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THE BOTT-BOREL-WEIL THEOREM FOR
DIRECT LIMIT GROUPS

LOKI NATARAJAN, ENRIQUETA RODRIGUEZ-CARRINGTON,
AND JOSEPH A. WOLF

ABSTRACT. We show how highest weight representations of certain infinite
dimensional Lie groups can be realized on cohomology spaces of holomorphic
vector bundles. This extends the classical Bott—Borel-Weil Theorem for finite—
dimensional compact and complex Lie groups. Our approach is geometric in
nature, in the spirit of Bott’s original generalization of the Borel-Weil The-
orem. The groups for which we prove this theorem are strict direct limits of
compact Lie groups, or their complexifications. We previously proved that
such groups have an analytic structure. Our result applies to most of the
familiar examples of direct limits of classical groups. We also introduce new
examples involving iterated embeddings of the classical groups and see exactly
how our results hold in those cases. One of the technical problems here is
that, in general, the limit Lie algebras will have root systems but need not
have root spaces, so we need to develop machinery to handle this somewhat
delicate situation.

0. INTRODUCTION

The classical Bott—Borel-Weil Theorem [6] realizes representations of compact
Lie groups as cohomology spaces of holomorphic vector bundles. Many of the
geometric realizations of various kinds of representations are based on developments
of this concept.

In this paper we carry the geometric idea of the Bott—Borel-Weil Theorem over
to certain infinite-dimensional Lie groups. Those are the direct limits of finite-
dimensional compact Lie groups where the direct limit satisfies conditions (0.1),
(0.2) and (0.3). Those conditions are needed for the Borel-Weil Theorem 3.13. For
the Bott—Borel-Weil Theorem we add the “cohomologically finite” condition of §4.

Several authors have obtained interesting results on direct limit groups, especially
on their structure and representation theory. Some of the more topological results
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are to be found in [8], [9], [10], [15], [16], [22], [23], [28], [29], [30] and [33]. Also
see the citations in [27]. Those papers all consider direct limits in the category of
topological groups. Some structural results on direct limits of finite dimensional
Lie algebras can be found in [1], [2], [B], [4], [5], [12], [33] and [34].

We present the Bott-Borel-Weil Theorem as a holomorphic statement about
the representations of the direct limit group. To do this we require a Lie group
structure on this group. We introduced this structure in [24] and proved some of
its properties in [25] and [26]. Helge Gléckner discovered [17] a couple of problems
in these papers, and those points are corrected in Section 3 and Appendix A below.
Now this Lie group structure theory is in good shape.

For the convenience of the reader, Appendices A and B contain precise definitions
of our direct and inverse limit objects, including direct limit real Lie groups, direct
limit complex manifolds and complex Lie groups, and direct limit complex analytic
transformation groups.

Here are the standing definitions and hypotheses for this paper. Start with a
countable strict direct system {Gy. o, ®8,a }a,pea of compact connected Lie groups.
Thus (A, <) is a countable directed set, i.e. a countable partially ordered set such
that if a, 3 € A there exists v € A such that a £ v and 8 < . For each a in A,
Gu.o is a compact connected Lie group. If a < 8 in A, then ¢g o : Guo — Gup
is a Lie group homomorphism. Further, we have the compatibility conditions (i)
ba,a = idg, , for each index avin A and (ii) ¢3¢0 = ¢v,o Whenever a < 3 < v
in A. The strictness condition is a technical condition needed in several places.
Formally it says that ¢ga : Gu,a — ¢8,a(Gu,a) is a diffeomorphism where the
image carries the subspace topology from G, g. This condition implies that each
¢q is a diffeomorphism onto its image. We also assume a certain growth condition
(3.4b) to ensure the existence of the analytic structure on the limit group.

In the appendices the index set need not be countable. Appendix A gives suffi-
cient conditions for the existence of the direct limit Lie group G,, = lim Gy Itis
a Lie group in the sense of Definition A.8. Here our assumptions ensure that this
direct limit exists. We denote by ¢ : Gy« — G the canonical map for each index
o in A.

Now let G, denote the connected complex Lie group with maximal compact
subgroup Gy, and let ¢go : Go — Gp denote the holomorphic extension of the
direct limit system maps on the compact groups. As we show in Section 3, the
direct limit G = lim G, exists and is (isomorphic to) the complexification of G .
The canonical maps ¢, : G, — G are the holomorphic extensions of the canonical
maps @q : Gy, — Gy . Strictness of {Gy o, 3.« implies strictness of {G, dg,a} -

We write gy, for the Lie algebra of Gy o. Then {gu .o, d9s.ata,gca is a direct
system of real Lie algebras and Lie algebra homomorphisms. Its direct limit g, =
lim gy,a, in the category of topological Lie algebras, is the Lie algebra of G q.
Similarly, the complexification g, of gy « is the Lie algebra of G, {ga, dPs,a }a,pca
is a direct system of complex Lie algebras and Lie algebra homomorphisms, and
g = lim g, is the Lie algebra of G.

We are going to define direct limits E — X of holomorphic vector bundles
E, — X, over complex flags X, = G,/Q. and prove an analogue of the Bott—
Borel-Weil Theorem in that context. In order to set this up we assume that we
have
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(0.1) b, C go: Cartan subalgebras in the Lie algebras g, of the respective G, such
that
(1) Bu,a = (ha N Gu,a) is a Cartan subalgebra of g, o, for each a € A, and
(ii) dég,a(ha) C hg whenever a < 3 in A;

(0.2) positive root systems Al = A*(ga,ba) such that each dpg ., maps every
positive root space of g, into the sum ng of the positive root spaces of gg, in
other words such that d¢g o (n}) C ng whenever o < § in A;

(0.3) standard] parabolic subalgebras q, = [ + gy C go such that
(i) dqbgjl(qg) = o whenever a £ 3 in A and
(ii) gu,a Ngq is a compact real form of [, for all a € A.

These three conditions are sufficient to prove many of the results in this paper,

including the Borel-Weil (0-cohomology) Theorem. In the case of (0.1) through

(0.3) where the q, all are Borel subalgebras, as in [T], the d¢g o are called triangular.

We then have a triangular decomposition g = n~ + b + nt, where dg,(n;) C n™,

da(ba) C b and da(n}) C nt.

To obtain the Bott—Borel-Weil (higher cohomology) Theorem in Section 4, tech-
nical considerations force us to modify the above conditions so that cohomology
degrees stabilize for the system of homogeneous holomorphic vector bundles under
consideration. This is done in §4 with the notions of “cohomological finiteness” and
“classical cohomological finiteness” for the highest weight of the representation of
the isotropy subgroup on the fiber. In order to carry this out, we introduce an ap-
propriate notion of Weyl group W (g, ) and of finite Weyl group Wg(g, b,5). The
latter depends on the choice of Borel subalgebra b with h C b C g, in other words
on the choice of complex structure on the limit flag manifold on which our Bott—
Borel-Weil Theorem is formulated. The finite Weyl group allows us to specify the
cohomology degrees of our representations. The necessity of locating Wg(g, b, h)
within W (g, b) is just one of many surprising new technical problems that must be
considered whenever one studies any moderately general class of reductive direct
limit Lie groups and Lie algebras. In fact we can say with confidence that the
present study has provided us with an adequate supply of technical surprises, but
that the result was worth the effort.

Ivan Dimitrov noticed [II] a problem with our original treatment of cohomo-
logical finiteness in the case where the limit algebra does not have a root space
decomposition, and we thank him for useful conversations on this matter. This
situation is also addressed in [13] and [14].

We apply our machinery to diagonal embedding direct limit systems in §5, and to
standard, Escher and Warhol direct limit systems in §6. The diagonal direct limit
systems themselves break into two sharply distinct classes, the “classical” ones
where the limit algebra has a root space decomposition, and the “non—classical”
ones where it does not. The classical diagonal direct limit algebras are also known
as “root-reductive” diagonal direct limit Lie algebras. In the classical case the no-
tions of cohomological finiteness and classical cohomological finiteness coincide and
the Bott—Borel-Weil Theorem leads to highest weight representations. In the non—
classical case, classical cohomological finiteness only occurs in the setting that leads

1 Here “standard parabolic subalgebra” means that the nilradical u, is spanned by negative
root spaces, that the Levi complement [, contains the Cartan subalgebra b , and that there is a
subset ®, of the simple root system ¥(ga,bha) C At (ga,ba) such that A(la,bha) consists of all
roots that are linear combinations of elements of ® .
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to the Borel-Weil Theorem (cohomology in degree zero), but there are many coho-
mologically finite bundles, and the Bott—Borel-Weil Theorem constructs a number
of new representations that do not seem to be highest weight representations. This
is a new phenomenon, not yet well understood, and the classification of these rep-
resentations presents some serious combinatorial challenges.

In §7 we define a notion of coherent root order. When we have a coherent root
order we characterize the finite Weyl group as the limit lim W, of the Weyl groups
at finite stages. The notion of coherent root order is restrictive, but when it applies
it is easy to use, and we see exactly when it applies to diagonal direct limits. In §8
we combine the examples of §5 and the considerations of §7 to put together a general
characterization of the finite Weyl group Wg(g, b, ). That characterization tells
us exactly when our Bott—Borel-Weil Theorem gives a precise quantitative result.

Let Q. C G, denote the parabolic subgroup of G, with Lie algebra g, and
define X, to be the complex flag manifold G,/Q,. Combining (0.1), (0.2) and
(0.3) we obtain injective holomorphic maps ¢gq : Xo — Xg for o < §in A. It
is easy to see that the direct system {X,,@g,o} is strict and defines a complex
manifold X = lim X, . Similarly we will see that the maps G, x X, — X, define
maps G, X X — X, and then G x X — X, and that G x X — X is a holomorphic
Lie transformation group. Further we will see that @ = lim @, sits naturally as a
closed complex Lie subgroup of G, and that X = G/Q is a complex homogeneous
space for G. Thus we arrive at the key geometric ingredients for our direct limit
Borel-Weil and Bott-Borel-Weil Theorems in the holomorphic category.

There is also a Bott—Borel-Weil theory [14] in the algebraic category, direct
limits of reductive linear algebraic groups (ind—groups). It is quite different from
the holomorphic category Bott—Borel-Weil theory developed here, but there has
been some interchange of ideas between [14] and the present paper.

1. THE BUNDLES

As in the Introduction, we fix a strict direct system {Gy o, 93,0 ta,3c4 Of com-
pact connected Lie groups. G, is the connected complex Lie group with maximal
compact subgroup Gy o, the ¢5o : Go — Gp are the holomorphic extensions
of the direct limit system maps on the compact groups, {Gq, @g,q} is the corre-
sponding strict direct system of complex connected Lie groups, and G' = lim G, is
its direct limit. We assume the Operator Norm Growth Condition (3.4b) so that
Gy =1lim Gy, is a real Lie group and G = lim G,, is a complex Lie group. We also
assume (0.1), (0.2) and (0.3) from the Introduction so that we can deal with the
ingredients of the Borel-Weil and Bott—Borel-Weil Theorems.

In general, if f, o C gy, iS a subspace, then f, C g, denotes its complexification.
If fo C ga is a subspace invariant under the complex conjugation & — & of g, over
Ju,a, then f, o denotes its real form fo N gy, o -

Qo C G, is the parabolic subgroup with Lie algebra q, = [, + 1, . Here u, is
the nilradical and [, is the Levi component that contains b, . Thus Q. = LU,
semidirect product, Ly,o = Gu,a N Qa = Gy,o N Ly is a compact real form of L,
and L, . is the centralizer in G, o of the torus

Ty, = identity component of the center of L, o .

The limit group @ = lim @), sits naturally as a closed subgroup

Q={9€G| Ad(g)g=q}
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where q = limq, of G. Since G has the direct limit topology, i.e., a subset U is
open in G if and only if each of its pullbacks ¢ (U) is open in the corresponding
G, and since each ¢ 1(Q) = Q. is closed, the subgroup Q C G is closed in G.
The following basic construction depends on the fact that here we use the (naive)
direct limit topologies on G, , on G, on X, and on Q. See [24] and Appendix A.

1.1. Proposition. Let G = lim G, and X = lim X, carry their respective direct
limit complex structures: if U is an open subset in the direct limit topology, then
a function f : U — C is holomorphic if and only if each f - ¢o : ¢ (U) — C
is holomorphic. Let x, denote the base point 1Q, in X, and let v = ¢o(x4),
independent of choice of «, the corresponding point of X.

(1) The holomorphic group actions to : Go X Xo — X, define a holomorphic
group actiont : Gx X — X as follows. Given « there is a natural holomorphic
group action to : Go X X — X by ta(9a, [28]) = [¢8,a(9a)(xp)] for B 2 a,
and t =limt, maps G x X — X.

(2) G x X =1im(Ga x Xq) in the appropriate category of complex manifolds.

(3) Q is a closed complex analytic subgroup of G.

(4) X =G/Q as complex quotient manifold as follows. @ ={g € G | t(g,x) = x},
so g — t(g,xz) defines a one-to-one map of G/Q onto X. Letp: G — X
denote the projection, p(g) = t(g,z). IfU C X is an open set, then a function
f : U — C is holomorphic if and only if f-p:p~Y(U) — C is holomorphic.

A quick look at the definitions of @ and the @, shows

1.2. Lemma. Q is the semidirect product LU of closed complex subgroups where
U= 1i_rr)1U(y and L = liL>nLa . The centralizer of T,, = h_n}lTWy Gy, is L, = G,NL.
The map g — ¢gQ sends G, onto X and realizes X = G, /L, as real analytic
manifolds.

Fix a compatible family of representations 7, of the L, . Thus for each index
« we have a locally convex reflexive topological vector space E, and a strongly
continuous representation 7, of L, on E,, and for indices o« £ 3 we have continuous
linear maps 1g,q : Eo — Eg whenever 5 2 «, such that {Eq, 73,0 }a,8c4 is a strict
direct system and the diagrams

LoxE, ——=- E,
(13) ¢[3,QJ/77ﬁ,u J/Wﬁ,u

Lg X Eﬁ L) Eﬁ
commute. In the language of Appendix A, the 7, form a compatible family of
representations, so we can consider the direct limit representation 7 = lim 7, of
Lon E = hiQEa. We require the maps 7o : Lo X E, — E, to be holomorphic
because we are going to use the E, as typical fibers in homogeneous holomorphic
vector bundles. Then 7 = lim 7,, extends from L to @ by 7(¢u) = 7(¢).

Strictness of the direct system {Eq,7g,a }a,se4 is automatic if the E, are finite

dimensional and the 73 , are injective, or if the E, are Hilbert spaces and the ng o

are unitary injections. In §3 we will construct particular sorts of maps 73 , using
the Cartan highest weight theory.

1.4. Lemma. The topological vector bundle G xg E = E — X over X = G/Q,
associated to the action T of Q on E, has a unique structure of G-homogeneous
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holomorphic vector bundle. It is the direct limit of the bundles G4 Xg, Eq =Eq —
X with the direct limit system maps

(1.5)

(bﬁ,ax'r][i,a
—_—

L GO( XQaEa Gﬁ XQgEB GXQE
e s E
— X, - Xp X

Proof. We first look at the principal bundle @-bundle G — X. Consider the Lie
algebra decompositions g, = qo + q," where g, " is the sum of root spaces not
contained in g, , and represents the holomorphic tangent space of X,. If a £ 3
then dgga(q;") C 5" . Now q7" = limq," is well-defined. By hypothesis there
exists an open neighborhood A of 0 in the limit Lie algebra which is mapped dif-
feomorphically by exps onto an open neighborhood of 1 in G. Now (i) exps maps
q~ " NN diffeomorphically onto an open neighborhood of 1Q = z € X and (ii)
v:expa(€)Q — expea(€) is a holomorphic local section of G — X over that neigh-
borhood. Note v = limv, where v, : expg_(§)Qa + expg, (§) is a holomorphic
local section of G4 — X over the neighborhood expg_ (45" Ndgy " (N))Qa . Now
E =limE, with properties as asserted. [l

We denote the bundle of Lemma 1.4 by E = limE, and its strong topological
dual by E* — X.

2. THE SHEAVES

In this section we consider the inverse system {E | ur o), where E is the strong
topological dual space to E, and 75 , is dual to ng o : Eq — Eg. We use it to map
germs, local sections, and global sections, of the associated homogeneous holomor-
phic vector bundles. The corresponding maps on sheaves of germs of holomorphic
sections,

(2.1) (ot O(ES) — O(E) for 8 2 a,

define a G-homogeneous inverse limit sheaf O(E*) — X, and will lead to theorems
of Bott—Borel-Weil type.

Recall the definition of the inverse limit sheaf O(E*) = lm{O(E}), (5,0 }. First,
view the O(Ej;) — Xp as sheaves over X: if U is open in X then I'(U) =
I‘(d)gl(U); O(E})) defines a complete presheaf on X, and lim O(Ej) — X is the
associated sheaf. See [20, Ch. II, Prop. 9.2]. Second, this respects the notion of
holomorphic, for an exercise in the definitions proves

2.2. Lemma. Let Us C Gg be an open subset. Let sg:Ug — E3 be a continuous
local section of By — Xg. Set Uy = ¢,§,}:¢(Ul3) C Gy where 8 2 «a. Define
Sa = (a,a(88) : Uy — EX by sa(g) = UE,Q(Sﬁ(d’ﬁ,a(Q))) Then sq i a continuous
local section of B, — X, . If sg is holomorphic then s, is holomorphic.

(The point is that E, — Eg covers X, — Xg as in (1.5) and the maps ¢g,q :
X, — X are holomorphic.) Third, this definition is consistent with that of Lemma
1.4:
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2.3. Lemma. The inverse limit sheaf m{O(E},),(s,a} — X is canonically and
G—equivariantly isomorphic to the sheaf O(E*) — X of germs of holomorphic sec-
tions of E* — X.

Let S — X denote the sheaf O(EY) — X, viewed as a sheaf on X with
zero stalk at each point of X \ X, , as in the definition of the inverse limit sheaf
lm{O(E}), (g,a} over X. We want to check that cohomology commutes with these

inverse limits, that is, lim H9(X;S,) = HY(X,lim S,). The resul? is

2.4. Proposition. There is a natural G—equivariant isomorphism from the coho-
mology HY(X; O(E*)) of the inverse limit onto the inverse limit

Um{H%(Xo; O(E,)), H(g,a}
of the cohomologies.
Proof. We apply [19, Chapter I, Theorem 4.5] with the global section functor I" in
place of T, so its derived functors are our sheaf cohomologies. Use (0.2) to align
Bruhat decompositions of the G, so that we have a neighborhood basis of the base
point z € X whose ¢,—inverse image is a neighborhood basis of the base point
Zo € X, in which every element is a Stein submanifold. Then conditions (a) and

(b) of [19, Chapter I, Theorem 4.5] are satisfied, so we have (equivariant) exact
sequences

(2.5) 0 — limWHT(X;8,) — HI(X; O(E")) — lim H(X;8a) — 0
where lim (1) is the first right derived functor of the lim functor. Thus the proof of

Proposition 2.4 is reduced to the proof that the Liﬂl(l)Hq’l(X;Sa) = 0. And for
that it suffices [I9] Chapter I, Corollary 4.3] to check the Mittag—Leffler condition

for each a the filtration of H?'(X;S,)
by the (5o H? 1 (X;Ss) is eventually constant.
But that is immediate from finite dimensionality of the
HY7H (X35 8a) = HH (Xa; O(EY)).

3. THE BOREL-WEIL THEOREM

We now suppose that the representations 7o : Lo X Eo — E, of (1.3) are ir-
reducible, are finite dimensional, and are given by a coherent system of lowest
weights. In other words 7, is the holomorphic extension of an irreducible represen-
tation 7y.o = Ta|L, . of the compact real form L, o, and we have

(3.1)
AEbh = (hi>n ba)* such that, for each «, 7, has lowest weight — A\, = —d¢% (N).

U,

Here lim b, has the direct limit topology and its dual h* is the topological dual,
consisting of continuous linear functionals on limb, . Note that the dual repre-
sentation 7% : L, x EX — E* has highest weight A, = d¢%(A). Of course one
has representations 7, as in (3.1) precisely when X € h* such that each A\, is Af—
dominant and L,—integral.

2 We thank the referee for a sharp improvement in our original treatment of this matter.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4590 L. NATARAJAN, E. RODRIGUEZ-CARRINGTON, AND J. A. WOLF

We suppose further that the compatible linear maps 73 o : Eo — Eg of (1.3) are
given by a choice of lowest weight vectors 0 # v, = v_», € E, . In other words

(3.2) N8,a(d7a (E)va) = dr3(des,o (E))vs for all Z € U(ly).

Here U(l,) is the universal enveloping algebra of [,. Note that (3.2) specifies
the maps ng,o because E, = d7o(U(la)(va)). These maps are well-defined, are
injective, and satisfy the compatibility conditions of (1.3).

3.3. Lemma. Fach E, has a Hilbert space structure such that T, o = TalL, .. 5
unitary, and we may choose the lowest weight vectors v, € Eo such that ngq :
E, — Egz is a unitary injection for a < (3.

Proof. The L, o—invariant Hilbert space structures exist because L,, o is compact.
Fix them, and choose the v, to be unit vectors. The hermitian inner product on
E, is proportional to the pull-back of the inner product on Ejz because both are
invariant under the irreducible action of L, ,, and the proportionality factor is 1
because 1,4 (va) = vg. O

We can now use this compatible family of Hilbert structures on the F, to define
a hermitian inner product on E thus realizing it as a pre—Hilbert space. For details
see the proof of Proposition B.1 of Appendix B.

We must recall a few notions concerning direct limit representations from [24],
[25] and [26], especially [24, §2], to formulate some basic notions we need for our
direct limit representations.

Consider a strict direct system {Jq, ¢8,0; VasN3,a; Ta} Where each J, is a (finite
dimensional real) Lie group, say with real Lie algebra j,, and if o £ § then ¢g,q :
Jo — Jg is an analytic homomorphism. Let each of the V, be a topological vector
space, and assume that 73, : Vo — V3 is a continuous linear transformation for all
a £ 3. Suppose further that 7, is a continuous representation of J, on V, , and
one has the obvious consistency condition that for o < 3 the left hand diagram of

Jo X Vo —2 V, Jo X Vi =2 v,
ng,alma,u J{nﬁ,a d¢[j1uJ(nB,a J{nﬁ,a
T d

Jg x Vg —2— Vp igx Vg —2 Vs

is commutative. If o £ 3 then ¢g o defines a Lie algebra homomorphism d¢g  :
ja — jp. The Lie algebra representations dm, satisfy the consistency condition
that comes out of the condition for the m,. So the right hand diagram above is
commutative.

Let J = limJ,, j = limj, and V' = limV,, in appropriate categories. The
direct limit representation m = limm, is the representation of J on V' given by
7([9a])([va]) = [Ta(ga)(va)]. Similarly the direct limit representation dm = lim dr,,
is the representation of j on V' given by dr([¢a])([va]) = [dma(€a)(va)]. We then
have the commutative diagrams

Jo x Vo =22V, jo X Vi —2Te y
¢"J/na J/na d¢aJ/n<¥ J/na
JxV —T v ixV 4T
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that were used in [24], [25] and [26] for the construction of differentiable structures
on J. In the papers just cited, many considerations depended on growth conditions
for a representation 7 of a Lie group J. Those growth conditions are the imaginary
spectral growth condition

(3.4a) if £ €j then sup {|Imp| : p is in the spectrum of dm(€)} < oo
and the operator norm growth condition
(3.4Db) if &, € jo then sgp lldms(dog,a(Ea))]lop.s < 00

B2a

In (3.4a), Im 1+ denotes the imaginary part of . In (3.4b), « ranges over the index
set, the 7, are assumed to be bounded® Banach representations, and || - [|op.3 refers
to the operator norm on Vg. In our use of this condition, J will usually be G,, and
7w will usually be a unitary representation m,, .

3.5. Lemma. Let (r,H) = lim(ma, Ha) be a unitary direct limit representation
of a real Lie group J = limJ,. Then the imaginary spectral growth condition
(3.4a) and the operator norm growth condition (3.4b) are equivalent for {m,}. More
precisely, 7 satisfies the imaginary spectral growth condition (3.4a) if and only if
dr is a bounded representation of the Lie algebra j .

Proof. Since 7 is unitary, every dm (&), £ €, is essentially skew adjoint with pure
imaginary spectrum. (|

3.6. Proposition. Let {H,,ng o} be a strict direct system of Hilbert spaces with
unitary injections ng,o. Let {my o, Ha} be a strict direct system of unitary repre-
sentations of a strict direct system {Jy o, Ps,a}a,pea of Teal compact Lie groups.
Suppose that m, = limm,  satisfies the growth conditions (3.4). Let J,, be a com-
plezification of Jy o, in other words Jo is a complex Lie group whose Lie algebra
is the complexification jo of ju, where Jy o C Jo and Jy o meets every topological
component of Jo . Then J = lim J, exzists in the calegory of complex Lie groups,
and J is the complexification of J, = h_H}lJ%a .

Let mo denote the holomorphic extension of my o from Jy o to Jo. Then the
representation m, = limm, o extends to a bounded representation 7 of J, and m =
lim 7y, . Further, if each mq is (strongly) continuous and holomorphic then so is m.

Proof. Each jo = ju.a ® V/—1jua. It follows that j = limjo = ju & vV/—1ju. The
group J, has polar decomposition Jo = Jy,q -eXp(\/—_lju,a) and so the maps ¢3
extend to complex analytic group homomorphisms from J, to Jg. The complexifi-
cation J of .J, is then given by J = J,, - exp(v/—1j.,).

We now have a direct system {J, #3,o}. The complexified group J satisfies the
universal mapping condition A.3. Thus J = lim J, in the category of complex Lie
groups.

As in the proof of Proposition B.1 of Appendix B, V' = lim H, has an inner
product by which it is realized as a pre—Hilbert space. Let H be the completion of V.
We now show that 7, extends to a bounded representation 7 of J on H. In view of
Lemma 3.5, dmy, (j,,) consists of bounded operators, so dm,, extends by linearity to a
representation dr of j = j, ®+/—1j, by bounded linear operators. If £ € \/—1j, now

3 If T is a bounded operator on a Banach space then ||T||op denotes its operator (Loo) norm.

A Banach space representation of a group or algebra is bounded if its image consists of bounded
operators.
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exp(dm(€)) is a well-defined bounded operator on V' and hence on the completion
H of V. Now using this and the polar decomposition J = .J,, - exp(v/—1j,) we can
extend 7, to a map m from J to the bounded operators on H. By construction,
m(exp(€)) = exp(dm(§)) for every £ € v/—1j,, and it follows that 7 = lim 7, is a
group homomorphism.

Now assume that each 7, is (strongly) continuous. We will show that m = lim 7,
is (strongly) continuous. For this we have to show that the map J x V — V given
by (g,v) — m(g)v, is continuous. Since J has the direct limit topology it suffices
to show that each of the corresponding maps J, X V — V is continuous. We first
note that if v € V' then the map J, — V| by g — 7(¢(g))v is continuous. This
follows from the continuity of 7, for any a = «ag with 77;01 (v) non-empty. Now
for g,g' € Jo and v,0' € V, [[m(da(9))v — 7(dalg)e']| < ln(da())(® — )] +
[|7(da(9))v" — 7(dalg’))v'||. Each w(¢a(g)) is a bounded operator on V' and hence
extends to the completion H. Since g — 7(¢q(g))v is continuous from J, to V
and J, is locally compact it follows from the Banach—Steinhaus Theorem that
[|7(¢a(g))]] is uniformly bounded on compact neighborhoods in J,. The continuity
of m follows.

By construction each 7, is holomorphic. For v € H define f : J — H by
f(g) = w(g)v. We will show that f is holomorphic. Since .J has the direct limit
holomorphic structure, it is sufficient to show that f - ¢, is holomorphic for «
sufficiently large. Choose a sequence v,, € V converging to v. Define f,, : J — H
by fn(9) = w(g)v,. Let C C J, be compact. Continuity of = and the Banach-
Steinhaus Theorem imply that the family of operators (¢, (g)), g € C, is uniformly
bounded. Now {f, - ¢a} — [ - ¢ uniformly on C. As the 7, are holomorphic, the
fn-¢a are holomorphic and it follows that f-¢,, is holomorphic. Now 7 : JXxH — H
is continuous and separately holomorphic, so it is holomorphic. That completes the
proof. O

Let 7 = lim7, be the direct limit representation of L = lim L, on the pre-
Hilbert space E = lim F,, . Assume the operator norm growth condition for 7, so
7(g) is a bounded operator for each g € L. Further by 3.2 it has lowest weight —\.
As usual we extend 7 to Q by 7(fu) = 7(¢) for £ € L and u € Q. The associated G—
homogeneous holomorphic vector bundle E = limE, — X is described in Lemma
1.4. The dual representation 7* = lim 7 of L on E* = lim E}, has highest weight A,
and the associated G-homogeneous holomorphic vector bundle is the dual bundle
E* — X. See Appendix B for a discussion of inverse limit representations. We
want to examine the

(3.7) 7 := natural action of G, on HY(X,; O(E})).
The classical Borel-Weil Theorem tells us that each 7, = 70 is an irreducible finite
dimensional holomorphic representation with a unique (up to positive real factor)

Ta(Gu,o )—invariant hermitian inner product.

3.8. Proposition. Suppose that each A\, is integral and A (ga,bo)-dominant.
Then each

(3.92) (oo HO(X5; O(ER)) — H(Xa; O(ER))
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is surjective. Consider inverse limits in the Hilbert category,

m=limm, := inverse limil action of G
200 on H°(X; O(E")) = im{H®(Xa; O(EY)), Ca},
(3.9b) Tu :lln”ua = inwerse limit action of Gy

on H°(X; O(E*)), so m, = 7lq, -

Then the following hold.

(i) H°(X;O(E*)) has a unique (up to positive real factor) w(G,)-invariant
Hilbert space structure, and m, is a unitary representation of G, on
H°(X; O(EY)).

(i) If m, satisfies the imaginary spectral growth condition, then 7 is a bounded,
strongly continuous, holomorphic representation of G.

Proof. The normalizations (0.1), (0.2) and (0.3) show that (g, carries a nonzero
highest weight vector wg for mg to a nonzero highest weight vector w, for 7, . So

(3.10) (p.a(dmp(dop.a(Z))(ws)) = dma(Z)(we) for all E € U(ga),

essentially as in (3.2). Surjectivity of (g, follows. (This proof also shows that the
projection (, from H°(X;O(E*)) to H°(X,; O(E})) is surjective.)

The classical Borel-Weil Theorem says that 7, is the irreducible representation
of G4 of highest weight A, . The restrictions 7, = ma|g, ., are unitary rep-
resentations of the G, . By (3.10) the m,  form an inverse system and so we
have a representation 7, = limm, o of G, on H(X; O(E*)). Now, as in Lemma
3.3 we may suppose that each (5, : H(Xo; O(E}))* — H(Xp; O(Ej))* is a
unitary injection. That gives the m (G, )—invariant pre-Hilbert space structure on
lim H%(Xo; O(EY))*. Using the duality described in Proposition B.2 (see Appendix
B) we have that

(3.11) H°(X;O(E")) = lim H*(Xo; O(E)) = (lim H%(Xa; O(E))")”

has a Hilbert space structure and 7, is a unitary representation of G.,,.

The imaginary spectral growth condition for =, is equivalent to the operator
norm growth condition (3.4b) because 7, is unitary. This shows that 7 is bounded,
or one can argue as follows. By Theorem B.10, the system {7}, ,, H°(Xqs; O(E}))*}
forms a direct system of representations which gives the dual representation 7 =
lim 7y, , of G. Now if m, satisfies the imaginary spectral growth condition (3.4a),
so does 7. It then follows from Proposition 3.6 that 7} extends to a bounded repre-
sentation 7* of G on H°(X; O(E*))* and so m = lim 7, is a bounded representation
of G on H(X; O(E*)).

It remains to be shown that 7 is (strongly) continuous and holomorphic. We
first verify the continuity. Set H = H°(X; O(E*)) and V,, = H°(X,; O(E)). We
have to show that the map G x H — H, given by (g, h) — 7(g) h, is continuous.
We already know that G acts on H by bounded operators. Since G has the direct
limit topology it is enough to show the corresponding map po : Go x H — H
is continuous for every a where o (g,h) = m(¢a(g))h. Continuity of 7, implies
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continuity for the corresponding maps v, : G, X V,, — V,, . Further, the diagram

G, xH —ts H
(312) idalga J{Cu
Gy xV, —225 V,

commutes. Here id,, is the identity function on G, . Continuity of v, and (, implies

continuity of v, - (ida X (o) = (o - pta- But {, is surjective, so the Open Mapping

Theorem says that (, is open. We have proved that u, is continuous.
Propositions 3.6 and B.10 now show that 7 is a holomorphic representation. [

Fix the Hilbert structure on H°(X;O(E*)) given by (3.11). Then from Propo-
sition 3.8 we have the direct limit Borel-Weil Theorem as follows.

3.13. Theorem. The natural action ™ of G on H°(X;O(E*)) is an irreducible
representation of highest weight \, and 7, = w|q, s an irreducible unitary repre-
sentation of Gy, on H(X; O(E*)) that also has highest weight \. If m, satisfies the
growth conditions (3.4) then the representation m is bounded, strongly continuous,
and holomorphic.

Proof. We only need to check that 7 is irreducible. Let H = H°(X;O(E*)) and
H, = H°(X,;O(E%)). Let V be a non-zero, closed, G—invariant subspace of H.
Then (, (V) is a closed (since H, is finite dimensional), G,—invariant subspace of
H, for every a. Since V' # 0 there is an index o € A such that (V') # 0 whenever
a 2 aq . Irreducibility of 7, now implies {, (V) = H, for all such a. The universal
property of inverse limits now implies V = H, so 7 is irreducible. O

Since the imaginary spectral growth condition is essential for parts of our Borel—-
Weil and Bott-Borel-Weil Theorems, we characterize the highest weights A that
correspond to imaginary spectral growth representations of G,,. As usual, a weight
A € h* is said to be dominant integral if d¢j5(A) € b is dominant integral for every
sufficiently large index (.

3.14. Proposition. Let A € h* be a dominant integral weight. Let oy be an index
such that g = dqb?g()\) is dominant integral for all 8 = ag in A. For 3 2 «q let
(7w, V) be the irreducible representation of Gy, g with highest weight Ag . Let m, =
limm, g, let V =lmVy equipped with its pre-Hulbert space structure, and let V be
the Hilbert space completion of V. Thus (my, ‘7) is the irreducible representation of
G, with highest weight A. The following are equivalent:

(i) m, satisfies the imaginary spectral growth condition (3.4a),

(ii) m, satisfies the operator norm growth condition (3.4b),

(iii) ma(h) == limsupg> ., (Maxw,ew, {|As(wshp)|}) < oo for every h in by,

(iv) For every & in the complex Lie algebra g, dn(§) is a bounded operator on V.

Proof. (i) < (ii) is Lemma 3.5. And (iv) = (i) is obvious.
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(1) = (d13). If € € g, the operator dm, (£) is skew adjoint so its spectrum is purely
imaginary. Hence for A in b, we have

t(h) = limsup(max {|Im | | p is an eigenvalue of dm, s(hg)})

BZao

= lim sup(max {|u| | p is an eigenvalue of dm, g(hg)})
BZao

= lim sup(max{|u(dm, ghg)| where p is a weight of dm, g})
BZao

— limsup( max {|As(wsha)[}) = ma(h)
B2a0 wgEWpg

In the last line we used the fact that the weights of dm, s are in the convex hull
of the weights of the orbit of A\g under the Weyl group W3 . Thus if m, is spectral
growth, then my (h) is finite for every h in b,,.

(#41) = (iv). Assume that my(h) < oo for each h € b, . To prove that every dr(§)
is bounded, we write £ in terms of the triangular decomposition of g, £ = y+ h+x,
with y € n™, h € h and z € n™. It is enough to show that each of the operators
dm(y), dw(h) and dr(z) is bounded.

For h € h write h = hy + the where hy and hs are in the real Cartan subalgebra
By . Then w(h) = dmy(hy) + idm,(h2) so the operator norm ||dm(h)|| £ ma(h) £
mx(h1) + ma(h2) < .

For y in n™, choose h € h and = € n* such that [h,y] = —2y, [z,y] = h and
[h, 2] = 2z. Let s 2 5[(2, C) denote the subalgebra of g spanned by y, h and z. Let
v € V and let a 2 ag large enough so that there exist (i) elements yq , ho s Ta € go
with déo (Yo) = Y, ddo(ha) = h and doa(zs) = x, and (ii) an element v, € V,
such that n4(v,) = v. Here 1, : V, — V is the canonical homomorphism. The
s—submodule U C V, generated by v, is irreducible for s and contained in 1, (V,,) .
As V, is finite dimensional now U is an irreducible highest weight s—module. The
highest weight is k < |Aq(ha)| S ma(h).

Now V = @ Vi, where Vj, is a (possibly infinite) multiple of the irreducible s—
module of highest weight k € ZT. Each k, for which V}, # 0, is less than or equal to
m(h). The operator norm of dm(y) on V is the maximum of the operator norms of
dr(y) on Vi . Here each k < my(h), so ||dr(y)|| < co. The same argument shows
||dm(z)|| < oo for € nT. That completes the proof. O

We thank Roe Goodman for the idea of the argument of (iii) = (iv).
Even when A\ € h* fails to be dominant integral, the proof of (3.14) shows that
the spectral growth condition for m,, implies my(h) < oo for all h € b, .

4. THE BoTT-BOREL-WEIL THEOREM

In this section we indicate an extension of the Borel-Weil Theorem 3.13 to higher
cohomology. The main consideration is to keep cohomology in a fixed degree so that
a good analogue of Proposition 3.8 can be formulated. Several cases are known ([20],
[15]) where this is possible for direct limits of noncompact semisimple Lie groups.
Here we work out conditions under which cohomology degrees stabilize for direct
limits of compact Lie groups. Our Bott—Borel-Weil Theorem 4.6 is proved under
those conditions.
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Let 7, have lowest weight —\, as in (3.1). Write p, for half the sum of the
elements of AT = AT (g,,h,) and denote

(4.1) Ga = qa(Aa + pa) = [{va € AI | (Aa + Pas Va) < 0},

as usual. If A\, + pq is singular, i.e. if (\q + pa, Vo) = 0 for some v, € A}, then the
classical Bott—Borel-Weil Theorem says that every cohomology HY(X,; O(E})) =
0. If Ay + pq is nonsingular we define

(4.2)
Wo € W(goza hoz)
:= Weyl group element that carries A\, + p, to a dominant weight,

in other words such that (w, (Ao + pa);Va) > 0 for all v, € AL,

Then w, has length ¢(w,) = ¢o in a minimal length expression as a product of
simple root reflections. The classical Bott—Borel-Weil Theorem says that

HY(Xa; O(E)) = 0 for ¢ # ga,
(4.3) G acts irreducibly on H%(X,; O(EL))
with highest weight wa, (Aa + o) — Pa-

So our problem here is to find situations in which there exists an index g such
that g, is constant for @ 2 . (In the case of the Borel-Weil Theorem this occurs
with all ¢, = 0.) In order to do that we need a condition on the weight A of (3.1).

We fix b, the Borel subalgebra lim b, of g defined by (0.1), (0.2) and (0.3) with
bo C go for all a. Definitions 4.4 and 4.5 below depend on this choice of Borel
subalgebra b C g.

4.4. Definitions. The Weyl group W = W (g, ) is the group of all w|, where
w is an automorphism of g as follows. First, w(h) = h. Second, there is an index
oo = ag(w) such that: if 8 2 ag, then w(dés(gp)) = dés(gp) and wlae,(q,) is an
inner automorphism of d¢g(gg). The finite Weyl group is Wr = Wr(g,b,h) =
{w € W | w(b) N b has finite codimension in b}. If w € Wy then w(b) N'b has
the same codimension in b and in w(b), and we define this codimension to be the
length ¢(w).

Remark. There are many other possible choices for the definition of the Weyl group.
For example one has the smaller classical Weyl group W = Wy (g, h) given by
the quotient N¢g(h)/Za(h) of the normalizer of a Cartan subalgebra modulo the
centralizer, and one has a certain much larger total Weyl group Wior = Wiot(g,b).
Although Wei(g,h) S W(g,b) S Wiei(g,h), these all lead to the same finite Weyl
group. See [31] for a complete discussion. Our choice (4.4) of definition of Weyl
group in this paper is not really so important, because we make serious use only of
the finite Weyl group.

Remark. Whenever v € A, identify g, and b, with their d¢,—images, and identify
b with b3 by means of the Cartan-Killing form of g, . If the Cartan-Killing forms
are aligned in the sense of (7.1b) below, and if the alignment constants satisfy (7.8),
then g has a Cartan—Killing form as in (7.9), and it intertwines the actions of W
on h and on h*. In any case, if w € W there is a cofinal subset B of the index set
A such that: if § € B then, directly from the Definitions 4.4,

() w(Apg) = Apg and w(Aq) = Aa,

(i) wg = wly, € W(gg,hp) and wa = wly, € W(ga,ba), and
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(iii) the classically defined lengths ¢(wg) = £(w,) relative to AE and Al | respec-
tively.
As ¢(wq) is non—decreasing in «, there is an index o (which may depend on w)
such that the £(w) of Definition 4.4 is the common value of the classical lengths
U(wg) for B2 ap .
The idea of grouping parabolics whose intersection has finite codimension in
each, as in commensurablility for discrete subgroups of Lie groups, seems to be due
to I. Dimitrov and I. Penkov.

4.5. Definitions. A linear functional A € h* is classically cohomologically
finite if there exist w € Wy and aq as above, and an integral (exponentiates to H)
A € b with the following property: if 3 2 ag(w) then d¢j(A) is dominant relative to

A*(gp, hs) and dgj (A) = ws(Ag+ps)—ps . A linear functional A € h* is dominant
if it is classically cohomologically finite using the identity element of Wp , in other
words with A = A. A linear functional A € h* is cohomologically finite of degree
gx if, for « sufficiently large, A, + po is nonsingular and gy = go(Aa + po) as defined
in (4.1).

If A € b is classically cohomologically finite and 3 is sufficiently large, as above,
then d¢;(A\)+pp = wg(Ag+pp) is gg—nonsingular, so A\g+pg also is gg—nonsingular.
Thus, if A is classically cohomologically finite by means of w € Wp, then it is
cohomologically finite of degree ¢ = ¢(w).

Later we will see examples where \ is cohomologically finite of degree ¢ > 0
while Wr = {1} so that A cannot be classically cohomologically finite.

The Borel-Weil Theorem 3.13 applies precisely in the case where A is dominant.

We proceed by applying the idea of Section 3. Let A € h* be integral and
cohomologically finite of degree ¢ . Define E — X as in Lemma 1.4, let 72 denote
the natural action of G, on H?(Xs; O(E,)). Let 77 = lim 7 , natural inverse limit
action of G on HY(X;O(E")) = lim{H(X4; O(E},)),Ca)}. As in Proposition 3.8
we have a 7(G, )-invariant Hilbert space structure on H?(X; O(E*)). Then we
have a Bott—Borel-Weil Theorem as follows.

4.6. Theorem. Let A € h* be integral so that E — X is well defined.
1. If X is not cohomologically finite then every H1(X; O(E*)) = 0.
2. Assume that X is cohomologically finite of degree qx . Then
(i) HY(X;0(E")) =0 for ¢ # qx
(i) the inverse limit representation 78 of G, on H™(X; O(E*)) is an irreducible
unitary representation, and
(iil) if 73> satisfies the spectral growth condition (3.4) then wd* extends to a bounded,
strongly continuous, holomorphic representation 79 of G on H™ (X; O(E*)).

3. If, further, X\ is classically cohomologically finite, by means of w € Wg, then
gx = L(w) and the inverse limit representation w3 of G, on H™(X; O(E*)) has
highest weight A as in Definition 4.5.

Proof. Suppose first that A is not cohomologically finite. Then the g, (Ao + po) are
unbounded, for they are increasing in « and do not stabilize. Thus H?(X; O(E*))
= lIm{H9(Xa; O(E})), Ca} = 0 for every ¢ 2 0.

Now suppose that A is cohomologically finite of degree ¢y . Then H?(X; O(E*))
= lim{H(Xo; O(E})), a} = 0 for every ¢ # qx . If we view the H (Xo; O(E}))
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as Dolbeault cohomology spaces we see that the inverse system maps eventually
are surjective, so H%(X; O(E*)) # 0, and the remaining assertions follow as in
Proposition 3.8. O

Our question, now, is to pinpoint the conditions under which ) is cohomologically
finite or even classically cohomologically finite. In §7 below we give a general
sufficient condition for classical cohomological finiteness. But in §§5 and 6, we give
precise criteria on this for the very interesting “diagonal embedding”, “standard
embedding”, and “Warhol embedding”, direct systems.

5. DIAGONAL EMBEDDING DIRECT LIMITS

We examine a variation on the diagonal embedding direct limits of [33] and [4].
The purpose of the variation is to ensure the validity of the basic requirements (0.1),
(0.2) and (0.3) for our Borel-Weil Theorem. We work out a precise criterion for
classical cohomological finiteness in diagonal embedding direct systems, in order to
apply Theorem 4.6 in the context of of diagonal embeddings. We also give examples
of non—classical cohomological finiteness and we characterize the spectral growth
condition.

If A,, are matrices of degrees d,, for 1 < n < r then diag{A;,...,A,} denotes
the matrix of degree d = dj + - - - 4+ d,- with block diagonal entries A; through A, .

Type A. We look at diagonal embeddings of unitary groups. Fix sequences
r={rn}n>0, 8 = {Sntn>0 and t = {t,},>¢ of non-negative integers with ro > 0 =
so = to. Let do = 19,Gy,0 = SU(dp), and Gy = SL(dp;C). Recursively define
Gunt1 = SU(dn+1) and Gpy1 = SL(dp41;C) where dpt1 = dp(rp+1 + Snt1) +
tny1. Write A! for the transpose of a matrix A. The outer automorphisms 1 of
SL(d;C) and dy of sl(d;C) defined by

(5.1a)
0 0 0 1
00 ... 10
P(g) = J(¢") " T and dy(n) = —Jn'Jt where J = | ...
0 1 0 0
1 0 0
They act on the standard simple root system {a; = €1 —€2,...,a4-1 = €41 — €4}
by «; — aq_;. Define
(5.1b)

¢n+1,n : Gn - GnJrl by ¢n+1,n(g) = dlag{ga e 79,1/)(9)a e 71/)(9)a ]-7 ey 1}7
dPnt1n t Bn = Gnt1 DY dony1,n(n) = diag{n,...,n;dv(n), ..., dy(n);0,...,0}
with 7,41 blocks g, with s,41 blocks 1(g), and with ¢,41 entries 1. The point
of ¥(g) instead of (g*)~! here is that d¢n1, sends diagonal matrices to diagonal

matrices and sends upper triangular matrices to upper triangular matrices, so (0.2)
holds. Thus our basic setup is valid for

Gy = SUss4(00) = iy {SU(dn), &} and
G = SLrs4(00; C) = hm{SL(dy; C), frm.n}
where, of course, ¢m.n = Pm.m—1- Pm—1,m—2""* Pnr1,n for m >n.

One can, of course, do the same thing with G, ,, = U(d,,) and G,, = GL(d,;C),
obtaining Uy s ¢(c0) = Um{U(dn), ¢m.n}, GLrst(o0;C) = Um{GL(dp; C), pm,n}-

(5.1c)
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At that point one can replace some or all of the 1’s for ¢,41, in (5.1b) by var-
ious powers of det g, and the corresponding 0’s for d¢y,,41,, by the corresponding
multiples of tracen. See the Escher embeddings of Section 6.

Type BD. We look at diagonal embeddings of orthogonal groups. Again we fix
sequences r = {7}, >0, S = {8n }n>0 and t = {¢,},,>0 of non-negative integers with
ro >0=s9="10. Let dy = ro, Gy, = SO(dy), and Gy = SO(dp; C). Recursively
define Gy nt1 = SO(dp+1) and Gpip1 = SO(dp+1;C) where (i) if d, is even then
dp+1 = dn(rng1 + Sng1) + tnga, (il) if d,, is odd then dy41 = dprng1 + tny1. Thus
we may, and do, assume s,+; = 0 whenever d,, is odd. For d even, say d = 2u, we
consider the outer automorphisms ¢ of SO(d; C) and di of so(d; C) given by

(5.2a)  9(g) = DgD ™! and di(n) = DnD~! where D = diag{1,---,1,—1}.

Let & = diag{0z,---,02,J2,02, -+ ,02} where 0y is the 2 X 2 zero matrix and
Jo = (,01 (1)) is the ith diagonal block. Then {&i,...,&,} is the usual basis of the
usual Cartan subalgebra of so(d; C), dual to the linear functionals {¢;} such that
the ay = €1 —€9,...,aq-1 = €41 — €4 and ag = €4_1 + €4 form the standard simple
root system. Note that A — A induces the signed permutation

S8, y8a—1—8&i-1, Sa— —&a
and thus induces the permutation
Qap = ay, ... ,04-2F Qg—2, Qd-1""> A4, Qg+ Qd—1
on the simple root system. Again define
(5.2b)
Gntin t Gn = Gni1 by ¢ny1n(g) = diagly,....g:9(9),. .. ¥(g);1,..., 1},
dfniin : Gn = Gnt1 bY ddny1n(n) = diag{n,...,n dd(n),...,d(n);0,...,0}

with r,,41 blocks g, with s, 11 blocks ¥(g), and with ¢, entries 1. Recall s,,11 =0
if d, is odd, so the 1 (g) only occur when they are defined. As just discussed, ¢p+1,n
satisfies (0.2). Thus our basic setup is valid for

Gu = SOr,S,t(OO) = h—H>I{SO(dn)’ Qbmn} and
G = 504.5,4(00; €) = lim{SO(dn; C), om.n}

where, as before, ¢ = Om,m—1 Om—1,m—2 " Pny1,n for m > n.

One can, of course, do the same thing with G, ,, = O(d,) and G,, = O(d,;C),
obtaining Oys(00) = im{U(dn), ¢m,n} and Orst(00; C) = lim{O(dy; C), pmn}-
At that point one can replace some or all of the 1’s for ¢, 41, in (5.2b) by detg,
and the corresponding 0’s for d¢,1,, by tracen.

Type C. We look at diagonal embeddings of symplectic groups. Fix sequences
r = {rp}t,>0 and t = {t,},>¢ of non-negative integers with ro > 0 = t,. We do
not need a sequence s, though of course we may think of it as all zeros, because
every automorphism of Sp(d) is inner. We use the convention that Sp(d) is the
unitary symplectic group acting on quaternionic n—space or complex 2n—space, and
Sp(d,C) is its complexification.

Let do = ro, Gy, = Sp(dp), and Gy = Sp(dp; C). Recursively define Gy 11 =
Sp(dp+1) and Gpq1 = Sp(dny1;C) where dy41 = dprpg1 + tnt1. Define

¢n+1,n : GYL - GTH‘l by ¢n+1,n(g) = dlag{g) e 9 1) L) 1}7
dPntin : 8n — Gn+1 DY dbni1n(n) = diag{n,...,n;0,...,0}

(5.2¢)

(5.3a)
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with 7,41 blocks g and ¢,,11 entries 1. Now ¢p41,, satisfies (0.2), so our basic setup
is valid for

Gy = Sprt(o0) = h_n)l{ p(dn), dm,n} and
G= Spr,t( (C) = m{Sp(dm(C) ¢m n}

where, as usual, ¢p.n = Pmm—1 - Pm—1,m—2""* Pnt1,n for m >n.

The standard embedding direct limits of §8 are the cases of (5.1), (5.2) and (5.3)
where r; = 1, s; = 0 and ¢; = 1. There are many other interesting patterns such
as the doubling embeddings where r; = 2 and s; = 0 = ¢; , the tripling embeddings
where r; = 3 and s; = 0 = t;, etc.

For convenience of exposition we always assume that r; + s; > 0. This has no
effect on the limit, as one can simply increase the next ¢; .

At this point we have to fix some notation for Cartan subalgebras and roots.
We fix systems of Cartan subalgebras and linear functionals. Let J = ( O (1)) The
usual system is

Type Ag: bn = {diag{alv cee 7al+1} | ak € (Ca Ea‘k = O}a

(5.3b)

ex(diag{ay,...,ar41}) = ak,
Type By : b, = {diag{aiJ,...,asJ,0}|ay € C},
(5.4) ex(diag{arJ,...,asJ,0}) = v/—lay,
. Type Cl : hn = {diag{alv —ay,...,0a, —a,g} | aj € (C}’
ex(diag{ar, —a1,...,ar, —a_r}) = ay,

Type Dy : b, ={diag{a1J,...,arJ} | ar € C},
er(diag{ai J, ..., apJ}) = vV—1ay.

For pure type B it will sometimes be useful to think in terms of an alternative
system

Type Be: b, = {diagl0,ai],....acT} | ax € C},
€, (diag{0,a1J,...,arJ}) = vV—1ay.

The root system A,, = A(gn, by,) is

(5.5)

(5.6)
Type A A, ={%(e; —¢;),1Zi<j< 41} with d,, = ¢+ 1,
Type Be: A, = {*(e; £ ¢;) and te,1Si<js 4} with d,, = 20+ 1,
Type Coi: A, ={%(e; £¢j) and £2¢;,1 S0 <j S 4} with d,, = 2¢,
Type Dp: A, ={%(e; t¢),1Si<j= £} with d,, = 2¢.

We think of the usual positive root system A} = A*(g,,b,) as defined by its
simple root subsystem ¥,, = U(g,, b,), as follows. Here we also record p,,, half the
sum of the positive roots.

Type Ap: ¥, ={ex —epp1 |1 Sk S L3

Pn = £+1( +1 = ke,
Type Bp: U, = {ex — €41 | 1 <k <} U{ed,
¢
(57) Pn = Ek:l(ﬁ + % - k)6k7

Type Cp: U,, ={ex —ep1 |1 =k < L}U {26},

pn =Y (1= ke,
Type Dp: O, ={ex —ep1 | 1 Sk <L} U{er—1 + e}y

P = g (€ = F)er.
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These positive root systems satisfy (0.2) but are not nicely aligned for pull-back
of simple roots. For that, it is better to use the positive root system ‘At =
‘At (gn, bn), defined by its simple root subsystem '¥,, = "U(g,, b,,) as follows.

Type Ap: "0,y ={epy1—€ |1 Sk S0,

on =24y (k= & = Der,
Type Be: "0,y ={epr1—ex | 1S k<P U{e},
V4
63 oo = Sy (kD

Type Cp: "V, ={epp1—€x | 1Sk <} U{26e},
)
"pn =Dy ke,
Type Dy: ", = {€k+1 — €k | 1 § k< 6} U {62 + 61}7
n = her (k= Ve

It is immediate from the constructions (5.1), (5.2) and (5.3), that, either using
(5.7) or using (5.8) for positive root system, we have

5.9. Proposition. The diagonal embedding direct limit systems (5.1), (5.2) and
(5.3) satisfy the basic alignment conditions (0.1), (0.2) and (0.3). In particular the
Borel-Weil Theorem 3.13 applies to those limit groups.

The basic alignment condition (7.1) holds if and only if the r; + s; = 1, so we
must examine the precise conditions of the Bott—Borel-Weil Theorem 4.6.
Consider the inverse limit

(5.10) A = A(g, h) = lim (A(ga; o), dd o) -

Here it is understood that threads only exist above some point. Thus, if § € A,
say 6 = [da], then there is an index ag = ag(d) such that d¢j (s) is guaranteed
to be defined only when 8 2 a 2 ap(9). We will not have uniqueness such as that
of Lemma 7.3 unless r; + s; = 1, so the inverse limit A of (5.10) will generally be
larger than the direct limit Ap of (7.4). In fact, if we have r; +s; > 1 infinitely
often, then AT will be uncountable. In any case it is important not to confuse A
with Ap.

5.11. Definition. A diagonal embedding direct limit system (5.1), (5.2) and (5.3)
is of classical type if, for some index ig, r; + s; = 1 whenever i 2 iy. If it is
not of classical type, in other words if r; + s; > 1 infinitely often, then it is of
non—classical type.

Let g = limg, be one of the three types (5.1), (5.2) or (5.3) of diagonally
embedded direct limit systems. Suppose that it is of classical type. The root
system A, = A(gn,bn) is given by (5.6). In each case let ¢, € h* denote the
linear functional that sends d¢,(n) € b to €x(n), computed in b, , for n sufficiently
large. Here, if m = n with n sufficiently large, every root v, € A, is of the form
dgy, n(Vm) for just one vy, € A, . From this the inverse limit (5.10) is in effect a
union when g = lim g, is of classical type. Thus

5.12. Proposition. Let g = limg, be a diagonal embedding direct limit system
(5.1), (5.2) or (5.3) of classical type. Then the root system

A= Ag.h) = JA(gn.bn)
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in the sense that it is given by
Type A: A(g,h) = {£(ei —¢5),1 S i< j < oo},
Type B: A(g,h) = {x(e; t¢j) and £¢;,1 i< j < oo},
Type C: A(g,h) = {£(e; £ ¢;) and the £2¢;,1 S0 < j < oo},
Type D:  A(g,h) ={£(e; £ ¢€;),1 =i <j < oo}
There is a root space decomposition g =h+ A 8o, and the Weyl group W (g, b)
of (4.4) is given by
Type A: all permutations of the €; that preserve each {e;....,€q,} for n >0,
Type B: all signed permutations of the €;
that preserve each {%e;....,%eq,} for n>> 0,
Type C: all signed permutations of the €;
that preserve each {%es....,%eq,} for n>> 0,
Type D: all signed permutations of the €;
that preserve each {*ej....,teq, } for n >0,

where the number of sign changes on {e1. ..., €eq, } is even for n > 0.

The finite Weyl group situation is more delicate. It clearly distinguishes between
the root orders of (5.7) and (5.8). Denote

b=bh+ Z g—, Borel for (5.7) and
veAt

=bh+ Y g, Borelfor (5.8).
vE'AT

(5.13)

5.14. Proposition. Let g = limg, be a diagonal embedding direct limit system
(5.1), (5.2) or (5.3) of classical type. Then Wg(g,b,b) is given by all finitely sup-
ported permutations w (without any sign changes) of the ey, in other words all
permutations w such that, for some ny = no(w) > 0, we have w(ex) = €, whenever
k=ng. And Wg(g,'b,bh) is given by

Type A: all finitely supported permutations of the eg,

Type B: all finitely supported signed permutations of the €,

Type C: all finitely supported signed permutations of the e,

Type D: all finitely supported signed permutations of the e

where the number of sign changes is even.

In Section 8 we will describe a more general characterization of Wr and will
see how the second part of Proposition 5.14 can be formulated as Wg(g, b, ) =
@W(gm b, b))

Proof. The statement concerning Wg(g, 'b, h) is straightforward. In effect, each
simple ¢, € ¥, has unique expression 1, = d@y, ,,(Vm) With v, € Ay, for m 2 n,
and here vy, is some ¥, € '¥,,. So if w € W is finitely supported and wy,
has a given reduced expression sy, , ... 8y, , as product of simple root reflections,
ie. Y € Uy, and if m 2 n, then w,, has reduced expression Shy v+ Stp Of
the same length where ¥y, € ¥,, and d(i):mn(wm,k) = Y. Thus every w €
Wr(g, b, ) is finitely supported. Conversely if w € W (g, h) is finitely supported
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then a computation shows that w € Wg(g,'b,h). The assertion on Wg(g,'b,h)
now follows from the (signed) permutation description of the W (g, by ).

Now consider Wr = Wr(g, b, h). If w is a permutation without any sign changes
and w(e;) = ¢ for i 2 ng then w € Wy directly from the definition. Conversely
suppose w € Wp . Decompose w = wsw, where w, permutes the {¢;} and ws gives
the sign changes. We first show ws = 1. Of course this is automatic for diagonal
embedding direct limit groups of Type A, so we suppose that G is of Type B, C or
D. As 4(w) < oo we have wg(e;) = —¢; for only finitely many indices . Choose one
such index 4 and let w be the index such that w(e,) = —e;. There are infinitely
many indices v > u such that w(e,) is of the form €; with 7 > i. For each such
index v, the root €, — €, is positive while w(e, — €,) = —¢; — €; is negative. That
contradicts ¢(w) < oco. Thus we cannot make a choice of index 4, in other words
ws = 1. We have proved the statement characterizing Wg(g, b, ). O

5.15. Proposition. Let g = limg, be a diagonal embedding direct limit system
(5.1), (5.2) or (5.3) of classical type. Let A = Y mje; € b*, m; real. Then the
following conditions are equivalent.

(i) A is cohomologically finite,
(ii) A is classically cohomologically finite, and
(iii) Root order (5.7): the m; are integers, m; # m;t1 — 1 for all i, m; 2 m;11
with only finitely many exceptions, and for Types B, C and D all m; = 0.
Root order (5.8): the m; are integers, m; # m;11 + 1 for all i, m; < m;41
with only finitely many exceptions, and for Types B, C and D all but finitely
many m; 2 0.

2
<

Proof. First suppose that we are in the case of root order (5.7). We show that (i)
implies (ii). Let A be cohomologicaly finite of degree ¢, . For n sufficiently large we
have a unique Weyl group element w,, € W (g, b,) of Weyl group length gy such
that wy, (An, + ppn) — pr, is dominant. This dominance means (wy, (A, + pn) — pn, €i) =
<wn(>\n + Pn) - pn;€i+1> for 1 é i = (¢ for Type Ay, <wn(>‘n + pn) - pn;€i> 2
(Wn(An + pn) — pny€it1) Tor 1 £ 0 < £ and (w, (A, + pn) — pn,€e) = 0 for Types
By,Cy and Dy . For m 2 n, w,, has the same Weyl group length ¢, as w,, and also
satisfies these dominance conditions.

The Cartan—Killing form of g,, restricts (by means of d¢,, ) to an invariant
bilinear form on g, , thus to a (necessarily positive) multiple of the Cartan—Killing
form of g, . We identify the Cartan subalgebras with their duals, by : b}, = by, and
that identification by is essentially invariant under our inclusions because d¢y, ,, -
by - dpmn = Cmnbm for some ¢, > 0. Later we will formalize this situation
as alignment (7.1b) of the Cartan—Killing forms. Anyway, now we see that w,
preserves by = déy, ,(b;,), and the restriction of wy, to by, is given by w,. More
precisely, doy, , - Wy = Wy, - doy, ,

In view of the last paragraph of the proof of Proposition 5.14 we conclude that
wy, acts only by permutations — no sign changes — on the ¢;. Thus we have
w € Wpg such that w, = w|y, for n sufficiently large. The length ¢(w) is the
cardinality of

No(w) = {vy, € A; | wn(vn) € _A;}
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for n = ng = no(w). If m = n 2 ng then dg;, ,,(Nm(w)) = Np(w). Thus N, (w)
has exactly £(w) elements and, in fact, w,(pn) —pn = =3, N (w)Vn - This proves:

(5.16a) if m 2 n >0, then do;,, ,, (Wm(pm) — pm) = wn(pn) = pn -
In particular, as A € h* is integral and satisfies

(5.16Db) (wn(An + pn),vn) >0 for n>> 0 and v, € A}
where A, = d¢}, ()), there is a dominant integral element X € b* such that

(5.16¢) s (N) = wn(An + pn) — pn for n>>0 .

This completes the proof that (i) implies (ii) for root order (5.7).

We show that (ii) implies (iii). The m,; are integers because A is integral. In
view of (5.7), the condition m; # m;41 — 1 just says that (A, + pn, € — €;41) # 0,
which follows from the nonsingularity of A, + p,, that is built into the definition of
cohomological finiteness. A real functional X = > m/}e; is dominant if and only the
following are satisfied. For Type A: mj 2 mj,; for all 4, so every (X', e; —€;41) = 0.
For Types B, C and D: mj = mj; for all 4, so every (X, €¢; — €;41) = 0, and also
m} = 0 for all 4, so every (N,¢;) = 0. This completes the proof that (ii) implies
(iii) for root order (5.7).

Now suppose that we are in the case of root order (5.8). The argument that
(i) implies (ii) is exactly the same as for root order (5.7) except that w,, may
incorporate sign changes. In view of Proposition 5.14 we still have w € Wg such
that w, = wly, for n sufficiently large. The argument now continues as for root
order (5.7). Thus (i) implies (ii) for root order (5.8).

We show that (ii) implies (iii). The m,; are integers because A is integral. In
view of (5.8), the condition m; # m;t1 + 1 just says that (A, + pp, €i+i — €;) # 0,
which follows from the nonsingularity of A\,, + p,, that is built into the definition of
cohomological finiteness. A real functional X = > m/e; is dominant if and only the
following are satisfied. For Type A: mj < mj_; for all 4, so every (N, €41 —€;) 2 0.
For Types B, C and D: mj < mj,, for all i, so every (X,e;11 —¢;) 2 0, and also
m} = 0 for all 4, so every (X,¢;) = 0. This completes the proof that (ii) implies
(iil) for root order (5.7).

It is immediate from (5.7), (5.8) and Proposition 5.14 that (iii) implies (ii) and
thus implies (i). That completes the proof of Proposition 5.15. |

The situation in the non—classical case is given by

5.17. Proposition. Let g = limg, be a diagonal embedding direct limit system
(5.1), (5.2) or (5.3) of non—classical type. Then the root system A = A(g,h)
is uncountable and g has no root space decomposition, and the finite Weyl group
Wr = Wg(g,h) is reduced to {1}. In particular, a functional X € b* is classically
cohomologically finite if and only if it is dominant.

Proof. Look at the levels where r; +s; > 1. In the inverse system (5.10) each root
is the restriction of several roots, so A is uncountable.

Let wy € W and let n be sufficiently large so that, if m 2 n, then w preserves
gm and acts by an inner automorphism on g, . Write this inner automorphism as
Wy, = Ad(gm) with g, € Gy, . Decompose the Borel subalgebras b,, = (b N g,,) C
Om as by, = b, @ (wn(by,) N by,), vector space direct sums, in such a way that
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ddem(b],) C b} for £ 2 m = n. To do this recursively we need only note that

ddrmi1,m (07,) N (Wiat1 (brg1) N bragr)
= d¢m+1,mw:n) N (dbm+1,m(8m) N (W1 (brg1) N b))
= d¢m+1,mw;n) N (dbms1,m(9m) N (Wit 1(bmy1)) N (dPmt1,m(Gm) N b))

= d¢m+1,m(b;n) N dbmy1,m (Wi (bm) N byy)
=0.

Thus we can use ddmy1,m(b),) to start a vector space complement bj, ,, to
merl(berl N berl) in berl .

The classical Weyl group length is ¢(wy,|p,.) = dimb], . It is the number of
positive root spaces of (gm,bm) sent to negative root spaces by wy,, and bl is
the sum of those root spaces. By construction of diagonal direct limits, if s is a
root space of (gm, hm ) then ddpmi1,m(s) is contained in a sum of Spy41 + tim41 root
spaces of (@m+1,Hm+1), but not in a sum of fewer. This also shows first that g
does not have root spaces and second that dim bj,, ., 2 (sp41+tmy1)dimb], . Our
direct limit system was assumed to be of non—classical type, so these dimensions
are unbounded, unless of course w = 1. Thus the classical Weyl group lengths
l(wmy,,) are unbounded unless w = 1, forcing Wr = {1}. The last statement
follows. O

5.18. Examples of non—classical cohomological finiteness. Let g = limg,
be a diagonal embedding direct limit system (5.1), (5.2) or (5.3) of non—classical
type. We give a construction, based on an example of Ivan Dimitrov, for cohomo-
logically finite functionals A € h* that are not classically cohomologically finite.

Consider the case of doubling: r; = 2,s; = t; = 0 for all . Start at some
point n, set d = d,, , and let \,, = >, <;<,Mn,i€; such that A\, + p,, is nonsingular
but not dominant. Thus X, leads to a nontrivial representation of G,, on some
H¥(X,; O(E?)) with k = q,(Ay + pn) > 0. If G, is of Type B, C or D we also
assume that each m,,; = 0. Let m,, be the minimum of the m,, ;.

We want to construct A\,1 = Eléz‘SQd Mp+1,i€; with the restriction condition
At 1lgninn(bn) = An and the degree condition gni1(Ant1 + Pri1) = @n(An + pn)-
The restriction condition just says mpi1,; + Mpt+1,d4i = Mp; for 1 < @ < d.
View A, as a d-tuple (mp,1,...,Mn,q). The restriction condition then becomes
Ant+1 = (A — U, vy) for some d-tuple v, = (by1,...,bn.q) . The degree condition
is much more delicate, but it will follow, for example, if

(i) Qn()‘n —Un+ Pn) = Qn(/\n + Pn);
(5.19) (ii) gn(vn + pn) =0,

(iii) vy, satisfies my, — by, ; = by,; .

b= s

We can always arrange (5.19) by taking v, = (bn,...,b,) where m, — b, 2 b,
for g of Type A, m,, — b, = b, 2 0 for Types BD and C. In any case, we have
indeed shown the existence of A\,41 € b}, ; with the desired properties, and any
string of such A; gives a cohomologically finite element A € h* = lim b of degree
k= gn(An + pn) > 0.

This pattern persists beyond doubling. For example, if r,41 = 3 and s,41 =
tn+1 = 0 one takes A\p+1 = (A — fbn — Vn, fin, Vn)- Then the restriction condition is
satisfied, and one can satisfy the degree condition, with the appropriate analogue of
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(5.19). That can always be arranged with p, = (an,...,a,) and v, = (bp, ..., by)
where m,, — (ay, + b,,) = a,, = by, for g of Type A, my, — (an, +bn) = ap 2 b, 20
for g of Type BD or C. But there may be many other possibilities. In any case, the
possibility of this construction shows the following:

5.20. Lemma. Let g = limg,, be a diagonal embedding direct limit system (5.1),
(5.2) or (5.3) of non—classical type. Then there exist cohomologically finite func-
tionals X € h* of arbitrary degree g > 0. In particular such \ are not classically
cohomologically finite.

Finally, as in Section 4, we have the following Bott—Borel-Weil Theorem for
diagonal embedding direct limit groups.

5.21. Theorem. Let g =limg, be a diagonal embedding direct limit system (5.1),
(5.2) or (5.3). Let X\ € b* be integral so that E — X is well defined.

1. If X is not cohomologically finite then every H1(X; O(E*)) = 0.

2. Assume that X is cohomologically finite of degree q) . Then

(i) HY(X;0(E")) =0 for ¢ # qx

(i) the inverse limit representation 78 of G, on H™(X; O(E*)) is an irreducible
unitary representation,

(iil) if g is of classical type, then X is classically cohomologically finite, say by
means of w € Wg with £(w) = qx, and the inverse limit representation 7>
of Gy, on H™(X; O(E*)) has highest weight X as in Definition 4.5, and

(iv) if 73> satisfies the spectral growth condition (3.4) then wd* extends to a bounded,
strongly continuous, holomorphic representation 79 of G on H™ (X; O(E*)).

Spectral growth. We characterize the cohomologically finite A € h*, for which the
corresponding irreducible highest weight representation of G,, satisfies the spectral
growth condition, for the direct limit groups (5.1), (5.2) and (5.3) of classical type.

In the classical situation, write A € h* as A = >°7° | m;e; with A, = dgf, () =
Zf.;nf(h") mge€;. Let {&} be the basis of h which is dual to {¢;}, so €;(§;) = d;;, as
before. Write h € h as h = > 2;&. Only finitely many of the z; are non—zero.
Then h,, = 300 z¢;.

5.22. Proposition. Let Gy, =lim Gy, be a direct limit group (5.1), (5.2) or (5.3)

of classical type. Let A =Y .2, m;e; be dominant integral. Let m, be the irreducible
representation of G, with highest weight \. Then the following are equivalent:

(i) m, satisfies the spectral growth condition,
(i) limsup, |m;| < oo, i.e. A is Lo, and
(iii) there exists an index ig such that m; = m; whenever i, j 2 i.

Proof. Let ng > 0 such that )\, is dominant integral whenever n = ng. Identify
the Weyl group W, of G,, as follows.
(A) G, = SL(d;C) and W, is the symmetric group Sy acting by permutations on

{61, ce 6(1}.
(BD) Gy, = SO(2d + 1;C) or G,, = Sp(d; C), and W, is the extension F'Sq where
F = 74 acts by sign changes on {e1,...€q}.
(D) G, = S0(2d;C) and W, is the extension ESy where E = Z3™! acts by even
numbers of sign changes on {e1,...,€q}.
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If w e W, we write w(}_ mie;) = D> my )€, viewing it as acting by (possibly
signed) permutation on the coefficients. Now

dim(byp
1imsup< max {|)\ (wph )|}> :hmsup( max {‘Z () My, (i)

n2no \Wn€W n=ng \Wn€Wn

Proposition 3.14 now shows that , is of spectral growth if and only if

. dim(bhy,)
lim sup <wglea&(/’L HZ My, (i) Ti }) < 00

ngno
for each fixed h. This happens if and only if lim sup |m;| < oc.
Since A is dominant integral, the integer sequence {m;} is decreasing. Thus
lim sup |m;| < co means that {m;} is eventually constant. O

In general, diagonal embedding direct limit Lie algebras have roots, but it is easy
to see that only those of classical type have root spaces. Compare ([33], H]). In some
special cases, for example the “standard embedding” direct limits, it is of course
well known that the limit Lie algebra g has both roots and root spaces. There in
fact the elements of g act as operators of finite rank on lim{ H%(X,,; O(E,)), Cn,m }-
See Section 6D below.

6. SOME PARTICULAR DIRECT LIMIT SYSTEMS

In §6A we glance at the standard embeddings, the most traditional case of di-
agonal embeddings. In §6B we glance at the Warhol embeddings; they are certain
“non—Archimedean” variations on diagonal embeddings, where the index set is not
linearly ordered but the method of §5 remains valid. The variation is in the or-
dering of our index set, the set N of positive integers. In §6C we look at Escher
embeddings, a mild twist (pun intended) on standard embeddings.

6A. Standard Embeddings. The standard embeddings are the traditional special
cases of diagonal embeddings, as follows. They are all of classical type.

For Type A we have r; = 1, s, = 0 and ¢; = 1. Thus G,, = SU(n), so
G, = SL(n,C). The index set is the natural numbers with the usual ordering. For
n 2 m, the standard embedding ¢p m : G — Gy, is specified by g — (g I?)
where I,,_,, is the identity matrix of size n — m. The direct limit group G, then
consists of infinite matrices of the form (0 I) where g € G, for some n and [ is an
infinite identity matrix. Similarly for the complexified direct limit group G. These
are the groups which are generally known as SU(c0) and SL(co, C), respectively.
We can also use the U(n) and GL(n;C) and obtain the direct limit groups U(co)
and GL(oo,C).

For Type BD we also have r; = 1, s;, = 0 and ¢; = 1. Thus G, = SO(n) and
G, = SO(n,C), with the standard embeddings defined as for Type A. The direct
limit groups are called SO(c0) and SO(oc0, C). There are three standard variations
here: (i) one can use G, = O(n) and G, = O(n,C), (ii) one can take t; = 2
to stay with Type B or stay with Type D, and (iii) one can do both (i) and (ii).
The resulting direct limit groups are usually denoted (i) O(oo) and O(co, C), (ii)
SO(200) (resp. SO(200 + 1)) and SO(200,C) (resp. SO(200 + 1,C)), and (iii)
O(200) (resp. O(200 + 1)) and O(200,C) (resp. O(200 4+ 1,C)).
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For Type C we again have r; = 1, s; = 0 and ¢; = 1. Thus G, = Sp(n) and
G, = Sp(n,C) with standard embeddings, as defined above. These direct limit
groups are usually denoted Sp(co) and Sp(co, C).

6B. Warhol Embeddings. The Warhol embeddings are based on the ordering:
m = n if m divides n, that is, if m|n. If m < n, we define ¢p m : Gy — Gy,
by ¢n.m(g) = diag{g,...,g} with n/m blocks down the diagonal. They are of
non—classical type.

As before we have three flavors of direct limit groups: unitary

(6.1)
Type A: Gy, = SUyar(00) =lim{SU(n), ¢pn,m, (N, <)} and

G = SLyar(00; C) = lim{SL(n; C), ¢n m, (N, 2)},
orthogonal

(6.2)
Type BD: Gy = SOyar(00) =lm{SO(n), dnm, (N, <)} and

G = 50yar(00; C) = im{SO(n; C), dn,m, (N, 2)},
and symplectic
Type C: Gy = Spuar(o0) = Hm{Sp(n), d.m, (N, <)} and
G = Spwar(00; C) = lim{Sp(n; C), ¢n,m, (N, =)}

As in Proposition 5.9, these systems are set up so that

(6.3)

6.4. Proposition. The Warhol embedding direct limit systems (6.1), (6.2) and
(6.3) satisfy the basic alignment conditions (0.1), (0.2) and (0.3). In particular the
Borel-Weil Theorem 3.13 applies to those limit groups.

The method of §5 goes through without change for the Warhol embedding direct
limit systems. They are of non—classical type, and have cohomologically finite
elements A € h*, so the Bott—Borel-Weil Theorem 5.21 holds as stated there.

6C. Escher Embeddings. Consider the classsical groups U(n) and the homo-
morphisms

Gnt1n U(n) — U(n+1) given by ¢ny1.,(9) = (g (detog)_1> .

Setting ¢, = id and ¢pykn = Pntk,ntk—1- - Pnt1,n Whenever k > 1, we obtain
a directed system. The Escher embeddings ¢n11., : O(n) — O(n + 1) are defined
similarly. They are of classical type.

7. COHERENT ROOT ORDERS AND CLASSICAL
COHOMOLOGICAL FINITENESS

In this section we consider direct systems that are the general counterpart for
diagonal direct limit systems of classical type with root orders that share the prop-
erties of (5.8). We examine classical cohomological finiteness for these “coherent
root order” systems and the corresponding Bott—Borel-Weil Theorem.

As before, U, = ¥(ga,hs) denotes the simple root system corresponding to
the positive system A} = AT (g,,h,). Write L for orthogonality relative to the
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Cartan—Killing form (-,-)g. The first element of our general condition concerns the
way simple roots pull back in (0.2): if « € A there exists & = « such that

if Yo € ¥, and § 2 @, then there exists ¢g € Vg such that
(i) dosa(tp) =4a and (i) ¥p(ddp.a(ha)’) = 0.

The second element of our sufficient condition, more or less required by (7.1a)(ii),
is that the Cartan—Killing forms are aligned as follows.
if § 2 «, there exists kg o such that

kﬁ,a<£v77>a = <d¢ﬁ,a(£)v d¢ﬁ,a(n)>ﬁ for 5777 € Gu,a -

Note that kg, = 1 for § = a — compute in a basis of g, s that starts with
a basis of gy, . Also, kygksga = kyao for v 2 8 2 a. If g, is simple then
(-,)8 - (dog,a @ dpg o) is proportional to (-, -)q , so (7.1b) is automatic.

7.2. Definition. The direct systems {Guy.a, ®8,a }a,8c4 and {Ga, ¢8,o} have co-
herent root orderings if (7.1) holds. (This is the general analogue of (5.8) on
classical diagonal direct limit systems.)

(7.1a)

(7.1b)

7.3. Lemma. If {Gy o, P8.ata,8ea have coherent oot orderings, then the simple
root ¥g of (7.1a) is unique. In fact, if vo € Ay there is a unique oot vg € Ag such
that (i) d¢j ,(vs) = va and (i) vg(dds.a(ha)t) = 0. In particular there is a root
space decomposition g =bh 4+ A v -

Proof. Let 15,¢; € Wg satisfy (7.1a)(i) and (7.1a)(ii). Then they agree on
dos,a(ha) by (7.1a)(i), and by (7.1a)(ii) they agree on its orthocomplement
ddp.0(ha)t in hg. So 1 =4}, uniqueness on the simple root level.

Let v, € Aj and expand it as Y n;; with ¢; o € ¥, and n; integers = 0.
Consider a chain {v1 o, ..., Vn.a} C A such that v , is of the form Yi0),a € Ya,
each V1,0 — Vm,a is of the form ¢s(,) o € Yo, and vy o = v . Let ;g denote
the unique root in Wy such that doh ,(vip) = Yia and ¢is(dds.a(ha)™) = 0.
Define v1,3 = ¥s(0),8, and Vmy1,8 = Vm,p + Ypm),p for 1 < m < n —1. By
(7.1), the integers 2<£f:>> that determine a chain of roots, in this case that tell us
Vm+l,0 = Vm,a + d)f(;n)’a is a root, are the same as those computed for the v; g.
Thus each V11,8 = Vim,g + ¥ f(m),p is a root. Now vy, 5 € A; for 1 £m < n, and
Vg = vn,p satisfies both (i) d¢ , (v3) = va and (i) v5(d¢g.a(ha)t) = 0. That gives
existence on the positive root level. Existence follows for v, € A, , and uniqueness
follows by the argument used for simple roots. O

Lemma 7.3 defines injective maps dgg o : Aq — Ag. We define finite root
systems, positive finite root systems and simple finite root systems for (g,h) by

Arp = Ar(gh) = lim (A(ga, ba), ddp,ax)
(7.4) AL = Af(g.h) = lim(AT(ga:ba) ddp.ax),
Urp = Up(g,h) = lm(¥(ga,ha) ddsa,x)-

7.5. Lemma. Let {Gy 0, ®8,a}a,8ca have coherent root orderings. Let o € A and
8 € B witha L a < .

1. If Yo € Uy and g = dog,a«(Va), then the simple root reflections satisfy
Sypg - d(ﬁ@a = dfbﬁ,(y * Sy -

2. Let wo € W(ga,ha). Choose a reduced (minimal length) expression w, =
Sipiy e - Sipi, o Where the Vi 0 € Wo . Let Yi; 5 = dga,«(tija) € Vg. Then
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Wg = Sy, 5. Sy, s € W(ag, ) is a reduced expression. In particular £(wa) =
U(wg). Furthermore, wg is the unique element of Wy such that (i) wg is the identity
on ddg.a(ha)® and (ii) ws - ddg.a = ddg.a - W -

Proof. The hypothesis (7.1b) says that the hyperplane (13 = 0) in bz is the orthog-
onal direct sum dég o ((Va = 0)) ®dds.q(ha)’, and that deg o maps the line (1, =
0)* in b onto the line (g = 0)* in hg. It follows that sy, - ddsa = dg.a - Sy, -
The assertion wg - dgg,o = dpg,q - We follows.

We check that the defining expression for wg is reduced. The length ¢(wg) < k
because of the existence of this expression. If the expression for wg were to reduce
further, it would do so in a way that reduces the length of the expression for w, .
See [7, Ex. 1(a), p. 37]. Thus ¢(wg) = ¢(wa) = k because the expression of w,, is
reduced.

Let wj; € Wp such that (i) wf is the identity on d¢g.q(ha)* and (i) wj-dds.a =
dg o - We . Here (ii) says that wg and w’ﬁ agree on d¢g o(ha), and (i) says that
they agree on its orthocomplement d¢g o (ha)®. Thus w% = wg. O

Lemma 7.5 defines injective maps Ad (d¢g,o) : Wo — Wp. Part of Definition
4.4 can be reformulated

WF - WF(Q; h) = h_II)l{Wa, Ad (d¢ﬁ,a)}7

7.6

(7.6) group of linear transformations of .
Denote

(7.7a) da(ba)" = lim {ddg.a(ha)”, doy s}

pza

If w e Wr(g,h), say w = Ad (dds )(ws ), then w preserves do,(ha), and w is the
unique element of Wr(g,h) such that (i) w is the identity on de¢q(ho)* and (ii)
W - dpo = dpe, - wo . Thus

Wr(g,b) is generated by the simple root reflections
su b — b with ¥ € Up(g,b).

Note that (7.6) and (7.7b) are consistent with the more general Definition 4.4 of
finite Weyl group. Also, here, Lemma 7.5 says that the length ¢(w) of a reduced
expression in simple root reflections is the same as £(w).

On occasion we will want to consider the addition to (7.1b) given by

(7.7b)

(7.8) if & € A then kq :=limsup kg o < 00.
BZa

When (7.8) holds we automatically have k, = 1 and kgkg o = ko. But more to
the point, (7.8) specifies a Cartan—Killing form on g,

(7.9) (Pa(la); Pa(Na)) = kallarNa)a for €asNa € ga -

The interpretation (7.7) of Wg(g,h) as the group of isometries of b generated by

the simple root reflections, is made explicit when (7.8) holds. For then sy : b — b is
given by sy (1) = n—%hw . Here by, € his, of course, defined by (hy,n) = ¥(n).

The argument for (i) < (i) in Proposition 5.15 extends essentially without
change to direct systems with coherent root orders, as follows.
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7.10. Proposition. Let {Gua, 98,0 }ta,3c4 have coherent root orderings. Let A €
h*. Then X is cohomologically finite if and only if it is classically cohomologically
finite.

Now, as in §§4 and 5, we have

7.11. Theorem. Let {Gy o, P3.a}ta,8ea have coherent root orderings. Let A € b*
be integral, so that E — X is well defined.

1. If X is not cohomologically finite then every H4(X; O(E*)) = 0.

2. Assume that A is cohomologically finite of degree qy , so also X is classically
cohomologically finite, say by means of w € Wg(g,h) with £(w) = qx. Then

() HI(X; 0(E") = 0 for a £ ax.

(i) the inverse limit representation 78 of G, on H™(X; O(E*)) is an irreducible
unitary representation of highest weight A as in Definition 4.5, and

(iil) if 7@ satisfies the spectral growth condition (3.4), then wd* extends to a

bounded, strongly continuous, holomorphic representation w9 of G on
H™>(X;O(E")).

8. INCOHERENT ROOT ORDERS AND COHOMOLOGICAL FINITENESS

In this section we return to our general direct limit situation, requiring only
the conditions (0.1), (0.2) and (0.3). (In fact we can drop (0.3) if we take the
Jo C go to be Borel subalgebras.) We pick out the maximal coherent root order
part of the inverse system {AT(gq,bhs)} and show how it specifies the finite Weyl
group Wr(g,b,h). We then define classical direct limits, extending the notion of
“classical” for diagonal direct limits, show that coherent root orders occur only in
this classical case, and show in the classical case that the notions of cohomolog-
ical finiteness and classical cohomological finiteness are the same. This gives an
extension of the Bott—Borel-Weil Theorem 7.11.

As before, ¥, denotes the simple root system that defines the positive root
system AT = AT (g4, ha), by is the corresponding Borel subalgebra of g, , and b is
the limit Borel in g. Define

(8.1)
Eq = {¥a € ¥, | if B > « then there is a unique 95 € ¥y

such that d¢j v = Yat s
Wz(ga, ha) := subgroup of W(ga, ha) generated by reflections

in the roots ¥, € Z, .
Asin (7.4), (7.6) and (7.7) we have
== (1mZa) € Ag.b) and Wa(g, h) = lim Wz (g, ba)

C W(g,h), where we define Wx(g, ) := group generated
by the simple root reflections sy : h — b with ¢ € E.

(8.2)
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If g = lim go , diagonal direct limit of classical type, then the root orders (5.7)
and (5.8) lead to

(5.7): Type A;: E, =V, and W=(gn, hn) = W(gn, bn)

= all permutations of {e1,..., €41},
Type By : E, = ¥, \ {€,} and Wz(gn, bhn)
= all permutations of {e1,..., €},
Type C¢ : 2, = Uy \ {2¢,} and Wz(gn, bn)
(8.32) = all permutations of {e1,..., €z},
Type Dy : 2, = U, \ {€/—1 + €} and Wz(gn, bn)
= all permutations of {e1,...,€e};

(5.8): Types A¢, By, Cy and Dy :
Ep = ¥y and Wz(gn, hn) = W(gn, bn).
Here we can reformulate Proposition 5.14 as
for both root orders (5.7) and (5.8),
the finite Weyl group Wr = W=(g, b).

Now we can characterize the finite Weyl group in some generality. The proof
proceeds as in the proof of (7.6), with Z in place of ¥.

8.4. Proposition. The finite Weyl group Wg(g,b,5) = W=(g,h) as specified in
(7.13) above.

(8.3b)

A diagonal direct limit system is of classical type, as in Definition 5.11, if and
only if it is of classical type in the following more general sense.

8.5. Definition. The direct systems {G, 93,0} and {ga,ddgs.o} are of classical
type if, for every index « sufficiently large and every root v, € A(ga,ba), if
B 2 « is sufficiently large then there is a unique root vz € A(gg, hg) such that

d¢[*37a(yg) = V.
In view of Lemma 7.3,
8.6. Lemma. If {G.,¢p.q} has coherent root orderings then it is of classical type.

The argument that (i) implies (ii) for root order (5.7) in Proposition 5.15 extends
to our situation, proving

8.7. Proposition. Let {G,,¢s.0} be of classical type. Then X € h* is cohomolog-
ically finite if and only if it is classically cohomologically finite.

This leads to the exact analogue of Theorem 7.11:

8.8. Theorem. Let {Gy.0,P8,0}a,sea be of classical type. Let A € h* be integral,
so that E — X is well defined.
1. If X is not cohomologically finite then every H4(X; O(E*)) = 0.
2. Assume that X is cohomologically finite of degree qx , so also X is classically
cohomologically finite, say by means of w € Wr(g,h) with £(w) = qr. Then
() HY(X:O(E") =0 for g # 4z,
(i) the inverse limit representation 78 of G,, on H™(X; O(E*)) is an irreducible
unitary representation of highest weight X as in Definition 4.5., and
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(iii) of ©@ satisfies the spectral growth condition (3.4), then wd* extends to a

bounded, strongly continuous, holomorphic representation 7w of G on
H®>(X;O(E")).

APPENDIX A. DIRECT AND INVERSE LiMITS: BAsic FACTS

For most results on direct and inverse limits, the simplest and most efficient
proofs are obtained by using the universal mapping properties that define those
limits. We use this approach while minimizing categorical language. Thus we
define direct and inverse limits by their universal mapping properties, but describe
them in less abstract terms for the categories considered in this paper. The index
set is not assumed countable in Appendices A and B.

The following definitions are elucidated by commutative diagrams (A.5) and
(A.6). The horizontal arrows of (A.5) designate a direct system and the dotted
arrows in (A.5) show a compatible family of morphisms.

A.1. Definition. Let C be a category and A a directed set. A direct system
{Sa, P8,0}a,pea in C indexed by A, consists of assignments of (i) an object S, of C
for every a € A and (ii) a morphism (arrow) ¢g,o of C from S, to S whenever o < 8
in A, such that (a) each ¢q,q is the identity morphism and (b) ¢+,5 - 98,0 = ¢+,a
whenever o £ 3 < v in A.

For all the categories we consider in this paper, one can define the concept of
a strict direct system, as a direct system {Sq,®g,a }a,8c4 such that & < §in A
implies So = ¢8,4(Sa) where the latter has the (algebraic, topological or analytic)
structure that it inherits from Sg.

A.2. Definition. Let {Sq, #g,q }a,sea be a direct system in C. Let T be an object
of C. Fix an index § € A and a family {fao},eca s<a, Where fq is a morphism in
C, from S, to T, for each o 2 §. Then the family {fo}aca, is called compatible if
f3- 08,0 = fo whenever § £ a < 8 in A.

A.3. Definition. Let {Sqo, ¢3.a}a,8c4 be a direct system in C. Then its direct
limit in C is a pair (S, {¢a}aeA) where S is an object of C and ¢, is a morphism
in C from S, to S such that

(A.da) 03 - 3.0 = P Whenever a < fin A
and

for every object T' of C and every compatible family of morphisms
(A.4b) fa in C from S, to T there is a unique morphism f from S to T in C

such that f - ¢o = fo foralla 2§ € A.
The direct limit of {Sa, @3,a }a,8c4 in C is usually denoted
(A.4c) (S, {¢a}aeA) = lim{Sa, ¥8,a }a,pea or simply S = lim S, .
The morphism f of (A.4b) is called the direct limit of { fa }aca , denoted f = lim f,.

The solid arrows of commutative diagram (A.5) show a direct system and its
direct limit, while the dashed arrow denotes the direct limit of the compatible

family {f.}.

It is usual to refer to S as the direct limit of {Sa, ¢8,a}ta,se4 and to write
S =1limS,. We'll follow this standard abuse of notation, but it is important to
remember that the limit depends on the ¢g  as well as the S, .
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S =lim S,

1

|

¢Cl/ I

8 (o !

|

(A5) Sa (bia S/j (75'\/ G S’Y :
4 . Is fv |f7h—>fa

o !

|

'::':.N

T

The concepts of inverse system and inverse limit are dual to these: they are
obtained by turning backwards all arrows in (A.1), (A.2) and (A.3).

In commutative diagram A.6, the solid arrows designate an inverse system and
its inverse limit, the dotted arrows denote a compatible family of morphisms and the
dashed arrow denotes the inverse limit of the compatible family {gn}aca, i-e. the
unique morphism whose existence is guaranteed by the universal mapping property
of the inverse system.

T=1lmT,

i

v |

B d’v !

|

|

(A.6) I T P .
~ . ~ . . | —_ 13

o 49;3\' 9y |g*ll—ga

|

g4 !

[

X

Following the standard abuse of notation, we usually replace (T, {Yatac A) =
lim{T, 5,0 }a,se4 by the simpler expression T' = im{7%, %5 }a,6c4, OF even by
T =1mT,.

In the category of groups, the direct limit (J, {qba}ae,q) of a direct system
{Jas #8,a}a,8ea is constructed as follows. An element of the group J is an equiv-
alence class [j,] of sets {j,} where each j, € J, and, for some 8 € A, if § < v
then j, = ¢,8(js). The equivalence relation is defined by the eventual behavior:
{ja} ~ {'jo} if and only if, for some 8 € A, j, = 'j, whenever § < 7. The
group operations of J are given by [ja] - [Ja] = [Ja ' jo] and [ja]™! = [j5!]. The
homomorphisms ¢g : Jg — J are defined by

¢p(x) = [j] where j, = ¢ geta(x) if B = ; and j, = 1, otherwise.
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Direct limits in the category of vector spaces and linear maps, in that of Lie alge-
bras and Lie-algebra homomorphisms, and in other algebraic categories are defined
similarly.

Given a direct system {Ju,#g,a}a,pea Of topological groups and continuous
group homomorphisms, one constructs the group J and the maps ¢, : Jo — J
as in the category of groups. One then gives J the topology where U C J is open
if and only if ¢, 1(U) is open in J,, for every index a. (We call this the naive direct
limit topology.) If
(A7)

lim(Jo X Jo) =J x J  where both sides have the naive direct limit topology,

then (J, {qﬁa}aeA) is the direct limit of the given system in the category of topo-
logical groups and continuous group homomorphisms.

It is standard that (A.7) is satisfied whenever the index set A is countable.
But, as we learned from [17], condition (A.7) can fail in the uncountable case [21].
However, Definition A.3 always implies that the natural inclusion lim(J, x Ja) —
J x J is continuous.

The naive direct limit topology is also used to obtain direct limits in the category
of topological vector spaces and continuous linear maps and in that of topological
Lie algebras and continuous Lie-algebra homomorphisms, whenever the analogue of
(A.7) holds, for example in case the index set is countable. It is also the underlying
topology for the direct limit Lie groups in this paper.

The direct limit of Hilbert spaces has a different topology. See Appendix B.

In this paper we work under assumptions which ensure that each of our direct
systems of Lie groups has a direct limit that is not only a topological group but
also a Lie group. In other words we require the existence of a direct limit in the
category of (possibly infinite-dimensional) Lie groups and analytic homomorphisms.
The term “infinite-dimensional Lie groups” has been used in many ways. We use
it in the rather strict sense of the following definition.

A.8. Definition. A Lie group is a triple (G, g, exp) where (i) G is both a group and
a C* manifold in such a way that the map GxG — G by (x,y) — zy~ ! is separately
C%, (ii) g is a topological Lie algebra, (iii) there is an open neighborhood O of 0 in
g such that U = exp(O) is open in G and exp : O — U is a C¥ diffeomorphism, and
(iv) exp restricts to the usual Lie group exponential map from any 1-dimensional
subalgebra of g onto the corresponding 1-parameter subgroup of G.

If the index set is countable then the group operations on the direct limit group
are jointly analytic.

As in the finite-dimensional case, we usually write G instead of (G, g, exp).

In [24] we stated that a direct system {Jq, @3.a }a,8ca of Lie groups and analytic
homomorphisms has a direct limit in the category of Lie groups if there exists a
family of continuous representations {7,, V4 }ac4 which is compatible (in the sense
defined by B.6) and satisfies the imaginary spectral growth condition (3.4a). That
growth condition was used only for the assertion that

O={£ecg|u) <n} where t(§) = limsup{|[ImA| | X eigenvalue of dr,(€)}
is an open neighborhood of 0 in g. H. Gléckner pointed out that our proof in [24]

is incomplete. However, O is a neighborhood if we use the operator norm growth
condition instead:
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A.9. Proposition. Let {Ja, dg,a}a,gea be a direct system of real (resp. complex)
Lie groups and analytic homomorphisms, and let {7y, Va}aca be a compatible fam-
ily of of continuous representations that satisfies the operator norm growth condition
(3.4b). Then Oz = {£ €j | ||dn(§)|lop < 7} is an open neighborhood of 0 in j.
Furthermore, O1 = {€ €j | «(§) < 7w} contains Oz, so it also is a neighborhood of
0inj.

Proof. The operator norm growth condition (3.4b) says that each dr(§) with & € j is
a bounded operator on V' = lim npr Vi , the direct limit in the category of normed
linear spaces. Let glp(V') denote the Lie algebra of bounded linear transformations
of V' with topology determined by the operator norm || - ||op . For each @ now £ —
dm(dge(§)) defines a continuous Lie algebra homomorphism dmy : jo — glp(V).
Now dr = limdm, = limdm, : j — glp(V) is continuous. Thus Oz = {§ € j |
[ldm()|lop < 7} is an open neighborhood of 0 in j. But (&) = ||dm(€)||op, so
Oy C 0. O

Remark. In all of our examples, the self-representations satisfy (3.4b).

The sheaf C¥(J) of germs of analytic functions on the direct limit group J is
defined as follows. If S is open in J, then f : S — C is a section of C*¥(J) over S
just when each f - ¢, : ¢51(S) — C is C“. That specifies the presheaf and thus
specifies C¥(J). Since the ingredients of this construction are invariant under group
operations, the sheaf C*(J) is invariant under left and right group translations and
group inversion. Similarly, in the complex analytic case, the sheaf O(J) of germs of
holomorphic functions on J consists of the germs of local functions f : S — C such
that each f - ¢q : ¢51(S) — C is holomorphic. Although the compatible family
of representations {m, } is essential for construction of the real or complex analytic
structure on the limit group J, we have

A.10. Theorem. Let {Jo, Pg,0}tapeca be a direct system of real (resp. complex)
Lie groups and analytic homomorphisms. Assume the system has some compatible
family of {ma, Va}aca of continuous representations that satisfies the operator norm
growth condition (3.4b). Then the resulting direct limit Lie group structure on
J = lim{Ja, ¢p.a}apea is independent, up to real analytic (resp. holomorphic)
isomorphism, of the choice of {7, Vataca that satisfies (3.4b).

Proof. Let {ma}aca and {Ta}aca be compatible families of representations of
{Jas #8,a}a,8e 4, cach of which satisfies the operator norm growth condition. By
Theorem 8.1 of [25], {74 }aca gives rise to a Lie group J and an analytic homo-
morphism ¢, : J, — J for each index « in A, and by Theorem 8.5 of that same
paper the pair (J, {qba}ae,q) is a direct limit for {J, ¢80 }a,8c4 in the category of
Lie groups and analytic homomorphisms. The family {7s}aca likewise gives rise
to a direct limit (j, {5a}a€A).

Since {&X Ty — }aca is a compatible family of analytic homomorphisms, and
as (J,{¢ataca) is a direct limit for the system, it follows from Definition A.3 that

there exists a unique analytic homomorphism $ = lim &Fa : J — J such that $ G =

5(1 for every index a. Similarly,}here exists a unique analytic homomorphism
¢ =lim¢q : J — J such that ¢ - ¢o = ¢ for all a. The map ¢-¢:J — Jis an

analytic homomorphism satisfying (¢ - ¢) - ¢o = ¢Po for every index a in A. Thus
¢-¢=lim¢, : J — J. Now the identity map on J satisfies id; - ¢po = ¢ for all
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@, so that idy = lim ¢ : J — J. It follows from the uniqueness of the direct limit

map that ¢ - ;5 is the identity and hence J is analytically isomorphic to J. |

Note. The homomorphisms ¢o : Jo — J = lim{Ja, g0 }a,pea are not uniquely
determined. For if (J7 {¢a}aeA) is a direct limit for {Ju, ¢8,a }a.8c4, and if T is an
analytic automorphism of J, then the limit group (J, {7 ba}tac A) is another direct
limit for {Ja, ¢[3,o¢}o{,ﬁeA .

APPENDIX B. DIRECT AND INVERSE LIMITS: DUALITY OF REPRESENTATIONS

This appendix is to show that, under certain hypotheses, the inverse limit of a
compatible family {7 },c 4 of representations is equivalent to the dual of the direct
limit of the dual representations {7, }aeca . The concepts of direct and inverse limit
representations then become virtually interchangeable.

Some properties, such as continuity or holomorphy, can be established more eas-
ily for direct limit than for inverse limit representations. On the other hand, some
representations, such as those involved in the direct limit Bott—Borel-Weil Theo-
rem, present themselves naturally as inverse limits. The results in this appendix
can then be used to show that those inverse limit representations also have those
desirable properties.

Duality of the representation spaces. We start with a few words on notation.
If Y is a locally convex topological vector space then Y* denotes its topological
dual space. This is the strong dual. It has the topology of uniform convergence
on bounded subsets of Y. If Y is a Hilbert space, this is the usual Hilbert space
topology on the dual.

If f is a continuous linear map between topological vector spaces, then f* denotes
its adjoint. We write (v* | u) for the action of an element v* of Y* on the element
uey.

First consider direct and inverse limits in the category of Hilbert spaces and
partial isometries. A linear map from one Hilbert space to another is a partial
isometry if it is an isometry on the orthocomplement of its kernel.

It turns out that the limit Hilbert space ipso facto satisfies a universal mapping
condition which at first sight appears stronger than the condition required for the
direct or inverse limit by the definition given in Appendix A. This property (see
Proposition B.1 (2) below) is the one we used in [26] as the definition of the Hilbert
direct limit.

In this category, a direct system {Ha, 73,0 }a,8c4 is strict if and only if each of
the partial isometries 7g . is injective.

B.1. Proposition. Let {Hy,1g.0}a,8c4 be a direct system of Hilbert spaces and
injective partial isometries.

1. The direct limit (H,{na}aca) = lim{Ha,Mg,0 fa,6e eTists in the category of
Hilbert spaces and partial isometries.

2. (H, {Ua}aeA) has the following universal mapping property. Let X be a
Hilbert space and let {fo : Ho — X }aca be a uniformly bounded compatible family
of linear maps. In other words fz-ng o = fo whenever a < [ in A, and there exists
M > 0 such that ||fo(v)||x < M|v||g,, for allv € Hy and all o« € A. Then there
is a unique bounded linear map f =lim fo : H — X such that f-no = fo for all
a€ A
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Proof. Let V denote the direct limit (H, {ﬂa}aeA) = hL)n{Ha,n@a}a’geA in the
category of vector spaces. The norms of the spaces H, are compatible, i.e., when-
ever a < 3 in A we have [|v||g, = |[15,a(v)||m, for all v € H, . Thus we can define
a norm ||.|[ on V by ||v|]| = ||n;1(v)||a where a is any index large enough that
n~1(v) # 0. This is independent of the choice of a. Equipped with this norm, V is
a pre—Hilbert space. Let H be its Hilbert completion.

If X is any Hilbert space and {f, : Ho — X }aca is any uniformly bounded,
compatible family of linear maps, then the map f = lim fo : H — X is defined as
follows. If v € V, then f(v) = fa(n;1(v)), where « is any index large enough so
that 75 (v) is not empty. The map f is then extended by continuity to all of H. f
is well-defined because the family {f,} is compatible. Clearly f is linear.

If M is a constant such that ||fo(v)||x £ M||v||g, for all v € H, and all indices
a, then [|f(v)||x < M||v||x , in particular f is bounded.

The definition of f implies that f - n, = f, for every index a. This proves that
H enjoys the universal mapping property of condition (2) in Proposition B.1.

To show that H = lim (Ha, {7a}aca) in our category, it remains to be proved
that if each f, is a partial isometry, then f is also a partial isometry. Let K, denote
the kernel of f,, and let 1)g , denote the restriction of 7g,, to K,. Let K denote
the Hilbert space completion of the vector-space direct limit li_r)n{Ka,ﬁg,a}ae A-
This space can be considered in a natural way as a subspace of H. Then the K is
the kernel of f and f|geox is an isometry. Hence f is a partial isometry, and this
completes the proof. O

B.2. Theorem. Let {Hévné,a}a,ﬁeA be an inverse system of Hilbert spaces and
surjective partial isometries. Then

1. The inverse limit (H*,{n}}aca) = lim{H}, Mngta,Bea exists in the category
of Hilbert spaces and surjective partial isometries,

2. (H*,{nZ}aeA) has the following universal mapping property. Let X be a
Hilbert space and let {fo : X — H}} be a uniformly bounded compatible family of
linear maps. In other words UEI fa = fo whenever o £ B in A, and there exists
M > 0 such that ||fo(x)||a: < M||z|[x for all x € X and all « € A. Then there
is a unique bounded linear map f =lim fo : X — H* such that n;, - f = fa for all
a€ A

3. (im Hy)* = lim Hy and (lim H,)* = lim H; .

Statement (3) can be expressed more precisely as

(H,{na}aca) = lim{Hoa, 13,0} a,6ea if and only if
(H*v {77;}04614) = M{H;’ 77;;7@}(1,5614'

Proof. The dual spaces H, = H}* to the H}, together with the adjoint maps
Ng,a = Nj, to the nj . constitute the direct system {Ha,ng,0}a,6e4 dual to
{H(ﬁﬂ?é,a}a,ﬁeA- This direct system satisfies the hypotheses of Proposition B.1,
hence it has a direct limit (H, {Ua}aeA) .

Let X be a Hilbert space and {fo : X — H}}4e4 a uniformly bounded, compat-
ible family of linear maps. Then the diagram (B.3) below is commutative. We will
show that there exists a bounded linear map f : X — H* such that 0} - f = f, for
all @ € A, in other words such that (B.3) remains commutative when f: X — H*
is adjoined to it.
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(BS) fa fﬁ

Taking the adjoints of all the maps in (B.3) we obtain

N8, a Na

Ha Hﬁ H

X*

By Proposition B.1 (2), there is a unique bounded linear map g : H — X* such
that 1o - g = f2 for each a € A. In other words, adjoining the arrow g : H — X*
to (B.4) results in a commutative diagram.

The map f = g* has the required properties. If the maps f, are all partial isome-
tries, then f is also a partial isometry. This proves that H* = @{H;, 77;*3,&}5,&614
in our category and that H* satisfies (2). Thus statements (1), (2) and the first
half of (3) are proved. Dualize the argument to prove the second half of (3). O

B.5. Corollary. Hilbert space direct limits coincide with Hilbert space inverse lim-
its: for any direct system {Ha,Ng,0}ta,pca of Hilbert spaces and injective partial
isometries we have lim H, = lim H,, .

Proof. Consider the following diagram, where the vertical arrows are obtained using
the canonical conjugate-linear isomorphism between a Hilbert space and its dual:

(lim Ho)* —— lim H;,

I !

Lim Heo fim Ho

The composition of these maps is a linear isomorphism lim H, — lim H, which

makes the diagram commutative. O

Direct limit and inverse limit representations; definitions and duality.
Let {Ja, $8,a}a,peca be a direct system of topological groups and continuous group
homomorphisms, and let J = lim{Ja, ¢g,a }a,sc be its direct limit.

B.6. Definition. A compatible direct family of representations of {Ju, #8,0}a,8e4
consists of a direct system {Vy, 18, }a,sc4 of topological vector spaces and contin-
uous linear maps, together with a representation m, of J, on V, for each index «,
which satisfy the compatibility condition:

(B.7a) 73(¢8,07)(N8,av) = Ng,a (Ta(z)(v)) forallz € J, and all v € V,
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whenever a < 3 in A. The corresponding direct limit representation is the repre-
sentation lim 7, of J on V =lim V,, given by

(B.7b)  lim 7o (7)(u) = 10 (Ta(03 ) (03 () (€ JueV,a €A a>0).

B.8. Definition. A compatible inverse family of representations of {Jy, #g.a }a,sc4
consists of an inverse system {V, U o a,sea of topological vector spaces and con-
tinuous linear maps, together with a representation o, of J, on V! for each index
«, which satisfy the compatibility condition:

(B9a) 1.4 (08(08,02)) (v) = 0a(x)(nj 4v*) forall z € Jy and all v* € Vj

whenever o £ 3 in A. The corresponding inverse limit representation is the repre-
sentation lim o, of J on V* = lim V; given by

(B.9b) 1 (lim o () (v*)) = ou(prtz)(niv*) for a € Az € Jv* € V*.

If 7 is a representation then 7* denotes the dual (contragredient) representation.

If {Va,M8,ata,pea is a direct system of topological vector spaces and {7, Vo } a
compatible direct family of representations of {Ju, #8,a }a,sc4, then by taking the
strong duals V', the transpose maps 75 , and the contragredient representations
7% , we obtain a compatible inverse family of representations of {Ju, ¢34 }a,secA-

Indeed, start from the assumption that {7} satisfies (B.7a). Take any « and
B with o < 8 in A and fix an element x € Jo. Then (75(¢g.az) - M,a)(v) =
(M,a - Ta(x)) (v) for all v in V. That is to say, 75(¢g,a%) - g0 = N.a - Ta(T).

Taking transposes we obtain 77 , - (75(dp.at)) Y = (ma(z))* “Nj5.o - This is equiv-
alent to the condition that (nj , - 75(dp.az™"))(v*) = (7h(z~") - 05 ,) (v*) for all
v* in VB* .

Since z € J, was arbitrarily chosen, this shows that {7} satisfies (B.9a), which
proves our claim.

Similarly, if we start with a compatible inverse family of representations and take
the contragredients, we obtain a compatible direct family.

B.10. Theorem. Let {Jo, P50 }ta.8ca be a strict direct system of topological groups
and continuous group homomorphisms, and let J be its direct limit (as a topologi-
cal group). Let {(mo, Ho)}aca denote a compatible direct family of representations
of the Jo such that {Hu,Mg,a}ta,pea is a strict direct system of Hilbert spaces and
injective partial isometries. Assume that lim 7, (z) is a bounded operator for each
z € J. Then the direct limit representation im 7, and the inverse limit represen-

tation im w7, both exist. Furthermore, lim 7, = (hL)n Wa)* and (m ﬂ;)* = limm, .

Proof. Existence of the limit representations is given by (B.7b) and (B.9b). Corol-
lary B.5 shows that their representation spaces are naturally isomorphic. Let V' be
the normed linear space direct limit lim H, (as constructed in the proof of Proposi-
tion B.1), so V is a pre-Hilbert space whose completion is the Hilbert space direct
limit H of the H,. We next prove that

(v* | (lim 7q (2)) (u)) = <(li£17r;’;(x*1))v* |u) forallz e Jue H and v* € H*.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE BOTT-BOREL-WEIL THEOREM FOR DIRECT LIMIT GROUPS 4621

Indeed, (B.7) and (B.9) show that if w € V and v* € H*, then

(W | (lim 7o (2)) (u)) = (0" |10 (Ta(dg @) (12 1)) = (nav” | ma(n @) (15 w)
= (malea z ™) (mav") |05 tu) = (ng (lim g (a7 1) (07)) 05 )
= (lim (271 (") | u).
We now extend by continuity to all u € H and that completes the proof of lim
(i 7.’
To prove the last statement, observe that lim 7, is a unitary representation, and

hence it is equivalent to its double contragredient. We thus have that (lim )" =
(lim 7)™ = lim 7, O
— —

*
=
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