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GROUND STATES AND SPECTRUM OF QUANTUM
ELECTRODYNAMICS OF NONRELATIVISTIC PARTICLES

FUMIO HIROSHIMA

ABSTRACT. A system consisting of finitely many nonrelativistic particles
bound on an external potential and minimally coupled to a massless quan-
tized radiation field without the dipole approximation is considered. An
ultraviolet cut-off is imposed on the quantized radiation field. The Hamilton-
ian of the system is defined as a self-adjoint operator in a Hilbert space. The
existence of the ground states of the Hamiltonian is established. It is shown
that there exist asymptotic annihilation and creation operators. Hence the
location of the absolutely continuous spectrum of the Hamiltonian is specified.

1. INTRODUCTION

In this paper we consider the Hamiltonian H (the Pauli-Fierz Hamiltonian [12]
43]) describing a system of N-nonrelativistic particles (electrons) bound on an
external potential and minimally coupled to a massless quantized radiation field
(massless photon) without the dipole approximation. The radiation field is
quantized in the Coulomb gauge, on which we impose an ultraviolet cut-off. In
this paper we assume that (see Hypothesis 1, 2, 3 and 4 for details): (1) coupling
constant e is such that 0 < |e| < eg with some ey > 0; (2) the ultraviolet cut-off
satisfies mathematically convenient conditions; (3) the external potential is of the
form: a quadratic potential plus a certain multiplication operator. Then we show
the following facts: (i) the ground states of H exist; (ii) asymptotic annihilation
and creation operators exist; (iii) the absolutely continuous spectrum of H is [G, o0)
with some G. A point we want to emphasize in this paper is to take no dipole
approximation and to handle the massless photon.

The N-particles are governed by Hamiltonian H:

1 N
Ho =3 ;AJ + Ve
p

in L2(R4Y), where A; denotes the Laplacian in L2(R?), and Ve an external poten-

tial. Let F be a Boson Fock space. H is a linear operator in H := L?(R%) @ F,
and is given by

N

Hi=:3 (PPol-cA@))’ +Vx® I +1® Hy.

Jj=1

N =
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4498 FUMIO HIROSHIMA

Here P/ := (p{, ...,pﬂ) with Pﬂ = —iVx{L, H; the free Hamiltonian in F, and A(x27)
the quantized radiation field.

The dipole approximation of H, say Haip, is defined by H with A(z7) replaced
by A(0). A. Arai has shown in a series of papers [5} [0, [7, Bl [9] that Hgaip with a
quadratic potential is exactly solvable, i.e., (1) there exists a unique ground state of
Haip; (2) the spectrum of Hy;p, consists of point spectrum { E'} and purely absolutely
continuous spectrum, [F,00); (3) a wave operator exists and it is asymptotically
complete. The analysis of Hgjp, has been expanded to the case where Vo = a
quadratic potential + some potentials, e.g. [42]. Spin Boson Hamiltonians regarded
as simplified versions of Hgip [30] are studied in [4], [11}, [29] [41]. In recent works
[13, [14], without the dipole approximation, V. Bach, J. Frohlich, and I. M. Sigal
investigate a resonance (the instability of excited states) and the location of the
purely absolutely continuous spectrum of H by a renormalization group technique.
In the case where each particle has spin, H-stability of the Pauli-Fierz Hamiltonian
is investigated in [16}[17]. In [I8[19], the spectrum of H (Vex = 0) with a fixed total
momentum (a polaron model) is studied. E. Lieb and M. Loss give an estimate of
the bottom of the spectrum of H in [37]. In [28], the multiplicity of the ground state
of H is established by the Perron-Frobenius argument with the help of a functional
integral of e ' [24]. Moreover, it is proven in [27] that H is essentially self-adjoint
on some domain for arbitrary e € R in the case N = 1 in terms of the functional
integral.

Throughout this paper we assume that

‘/ex = V:)sc + Va

where V' is a multiplication operator, and Vos(z) := (1/2) Z;V=1 |#7|2. By a mo-
mentum lattice approximation [IT} [13],[T9, 21} [38] we shall establish that there exists
a ground state ), of H. Moreover, we shall show that if the ground state of H is
unique, then g, strongly converges to a unique ground state of He ® I + I ® Hy
as e — 0. Next we shall obtain that there exist strong limits of annihilation and
creation operators, which we call asymptotic annihilation and creation operators,
respectively [3]. Note that in [1I 2] B B2] [33] 34 B5] [36], asymptotic annihila-
tion and creation operators are studied for models with massive quantized fields.
Algebraic relations between the asymptotic annihilation operators, the asymptotic
creation operators, and H are clarified. The asymptotic creation operators and €,
provide for asymptotic incoming and outgoing Fock spaces. We write them as F_
and F4, respectively. We shall see that Fi are closed subspaces in H, and that
H is reduced by .. We define an incoming wave operator and an outgoing one,
W_ :F — F_ and W, : F — F4, respectively, which implement unitary equiv-
alences Fy = F and H[r, = Hy — G. Hence we shall specify the location of the
absolutely continuous spectrum of H. Taking no dipole approximation and handling
massless photon are crucial for showing the existence of €2, and for constructing
the asymptotic annihilation and creation operators, respectively. The presence of
Vose in H enables us to avoid such troubles. Roughly speaking, He; @ I + I ® Hy
plays a similar role as the number operator does in [21], [38].

An outline of this paper is as follows: in Section 2, we give the definition of H
and fundamental inequalities for later use. Furthermore we introduce Hypothesis
1, 2 and 3. In Section 3, we prove the existence of the ground states of H. In
Section 4, introducing Hypothesis 4, we discuss the existence of the asymptotic
annihilation and creation operators, and show the algebraic relations between them.
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Constructing Fi, we give the location of the absolutely continuous spectrum of
H. Section 5 is devoted to investigating a Hamiltonian with spin, and Section 6
concluding remarks.

2. DEFINITION OF A HAMILTONIAN

2.1. Fundamental notation and definitions. Let us begin with definitions and
expositions of notation used throughout this paper. For Hilbert space I, the asso-
ciated norm and scalar product are denoted by || f|lx and (f, g)k,f, g € K, respec-
tively. Here (f,g)x is linear in ¢ and antilinear in f. Unless confusion arises we
omit K in (-, )k and || - ||x. The domain of operator T is denoted by D(T') and we
set C°°(T) := (o—; D(T™). We denote the spectrum, the absolutely continuous
spectrum, the discrete spectrum and the point spectrum of S by (S), 0ac(S), 74 (S)
and o,(5), respectively, and put G(S) := inf o(S5).

2.2. Perturbation of harmonic oscillators. A dN-dimensional harmonic oscil-
lator is defined by

1 N
Hoge := _5 ZAj + Vose,

j=1

which is essentially self-adjoint on C§°(R%Y), the set of infinite times differentiable
functions with a compact support in RN . The Hamiltonian of the particles is given
by

He := Hose + V.

Lemma 2.1. There exist constants «, 3,7, > 0 so that, for f € D(Hysc),

1 N
(21) _§ZAjf SQHHOSCfH—’_/BHfH)
j=1

(2.2) [Vose Sl < vl Hose fI| + 61| f1]-

Proof. Let f € C3°(R™). Let b, := (:c]é + zgﬁ)/\/ﬁ and bl = (2], — ?i)/ﬂ,
pw=1, ..].v,d, j d: 1, N 4Then Hose = Y504 Z%:l bjgggl + 1/2, (4—1/2) ijlgj =
(1/4)> 25, Zﬂzl(b‘?‘ —b:rf)%7 and Vose = (/430521 o= (b, +f7)?. Using [b],, bf/]
= 8,05, [bi,00] = 0, [bIZ,b]7] = 0, on C§°(RY), one finds a, 8,7, as in (2.1

Vv wo v
and (22). Since E;VZI A; and Ve are closed operators, (1)) and ([Z2) extend to
fe D(Z;V:l Aj) and f € D(Vosc), respectively. O

Suppose that V' is infinitesimally small with respect to Z;vzl A;. Then ()
implies that V is also infinitesimally small with respect to Hos.. Hence the Kato-
Rellich theorem [39] Theorem X.12] yields that Hg is self-adjoint on D(Hogc),
bounded below, and essentially self-adjoint on any core for Hos.. We see that, for
sufficiently small € > 0, there exists b(¢) > 0 so that

[Hosc fIl < ([[Harf|| + (b(€) + €B)| f1]) /(1 =€)  for f € D(Hosc)-
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This means that, for f € D(Hoysc),

(2.3 ——ZA A = o + (2HLEE ) g,
(2.4 Wore 1 < T2t + (2422 53 ).

Since V' is infinitesimally small with respect to Zj\;l Aj, it is also infinitesimally

small in the sense of form. Then it follows that, for sufficiently small 0 < €, there
exists a(e’) > 0 so that, for f € D(Hoygc),

(2.5)

a(e)
g

(fa oscf) (fv oscf ZA f < 1%61 (vaelf)+

2.3. Quantized radiation fields and Hamiltonians. Let
W:=L*RY @..a L*(RY).

d—1

Boson Fock space F is the Hilbert space completion of the infinite direct sum of
the symmetric tensor algebra over W, i.e., F := @ZO:O F) where F©) := C, and
F) is defined by the n-fold symmetric tensor product of W:
FM =W, @, W, n>1
—_———
n

We write ® € F as & = {Og, 1, Py,..} € FO o FO ¢ 7@ @ ... and the
bare vacuum, 2, of F is defined by Q := {1,0,0,...}. The annihilation operator,
a(F),F € W, and the creation operator, af(G),G € W, are defined in the usual
way [3] and are linear in F, G, respectively. Put a’(f) := a(®?Z16,f) and a'"(f) :=
af (29210, f) for f € L2(R?). a*" stands for a” or a'”. We use the set F> of vectors
U = {¥,}2, in F with ¥,, = 0 except for finitely many n’s. Operators a*"(f)
leave F° invariant and satisfy the canonical commutation relations on F°°:
[a’r(f)7a1-s(g)] :5Ts(fag)a [auT(f),aﬁS(g)] =0, fngLQ(Rd)7 T75:15---7d_17
where f denotes the complex conjugate of f. Moreover, for Uy, Uy € F°,

(T1,a"(f)W2) = (a"(f)P1,T2), feL?*RY), r=1,.,d-1

By this we see that a*"(f) are closable operators. We write their closures as the
same symbols. a“r(k) denotes a “formal” operator-valued distribution associated
with a*"(f): a*"(f) = [ a* (k)f(k)dk. The free Hamiltonian of F reads

H; := Z/w(k)a”(k)a”"(k)dk,

where w(k) := |k| describes the kinetic energy of the photon of momentum k € R
Hy is a positive self-adjoint operator with

o(Hy) = [0,00), op(Hr) = {0}, ouc(Hr) = [0,00),
where {0} is non-degenerate and its associated unique eigenvector is
HiQ =0.
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The number operator, N, is defined by

d—1
N=Y / o™ (k)a” (k) dk,
r=1
Z n2(| ||y < 00} .

n=0
Let My, := {f|lflln := [|[(v@)" fll z2ra) < o0 } . In particular, we set
My =M_NnMgNnMiNMsy, My:=M_1NM,.

It is known that, if f € ﬂiﬁ_l M, then a*"(f) maps D(H"+1/2) into D(H{"), and
that

(2.6) la™ (AW < (11— N2+ (1 ol ],

la” (F)® ]| < |1l H; >,

[Hy, a'"(9)]¥ = al"(wg) ¥,

[Hy, a"(9)]¥' = —a"(wg) ¥,
(2.7) I(He + 1) 0¥ (9)W']] < k(llgll + llgll2) | (Hr + 1)/2w],
28)  [a"m@]| < kol (VN + DY@, [la”(h)@| < [|h]ol| N /22|,

D(N) := {{\pn}fo eF

where ¥ € D(H1/2) V' e D(H, 3/2) ® € D(NY?), f € My, g € My, h € My, and
k:= [~ V(X +1)2dN/(2m4/(27)4) (see [T0]).
Lemma 2.2. Let ¥ € D(Hy), g € My and f € My. Then
(2.9)
¥ (f)a* ()|l < k(I f -1+ Fllo)(Nlglh+gll2) | (Hr + 1) W
+ (I ll=2 + 1 f o) (gl -1 + llgllo) [ (Hr 4 I)W{].

Proof. From (Z8) and ([Z7), for ¥ € D(H 3/2) 29) follows. For any ¥ € D(Hy),
one can find ¥, € D(H3/?) so that ¥,, — ¥ and H;V¥, — H;VU strongly as
n — oo. Since aﬁs(g) is closed, (2.6) employs that ¥ € D(a*(g)), and that a**(g)¥,,
converges to a**(g)W. From the closedness of a*"(f), a**(g)¥ € D(a*"(f)) and ([2.9)
follows.

By Lemma[2.Z, the canonical commutation relations of a*"(f), f € My, extend
to those on D(H¢). The Hilbert space considered in this paper is

®
(2.10) H:=L*RY) o F = L2R™W; F) = Fdz.
RAN
Here L2(R?; F) denotes the set of F-valued L?-functions on RY. The Hamilton-
ian reads
1< 2
H:=H(p) = EZ (PP @I —eA(@?))” + (V+ Vise) ® I + I ® Hy,
Jj=1
where A(z7) := A(ﬁ, 7)) = (Al(p,:cj) . Aa(p,27)) is given by
-1 —ikx A r ikx
e —k)el,(k)e
Z dk:{ (k) afr(k)_‘_war(k)}’
r=1 (k) ZW(]C)
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with e” := (e, ..., %) such that e"(k) - e*(k) = 6,5 and k- e (k) = 0, a.e. k € R%.
Moreover, p(k) := (2m) =42 [L, p(s)e~"**ds is an ultraviolet cut-off. In what follows,
for simplicity, we assume that e > 0. We introduce the following hypotheses:

Hypothesis 1: We assume that 0 < e < eg, where ¢ is given in Subsection

2.4;

Hypothesis 2: Ultraviolet cut-off j is continuous with p(—k) = p(k) and sat-
isfies that [[p]l, < oo, n = —=3,-2,-1,0,1. Moreover, e, satisfies that
e, € C®RI\P) for p = 1,....d,r = 1,...,d — 1, where P C R? is a set

with Lebesgue measure zero;
Hypothesis 3: V is infinitesimally small with respect to Zjvzl A

For example, in the case where d = 3, we can take P = {k = (0,0, k3) € R3|k3 € R}.
Under Hypothesis 3, 0(He) = 04(He1). Assume Hypothesis 3. Then

HQ = He1®I+I®Hf
is self-adjoint on Dy := D(Hesc ® I) N D(I ® Hy) and bounded below. We note that,
on Dy (the Coulomb gauge condition),

d

d
Sl @ DA = APl @ 1), j=1,..,N.
pn=1 n=1

Then we write H as a perturbation of Hy, i.e., H = Hy + eHy + e?>Hyy, where

Hyi= H(p) i= =) > (0, @ DAu(ws),

<
I
—
=
1S
Il
-

2.4. Self-adjointness and inequalities. It is convenient to give some estimates
on Hy,H; and Hyp. Generally, for self-adjoint operators S and T' in L?(R4Y) and
F, respectively, and for ¥ € D(S? @ I) N D(I ® T?), one sees that ||S ® TV| <
(S22 1|+ I T?¥|)/v/2. Then using 2.3)), 2.6), and (2.9), we see that, under
Hypothesis 2, for ¥ € Dy,

N
-1 ~
[HW| < AIII®Hf‘I/||+BH—§ZAj®I‘PII+CII‘I’H
j=1
Al ® Hy®|| + B||Ha @ IU| + C|| ¥,

IN

||| < D|[(I + I ® Hy) || + E|[(I+ I Hp)/*V|| < D||I @ He¥|| + E|| .
Here, with «, 8, €, b(€) in (23),
A= d(d=1)N||p|-2, B:=d(d=1)NQ||p-2+[pll-1), C:=d(d—1)N|p]-1/2,

B = B C:—B(( +Eﬂ >

1 — e 1— e

D :=d(d—1)N(|pl—2+Ipll-1)% E = d(d—1)Nk(||pll—2+ al-1)(IAllo + 11 41);
D::E::D—i—E‘/Z.
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Let g = inf o(He). We set My := max{A+B, |g|A+2|g|B+C} and My := |g|D+E.

Note that

(2.11) 1@ HeW|| < [[HoVl + |g] [ 2],
(2.12) [Ho @ IW|| < ||[HoW|| + 2[g] [[¥]]-
Then for ¥ € Dy,

(2.13)

[ Hr || < Mi ([ HoW|[+[Wl)),  [[Hu®[| <M ([ HoW |l +[[w])-

Similarly, using (2.5]) and (2.6)), one can deduce inequalities of form versions; for
¥ € Dy,

| (@, HW) | < M (¥, HoW) + o[ ],
| (\117 HII\I’) | < MIII (\117 HO\I’) + OéII||\Il||25
where, with €, a(e’) in (2.3,

1 1 /
MII::\/iA<m+§>7 ag ZZ\/§A<1G(_€2,—%>7

(2.14)

Miy = Bllpll-2/2, o= B(|pll-1 — 28]l -2) /4.
Thus we defind] ep announced in Hypothesis 1 by
ep := min {91,92 |91MI + Q%MH = 1/2,(5(92) = 1,91 > 0,92 > 0} .

Here function §(+) is defined in (8:22)), which is a monotone increasing function with
§(0) = 0. If 0 < e < eg, then eM = eM; + My < 1. We set M’ := M{ + eM];.
Thus in view of (ZI3) and (ZI4), for ¥ € Dy, it follows that

(2.15) [HoW| < (|HY] 4 [[¥])/(1—eM),

(2.16) [H| < 2My([|[HP[| + [|2[])/(1 - eM),

(2.17) [Hin®|| < 2Mu([|[HP[| + [[W])/(1 - eM),

(2.18) [HY[ < (eM+1)||HoWl[l + M| ¥,

(2.19) (U, HU) < (eM'+1)(V, HyW) + (eas + *am)||¥|?,
(2.20) (1 —eM')(V,HoW) < (U, HV)+ (eas + e%am)|| V|

We have the following proposition.

Proposition 2.3. Assume that Hypothesis 1, 2 and 3 hold. Then H is self-adjoint
on Dy and bounded below. Moreover, it is essentially self-adjoint on any core for

Hy.
Proof. Since Hj is self-adjoint on Dy and H, Hyp are symmetric, from the
Kato-Rellich theorem yields the desired results. O

Remark 2.4. The essential self-adjointness of H for arbitrary e € R is established
in [27].

Remark 2.5. (1) For the proof of the self-adjointness of H in Proposition[2.3], we
do not need to assume that p and e}, are continuous, and that ||p[|-5 < oo.

I Condition 61 M1 + G%MH < 1/2 comes from a sufficient condition for H to be self-adjoint and
ensuring ([3I1)), and condition §(f2) < 1 from a proof of an overlap (Lemma BIT]).
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(2) Generally, for semibounded self-adjoint operators K and L in Hilbert space £
so that (¥, LY), < (¥,KU)., U € D(K) C D(L), we see that (¥, |L|T), <
(U, |K|9) s + 2|G(L)|||¥]|%. Then from (ZIY) and (ZZ0) it follows that
D(|Ho|'?) = D(|H['/?).

Proposition 2.6. Assume that Hypothesis 1, 2 and 3 hold, and ¥ € D(|Ho|'/?)
and ® € D(Hy). Then there exist positive constants oy, k =1,...,8, so that

(2.21) Ilpl, @ 19| < ax(|I|Hol2 W] + || @),
(2.22) 27| @ T0| < ao(|[[HolY>®| + |,
(2.23) 17 @ H 20| < as(||Hol 2w + w]),
(2.24) I @12 < au(Ho®| + @),
(2.25) @) @ 12| < as(|Ho®| + @),
(2.26) I(@ipl) @ 19 < (| Ho®|| + [|])),
(2.27) Ilpl, @ Hi @ < az(|Ho®| + @),
(2.28) ll27| @ H 20| < as(|Ho®| + [[@),
j=1,.,N,u=1,..,4d.

Proof. First we assume that ¥ € C$°(R*)®D(H;), where ® means algebraic
tensor product. Since ||p/, @ I¥|* = (¥, (p/,)* ® IV), 22]) follows from (Z.3).
Similarly (2:22) follows. ([2:23) is trivial. (2.24) and (2.25) follow from (23] and
€24). Since

1(@)pl) @ TV|]> = 2i(p], @ IV, z], ® IV) + ((p),)* @ IV, (z,)* @ IT)
2lps, & 19] o, © 19| + | (p)? © Tl (1) @ T

([220) follows from @ZZ)), ([Z22), Z24) and [Z25). We sce that 19, ®Hf1/2\1'||2 <
[(p},)* @ T[T © Hy¥||. Thus (IZZ/Z\D follows from (Z24)). (Z2]) is similar to (Z21).
Because of the fact that C§°(RY)®D(Hy) is a core for Hy, (2221)—(2.28) extend to
those on D(Hy). In addition, since D(Hy) is a form core for |Hy|'/?, 21)-(ZZ3)

IN

extend to those on D(|Hg|'/?). O
Proposition 2.7. Assume that Hypothesis 1, 2 and 3 hold. Then we have

(2.29) g <G(H) < (1+eM)g+ ear + e%arr.

Proof. Note that G(Hp) = g. The right-hand side of follows from (2I9).
The left-hand side is due to the diamagnetic inequalityd for the pair (Hp, H). See
23], [24]. O

Thus from Proposition [Z7]it follows that lim._,o G(H) = g.

3. EXISTENCE OF GROUND STATES

3.1. Overview. In this section, we establish the existence of the ground states
of H. We apply the momentum lattice approximation used in [IT} 13| 21], B8].
Throughout section 3 we assume that Hypothesis 1, 2 and 3 hold. We
first quickly see an overview of this section. We define H™ := H™(p), m > 0, by H

with H; replaced by Ef;% (w(k)+m)al" (k)a" (k)dk. Let x1 be the characteristic

2 Unless using diamagnetic inequalities, we have from Z20) (1 —eM’)g < G(H)+eas +€2ay;.
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function of {k € R? | |k| < L} and pr, := x1p. We can construct closed subspaces
Fo C F and self-adjoint operators H;", with index a > 0 so that Hj", uniformly
converges to H" :== H™(p1) as a — oo in the norm resolvent sense, and that HY
is reduced by L2(R*N) @ F,. Put
H=LRY)®[F. & Fy]
(3.1) 2 (mdN 2 mdN 1
= [L*(R*Y) @ F,] @ [L*(R*Y) @ F; ] := H1 @ Ha.

We see that
(Uo, H]' Ws) > (G(H]",) + m)||Ws||*>  for ¥y € Ho N Dy,

and that the dimension of the space generated by vectors ¥,’s € H, N D,, so that
([Hy', —m — G(H;")]¥1,¥1) <0 is finite. Hence we obtain [G(H;";), G(H,",) +
m) N o(H") C oa(H]",). Moreover, we prove that HJ" converges to H™ in the
norm resolvent sense as L — oco. Hence the norm resolvent convergences of Hy"y
to H*, and of H}" to H™, imply that

[G(H™),GH™)+m)No(H™) Coa(H™).
Denote a ground state of H™ by (2,,. Taking a subsequence in m, we can see that

Q,,, weakly converges to vector Q,. We see that G(H™) — G(H) as m — 0 and
Q, # 0. Thus we conclude that €, is a ground state of H with eigenvalue G(H).

3.2. Momentum lattice approximation. Define

Ty :={k=(k1,....ka) |k, =2mn,/a,n, € Z,u=1,..,d}.
We call k£ € T, a lattice point. Let l2(I';) be the set of Iy sequences over I',.
Thus we define 7, as F, := @, Q" @f;% lg(I‘a)} . We identify I2(T',) with

the subspace of L?(R%) consisting of piecewise constant functions on each cube of
volume (27/a)? centered on lattice points. Thus this identification immediately
induces the identification of

12(Te) @ ... D 12(Ty)

d—1

as a subspace of W. Under this identification, we regard F, as the closed subspace
of F. For m > 0 and a < oo, we define nonnegative self-adjoint operators by

d—1
oy / (wa(k) + m)al™ (k)a” (k)dk,
r=1

d—1
H" =Y / (w(k) +m)a' (k)a” (k)dk.

Here we set wq (k) := w(k,), where kg := (k1,q, ..., ka,q) is the step function

(k) = 2mn/a, ky €[2n—1)n/a,(2n+ 1)7/a),
a0, otherwise.

Proposition 3.1. Hy", and H{" have the following properties:

(1) D(H{",) = D(H{") = D(H¢) N D(N) and H{" = H¢ +mN. Moreover, H{",
has compact resolvent, i.e., H{", has purely discrete spectrum;
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(2) Let C, := Vd(n/a)(1/(2m)+1). Then, for sufficiently large a and ¥ €
D(H{"),

1+, 1+C,
H™W H™Y| <
e L N R e

(3) H{, is reduced by F, with

[ Hf P < [1HEa Pl

d—1
7L = (o) S0 3 k) + m)al” (xeem)a” (Xete)

r=1kel,

where Xco vy, k € Lo, is the characteristic function of

™ ™ ™ ™
C(k,a) = {kl - E,kﬁg) XX [k‘d— = ka+ 5) :
(4) For w € D(HP), [[(H — HPL) W] < 2C,/(1 — Co) | HP' D
(5) For sufficiently large a and ¥ € D(H{",), (¥, HyV) < (¥, H{", V);
(6) Subspace F>° N C>°(Hy) is a core for both H{" and HY,.

Proof. See [11, Lemma 3.1 and Lemma 3.6], [2I p. 367] for (1), (2), (3) and (4).
Since, for sufficiently large a, w(k) < w(kq) + m, (5) follows. Since Hy and N
commute, one sees that F*°NC>(Hy) is an invariant dense subspace for et t >
0. Hence (6) follows from (2). O

We define Ay(x) = (A1,4(2), -+, Ag,a(z)) by
Ama(m) = A/ua(/;v )
d—1 A r —lz A T il
p)er(D)e p=Der(D)e
= dk xca,v) (k) {”7(1”(@ +—=E—a"(k) ;.
;/ l;:a 2w(l) 2w(l)
Thus H;"; is defined by
T i=Ha®I+1®H" +eHyq+ e Huo = Hf', + eHya + €2 Hipq.

Here Hi, := Hrio(pr) and Hie := Hie(pr) are defined by Hy and Hyp with
A(p,x7) replaced by A,(pr,x?), respectively. We also define

H™:= H™(p) = Hao® I +1® H™ + eHy + ¢*Hyy := H" + eHy + * Hy,

H' == H™(pr).

Note that lim,— (1+ Cy)/(1 —C,) = 1. Proposition [3] (1), (2), and the com-
mutativity of Hy and N'/? yield that, for ¥ € D(H;) N D(N) and sufficiently large
a)

(3:2) [Hy W[ < [[H" W < 2[|Hf, .

Lemma 3.2. Let a be sufficiently large. Then there exist constants k1 and ko which
are independent of a so that

(3.3) | Hio ¥ ||
(3.4) || Hi1,o V||

k(| Ho || + [[w])),

<
< ka(|[HoWl + [[¥]).
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Proof. From (Z1I3), it follows that ||H; P < My(a)(|Ho® || +||¥|)), where M;(a) is
defined by My with [[51 | » and |3z |1 replaced by | Ser., p2()xoq.v)/ VoDl -1

and || >2;cr, Ar()xcv)/v/w(l)o, respectively. Since, by the compactness and the
continuity of pr,/+/w, the Lebesgue dominated convergence theorem yields that

(3.5) > prWxcan/ V)| — |loc/Val,

ler, n
as a — oo for n = —1,0, one can choose a constant k; so that J\Al}(a) < kq for
sufficiently large a. Thus (B3) follows. ([B3-4) is similarly proven. O

Proposition 3.3. (1) Assume that a is sufficiently large. Then H", s self-adjoint
on Dy, == D(Ha ® I) N D(I ® H{""), bounded below, and essentially self-adjoint on
any core for H{', . (2) H™ is self-adjoint on D,,, bounded below, and essentially
self-adjoint on any core for HJ".

Proof. By (3:2) we see that, for sufficiently large a,
(3.6) [Ho®|| < [[Hy" || + 2lg||¥|| < 2| Hp", Y| + 5lg][[¥].

Due to (B8) and Lemma B2, we see that, with k; and ko in (B3) and (B,
[ Hro V| < k1 (2| Hg, V| + (5lg| + DIIP]) and [[Hiro W[l < k2(2]| Hgl, W + (5lg] +
1)||¥|]). Hence the Kato-Rellich theorem yields (1). Also by (2I3) and (B.6), we

see that
(3.7) [H1|| < Mi(||Hg* V|| + (2[g] + 1)[[¥])),
' [Hu || < Mu(|[Hg" V|| + (2[g| + 1)[[¥]))-
Hence again the Kato-Rellich theorem yields (2). O
Lemma 3.4. There exist constants c1, co and c3 so that, for ¥ € Dy,
(3.8) [Ho¥| < cr([[H LY + [,
(3.9) [HoW| < eo([[H™ W + [[¥]]),
(3.10) [Hg || < es([H™¥ + [[¥]),

where c1 is independent of sufficiently large a.

Proof. By (33), (34) and (3.0]), we see that
(3.11)
[HoW|| < {2]Hy"L |l

+ (5l + (2ek1 + 2¢%k2) (5]g] + V)] }/(1 = 2eks — 2e?ks).
Thus ([B.8) follows. Similarly we see that, by (2.13) and B.4),
1Ho W < {[H™ | + (2lg] + (M + * M) (2lg] + 1))[1¥]|}/ (1 — eMi — e* M),
and by B7) and (3:6),
[HG || < {|H™ || + (eMy + e Mur)(2|g| + DI P|I}/(1 — eMy — M),
which employ (3:9) and BI0). O

The following lemma is a key lemma in this section.

Lemma 3.5. Let us denote the uniform norm of bounded operators on H by || - ||
Then, for all z € C\ R, we have limq—.o || (H;", — )7t —(HP —2)7 Y =0.
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Proof. Simply, we put H";, = Ha, Hf" = H, A, (pr,2’) = A, and A, o(pr,27) =
A, q; moreover, we abbreviate ] ® X and X ® I by X in this proof. Noting that
le=thr — e=ilz| < |k — 1| |z| for k,1,x € RY, we see that

r —ika? l) —ila?

pPLE, € Z pL
\/ﬂ P \/— —F —=  XC(,a)

< Sp,rn + |xj|Tp,rna

n

where
S . ﬁLe/L pL X
prn = || == C(la) ;
2w ler, V2 _
urn = Xc(l,a) |_l|
ler'y, Vv

—n

Since pLey, has a compact support, we have lim,—.0 S, = 0 and limg—0 Tpyrn =0
for n =1,0. Let

S 1= r:l,..,g??zzh.,ds“m
and
Tn o= r=1,..,£?ﬁ=1,..,dT‘”"'
We have
(H —2)"' — (H, — 2)7! = el(a) + €*11(a) + 111(a),
where

N d
%ZZ (42— A2,) (= =)
Il(a) := (Hy, — z)~" (H{* — H{",) (H — 2)~".

We shall show that I(a), II(a) and III(a) converge to zero uniformly as a — 0,
respectively. By B8), ) and I0), we can see that there exist positive constants
A, B and C so that

max{||(Ho — 2)(Ha = 2) 7|, [[(Ho — 2)(Ha — 2) 7'} < A,

max{||(Ho — 2)(H — 2) 7' ||, [(Ho — 2)(H — 2) ||} < B,

max{||(Hg" — 2)(H = 2)7'|, [ (Hg" = 2)(H = 2) 7|} < C,
where A is independent of sufficiently large a. Moreover, by (228), 2.21),( 2:22
and (2:23),

(I’ @ He ) (Ho = 2) ", | |(Ho = %)™,

(3.12) ,
pl(Ho —2)~%, H}*(Hy - 2)
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are bounded. Let V,, := S,, + |27|T,,. We see that, for ¥, ® € H,
N d _
(U 1@)®)] <D (A = Aua) (Ha = 2) 0, pj,(H — 2)7'0))|
j=1p=1

N d
<D0 > (= Dllph(H — =) {l12ViHy P (Ho )7
+ Vo (Ha — )7 w12
N d
< D73 (@ = D{2ViH; *(Ho — 2) 7 (Ho — 2)(Ha = 2)'|

+ [Vo(Ho = 2)7' (Ho — 2)(Ha — 2) [}
x |lpj,(Ho — 2) 7' (Ho — 2)(H — 2) | [ e]l]| | @]

N d
<D D (= DAB{2S,|[H; ¥ (Ho — 2)7 IS0 (Ho — 2) 7|

+ 271 |[(|o7| @ Hy'?)(Ho — 2) 7| + Toll|2? | (Ho — 2) 7|1}
x lpy,(Ho = =) [[[[ %] @]

Here the second inequality above is due to ([2:6). Let

N ||<|¢j|®H§/Q><Ho—ig—ln,|||xf|<Ho—z>—1||, |
I, (Ho — =)=, 17 (Ho — 2)1|, [ (Ho — )|

Let U(a) := 251 + So + 211 + Tp. We have
(W, 1(a)®)| < d(d—1)Na>ABU (a)|| ][] ®].

Thus ||I(a)|| < d(d — 1)Na?ABU (a), which implies that

Next, we see that

1 N 1 N d
Ma)= 53> M+ 55> Niw

M= (Ho—2)"" (Ay — Apa) Au(H — 2) 7,
-/\/Jm = (H, — Z)_lA/ua (Au - Au,a) (H — Z)_l-

In addition to (B12), Hfl/Q(Ho —z)~tand |27|(Ho—2)~! are also bounded by (ZZ3)
and (ZZZ). Using (Z6)), we have
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(0, M, ®)| = | (A — Apa) (Ha — 2) 710, Ay (H — 2)7'0)]
< (d—D{|12ViH}*(Hoy — 2)7' | + [IVo(Ha — 2) 7|1}
f{znmu Lol HP(H = 2) 7Y+ Ll I(H = 2) 7 e @
= {[|2ViH}?(Ho — 2)"Y(Ho — 2)(Ho — 2) 71|
+ | Vo(Ho — 2)"Y(Ho — 2)(Ha — 2)" ||}
d\;ﬁl{mﬁmunH:/%Ho —2) " (Ho — 2)(H — =)
+ pnll -1l (Ho — 2) ™ (Ho — 2)(H — 2) [} @] | @]
< (d—1)AB{28,||H*(Hy — 2)7 || + 211 || (jo7| © H}*)(Hy — 7)Y
+ Soll(Ho — 2) || + Toll|2? | (Ho — 2) 7'}

f{2||pL|| Lol HYP(Ho = 2) 7+ 16zl 1| (Ho — 2) = 13| [|®]].

Let 3 = max { o, | H/*(Ho — )7, 2] (Ho — )7, | Ho — 2)~*||} . Then

-1

——ABB2U @) 2||pLl|—2 + IpLl— D)1 ¥ ||| @]

7 B2U(a)(2||pLll—2 + oLl —1) |l @|]

Hence || M || < ABB2(d—1)U(a)(2l|prl—2 + 1ALl -1)/v/2. Thus limg o [|M;, ||

=0for j=1,..,N,pu=1,..,d. Similarly one can show that | .| also goes to
zeroas a — 0 for j=1,.... N, u=1,...,d. Thus we conclude that

lim [|TI(a)|| = 0.

(W, M, ®)] <

Next since |[HPV| < ||HFY| + 2|g||| ¥, H™(HE* — 2)~! is bounded on H. Due
to Proposition[311 (4) and ||(H, — 2) 71| < 1/|3z], it follows that

c 2C,

M (a)]| < Sa1=C, o, " (Hq" — 2)7 M-

Then lim,_,0 C,/(1 = C,) =0 1mphes that

Tim_|I11(a)]| = 0,
Hence we get the desired results. O
Lemma 3.6. For all 2 € C\ R, we have limp,_, [|[(HP* —2)"t — (H™ —2)7}| = 0.

Proof. Noting that ||pr, — p|ln — 0 as L — oo for n = —2,—1, one can prove the
lemma easily. Details are omitted. O

Let Hi1 and Ha be the closed subspaces in (EI]).

Lemma 3.7. Assume that a is sufficiently large. Then H"; is reduced by H;.
Moreover,

(3.13) (o, H' Wo) > (G(H]",) +m)||Wal?, ¥y € Hy N Dy
Proof. We write the projection of L2(R?) to l(T) as p,. Then

ﬁa =PaD... D Pa
————
d—1
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becomes the projection of W to

1(Ta) @ ... ® 1o(Ty).

d—1

Concretely p, reacts to f € C5°(R?) as paf(-) = > ier, Xc(t,a)(-) f(1). Operator P,
is defined by paaT(Fl) e d (F)Q = al (poF1) ... al (pa Fn)Q, for Fy, ..., F, € W,
and P,Q¢ := Q, and we extend it on F linearly. The projection of H to H; is
eventually, under identification (ZI0), given by P, = fﬂg v Podz. Taking vectors of
the form ¥ = u® a'™ (f1)...a™™ (f,)Q, u, f1, ..., fn € C5°(R?), we can see, from the
definition of A,(x?), that Hy P,V = P,Hy ¥ and Hy P,V = P,Hy V. From
Proposition[3.1] (2) it follows that H{", PaW = P, H{", . Thus we have

(3.14) HJ', P,V = P,HJ', V.

Since the set of the finite linear sums of U’s is a core for H;"; by Proposition
(1), (B:14) extends to ¥ € D(H;";). Hence it follows that H", is reduced by M.
(BI3) is proven quite similarly as in [I11, [2I]. Hence it is omitted. O

For self-adjoint operator T', we write the associated spectral projection onto Borel
set B C R as Er(B), and the range of Ep(B) as RanEr(B), and the dimension of
the range of Ep(B) as dimEp(B).

Lemma 3.8. Let a be sufficiently large. Then

dimEH;rfL ([G( ar) GH") +m)) [#, < 0.
Proof. From Proposition B (5), for sufficiently large a, we see that
(3.15) (U, HoV) < (¥, Hy", V), W€Dy,

From (2.14) and B), there exist 11, 72,73 and 1y, which are independent of suf-
ficiently large a, so that (U, H1o¥)| < m (U, HoU) + n2|| ¥ and [(¥, Hi1,, V)| <
n3(¥, HoU) + n4/|¥|. Combining this and @B.I5), we see that |(¥,H;,¥)| <
(¥, H W) + g | W]} and (¥, iy oW)| < s (W, H ¥) + g} W] Then

(3.16) (U, Hy'p W) > (1 —enn — €*n3) (¥, H'y ¥) — (enz + ena) [ 9]

Put e := 1 —en; —e?n3, € := eny +e%ny and H, := H;";,. Define H, :=Hy—g>0.

By (f, Hef) = (f, (2 — g)Eg (X — g,00))f), for f € D(He) and X > g, we see
that by (316,
(Ho —m — G(Hq)) W1, V1)
> ((eHg’fa —eg)Vy — (€+m+ G(H,) — eg)Vq, \Ill)
> ({Ew; (10,2 — 8) + By ([Z — 8,00))}
® {eH{", — (6+m+ G(H,) — eg)} U1, V1)
+ (€2 - ) B ([Z — g,00)) @ [0, ¥y

> (Bg=([0,2 — g)) ® [eH[, — (6 +m + G(H,) — eg)] V1, V1)
(3.17) +(e(X—-g)—(E+m+G(H,) — eg)) (EH—GI([Z —g,00)) @Iy, \Ill)
(3.18) + (B ([ — g,00)) ® eH{", Wy, ¥y) .
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Taking ¥ sufficiently large, we see that (3I7) is nonnegative. It is clear that (BIJ)
is nonnegative. Thus, taking a sufficiently large, we see that
(Ha —m — G(Ha)) ¥y, ¥1)
> (Eg([0,X —g)) ® [eH{", — (E+m+ G(H,) — eg)] U1, 1),
which implies that
RanEp, ([G(Ha), G(Ha) +m))[3,

C Ran {EHGI([O, S - ) ® By, ({0, €+ m+G(Ha) - €g>) |—H1} .

€
Then, we have

dimEy, ((G(H,), G(Hy) +m)) 2,

(319) < dimBg([0,3 - g)) x dimEpyn, ([0 é+m+G(H,) — eg)> .

€

Note that € + G(H,) — eg > 0. By Hypothesis 3 and Proposition Bl (1), the
right-hand side of (BI9) is finite. Thus the desired results follow. O

We show a general lemma.

Lemma 3.9 ([38, Lemma 4.6]). Let both of T, and T be self-adjoint on a Hilbert
space and bounded below. Suppose that T,, — T as n — oo in the norm resolvent

sense, and that T,, has purely discrete spectrum in [G(Ty,), G(T,) + C) with some
C>0. Then o(T)N[G(T),G(T)+ C) C oa(T).

Lemma 3.10. We have o(H™)N[G(H™),G(H™)+m) C oq(H™). In particular,

the ground states of H™ ewist.

Proof. From (BI3) it follows that RanEpm ([G(H"), G(H]",) +m))[r,= {0}.
Then we have for sufficiently large a,

RanEym, ((G(H;'L), G(HSL) +m))

=RanEyr, ((G(Hy'L), G(H'L) +m))[n,

SRanEpym, ([G(H,'L), G(H,'L) +m)) [,

=RanEpym, ([G(H,'), G(H'L) +m))[n,
Then from Lemma [B.8it follows that
dimEpn, ([G(H,), GH'L)+m)) = dimEgy, ((G(H), GH,) +m))[2, < o,

which implies that H;"; has purely discrete spectrum in [G(H", ), G(H,") +m)).
By Lemmas[3.5]and 3.9 H7J" has purely discrete spectrum in [G(HE“), G(H)+m).
Moreover, Lemmas 3.6 and 3.9 yield that H™ has purely discrete spectrum in
[G(H™),G(H™) +m). Thus the lemma follows. O

3.3. Overlap and existence of ground states. In this subsection we show that
there exist the ground states of H. Let us denote a ground state of H™ by (2.

Lemma 3.11. There exists a constant §(e) independent of m so that |[N'/2Q,,| <
(e)[|mll-
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Proof. For simplicity in this proof, we denote Q,, by Q, I ® a*"(f) by a*"(f) and
Pﬂ ® I by pi. Note that since € is an eigenvector of H™, we have Q2 € D,,,. In
particular, Q € D(a*"(f)), f € My, and Q € D(p{i), j=1,.,N,u=1,...d. For

U € CP(RHB[F> N D(H?’/Q)] one can show that, for f € My,
(@ ()Y, (H™ = G(H™))a"(f)¥) = = (@"(f)¥,a"((w + m)f)¥)

N d Aere—ikxj ]
v (a’"(f)‘lh (ﬁ Pt = ) Auww)
+ (a"(f)¥,a"(f)(H™ — G(H™))¥) > 0.

It is possible to take the sequence ¥, € C§°(RY)®[F> N D(H 3/2)] so that
s—limy, oo ¥,, = Qand s—lim,, o, H™V,, = H™Q, since C°(RY)B[F>*ND(H, 3/2)]
is a core for H™ by Proposition B3] (2) and Proposition Bl (5). Note that
a*"(g)¥, — a*"(g)0, g € My, and p),¥,, — piQ as n — oo strongly. Thus we
have, for f € My,

(3.20)
e o pele —ika’ .
—(@"(f)Q,a" ((w+m) v ;; (a < 7”\/5 )2%57)
—e—Qii< ( 7p’czkx>A(xj)Q>>0
24— Vw . -

Let {fi}2, be a complete orthogonal system of L?(R%) so that f;/v/w +m € My.
Putting f;/v/w +m’s in (320), and summing with respect to [ and r, one can see
that (refer to see [I1, Lemma 4.2])

d d—1 2 o ikl
N1/2Q2 S O T Q. QO
TSRS 5 5) SiH v (¥ Gy P

7j=1p=1
. Eezeikxj ;
m Q,Au(l‘ )Q S 0.

+
= 1

M&
§|%

Thus we have by (2.8])

N0 < Z Z

||PH 3| N2 02

7j=1p=1
d(d—l)Ne T
+ fnpnfsnpnflnNWQn (1320 + 1V + 1)2q]))
Then
(1 - d(d— 1)N62Hﬁllelﬁlla)HN”QQI\
N d
d(d—1)Ne? . .
ﬁ 2 al_aliphell + T2 a1l
j=1 p=1
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There exists a constant, A, which is independent of m, so that
112 < QUL (Ho — i) | (Ho — )(H™ — ) [[(H™ — )2
< AlGH™)| + 1))
By (B3) and @24)f3

e (2(6M1 +e? M+ 1)|g| + 2) " <2a(b(e) +ef+2|gl+1) n ﬁ) 7

1-— GMI — €2MH 1— e

where «, 3, € and b(e) are in (Z3)). By (ZI9) and diamagnetic inequalities [23 E we
see that

gl |® < (¥, H™W) < B(¥, H" ) +C|| |,
where B := 1 + eM] + e?Mj; and C := eag + €2aq;. Then we have

12 = TRN
, o/2Ate tole) , Bl

(3:21)  [G(H™)| < max {Igl, g

2

where a(€’) and € are in (Zh). We put the right-hand side of (82I)) by B. Hence

we have
(3.22)
IN1/2Q) ed(d —1)N||p|| s { 1 elloll 1}
= ol NG GH™)| +1) +
[ = T—dd-DNelalalal vz Y eIy

ed(d — YN]pl|s { |

el HPH 1
1—d(d—1DNe2|pll—sllpl-1 L V2 AB+1)+ —— 5 }
=d(e).

Since the right-hand side of ([8.:22) is independent of m, the proof is complete. O

Without loss of generality, we can assume that ||€2,|| = 1. Then one can find a
subsequence {m;}52;,m1 > mg > -+ — 0, so that Qy = w —lim;_o Q(m;) exists.
We give a general lemma.

Lemma 3.12 ([11, Lemma 4.9]). Let T,,,n = 1,2, ..., and T be self-adjoint opera-
tors on Hilbert space K having common core D such that, for all p € D, T, — T
as n — oo. Let ¢, be a normalized ground state of T,, with ground state energy E,
so that E = limy, 0 B, and w — limy, oo ¢, = ¢ # 0. Then ¢ is a ground state of
T with ground state energy E.

Lemma 3.13. We see that (1) lim,,—.oc G(H™) = G(H) and (2) Q4 # 0.

Proof. The idea of the proof is similar to that of [IT]. Domain C§°(R)&[F> N
D(Hy)| is a common core for family H™, m > 0, by Proposition 3.3 ( ) and Proposi-
tion 3.1 (5). It is straightforward to see that on C° (R [F>ND(Hy)|, H™ — H
as m — 0 strongly, which implies that H™ converges to H in the strong resolvent
sense. Hence

(3.23) limsup G(H™) < G(H).

m—0

3 Generally, if | T¥||x < a||SP||x +b||¥|x, ¥ € D(S) C D(T), then ||(T —w)(S —2) "1 ¥|x <
K (a,b)||¥||x, where z,w € C\ R, K(a,b) := a+b/|Sz| + |w|/|Fz|.

4 Unless using diamagnetic inequalities we have from 220) (1—eM’)(¥, HP*V) < (¥, H™¥)+
(ear + e*am) || W%

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



GROUND STATES AND SPECTRUM OF QUANTUM ELECTRODYNAMICS 4515

But, from Proposition 3.1 (1) it follows that G(H™) > G(H) + m|NY2Q,,|>.
Hence, from Lemma BIT]it follows that
(3.24) limirolf G(H™)=G(H).

Thus 323) and 324) imply (1). We shall now prove (2). In order to do so, we
prove that, for sufficiently large ¥, there exists a positive constant, €, so that

(3.25) | Ex., (8, %)) ® En ({0})Qy]| = €.

For simplicity, we put P := Fy_([g,X))® En, ({0}), Q := Ey_ ([Z,0))® En, ({0}).
Then

(3.26) (s PQ) > 1= [NY20,012 = (D, Q) -

One major point of the proof of ([B:28) is to suppress (Q,, Q€,) by a sufficiently
small constant. It is easily seen that

(3.27) (U, Q(Ha @ I — GH™)) ) = — (U, Q(eHy + € Hyp)Qy,) -
We have from Z13) and E3)
|Hi || < Mi(co||H™ Q|| + 14 c2),  [[HuOm || < Mu(ee||H™ Q] + 1+ c2).
Put M := max{Mi(1 + cz2), M11(1 + c2)}. Thus it follows from ([327)) that
(= GH™)) (U, Q) < (QQn, (eHy + € Hi)Q)
< €| QQunll| Hium || + €2 (| Q€ [ H1r€m |
< {(eM + M) [ H™ Q| + (M + M)} [|Q00 ]|

Thus we have

a+¢auﬂwp@nf+énn}2
- G(H™) ’

which implies, together with Lemma 311 and (8:26), that

a+¢auﬂwn@wr+énn}2
Y= G(H™) '

(O Q) < {

(3'28) (QmaPQm) >1- (5(6)2 - {

Since P is finite rank, taking the subsequence {m; };?‘;1, we see that the left-hand
side of ([3:28) converges to (Q4, PQy) as j — oo. Thus from Lemma B13]it follows
that

(3.29) (Q4,PQq) >1— (5(6)2 _ {(1 +|G(H)[)(eM + eQM) }2 |

Y- G(H)
Since by Hypothesis 1, 1 — §(e)? > 0, taking ¥ sufficiently large, we get (2). O

Theorem 3.14. The vector )y is a ground state of H. Moreover, assume that He
has a normalized unique ground state ¥ and put Q2 =V ® Q. Then

(3.30) lim |2 = 2| = 0.

Proof. From Lemmas and [3T3] the first statement follows. Take ¥ > g so that
the dimension of the range of P = Ep_ ([g, X)) is one. Taking e sufficiently small,
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since lim,_.o0 G(H) = g, we see that ([3:29) follows for such ¥. Then since Hy has a
unique ground state €2, we have

(3.31)

1+ [GH)])(eM +e2M)\*
Y —-G(H) '

The right-hand side of (Z3I) goes to one as e — 0. Since [|2—Q > = 2—2R(,, Q),

(B30) follows. O

(24, Q2)* = (g, PQy) > 1—5(6)2_{(

4. SCATTERING THEORY

Asymptotic annihilation operators a (h), and asymptotic creation operators

alr(h), are defined by the strong limits as time goes to oo of the operators of
the form

agr(h) — eitHe—itHo (I ® aﬁf‘(h)) eitl‘loe—’itH7

on a dense domain in H for some h € L?(R?). The first problem to be solved is
to show the strong convergence of agr(h) as t — £oo on a dense domain, and the
second is to establish several algebraic relations between o', (k) and H. Finally,
using a’; (h) and the ground states of H, we specify the absolutely continuous
spectrum of H.

4.1. Asymptotic annihilation and creation operators. In this subsection, we
just handle the case a]” (h) as t — oo, the other cases, af (h),t — +oo/ al”(h),t —
—o00, are done quite similarly.

Lemma 4.1. Suppose that Hypothesis 1, 2 and 8 hold. Let f € My and
] ﬁer e—ikxj i
K'(t,a?, f) = | —Ee—,e™F|.
Then, for V€ D(H) and T < t,
(4.1)
af" (f)¥ = alf (f)®

N d t
- ZZ Z/T e”H(eKIZ(s,  f)@I){p, @1 —eA,(z?)} e 5HQ s,

j=1p=1
where integral (@) is the Bochner integral.

Proof. We divide the proof into three steps. In this proof, for notational simplicity,
we abbreviate X ® I and I ® X by X, and summation over repeated p and j is

understood.
STEP 1. Let ¥ and ® be in D(Hy), and f € My. Then
(4.2) (Hew,al"(1)®) — (a7 (F)U, He®) = (¥, 0" (wf)).

Proof. From (Z6) one can find sequences {¥,,}>° ; and {®,}> ; so that ¥, ®, €
C>(H;), and a*"(9)V¥,, — a*"(g)¥, HyV,, — H¥, a*"(9)®, — a*"(g9)®, H;®,, —
H;®, for g € My, as n — oo. Since, for each n, [Hg,a"(f)]¥,, is well defined and
(HeV,,,a'(f)®,) — (a" (f)V,,, Hi®,) = (V,,,al"(wf)®,), taking n — oo, we see
that (Z2) follows.
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STEP II. Let ¥,® € D(H) and f € My. Then
(4.3)

%(w, af"(f)®) = —i (¢ W, K (8,27, f) (], — eAu(a?)) e B) .

Proof. Since p/v/w € My, [A,(27),a(e7" f)] and [A,(z7),a" (™ f)] are well
defined on D(H). Tt is straightforward to obtain, on D(H)

[Au(a?),al (7™ )] = Ky (ta?, ), [Au(a?),a” (e )] = — K (.27, ).
We see that
Ll () — ol (1))
_ Z{(\I/, ei(tJrE)HaTr(efi(tJre)wf)efi(tJre)Hq))

_ (\117 eitHaTr (e—itwf)e—itH(b)}

. _ . —i(t+e)H __ —itH
(44) _ <ar (ez(tJre)u)f-)efz(tJre)H\:[l7 € e @)
€
r{,—i(t+e)w _ r(,—itw
+ <6i(t+e)H\I,’ al (e (t+e) f)—al"(e f)eitH(I)>
€

—i(t+e)H _ ,—itH ‘ ‘
+ <6 < \Il,a”(e”“’f)e”H<1>> .
€

Since e "W € D(H), taking € — 0 in (£4) and using ([@.2), we have

L w0l (1)9) = (@ (¢ Pl 9, (e iy + e Hy)e " H0)
4 (a7 (e Pe Y, —iHe H &)
+ (—i(eH; + 2 Hyy)e H¥ ol (e7 fe~tH @)
(—iHze™ ", ol (1 fle D)
(e MW ol (—iwe " e~ @)
i(Hie "™ ol (e7 fle H @)
—i(a" (e et W, Hie~ T @)
i(Hie™ ", a1 (¢t f)eitH )
i(a" ("™ fle "W, Hie "1 ®).

=
&
-

_l_

—i
Note that, on D(H), [p/,, K] (t,27, f)] = 0. Then we see that

(Hle_itH\I/ a’rr( —itwf) —itH(I))
— ple 7’LtH\Ij A x] tr 7’Ltu}f 7’LtH¢
— (v
— ( _“H\Il,a”( —thf) /J«(xj) —th(I)) o (pie_itH\I/,K;(t,{Ej, f)e—ith))
= (a" (" e W, Hie @) — (7", Ky (t, a7, [)ple” " ®).
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Moreover,
(HHefitH\I,, aTr (efitwf)efitH(b)
1 . . . . .
= 5 (Au(a?)e™ "W al" (e ) Ay (7 )e T )

1 o o
+§(Au(x7)e ”H\II,K;(t,xJ,f)e tHp)

— ( r(eitwf)A (l‘j)e_itH\I/,AH(l‘j)e_itH(I))
(Au(@?)e™ ™MW, K (t,27, fle "7 @)
(K (t,zj)e _’tH\I',Au(xj)e_ith))

%(Au(xj)e’“H\I/,K;(t,xj e o)
4 (CLT (6itwf)€_itH\I’, HHe—itH(b)

= (7MW, Kj(t, 27, f)Au(z?)e " @)
+ (CLT (6itwf)€_itH\I’, HHe_itH(I)).

Hence (&3)) follows from (£3)).
STEP IIL. The proof of Lemma[{.]}

From 2:21), [Z23) and (2I5) there exist a positive constant v so that, for

U € D(H),
(4.6) 22|l < y([H®] -+ [[¥]),
(4.7)

1 1/2 R
AL (2 < 7(2||P|| o[ HP 4 (1]l ]) < A(IHE + ().

Hence (pﬂ —cA, (:cj)) e "HY W € D(H) is strongly continuous in ¢, which implies
that

(4.8) e“HeKﬁ(t,:cj, ) (pi —eAy(a))) e ™MW, Ve D(H)

is strongly continuous in ¢. Then one can define the Bochner integral of (@8] in ¢.

Thus we have, by (@3), for ¥, ® € D(H),

(U,af"(£)®) - (¥, af (f)®)
t
= <\Il, —i/T eiSHeK;(s,:cj,f) (pi — eAu(xj)) ei5H<I>ds> .
Since D(H) is dense, (@) follows. O

Remark 4.2. We may formally write (£I) without domain arguments as

(4.9)

al” (f)¥ = aT ()Y + / ie" " [eHy + e*Hyy,a'" (e f)] e~ " Wds.
T

In fact, assuming that ¥ € D(HZ), p € (No__, My and h € (V;__, My, @J) can
be verified.

We define a set of functions, £5°, as follows:
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Definition 4.3. A function f: R? — R is in £, if, for all h € C§° (R4 \ {0}),

(4.10) lim 7 sup f(k)h(k)err=t®) gk < co.

t—00 zER

Rd
For mathematical convenience, we introduce the following hypothesis.
Hypothesis 4: The ultraviolet cut-off satisfies that p € £5° and 0,p € £§°, 1 =
1,..,d.
It is well-known [39] that if p € C>°(R9), then p € £5° and d,p € E°, =1, ..., d.
Theorem 4.4. Suppose that Hypothesis 1, 2, 3 and 4 hold, and f € C°(R?\ P).
Then, for U € D(H), there exists the strong limit of agr(f)\lf as t — oo.
Proof. By virtue of the integral representation (@), it suffices to show that, for
j=1...,Nor=1,....d=1,u=1,...,d,and ¥ € D(H),
|(eK(t, 27, f) 1) (p), @ I — eApu(a?)) e " W|| € LY ([T, 00), dt)
with some T'. Fix j,r, . First we note that, by (222), (226), (Z2]), 21), 223)

and (ZI5), there exists a positive constant « so that

@11l DY <a([HY] + v
, , 1 X , 5
(@12) e Al < s I0l 2l © )l

+ 1l -1l @ DP[) < a(|HE| + [ 2]).
We consider (K (t,xf,f)pz ) *”H\IJ and (KZ(t,xj,f) ® I)Au(zd)e A,

separately. Let Aj, (k) := \/w(k)f(k /(V2k ). Using
ztw(k) w(k) ztw(k) k Rd 0
ko it 8k + kERTAO)

and integrating by parts using that the kernels are smooth enough, one sees that

Ki(ta?, ) = s KO0, ) + S KD (6,09, )]
where ' . s
KO (0a?, =i || O S (RN, (1) i
K@ (t,a, f) = /R ) eIk’ 5N (k) dk.
Since X, € Cg°(R?\ P) and X, /0k, € C°(R*\P) by (I0), there exists a

positive constant, K, so that sup,;cga |K,(f)(t,xj,f)| < K/t% ,i=1,2,¢t>0.
We have

(Ky(ta?, fp, @ DO = - (KDl ) + 2l KD (4,7, ) (o], © DO
Inequality (B.11]) implies that

1 . . . .
(2) —itH
2| (xiKH (t,xﬂ,f)p,g@I)e itH |

1 | o
(4.13 S—<sup Kl 1)) ol  De ]
:CJE]R
< S+ ),
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Thus we conclude that, since d > 2, the right-hand side of (fI3) is in L' ([T, 00), dt).
For K ,Sl), one can also see, by (&), that

1 . . . akK

(D@ Dl ) e e < S (1H) 4 [ ]) € DT, 00),do).
Hence we have || (K7,(t, 27, f)pl, @ I) e " W¥|| € L'([T,00),dt). Next we have

o o 1 , . , .
(K4t £) & DALl p)0 = A4, )) (KD (a! ) + 2l KD (b2, f)) © T,
From (132) it follows that

4, (A KD (0,07, @ 1) e

1 . , .
<L <sup |K£2>(t7xj,f)l> (e @ D) Au(ad)e it ]

t—= xJ R4
akK
< prEz] (IH ]+ [[w]]).

Also by (@) we have t~1||A,(z7) (K,(f)(t,xj,f) ®1) e Y| € LY([T,00), dt).
Hence it follows that [|(K},(t, 27, f) @ I)A, (27 )e " "W € L'([T,00),dt). Thus the
theorem follows. O

4.2. Algebraic relations. In this subsection, we study extensions and algebraic
relations of aﬁf(h).

Lemma 4.5. Assume that Hypothesis 1, 2, 3 and 4 hold. Let h € C$*(R¢\ P) and
U, ® € D(H). Then (¥, a;(h)®) = (ajg“(ﬁ)\y,@) .

Proof. Since lim;—, 1o (U, a} (h)®) = hmtﬁioo(air (h)W, ®), the desired results fol-
low easily. O

By LemmalLB, a¥ (h), h € C5°(R?\ P), are closable. We write their closures as
the same symbols.

Lemma 4.6. Assume that Hypothesis 1, 2, 8 and 4 hold. Let ¥V € D(H) and
h € C°(RE\ P). Then there exists positive constant o so that

(4.14)  aZ (W] < 2aflhl-o||[HIV2E) + 2al bl -1+ [Allo) ¥
Proof. By (2.27), (2.24) and Remark 2.5(2), we see that there exists a so that
(4.15) 1@ H W] < o(||H| + | ¥]), ¥ e D(H|'?).

Since [|a¥ () ¥ = limy o0 [laf (W)W < limyio 2]|h]| 1|1 © H 20| +
I ]]o]|¥]|, combining with (I, we have (ZI14). 0

It is immediately seen that a¥ (h), h € Cg°(R? \ P), extends to h € My by [@14).

Since the extended operators agtr (h),h € My, also have densely defined adjoints,
they are closable. We write their closures as the same symbols. Moreover, from
Lemma it follows that D(|H|/2) ¢ D(a¥ (h)),h € My, by the closedness of

agg(h).
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Lemma 4.7. Assume that Hypothesis 1, 2, 3 and 4 hold. Let f € My and g € My.
Then there exist positive constants « and [ so that, for U € D(H),

(4.16)
e (a vl < (5 + 08 ) e+ (25224 4 8) i,

where A := (|| fll -1+ [[fllo)(lgllx + [lgll2) and B := ([ fll-1 + [lflo)([lgll-1 +llgllo)
with k in (27)

Proof. First we suppose that f,g € C5°(R?\ P). By ([2I1) and ([2.I5) one can see
that there exists positive constant 3 so that ||I @ Hi¥| < S(|HY|| + ||¥]), T €
D(H). By (29) and (I3), we see that, with « in (@IH),

|(@.a*(Nal” (WW)] < {4 & H?em "y
+ BI|ll @ He W] + (A+ B)|¥|}|o
< {adl|H[29| + 8B|HY| + (aA+ BB + A+ B)|¥| } ],

Moreover, we have lim;_,+o0 (®, a}*(f)al"(9)¥) = (a5 (f)®,al (9)¥). Thus
(4.17)
(a2 (), al! (9)¥)]

<{ (o) i+ (S22 s m) oy} o,

For f € My and g € My, one can take g, € C§°(R%\ P), so that g, — g asn — oo
in M_1, Mo, My and My, and f, € C(R?\ P) so that f, — f as n — oo in
M_1 and Mgy. Then

(4.18)
(a3 (fa)®, alf (g0)®))|

<{ (g2 +om ) o+ (B2 4 o ns,) ju} oi,

2 2

where A, and B, are defined by A and B with f and g replaced by f, and g,,
respectively. Both sides of {I8) converge to both sides of [@IT) as n — oo,
respectively, which implies that ! (¢)¥ € D(a7(f)) and that @I0) follows. O

Lemma 4.8. Assume that Hypothesis 1, 2, 8 and 4 hold. We see that, for f,g €
My, the following commutation relations hold on D(H);

(4.19) [a%.(£), Xl (9)] = 65, (. 9),

(4.20) [a%(f),a’(g)] = 0.

Proof. Note that, by Lemma 4.7, for f,g € My, ags(f)agg(g)\ll, U € D(H), is well
defined. Assume first that f, g € C5°(R?\ P). We see that

(T, [a%.(f), ol (9)]®) = (¥,a%.(f)ak (9)®) - (V,al (9)ad (f)P)

= tim { @] (), o] (9)®) - (@] (@)W, a; (D)} = 8., (. 9)(¥, ).

Since D(H) is dense, (Z19) follows for such f and g. For approximate arguments
similar to those in Lemma A7, one can get ([I9) for f,¢g € My. (@20) can be
treated quite similarly. O
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Lemma 4.9. Assume that Hypothesis 1,2,3 and 4 hold. Let h € My and ¥ €
D(|H|'/?). Then

(4.21) el (h)W = ol (™ h)e™ W,
(4.22) gt (W)U = a'L(e”"™h)e .

Proof. First, assume h € C§°(R%\ P). By the definition of a¥ (h), we can casily
see ([{2I) and (422). Next one can easily extend ([@2I) and (£22) to h € My by
E1d). O
Lemma 4.10. Assume that Hypothesis 1, 2, 8 and 4 hold. Let h € My. Then
ag:(h) maps D(|H|*/?) into D(H), and the following commutation relation holds

on D(|H[*/?);
(4.23) [H, ol (h)] = ol (wh),
(4.24) [H,a (h)] = —a/, (wh).

Proof. Note that ! (h)HU, ¥ € D(H), is well-defined. By ([@14) we have

itH -1
(L - zH) |H|1/2\PH

tro itw eitH_I )
al (e"™h) f—zH U|| <2alhl-1

t
eitH .
2l + Il | (S - anr) v
Moreover,
tr eitw -1 ] itw 1 ] 12
ay T h—iwh | ¥\ < 2a h —iwh| |||H|Y?|
-1
itw __ eitw -1
+ | 2 h—iwh‘ + h —iwh e
-1 0

Hence we see that the right-hand side of (ZZI) is strongly differentiable in ¢ with
s — Lall (™)™ = al (iwe™h)e™ W + ial! (e h)He™ ¥, which implies
that all (h)¥ € D(H) and the left-hand side of (@ZI) is strongly differentiable in ¢
with ie®™ Hall"(h)¥ = al’ (iwe'™h) e W +iall (e h) He™ W, Thus [@2Z3) follows.
(EZ4) is proven similarly to (EZ3). O
Lemma 4.11. Assume that Hypothesis 1, 2, 3 and 4 hold. Let h € M_1 N Mgn
M0 ...N Moy, > 1. Then a¥ (h) maps D(|[H|"*Y/2) into D(H™).

Proof. We prove the lemma for aj,:(h) by an induction on n. The proof for the case
of a’; (h) is similar. In the case of n = 1, Lemma [£.10 leads to the lemma. Suppose
that, in the cases of n = 1,2,..,k > 1, the lemma follows. Let ¥ € D(|H|F+1+1/2),
Hence, since ¥ € D(|H|*/?), from Lemma EITlit follows that

(4.25) Hal" (h)U = all (wh)¥ + o] (h)H .

Because of the fact that H¥ € D(|H|*+/2) and ¥ € D(|H|*1+1/2) ¢ D(|H|F1/2),
by the assumption of the induction, the right-hand side of (£25)) is in D(H*). Hence
al’(h)¥ € D(H*1). Thus the lemma follows. O

Lemma 4.12. Assume that Hypothesis 1, 2, 3 and 4 hold. Let ¥ be a ground state
of H. Then o’ (h)¥ =0 for any h € Ma.
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Proof. Let HV = G¥. Then we see that |la’L(h)¥| = limy— 40 [|a” (e ~#Ch)||
for h € CPRI\P). Let ® = f®al™(f1)...al™(f,)Q Here f € L2(R),
f1s0, fn € C®(R?Y). Then

(€ HCR) D = 3 (e HHCR, £) f @ al (f1)al (f)al™ (),
j=1
where ~ denotes omitting the terms under the symbol. Since, by [39, Theorem
X1.19], with a positive constant A |(e”“+?*CGh f)] < A/(1+ [t])@~D/2, we have
limy o0 [|a” (e~ #Ch)®|| = 0. The set of the finite linear sums of ®’s is dense in
H. Hence (EI4) gives us that, for & € D(|H|*/?) and h € M,

lim [Ja"(e®“~“h)®| = 0.
t—o0
This ends the proof. O

4.3. Absolutely continuous spectrum. In this subsection we specify the ab-
solutely continuous spectrum of H. If €, is a ground state of H, then, since
Q, € C*(H), from Lemma ETT it follows that Qg € D(H?zlazj(hj)) and,
al (h1)al (hy) . ..az""(hn)ﬂg € D(H) for h; € ﬂii_l M. Then, in particular,
by Lemmas I8 and T2, we see that, for f € My, al (h1)al?(hs) ... al ™ (hy)Qy, €
D(a’(f)) and

a"(f)alt (h)all (ho) ... ™ ()R

(4.26) L e ,
=S (F h)orp,al () . a7 () . all (he)Qy.
j=1
For a normalized ground state Qg, i.e., ||Qq4|| = 1, of H we define an asymptotic
incoming Fock space, F_ := F_(£,), and an asymptotic outgoing Fock space,

Fy =T (Qy), by

2n
Fi={al"(h)...all" (h,)Qy, Qylhj € | My,rj=1,...,d—1,j=1,..,n,n € N}.
k=—1

Here {...} denotes the closed linear hull of {...}. We have 1 =@, Fﬂ(["), where

2n
F = {alr (hy) . al T (ha)Qglh; € ) Mpyry=1,...,d—1,j=1,...,n},
k=-—1

fio) = {af)y|la € C}.
We define wave operators Win) cF) f(in), n > 0, by

w0 =0, Wal" (hy). . al (b)) = al (b)) .l (he)Q,, > 1

)

2n
hje [} My, rj=1..d-1, j=1..n
k=—1
Define an incoming wave operator, W_, and an outgoing wave operator, W, by

Wy =@W : F— Fu.
n=0
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Lemma 4.13. Assume that Hypothesis 1, 2, 8 and 4 hold. Then Wy can be
uniquely extended to unitary operators of F to Fi, respectively.

Proof. 1t is sufficient to show that Wj([") can be extended to unitary operators of
F™ to T(in), respectively. By (@26), the commutation relations of a¥ (h) show
that, for ¥ = a1 (hy)...al™ (h,)Q, h; € ﬂil_l My,

(WEal*t (ha) ...aP*" (h) 2, WE 0™ (f1)ia!"™ (£) Q)

= (@l ()« al? (h)Q, 0l (1) - all™ (1) Q)2

=2 Z (hl’ fﬂ'(l))"'(h"’ fﬂ'(n)) 817rﬂ(1)"'557Lyr7r(n,)
TEPn

= (a™ (h1)...a"™ () a™ (f1)...a"™ (f,)Q) £,

where P,, denotes the set of the permutation of n-elements. The set of the finite
linear sums of ¥’s and W( )P’s form a dense set in F(™ and .7-' , respectively.

Hence Wé " can be uniquely extended to unitary operators from F™ to F. ()
respectively. O

Let us state the main theorem in this section.

Theorem 4.14. Assume that Hypothesis 1, 2, 8 and 4 hold. Then it follows that
o(H) =04.(H) =[G(H), ).

Proof. By Lemma 9] we see that, for h; € ﬂil_l My,
e“HaL:l (hl)...alr” (hn)y = alﬁ (eit“’hl)...alr" (e““’hn)e“G(H)Qg.

Hence we conclude that e* leaves Fy invariant. This means that H is reduced by
Fi, then H is also reduced by Fi. Thus, corresponding to the decompositions
H=FidFyt, wehave H = H[}‘i@H’—]_—iL. We also see that, for h; € ﬂiiJ M,
Weeig™ (hy)...al™ (h,)Q = aZl (eitwhl)...al"" (€™ hp)Qy

= MHA=CHE G (hy)..all™ (h) Qg

= " H=CHI W, oI (hy)...al™ (b, ).
Thus Wye(Hi+GUH) — ¢®HW,  Since H is reduced by Fy, e [x, are one-
parameter unitary groups in Fy and their self-adjoint generators are H[z,, re-

spectively. By Lemma LT3, W4 are unitary operators from F to Fi, respectively.
Then we see that Wi map D(H¢) onto D(H[£,) = D(H)N F4 and implement

(4.27) He+G(H) =Wi (H[r,) Wy,
respectively. By Lemma A13] W1 also induce
(4.28) H=F:®F: 2F@Fs,

respectively. By (£21), under (£28)), we have H = {H; + G(H)} © H[ £, 1. Since
o(He + G(H)) = 0ac(Hy + G(H)) = [G(H), 00), this implies [G(H), 00) C 0ac(H).
Hence we get the desired results. O
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5. NONRELATIVISTIC PARTICLES WITH SPIN

In the case where each particle has spin, we can also get the same results as
those of the spinless case. For simplicity we assume that d = 3. The Hilbert space
of the system is H, := C?® L?(R*V) ® F and its Hamiltonian is defined by

N
1 ) ) .
H, := H,(p) := 55 {o? P oI- eA(g[;J))}2 + (V4 Vose) @ I + I ® Hy.

j=1

Here 07 := (01,02,03), j =1,..., N, and

0 1 0 —1 1 0
0’1:_(1 0), 0'22_(1. 0>, 031_<0 _1>.

We immediately see that H, = Hy + eHy + €2 Hyp + 6(1/2)E§V=10j ® B(z7), where

2
, dk ik
Bule?) = - [ e (p(h) ik % €7 (k)™ 0" ()
! ; V2w(k) ‘
+ o) (—ik x " (k) ue ™" al" (k)}.
Note that (1/2)2?;103' ® B(27) is relatively bounded with respect to Hy.
Remark 5.1. (1) Assume that p € My, p(k) = p(—k), and that e is sufficiently
small. Then H, is self-adjoint on D(H,) = D(Hy).

(2) As far as we know, it is not known whether diamagnetic inequalities for H,
hold or not [22].

We have the following theorems:

Theorem 5.2. Assume that Hypothesis 2 and 8 hold and that e is sufficiently
small. Then the ground states of H, exist.

Theorem 5.3. Assume that Hypothesis 2, 8, and 4 hold and that e is sufficiently
small. Then s — limy_jo0 €Hre™Ho ([ @ a¥7(f)) etHoe~Ho W exists for [ €
C R\ P) and ¥ € D(H,).

Theorem 5.4. Assume that Hypothesis 2, 3 and 4 hold and that e is sufficiently
small. Then o(H,) = 04c(Hy) = [G(H,), 00).

Proofs of Theorems B.2, and [5.4] are quite similar to those of Theorems B.14]
EA and T4 respectively.
6. CONCLUDING REMARKS

(S-matrix) When an m-photon state is sent with momentum distributions
f1ye fm € ﬂiz_l M, polarized to directions e®', ..., e°™, respectively, the proba-
bility amplitude for finding an outgoing n-photon state with momentum distribu-
tions g1, ..., gn € ﬂiZA M, polarized to directions e, ..., e, respectively, is given
by

S(gla T1y.59n, rn'fla S1y -0y fma Sm)
— (ajfl (g1)-.al™ (gn)Qg,aisl(fl)...aisvn(fm)szg) .

For ground state 2, of H, the scattering operator may be defined by S := W*W,.
The unitarity of S corresponds to whether F_ = F.
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(Quadratic potentials) In the proof of Lemma B3] it is needed that
(27| @ I)(Ho — )% and (J27| ® Hfl/Q)(Ho — z)~1 are bounded, and in the proof of
Theorem @4 (Z11) and (EI2) are needed. In order to verify the above statements,
it is assumed that Vox = V + Vog in this paper. In [I4] [26] the existence of the
ground states of H with Coulomb potentials is proven.

(Asymptotic fields) When d > 4, or/and the photon has a positive mass, i.e.,
w(k) = Vk*+ p2, p > 0, in Theorem B4, we do not need that 9,p € £°,v =
1,...,d, in Hypothesis 4 and that H, has V,s.. In the proof of Theorem 4.4, the
cases of d = 2,3 and the massless photon are crucial.

(Infrared cutoff) In Lemmas B4 B3, B, B3 and Proposition
B3, we do not need ||p|]|—s < oo in Hypothesis 3. Assumption ||p|—3 < oo is
needed in the proof of “the overlap” (see Lemma [B.13). Physically it should be
p(0) = (2m)=%2 [o, p(z)dz = (2m)~%/2e # 0. However, in the case where d = 2,3,
1Al =3 < oo implies that p(0) = 0. In [14] the existence of the ground states of H
is proven without ||p||_3 < oc.
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