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ABSTRACT. We prove that the trace of the space O (R™) to an arbitrary
closed subset X C R™ is characterized by the following “finiteness” property.
A function f: X — R belongs to the trace space if and only if the restriction
fly to an arbitrary subset Y C X consisting of at most 3-2"~1 can be extended
to a function fy € C1%(R™) such that
sup{[|fylciw : ¥ C X, cardY <3-2""1} < .

The constant 3 - 2”1 is sharp.

The proof is based on a Lipschitz selection result which is interesting in its
own right.

1. MAIN RESULTS

The results of the paper are concerned with the following problem having its
origin in two classical papers of Hassler Whitney [W1], [W2| which appeared in

1934.
Let C¥(R") be the space of k-times continuously differentiable functions f sa-
tisfying
HfHCk(]Rn) = Z sup |D“f(x)] < oo.
jaj<k TER
Here the sign “:=" means “by definition”.

Main Problem. What is a necessary and sufficient condition for a given function
f defined on a set X C R™ to be the restriction to X of a function from C*(R™)?

In other words, we are looking for a constructive description of the trace space
C*R")|x :={F|x : F € C*(R")}. Here and below X denotes an arbitrary closed
subset of R", and F|x stands for a restriction to X of a function F defined on R™.
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2488 YURI BRUDNYI AND PAVEL SHVARTSMAN

Recall also that the trace space A|x := {f|x : f € A} of a (semi-)normed space A
of functions f : R™ — R is equipped with the (Banach) trace (semi-)norm

[fllajx = mf{[[Flla: FeA, Flx = f}.

In [WI] Whitney gave a complete solution to the apparently easier analogue
of the Main Problem for the space JX(R") of k-jets, i.e., tuples {f, : |a| < k}
generated by C*-functions. (Here {f,} € J*(R") if f, = D*f, |a| < k, for some
f € CF(R™).) He also proved the existence of a linear bounded extension operator
from J*(R")|x into C*(R™).

In [W2] Whitney went on to consider the Main Problem itself. He solved it
for the case n = 1; see Theorem A below. Apparently, the number “I” appearing
in the title of [W2] suggests that he intended to subsequently also consider the
multidimensional version of the problem. However, no further publications in this
direction have appeared in the nearly sixty years which have passed since then.

On the other hand, in 1958 Glaeser [G] (see also [St], Ch. 6) proved an analogue
of the first mentioned Whitney result for the space J¥“(R™) of k-jets generated by
Ck“_functions. Recall that the space C**(R") is the subspace of C*(R") defined
by the norm

(L.1) I fleremn = flcr@sy + > sup D%/ () —D(’f(y)|.

2o aheen wlo—yl)

Here w : Ry — Ry is a concave continuous function satisfying w(+0) = 0 while

Il = max o

Let us note that it suffices to solve the Main Problem for the trace space
Ck(R™)|g with an arbitrary n-cube Q. The latter space, in turn, coincides with
the union |JC*“(R")|q, so the crucial step consists in a solution to the similar

w

problem for the space C*«(R™).

In this paper we give a solution to the Main Problem for the space C1'*(R™)
(the results were announced in [BSI]).

In order to indicate the difficulties of the multidimensional situation and to give
a motivation for our approach it will be useful to formulate a variant of Whitney’s
result in [W2].

Theorem A (essentially Whitney [W2]). A bounded function f : X — R belongs
to C*(R)|x if and only if
|f[Y]| diam(Y')
sup ——————
y w(diam(Y))
Here the supremum is taken over all subsets Y of X consisting of k + 2 points and
fIY] denotes the divided difference of f with respect to the points of Y.

Remark 1.1. The original result of Whitney states that a bounded function f €
Ck(R)|x iff for all z € X

lim f[Y]diam(Y) =0

Y -z

where Y C X is taken as above. This result is a simple consequence of Theorem A.

The obvious obstacle to generalizing Theorem A to the multidimensional case
is the absence of a natural notion of divided difference for multivariate functions.
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WHITNEY’S EXTENSION PROBLEM 2489

But fortunately Theorem A can be reformulated in a way which eliminates this
obstacle:

Theorem A’. A function f : X — R belongs to C**(R)|x if and only if for every
subset Y C X consisting of k+2-points, there exists a function fy € C**(R) which
interpolates f on'Y and such that

Sl;/P I fyllorem < oo

Let us note that in this case we can use Lagrange polynomials to construct
fy. The relationship between the Lagrange interpolation and divided differences
immediately implies equivalence of these two results. Note also that Theorem A’
is untrue if k£ + 2 is replaced by a smaller number.

The preceding theorem leads to the following:

Definition 1.2. The trace space A|x has the finiteness property if there exists a
positive integer N such that the following holds:

A function f : X — R belongs to A|x if there is a bounded in A family of
functions {fy : Y C X, card(Y) < N} such that fy interpolates f on Y.

We let Nx[A] denote the smallest integer N having this property. Put
N[A] := sup Nx[4]
X

where the supremum is taken over all closed subsets X C R".
Thus, Theorem A’ can be stated in the form

N[C**[R)] = k+2;

in particular, N[C}¥(R)] = 3. We show that in the multidimensional case the
number of points has, rather surprisingly, exponential growth with respect to the
dimension.

Theorem 1.3 (finiteness). N[C1¥(R")] =3 .27~ 1.
Moreover, the trace norm of a function f € C1*(R")|x is equivalent to

Sl;p{”fy”cl,m(]Rn)‘Y : Y CX, card(Y) <3-2"71}

up to constants depending only on n.
Thus the result of the theorem is equivalent to the following assertions:

I. Suppose that the restriction of a function f : X — R to every subset Y C X
consisting of at most 3 - 2"~! points can be extended to a function Fy € C1*(R")
with || Fy ||c1.«@®ny < 1. Then the function f itself can be extended to a function
F € C**(R™) with the norm ||F||c1.w®n) < v(n).

I1. There are a set X C R™ and a function f : X — R such that the restriction
fly to every set Y C X with card(Y') < 3-2""! —1 can be extended to a function
in the unit ball of C'*(R™), but f ¢ C1*(R")]¢.

The main geometric tool of our proof is a Lipschitz selection theorem. For its
formulation we let M denote a metric space with a metric p. Define the Lipschitz
space Lip(M,R") of functions f : M — R" by the seminorm

(1.2) [flLipm ey = f X [ f(2) = FW)ll < Ao(e,y), @,y € M}
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2490 YURI BRUDNYI AND PAVEL SHVARTSMAN

Now let F' : M — Ai(R™) be a set-valued mapping from M into the family
Ar(R™) of all affine subspace in R™ of dimension < k. We are looking for conditions
on F under which F' has a Lipschitz selection, that is, a function f € Lip(M,R")
satisfying f(m) € F(m) for every m € M.

To motivate our approach it is useful to note that the main result formulated
below also holds for a pseudometric space M, i.e., in this case p(m, m’) may be
0 for m # m’ and p may admit the value +oo. Consider, in particular, p =
0. Then Lip(M,R™) consists of constants only, and therefore in this case we are

looking for conditions under which [ F(m) # 0. The corresponding Helly type
meM
result (so-called the Sylvester theorem) states that this intersection is non-empty

if () F(m) # 0 for every subset M C M consisting of at most k + 2 points. The

meM
answer in the general case strikingly differs from the classical situation. In fact, the

following result, which gives a partial answer to a problem formulated by the first
named author (see [BS1]) holds.

Theorem 1.4. Let F': M — Ai(R"™) be a set-valued mapping such that for every
subset M C M consisting of at most 211 points, the restriction F|x has a Lips-
chitz selection f o with |fM|Lip(M,]R") < 1. Then F has a Lipschitz selection f € F
with the seminorm bounded by a constant depending only on n.

The number 25t1 in general cannot be diminished.

This result was first proved in [Sh1]; see also [Sh2|. In fact, the main Theorem [3
requires a generalization of Theorem [[L4lrelated to selection of set-valued mappings
defined on metric graphs. We present the proof of this result, Theorem [Z3] in the
next section.

Remark 1.5. The proof of Theorem[T3l contains implicitly a Whitney type criterion
for belonging of a function to the trace space. For instance, for the case of two
variables (X C R?) the analog of Theorem A states that a function f € C1*(R?)|x
if and only if max{w;(X),w2(X)} is finite[] Here w1(X) is the one-dimensional
Whitney number defined as in Theorem A:

— iy [f1Z]] diam(Z)
wy(X) : sgp n(2)
where the supremum is taken over all subsets Z C X with card Z = 3 lying on a
line and p1(Z) := w(diam(Z)). The two-dimensional Whitney number ws(X) is
defined by the formula

||VPZI - VPZz ”
we(X) = sup ———————
) 21,2, P2(Z1, Z2)
where Z1, Zs run over all pairs of non-degenerate triangles with vertices in X while
V Pz stands for the gradient of the affine polynomial interpolating f at the vertices
of Z. In turn, the function ps is determined by

_ pi(Z) p1(Z2)
P22, 22) = 10 7T T Teme(zy)] T M AV 2)

where 6(Z) is the biggest angle of the triangle Z.

1 ¢Lw(R™) denotes the homogeneous space C1%(R™). The seminorm in this space is defined
by the second term in the right-hand side of ().
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The general case could be treated in the same way but with a set of Whitney’s
numbers which is fast increasing along with n. Therefore, the corresponding for-
mulae will become more and more complicated. For instance, for n = 3 this set
contains 4 numbers and p; is defined on the set of quadruples (Z;)}_;. Here Z; is a
non-degenerate triangle with vertices in X such that the angle 6(Z;, Z; 1) between
the two-dimensional planes generated by Z; and Z;;1 respectively is different from
0 and 7, if i = 1 and ¢ = 3. In this case

4
p2(Z1, Z2) p2(Z3, Za)

Z1,29) = Z;).

palZn, 22) |sint9(Zl,Zg)|+|sin9(Zg,Z4)|+p1(i=LJ1 i)

Comparing this expression with the preceding ones we can note a kind of a
doubling procedure which reflects the corresponding algorithm situated in the core
of the proof of Theorem [[4 (and of its analytic counterpart - Theorem [[3]).

Thus, in spite of a seeming disorder, there is a rather rigid structure in the trace
space CL¥(R™)|x inherited from that of C1:¥(R™).

2. THE LIPSCHITZ SELECTION THEOREM

Let T" be a graph with the sets of vertices Vr and edges Er. We shall write
v1 < vg for v1, v € V1 joined by an edge.

Let wr : Er — [0, +00] be a weight. Define a function pr : I' x I' — [0, +00] by
the formula

(2.1) pr(v,v’) = inf pr(ek)
e

where {er} runs over all finite paths in the graph I' joining v and v'. We set
pr(v,v) := 0 and pr(v,v’) := 400, if the set of the paths {ex} in [21) is empty.

Clearly, the function pr satisfies the triangle inequality but may assign the value
+o0o and may be 0 for a pair (v,v’) with v # v’. Thus pr is a pseudometric and
(Vp, pr) is a pseudometric space. We let Lip(Vr, R™) denote the space of mappings
f:Vp — R"™ defined by the seminorm

[flLipv ey :=Inf{A = [[f(v) = F()]| < Apr(v,0"), for all v,0” € Vr}.

Definition 2.1. A subset V C Vr is said to be admissible if, being regarded as a
subgraph of the graph I', it has no isolated vertices.

Example 2.2. Every pseudometric space (M, p) is generated by the (complete)
weighted graph I' = I'(M) with V¢ := M, Er := {(m,m’) e M x M : m # m'}
and wr(m,m’) := p(m,m’). The triangle inequality for p implies pr = p in this
case. Note that all subsets of I'(M) are admissible.

In view of this example the following result is a generalization of Lipschitz selec-
tion Theorem [[41

Theorem 2.3. Let F : Vi — Ai(R™) be a set-valued mapping. Assume that F|y
has a Lipschitz selection fiy with

(2.2) |fvivipvrn) <1

or every admissible V. C Vp consisting of at most 2811 points. Then there is a
[ y g p
Lipschitz selection f of F with

(2.3) |flLipve )y < (K, m).
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2492 YURI BRUDNYI AND PAVEL SHVARTSMAN

The number 25+1 in general cannot be decreased.

Proof (induction on k). The result is trivial for £ = 0. Suppose that the theorem
holds for 0 < k < n and prove it for k£ + 1.

Let F: Vr — Agp11(R™) satisfy (2.2)) for every admissible V' C V- consisting of
at most 2°2 points.

We will find the required Lipschitz selection in three steps. First we associate
with (Vp, pr) its “doubling” (Vr, pr) in the following way.

Let {vi,v2} C Vp, v1 # v2. Then F|g,, ,,3 has a Lipschitz selection satisfying
(Z32). In other words, there are points z%(vi,v2) € F(v;), i = 1,2, so that
(2.4) [ (v1, v2) = 2?(v1, v2) || < pr(vi, va).
Denote now by @Qr(r) a (closed) cube (¢7 -ball) with center at = and “radius”
r. Note that it may coincide with R™ (r = oo0) or {z} (r = 0). We write
Qr for Q(0). Then by (Z4) the layer F'(v2) + Q2pr(vy,0.) shifted by the vector
x(v1,v2) 1= 2t (v1,v2) — (v, v2) intersects the affine plane F(v1) by a non-empty
convex subset, say C(v1,v2), symmetric with respect to the point ! (vy,v2). There-
fore, there is a family of layers F(v1) N {L; + Q.,}, ¢ € J(v1,v2), satisfying the
following conditions:

(a) L; is an affine subset of F(v;) of dimension k passing through ! (v1,v2);

(b) 0 <7 < o0

(¢) C(v1,v2) is intersection of this family of sets:

C(v1,v2) = F(v1) N {F(v2) + Qpp(vy,v5) + T(v1,02)}
(2.5) = ) (F)n{Li+Q.}).
1€J (v1,v2)

Note that 7; may assign the value +oo (e.g., if F'(v1) is parallel to F'(v2)).
Now we define the promised pseudometric space (Vr, or) by letting

Vo= {0 = (v1,v2,4) : v1,v2 € V1, v1 < v2 and i € T (v1,v2)},
and for v # ¥ := (v}, vh,1’)
or(0,0") := pr(vi,vy) +7ri + 7.
_ Finally, we associate with I a set-valued mapping F:Vp — Ap(R") setting
F(0) :== L; for o = (v1,v9,i) € Vp. Note that unlike F' the mapping F takes

values of dimension < k. Thus we can apply to F the assertion of the k-th step of
induction to establish

Proposition 2.4. There is a Lipschitz selection f of F satisfying
(2.6) | Fluipginy < (ks ).
Here and below Lip(M) stands for Lip(M,R"™).

Proof. By Example we only have to prove that for every VcWr consisting of at
most 281 points there is a Lipschitz selection [ of the restriction F|y satisfying

(2.7) |f\7|Lip(\7) <L
For this goal we introduce a subset V = V(V) of V¢ by

Vi=pr1(V) Upra(V).
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Here we set for 0 = (v1, v2,1)
pri(0) == vk, k=1,2, pr3(v) := 1.
Sometimes we also write v (9), i(9) for prg(?), k = 1,2 and prs(0) respectively.

Note that by the definition of Vi, for every v € V there is v/ joining with v
by an edge. Thus V is admissible and it consists of at most 2card(V) < 2k+2
points. Then by the condition on F' there exists a Lipschitz selection fy : V — R™
satisfying (2.2). Verify now that for vi,v3 € V
(2.8) fv(v1) € Cluvr,v2);
see (Z5)) for the definition. In fact, fv (v;) belongs to F(v1) and

[fv(v1) = fv(v2) = z(v1,v2)]
< |[fv(v1) = fv (@)l + [t (v1,v2) — 2?(v1, v2)|| < 2pr (v, v2)

(see (Z4)) so that fy (v1) belongs to the layer F'(v2)+Qapp (v, ,vy) shifted by x(vy,v2),
and (Z8) follows.

Define now the required Lipschitz selection f‘; : V — R™ by letting f‘; () be a
point of F(9) nearest to fy(v1(0)) (in the uniform metric ||-||). Then by (Z3J)) and
(1) we have

fv(v1(9)) € Ly + Qry(5)
if o € V. Since f(,(@) is a nearest point of F(%) to fy (v1(?)), we obtain

15 (@) = fv (1 @))I] < rigs).
This leads to the inequality
15 (@) = for @) < rigsy + riery + v (vi(8) = fr (01 (@)
< i) + iy + pr(vi(9), 01 (D))
The right-hand side equals pr (v, '), that is, (2) holds. O

At the second step we determine a mapping f : Vi — R™ satisfying the following
conditions:

(a) f(f)) depends on pry(?) only; that is, f, in fact, is defined on Vi;

() | flLipevr) <7

(c) f(@) belongs to the yr;(5)-neighborhood of f~(1~))

Here and below v = y(k,n) is the constant from (2:6]).

At the third step we define the desired Lipschitz selection f : Vp — R™ of F
setting

(2.9) f(v) = Pr(f(v), F(v))
where Pr(-, L) stands for the orthogonal projection on an affine subset L.

We bAegin with the dgtermigation of f. For this goal we introduce a pseudometric
space (Vr, pr) setting Vr := Vp and

~/

pr(0,7") :=ypr(pr1(v), pr(0")).

Using the Lipschitz selection f : Vo — R™ of Proposition 24 we now define a
set-valued mapping F' from Vi into the family IC(R™) of all cubes Q,.(x) by setting

(2.10) E(®) = Q. (f(7))

where 7 := y7;(3)-
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Proposition 2.5. F has a Lipschitz selection f Vp — R satisfying

(2.11) | flLipeomy < L
Proof. By Proposition[Z4]the centers f(7), f(¢) of the cubes F'(7) and F'(¢') satisfy
17 (@) = F@)I| <750 (3, 7) := (ris) + rigey + pr(1(8), v1 ().
T

Since y7;(3y and yryy are “radii” of these cubes, there are points x = z(0,7") €
F(0), y=y(®,7) € F(#) so that
lz = yll < vpr(v1(9), v1(V)) = pr(v,v").
In other words, for every subset {#, %'} of Vi consisting of two points the restriction
F|¢3,5) has a Lipschitz selection fg5 51 with | fi55 Lip({s,53) < 1.
Thus to finish the proof it remains to use the following simple result.

Lemma 2.6. Let K be a set-valued mapping from a pseudometric space (M, p)
into IC(R™). Suppose that for every subset M’ C M consisting of two points the

restriction K|ay has a Lipschitz selection kap : M — R™ with |k [Lipqry < 1.
Then K has a Lipschitz selection k : M — R™ with |K|ripa) < 1.

Proof. Projecting on the coordinate axes of R™ we reduce the proof to the case
n = 1. So K(m) for every m € M is a segment [a(m),b(m)] (which may coincide
with a point or R). Set I := [—1, 1] and define the desired selection by

wm) = infsup {K(m') + plm, m) o}

Thus we take the smallest among the right endpoints of the intervals K(m') +
p(m,m/)Iy. Clearly, k(m) does not exceed b(m). On the other hand, a(m) <
b(m’) + p(m,m’) for every m’ € M, since there is a Lipschitz selection on the set
{m,m'} with the seminorm < 1. Thus, x(m) > a(m), i.e., k(m) € K(m).

We can prove that |x(m) — k(m')] < p(m,m’) similarly. We leave the simple
verification of this inequality to the reader. O

The proof of the proposition is complete. O

Note now that by Proposition

/(@) = f(&)] < vpr(pr1(8), pra(¥)) = 0,

if pri(8) = pry(¢'). Thus f(?) depends only on the first coordinate of o and
therefore defines a function on V¢ (which we denote by the same symbol f).

Thus it remains to prove that the selection f € F defined by (23] satisfies the
Lipschitz condition (Z33). That is we have to show that for v,v’ € Vp
(2.12) I1f(w) = f()] < mpr(v,0)

with a suitable constant v1 = 71 (k,n).

In view of definition (1) of pr it suffices to prove ([212) for the case of the
vertices v, v’ joined by an edge. So we assume that v <> v’ and prove (2.12) under
this condition. For this goal we need two technical results.

Lemma 2.7. Let K, = (1Qy,,, (f(v)) where the intersection is taken over all
o € V with pr1(9) = v. Then for every v < v’ the cube K, satisfies

Kv N F(U) C F(vl) + QQ"ypr('u,U/) + LE(’U, vl)
where z(v,v') ==z (v,v') — 2%(v,v') is defined in (ZA) and 7 := (1 + /n)7y.
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Proof. Note that © := (v,v',i) where i € J(v,v') (see (23H)) belongs to Vi by choice
of v/. Thus (ZT0) implies
(2.13) 17) = Fo) < i
where i = i(#). Since i € J(v,v'), we also have f(7) € F(¢) := L; C F(v). So the
definition of f(v) as the orthogonal projection of f(v) on F(v) (see (Z9)) yields
(@) = F@)] < Vol f(v) = F@)]-
Combining this inequality with (ZI3]) we have
(2.14) 1 (v) = F@)Il < Vi

Let now z € K,. By the definition of K, for every i € J(v,v")(:= {i(?) : pr1(?)
= v, prz2(0) = v'}) we have ||z — f(v)|| < r;, which together with (ZI4) implies

e FB)I < (@ + Vi = 7.
Since f(9) € F(?) := Lz, this inequality yields
K, () @Quf@)c () (Li+Qsw)
i€J (v,0") €T (v,0")

Suppose now that x!(v,v") = 0 (changing the coordinate system in R", if any).
Since x!(v,’) lies in L; C F(v), i € J(v,v"), we have

Ko F@) C Bl () (Li+ Q)] NF@)
€T (v,0")

where H5 stands for dilation with respect to 0 by a factor of 4. Applying (ZA]) we
then have

K, NF(v) C Hy[(F(V') + 2(v,v") + Q2pp(v,0r)) N F(v)].

Since the vector z!(v,v’)(= 0) belongs also to the shifted affine subspace F(v') +
x(v,v"), the right-hand side equals (F(v") + 2(v,v") + Q25pr(v,0/)) N F(v) and the
lemma follows. (|

Given a cube @ = Q,(z) and A > 0 we let AQ denote the cube Q. (x).

Lemma 2.8. f(v) € K, .

Proof. By (213) and (214)

1f(0) = f) < 1 (w) = F@) + [Lf(v) = F@)l]
< 1+ Vn)yris) = Vrie)-
Since K, is centered at f(v) and its radius (as £ -ball) equals
inf{r;z : 0 € Vr, pr1(0) = v},
this inequality implies the statement of the lemma. O

Finally, we use Lemma 27l to find a point y(v,v’) € F(v') 4+ x(v,v’) satisfying

(2.15) 1f(v) = y(v, )| < 23pr (v, v").
Using this point we introduce an affine subspace F(v,v’) by shifting F(v'):
(2.16) Flo,0) = F() + (0, ') — y(0,0") + f(0).
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Now we are in a position to prove (ZI2) (recall that v < v’ there). Using
definition (Z3) we write
1f@) = f <D+ L+ I3

where we put

I = ||Pr(f(v), F(v)) = Pr(f(v), F(v,"))]],

L := |[Pr(f(v), F(v,0") = Pr(f ('), F(v,0"))]],

Iy = |[Pr(f(v), F(v,0")) = Pr(f ('), F())].

Then we prove the desired estimates for [ starting with I5. Since orthogonal
projections are non-expanding operators, we have by (2.11)) the required inequality

L < |[f(v) = f(")llz < Vall f(v) = f(0)]| < Viypr(v,0').

Here and below ||-||2 stands for the Euclidean norm in R™.
To estimate I3 note that by (ZTI6]) F'(v,v’) is a shift of F'(v') by the corresponding
vector. Therefore,

Iy < |lo(v,v") = y(v,0") + f(0)ll2 < Va(llz(v, o) + [1f(v) = y(v,0)]).
Applying now (24)) and (ZIH) we obtain the required estimate
I3 < vn(1+27)pr (v, v').
For the remaining case we first note that (2I0), ([216) and Lemma 27 yield
K, NF(v) C F(v,v") 4+ Quspr(v,0r)-

Both sides of this embedding are central symmetric with respect to f(v). Thus
dilation with respect to f(z) by a factor of A := \/n7y gives

(2.17) (AKy) NF(v) C F(v,0") + Qurypr(v,0)-

We let B denote the biggest Euclidean ball centered at f(v) which is contained in
AK,. Clearly,

(2.18) BOAK, .

B, also denotes the Euclidean ball with center 0 and radius r := 4y/n \ypr(v,v’).
Then (ZTI7) yields

BN F(v) C F(v,v') + B, .

Note that the orthogonal projection of a point of B N F(v) on F(v,v’) lies in
BN F(v,v"). Together with the above embedding this observation leads to

BN F(w)cBnNF(,)+ B, .

Without loss of generality we may assume that dim F(v) >dim F(v') =dim F(v,v").
Since both of these affine subspaces pass through center f(v) of the ball B, the
embedding

BN F(v,v') C BNF(v)+ B,

holds as well.
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The last two embeddings imply the following estimate of the Hausdorff distance:
(2.19) dg(BN F(v), BN F(v,v')) < r:=4n(3)*pr(v,v").
Recall that dy (A, A’) for A, A" in R™ is defined by
dg(A,A) :=inf{s >0: AC A"+ By, A’ C A+ B}

Here and below Bg(x) is an Euclidean ball with center z and radius s and B :=
B;(0).
Now the required estimate of I; will follow from the next simple result.

Lemma 2.9. Let Ly, Ly be affine subspaces of R™ and let x be a point in R™ sat-
isfying y := Pr(z, L1) € La. Suppose that a ball B, (y) contains x. Then

(2.20) |Pr(z, L1) — Pr(z, Lo) |2 < drr (B, (y) 1 Ly, By (y) N Lo).

Before proving the lemma we first finish the proof of Theorem 2.3 Set L := F(v)
and Ly := F(v,v') and let & := f(v). Then by (Z9) y := f(v) = Pr(z, L1) and
by definition (218) y € Ly = F(v,v"). Now choose B, (y) to coincide with the ball
B in (ZI9). Then by ZI8) and Lemma 28 B contains z := f(v), so that the
statement (2:20) can be applied to our settings. Thus we have

I := ||Px(f(v), F(v)) = Pr(f(v), F(v,0")| < du(BNF(v), BN F(v,0")).
It remains to make use of (ZI9) to prove
Il < ﬁ/(kja n)pp(v,v').

Proof of Lemma 2.9. Recall that ||-||2 stands for the Euclidean norm in R™. Set
z:= Pr(z, Ls), w := Pr(z, L1). Then letting 7 := ||y — z||2 we have

Iz = wll2 = dist(z, Br(y) N L) < du(Br(y) N L1, Br(y) N La)

which implies
—Z
Iz —wlle < W24 8,0 0 11, B, ) N 1),

Let now £(A) denote the affine hull of a set A C R™. Put L3 := L({x,y, z}) and
denote by ¢ the straight line in L3 going through y and orthogonal to x — y. Let
2" :=Pr(z,£). Then z — 2’ is orthogonal to £(L; U {) so that

2 = 2/ll2 < dist(z, L1) = [}z = w]lz.

Now from similarity of the rectangular triangles {y, z, 2’} and {x,y, 2z} we have

—z z—2 Z—w 1
”y ||2 _ H ||2 < H ||2 < _dH(Br(y) n L1,Br(y) ﬂLg).
lz—ylz lly—=2l2 = lly—=zlz ~ r

But ||z — y||2 < r, since x € B,(y), and the lemma follows. O

This finishes the proof of the direct part of Theorem 23]

The number 2**! from Theorem in general cannot be decreased. This will
follow from the proof of Theorem given in Sections 3 and 4. Otherwise, the
statement of Theorem [[3]would hold for the finiteness number N[C!(R™)] strictly
less than 3 - 27! which would contradict the result of Proposition @11

Theorem is completely proved. O
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3. PrROOF OF THEOREM [[L3] PART 1
In this section we shall prove the inequality
(3.1) N[C**(R™)] <3-2" 1,
For this goal we associate with a set X C R™ a metric space
M(X) :={(z,y): v,ye X, z#y}
with a metric p,, defined
(3.2) pulmym’) = w(ml) + w(m']) +w(ma —m, )

for m # m/ and p,(m,m) := 0. Here and below we use the following notation for
m=(z,y) € M(X):

Im| = ||z —yll, mgz =z, my:=y
where, recall, ||z|| := max ]
<i<n

Note that since w is concave, p,, satisfies the triangle inequality. Then we can
define the Lipschitz space Lip(M(X),R™) by the seminorm (I.2)).

Given f : X — R" define now a set-valued mapping Ly : M(X) — A,_1(R")
by

(3.3) Li(m):={z € R" : (z,mqz —my) = f(ms) — f(my)}
where (z,y) := i:lxiyi.

Proposition 3.1. A bounded function f : X — R belongs to the trace space
CL¥(R™)|x if and only if there is a bounded Lipschitz selection h : M(X) — R™ of
L. Moreover,

(3.4) Ifllre @y = I+ ELIA + [AlLip}

wherd ||f|| == sup |f(@)], |[hll == sup [[h(m)]| and Lip := Lip(M(X),R").
zeX M(X)

me

Proof. Note that we obtain an equivalent norm substituting in (1l) w for min(1,w).
So we can assume that

(3.5) w< 1.
Therefore, for our goal the following equivalent norm

V(=) = VW)
w(llz =wl)

[fllore@n = I+ [V FIl + sup
z#yY

will be more appropriate.

(Necessity). Let f € CH“(R™)|x. Without loss of generality we may assume
that || f||c1.w@n)x < 1. Then there is a function F' € C"*(R") with F|x = f such
that

(36) ||F||Cl,w(Rn) < 1.

Set g(x) := VF(z), x € X and define the required mapping h : M(X) — R" by
the condition h(m) € Ly(m) and

(3.7) [[h(m) — g(ms) |2 = disteg (9(ma), Ly(m))

2 f ~ g means that v1 f < g < 42 f for some positive constants 1,72 depending only on n.
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for m € M(X). Then h is a selection of Ly and by definitions (B1) and [B.3)
[[h(m) = g(ma)|| < [[h(m) — g(ma)|l2
= [f(mz) = f(my) = (g(maz), ma —my)|/[[ma —my2
= [F(mg) = F(my) = (VF(mg), mg —my)|/[lmg —mylfs.
By the Taylor formula, (3:5) and (3:6) the right-hand side does not exceed
L IVE@) -~ VE@),
ary Wz —yl)
Hence we have
[R(m)[| < [lg(ma)]| + [[~(m) — g(ma)|| < [IVF(ma)|| +vn <1+ Vn,
so that ||h]| <1+ /7.
It remains to estimate |h|pip. Let m # m/. Then
1h(m) = h(m")|| < [h(m) = g(ma)[| + [|h(m") = g(m)| + lg(ma) — g(mg)]|-
Estimating each term on the right as above and applying definition ([8:2)) we obtain
1h(m) = h(m")[| < Vn(w(m]) + w(m'])) + w(llme = mgll) < Vrp,(m,m')
so that |h|Lip < v/n.

(Sufficiency). Let a function f: X — R and a mapping h : M(X) — R” satisfy
the condition of the proposition. Without loss of generality we may assume that

(3.8) I+ 1120+ [Plep < 1.

We have to prove that f then belongs to C**(R")|x and has a trace norm
bounded by a constant depending only on n. For this goal we apply the Whitney
extension theorem (see, e.g., [St], Ch. 6) which in our settings states that f has
the required properties if there is a 1-jet g = (g1, ..., gn) : X — R™ so that for some
constant v = y(n)

) w(lm]) < Vnl|Fllcre@nw(m|) < vn.

ls(@) - o)l
(39) I Py el = o)

x) — —(g(x),x —
yeX, 2ty [ = yllw((lz = yll)
So it suffices to find g : X — R" satisfying these conditions. To this end for an
isolated point x € X we let & denote a nearest to x point in X\{z} (measuring
distance in the norm ||-||); otherwise, we put & := x. Then we set

< 7y(n);

<v(n).

h((z, %)), if 2 is an isolated point of X,
(3.11) g(z) = lim Xh((gc,y))7 otherwise.
y—,y€

Existence of the limit follows from (B8], since

12((z, ")) = h((2, y"DI| < po((2,"), (2, 9")) = wlllz = ¢']) + w(llz = y"[])-
By the definitions (BIT]) and (B8) we also have ||g]| < ||h| < 1.
Choose for every x € X a sequence (maybe, stationary) {z;} C X\{z} so that

(3.12) # = lim z; and g(x) = lim h((z,z;)).
71— 00 71— 00

Such a sequence exists by definition of g. Set m;(z) := (z,z;) (€ M(X)).
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Now by B3),(3I2) and the definition of # we have
lg(@) = (=) = lim_ [[A(ms(z)) = h(ma(z))]

< [Pluip lim po(mi(x), mi(a”))

<w(l|z = &l) +w(lle’ = 2|) + w(llz = 2"l]) < 3w(|lz - 2']).

So we have proved [B9) with the constant 4. It remains to check (ZI0). Since

h(m) € Ly(m), by (B3)) the left-hand side of (BI0) equals
() = g@), 2 ~)| _ . [(hOm) — hOm(2)) 2 )]

w(lle =ylDlle =yl imoe w(|ml)|m|

where we set m := (z,y).
By the Cauchy inequality the numerator on the right

< njm|limsup [|h(m) — h(m;(2))|

which, in turn, does not exceed

njm|[hlvip lim sup p,, (m, mi(x)) = nfm||h|Lip(@(|m]) + w(llz - 2[)))

1— 00

< 2nfh[vip|mlw(lm]).

Finally, applying (B.8]) we estimate the left-hand side of BI0) by 2n.

O

Now we widen the metric space M(X) by a point *. Set M(X) := M(X)J{*}

and extend the metric p,, to M(X) by

- n._ ) pu(mm’),  m,m" e M(X),
Pu(m,m’) = { 2, otherwise.

We also extend the set-valued mapping Ly : M(X) — A,_1(R"™) by

Ly(m) ;:{ fg}(m) zif(){)’

Thus L; maps M(X) into the set A(R™) of all affine subspaces of R".

In this setting the statement of Proposition Bl can be reformulated in the fol-

lowing way.

Proposition 3.2. A bounded function f : X — R belongs to C1*(R™)|x iff Ef

has a Lipschitz (with respect to p,,) selection h : M(X) — R™. Moreover,

1flloe@mix ~ 1] + inf Bl Lip 1) )

Now equip M(X ) with a weighted graph structure as follows. The set of vertices

of this graph I'(X) coincides with M(X) We join two different points m,m’ €

M(X) by an edge, if {m., m,} {m}, m,} # 0. We also let * be joined with every

m € M(X). If m and m’ are joined by an edge (m < m/, in short), then we define

a weight by

N .—
(3.13) wr(x)(m,m') := { 2, otherwise.
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At last we define a (pseudo-)metric pp(xy by (1), i.e.,
k—1

(3.14) prix)(m,m’) :=1inf Y wp(x)(mi, mit1)
i=0
where the infimum is taken over all finite paths {m;}¥_, joining m and m’ (i.e.,
mo =m, mi =m’ and m; < Mq1).
In fact, pp(x) is a metric equivalent to p,, as in the following:

Proposition 3.3. %ﬁw < orix) < 2p0-
Proof. In the trivial case m € M(X) and m’ = * we have by the definitions
pu(m,m’) =2 = ppx)(m,m’).
Otherwise, we set m"” := (my, m.). Then {m,m”, m'} is a path connecting m and
m’ in M(X) and by I3) and (BI4)) we have
prx)(m,m’) < wpx)(m,m”) + wpx)(m”,m’)
< 2(w(|ml) + w(|m']) + w(llme —m ) = 2p.(m,m).
To prove the inverse inequality note first, that if a path {m;}¥_, joining m and m’
satisfies m; = * for some 0 < ¢ < k, then
k—1
> wrix)(miymign) = 4 > w(ml) +w(m']) + w(lme = ml,]) = po(m.m).
i=0
(recall that w < 1; see (BH)).
On the other hand, if {m;}*_, C M(X), then by subadditivity of w we have
k—1 k—1
> wreo(miymi) = w(lml) +2) - w(ims]) +w(|m’))
i=0 i=1

k

(@(ml) +w(lm'l) +w(_ [ma]).

=0

>

N =

But m; <> m; 1 and therefore
k

D Imil = [Jme — .

i=0
Hence the right-hand side of the previous inequality is
1 1.
> S @(lm]) +w(im’]) + w(llme —m5)) = 5pu(m,m’)
and the proposition follows. [l
Corollary 3.4. Proposition[Z2 holds with (M(X),pp(x)) instead of (M(X), pw).
To finish the proof of the theorem we need one more auxiliary result.

Proposition 3.5. Let f be a function defined on X and N be an admissible subset
of M(X) (see Definition [21) with card(N) < %m for some fized integer m. If
the restriction fly to every subset Y C X consisting of at most m points has an
extension fy satisfying

(3.15) Ifyllone @) < 1,
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then the set-valued mapping I~/f|/\/ : N — A(R™) has a Lipschitz selection hys such
that

| |Lipv,rey < v(0)-

Proof. First note that if I is a graph with p vertices and r edges having no isolated
edges, then

3

5"

(3.16) p <

Consider now the set
Xy :={z€X: ImeN sothat my =z or my = z}
and check that
(3.17) card(X ) < m.

Equip X with the graph structure induced by N, ie., {z,y} C X defines an
edge if (z,y) € N. Since N is admissible, X has no isolated edges. Therefore,
for I' = X the number of vertices is p = card(Xs) and the number of edges is
r < card(N) < 2m, so that inequality (3I7) follows from (ZI6).

Applying now assumption (BIH) of the proposition to Y := X one can state
that the function g := f|x,, satisfies

lgllcre®n) i, <1

Then from the necessary conditions of Corollary [34] applied to X, and g, one
derives that the set-valued mapping L, : M(Xx) J{*} — A(R") has a Lipschitz
selection h : M(Xn) U{*} — R™ with Lipschitz seminorm < ~(n).

On the other hand, N" C M(Xx7) U{*} and therefore Lt = Ly|a. If we now
set ha := h|nr, then hps will be the required Lipschitz selection of fff|/\f~ O

We are now in a position to prove inequality (BI). Let f : X — R be a function
satisfying the finiteness condition: the restriction f|y to an arbitrary subset Y C X
of cardinality < m :=3-2""! has an extension fy with

(3.18) 1y ot @n) < 1.
We have to prove that f € C1%(R")|x and
(3.19) [fllcre @ x < v(n).

For this goal it suffices to check that f satisfies the (sufficient) assumptions of
Corollary 34l Applying first B:I8) to subsets Y C X with cardY = 1 we have
supx [f| < 1. Then by (I8) and Proposition for every admissible subset
N € M(X) of cardinality
2
card(N) < 3m= on

the set-valued mapping L 7la has a Lipschitz selection hp with
|| Lipv rey < y(1).
Thus the assu{nptions of Theorem are fulfilled for L ¢. Hence L ¢ has a Lipschitz
selection h : M(X) — R™ with
Al mny < 71(0).
Thus f satisfies the assumptions of Corollary Bl so that (BI9) holds.
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The proof of inequality (B) is complete.

Remark 3.6. The result holds for the homogeneous space C'¢ (R™) as well. Recall
that it is defined by the seminorm sup, ., [|Vf(z) — Vf(y)||/w(l|z — y||). The small
changes in the proof leading to this result may be left to the reader.

4. PROOF OF THEOREM [[.3] PART II

In the previous section we have proved that N[C1*(R")] < 3-2"~!. It remains
to prove the inverse inequality which, clearly, follows from the next result.

Proposition 4.1. There exist a compact X = X, in R™ and a function F = F,, :
X — R such that the restriction F|y to every subset Y C X with card(Y) <
3-2"71 — 1 has an extension to a function Fy satisfying ||Fy | cre@n) < 1, while
F ¢ CH(R")|x.

Proof. We define the required set X = X, as a union of pairwise disjoint sets
XM m=1,2,..,

o0
X = U X (m)
m=1

The corresponding function F' = F, : X — R is defined by
F|X(m,) = F(m), m = ]., 2,

The definitions and properties of the sets X (™) and the functions F(™) will be
presented in the following chain of results.
We begin with the following inductive procedure to determine subsets

Xk CLy:={x€eR": 2, =0, k+1<i<n},

points {a®, b} C X} | and functions fi : X — R where k = 1,2,...,n.

Let {tx}7_,, {rx}i_o be positive monotone sequences decreasing and increasing
respectively, satisfying
(4.1) t1=7r¢and 8y <rgy1 <1 (k=0,1,...,n—1).

Put X; := {0,t161,2t:€1} and oY = b(Y) := t1&) . Here {€1,...,¢&,} stands for
the canonical basis in R™.
If the set X}, C Ly, and the points a(*), b(*) have been already constructed, then

we set

(4.2) bR = o™ Lty 8y, aFHY = 2mE — b,
(43) Xit1 = Xk+1 @] {2Tk€1 — Xk;Jrl}

where

(4.4) Xig1 = (Xp\{a®}) U {pt+D},

Clearly, Xp11 C Lgyr and {a*tD p*+DY © X; 1. Moreover, for every = €
X we have 0 < z1 < 2r,_1. Hence by ([I]) and [@J4) it follows that for each
T € 2rpél — Xk+1

(4.5) T1 > Tk
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Finally, we put

0o P A

. i o 0, o otherwise.
Lemma 4.2. Let y € Xy. There is a function fi, € C1*(R™) satisfying

(i) fey(x) = fi(z) for all x € Xp\{y};

(ii) suppfr,y C{zx € R™: |z1| < %rk};

(ili) || fr,yllore@ny < v(n).
Proof. Recall that given € R™ and r > 0 we let Q,(x) denote the cube {y € R™:
ly — = <7}
Lemma 4.3. For every 0 <r <1, ke {l,...,n} and a € R", such that ||a|]| <r
and ay, # 0, there is a function ¢ = @ rq : R™ — R such that

(a') So(a) =1

(b) 30(_37) = _90(37) if v € Q?"(O);

(c) p(x) =0 ifx € L1 NQ-(0) or x ¢ Q2-(0);

(d) ¢ € CH*(R") and ||¢|cremny <v/(larlw(r)) , where v depends on n only.

Proof. Put

0, otherwise.

b(t) = { (2 = [t))?/ (a(2r = lax])?), if Jt] < 2r,
Then introduce

(o) o | V(R), izl <
) = { 0, if ||z > 2r.

It can be readily seen that the function ¢ defined on {x € R™ : ||z|| < r or ||z| >
2r} satisfies on this set the conditions of the Whitney extension theorem (see, e.g.,
[St], Ch. 6) and its trace norm does not exceed v1(n)/(Jag|w(r)). Thus ¢ can be
extended to a function ¢ : R” — R satisfying condition (d) of the lemma. Validity
of conditions (a)—(c) follows from the definition of the function . O

We proceed the proof of Lemma .2 by induction on k. Check, first, that the
lemma is true for & = 1.

In this case X1 = {0,t181,2t161}, oV =bM) =&, £1(0) = f1(2t1€1) = 0 and
filtiér) = i_qlinn{tiw(ri)}. Therefore, the result is evident, if y = ¢1€7. Consider

the cases y = 0 and y = 2t;€;. Define a function f;, : R" — R by
fiy(@) = fi(tié)p(z —y),

where ¢ = @i rq is the function of Lemma @3] with k := 1, r := %rl and a :=
t1€1 —y. Then conditions (a)-(c) of this lemma and inequality 8¢; < ry (see (1))
imply conditions (i) and (ii) of Lemma 2. To prove (iii) we apply Lemma [Z3|(d)
and get

min tiw(m)
i=1,...,n

tlw(%rl)
Suppose now that the statement is valid for £ > 1 and show that the same is
true for k + 1.

Lemma 4.4. The statements of Lemma [£.2 hold for y € Xk-{-l- Moreover, the
function fri1, can be determined in such a way that fy1,,(x) =0, if |z1] > 7.

[ fryllcrewmny = filtier)|lellcremny < v(n) <7(n).
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Proof. Put fry1,,=0ify = b e Xy q; see &).
Now let y € X1 but y # b*F+1) | Set

Y= 21181 —y

By the induction assumption there is a function f = frye € CH¥(R™) with

(4.7) I fllctw®ny < 71(n)
such that f vanishes both on the set X\ {y*, 6%} and {x € R™ : |21] > %rk} and
satisfies

FRy = ;r{lin tiw(r;).

Define the promised function fi41,4 by setting

(4.8) frery(@) = f2ri181 — Pri(x)).
where Pry(z) := (z1,...,2%,0,...,0).

Check that fi41, satisfies conditions (i)-(iii) of Lemma B2 The latter one
immediately follows from ([@T) and (ZF). Let us check (i). Since a'® € Ly (i.e.,
agk) =0,i>k+1)and plkt+1D) — (k) 4 tk+1€k+1, we have

Frrry OFFY) = f2riaér — Pr 0" D)) = f(2ri—1@ — o)
= f0™) = min t;w(r).

1=1,...,n

On the other hand, X1 \{b**V y} = X;\{a®,y} by @E3) and @3F) and
2Tk,1€1 - {Xk\{a’(k)vy}} = Xk\{b(k)a y*}

Combining with (L) one gets

(4.9) Sertyl g (o0 ) = f~|Xk\{b(k),y*} =0.

Finally, f vanishes on the set {z € R™ : |z;| > iry} so that fyy1, vanishes on
the set {x € R™ : 1| > rp—1 + 3ri}. Since re—1 < 1ry (see (EI)) we get, in
particular, that

(4.10) frr1yl{zernieyzry = 0.

From this and (@) it follows that fi11,, vanishes on the set 2r4€; —Xj+1. Together
with (Z9) this implies (i).
Since rj, < 2rg41, condition (@I0) also implies (ii), and the lemma follows. [

Lemma 4.5. The statements of Lemmal[{.3 hold for every y € 2rye1 — Xip1.

Proof. Put g := 2rié1 —y. Then g € X1 and by Lemma 4] there is a function
= frt15 € OV (R™) satisfying

(4.11) ”fHClv“’(]R") < m(n),
(4.12) f(brs1) = i:I{linntiw(m)

and vanishing on the set (Xg+1\{bk+1,9}) U{z € R"™ : |z1]| > rt}.
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Let r = %T‘k+1, a = a*tY) — &, Denote by ¢ the function @41, of Lemma
and put

(4.13) p(z) = fbrer) o = rfr) (= min {tw(ri)} p(a — ).
Finally, define the required function fi41,4 by

(4.14) frrry(@) = (f + @) (2rié1 — 2).
Let us show that it satisfies the conditions of Lemma 2] Note that

2r€1 — plkt+1) — a(kH),

see (2), and ¢p(a) = 1 by Lemma L3l Hence we have

Froary 0ED) = Fa® D) £ 3(a®D) = G(a+D)

min {tw(ri)} p(a® T —réy)

= min {tw(r)}ela) = min tw(r;).

i=1,...,n i=1,...,n

To check condition (i) of Lemma EE2]it remains to prove that fi11, equals 0 on
X1 \{p*+D g}, Tt follows from ([@2)-E@4) that

(4.15) X\ {05 € Ly N Q,, (rr€h).

On the other hand, by Lemma [3[c) and the inequality rj < %Tk»_l,_l the function ¢
equals 0 on Li N Qémﬂ (r€1) D LN Q. (11€1). Together with (415]), this implies

P2rke1 — )| xp 1 \{a® D p+0} = @l x, 1\ fatk D) perny = 0.

Besides, f vanishes on Xj;1\{0**1, §} and therefore f(2ryéy — ) = 0 for z €

Xir1\{a*tV y}. Along with (EI3) and ([@IF) this leads to the equality fri1,(7)
=0, if z € Xpp1\{a"T1, 0D ¢}, By ([@6) we then have

fri1y(@) = fir1(z) (=0), 2 € Xppr\{a® T oD 4y

It remains to check that the previous equality holds true for z = a(*t1) (#£y). But
according to statements (a) and (b) of Lemma 3] and by (12]) we have

frr1y(a (HU) FOED) 4+ 3(pkHD)
FOED) 4+ FOE )0 — rpey)
(b(k+1)) D) =o0.

Thus condition (i) holds.
Now condition (ii) immediately follows from @I3), @I4), Lemma E3(c) and
the equality f(z) =0, if |z1| > 7.
For the proof of (iii) note that by [@I3) and ([@I4)
I fer1yllore@y < IF@mér = lere@n) + 182riéi = -)llore@n)
< Fllermqany + min_ ()} lellcns.
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Together with (@I1) and Lemma A3[d) this gives

“min  tw(r;)

i=1,...,n
[ frerryllore®ny <mn) +72(n) ———F——
Ty ®) ter1w(gTh+1)
w(r
< () +72(0) 2T < )
w(gTh+1)
Thus (iii) and the lemma are proved. O

Note now that by @), if y € X1, it belongs either to Xj 1 or to 2ry€; — Xp 1.
Then Lemmas [£4] and imply that fy11, exists for every y € Xj41. The proof
of Lemma is finished. O

Lemma 4.6. Let f € CY¥(R™) satisfy
f(z)=0if z € Xp\{b®} (1 <k <n).
Then there is a constant v = vy(n) such that

k
(4.16) FO®)] <A flene {th(m)} .

i=1
Here

d d
|52 (@) = 5L )]

)

|flciw := sup max
zAy =1-n w(llz -yl

stands for the “homogeneous” part of C1*-norm.

Proof (by induction on k). Let k = 1, i.e., X3 = {0,¢1€1,2t1€1} and b = t,6,.
Since f € CH¥(R™), f(0) = f(2t1€1) = 0 and t; = r(, we have

(9 0
00 =| [t e - 2
ty
< /0 g—i(u + ti€1) — g—i(u) du < t1]f|crww(ro).

Thus the lemma is proved for the case k = 1.
Assume now that (AI6) holds for k > 1. Let f € C**(R") and f(x) = 0 for all
2 € Xp1\ {0V} . Define f; : R® — R by

fi(z) == f(2ri—1€1 — x).

Then f; clearly equals 0 on X \{br}. Applying the induction assumption to fi we
get

k
(1.17) F@®)] = [6B)] < 3(k) | fr] e {Ztiwml)}

i=1

k
=y(k)|flcre {Ztiw(ril)} :
i=1
Define now f5 : R” — R by
fo(z) := f(2(rg —rK—1)€1 + ).
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Clearly, fo is equal to 0 on X3 \{b*®)} so that by the induction assumption applied
to fo one gets

k k
| F20" D) < y(B)| falore D tiw(rioa) = (k)| flore {Z tiw(ril)} :
=1 i=1
Set G := 2r,e1 — a®). Then by [@2) we have a = a**Y 4 4, 1€,41 and
f(@) = f(2reér —a®) = f(2rpey — 2rp_181 + bF)) = fo(b™).

Hence

k
(4.18) |f@)] < v(k)|flore {Ztiw(ﬂ—l)} :
i=1
Inequalities (EIT) and ([EIN), and the equality f(a*T1) = 0 lead to the following

estimate for |f(b(F+D))|

LFOEFD)] = [ f(*HD) — f(a(k))—(f(@)—f(a(k“)))+f(a(k))+f(&)|
|/tk+1 ( (k)+te—» )_ i(a(k+1) +té )) dt|
$k+1 k+1 p) k+1

Tk+1
+ 1 £@™) +1f (@)l

< |flere {tk-i-lw(Ha(k) a* V) 4+ 2y(k (me ri1 )}

But by @2) ||[a®| < 2rg_1 (k = 1,2,...,n) and therefore, the above inequality
implies

k
|FOEFD)] < 2y (k)| flere {tk+1(w(lla('“>ll) +w(lla™ D)) + Ztiw(m—l)}

i=1

k
< 2v(k)|f|lcrw {2tk+1w(2rk) + Ztiw(m_l)}

i=1

k+1
< 8v(k)|flore <Ztiw(m—1)> :

which completes the proof of the lemma. O

Now apply Lemma BT to the above defined function f, : X,, — R, see (Z0),
and for k = n. Since each extension of f, to a function f € Ch¥(R") satisfies the
conditions of the lemma and f(b) = £, (™) = min{tw(r;) : i = 1,...,n}, we
get the following

Corollary 4.7.

mm tkw(rk)
sT

Z tkw(rk,l)

k=1

I fallcrope, = 7 =

with v > 0 depending only on n.
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Now we define the required set X = X, by
oo
(4.19) X:=[Jxtm
m=0
and the function F' = F,, : X — R by
Flxem =F™ (m=0,1,...).
Since X (M N X ™) £ () for m # m/, this definition is correct. To complete the proof
of Proposition [T one first defines for every m = 1,2, ... special number sequences
n n
{r,gm)}k . and {t,im)}k satisfying condition ([4I). Using these sequences one
— =1
n n
defines the sequences of sets {X ,gm)}k and the functions { ]im) }k . by formulas
=1 =
H#2)-([6). Finally, one puts for m =1,2,...
(4.20) X0 = x(m g PO () = fm) (g — (M), e XM,
We also set X9 := {0} and F(O)(z):=0, z € X© (= {0}).
n n
The sequences {r,im)}k and {t,im)}k (m=1,2,...) are introduced as fol-
=1 =1

lows. Put r%m) := 4~™ and define the number r,im) for 0 <k <n-—1as aroot of
the equation

w(4™™)
w(x) = 9(m+3)(n—k) ~

Since w is continuous and non-decreasing, the equation has a solution. By definition
this sequence satisfies

w(r™)
w(ry™)

Since ¢ — w(t)/t is non-increasing, one has also

(m)
r,(;j:)l - W(Tk+1>

(4.21) = 2" (k=1,2,...,n).

> = 2"t > 8.
7 ()
n
One now defines the sequence {tf(vm)}k,l by
(m) _ (m) ) _ oy (™)
(4.22) ty =1y and ;=1 %, =2,...,n.
w(ry )

These two sequences are readily seen to be monotone and to satisfy (EI).
Having disposed of this preliminary step, we can now establish the required
properties of the function F' = F,.

Lemma 4.8. The restriction Fl|y of F to an arbitrary subset Y C X = X, with
card(Y) < 3-2""1 — 1 has an extension to a function Fy € CY*(R") satisfying
1 Fy [l cre@ny < y(n).
Proof. Given Y C X with card(Y) <3-2""! —1let Y™ := Y n X)) Applying
Lemma 2] (£20) and #22) to the function f,(Lm) : X,(Lm) — R one finds a function
Fy.m, € CH*(R") satisfying

(a) Fy,m coincides with F(™) on Y™ m =1,2,..;
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(b) supp(Fy,m) C Hy = {z € R™ : |2y —2r{™| < LM}

(©) [Fymllcremny < m(n).
Define now the required extension Fy by

Fy p(x), if x € Hy, for some m,

(4.23) Fy (z) = 0, if v ¢ Ej Hy,.
m=1

By (EI)-#&34) and (@F20), X C H,, and, moreover, ||z —y|| > %T%m) for every
x € Hp, and y € H, with £ > m. From this, ({.19), (£20) and condition (a), it
follows that Fy interpolates F' on Y. In addition, by conditions (b), (¢) and ([@23),
the function Fy is differentiable and, moreover,

VFy,y,, ifz e Hpy for some m,

V(@)= o if x ¢ E’j H,,.
m=1

Then (£23) and (c) immediately lead to the inequalities
sup |[Fy| + sup [|[VF|| = sup{sup [Fy,m|} + sup{sup [[VFy,m|[} < 271(n),
R™ Rn m Rn m Rn

IVFy (z) = VFy (y)|| < 2ni(n)w((lz —yll), (z,y € R").
Hence || Fy ||c1.«®ny < 471(n) and the proof is complete. O
Thus to complete the proof of Proposition [l it remains to establish
Lemma 4.9. F ¢ C1*(R")|x.
Proof. Suppose that, on the contrary, F' € C**(R")|x. Then, by (EI9)-(E20)

X(m)

+00 > | Fllorw@nie 2 sup [F™ [loro@n) o = sup 1™ llore @) .-
m m n

To estimate from below the latter supremum, one applies Corollary EE71 Then we
get

(m) o .(m)

t
. Hlnn pw(r)

; k w(rk )1)

178 ey = 7

where 7 = 7(n) > 0 depends on n only.
In turn, by {22),

i nlnn t( ™) w(r ,gm)) = t(lm)w(rgm))

and by (EZI) and [@22)

Z t;m)w(r,(vm)l) 2*m*3nt§m)w(r§m)).

k=1
Hence
1
||F||CI*W(R”)|X = Sup ||f( )”01 @ (R))| (m) > Sup {572“14‘3} — +OO,
a contradiction.
Thus Proposition £l and Theorem [[3] are completely proved. O
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5. CONCLUDING REMARKS

1. Let us note a consequence of Theorem [[3] related to description of the trace
spaces C*(R™)|x. For this goal we modify Definition replacing the condition
of boundedness of the set {fy : Y C X,card(Y) < N} by that of precompactness
(in A). We denote the corresponding constant by N[A]. Then the aforementioned
consequence of Theorem states the following.

Theorem 5.1. N[C'(R")] < 3-2""1,

2. From some results of Glaeser’s paper [G] (see, in particular, Theorem 1 in
Section I1.5 and Proposition 7 in Section II.6 there) one can deduce the following
interesting characterization of C1(R™)] .

Let f: X — R be a continuous function and 'y := {(z, f(z)) e R"" : z € X}
be its graph. Define Dg(z; f) to be the set of limits of straight lines M M’ passing
through pairs M, M’ of points in I'y when M, M’ tend independently to (z, f(x)).
Further, define the set D1(z; f), z € X, by the extension of Dy(z; f) in the following
way. In the first step we replace Do(x; f) by the set D%(m; f) of all straight lines
from the affine hull of Dy(z; f) passing through (z, f(z)). In the second step we
determine D1(z; f) as the set of all straight lines | = lim [; where [; € D%(:ci; 1)

11— 00

and z; — z, x; € X. Continuing this procedure we subsequently obtain Da(z; f),
Ds(z; f), ete.

Theorem 5.2. f € CY(R")|x if and only if dim Dy, (z; f) < n.

3. It is worth noting another important problem also originated in the Whitney
papers [WT], [W2]. Tt concerns the existence of a linear bounded extension ope-
rator from A|x into A (in the notations of Definition [[2)). It was proved in [BS2]
and [BS3] that the problem has a positive answer for the space C1*(R") and the
jet-space JFA“(R™). Here A“(R") is a (generalized) Zygmund space; see, e.g., [St],
Ch. 5, for its definition.
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