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THE MONOPOLE EQUATIONS AND
J-HOLOMORPHIC CURVES ON WEAKLY CONVEX

ALMOST KÄHLER 4-MANIFOLDS

YUTAKA KANDA

Abstract. We prove that a weakly convex almost Kähler 4-manifold contains
a compact, non-constant J-holomorphic curve if the corresponding monopole
invariant is not zero and if the corresponding line bundle is non-trivial.

0. Introduction

The theory of pseudo holomorphic curves has been bringing remarkable progress
to both symplectic topology and contact topology since it was initiated by Gromov
in [Gr].

On the other hand, Witten introduced the monople equations and defined a
new invariant of closed orientable smooth 4-manifolds in [W]. Further, he showed
that if the 4-manifold X is Kähler, the computation of its invariant can be easily
done by using algebraic geometry. The key is the fact that there is a some kind
of correspondence between the solutions of the monopole equations on X and the
divisors of X .

After that, Taubes showed in [T1], [T2], [T3] that the monopole invariant of a
closed symplectic 4-manifold (X,ω) with b+2 > 1 is equivalent to its Gromov-Witten
invariant that counts the “number” of codimension-1 symplectic submanifolds con-
tained in it.

After that, Kronheimer and Mrowka [K-M2] introduced a suitable analytic set-
ting for the monopole equations on a certain class of non-compact almost Kähler
4-manifolds called A.F.A.K. and extended the definition of monopole invariants to
them. Further, as an application, they obtained a striking result on symplectically
fillable contact 3-manifolds.

Our main aim is to extend the main result in [T1] to weakly convex almost
Kähler manifolds, which are non-compact in general by the definition. Namely,
such a manifold contains a compact, non-constant J-holomorphic curve if the cor-
responding monopole invariant is non-zero and if the corresponding line bundle is
non-trivial. See Theorem 4.1 in Section 4 for the precise statement. The notion of
weak convexity is a slightly stronger condition than that of A.F.A.K. See Definition
1.1.

Further, in Section 10 we give an application of the main result to contact topol-
ogy. See Theorem 10.1.
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1. The monopole invariants of weakly convex

almost Kähler 4-manifolds

Let (X,ω) be a symplectic manifold. An almost complex structure J is said to
be compatible and the triple (X,ω, J) is called almost Kähler if the bilinear form
g(∗, ∗) := ω(∗, J∗) is a J-invariant Riemannian metric. It is well known that the
space of smooth almost complex structures is contractible under a suitable choice
of topology, such as the Whitney topology.

In this paper, we will mainly work on weakly convex almost Kähler 4-manifolds
which are defined as follows:

Definition 1.1. An almost Kähler manifold (X,ω, J) is weakly convex if there
exists a proper function σ : X 7→ [h,∞) with h > 0 which has the following
properties:

Property (A). Any x ∈ X obeys the conditions below.
1. The injective radius at x is no less than σ(x).
2. Let ex be the map ex : TXx 7→ X defined by ex(v) := expx(σ(x)v) and

let γx be the Riemannian metric on the unit ball in TXx defined by γx :=
e∗x(g)
σ(x)2 . There exists a sequence of non-negative constants {ck}k∈N which is
independent of x such that the C0 norm of the covariant derivatives of order
k of γx is bounded by ck for each k ∈ N.

3. Let ox be the 2-form on the unit ball defined by ox := e∗x(ω)
σ(x)2 . There exists a

sequence of non-negative constants {c′k}k∈Z≥0 which is independent of x such
that the C0 norm of the covariant derivatives of order k of ox is bounded by
c′k for each k ∈ Z≥0.

4. Let σ̂x be the function on the unit ball defined by σ̂x := e∗x(σ)
σ(x) . There exists a

positive constant ć which is independent of x such that σ̂x ≥ ć.
Property (B). There exists a non-negative, integrable function gσ of R≥0 such

that ∫
R≥0

fgσdy =
∫
X

f ◦ σ d volX

for an arbitrary function f ∈ C∞0 (R≥0). Moreover, there exist constants C >
0, ε0 > 0 such that gσ ≤ Cyε0 . Notice that gσ ≡ 0 on [0, h).

Remark 1.2. The condition of weak convexity is stronger than that of A.F.A.K.
manifolds dealt with in [K-M2].

A typical example of weakly convex almost Kähler 4-manifolds is described be-
low:

Let X be an orientable 4-manifold endowed with conical end, namely, X is
diffeomorphic to X0 ∪φ ∂X0 × [1,∞) where X0 is compact with smooth boundary
and φ means the natural identification. Denote ∂X0× [1,∞) ⊂ X by X+ and ∂X0

byM . Let ω be a symplectic form ofX which restricts to X+ as the symplectization
of some contact form α of M , that is, ω|X+ = d(t2α). Denote by e0 the Reeb
vector field of α. If one chooses a Cauchy-Riemann structure J ′ of the contact
plane field ζ := Ker(α) so that J ′ is compatible with dα|ζ , this would induce an
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almost complex structure J compatible with ω over X+. In fact, if we identify
TX+ with TM ⊕TR≥1, J is determined by the rules that J(∂t) = e0, J(e0) = −∂t
and that J(Y ) = J ′(Y ) if Y is tangent to ζ. Then J extends to the interior of X0

so that it is compatible with ω . We can easily check that the pair (ω, J) satisfies
all the conditions of weak convexity. In fact, let f be a smooth Morse function of
X such that f |X+ = t and f ≥ 1

2 on X . We may define the function σ by σ := κf
where κ is a sufficently small positive constant.

This example brings us to the following definition.

Definition 1.2 ([E]). A symplectic 4-manifold (X0, ω) is a symplectic filling of a
contact 3-manifold (M, ζ) if (X0, ω) satisfies the following:

1. X0 is compact.
2. ∂X0 = M as oriented manifolds.
3. ω|ζ is non-degenerate.

Recall that in general a contact structure induces a canonical orientation to the
base manifold if its dimenson is 4n+3. (But in this case, there is no canonical
orientation for the contact plane field.)

Proposition 1.3 ([K-M2]). Let (X0, ω) be a symplectic filling of a contact mani-
fold (M, ζ). We can construct a weakly convex almost Kähler 4-manifold (X, ω̃, J)
which admits an embedding ι : (X0, ω) 7→ (X, ω̃) such that ζ is invariant under the
action of ι∗(J) and such that X− ι(IntX0) is diffeomorphic to ∂X0× [1,∞). More-
over, this construction is unique in the sense that two such weakly convex almost
Kähler structures can be connected by a smooth 1-parameter family. In particular,
if ω|M is exact, (X, ω̃, J) can be made so that it is as described above as a typical
example.

Let (X,ω, J) be an almost Kähler 4-manifold. X has a Spinc structure sω that
is determined canonically by ω. With this understood, define the set S(X,ω) as
follows:

Definition 1.4. S(X,ω) consists of the isomorphism classes of the pairs (s, %)
where s is a Spinc structure of X being identified with sω outside some compact
set through the isomorphism %.

As we will see later, S(X,ω) can be identified with the set of isomorphism classes
of complex line bundles that have trivializations outside some compact sets. See
Section 3.

If (X,ω, J) is weakly convex, it is A.F.A.K. by the very definition. Therefore,
following [K-M2], we can define its monopole invariant . In our terminology, this
invariant is a map SW : {(X,ω, J, s, %)} 7→ Z obeying the properties below.

Property (1). SW (X,ω0, J0, s, %0) = ±SW (X,ω1, J1, s, %1) if there exists a
smooth 1-parameter family {(ωt, Jt, %t)}0≤t≤1 outside some compact set K such
that %t : s|K 7→ sωt |K are isomorphisms and such that (ωt, Jt) are almost Kähler
structures being weakly convex in the following sense: For some compact K ′ with
K ⊂ IntK ′, there exists a family of proper functions σt : X\IntK ′ 7→ [h,∞) with
h > 0 such that (ωt, Jt, σt) satisfies Property (A) for any x ∈ X\IntK ′ and Property
(B) with X replaced by X\IntK ′.

In a word, the invariant up to sign depends only on the choice of a Spinc structure
and on the “boundary condition”.

Property (2). SW (X,ω, J, sω, id) = 1.
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Property (3). Suppose that SW (X,ω, J, s, %) 6= 0. Then 〈c21(Ls, %̃)−c1(Ls, %̃)∪
c1(K), [X ]〉 = 0. Furthermore, 〈c1(Ls, %̃)) ∪ [ω], [X ]〉 ≥ 0 with equality only if
(s, %) ∼= (sω, id).

Here Ls stands for the corresponding line bundle to s and %̃ is the trivialization
of Ls induced by % outside a compact set. The first Chern class of Ls is regarded as
an element of the compactly support cohomology group of X through %̃. Similary,
[X ] denotes the generator of the fourth homology group of a locally finite singular
chain over Z whose orientation is compatible with ω. K in (3) denotes the canonical
line bundle of (X, J).

Remark 1.5. Proposition 1.3 means that we can well define SW for the pair of
contact 3-manifolds and its simplectic filling.

2. Monopole equations on symplectic 4-manifolds

We will review some basic facts about monopole equations, especially those on
symplectic manifolds.

1. Let (X, g) be a Riemannian 4-manifold. A monopole equation on (X, g) is a
non-linear P.D.E. depending on the choice of a Spinc structure s of X . So we will
review the definitions of Spinc structures and Dirac operators first.

a) Spinc structure s is a Spinc(4) = Spin(4)×U(1)
±1 lift of the oriented orthonor-

mal frame bundle Fr(TX). Through the standard representations of Spinc(4), s
associates the positive (resp. negative) spinor bundle W+

s (resp. W−s ). W±s is a
complex, Hermitian, rank-2 vector bundle endowed with the linear map ρ : TX 7→
Hom(W+

s ,W
−
s ) called Clifford multiplication that obeys the relation ρ(v)∗ ◦ρ(v) =

−g(v)id. The signs of W±s are canonically determined by the orientation of X .
The Spinc(4) group appears as the structure group of a 4-tuple (TX,W+

s ,W
−
s , ρ),

which is just the central extension by U(1) of the structure group SO(4) of TX .
Thus we can recover the principle bundle s from the 4-tuple according to the stan-
dard argument. Therefore, Spinc structures are in one-to-one correspondence with
the isomorphism classes of spinor bundles.

b) A Spinc(4) connection of s is said to be compatible if the associated connec-
tion of Fr(TX) agrees with the Levi-Civita connection. Let ∇W be a U(2)×U(2)
connection on the spinor bundle Ws := W+

s ⊕W−s . Then ∇W is a Spinc(4) con-
nection if and only if the subbundle ρ(TX) ⊂ Hom(W+

s ,W
−
s ) is preserved by the

induced connection ∇Hom and is compatible if and only if ∇Hom|ρ(TX) agrees with
(the push-forward of) the Levi-Civita connection.

The splitting spin
c(4) = so(4) ⊕ u(1) implies that a Spinc(4) connection is de-

termined by choosing a U(1) connection of the determinant line bundle Ls :=
det(W+

s )(= det(W−s )). Therefore, the space of a compatible Spinc connection is an
affine space modelled by the space of pure imaginary 1-forms.

c) With a compatible Spinc(4) connection ∇B given, where B stands for the
corresponding U(1) connection of the determinant line bundle, the Dirac operator
DB is defined to be the composition of the sequence

Γ(W+
s ) ∇B−→ Γ(TX∗ ⊗W+

s )
Cont◦(ρ⊗id)−→ Γ(W−s ),(2.1)

where we identify TX and T ∗X with each other and Cont stands for the contraction.
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d) The monopole equation for a chosen Spinc structure s is the one with variables
(Φ, B) ∈ Γ(W+

s )×A(Ls) written as follows:

DBΦ = 0,(2.2.1)

ρ(F+
B ) = (ΦΦ∗)0.(2.2.2)

Here A(Ls) denotes the space of U(1) connections of the determinant line bundle,
F+
B is the self-dual part of the curvature 2-form of B and ρ : Λ2 7→ End(Ws) is

the natural extension of the Clifford multiplication. The subscript ‘0’ means the
traceless part of the said endomorphism.

This equation is equivariant under the action of the gauge group

G := Map(X,U(1))

which acts on Γ(W+
s ) by the multiplication of a complex number and on A(Ls) by

the pulling-back of connections. We can regard G as the subgroup of the bundle
automorphism of Ws that respects the Clifford multiplication.

Notice that (2.2.2) consists of gauge invariant terms. If we add an arbitrary pure
imaginary self-dual 2-form to the right-hand side of (2.2.2) to perturb the equation,
it remains gauge equivariant.

2. Let (X,ω, J) be an almost Kähler 4-manifold. Denote by gJ the corre-
sponding Riemannian metric. We will see that the monopole equations (2.2) on
the Riemannian manifold (X, gJ) can be written in terms of differential forms and
Dolbeaut operators.

a) There is a Spinc structure sω canonically determined by ω. This derives
from the fact that the natural projection homomorphism pr : Spinc(4) 7→ SO(4)
has a canonical inverse homomorphism over the subgroup U(2) ⊂ SO(4). The
spinor bundle and the Clifford multiplcation for sω can be explicitly written in
terms of differential forms. In fact, define W+

sω := Λ0,0 ⊕ Λ0,2 and W−sω := Λ0,1.
The metrics on them are the ones induced by gJ . The Clifford multiplication is
given for v ∈ TXx by ρ(v) :=

√
2((v0,1∧) + (v0,1∧)∗). From the more intrinsical

viewpoint, the decomposition W+
sω = Λ0,0 ⊕ Λ0,2 is just the eigenspace decompo-

sition of ρ(ω) ∈ End(W+). The corresponding eigenvalues are −2
√
−1 and 2

√
−1,

respectively. Notice that ω is a self-dual 2-form with length
√

2.
b) We will see that there are two natural Spinc connections for Ws.
Let ∇1

J be the compatible Spinc connection that projects to Λ0,0 as the trivial
connection d. ∇1

J preserves the decomposition above if and only if the pair (ω, J)
is Kähler. In fact, if it preserves the decomposition, ρ(ω) is parallel with respect
to the induced connection, which implies that ∇L.Cω ≡ 0. Then it follows that
∇L.CJ ≡ 0, that is, J is integrable.

Let ∇2
J be the U(2)×U(2) connection on Wsω defined by the composition of the

sequence ⊕
p

Λ0,p ∇L.C.−→ T ∗X ⊗ (
⊕
p

p
∧ T ∗X ⊗ C)

id⊗pr−→ T ∗X ⊗ (
⊕
p

Λ0,p).(2.3)

We can check after a short calculation that ∇2
J is indeed a Spinc(4) connection.

This preserves the decomposition W+
sω = Λ0,0 ⊕ Λ0,2 and restricts it to Λ0,0 as the

trivial connection d, but it is not compatible unless (ω, J) is Kähler as we have seen
before.

c) Define the operators D1 and D2 to be the compositions of the sequence (2.1)
with ∇B being replaced by ∇1

J and ∇2
J , respectively. The former is one of the usual
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Dirac operators for Spinc structures and the latter is written in the following form

D2 =
√

2(∂ + ∂
∗
),(2.4)

where ∂ is the Dolbeaut operator. Then we can easily check after a short calculation
that D1 = D2 if and only if dω = 0.

d) Fix a Spinc structure s. Then its spinor bundle is given as the tensor product
over C of Wsω with a suitable complex line bundle L. The Dirac operator for s is
given by choosing a U(1) connection a for Ls and is written as

√
2(∂a + ∂

∗
a),(2.5)

where ∂a means the usual coupled Dolbeaut operator. Note that

Λ+ ⊗ C =Λ2,0 ⊕ Λ0,2 ⊕ C〈ω〉,(2.6.1)

Λ− ⊗ C =Λ1,1 ∩ (C〈ω〉)⊥.(2.6.2)

With this understood, the monopole equation corresponding to s is written as

∂aα+ ∂
∗
aβ = 0,(2.7.1)

2F 0,2
a + F 0,2

K
=

1
2
α∗β,(2.7.2)

Λ(2Fa + FK) =
√
−1
2

(|α|2 − |β|2),(2.7.3)

where

(α, β, a) ∈ Γ(Λ0,0 ⊗ L)× Γ(Λ0,2 ⊗ L)×A(L).

Here FK is the curvature of the connection∇2
J |Λ0,2 and Λ : Λp,q 7→ Λp−1,q−1 denotes

the adjoint of ω∧ : Λp−1,q−1 7→ Λp,q. Notice that ρ(γ2)γ1 = 2γ1γ2 for γ1 ∈ Λ0,0

and γ2 ∈ Λ0,2.

3. The moduli spaces of monopole equations

on weakly convex almost Kähler manifolds

Let (X,ω, J) be a weakly convex almost Kähler 4-manifold.
Our main object is the following equation, which was introduced for the first

time by Taubes:

∂aα+ ∂
∗
aβ = 0,(3.1.1)

F 0,2
a =

r

4
α∗β + η0,2,(3.1.2)

ΛFa =
√
−1r
4

(−1 + |α|2 − |β|2) + Λη.(3.1.3)

Here η is a pure imaginary self-dual 2-form introduced for the equation to be trans-
verse. r is a positive constant which we will call the rescaling parameter .

Remark 3.0. The equation above is obtained from (2.7) by dropping the terms
derived from the curvature of the anti-canonical line bundle, adding −

√
−1r
2 to the

right-hand side of (2.7.3) and rescaling (α, β) by the factor
√
r. From the more
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intrinsical viewpoint, it is equivalent to the following equation:

DaΦ = 0,(3.2.1)

2ρ(F+
a ) = r

{
(ΦΦ∗)0 −

√
−1
2

ρ(ω)
}
.(3.2.2)

Fix an element (s, %) ∈ S(X,ω) and suppose that Ws = Wsω ⊗ L for a complex
line bundle L. % : Ws|X\K

∼=7→Wsω |X\K induces %̃ : L|X\K
∼=7→ (X\K)×C where K is

some compact set. Denote by L% the line bundle L endowed with the trivialization
%̃ outside some compact set.

With this understood, we will introduce a suitable analytic setting for the equa-
tion (3.1) following [K-M2].

The equation (3.1) for sω has the element (I, 0, d) ∈ Γ(Λ0,0)×Γ(Λ0,2)×A(X×C)
as a special solution for any choice of r. (Here X ×C means the trivial line bundle
over X .) We will adopt it as an asymptotic solution and define the function spaces
Γ0, A0 and G0 as follows:

Γ0 : = {(α, β) ∈ Γ∞
(
Λ0,0(L%)⊕ Λ0,2(L%)

)
| (α, β)− (I, 0)(3.3.1)

has a compact support},
A0 : = {a ∈ A∞(L%) | a− d has a compact support},(3.3.2)

G0 : = {u ∈ C∞(X ;C) | |u| = 1, u− 1 has a compact support}.(3.3.3)

%̃ allows us to identify Λ0,0(L%)⊕ Λ0,2(L%) with Λ0,0 ⊕ Λ0,2 outside some compact
set K. Similary, a|X\K can be regarded as a U(1) connection of the trivial complex
line bundle over X\K. These identifications are implicit in (3.3). We will adopt
some suitable completions of the spaces Γ, A and G as our function spaces.
G is the completion of G0 with respect to the Sobolev W k+1,2 norm defined by

the Riemannian metric gJ and the covariant derivatives.
A0 can be identified with the space of compact support, smooth and pure imag-

inary self-dual 2-forms by choosing a base point a0. A is the completion of A0 with
respect to the usual W k,2 norm for differential forms.

Define the Sobolev W k,2-norm for Γ0 by making use of the Riemannian metric
gJ , the Hermitian metric of Ws ≡ Λ0,0(L%)⊕Λ0,2(L%) and the covariant derivative
∇1
J ⊗ id + id⊗∇a0 . Γ is the completion of Γ0 with respect to this norm.
Let us fix k sufficiently large so that the Sobolev embedding theorem implies

that these function spaces belong to C1. Then the Sobolev multiplication theorem
implies that the gauge group G acts naturally on Γ ×A. In fact, these spaces are
smooth Hilbert manifolds with the former acting as a Hilbert Lie group. Further-
more, the action is free. Thus, the quotient space B is also a Hilbert manifold. The
standard argument in gauge theory shows that B is Hausdorff. See [K-M2].

To have the equation transverse, we introduce a Banach space N as a completion
of the space of compact support, smooth, pure imaginary self-dual 2-forms. The
norm ‖ · ‖N is given by ‖η‖N := ‖ exp(ε1σ) ·η‖Cl(X) where ε1 > 0 and l ≥ k + 1
are fixed. We always assume that the η in the equation (3.1) is chosen from this
Banach space.

With this understood, we will give some results needed later and the definition
of the monopole invariant in [K-M2] in the form suitable for our terminology.

Proposition 3.1 ([K-M2]). Let (α, β, a) ∈ Γ × A be a solution of the equation
(3.1). There exist positive constants C0 and C′0 which depend only on (ω, J, c1(L%))
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and have the following significance: If r ≥ C0, then∫
X

|∇aα|2 + 2|∇̃aβ|2 +
r

2
(1− |α|2)2 +

r

2
(1 + 2|α|2 + |β|2)|β|2

≤ C′0‖η‖L1(X) + 2π〈c1(L%) ∪ [ω], [X ]〉.

Proposition 3.2 ([K-M2]). Let (α, β, a) ∈ Γ× A be a solution of equations (3.1)
with r ≥ 1 and ‖η‖N ≤ 1. There exist positive constants νr and χr which depend
only on r and on (ω, J, c1(L%)) and have the following significance:{∣∣|α|2 − 1

∣∣+ |∇aα|2 + |β|2 + |∇̃aβ|2 + |P+Fa|+ |P−Fa|
}∣∣
x
≤ χre−νrσ(x)

for any x ∈ X.

Theorem 3.3 ([K-M2]). Define M(ω, J, s, %) to be the set

{([α, β, a], η, r) ∈ B ×N × R>0 | (α, β, a) obeys (3.1) with these η and r},

where [(∗)] means the gauge equivalence class of (∗). ThenM(ω, J, s, ρ) is a Banach
submanifold of B × N × R>0. The projection Pr : M(ω, J, s, ρ) 7→ N × R>0 is a
proper Fredholm map of index

〈
(c21(L%) − c1(L%) ∪ c1(K), [X ]

〉
and the index line

bundle has a canonical orientation determined by (ω, J).

Here c1(L%) means c1(L, %̃). c1(L, %̃) and [X ] are as explained in Section 1. K
denotes the canonical line bundle of (X, J). Theorem 3.3 implies that if (η, r)
is generic, namely, if it is chosen from a suitable Baire subset of N × R>0, then
Pr−1(η, r) is a compact oriented manifold of dimension

〈
(c21(L%) − c1(L%) ∪

c1(K), [X ]
〉
. We will refer to Pr−1(η, r) as the moduli space.

Definition 3.4. The monopole invariant SW : S(X,ω) 7→ Z is defined as follows:
(1) If

〈
(c21(L%)− c1(L%) ∪ c1(K), [X ]

〉
6= 0, then SW (s, %) = 0.

(2) If
〈
c21(L%)−c1(L%)∪c1(K), [X ]

〉
= 0, then SW (s, %) is the sum of the suitable

signs that are imposed to each connected component of the 0-dimensional
manifold Pr−1(η, r) for generic (η, r). It does not depend on the choice of the
pair (η, r).

4. The statement of the main result

Let (X,ω, J) be a weakly convex almost Kähler 4-manifold. LetM(ω, J, s, ρ) be
the space as given in Section 3. Our main result follows:

Theorem 4.1. Let {rn}n∈N be a sequence of positive numbers which tends to infin-
ity when n tends to infinity. Suppose there exists a sequence {(αn, βn, an, ηn)}n∈N
such that ([αn, βn, an], ηn, rn) ∈ M(ω, J, s, ρ) obeying ‖ηn‖N ≤ e−rn . Then, after
passing to a suitable subsequence, {α−1

n (0)}n∈N converges in the Hausdorff topology
to a compact J-holomorphic curve D (which may have multiple irreducible compo-
nents) whose homology class [D] ∈ H2(X,Z) is the Poincaré dual of c1(L%).

This theorem is an extension of the main result in [T1] where X is supposed to
be closed. When X is non-compact, we must overcome the following problems:

The first one is that the sets α−1
n (0) may possibly escape to the infinity of the

end when n tends to infinity. The monotonicity formula for local energy integral
can settle this problem as long as we have an a priori bound for the total energy
integral 1

4

∫
X r|1 − |α|

2|, the bound which is independent of r.
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The second one is that it is not obvious at first whether the a priori bound for
the total energy integral does exist.

The third one, which is related to the second one, is that the argument in [T1]
to find the a priori C0 bound of the anti-self-dual part of the curvature does not
work directly in our case.

Our strategy is divided into 3 steps:
Step 1. We will show in Sections 5 and 6 that the C0 estimates of the terms

|1 − |α|2|, |β|2, |∇aα|2, |∇̃aβ|2 and |F±a |2 given in [T1] are also valid in our case.
The major difference from [T1] is in the proof of the C0 estimate for F−a , which is
given in Section 6.

Step 2. We will derive in Section 7 an a priori estimate of the total energy
integral.

Step 3. We will derive in Section 8 a slightly refined monotonicity formula for
local energy integral.

With these achieved, we can easily show that α−1
n (0) does remain in some com-

pact set when n tends to infinity. This will be done in Section 9 and allows us to
handle the issue as if our manifold X were compact. Thus applying the arguments
in [T1] almost directly, we can prove Theorem 4.1.

Before going on to the proof, let us agree that we are subject to Assumption 1
and Conventions 1 and 2 below in Section 5, 6, 7, 8 and 9 unless otherwise specified:

Assumption 1. We suppose that r ≥ 1 and that

‖η‖N ≤ e−r.(4.1)

Convention 1. We adopt the following convention for constants:
a. The symbol C with no subscript stands for a positive constant which depends

only on the data (ω, J, c1(L%)) and that the value which C is supposed to be may
vary from line to line even in a single formula.

b. The symbol C with some subscript such as C1 stands for a positive constant
which depends only on (ω, J, c1(L%)) and the value which it is supposed to be is
consistent in later arguments.

Convention 2. If we say that a constant, such as r, κ and so on, is sufficiently
large, it means that it is larger than a suitable positive constant that depends only
on (ω, J, c1(L%)).

5. Preliminary estimates

We will devote this section to derive preliminary estimates.
It is known that the Dolbeaut operators on an almost Kähler manifold satisfy

the Kähler identities. See [Ma]. Our starting point is the following identities which
derive from the Kähler identities after a short calculation (see [Ko]):

∂
∗
a∂aα =

1
2
∇∗a∇aα−

1
2
√
−1(ΛFa)α,(5.1.1)

∂a∂aα = N ◦ ∂aα+ F 0,2
a α,(5.1.2)

∂
∗
a∂
∗
aβ = ∂∗a ◦N∗β + (F 0,2

a )∗β,(5.1.3)

∂a∂
∗
aβ =

1
2
∇̃∗a∇̃aβ +

1
2

√
−1(Λ(Fa + FK))β,(5.1.4)
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where N ∈ Hom(Λ1,0,Λ0,2) is the Nijenhuis tensor of J , ∇̃a is the unitary connec-
tion of Λ0,2⊗L whose (1, 0) part agrees with the Dolbeaut operator ∂a : Ω0,2(L) 7→
Ω1,2(L) and Fa + FK is the cuvature of ∇̃a.

Remark. In the case where (ω, J) is Kähler, the identities (5.1) are exactly the
Weitzenböck formula of a Dirac operator.

It follows from (3.1) and (5.1) after a short calculation that

1
2
∇∗a∇aα = − r

8
(−1 + |α|2 + |β|2)α− ∂∗a ◦N∗β(5.2.1)

− (η0,2)∗β +
√
−1
2

(Λη)α,

1
2
∇̃∗a∇̃aβ = − r

8
(+1 + |α|2 + |β|2)β +N ◦ ∂aα(5.2.2)

−
√
−1
2

(ΛFK)β − αη0,2 −
√
−1
2

(Λη)β.

Taking the inner product of (5.2.1) with α and making use of the identity 1
24(|α|2)

= 〈∇∗a∇a, α〉 − |∇aα|2, it follows that

1
4
4(|α|2) =− 1

2
|∇aα|2 −

r

8
(−1 + |α|2 + |β|2)|α|2 − 〈∂∗a ◦N∗β, α〉(5.3.1)

− 〈(η0,2)∗β, α〉 +
√
−1
2

Λη|α|2.

Similarly, it follows that

1
4
4(|β|2) = −1

2
|∇̃aβ|2 −

r

8
(1 + |α|2 + |β|2)|β|2(5.3.2)

+ 〈β,N ◦ ∂aα〉 −
√
−1
2

(ΛFK)|β|2

− 〈η0,2α, β〉 −
√
−1
2

(Λη)|β|2.

Since (X,ω, J) is weakly convex, N , FK and their higher covariant derivatives are
all bounded. Thus by dropping some non-positive terms and applying Schwarz’
inequality, we obtain

Lemma 5.0. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. It holds that

(
1
2
4+

r

4
|α|2)(|α|2 − 1)(5.4.1)

≤ −|∇aα|2 + C|∇̃aβ|·|α|+ (C + |η|)|α|·|β|+ |η|·|α|2,

(
1
2
4+

r

4
|α|2)|β|2 ≤ −|∇̃aβ|2 −

r

4
(
1− C

r

)
|β|2(5.4.2)

+ C|∇aα|·|β|+ |η|·|α|·|β|+ |η|·|β|2.

By making use of it, we can show

Proposition 5.1. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. There
exist non-negative constants κ1, κ2 which depend only on (ω, J, c1(L%)) and have
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the following significance: If p and ζ obey that 1≥ p ≥0, ζ >0, then

(
1
2
4+

r

4
|α|2) {|α|2 − 1 + ζrp|β|2}

≤ −
(
1− ζκ1

r1−p
)
|∇aα|2 −

ζ

2
rp|∇̃aβ|2 −

ζ

24
r1+p|β|2 + κ2

(1
ζ

+ ζ
) 1
rp
|α|2.

Proof. It follows from (4.1), (5.4.1), (5.4.2) and Hölder’s inequality that

R.H.S. ≤ −|∇aα|2 − ζrp|∇̃aβ|2 −
ζr1+p

8
|β|2

+ C1ζr
p|∇aα||β| + C2|∇̃aβ||α|+ C3(1 + ζ)|α||β| + |η||α|2

≤ −
(
1− C1ζε1

2r1−p
)
|∇aα|2 − rp

(
ζ − C2ε2

2
)
|∇̃aβ|2

− r1+p

8
(
ζ − 4C1ζ

ε1
− 4C3

ε3
(1 + ζ)

)
|β|2 +

1
rp
( C2

2ε2
+
C3ε3
2r

(1 + ζ) + rp|η|
)
|α|2.

By putting ε1 = 12C1, ε2 = ζ
C2

and ε3 = 12C3(1+ζ)
ζ , we obtain the result.

Proposition 5.2. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. There
exists a constant C which depends only on (ω, J, c1(L%)) and has the following
significance: It holds that

|α|2 + |β|2 ≤ 1 +
C

r
.(5.5)

Proof. Define f to be |α|2− 1 + |β|2− κ
r where κ is a positive constant determined

later. Proposition 5.1 implies that f obeys

(
1
2
4+

r

4
|α|2)f ≤ (C − κ

4
)|α|2.

By taking κ sufficiently large, the right-hand side is nonpositive. On the other
hand, f is negative outside some compact set (that may depend on r and κ). Thus
a maximum principle implies f ≤ 0.

Proposition 5.3. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. There
exists a constant CM which depends only on (ω, J, c1(L%)) and has the following
significance: It holds that

|β|2 ≤ 1
r

(1− |α|2) +
CM
r3

.(5.6)

Proof. Let ζ1 be a fixed positive constant such that ζ1κ1 ≤ 1. Define f to be
|α|2 − 1 + ζ1r|β| − κ

r2 where κ is a positive constant determined later. Proposition
5.1 implies that (1

24+ r
4 |α|2)f ≤ (C − κ

4 )1
r |α|2. Thus if κ is sufficiently large, the

same argument as in the proof of Proposition 5.2 implies f ≤ 0.

Proposition 5.4. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. There
exist positive constants µ1, µ2 which depend only on (ω, J, c1(L%)) and have the
following significance: It holds that

|F+
a | ≤

r

4
√

2
(1 +

µ1

r
)(1− |α|2) +

µ2

r
.(5.7)

Proof. This follows directly from (3.1.2), (3.1.3) and Proposition 5.3.
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6. The C0
estimate of the anti-self-dual part of the curvature

We will devote the whole of this section to prove

Proposition 6.1. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. There
exist non-negative constants µ3, µ4 which depend only on (ω, J, c1(L%)) and have
the following significance: It holds that

|F−a | ≤
r

4
√

2
(1 +

µ3

r
1
4

)(1 − |α|2) +
µ4

r
1
4
.(6.1)

This estimate will be needed in the proofs of Proposition 7.1 and Proposition
8.1.

The proof is divided into 8 steps.
Step (0). Denote |F−a | by t. We will derive a differential inequality that t obeys.

Lemma 6.2. t obeys the following inequality on X\t−1(0):

(
1
2
4+

r

4
|α|2)t ≤ Rt+

r

4
√

2

(
|∇aα|2 + |∇̃aβ|2

)
+ Cr|β|2 + |hη|.(6.2)

Here R is a non-negative function derived from the Riemannian metric and hη

denotes 1
4P
−(d∗dη) where P− stands for the orthogonal projection P− :

2

Λ 7→ Λ+.

Proof. The Bianchi identity implies that

dF+
a + dF−a = 0.(6.3)

Then a Bochner-Weitzenbock formula implies that
1
2
∇∗∇F−a +RF−a = −P−d∗dF+

a ,(6.4)

where R ∈ Hom(Λ−,Λ−) derives from the anti-self-dual part of the curvature of
the Riemannian metric and the scalar curvature. (3.1.2) and (3.1.3) imply that

R.H.S. of (6.4) = P−d∗d
{
−
√
−1r
8

(−1 + |α|2 − |β|2)

ω − r

4
α∗β +

r

4
αβ∗ − η

}
.

(6.5)

By making use of the Kähler identities,

P−d∗d
{
−
√
−1r
8

(−1 + |α|2 − |β|2)ω
}

=−
√
−1r
8

P−
(
∂∗∂ + ∂

∗
∂
)
(|α|2 − |β|2)ω

=−
√
−1r
8

P−(−
√
−1∂Λ∂ +

√
−1∂Λ∂)(|α|2 − |β|2)ω

(since Image(Λ: Λ2,2 7→ Λ1,1) ⊂ Λ+)

=− r

4
P−(∂∂|α|2 + ∂∂|β|2)

(since Λ◦(ω∧) = id on
1

Λ and since ∂∂ + ∂∂ = 0 on Λ0,0).

(6.6)

Thus we obtain the equality (6.7) below:

R.H.S. of (6.6) = − r
4
P−
{
〈∂a∂aα, α〉L + 〈α, ∂a∂aα〉L − 〈∂aα, ∂aα〉L + 〈∂aα, ∂aα〉L

+ 〈∂∇̃a∂∇̃aβ, β〉L⊗K + 〈β, ∂∇̃a∂∇̃aβ〉L⊗K + 〈∂∇̃aβ, ∂∇̃aβ〉L⊗K − 〈∂∇̃aβ, ∂∇̃aβ〉L⊗K
}
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where 〈·, ·〉L and 〈·, ·〉L⊗K are the Hermitian inner products of the line bundle L and
L⊗K, respectively. Further, the exterior products of the forms are implicit in these
expressions. ∂∇̃a stands for the coupled Dolbeaut operator ∂∇̃a : Ωp,q(L ⊗K) 7→
Ωp+1,q(L⊗K).

On the other hand, since α∗β is a (0, 2) form, it follows that

P−d∗d(−1
4
α∗β) =

1
4
P−(
√
−1∂Λ∂)(α∗β)

=
√
−1
4
P−∂

{
Λ(∂aα)∗ ∧ β + Λα∗∂β

}
= −
√
−1
4
P−∂

{
− Λ(∂

∗
aβ)∗ ∧ β +

√
−1(α∗∂

∗
aβ)
}

= −
√
−1
4
P−∂

{
− Λ(∂

∗
aβ)∗ ∧ β −

√
−1α∗(∂aα)

}
(6.8)

where we have used (3.1.1) and the Kähler identities. Applying to (6.8) the identity√
−1Λ(β ∧ (∂

∗
aβ)∗) ≡ β(∂∇̃aβ)∗ which also derives from the Kähler identities, we

obtain

P−d∗d(−1
4
α∗β) = −1

4
P−∂

{
− 〈β, ∂∇̃aβ〉L⊗K + 〈∂aα, α〉L

}
.(6.9.1)

Taking its complex conjugate, we obtain the equality

P−d∗d(
1
4
αβ∗) = −1

4
P−∂

{
〈∂∇̃aβ, β〉L⊗K − 〈α, ∂aα〉L

}
.(6.9.2)

Therefore, by applying the identities

P−Fa ≡ P−(∂a∂a + ∂a∂a),(6.10.1)

P−(Fa + FK) ≡ P−(∂∇̃a∂∇̃a + ∂∇̃a∂∇̃a)(6.10.2)

to (6.4), (6.7) and (6.9) and summing up the result, it follows that
1
2
∇∇∗F−a +RF−a = − r

4
〈P−Faα, α〉L −

r

4
〈P−(Fa + FK)β, β〉L⊗K

+
r

4
P−
{
〈daα, daα〉L + 〈d∇̃aβ, d∇̃aβ〉L⊗K

}
+

1
4
P−(d∗dη).

(6.11)

By taking the Hermitian inner product of this with P−Fa, and making use of the
inequlity (4|F |)|F | ≤ 〈∇∗∇F, F 〉 for an arbitrary non-vanishing real 2-form F , we
obtain the inequality

(
1
2
4+

r

4
|α|2)t ≤ |R|t+

r

4
|β|2|FK |+

r

4

∣∣P−{〈daα, daα〉L + 〈d∇̃aβ, d∇̃aβ〉L⊗K
}∣∣

+
1
4

∣∣P−d∗dη∣∣
≤ |R|t+ Cr|β|2 +

r

4
√

2

(
|∇aα|2 + |∇̃aβ|2

)
+ |hη|.

(6.12)

Step (1). We will introduce a comparison function q0.
Take a sufficiently large κ > 1 and define the function q0 by

q0 :=
r

4
√

2
(1 +

2κ1

r
1
2

)(1 − |α|2 − r 1
2 |β|2 +

κ

r
3
2

).(6.13)
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Lemma 6.2, Proposition 5.1 and Proposition 5.3 imply that if r is sufficiently large,
q0 is positive and obeys

(
1
2
4+

r

4
|α|2)(t− q0) ≤ R0 ·t+ |hη|,(6.14)

where R0 denotes supX |R|.
Here we applied Proposition 5.1 to p= 1

2 and ζ=1 and used the fact that 1 ≤
(1− κ1

r
1
2

)(1 + 2κ1

r
1
2

) if r is sufficiently large. We included the constant term κr−
3
2 in

the definition of q0 in order to compensate for the last term of the R.H.S. in the
inequality of Proposition 5.1, whose existence derives from the Nijenhuis tensor of
J .

Step (2). We will define a good comparison function q ∈ W 2,2
0 (X) so that q

obeys t ≤ q0 + q.

Lemma 6.3. The operator (1
24 + r

4 |α|2) : C∞0 (X) 7→ C∞0 (X) extends to a self-
adjoint operator L̃ over L2(X) with Dom(L̃) = W 2,2

0 (X). Further, L̃ is surjective.

Here W 2,2
0 (X) denotes the completion of C∞0 (X) with respect to the Sobolev

norm ‖ ∗ ‖W 2.2(X) defined by ‖f‖W 2,2(X) := ‖f‖L2(X) + ‖∇f‖L2(X) + ‖∇∇f‖L2(X).
We will give its proof in Appendix.

Define q ∈ W 2,2
0 (X) to be the unique solution of the equation

(
1
2
4+

r

4
|α|2)q = R0 ·t+ h.(6.15)

Here h denotes |hη|. By the construction, h obeys h ≤ Ce−r and decays like the
function e−ε1σ.

Lemma 6.4. q obeys the following:
1. q tends to zero uniformly at the end of X.
2. q ∈ C2, 12 (X).
3. q ≥ 0.

Then a maximum principle applied to (6.14) and (6.15) implies that

t ≤ q0 + q.(6.16)

Proof of Lemma 6.4. Let l > 0 denote min
X

σ. The property (A) of the Riemannian

metric gJ means that the geometries {gJ |B(x,l)}x∈X are bounded. Thus it follows
from the standard Lp-theory of elliptic operators and the Sobolev embedding the-
orem that there exists a positive constant C such that

‖q‖C0(B(x, l2 )) ≤ C
(
‖q‖L2(B(x,l)) + ‖R0 ·t+ h‖C0(B(x,l))

)
.(6.17)

Then the first assertion follows from the fact that ‖R0 · t + h‖C0(B(x,l)) tends to
zero uniformly when σ(x) tends to infinity. The second assertion follows from the
standard Hölder theory of elliptic operators since the right-hand side of (6.15) is in
C

1
2 (X). Then a maximum principle verifies the third assertion.

Step (3). We will estimate ‖q‖L2(X) in terms of sup
X
q.

Taking the multiple of (6.15) with q and adding r
4 (1 − |α|2)q2 to both sides of

it, we obtain the equality
1
4
4(q2) +

1
2
|∇q|2 +

r

4
|q|2 = (R0 ·t+ h)q +

r

4
(1− |α|2)q2.(6.18)
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Applying Hölder’s inequality to the both terms of the right-hand side, we see that
it is no more than 3

r (R0 ·t + h)2 + 3
16r(1 − |α|2)2(sup

X
q)2 + r

6 |q|2. Thus it follows

that
1
4
4(q2) +

r

12
|q|2 ≤ 6

r
(R2

0 ·t2 + h2) +
3
16
r(1 − |α|2)2(sup

X
q)2.(6.19)

The very definition ofW 2,2
0 (X) immediately implies that

∫
X
4(q2)d volX = 0. Thus

by integrating (6.19) over X , we obtain the following inequality:∫
X

|q|2 ≤ C
{ 1
r2

( ∫
X

t2
)

+
e−2r

r2
+

1
r

(sup
X
q)2
( ∫

X

r(1 − |α|2)2
)}
.(6.20)

On the other hand, Proposition 3.1 implies that∫
X

r(1 − |α|2)2 ≤ C.(6.21)

Further, it holds that ∫
X

t2 ≤ Cr + C.(6.22)

In fact, the Chern-Weil theory implies that∫
X

t2 =
∫
X

|F−a |2 =
∫
X

|F+
a |2 − 〈c21(L), [X ]〉.(6.23)

On the other hand, (3.1.2), (3.1.3) and Proposition 3.1 imply that∫
X

|F+
a |2 =

r

32

∫
X

r{(1 − |α|2 − |β|2)2 + 2|β|2} ≤ Cr.(6.24)

Combining (6.20), (6.21) and (6.22) together, we obtain

‖q‖L2(X) ≤
C

r
1
2

+
C

r
1
2

sup
X
q.(6.25)

Step (4). We will introduce a comparison function p ∈W 2,2
0 (X).

Define p ∈ W 2,2
0 (X) to be the unique solution of the equation

(
1
2
4+

r

4
|α|2)p = (R0 ·t+ h)|α|2.(6.26)

Exactly the same way as in the case of Lemma 6.4, we can prove

Lemma 6.5. p obeys the following:
(1) p tends to zero uniformly at the end of X.
(2) p ∈ C2, 12 (X).
(3) p ≥ 0.

Applying a maximum principle to p− 4
r (R0 sup

X
t+ sup

X
h), it follows that

sup
X
p ≤ 4

r
(R0 sup

X
t+ sup

X
h).(6.27)

Step (5). We will estimate the upper bounds of both q and t.
We consider the equality below obtained from (6.15) and (6.26):

(
1
2
4+

r

4
|α|2)(q − p) = (R0 ·t+ h)(1 − |α|2).(6.28)
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We will apply to it the maximum principle of Gilbarg and Trudinger derived from
Alexandrov and Bakel’man. See Theorem 9.20 in [G-T].

Theorem 6.6 ([G-T]). Let D := −aij ∂
∂xi

∂
∂xj

+ bj ∂
∂xj

+ c be an elliptic operator
defined on the unit ball in R4 and satisfy the conditions below:

(1) Let A be a symmetric matrix [aij ]ij . There exist positive constants λ1 ≥ λ2

such that λ1|ξ|2 ≥ ξtAξ ≥ λ2|ξ|2 for all ξ ∈ R4. In other words, A is uniformly
positive definite.

(2) There exists λ3 ≥ 0 such that |b| ≤ λ3 and c ≥ −λ3.

Then there exists a positive constant C′ which depends only on λ1, λ2 and λ3 and has
the following significance: If f ∈ C2(B1) obeys the differential inequality Df ≤ g
on B+

1 ⊂ B1, then it follows that

sup
B 1

2

f ≤ C′
(
‖f‖L2(B+

1 ) + ‖g‖L4(B+
1 )

)
,

where B+
1 denotes the subset {x ∈ B1 | f(x) ≥ 0}.

The important point is that the coefficient c is required to be bounded only
from below. In [G-T], the assumption of the statement requires that |c| ≤ λ3. But
looking closely at the proof, we can easily see that this condition can be relaxed as
above.

Let x ∈ X attain the maximum of q − p. Theorem 6.6 is applied to (6.28) to
show that

sup
X

(q − p) = sup
B 1

2
(x)

(q − p) ≤ C
{
‖q‖L2(X) + ‖p‖L2(B1(xn))

+ (sup
X
t+ e−r)‖1− |α|2‖L4(X)

}
.

(6.29)

The right-hand side of (6.29) is bounded from above by

C
( 1
r

1
2

+
1
r

1
2

sup
X
q +

1
r

1
4

sup
X
t
)
,

because of (6.25), (6.27) and the inequality∫
X

(1− |α|2)4 ≤ C
∫
X

(1− |α|2)2 ≤ C

r

that derives from Proposition 5.2 and (6.21). On the other hand, the left-hand side
of (6.29) is bounded from below by

sup
X
q − C

r
sup
X
t− C e

−r

r
.

Therefore, for sufficiently large r, it follows that

sup
X
q ≤ C

( 1
r

1
2

+
1
r

1
4

sup
X
t
)
.(6.30)

Applying it to (6.16), it follows that

sup
X
t ≤ Cr,(6.31)
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which is applied back to (6.27) and (6.30) to prove that

sup
X
q ≤ Cr 3

4 ,(6.32.1)

sup
X
p ≤ C.(6.32.2)

Step (6). We will derive a good comparison function which bounds q − p from
above in order to refine the estimate of t.

Lemma 6.7. There exists a constant δ > 0 such that if r is sufficiently large, the
function v := 1− |α|2 − |β|2 + 3δ

r obeys the following:

(1) v ≥ 1− |α|2 + 2δ
r ≥

δ
r .

(2) (1
24+ r

4 |α|2)v ≥ 0.

The lemma above follows easily from Propositions 5.1 and 5.3.

Lemma 6.8. Define v1 by v1 := v1−r−
3
4 . Then it obeys the following:

(1) 2v ≥ v1 ≥ 1
2v.

(2) (1
24+ r

4 |α|2)v1 ≥ r
1
4

2 |α|2(1− |α|2 + 2δ
r ).

Define the function v2 by

v2 :=
{ 8
r

1
4

(
R0 sup

X
t+ sup

X
h
)

+ 4 sup
X
q
}
v1.(6.33)

The right-hand side of (6.28) is bounded from above by

(R0t+ h)
(
1− |α|2 +

CM
r2

)
≤ (R0 sup

X
t+ sup

X
h)
(
1− |α|2 +

CM
r2

)
,

(6.34)

where we have used Proposition 5.3. Thus (2) of Lemma 6.8 implies that, if r is
sufficiently large,

(
1
2
4+

r

4
|α|2)(q − p− v2) ≤ 0(6.35)

on the domain Ω 1
2
{x ∈ X | |α|2x ≥ 1

2}. On the other hand, (1) of Lemma 6.7 and
(1) of Lemma 6.8 imply that, if r is sufficiently large,

v2 ≥ sup
X
q on X\Ω 1

2
.(6.36)

Therefore, a maximum principle is applied to prove that, if r is sufficiently large,

q − p ≤ v2 ≤ Cr
3
4 (1 − |α|2) +

C

r
1
4
.(6.37)

Then (6.16), (6.32.2) and Proposition 5.3 imply that

t ≤ Cr(1 − |α|2) + C.(6.38)

Proof Lemma 6.8. The first assertion follows from the inequality(
1 +

3δ
r

)(r− 3
4 ) ≥ v

v1
≥
(δ
r

)(r− 3
4 )
,

where the left-most and right-most sides tend to 1 when r tends to infinity. The
second assertion follows from (1) of Lemma 6.7, (1) of Lemma 6.8 and the fact that
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4(f b) ≥ b(4f)f b−1 for a smooth positive function f and a constant b that obeys
1 ≥ b > 0.

Step (7). We will derive a good comparison function which bounds p from
above and verify the required estimate of t.

(6.26), (6.38) and (2) of Lemma 6.8 imply that there exists a positive constant
κ3 which depends only on (ω, J, c1(L%)) such that the function f := p − κ3r

3
4 v1

obeys (1
24+ r

4 |α|2)f ≤ 0. Since f is negative outside some compact set, it follows
from a maximum principle that

p ≤ κ3r
3
4 v1 ≤ Cr

3
4 (1− |α|2) +

C

r
1
4
.(6.39)

Combining (6.37) with (6.39), it follows that

q ≤ Cr 3
4 (1− |α|2) +

C

r
1
4
.(6.40)

Then (6.16) verifies the required estimate in the statement of Proposition 6.1.

7. An a priori estimate for the total energy integral

Proposition 7.1. There exists a positive constant C which depends only on
(ω, J, c1(L%)) and has the following significance: Let (α, β, a) be a solution of equa-
tions (3.1) with r ≥ 1. Then it holds that

|∇aα|2 + r|∇̃aβ|2 ≤ C
{
r(1 − |α|2) + 1

}
.(7.1)

This corresponds to Proposition 2.8 of [T1] and can be proved exactly in the
same way by making use of the estimates in Section 5 and Proposition 6.1. See
[T1] for the proof.

With this in hand, we will devote the latter part of this section to prove

Proposition 7.2. There exists a positive constant Ce which depends only on
(ω, J, c1(L%)) and has the following significance: Let (α, β, a) be a solution of equa-
tions (3.1) with r ≥ 1. Then it holds that∫

X

r

4
|1− |α|2| ≤ Ce.(7.2)

Of course, the pointwise a priori estimates of the integrand that we have obtained
in Section 5 do not directly imply the estimate above since a noncompact weakly
convex manifold has infinite volume.

Proof. The proof is divided into 3 steps.
Step (1). Let X 1

2
denote the set {x ∈ X | |α|2x ≤ 1

2}. We will introduce good
subsets X1, X2 ⊂ X .

Lemma 7.3. There exists a positive constant Cv which depends only on
(ω, J, c1(L%)) and has the following significance: Let V be a finite subset {xi}1≤i≤k
⊂ X 1

2
such that B(xi, r−

1
2 ) are mutually disjoint, where B(xi, r−

1
2 ) denotes the

geodesic ball of radius r−
1
2 with center xi. Then #V ≤ Cvr.

Let VM be one of the sets described in Lemma 7.3 and suppose it is maximal
among such sets. Define X1 and X2 as

⋃
x∈Vm B(xi, 2r−

1
2 ) and

⋃
x∈Vm B(xi, 4r−

1
2 ),

respectively. Then the following properties hold:
(1) X 1

2
⊂ X1 ⊂ X2.
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(2) dist(X1, X\X2) ≥ r− 1
2 .

(3) Vol(X2) ≤ C
r .

In fact, the first property follows from the maximality of VM . The second property
is obvious. The third property follows from the bound of #VM given in Lemma
7.3.

Proof of Lemma 7.3. Proposition 7.1 and the inequality
∣∣∇|α|2∣∣ ≤ 2|∇aα|·|α| imply

that there exists a positive constant C such that if dist(y,X 1
2
) ≤ 1

C r
− 1

2 , then
1− |α|2y ≥ 1

4 . Thus there exists a positive constant C such that∫
B(x,r−

1
2 )

r(1 − |α|2)2 ≥ 1
C
r−1,(7.3)

if x ∈ X 1
2
. On the other hand, the integral

∫
X
r(1−|α|2)2 is bounded from above by

a constant which does not depend on r. See Proposition 3.1. Thus we are done.

Step (2). We will introduce a comparison function φ on X which obeys∣∣1− |α|2∣∣ ≤ φ on X\X2.(7.4)

Let Cg be a constant determined later such that 0 < Cg ≤ 1 and such that it
depends only on the weakly convex almost Kähler structure.

Lemma 7.4. There exist positive constants Cc and εc which depend only on
(ω, J, c1(L%)) and have the following significance: Let y ∈ X\X2.

(1) If dist(y,X1) ≥ Cgσ(y), then∣∣1− |α|2y∣∣ ≤ Cc exp−εc
√
r{Cgσ(y)} .(7.5.1)

(2) If dist(y,X1) ≤ Cgσ(y), then∣∣1− |α|2y∣∣ ≤ Cc max
xi∈VM

{
exp−εc

√
r{dist(y,xi)−2r−

1
2 } }.(7.5.2)

Proof of Lemma 7.4. Define dy by

dy := min
{
Cgσ(y), min

xi∈VM
dist(y, xi)− 2r−

1
2
}
.

Then we see that |α|2 ≥ 1
2 on the geodesic ball B(y, dy). Let ẽy : TXy 7→ X be the

map defined by ẽy(v) := expy(dyv). Then the pull-back (α, β, a) := ẽ∗y(α, β, a) is a
solution of (3.1) with rescaling parameter rd2

y . The pull-back Riemannian metric
and symplectic form are a priori bounded in the sense of Definition 1.1. Then the
assertion is an immediate consequence of the following:

Proposition 7.5 ([K-M2]). Let (α, β, a) be a solution of equations (3.1) defined
on the unit ball B1 with rescaling parameter r1 > 0 and suppose that η obeys
‖η‖Cl(B1) ≤ e−δ1r1 for a positive constant δ1. Then there exist positive constants Cu
and ε1 that depend only on δ1 and on the Riemannian metric and the symplectic
form of the unit ball and have the following significance: If |α|2 ≥ 1

2 on B1, then

sup
B 1

2

{∣∣1− |α|2∣∣+ |β|2 + |∇aα|2 + |∇̃aβ|2 + |Fa|
}
≤ Cu exp−ε1

√
r1 .(7.6)
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See Proposition 3.22 in [K-M2] for the proof.
We may define the comparison function φ by

φ(y) := Cc

{ ∑
xi∈VM

ΩB(xi,σ(xi))(y)·exp−εc
√
r
{

dist(y,xi)−2r−
1
2
}

+ exp−εc
√
r{Cgσ(y)}

}
,

(7.7)

where the symbol ΩA for A ⊂ X denotes the characteristic function of A. Then
Lemma 7.4 and the following lemma verify (7.4).

Lemma 7.6. There exists a constant Cg such that 0 < Cg ≤ 1 and such that it
depends only on (ω, J, σ) and has the following significance: If r is sufficiently large
and if dist(y, x) ≤ Cgσ(y) + 2r−

1
2 , then dist(y, x) ≤ σ(x).

The lemma above follows from (4) of Property (A) in Definition 1.1.

Step (3). We will verify the required estimate for the energy integral.
We will estimate first the integral over X\X2. It follows from (7.4) that∫

X\X2

∣∣1− |α|2∣∣ ≤ ∫
X

φ

≤ Cc
∑

xi∈VM

∫
B(xi,σ(xi))

exp−εc
√
r
{

dist(y,xi)−2r−
1
2
}

+ Cc

∫
X

exp−εc
√
r{Cgσ(y)} .

(7.8)

Lemma 7.3 implies that the first term of the right-hand side of (7.8) is bounded
from above by

Cc(Cvr)Cl
∫
R4

exp−εc
√
r
(
|y|−2r−

1
2
)
.(7.9)

Here Cl is a positive constant which depends only on (ω, J) and has the following
significance: Let x ∈ X . Fix an isometry Px : R4 7→ TXx and define the Rie-
mannian metric gx on B(0, σ(x)) ⊂ R4 by gx := (expx◦Px)∗(gJ) where gJ is the
Riemannian metric of X . Then it follows that

∫
∂B(0,R)

i ∂
∂R
d volgi ≤ 4π2ClR

3 where
the coordinate R stands for the distance from the origin. The existance of Cl is
assured by the weak convexity of X .

The integrand in (7.9) is no more than exp2εc · exp−εc
√
r|y|. Thus (7.9) is no more

than

Cr

∫ ∞
0

dRR3 exp−εc
√
rR

=
C

r

∫ ∞
0

dQQ3 exp−εcQ

≤ C

r
.

(7.10)

The second term of the right-hand side of (7.8) is estimated as follows (see Property
(B) of the Definition 1.1):

Cc

∫
R
dy gσ exp−εc

√
r{Cgy} ≤ C

∫
R
dy ymax(1,ε0) exp−εc

√
r{Cgy}

≤ Cr−max(1,
1+ε0

2 ).

(7.11)
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Thus we have obtained ∫
X\X2

∣∣1− |α|2∣∣ ≤ Cr−1.(7.12)

On the other hand, the third property of X2 and Proposition 5.2 imply that∫
X2

∣∣1− |α|2∣∣ ≤ C · Vol(X2) ≤ Cr−1.(7.13)

Therefore, the required estimate (7.2) is verified.

8. A monotonicity formula for local energy integrals

We will prove in this section a monotonicity formula for local energy integral,
the formula which is a slightly refined version of Proposition 3.2 in [T1].

Proposition 8.1. Let (α, β, a) be a solution of equations (3.1) with r ≥ 1. For
x ∈ X define the function Ex by Ex(R) :=

∫
B(x,R)

r
4

∣∣1 − |α|2∣∣. There exist positive
constants µ7, µ8, µ9 and ρ0 with 1 ≥ ρ0 > 0 which depend only on (ω, J, c1(L%)) and
have the following significance:

If ρ0σ(x) ≥ R ≥ 0, then

Ex(R) ≤ R

2

(
1 + µ7

R

σ(x)

)(
1 +

µ8

r
1
4

) d
dR
Ex(R) +

µ9

r
1
4
R4.(8.1)

We omit the proof since it is exactly the same as that of Proposition 3.2 in [T1].
But it is essential to make use of Proposition 6.1. Our formula is different from
the one in [T1] in that it has r−

1
4 factor in the second term of the right-hand side,

which is due to the existence of the r−
1
4 factor in the second term of the right-hand

side of (6.1) (and that of the r−1 factor in the second term of the R.H.S. of (5.7)).
By making use of it, we will prove

Proposition 8.2. There exist a positive constant Cf and a positive function π0

which depend only on (ω, J, C1(L%)) and have the following significance: If |α|2x ≤ 1
2

and if R obeys r ≥ π0(R) and ρ0σ(x) ≥ R, then

Ex(R) ≥ 1
Cf

R2.(8.2)

Proof of Proposition 8.2. We will mimic the proof of Proposition 3.1 in [T1].
Define the function fx by

fx(R) := −2
(
1 +

µ8

r
1
4

)−1 log
( R

1 + µ7
R
σ(x)

)
.

It follows from (8.1) that if ρ0σ(x) ≥ R ≥ 0, then
d

dR

(
expf Ex

)
≥ −Cr− 1

4R3 expf .(8.3)

Fix a positive constant R0. Let x ∈ X satisfy the condition that ρ0σ(x) ≥ R0.
There exists a positive constant CR0 which depends only on R0 and on (ω, J, c1(L%))
and has the following significance: If r−

1
2 ≤ R ≤ R0, then expf(R) ≤ CR0R

−2. Here

we have used the fact that lim
r→∞

r(r−
1
4 ) = 0. This implies that if r−

1
2 ≤ R ≤ R0,

then
d

dR

(
expf Ex

)
≥ −C · CR0r

− 1
4R.(8.4)
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Integrating (8.4) over [r−
1
2 , R0], we obtain

Ex(R0) ≥ exp
(
fx(r−

1
2 )−fx(R0)

) {
Ex(r−

1
2 ) − CCR0r

−1
4 · exp−fx(r−

1
2 ) ·R2

0

}
.(8.5)

We will estimate the right-hand side of (8.5);

Lemma 8.3. If |α|2x ≤ 1
2 , then Ex(r−

1
2 ) ≥ ζ0r−1 for some positive constant ζ0 that

depends only on (ω, J, c1(L%)).

On the other hand, we can easily check that

lim
r→∞

r−1
(

exp
(
fx(r−

1
2 )−fx(R0)

) )
=
(

1 + µ7
R0

σ(x)

)−2

R2
0,

lim
r→∞

r
(
CR0r

−1
4 ·exp−fx(r−

1
2 ) ·R2

0

)
= 0.

Therefore, if r is no less than a sufficiently large constant π0(R0) that depends only
on R0, we see that

Ex(R0) ≥ 1
2

(
1 + µ7

R0

σ(x)

)−2

ζ0R
2
0.(8.6)

The assumption that ρ0σ(x) ≥ R0 implies that the coefficient of ζ0R2
0 in the right-

hand side is no less than a positive constant that depends only on (ω, J, c1(L%)).
Thus we are done.

Proof of Lemma 8.3. Proposition 7.1 implies that there exists a positive constant
C such that 1 − |α|2 ≥ 1

4 on the geodesic ball B(x, 1
C r
− 1

2 ) if |α|2x ≤ 1
2 . Thus it

follows that

Ex(r 1
2 ) =

r

4

∫
B(x,r

1
2 )

∣∣1− |α|2∣∣ ≥ r

16
Vol
{
B
(
x, r−

1
2 ·min(1, C−1)

)}
≥ 1
Cr

.

9. Final arguments for Main Theorem

Recall that Ce, ρ0 and Cf are the constants defined in Proposition 7.2, 8.1 and
8.2 respectively and that π0 is the function defined in Proposition 8.2.

Proposition 9.1. There exists a constant RM which depends only on (ω, J, c1(L%))
and has the following significance: Let (α, β, a) be a solution of (3.1). If x ∈ X
obeys |α|2x ≤ 1

2 and if r ≥ π0(RM ), then ρ0σ(x) < RM .

Proof. We may take RM to be
√

2CeCf . In fact, suppose that |α|2x ≤ 1
2 , r ≥

π0(RM ) and ρ0σ(x) ≥ RM . Then Proposition 8.2 implies that

Ex(RM ) ≥ 1
Cf

R2
M = 2Ce,

which contradicts the assertion of Proposition 7.2 that Ce ≥ Ex(RM ).

Corollary 9.2. There exist a compact set KM ⊂ X and a positive constant C
which depend only on (ω, J, c1(L%)) and have the following significance: Any solu-
tion (α, β, a) of (3.1) with r ≥ 1 obeys |α|2 ≥ 1

2 on X\KM .

Combining Corollary 9.2 with Proposition 7.5, we immediately obtain
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Proposition 9.3. There exist positive constants ε2 and Cd which depend only on
(ω, J, c1(L%)) and have the following significance: Let (α, β, a) be a solution of (3.1)
with r ≥ 1. Then it obeys∣∣1− |α|2∣∣+ |β|2 + |∇aα|2 + |∇̃aβ|2 + |Fa| ≤ Cd exp−ε2

√
rσ on X\KM .

Once Proposition 9.3 is achieved, the arguments in [T1] can be applied to our
case almost directly to prove Theorem 4.1. But we need the following two minor
modifications to complete the proof:

The first one is in Lemma 3.5 of [T1]. Let ΩM be the domain {x ∈ X | σ(x) <
2 max
KM

σ}. Then ΩM is compact. We may assume that ∂ΩM is smooth. With this

understood, we require the function u in the statement not to be an element of
C∞(X) but that of C∞(ΩM ) ∩ C0(ΩM ) with u|∂ΩM ≡ 0. Accordingly, we replace
the Green function G in the proof by the fundamental solution of the Dirichlet
problem of d∗d with domain ΩM . Then by making use of the modified u with
Proposition 9.4, we can prove exactly the same result as in (d) of Section 3 in [T1].

The second modification is in Part (1) of the proof of Lemma 4.3 in [T1], where
we must bound the function |P+Fa|2 − |P−Fa|2 from below by a function f that
obeys ‖f‖L1(X) ≤ C for a constant C which depends only on (ω, J, c1(L%)). For
this purpose, we may define f by

f := −
{
κ
{
r
∣∣1− |α|2∣∣+ 1

}
on ΩM ,

κC2
d exp−2ε2

√
rσ on X\ΩM ,

where the constant κ is chosen sufficiently large.

10. An application

Let Γ be a discrete subgroup of SU(2). The classification of such groups is well
known. They are in one-to-one correspondence with the Dynkin diagrams of type
An, Dn and E6, E7, E8.

Let Y1, Y2 and Y3 be the standard basis of the Lie algebra su(2) which we regard
as right invariant vector fields. Define the contact 2-plane field ζ to be the span of
Y1 and Y2, which is called the standard contact structure of the 3-sphere. ζ drops
to the quotient space MΓ := SU(2)/Γ as a contact structure denoted by ζΓ.

Theorem 10.1. Let (X0, ω) be a symplectic filling of (MΓ, ζΓ) such that it is min-
imal.

(1) The intersection form of X0 is negative definite.
(2) The trivialization of the canonical line bundle KX0 given over ∂X0 by Y1

extends to the interior of X0. In particular, X0 must be a spin manifold.

Notice that, if we regard ζΓ as a complex line bundle, it is canonically isomorphic
to KX0 |∂X0 .

Remark 10.2. (1) Ohta and Ono [O-O] proved this theorem in the case where the
Dynkin diagram of Γ is E8, that is, MΓ is the Poincaré homology of the 3-sphere.

(2) Combining our result with that in [F], we get a good estimate of b2(X0). In
particular, if Γ corresponds to E8, the intersection matrix of X0 must be −E8.

Proof of (2) of Theorem 10.1. Denote by Y ∗1 , Y ∗2 , Y ∗3 the standard dual basis of
su(2)∗ which we regard as right-invariant 1-forms of SU(2). Proposition 1.3 implies
that there exists a weakly convex almost Kähler manifold (X, ω̃, J) obeying:

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2238 YUTAKA KANDA

(1) X ∼= X0 ∪idMΓ × [1,∞) as smooth manifolds.
(2) ω̃|X0 = ω.
(3) There exists a positive constant l ≥ 1 such that ω̃|MΓ×[l,∞) = d(t2Y ∗3 ) and

such that J |MΓ×[l,∞) obeys the formulae J(Y1) = Y2, J(Y2) = −Y1, J(∂t) =
Y3, J(Y3) = −∂t.

For simplicity, we may assume that l = 1.
All through the later arguments, we regard X0 as a subset of X and denote by

X+ the conical end MΓ × [1,∞).
Define the 1-parameter family of symplectic forms {ων}0≤ν≤1 on X+ by

ων := d{t2((cos πν)Y ∗3 + (sinπν)Y ∗1 )}

These ων are self-dual 2-forms of length
√

2 with respect to gJ |X+ . Hence, for each
ν there exists a unique almost complex structure Jν compatible with ων such that
the associated metric ων(∗, J∗) coincides with gJ |X+ . Then we see that (ω̃, J)|X+ =
(ω0, J0) = (−ω1,−J1).

Remark. These Jν are integrable. In fact, gJ |X+ is a hyper-Kähler metric.

For the time being, we fix an element (s, %) ∈ S(X,ω).
Let I be the unit length section of Ws|X+ given as the pull-back of (1, 0) ∈

Γ(Wsω̃ ) ≡ Γ(C ⊕K) through the identification map % : Ws|X+ 7→ Wsω̃ |X+ . Notice
that ρ(ω̃)I = −2

√
−1I. We see that there exists a smooth 1-parameter family

of unit length sections {Iν}0≤ν≤1 which obeys the equation ρ(ων)Iν = −2
√
−1Iν

and the initial condition I0 = I. This induces a smooth 1-parameter family of the
isomorphisns %Iν : Ws|X+ 7→ Wsω̃ |X+ by imposing the condition %Iν (Iν) = (1, 0).
Notice that %I0 =%. We can easily show that the family {(ων , Jν , %Iν )}0≤ν≤1 satisfies
the assumption in the statement of the first property of the monopole invariant SW
(see Section 1). Thus it follows that

SW (X, ω̃, J, s, %) = ±SW (X,−ω̃,−J, s, %I1).

Let −s be the Spinc structure obtained from s by changing the sign of the
complex structure. Then W−s is canonically isomorphic to Ws as a real vector
bundle. Denote by I1 the section of W−s that corresponds to I1. Then ρ(ω̃)I1 =
−2
√
−1 I1 since ρ(ω̃)I1 = 2

√
−1I1. Since the change of the sign of the complex

structure does not affect the underlying equation, we obtain

SW (X,−ω̃,−J, s, %I1) = ±SW (X, ω̃, J,−s, %I1).

Now suppose that the element (s, %) that we have fixed so far to be (sω̃, id). Since
SW (X, ω̃, J, sω̃, id) = 1 (see Section 1), by combining the two formulae above, we
have

SW (X, ω̃, J,−sω̃, %I1) = ±1.

The corresponding line bundle to −sω̃ is K since W−sω̃ = K ⊕ C = (C⊕K)⊗K.
Hence, we have only to show that (K, %I1) coincides with (C, id).

Assume to the contrary. Then applying Theorem 4.1, we obtain a non-empty,
compact J-holomorphic curve D ⊂ X such that P.D.[D] = c1(K, %I1) ∈ H2

cpt(X,Z).
Taking multiplicities into account, D is written as

D =
k∑
i=1

niDi
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where the Di’s are mutually distinct and non-multiple such that each Di is the
image of a non-constant J-holomorphic map from a connected compact Riemann
surface. ni is a positive integer that represents the multiplicity of Di in D. The
minimality of (X0, ω) means that (X, ω̃, J) contains no embedded J-holomorphic
rational curve whose self-intersection number is −1. Thus the argument in the
proof of Proposition 7.1 in [T1] shows that, if J is generic, each Di is a smooth
submanifold, Di∩Dj = ∅ for i 6= j andDi·Di ≥ 0. Since ∂X0 is a rational homology
3-sphere, the intersection form of X is non-degenerate. Further, [Di] ∈ H2(X,Z)
is not zero since

∫
Di
ω̃ > 0. Thus it follows that b+2 (X0) ≥ 1, which contradicts

assertion (1).

Remark 10.3. In general, a compact J-holomorphic curve D in a weakly convex
almost Kähler manifold (X,ω, J) is contained in a compact set K[D] which is de-
temined a priori by the value 〈[D], [ω]〉 due to the monotonicity formula of energy
density. Thus to have J generic, it is sufficient to consider the space J of compati-
ble complex structures which agree with a fixed almost complex structure outside
a fixed compact set. In fact, we can show that there exists a Baire subset of J

whose elements have the needed genericity for all J-holomorphic curves of a fixed
homology class.

Proof of (1) of Theorem 10.1. This follows from the standard necking argument in
gauge theory, which is well-known by the experts. Hence, we will give here only
the sketch of the proof. See [M-S-T]) and [F] for the details.

We will derive a contradiction by assuming that b+2 (X0) > 0.
Let X and X+ be as defined in the proof of assertion (1). Perturb the Rie-

mannian metric of X only near ∂X0(= −∂X+) so that some regular neighborhood
of ∂X0 is isometric to the Cartesian product of (MΓ, gM ) with a small open in-
terval and so that ∂X0 is totally geodesic. Here gM is the standard Riemannian
metric of MΓ. Splitting X along ∂X0 into pieces and gluing back (Xm

R , g
m
R ) :=

(MΓ × [−R,R], gM + dt2) with R > 1 between them, we obtain the new Riemann-
ian manifold (XR, gR) with no boundary.

Fix an element (s, %) ∈ S(X, ω̃) and consider the following monopole equation
on XR with variables (Φ, B) ∈ Γ(W+

s )×A(detW+
s ):

DaΦ = 0,

F+
a = ρ−1(ΦΦ∗)0 −

√
−1
2

τ+ ·ω̃ + τm ·Pr+
{
π∗(µm)

}
+ µ1 + µ2.

We will explain the notation in order:
1. ρ−1 :

√
−1 SkewEnd(W+

s ) 7→ Λ+ is the inverse of the bundle isomomorphism
ρ.

2. τ+ ∈ C∞(XR), supp(τ+) ⊂ X+ and τ+ ≡ 1 outside some compact set.
3. τm ∈ C∞(XR), supp(τm) ⊂ Xm

R and τm ≡ 1 on MΓ× [−R+ 1, R− 1] ⊂ Xm
R .

4. µm is an exact 2-form of MΓ.
5. π : MΓ × [−R,R] 7→MΓ is the natural projection.
6. µ1 is a self-dual 2-form such that supp(µ1) ⊂ X0.
7. µ2 is a self-dual 2-form such that supp(µ2) ⊂ X+ and such that ‖µ2‖N (X+) <

∞.
Notice that this equation can be written in the form of (3.1) with r = 1 when

restricted to the complement of a sufficiently large compact set. We impose the
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same boundary condition as in Section 3 to (Φ, B) and define the moduli spaceMR

to be the gauge equivalence classes of the solutions.

Assertion 10.4. For the generic choice (µm, µ1, µ2) (which can be taken smooth),
the equation is transverse, that is, the linearized equation at any solution is surjec-
tive.

The important feature of this equation is that it restricts to Xm
R
∼= MΓ ×

[−R,R] as the gradient flow equation of the perturbed Chern-Simons-Dirac func-
tional C.S.Dµm when adopting temporal gauge. In general, a stationary point of
C.S.Dµm is a solution of the following, reduced-to-3-dimensional monopole equa-
tion:

DBΦ = 0,

ρ(FB)|W+
s′

= (ΦΦ∗)0 + µm.

Here the Spinc structure s′ on MΓ is such that π∗(s′) ∼= s|XmR . In general, the
same argument that derives the a priori C0 estimate of monopole equations shows
that if ‖µm‖C0 is sufficiently small and if the Riemannian metric has positive scalar
curvature, there are only reducible solutions, that is, Φ ≡ 0. Thus we have

Lemma 10.5. The stationary point of C.S.Dµm on MΓ is reducible and unique up
to gauge equivalence if µm is sufficiently small. Further, for generic µm the Hessian
of C.S.Dµm at the stationary point (0, B0) is non-degenerate when restricted to the
orthogonal complement of the tangent space of the gauge orbit containing (0, B0).

Gluing the half cylinder (MΓ × [0,∞), gM + dt2) along the boundary to X0 and
X+ respectively, we get two Riemannian manifolds with no boundary denoted by
X1 and X2 respectively. Assume that MR be non-empty for all sufficientlly large
R. Then taking R to infinity and following the standard necking argument (see
[M-S-T]), we obtain on each Xi a solution (Φi, Bi) described as follows:

(1) (Φ1, B1) ∈ Γ(W+
s |X1 )×A(detW+

s |X1) obeys

DB1Φ1 = 0,

F+
B1

= ρ−1(ΦΦ∗)0 + µ1 + τ ·Pr+
{
π∗(µm)

}
,

‖(Φ1, B1)|MΓ×[0,∞) − π∗(0, B0)‖Wk,2(MΓ×[0,∞)) <∞.

(2) (Φ2, B2) ∈ Γ(W+
s |X2 )×A(detW+

s |X2) obeys

DB2Φ2 = 0,

F+
B2

= ρ−1(ΦΦ∗)0 −
√
−1
2

τ+ ·ω̃ + µ2 + τ ·Pr+
{
π∗(µm)

}
,

‖(Φ2, B2)|MΓ×[0,∞) − π∗(0, B0)‖Wk,2(MΓ×[0,∞)) <∞,
‖(Φ2, B2)|X+ − (I, Bd)‖Wk,2(X+) <∞.

Here k is fixed sufficiently large and τ ∈ C∞0 (MΓ × [0,∞)) such that τ ≡ 1 on
MΓ × [1,∞). Bd in (2) is the connection of det(Wsω̃ ) that corresponds to the
trivial connection of the trivial line bundle. (See Section 2.)

Now we have to define suitable moduli spacesMi in which the gauge equivalence
classes of the solutions (Φi, Bi) should live respectively. The usual Sobolev norm is
not suitable for this purpose since the “boundary value” (0, B0) is reducible. We
have to adopt a weighted Sobolev norm ‖ ∗ ‖W 2,k

δ
which is in the form ‖f‖W 2,k

δ
:=
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i=1{

∫
eδt|∇kf |2} 1

2 in the cylindrical end and agrees with the usual one in the
complement. Here δ is a sufficiently small positive constant and f stands for a
1-form, a section of the spinor bundle and so on. Anyway, we can construct the
moduli spacesMi according to the standard procedure.

Any solution (Φ2, B2) is irreducible since Φ2 approaches asymptotically to the
unit length section I at the infinity of the conical end. As for (Φ1, B1), its irre-
ducibility is assured by the assumption that b+2 (X1) > 0. In fact, we can choose µ1

from the complement of the affine subspace

F+
Bb
− τ ·Pr+{π∗(µm)}+ Image{d+ : Ω1

Wk,2
δ

(X1) 7→ Ω+

Wk−1,2
δ

(X1)}

because the codimension is no less than 1. Here Bb is a fixed base point of con-
nections such that F+

Bb
|MΓ×[1,∞) = Pr+{π∗(µm)}. The second line of the equation

prevents Φ1 from vanishing identically.
Thus we have

Proposition 10.6. 1. If MR are non-empty for all sufficiently large R, then
neither M1 nor M2 are empty.

2. If b+2 (X0) > 0 and if the perturbation is generic, Mi are finite dimensional
smooth manifolds such that dimM = dimM1 + dimM2 + 1.

Remark 10.7. The term 1 in the right-hand side of the formula in (2) is the dimen-
sion of U(1), which is the isotropy subgroup at (0, B0) of the gauge group.

Now suppose (s, %) to be (sω̃ , id). Then dimMR = 0 and MR is non-empty
(see Section 1). Then the first assertion of Proposition 10.6 implies that M1 and
M2 are both non-empty. But the second assertion of Proposition 10.6 implies that
eitherM1 orM2 is a negative dimensional manifold and thus must be empty. This
is a contradiction.

11. Appendix

We will prove Lemma 6.3.
Denote by L the operator 4+ r

2 |α|2 acting on C∞0 (X).

Lemma 11.1. There exist a compact set K ⊂ X and a positive constant C such
that, for an arbitrary f ∈ C∞0 (X), it holds that

‖f‖W 2.2
0 (X) ≤ C

(
‖Lf‖L2(X) + ‖f‖L2(K)

)
.(11.0)

Proof. A short calculation shows that

∇∗∇∇f = ∇4f + Ric(∇f, ∗)
where Ric means the Ricci curvature of the Riemannian metric. Taking the in-
ner product of both sides with ∇f , integrating the result over X and using an
integration by parts, we obtain∫

X

|∇∇f |2 =
∫
X

|4f |2 +
∫
X

Ric(∇f,∇f).(11.1)

On the other hand, the very definition of L and an integration by parts imply that∫
X

|∇f |2 =
∫
X

〈Lf, f〉 −
∫
X

φ|f |2(11.2)
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where φ denotes the function r
2 |α|2. Choose a compact set K sufficiently large

so that φ ≥ 1
2 on the complement of K. (See Proposition 3.2.) Then Hölder’s

inequality implies that ∫
X

|∇f |2 ≤ 1
2

∫
X

|Lf |2 +
1
2

∫
K

|f |2.(11.3)

Further, integrating the identity

|4f |2 = |Lf |2 − 2〈4f, φf〉 − φ2|f |2

over X and making use of an integration by parts and Schwarz’ inequality, we
obtain ∫

X

|4f |2 ≤
∫
X

|Lf |2 −
∫
X

(
2φ|∇f |2 + φ2|f |2

)
+ 2

∫
X

|f |·|∇f |·|∇φ|.

By choosing K sufficiently large, we may assume that |∇φ| ≤ 1
4 on the complement

of K. (See Proposition 3.2.) Thus we obtain∫
X

|4f |2 ≤
∫
X

|Lf |2 − 1
8

∫
X−K

(
|∇f |2 + |f |2

)
+ C

∫
K

(
|∇f |2 + |f |2

)
.(11.4)

The weak convexity implies that |Ric| is bounded over X . Thus combining the
inequalities (11.1), (11.3) and (11.4), we get the required inequality.

Proof of Lemma 6.3. It is trivial that L extends uniquely to the symmetric operator
L̃ over L2(X) with domain W 2,2

0 (X).
First, we will show that L̃ is self-adjoint. Suppose that u, v ∈ L2(X) satisfy

〈u, L̃f〉 = 〈v, f〉(11.5)

for an arbitrary f ∈ W 2,2
0 (X). Let {un}n∈N ⊂ C∞0 (X) converges strongly to u with

respect to the L2(X) norm. It follows by using an integration by parts that

〈un, L̃f〉 = 〈Lun, f〉

which implies that {Lun}n∈N converges weakly to v with respect to the L2(X) norm.
Thus {‖Lun‖L2(X)}n∈N is bounded. Then Lemma 11.1 implies {‖un‖W 2,2(X)}n∈N is
also bounded. By passing to a suitable subsequence, we may assume that {un}n∈N
converges weakly to an element u0 ∈ W 2,2

0 (X) with respect to the W 2,2(X) norm.
It follows from (11.5) that u0 = u almost everywhere, that is, u ∈W 2,2

0 (X).
Second, we will show

Lemma 11.2. If a sequnce {un}n∈N ⊂W 2,2
0 (X) satisfies that lim

n→∞
‖L̃un‖L2(X) =

0 and ‖un‖L2(K) = 1, then {un}n∈N converges strongly to an element u0 ∈ Ker L̃
with respect to the W 2,2(X) norm.

It is easy to check that this lemma derives immediately the closedness of ImL̃ in
L2(X) and the finite dimensionality of KerL̃.

The inequality (11.0) implies that {un}n∈N is bounded in W 2,2
0 (X). Thus by

passing to a suitable subsequence, we may assume that {un}n∈N converges weakly
to an element u0 with respect to the W 2,2

0 (X) norm. Then the Sobolev embedding
theorem implies that {un|K}n∈N converges strongly to u0|K in L2(X). (It is this
part where we have to use the compactness of K.) Applying (11.0) to {un−u0}n∈N,
we can show that {un}n∈N converge strongly to u0 in W 2,2

0 .
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Third, we will show that KerL̃ = {0}, which in the same time implies that
CokerL̃ = {0}. Suppose L̃u = 0. The local elliptic regularity means that u is
smooth. On the other hand, (11.2) implies that

∫
X
|∇u|2 = 0. Thus u is a constant

function. Since u ∈ L2(X), u ≡ 0.

Remark 11.3. Due to the weak convexity, we can show that W 2,2
0 (X) coincides

with the function space W 2,2(X) that consists of L2-functions whose distributional
derivatives of order 1 and 2 are realized as L2-functions. (See [K-M2].)
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