lemma 4.10 and gives
TiPa(n1)X ® Zp) = mLE X for i > 2. The second map is obtained from the
natural equivalences Py(,4+1)X ~ Pgiw, X and P, X ~ Psw, X of [Bou7, 10.1
and 10.2], and gives m;Py(nyyX = mP,, X for i > d, by [Bou7, 7.2]. Conse-
quently, mL{X = P, X ® Z,) for i > d,. Our functors L : Ho, — Ho, are
designed to be compatible with their stable counterparts (see Proposition 5.2) and
to be well-behaved above the homotopy dimension d,, (see Lemma 12.5). We are
generally not concerned with their action below the homotopy dimension d,,.

5. THE TELESCOPIC KUHN FUNCTOR AND ITS ADJOINT

In this section, we state our main results on the telescopic Kuhn functor ®,, :
Ho, — Ho® and our new functor ©,, : Ho® — Ho,, establishing strong relations
between the stable and unstable telescopic homotopy theories. We begin by noting
some elementary relations involving infinite loop spaces.

Proposition 5.1. For spectra E € Ho® and W € F,, withn > 1, there is a natural
isomorphism v, 'm. (Q®E; W) 2 v b (E; W).

Of course, we also have m;(Q*E)® Q = mE ® Q for i > 0. More geometrically,
the infinite loop map Q®F — Q> L] E induces a map A : LIQ®E — Q> Lf E since
QLI E is in UL]. This provides natural comparison maps of telescopic towers \ :
{LIO®°E}, >0 — {Q°L{ E},>0 and of monocular parts A : MQ*E — Q*M/E.
Proposition 5.2. For a spectrum E, there are equivalences

A (LIQ®E)(d,) ~ (Q®°L! E)(d,) forn >0,
A (MIQ®E)(d,) ~ (Q°MIE)(d,) forn>1.
Proof. The case n = 0 is clear. For n > 1, these maps are equivalences since they

n n

are @ v; 'm.-equivalences of @ v; 'm.-local spaces in Ho.(d,) by Corollary 4.8
i=0 =0

and Proposition 5.1. |

In [Kuh2] for n > 1, Kuhn introduced a remarkable functor ¢,, : Ho, — Ho?
with ¢,Q*FE ~ Ly, )E for E € Ho®. This greatly extended a similar result of
[Bou6] for n = 1. We shall derive a telescopic Kuhn functor ®,, : Ho, — Ho® with

$,0%F ~ M/ E, and thus with L (,)®,Q%FE ~ L () E.

Theorem 5.3 (Telescopic Kuhn theorem). For n > 1, there is a functor @, :
Ho, — Ho® such that

(i) ®,X isin /\//Yfl for each X € Hoy,;
(ii) for each W € F,, there are isomorphisms

v (X W) 2 W, @, X 22 v, (@, X W)

which are natural in X € Ho,;
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(iil) for E € Ho®, there is a natural equivalence ®,Q°F ~ M,J:E,
(iv) for K,X € Ho., there is a natural equivalence ®,(L{ X)% ~ (&, X)K;
(v) ®,, preserves homotopy fiber squares.

A homotopy (co)fiber square in Ho, or Ho® is a square represented by a homotopy
(co)fiber square of pointed spaces or spectra in the usual sense [BF|, A.2]. A more
functorial version of 5.3(v) is provided in 5.5 below. We shall prove this theorem in
13.8, and we have the following companion theorem which is the key result of this
paper.

Theorem 5.4. Forn > 1, there is a functor ©, : Ho® — Ho, such that

(i) ©,E is in UN;S (and hence in UMY) for each E € Ho®;

(ii) for E € Ho® and X € Ho,, there is a natural equivalence

map, (6, E, L}, X) ~ map, (E, $,X);

(iii) for E € Ho®, there is a natural equivalence L{%>*°0,E ~ MJFE;

(iv) for E € Ho® and K € Ho,, there is a natural equivalence O,(K N E) ~
LI(K ANOLE);

(v) ©, carries a homotopy cofiber square in Ho® to an LI -homotopy cofiber square
mn Ho,.

An Lf-homotopy cofiber square of pointed spaces (in SS.) is a commutative
square

A—— B

Lo

C —— D
such that the map from the homotopy pushout of C «+— A — B to D is an Lfl—

equivalence; an Lfb—homotopy cofiber square in Ho, is a square represented by such
a diagram of pointed spaces. We shall prove Theorem 5.4 in 13.9.

5.5. Simplicial functoriality. As we shall see in 12.7, the functors ®,, : Ho, —
Ho® and ©,, : Ho® — Ho, for n > 0 can be induced by simplicial functors ®,, :
S8 — Sp and ©,, : Sp — S8, on the categories SS, and Sp of pointed simplicial
sets and spectra (see 10.3). Moreover, the functor ®, : §S. — Sp preserves
homotopy fiber squares, while ©,, : Sp — S8, carries homotopy cofiber squares to
L{-homotopy cofiber squares.

We now derive some consequences of Theorems 5.3 and 5.4.

Corollary 5.6. For n > 1, the functor ©,, : Ho® — UL/ is left adjoint to ®,, :

UL! — Hos.
Proof. This follows since there is a natural isomorphism [0, F, L} X] = [E, ®, X]
for E € Ho® and X € Ho, by 5.4(ii). O

Corollary 5.7. Forn > 1, G € llf“ and X € Ho®, there is a natural iso-
morphism G*(0,X) = (MT{G)*X In particular, m‘(@nX) = K(n)*X and
I?(\i)/*(@nX) =0 for 0 <i<n. Likewise, K*(0,X; Zp) ~ K*(X; Zp),
Proof. There are isomorphisms

[0,X,0%G] = [X,9,0°G] = [X,MG]
by Corollary 5.6 and Theorem 5.3(iii). O
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Using the K (n).-localization functor Ly ,), we obtain a closely related result:

Corollary 5.8. There is a natural equivalence Ly (,)X°0, X ~ L)X forn > 1
and X € Ho®.

Proof. This follows by applying Lg,) to the equivalence L{¥>*0,X ~ M/X of
Theorem 5.4(iii). O

Thus each spectrum is K (n)-equivalent to a suspension spectrum. The preced-
ing results show that ©,, behaves somewhat like an infinite desuspension, and we
similarly have

Corollary 5.9. For a space A € Ho, with a map v : X%A — A such that X®°v is
a vp-map in F,, there is a canonical equivalence ©,5>°(32A) ~ L] (X2A).

Proof. Since ¥>°cof v is in Fpi1, [E'cof v, X] is trivial for X € UL and i > 1.
Hence there is an isomorphism [A, X] = v, 17(X;35°°A) for A = ¥?A, and there
are natural isomorphisms

[LTA X] = v, lmg(X; 5%A4) = [2%94,8,X] = [0,5°4, X]

for X € UL} by Theorem 5.3(ii) and Corollary 5.6. Consequently, ©, XA ~
LIA. O

Corollary 5.10. Forn > 1, we have
(i) amap f: X —Y in Ho. is a v, m.-equivalence if and only if @, f : ®,X ~
¢,Y;
(i) a map g: E — F in Ho® is a v, 'm.-equivalence if and only if ©,9: ©,F ~
O,F.

Proof. Part (i) follows by 5.3(i) and (ii). For part (ii), note that ©,g : O,F ~
O, F if and only if g* : [F,®,X] = [E,®,X] for each X € ULf. By 5.3(i) and
(iil), this is equivalent to g* : [F, M] = [E, M] for each M € ./(/l\f“ and hence to
Mlg:MIE~M/F. O
Thus we see that @, (Y (i)) ~ ®,Y and ©,(E(i)) ~ ©,F for each i. In par-
ticular, ®,, kills Postnikov spaces and ©,, kills Postnikov spectra. Finally, we will
show that the stable monocular homotopy category M is a retract of the unstable
monocular homotopy category UN;/ in two different ways. For this we need

Lemma 5.11. For n > 0 and X € Ho,, the map X — LI X is an S(n).-
equivalence.

Proof. This follows as in [Bou7, 12.1] since L{X is the nullification of X with
respect to an S(n).-acyclic space A(n + 1). O

Lemma 5.12. For n > 1, the functor LI : UNT — M is left adjoint to
Q% : MJ — UN] where Q°E = (Q®E){d,,).

Proof. For a space X € UNJ, the spectrum L{¥>*°X is in M/ because X and
¥*X are S(n — 1),-acyclic by Lemma 5.11 since L{ X ~ %. For a spectrum

n—1
E € M/, the space Q®FE is in UNJ since Q*FE ~ (M/Q>E)(d,) by Proposition
5.2. The result now follows easily from the adjointness of 3°° and °°. O
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Lemma 5.13. Forn > 1, the functor ©,, : M{ — UN is left adjoint to M]®,, :
UNT — M.

Proof. This follows by 5.4(i), 5.6, and 3.3. O
By 5.3(iii), 5.4(iii), 3.3, and the above lemmas, we have

Theorem 5.14. Forn > 1, the adjoint compositions
LIy
ME =En s uNE s M
; _
M Mo,

UN] < M,
each express M as a categorical retract of UNY; that is, the compositions
(L1220, and (M} ®,)Q> are each equivalent to the identity functor on M.

For n > 1, we let Q°M{ € UN] and ©,Mf C UN] denote the image sub-
categories of the faithful embeddings Q> : M{ — UNJ and ©,, : ML — UN/.
Clearly, §~2°°Mfl consists of infinite loop spaces, while ©,, M/ consists of “infinite
L{-suspension spaces” since there is a natural equivalence ©,,F ~ L{¥*(0,%"FE)
for E € Ho® and k > 0 by Corollary 5.4(iv). Finally, we easily see

Proposition 5.15. For spectra E, G € M/ and n > 1, there is a natural isomor-
phism [©,E,Q*G] = [E, G].

Thus a map from a space in ©,, M/ to a space in ﬁooMfL corresponds to a stable
map in M.

6. THE UNSTABLE TELESCOPE CONJECTURE

In this section, we formulate the unstable telescope conjecture and prove that it
is equivalent to Ravenel’s stable telescope conjecture. Our proof relies heavily on
the functors ®,, and ©,,. We start by recalling

6.1. The stable telescope conjecture for K(n).. For n > 0, this asserts that
each K(n).-equivalence of spectra is a v, ‘m.-equivalence. This is equivalent to
Ravenel’s original telescope conjecture (see [Rav1], [MS], or 6.13 below). It holds
trivially for n = 0 and holds for n = 1 by work of Mahowald [Mah] and Miller
[MiIT], but has been strongly doubted for n > 2 since 1990 when Ravenel [Rav2]
sketched a refutation for n = 2 and p > 5. It has the following obvious converse.

Theorem 6.2. For n > 0, each v, 'm.-equivalence of spectra is a K (n).-equiv-
alence.

Proof. This follows by 3.7 since (T'(n)) > (T(n) A K(n)) = (K(n)). O

Thus the stable telescope conjecture would provide a perfect Whitehead theorem
for K (n).-equivalences. To formulate an unstable telescope conjecture, we use the
following concept from [Bon9]. For n > 1, amap X — Y in Ho, is called a virtual
K (n).-equivalence if it induces a K (n).-equivalence (Q2X)(n + 2) — (2Y)(n + 2).
Results of [Bou9, Section 11] are combined to give

Theorem 6.3. For n > 1 we have

(i) each K (n)«-equivalence of connected H-spaces is a virtual K (n).-equivalence;
(ii) an i-connected cover X (i) — X of a pointed space is a virtual K(n)-equiv-
alence for i > 0;
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(iii) if any two of three pointed space maps f : X - Y, g:Y - Z andgf: X — Z
are virtual K (n).-equivalences, then so is the third;
(iv) for a map of homotopy fiber sequences of pointed spaces

F X B
I O
F X B

if any two of a, B, and v are virtual K (n).-equivalences, then so is the third;
(v) if f: X =Y is a virtual K(n).-equivalence of pointed spaces, then f(i) :
X (i) = Y (i) is a K(n).-equivalence for i > n + 2.

Although an ordinary K (n).-equivalence of spaces (such as the Barratt-Priddy
map K (oo, 1) — Q5°5) need not be a v, !r.-equivalence, we had hoped to prove

6.4. The unstable telescope conjecture for K(n).. For n > 1, this asserts
that each virtual K (n).-equivalence of pointed spaces is a v, 1 7.-equivalence. This
holds for n = 1 by [Bou9l 11.11], but now seems likely to fail for higher n by

Theorem 6.5. For each n > 1, the unstable telescope conjecture for K(n). is
equivalent to the stable telescope conjecture for K(n),.

This theorem will be proved in 6.10. The converse of the unstable telescope
conjecture holds for n = 1 by [Bou9, 11.11] but fails for n > 2; for instance,
QO>*K(1) is v, 'm,-trivial but not virtually K (n).-acyclic by Theorem 6.3(v) and
[Boul0]. However, by [Bou9) 11.13], we have

n

Theorem 6.6. Forn > 1, each @ v; '.-equivalence of spaces is a virtual K (n),-
i=1

equivalence.

In particular, the map X — L X is a virtual K (n).-equivalence for each pointed
space X by 4.6. The proof of Theorem 6.5 will be based on the following lemmas.

Lemma 6.7. Forn > 1, if h : E — FE’ is a K(n)«-equivalence of spectra, then
Q®°MIh: Q°MJE — Q°MJE' is a virtual K(n).-equivalence of spaces.

n
Proof. Using the natural €@ vi_lm—equivalence $*°0,,E— M/ E of Theorem 5.4(iii),
i=0
we obtain a commutative diagram

Q®N*0,E —— QXM{E

! |

Q®N*0,F —— Q°MIFE

whose horizontal maps are virtual K (n).-equivalences by Theorem 6.6. The map
O0,E — 0,F" is a K(n).-equivalence by Corollary 5.7. Hence the left map is a
K (n).-equivalence by [Boud, Remark after 1.2], or [Kuhll Proposition 2.4], and is
a virtual K (n).-equivalence by Theorem 6.3(i). Therefore the right map is also a
virtual K (n).-equivalence. O
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The converse of the above lemma holds by

Lemma 6.8. Forn > 1 and a map h: E — E’ of spectra, if Q®°h : Q®FE — Q>F’
is a virtual K (n)«-equivalence of spaces, then h : E — E' and ®,Q%h : ,Q°F —
D,0%FE" are K(n).-equivalences.

Proof. Since (2°h)(n + 2) is a K(n).-equivalence by Theorem 6.3(v), so is the
map h(n + 2) by [Bondl, Proposition 1.4]. Hence the map h is a K(n).-equivalence
since any spectrum whose homotopy groups are bounded above is K (n).-acyclic
because its rational and torsion parts are K(n).-acyclic by [Ravll, Theorem 4.8].
Thus, since the maps E — M\,{E and F/ — J/W\T{E' are also K (n).-equivalences
by Theorem 6.2, so is ]/W\T{h Hence, ®,02°°h is a K (n).-equivalence by Theorem
5.3(ii). O

More generally, we have

Lemma 6.9. Forn > 1, if g : X — Y s a virtual K(n)«-equivalence of spaces,
then ®,g : ®,X — ®,Y is a K(n).-equivalence of spectra.

Proof. The map Lfg is a virtual K(n).-equivalence by Theorem 6.6, and hence
map, (F, L{ g) is a virtual K (n).-equivalence for each finite cell complex F € Ho,
by Theorem 6.3. Let A € Ho, be a finite cell complex with a map v : ¥4 — A
such that X*>°A is a finite p-local spectrum of type n and X*°v is a v,-map. Then
the virtual K (n).-equivalence map.(X?A, L{g) is an infinite loop map, where the
infinite loop structure of map. (%24, Lf X) comes from the natural equivalences

map, (224, LI X) ~ map, (29724, L X) ~ Q%map. (224, L] X)

induced by v : ¢4 — A. Hence map.(X2A, L] g) induces a K (n).-equivalence
map.(X24,®,g) by Lemma 6.8 and Theorem 5.3(iv). Using Spanier-Whitehead
duality, we conclude that ®,¢ is a K (n).-equivalence. O

6.10. Proof of Theorem 6.5. Given the unstable telescope conjecture for K (n).,
let h : E — E’ be a K(n).-equivalence of spectra. Then QOOM\,J:h is a virtual
K (n).-equivalence by Lemma 6.7, and hence is a v, 'm,-equivalence. Thus ]\//.7,{ h
and h are v,, 1 7.-equivalences. Conversely, given the stable telescope conjecture for
K(n)s, let f: X — Y be a virtual K(n).-equivalence of spaces. Then @, f is a
K (n).-equivalence by Lemma 6.9 and hence is a v, !m.-equivalence. Thus f is a
v, tm.-equivalence by Theorem 5.3(ii). O

More explicitly, a stable counterexample to the telescope conjecture will lead to
a strong unstable counterexample.

Theorem 6.11. Suppose that, for some n > 2, the stable telescope conjecture fails
for K(n).. Then, for each j > d,, there exists a j-connected infinite loop space Y

—

such that E(n),Y =0, v;'m.Y #0, v; 'Y =0 for each i # n, S(n),Y #0, and

S(n—1),Y =0.
Proof. Choose a spectrum E with v, 7. E # 0 and K(n),E = 0, and let Y =
(Q°MJSE)(j). Then clearly v;'m.Y = 0 for i # n and v, 'm.Y # 0. Hence,

S(n—1),Y = 0 by Corollary 4.8 and Lemma 5.11, and S(n),Y # 0 by [BouT|
13.13]. By Lemma 6.7, Q° M/ FE is virtually K (n).-acyclic, and hence K (n),Y =0
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by Theorem 6.3(v) since j > d,, > n+ 1. Thus IEZ’I’L/)*Y = 0 since (E(n)) =
(E(n—1)VK(n)) <(S(n-1)V K(n)). O

6.12. Variants of the telescope conjecture. Since each S(n).-equivalence of
spectra is an E(n).-equivalence for n > 0, there is a natural map L{X — L,X
for X € Ho®. Moreover, since (E(n)) = (K(0)V ---V K(n)) and (S(n)) =
(T(0)V---VT(n)), the following conditions are equivalent for each n > 0:

(i) the stable telescope conjecture for K (m), holds for 0 < m <mn;
(ii) each E(n).-equivalence of spectra is an S(n).-equivalence;
(iii) the map L X — L, X is an equivalence for each spectrum X.
In [Bou7, 12.3], we considered a variant of the unstable telescope conjecture assert-
ing that, for n > 0, each E(n).-equivalence of spaces is an S(n).-equivalence. This
holds for n = 1, but will fail for some n > 2 by Theorem 6.11 if the stable telescope
conjecture for K(n), fails.
We conclude by showing that the stable telescope conjecture for K(n), is equiv-
alent to Ravenel’s original telescope conjecture [Ravi]. For n > 1, we consider the
vy -telescope W given by the homotopy direct limit of

W —“ L, ydy Y, n2dyy L

for a finite p-local spectrum W of type n with a v,-map w : 3¢W — W. Ravenel’s
original telescope conjecture asserts that the map W — L, W is an equivalence,
and we have

Proposition 6.13. The map W — L, W is an equivalence if and only if the stable
telescope conjecture holds for K(n)..

Proof. Note that W ~ L{W as in the proof of 3.6. First assume that the stable
telescope conjecture holds for K (n).. Then the K(n).-equivalence W — L, W is a
v, tm.-equivalence, and is also an S(n — 1),-equivalence since S(n — 1), W = 0 and
L,W ~ L,S AW by the smash product theorem of Hopkins and Ravenel [Rav3].
Thus W — L,W is an S(n).-localization and L{W ~ L,W. Conversely, assume
that L{W ~ L, W. Then

(K(n)) = (E(n) A\W) = (L,2W) = (LIW) = (S(n) A\W) = (T(n))
and the stable telescope conjecture holds for K (n).. O

7. THE E(n),-LOCALIZATIONS OF POSTNIKOV H-SPACES

We now determine the E(n).-localizations and K (n).-localizations of Postnikov
H-spaces and of other H-spaces which are virtually K (n).-acyclic. We hope that
our results can eventually be extended from H-spaces to nilpotent spaces. They
depend on work of Hopkins, Ravenel, and Wilson [HRW], and will be needed in Sec-
tion 8. For a nilpotent space X, we use the p-localization X, the rationalization

X, and the p-completion )?p of [BK]. We start by recalling

7.1. Modified Postnikov sections of p-complete nilpotent spaces. Recall
that a nilpotent space is p-complete if and only if its homotopy groups are Ext-p-
complete in the sense of [BK]. For an Ext-p-complete nilpotent group A, there is a
short exact sequence 0 —» TA — A — A/TA — 0 where TA is the Ext-p-completion
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of the torsion subgroup of A, and where A/TA is the greatest torsion-free Ext-
p-complete quotient of A. For a p-complete nilpotent space Y and n > 0, let
Y — PntlY denote the modified n + 1-Postnikov section with

Y ifi<n4l,
PPy = 1Y /T Y ifi=n+1,
0 ifi >n+1.

A space will be called Postnikov when its homotopy groups vanish above some
dimension. The following key result will be proved in 7.13.

Theorem 7.2. If X is a connected H-space which is virtually K(n).-acyclic (e.g.
Postnikov) for some n > 1, then Ly X ~ PPHX,,.

The K (n).-localizations of spaces are closely related to E(n).-localizations by

Theorem 7.3. If X is a connected H-space or a simply connected pointed space
andn > 1, then L)X ~ (LnX)]/,\ and there is a homotopy fiber square

LoX ——  LgmX

l l

This follows by [BoulOl 1.6]. For a pointed nilpotent space Y and n > 0, let
Y — PPHY denote the modified n + 1-Postnikov section with

Y ifi <n41,
mPPY =m0 Y/t Y ifi=n+1,
0 ifi >n+1,

where 77,41Y is the torsion subgroup of 7,+1Y. We can now determine the E(n).-
localization of a Postnikov H-space.

Theorem 7.4. If X is a connected H-space which is virtually K(n).-acyclic (e.g.
Postnikov) for some n > 1, then

miX ® Zp) ifi<n+1,
L, X = (7Tn+1X/T7Tn+1X)®Z(p) ifi=n+1,
71'1‘X®Q ZfZ>TL+].

Proof. This follows since the combined square and the right square of

L,X —— Prlx,, —— Prtlx,

l | |

X —— PrXq —— (Pr1X,)q
are both homotopy fiber squares by 7.2, 7.3, and the arithmetic square theorem
[DDK]. Hence, the left square is also a homotopy fiber square. |

To prove Theorem 7.2, we need a series of lemmas.

Lemma 7.5. If X = K(A,m) for an abelian group A and m > 1, then Ly )X ~
137”"’1)?,, for each n > 1.
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Proof. This follows by [Boud, 6.3] since K(Z/p,j) and K(Z,j + 1) are K(n).-
nonacyclic for 1 < j < n and are K(n).-acyclic for j > n by [RW| and [HRW]|
44]. O

Lemma 7.6. Forn > 1, if X € Ho, is a virtually K(n)«-acyclic nilpotent space,
then the map X — PrT1X,, is a K(n).-equivalence.

Proof. The map X — P""1X is a K(n).-equivalence since the spaces X (n + 2),
K(mpi2X,n+2), and K (77,41 X,n+1) are K(n).-acyclic by Theorem 6.3(v) and
Lemma 7.5. The map P"*'X — Prt1X, is a K(n).-equivalence since it is an
H/p.-equivalence. O

Lemma 7.7. An Ext-p-complete nilpotent group A is adjusted (i.e. TA = A) if
and only if Hom(A, Z,) = 0.

Proof. The upper central series quotients of A/TA are torsion-free Ext-p-complete
abelian groups by [BK], p. 174] and [Warl p. 6]. The lemma now follows since Z,
is a retract of each nontrivial torsion-free Ext-p-complete abelian group by [BK]
p. 181]. O

Lemma 7.8. Forn>1,if f: X =Y is a K(n).-equivalence of pointed nilpotent
spaces, then the homotopy fiber of fp: Xp — Y, is an (n — 1)-connected p-complete
space F with m, F adjusted.

Proof. Since K(Z/p,n) and K(Ep, n+ 1) are K(n).-local, by Lemma 7.5, we have
[ H(Y;Z/p) & HY(X;Z/p) and f* : Hi"'l(Y;Zp) = HH‘l(X;Z,) for i < n.
Hence, fi : Wi)?p — Wi?p is an isomorphism for ¢ < n and onto for i = n by
[Bou?f, 5.2]. Thus the homotopy fiber of fp : )/(:p — ?p is an (n — 1)-connected
p-complete space F with Ho(ﬁ,;H"(F; Z,)) = 0 by the Serre spectral sequence.
Since H™(F; Zp) = Hom(n,, F, Zp) and since m)/(\'p acts nilpotently on 7, F' by [BK]
pp. 60, 61], we conclude that H™(F Z,) = 0. Thus the Ext-p-complete nilpotent
group 7, F' is adjusted by Lemma 7.7, and the result follows. O

For a nilpotent space X € Ho, and j > 1, let X(j), denote the homotopy fiber
of the map X — PJX. Generalizing a result of Hopkins, Ravenel, and Wilson
[HRW], we obtain

Lemma 7.9. If X is a connected Postnikov H-space, then the map X (j), — X is
a K(n)«-monomorphism for j,n > 1.

Proof. Since X is a connected H-space, it is a retract of Q¥ X, and thus is a retract
of QY where Y is a sufficiently large Postnikov section of ¥X. Hence it suffices by
naturality to show that the map (QY){j), — QY is a K(n).,-monomorphism for
each simply connected Postnikov space Y and j,n > 1. We can assume that Y has
trivial 1-skeleton and view Y as the homotopy direct limit of Postnikov sections
of its finite subcomplexes. Thus by a limit argument, we can assume that Y is a
simply connected Postnikov space with finitely generated homotopy groups, and
by [HRW/ 2.3], we can also assume that moY is torsion. After replacing Y by the
homotopy fiber of Y — Y[1/p], we obtain the desired result from Theorem 2.1 of
[HRW]. O

—

For a p-complete nilpotent space X € Ho, and j > 1, let X (j). denote the
homotopy fiber of the map X — P/ X.
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Lemma 7.10. If X is a p-complete connected Postnikov H -space, then X</j\>T - X
is a K(n).-monomorphism for j,n > 1.

—~

Proof. This follows from Lemma 7.9 since X (j) _ is the p-completion of X (j),. O

T

Lemma 7.11. Ifu: A — B is a monomorphism of p-torsion abelian groups, then
K(u,j): K(A,j) — K(B,j) is a K(n).-monomorphism for j,n > 1.

Proof. The result holds for an inclusion Z/p®* — Z/p™ with 1 < s < co by [RW]
13.1] and [HRW]| 4.4], and hence holds for a finite direct sum of such inclusions by
the Kunneth theorem. When B is finite, we may choose such finite direct sums
a:A—1Tand §: B — J, and then use the divisibility of I and J to construct a
splittable monomorphism @ : I — J with @a = fu. Thus the result holds when B
is finite, and holds in general by a direct limit argument. O

Lemma 7.12. For n > 1, if X is a p-complete connected H-space with X ~
PrIX | then X is K(n).-local.

Proof. The K (n).-localization X — L,y X is a virtual K (n).-equivalence by The-
orem 6.3(i), and thus L)X — ﬁT"HLK(n)X is a K(n).-equivalence by Lemma
7.6. Hence Ly ()X is a retract of ﬁT"HLK(n)X and Ly ()X o~ ﬁT"HLK(n)X. By
Lemma 7.8, the homotopy fiber sequence F' — X — Lg(,)X has ]3T"F ~ % and

L~ o~

is therefore covered by a homotopy fiber sequence F' — X(n)_ — (Lgmn)X)(n),
which is of the form K(A',n); — K(A,n)) — K(A”,n); for a short exact se-
quence 0 — A’ — A — A" — 0 of p-torsion abelian groups obtained as follows.
For any p-complete nilpotent space Y with mY adjusted, there is a natural equiv-
alence Y ~ (tpY)g by [BouZ, 14.1], where ¢,Y is the “p-torsion part” of ¥ given
by the homotopy fiber of the rationalization map ¥ — Y. Moreover, if 7Y is
trivial except for an adjusted group m,Y and a torsion-free group m,+1Y, then
t,Y ~ K(mpt,Y,n) where myt,Y is a p-torsion group. Thus the desired homo-
topy fiber sequence K(A',n) — K(A,n) — K(A”,n) may be obtained by ap-
plying t, to F© — X</\n)T — (LK(n)X)(\n)T. Since X — LgmX is a K(n).-
equivalence, K (A4,n) — K(A”,n) is a K (n),-monomorphism by Lemma 7.10, and
K(A')n) — K(A,n) is a K(n).-monomorphism by Lemma 7.11. Thus K(4’,n)
is K(n).-acyclic and A’ = 0 by Lemma 7.5. Hence, F ~ K(A',n)] ~ * and

7.13. Proof of Theorem 7.2. By Lemmas 7.6 and 7.12, the map X — ﬁf“)?p
is a K(n)«-equivalence to a K(n).-local space. O

8. E(n).-LOCALIZATIONS OF INFINITE LOOP SPACES

For a spectrum X, we study the E(n).-localization L, 25° X of the connected infi-
nite loop space Q5° X = (2°°X)(0). There is a natural comparison map L,Q5°X —
O5° L, X since the space Q5° L, X is E(n).-local. In [Boud], we showed that L1Q5°X
is given by Q§°L;X with low dimensional modifications. We now obtain a simi-
lar result for LoQ3°X, and more generally for L,25°X when L£71X ~ L, 1X.
The latter condition would be automatic if the telescope conjecture were valid, and
holds when X is a BP-module spectrum or any other BP-cotrivial spectrum (see
6.12 and 8.9).
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Theorem 8.1. For n > 1 and a spectrum X with L£71X ~ L,,_1X, the natural
map

LoQFX — Q°LuX X priigeer, x PP X ()

T

is a mi-isomorphism for i # n + 1 and is a m,41-monomorphism. The condition
L£—1X ~ L,_1X holds for all spectra when n < 2, and the natural map is always
an equivalence when n = 1.

This will be proved in 8.6.

Corollary 8.2. For n > 1 and a spectrum X with L£—1X ~ L, 1X, the natural
map

LK(n)ngX — (QSOLnX)Z/)\ Xf’?“(ﬂg"LnX)g P_;”Fl(QSOX)Q

is a mi-isomorphism fori # n+1, n+2 and is a w,+2-monomorphism. The natural
map s always an equivalence when n = 1.

This follows from Theorems 8.1 and 7.3. To prove Theorem 8.1, we need three
lemmas.

Lemma 8.3. Forn > 1, if h: X — Y is a K(n).-equivalence and an Lflfl—

equivalence of spectra, then Qh : QX — QY is a virtual K (n).-equivalence of
spaces.

Proof. In the map of fiber sequences

Q°MIX —— Q°LIX —— Q~L] X

Q°MY —— QLY —— Q~L! v
the vertical arrows are virtual K (n).-equivalences by Lemma 6.7 and Theorem

6.3(iv). Since the maps 2°X — Q®°Lf X and Q®Y — Q®LJY are also virtual
K (n).-equivalences by Theorem 6.6, so is the map Q*°X — QY. O

Lemma 8.4. Forn > 1, if X is a spectrum with L£71X ~ L,_1X, then the map
Ly X — QP L, X is a m-isomorphism for i > n+1 and a m,41-monomorphism.

Proof. Since S(n—1) and E(n) are smashing with (E(n—1)) = (S(n—1) AE(n)),
we have L, 1 X ~ LflenX and hence L£71X o~ LflenX. Thus Lemma 8.3
shows that the map of spectra X — L, X induces a virtual K(n).-equivalence of
spaces QX — QF°L,X. Since the E(n),-localization QF°X — L,QFX is also a
virtual K (n).-equivalence by Theorem 6.3(i), so is the map L,Q3°X — QFL,X.
Thus its homotopy fiber F' is virtually K (n).-acyclic. Since F'is an E(n)-local,
p-torsion, infinite loop space by [Boud], we have F' ~ P"*1F by Theorem 7.4, and
mF=0fori>n+1. O

Lemma 8.5. For n > 1, each E(n)«-equivalence of p-local connected H -spaces is
a P _equivalence.

Proof. Let C C Ho, be the full subcategory of all p-local connected H-spaces Y
with P"t1Y ~ Y. Since each Y € C is E(n).-local by Theorem 7.4, an E(n).-
equivalence f : A — B in Ho, induces a bijection f* : [B,Y] = [A,Y], and thus
induces a bijection (P"1f)* : [PPHB,Y] = [PPT1A,Y] for all Y € C. When
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A and B are p-local connected H-spaces, so are P"*14 and P"*!B, and thus
Prilf: pntl A — PrtlB s an equivalence in C by the Yoneda lemma. O

8.6. Proof of Theorem 8.1. The theorem follows for n = 1 by [Boud]. Since
LIX ~ L, X holds for all X (see 6.12), we may assume n > 2 with L/ | X ~
L,-1X. Thus the map L,Q5°X — QFL,X is a m;-isomorphism for i > n + 1
and a 7,4 1-monomorphism by Lemma 8.4, and the map §°X(,) — L,Q5X is a
P+l equivalence by Lemma 8.5. The theorem now follows easily. O

8.7. A counterexample. Unfortunately, when n = 2, the natural map of The-
orem 8.1 may actually fail to be a msg-isomorphism. To see this, note that for
1 < j < oo, the map XM (Z/p’,3)(3) — LM (Z/p’,3) is carried to an equiva-
lence by Q8° La, P2QS° Lo, and P3Q5°, but not by LaQ5°, because we have

Lemma 8.8. For 1 < j < oo, the map QM (Z/p’,3)(3) — QM (Z/p?,3) of spaces
is not a K(2).-monomorphism.

Proof. In the principal fiber sequence
QM (Zp~,2) — K(Zp=,2) — QM (Zp~,3)(3),

K(2).QM(Zp=,2) = K(2).QS? is an exterior algebra on odd dimensional gener-
ators by Kashiwabara [Kas|. Thus since K(2).K (Zp,2) is concentrated in even
dimensions, a bar spectral sequence argument shows that the map K(Zp~,2) —
QM (Zp=,3)(3) is a K(2),-monomorphism. Since the map K(Z,;,2) — K(Zp~,2)
is also a K (2).-monomorphism by Lemma 7.11, we see that the map K (Z/p’,2) —
QM (Z/p?,3)(3) is a nontrivial K (2).-monomorphism for 1 < j < co. Hence, the
map QM (Z/p?,3)(3) — QM (Z/p’,3) cannot be a K (2).-monomorphism. O

Finally, we show that our results on L,Q*X and Ly, Q2> X apply whenever
X is a BP-cotrivial spectrum in the sense of 2.8. We note that the BP-cotrivial
spectra include the BP-module spectra and the BP-nilpotent spectra in the sense
of [Bou2, 3.7].

Lemma 8.9. If X is a BP-cotrivial spectrum and n >0, then LI X ~ L, X.

Proof. Let C be the class of all spectra X with L X ~ L,,X. Since L} X ~ XALf S,
L,X ~XAL,S,and BPAL{S ~ BPAL,S by [Ravd, 2.7], we have (i) C contains
BP; (ii) C is closed under arbitrary wedges; and (iii) C contains all three spectra
in a cofiber sequence when it contains any two. Hence, C contains the B P-cotrivial
spectra by 2.8. |

9. MODEL CATEGORIES AND NULLIFICATIONS

To prepare for the proofs of Theorems 5.3 and 5.4, we now give a much improved
version of the Bousfield-Friedlander [BF] construction of new model categories from
old ones with “@Q-structures,” and then show that each nullification functor deter-
mines a proper model category structure on spaces. By a model category, we mean
a closed model category in Quillen’s original sense [Qui]. We refer the reader to
IDS], [GJ], [Hix], and [Hov| for good recent or forthcoming treatments of model cat-
egories, and we note that our results are fully compatible with the slightly refined
definitions of a “model category” used in [Hix], [Hov], and elsewhere. We shall need
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9.1. Proper model categories. A model category C is called:

(i) right proper if every pullback of a weak equivalence along a fibration is a weak
equivalence;
(i) left proper if every pushout of a weak equivalence along a cofibration is a weak
equivalence;
(iil) proper if it is both right proper and left proper.
As explained in [BE] or [Hir], an elementary theory of homotopy pullbacks (resp.

pushouts) is available in a right (resp. left) proper model category. All model
categories used in this paper will turn out to be proper.

9.2. (@-structures on proper model categories. Let C be a proper model
category with a functor @ : C — C and natural transformation o : 1 — @ satisfying
the following axioms:

(A1) if f: X — Y is a weak equivalence in C, then so is Qf : QX — QY

(A2) for each X € C, the maps «, Qo : QX — QQX are weak equivalences;

(A3) for a pullback square

V#X

IE
h
W —Y
in C, if f is a fibration of fibrant objects such that «: X — QX, a:Y — QY

and Qh : QW — QY are weak equivalences, then Qk : QV — QX is a weak
equivalence.

A map f: X — Y in C will be called a @Q-equivalence if Qf : QX — QY is
a weak equivalence, a Q-cofibration if f is a cofibration, and a @Q-fibration if f
has the right lifting property for Q-trivial cofibrations (the @Q-cofibrations which
are Q-equivalences). We let C? denote the category C equipped within its Q-
equivalences, @-cofibrations, and Q-fibrations. The following theorem is a much
improved version of Theorem A.7 from [BF]. Our present axiom (A3) replaces the
hard-to-verify axiom (A.6), which involved general Q-fibrations and included a dual
pushout condition.

Theorem 9.3. If C is a proper model category with a functor Q : C — C and
transformation o : 1 — Q satisfying (A1), (A2), and (A3), then C? is also a proper
model category. Moreover, a map f: X — Y in C is a Q-fibration if and only if f
is a fibration and

X — - QX

lf le

Yy —2 - QY
is a homotopy fiber square in C.

Proof. The proof proceeds as in [BF, Appendix A] with a new construction of fac-
torizations into QQ-trivial cofibrations and Q-fibrations, and with a new verification
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of properness. To factor a map f: X — Y, take the commutative diagram

XL)QX#Q)\(

e e
Y —% 5 Qv —Y— QY

where u and v are trivial cofibrations and C/Q} : é)\( — 6/21\/ is a fibration of fibrant
objects. Then @” is a Q-fibration by [BF|, (A.8)], and C/Q\f pulls back along the
Q-equivalence Y — Cji\/ to give a Q-fibration ¢ : £ — Y such that the map
E — é)\( is a @-equivalence by (A3). Hence the map X — FE is a (Q-equivalence
and has a factorization into a Q-trivial cofibration j : X — D and a trivial fibration
k:D — E. Now f = (gk)j is the desired factorization of f. The resulting model
category C¥ is left proper since the pushout of a Q-equivalence along a cofibration
may be obtained by successively pushing out a @-trivial cofibration and a weak
equivalence. It is right proper by (A3) and the following lemma. |

Lemma 9.4. A model category D is right proper if every pullback of a weak equiv-
alence along a fibration of fibrant objects in D is a weak equivalence.

Proof. Let

Wy
be a pullback of a weak equ1valence h along a fibration f in D. Construct a ﬁbratlon
f X - Y of fibrant objects X and Y with trivial cofibrations v : X — X and
v:Y — Y such that vf = fu. Let f': X’ =Y and ¢’ : V/ — W be the induced
fibrations of fA Since the maps X’ — X and V! — X are weak equivalences by
hypothesis, so are the maps V' — X’ and X — X’. By Ken Brown’s lemma (see
[DS] 9.9]), the functor h* : D | Y — D | W preserves weak equivalences of fibrant
objects. Thus h* carries the weak equivalence f — f’ to a weak equivalence g — ¢'.
Hence the maps V' — V' and V — X are weak equivalences. |

Remark 9.5. Theorem 9.3 remains valid when “proper” is replaced by “right
proper.” However, the proof then requires another new argument to verify Lemma
A.8(iii) of [BF]. This can be given using a lemma of Dan Kan proved in [Hirl
11.1.16].

9.6. Simplicial model categories. By a simplicial model category, we mean a
closed simplicial model category in Quillen’s original sense [Qui, I §2], but without
any finiteness conditions on simplicial sets in the axiom SMO0. In particular, a
simplicial model category C is enriched over the category SS of simplicial sets and
is both tensored and cotensored (see e.g. [Bor]). For X,Y € C and K € §S, we
write map(X,Y) € SS, X ® K € C, and X¥ = map(K, X) € C for the mapping
space, tensor, and cotensor. Theorem 9.3 now extends to

Theorem 9.7. Under the hypotheses of Theorem 9.3, if C is a proper simplicial
model category, then so is C9.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON THE TELESCOPIC HOMOTOPY THEORY OF SPACES 2415

Proof. Tt suffices to verify Quillen’s axiom SM7(b) for C?. The only nontrivial step
is to show that if A — B is a Q-trivial cofibration, then so is

F,:BeoA" [ AeA"— BoA"
A®8A"
for n > 0. Let Af € A™ and A™ C A" be the 0-horn and boundary of the

standard n-simplex. In the pushout square

B®OA" [ ppnn 1 A® AT 3 BO AR [[4g0p A® A"

J/Fn_ 1 JGn

B A1 B ® A" [[agoan A® A"

we can assume inductively that F,,_; is a Q-trivial cofibration and deduce that G,
is also a @)-trivial cofibration. Since C is a simplicial model category and Aj — A™
is a trivial cofibration, we see that F, (G, is a trivial cofibration. Likewise, F, is a
cofibration. Hence Fj, is a (Q-trivial cofibration. O

9.8. The nullification functors. We now work in the proper simplicial model
category SS. of pointed spaces (i.e. pointed simplicial sets). For each pointed space
W, we consider the W-nullification (= W-periodization) functor Py : SS. — SS.
and transformation o : 1 — Py of [Bou7 2,10] or [Dro], which induce the W-
nullification functor Py : Ho, — Ho, and transformation o : 1 — Py of 4.1.
Using the terminology of 9.2, we have

Theorem 9.9. If W is a pointed space, then SSIW is a proper simplicial model
category. Moreover, a map f: X — Y in 8S. is a Py -fibration if and only if f is
a fibration and

XLP[/VX

lf J,PWf
Y —— PyY

is a homotopy fiber square in SS,.

Proof. Tt suffices by Theorem 9.7 to verify our three axioms for Py : SSi. — SS..
Axioms (A1) and (A2) follow since Py induces an idempotent functor on Ho,. For
(A3), we must show that if

AL)C

ool

B—"_.D

is a pullback square in SS, where f is a fibration of W-null fibrant spaces and
where h is a Py-equivalence, then k is a Py -equivalence. When C and D are
connected, this follows by [Bou7, 4.8(i)] since the homotopy fiber of h is Py -acyclic
by [BouZ, 4.3]. The result now follows in general since the functor Py : 8§, — SS.
comes from a functor Py : S§ — SS which preserves disjoint unions when W is
connected, and which takes contractible values when W is not connected. O
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9.10. The homotopy category Pyy. For a pointed space W, we let Py C Ho,
be the full subcategory of W-null spaces (see 4.1). This is the homotopy category of
fibrant cofibrant objects in SSIW , and is thus canonically equivalent to the Quillen
homotopy category Ho(SSIW ) obtained by inverting the Py -equivalences in SS..

Remark 9.11. The W-nullification functors Py are special cases of the f-localiza-
tion functors Ly constructed for arbitrary maps f of pointed spaces in [Bou7],
[Bon9], [Dra], and [Hir]. In general, there is a left proper simplicial model cate-
gory structure on SS, whose weak equivalences are the L y-equivalences and whose
cofibrations are the usual injections (see [Bou9, 4.6] or [Hir]). However, this model
category will not be right proper unless Ly is equivalent to a nullification, as we
now explain. By [Bou9l Theorem 4.4], for an arbitrary map f of pointed spaces,
there exists a pointed space A(f) such that P4y and Ly have the same acyclic
spaces. Moreover, each Pj(s)-equivalence of pointed spaces is an L j-equivalence.
Now suppose that the model category structure for Ly on SS. is right proper.
Then for a pointed connected space X, the homotopy fiber of X — L¢X is Ly-
acyclic, since a path fibration over L;X is an L -fibration by [BF|, A.3(iii)]. Hence,
this homotopy fiber is also P4 (y)-acyclic, and X — Ly X is a Py(y-equivalence by
[Bou7, Corollary 4.8(i)]. Thus each L s-equivalence of pointed connected spaces is
a P4 (py-equivalence, and this generalizes to nonconnected spaces as in the proof of
Theorem 9.9. Hence Ly is equivalent to Py(y).

10. THE FUNCTORS ®4 AND © 4

To prepare for the proofs of Theorems 5.3 and 5.4, we now introduce a Kuhn func-
tor @4 : Py — Ho® and its left adjoint © 4 : Ho® — Py for a “Py-cospectrum”
A, where W is a fixed pointed space. These functors will be constructed more
generally in Section 11. To establish notation and terminology, we first discuss

10.1. Pointed simplicial Quillen functors. A pointed simplicial model cate-
gory C is automatically enriched, tensored, and cotensored over SS,. For X,Y € C
and K € SS., we let map.(X,Y) € SS., X ANK € C, and X¥ = map.(K,X) €C
denote the pointed mapping space, tensor, and cotensor in C. The Quillen ho-
motopy category HoC is consequently enriched, tensored, and cotensored over
Ho(8S8.) = Ho.. For pointed simplicial model categories C and D, a pair of func-
tors F': C — D and G : D — C are called pointed simplicial left and right Quillen
functors if I is pointed simplicially left adjoint to G and the following equivalent
conditions are satisfied:

(i) F preserves cofibrations and G preserves fibrations;
(ii) F preserves cofibrations and trivial cofibrations;
(iii) G preserves fibrations and trivial fibrations.

Thus, in the language of enriched category theory (see e.g. [Bor, p. 340]), F and G
are SS,-functors such that F' is left SS.-adjoint to G and they satisfy conditions
(i)—(iii). By adjunction arguments, there are natural isomorphisms F(X A K) 2
F(X)AK and G(YE) =2 (GY)X for X € C, Y € D, and K € S§S.. Moreover, F'
(resp. ) preserves weak equivalences of cofibrant (resp. fibrant) objects by Ken
Brown’s lemma [DS| 9.9]. Thus, F preserves homotopy cofiber squares of cofibrant
objects, while G preserves homotopy fiber squares of fibrant objects.

By |Qui, 1.4], F has a total left derived functor LF : HoC — HoD, and G
has a total Tight derived functor RG : HoD — HoC, where LF is left adjoint to
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RG. Moreover, there are natural equivalences LE(X A K) ~ LF(X) A K and
RG(YE) ~ (RGY)X for X € HoC, Y € HoD, and K € Ho,. The functor LF
preserves homotopy cofiber squares, while RG preserves homotopy fiber square.

The pointed simplicial left and right Quillen functors F': C — D and G : D — C
are called Quillen equivalences when, for each cofibrant X € C and fibrant Y € D,
amap F'X — Y is a weak equivalence if and only if its adjoint X — GY is a weak
equivalence. This implies that the functors LF : HoC = HoD : RG are adjoint
equivalences. To construct our Quillen functors, we use

10.2. Py-cospectra. A cospectrum A consists of spaces A" € §S, forn > 0
and structure maps o : A"t1 A ST — A" where ST = A'/OAL. We call A a Py -
cospectrum if o : A"T1 A ST — A™ is a Py-equivalence for n > 0. This implies
that AY is an “infinite suspension space” in Py -homotopy theory. We remark
that a Py-equivalence J A S — J, for a space J and d > 0, can be used to
construct a Pyy-cospectrum with successive spaces J, J A S 1 ... JAS! J ...
where S¢ = S'A ... ASL.

10.3. Spectra. A spectrum E consists of spaces E,, € §S, for n > 0 with structure
maps 0 : S' A E, — E,.1. It has homotopy groups m,E = collimm_mEn. By [BE]
or [HSS], there is a proper pointed simplicial model category Sp of spectra, where
amap f: E — F is a weak equivalence when f, : . E = 7, F, a cofibration when
f induces cofibrations Ey — Fy and Ej,41 HSIAE" SYAF, — F,yq for n >0, and
a fibration when f induces fibrations E,, — F), and homotopy fiber squares

! !

in 88, for n > 0 using an omegafication functor Q) : Sp — Sp. Amap f: F — F
is a trivial fibration in Sp if and only if it induces trivial fibrations F, — F,, in
S8, for n > 0. We may identify Ho(Sp) with the stable homotopy category Ho®.

10.4. The functor ¢4 : SSPW — Sp. For a Py -cospectrum A, there is a pointed
simplicial functor ¢ : SSIW — Sp where ¢4(X) is the spectrum with ¢(X), =
XA" for n > 0 and with the induced structure maps. The functor ¢4 has a left
adjoint pointed simplicial functor 64 : Sp — SSIW carrying a spectrum E to the

pointed space 04(E), which may be constructed as the quotient of \/ (A™ A E,,)
n>0
by the relations given by

AN B, LT AT A SY AR, I8 AT A E,
for n > 0. To show that 64 and ¢4 are left and right Quillen functors, we need

Lemma 10.5. Let T : C — D be a functor of model categories. If C is right proper
and T preserves pullbacks, trivial fibrations, and fibrations of fibrant objects, then
T preserves arbitrary fibrations.
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Proof. For a fibration f: X — Y in C, construct a square

X —*

|7

y —*

<)

<) —
=)

where u and v are trivial cofibrations and fis a fibration of fibrant objects. Let
f': X’ =Y be the pullback of falong v, and note that the maps X — X’ — X
are weak equivalences since C is right proper. Factor X — X’ as the composite of
a trivial cofibration i : X — X" and a trivial fibration 7 : X’ — X’. Then the
fibration f : X — Y is a retract of jf' : X" — Y by the lifting axiom. Since T
preserves the fibrations 7 and f’, it also preserves f. O

Lemma 10.6. For a Py -cospectrum A, the functors 64 : Sp — SSI'W and ¢4 :
SSPW — Sp are pointed simplicial left and right Quillen functors.

Proof. Tt suffices by Lemma 10.5 to show that ¢4 preserves trivial fibrations and
fibrations of fibrant objects. If f : X — Y is a trivial fibration in SSIW (and hence
in 8Sy), then ¢a(f) : pa(X) — da(Y) is a levelwise trivial fibration of spectra,
and hence is a trivial fibration in Sp. If f: X — Y is a fibration of fibrant objects
in SSIW | then ¢a(f) : a(X) — ¢a(Y) is a levelwise fibration of omega spectra,
and hence is a fibration in Sp. O

We let ©4 : Ho® — Py and 4 : Pw — Ho® denote the total left and right
derived functors L0 : Ho(Sp) — Ho(SSFW) and R4 : Ho(SSPW) — Ho(Sp).
Combining Lemma 10.6 with 10.1, we have

Theorem 10.7. For a Py -cospectrum A, the functor ©4 : Ho® — Py is left
adjoint to ®4 : Py — Ho® with map,(©aE, X) ~ map.(E,®4X) for E € Ho®
and X € Pw. Moreover, there are natural equivalences © s(KAE) ~ Py (KNO4E)
and ®4(XE) ~ (@4 X)X for K € Ho., E € Ho®, and X € Pw. Furthermore, the
functor ® 4 : Py — Ho® preserves homotopy fiber squares, while © 4 : Ho® — Pw
carries homotopy cofiber squares to Py -homotopy cofiber squares.

10.8. The simplicial functoriality of © 4 and ®4. The total derived functors
O4 = L4 : Ho(Sp) — Ho(SSFW) and @4 = Repa : Ho(SSI") — Ho(Sp) are
induced by simplicial functors ©4 = 041 : Sp — SSfW and @4 = paJ : SSfW —
Sp, which preserve weak equivalences, where I : Sp — Sp is a simplicial cofibrant
replacement functor giving a cofibrant spectrum I(E) with a natural trivial fibration
I(E) — E for E € Sp, and where J : SS'w — SSIw is a simplicial fibrant
replacement functor giving a fibrant (i.e. W-null Kan) complex J(X) € SSFw
with a natural trivial cofibration (i.e. monic Py -equivalence) X — J(X) for X €
SSPW . The functor © 4 : Sp — SSPW preserves homotopy cofiber squares, while
®, : SSPW — Sp preserves homotopy fiber squares.

11. THE GENERAL FUNCTORS ®4 AND O 4

Extending the preceding work, we now introduce a general Kuhn functor ® 4 :
Pw — Ho® and its left adjoint © 4 : Ho® — Py for a “spectral Py -cospectrum”
A, where W is a fixed pointed space. We first discuss
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11.1. Spectral Py -cospectra. A spectral Py -cospectrum A consists of Py -
cospectra A, for n > 0 with structure maps o : S' A A, — A, which are
levelwise cofibrations of cospectra (in the sense that o : ST A AF — AF | is a
cofibration in SS, for k,n > 0).

11.2. The functor ¢, : SSW — CspSp. A cospectrum of spectra E consists
of spectra E" for n > 0 with structure maps o : E"** A S' — E™. There is a
proper pointed simplicial model category CspSp of cospectra of spectra, where a
map f: F — F in CspSp is a weak equivalence (resp. cofibration) when f induces
weak equivalences (resp. cofibrations) E™ — F™ in Sp for n > 0, and a fibration
(resp. trivial fibration) when f induces fibrations (resp. trivial fibrations) E® — F°
and

En+1 N Fn+1 X(Fn)sl (En)sl

in Sp for n > 0. For a spectral Py -cospectrum A, there is a pointed simpli-
cial functor ¢, : SSIW — CspSp where EA(X) is the cospectrum of spectra
with ¢ 4(X)" = ¢a,(X) for n > 0 and with the induced structure maps. Thus
@ 4(X)? = map,(A™, X) for m,n > 0, and ¢, has a pointed simplicial left ad-
joint 64 : CspSp — SSIW carrying a cospectrum of spectra E to the pointed

space 04 (FE), which may be constructed as the quotient of \/ (A™ A ET) by the
m,n>0
relations given by

AMFUAER R Amti A g A B IALL Am oA ER

T(1A0) T(oAl)
— —_—

Am o A ETH EMFLASIA AT

for m,n > 0 where 7 is the twisting map.

A™ A BT

Lemma 11.3. Fora spectral Py -cospectrum A, the functors 6 4 : CspSp — SSFw
and ¢4 : SSPW — CspSp are pointed simplicial left and right Quillen functors.

Proof. By Lemma 10.5, it suffices to show that ¢ ,(f) is a trivial fibration (resp.
fibration) in CspSp whenever f : X — Y is a trivial fibration (resp. fibration of
fibrant objects) in SSFW . This follows since the induced maps ¢a,(X) — ¢a,(Y)
and

1
¢An+1 (X) - ¢A7z+1 (Y) X¢A7L(Y)Sl ¢An (X)S

are levelwise trivial fibrations of spectra (resp. levelwise fibrations of omega spec-
tra), and thus are trivial fibrations (resp. fibrations) in CspSp. O

11.4. The functors [ : CspSp — TowSp. A tower of spectra E = {E™},>0
consists of spectra E" with maps E"t! — E™ for n > 0. There is a proper
pointed simplicial model category 7 owSp of towers of spectra, where a map f :
E — F in TowSp is a weak equivalence (resp. cofibration) when f induces weak
equivalences (resp. cofibrations) E™ — F™ in Sp for n > 0, and a fibration (resp.
trivial fibration) when f induces fibrations (resp. trivial fibrations) E¢ — F°
and E"tl — Fntl xp E™ in Sp for n > 0. There is a pointed simplicial functor
0 : CspSp — T owSp where 3(X) is the tower of spectra with (X )™ = X" AS™ for
n > 0. The functor 8 has a pointed simplicial right adjoint v : TowSp — CspSp
where v(Y) is the cospectrum of spectra with v(Y)" = (Y™)5" for n > 0. It is now
straightforward to prove the following.
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Lemma 11.5. The functors 8 : CspSp — TowSp and v : TowSp — CspSp are
pointed simplicial left and right Quillen equivalences.

Lemma 11.6. The constant tower functor c¢* : Sp — TowSp and the inverse
limit functor lim : TowSp — Sp are pointed simplicial left and right Quillen
functors.

Finally, for a spectral Py/-cospectrum A, we let ©4 : Ho® — Py and 4 :
Pw — Hof denote the compositions of total derived functors

Ho(Sp) L, Ho(T owSp) B, Ho(CspSp) Loa, Ho(S8SIw)

Ho(Sp) Llim Ho(T owSp) B Ho(CspSp) s Ho(SS8Fw)
Noting that R~y and LG are adjoint equivalences, we obtain

Theorem 11.7. Theorem 10.7 remains valid when “a Py -cospectrum A” is re-
placed by “a spectral Py -cospectrum A.”

11.8. The simplicial functoriality of ®,4 and © 4. In each of the model cate-
gories SSIw | Sp, CspSp, and TowSp, it is straightforward to construct a simpli-
cial (co)fibrant replacement functor. Thus since ©4 : Ho(Sp) — Ho(SSIW)
and ®4 : Ho(SSFW) — Ho(Sp) are composites of total derived functors of
Quillen functors linking these categories, they are induced by simplicial functors
O4:Sp — SS, and &, : SSP'W — Sp which preserve weak equivalences, as
in 10.8. Moreover, the functor ©4 : Sp — SSIW preserves homotopy cofiber
squares, while ® 4 : SSPW — Sp preserves homotopy fiber squares.
Finally, we establish a key property of ® 4.

Theorem 11.9. For a spectral Py -cospectrum A and a LW -trivial spectrum
E € Ho®, there is a natural equivalence ® o(Q2°FE) ~ F(A% E) in Ho® where AY is
the edge-spectrum of A.

This will be proved in 11.11 using

11.10. Bispectra. A bispectrum X consists of spaces X, ,, € SS, for m,n > 0
together with structure maps o1 : ST A Xmn — Xmy1,n and o9 : ST A X —
Sm.n+1 such that the compositions

o1(LA0g), ca(1Aa)(TAL): SYASYA X — Xoni1msn

are equal for m,n > 0 where 7 is the twisting map. A bispectrum X is called fibrant
1
when the spaces X, ,, are fibrant and the structure maps X, , — (Xerl,n)S

and Xp,, — (Xm}nJrl)S1 are weak equivalences for m,n > 0. If X is a fibrant
bispectrum, then the edge spectra Xy . and X, ¢ are related by a chain of natural
weak equivalences

Xo. — Sing|Xo.| «—— Sing Tel|Xy .| — Sing Tel®®|X, .|

«——— Sing Tel| X, 9| —— Sing|X.o| «— X0

in Sp, where Sing is the singular functor, |—| is the geometric realization functor, Tel
is the telescope functor of Adams [Adal, p. 171], and Tel® is the double telescope
functor of Adams [Adal, pp. 173-176]. More generally, if X is a cospectrum of fibrant
bispectra, then the edge objects Xy . € CspSp and X, o € CspSp are related by a
chain of natural weak equivalences in CspSp as displayed above.
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11.11. Proof of Theorem 11.9. Let ¢(A, E) be the cospectrum of bispectra with
#(A, E)f, . = map. (A", E,) for m,n,q > 0. We may assume that the spectrum
E € Sp is fibrant and conclude that ¢(A, E) is a cospectrum of fibrant bispectra.
Thus by 11.10 there is a natural equivalence ¢(A%, Ey) ~ ¢(A2, E.) in Ho(CspSp)
which may be written as ¢ 4(Q®E) ~ ¢(A2, E.) since Ey = Q>®°E. This is carried
to a natural equivalence ®4(Q*FE) ~ F(A{, E) by the functors

Ho(CspSp) L8, Ho(T owSp) Rl Ho(Sp).

12. THE FUNCTORS ®,, AND O,

In final preparation for the proofs of Theorems 5.3 and 5.4, we now construct the
required functors ®,, : Ho, — Ho® and ©,, : Ho® — Ho,, and establish some of
their formal properties. Throughout this section, we let n > 1 be a fixed integer,
and we use the nullification functor L{ = Pjin+1)- A spectral L{-cospectrum B

will be called admissible if the edge spectrum BY is equivalent to C,{flS(p) in Ho®
and if the spectra ¥°° B/ are in F,, for i, j > 0.

Theorem 12.1. For n > 1, there exists an admissible spectral L -cospectrum B.

Proof. As in 3.2, let F(n) be a finite p-local spectrum of type n. The F(n)-
trivialization of the p-local sphere spectrum S,y — L£—1S(p) is given by the
mapping telescope of a sequence S,y = Yy — -+ — Yx — Vi1 — -+ where the
homotopy cofiber of Y, — Yj11 is a finite wedge of integral suspensions of F(n).
Thus, since C,{flS(p) is the homotopy fiber of S, — LZ?IS(,,), it is given by the
mapping telescope of a sequence Xg —5 X; — --- — X; —5 X; 11 — --- of spec-
tra in F,,. Using the periodicity theorem of Hopkins and Smith (see 3.5), we may
choose v,-maps w; : X; A S% — X; in Ho® with d;|d;;1 and with w;y1u; = u;(w;)%
for i > 0 and ¢; = d;41/d;. We may then desuspend these spectra and maps to
give: spaces )Z'i € Ho, for i > 0 with EOOX'i = 8" A X; where r;41 > r; > 0; maps
w; )?z A S% — )~(z in Ho, for ¢ > 0 which are equivalent to double suspensions
with X°w; = S™ A w;; and maps u; : ST+ A )Z'i — )A(:iJrl in Ho, for i > 0 with
Y®u; = S"i+1 A u; and with

R, oyd ) uASYi+L )
Sren=ri p Xy g Sl BASL FA gdin
lsriﬂ_”/\(@i)“ l&’#l
s v u; ity
STit1=Ti A XIL' _— Xi-l—l

commuting in Ho,. The maps w; : )A(:z A St — )A(:z are Lf-equivalences by [Bou7
11.12-11.14]). We next rigidify this homotopy system by choosing a representative
sequence of fibrant spaces )~Q and cofibrations w; : STi+17"i A )?i — Xi+1 in SS,,
and then choosing a representative sequence of maps w; 1 : ),ZiJrl ASdi+1 — ),ZiJrl in
S8, making the above-displayed square commute for each ¢. For ¢ > 0 and m > d;
with d;|m, we let B()?i, ©;, m) be the obvious L -cospectrum with B()?i, i, m)k =
)~(i A S for k = —r mod m and 0 < r < m. We inductively construct L{-cospectra
B()}i) for = > 0, together with maps B()?i,fui, d;) — B()?i) and STiH1TTEA
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B(X;) — B(X,41), by taking the pushouts
STt A B(Xy, @iy div1) ——— B(Xi1, @it di1)

l I

S?",1+1—7",1 A B(X,L) — B(Xz—i-l)
We note that B()zi)o = X, for each i > 0. Finally, we let B be the associated
spectral Lf-cospectrum with Brii= SINB(X;) for 0 < j < rigq — 7 O

12.2. The functors ¢, and ©,. Holding n > 1 fixed, we choose an admissible
spectral L] -cospectrum B, together with an equivalence B ~ C,JLLIS(,,) and obtain
the adjoint functors ©p : Ho® — ULS and ®p : UL — Ho®. Using the reflection
Lfl : Ho, — L{E{; C Ho,, we extend these functors to give ©,, = Op : Ho® —

Ho, and ®,, = <I>BL£ : Ho, — Ho®. We now have

Theorem 12.3. Forn > 1, the functors ®, : Ho, — Ho® and ©,, : Ho® — Ho,
satisfy the conditions of Theorem 5.3(iv), (v) and Theorem 5.4(ii), (iv), (v).

Proof. Condition 5.3(v) follows from Lemma 12.6 below, while the other conditions
follow from Theorem 11.7. g

Condition 5.3(v) requires additional work to show that ®,, : Ho, — Ho® pre-
serves homotopy fiber squares in Ho,, not merely Uﬁfl.

Lemma 12.4. If f : X — Y is a map in UL] with f. : m; X = 7Y for sufficiently
large i, then ®pf : PpX ~ OpY.

Proof. Tt suffices to show that map.(BE, f) is an equivalence for k,m > 0. This
follows since map, (B A 7| f) is an equivalence for sufficiently large j and since
there is an L{-equivalence BEF7 A S7 — BE for all j.

Lemma 12.5. For a homotopy fiber sequence ' — X — Y of pointed spaces and
n > 0, the map LIF — fib(L{ X — LIY) has homotopy fiber with vanishing
homotopy groups in dimensions > d,.

Proof. Since L{ X ~ Pp)Pan+1)X by Lemma 4.10, this follows from [Bou7, 8.1].
([l

Lemma 12.6. The functor ®,, : Ho, — Ho® preserves homotopy fiber squares.

Proof. For a homotopy pullback X xy Z, the map L{ (X xy Z) — L} X x LfYLfLZ is
a m;-equivalence for ¢ > d,,+1 by Lemma 12.5, and is consequently a ® g-equivalence

by Lemma 12.4. The result now follows since ® g preserves homotopy fiber squares
in ULS by Theorem 11.7. O

12.7. The simplicial functoriality of ®,, and ©,. The functors ®,, : Ho, —
Ho® and ©,, : Ho® — Ho, for n > 1 are induced by simplicial functors

b, = q)Bsz : 8§, — Sp

0, = L{;@B : Sp — SS.
which are constructed using the simplicial functors ®5, ©p, and L] of 11.8 and 4.4.
By 11.8 and the proof of Lemma 12.6, ®,, : SS. — Sp preserves homotopy fiber

squares, while ©,, : Sp — S8, carries homotopy cofiber squares to L{-homotopy
cofiber squares.
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13. PROOFS OF THEOREMS 5.3 AND 5.4

We now proceed to prove Theorems 5.3 and 5.4 by establishing the remaining
properties of ®,, and ©,, not covered by Theorem 12.3. As above, we hold n > 1
fixed and let B be an admissible spectral Lf-cospectrum with a given equivalence
BY~Cf_ S, in Ho".

Theorem 13.1. Forn > 1 and E € Ho®, there is a natural equivalence ®,Q°E ~
MJE in Ho®.
Proof. Since the map L{Q®E — Q® L E is a m;-equivalence for i > d,, by Propo-
sition 5.2, there are natural equivalences
®,0F ~ ®gLIO®FE ~ ®gQ~L/E
~ F(BY,LLE) ~ F(Cl_,S).LiE) ~ M{E
by Lemma 12.4, Theorem 11.9, and Theorem 3.3. |

Theorem 13.2. Forn > 1, let A be an Lfb-cospectrum with XA € F,, fori > 0.
Then for each space X € ULY, the spectrum ®4X belongs to MI N M.

Proof. ® 4X belongs to L since it is an Q-spectrum whose spaces X A belong to
Z/{Efl for ¢ > 0. Moreover,

v (@AX; F(R)) = vptm (XA F(R) 2 vptm (X5 A° A F(K)) = 0
for 1 < k < n since A° A F(k) € F,,, and m.®4X is p-torsion since [X7 A%, %7 A7)
is a finite p-torsion group for ¢ > 0 and j > 2. Hence, Lfl_lq)AX =0 by 3.8, and
® 4 X belongs to be For 1 < k < n choose a map wy, : 2¢W};, — W, of pointed

spaces such that wy A A° is trivial and ¥*®wy, is a vi-map of finite p-local spectra
of type k, and also let wy : X¢Wy — Wy denote a map S(TZ) — S(TZ) of degree p’

for some m, j > 0 such that wy A AY is trivial. Let w,f F(PAX)V — (<I>,4X)ECI'I’V’c
be the induced map in MJ for 0 < k < n. Then J/\J\,{w,’f is trivial since ]\/@:w;f =
@nQoow;f by Theorem 13.1 where Q‘X’w,’f is trivial. Thus w,’f is trivial by Theorem
3.3, and ®4X is F(n).-local by [Bou8, 6.6]. Hence ®4X belongs to ./(/l\fl since
]/\4\,{ = Lp(n)LfL by Theorem 3.3. O

Theorem 13.3. Forn > 1 and X € Ho,, the spectrum ®,X belongs to /Y/l\fl

Proof. This follows since ®,, X is a homotopy inverse limit of spectra S™A®p. LIX
which are in M\fL by Theorem 13.2. O

Theorem 13.4. Forn > 1 and W € F,,, 