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DIOPHANTINE APPROXIMATION, BESSEL FUNCTIONS AND
RADIALLY SYMMETRIC PERIODIC SOLUTIONS OF
SEMILINEAR WAVE EQUATIONS IN A BALL

J. BERKOVITS AND J. MAWHIN

ABSTRACT. The aim of this paper is to consider the radially-symmetric per-
iodic-Dirichlet problem on [0,T] x B"[a] for the equation
Uty — Au = f(t7 |ac|,u),
where A is the classical Laplacian operator, and B™[a] denotes the open ball
of center 0 and radius a in R®. When a = a/T is a sufficiently large irrational
with bounded partial quotients, we combine some number theory techniques
with the asymptotic properties of the Bessel functions to show that 0 is not
an accumulation point of the spectrum of the linear part. This result is used
to obtain existence conditions for the nonlinear problem.

1. INTRODUCTION

The arithmetical properties of the ratio @ = a/T play an important role in the
solvability of the periodic-Dirichlet problem over [0,7] x [0,a] for the semilinear
wave equation

Ut — Uy = f(t,$,u),

or the one of the radially-symmetric periodic-Dirichlet problem over [0, T] x B"[a],
for the equation

Uy — Au = f(ta |x|,u),

where A is the classical Laplacian operator in R™, and B™[a] denotes the open
ball of center 0 and radius ¢ in R™. The main reason is that the nature of the
spectrum of the corresponding linear problem depends in an essential way upon
the arithmetical nature of . This was already noticed by Borel in 1895 [7]. Such a
spectrum is made of isolated eigenvalues when « is rational and can be the real line
for some irrational values of this ratio. References on this question can be found in
[16].

In particular, it was proved in [5], using the asymptotic behavior of the Bessel
functions, that if @« = 1/4 and n is even, the spectrum of the radially symmetric
periodic-Dirichlet problem over [0,7] x B"[a] for the wave operator D2, — A is
made of eigenvalues with finite multiplicity, which accumulate only at —oo and
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5042 J. BERKOVITS AND J. MAWHIN

+00. When « has the same value and n is odd, there may be eigenvalues having
infinite multiplicity (for example A = 0 has infinite multiplicity when n = 1 or 3).
It has been proved in [3] that if &« = 1/4, n > 3 is odd and if we set

1
Gn = F(n —1)(n = 3),
then every element of the spectrum outside of [—27g,,, —g,] is an isolated eigenvalue
with finite multiplicity, and that 0 is not in the spectrum. Moreover, it follows from
the methods of this paper that there exists an accumulation point of the spectrum
on the interval [—27g,,, —¢y,]. Similar results hold when « is an arbitrary rational
number [3].

In the case where « is irrational, little is known about the corresponding spec-
trum. A class of irrationals a for which the resolvent of the one-dimensional
periodic-Dirichlet problem over [0, T] x [0, a] contains a neighbourhood of the origin
was defined independently and differently in [T4] and [I7], the equivalence of their
results being proved in [4]. This class, namely the irrational numbers with bounded
partial quotients [21], is studied in Section 21

The aim of this paper is to consider the case of the radially-symmetric periodic-
Dirichlet problem on [0, 7] x B™[a], when « belongs to the same class of irrationals,
and to combine the number theory techniques used in [4] and the asymptotic prop-
erties of the Bessel functions used in [5] and [3] to show in Theorem [ of Section [3
that, for sufficiently large o with bounded partial quotients, 0 is not an accumula-
tion point of the spectrum.

This result is combined with nonlinear techniques introduced in [I5] to obtain,
in Section @] some existence conditions for the nonlinear problem (Theorems [2] to
B), which provide extensions of the results of [14] and [17] to radially symmetric
solutions of the periodic-Dirichlet problem for semilinear wave equations on a ball.

2. IRRATIONAL NUMBERS WITH BOUNDED PARTIAL QUOTIENTS

Let
a = [ag, a1, az,...]

be the continued fraction decomposition of the real number o [111 18, 19]. Recall
that it is obtained as follows: put ag = [a], where [-] denotes the integer part. Then

a=ag+ —
a1

with @3 > 1, and we set a; = [o1]. If ag,a1,...,an—1 and a1, ag,...,q,_1 are
known, then

Qp—1 = Aap-1 + —,
n

with «,, > 1 and we set a, = [a,]. It can be shown [I8] that this process does
not terminate if and only if « is irrational. The integers ag, as, ... are the partial
quotients of «; the numbers «aq, aso,... are the complete quotients of a and the
rationals

D 11 1

o = [ao,al,... ,an] =ap + ait aot an,
with p,, g, relatively prime integers, called the convergents of a, are such that

Dn/qn — @ as n — 0.
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SEMILINEAR WAVE EQUATIONS IN A BALL 5043

It is well known that the p,,, ¢, are recursively defined by the relations
Po = ao,qo = 1,p1 = apa1 + 1,1 = aq,
Pn = @nPn—1 + Pn—2,qn = AnGn—1 + Gn—2.

The following lemmas are proved, for example, in [4].
Lemma 1. To each irrational number a corresponds a unique (extended) number
M (a) € [V/5,00] having the following properties.

i. For each positive number p < M («) there exist infinitely many pairs (p;, ¢;)

with q; # 0, such that

b
a— = 5
qi Hg;
il. If M () is finite, then, for each p > M(a), there are only finitely many pairs
(pi,qi) satisfying the inequality

1
< —

Pi 1
qi Hna;
The extended real number M («) is called the Lagrange or the Markoff constant
of a. If we set

Di 1
o — — S )
qi M%Q}

then M(«) is an interval and Lemma [ clearly states that M (a) = sup M(«).

M(a) = {M € R(T : infinitely many (p;, ¢;) satisfy

Lemma 2. M(«) is finite if and only if the sequence (a;);en of partial quotients
of a is bounded.

Now let us define the set M () by

{M € R} : infinitely many (p,q) € Z x (Z\ {0}) satisfy

D 1
_ Yl < )
) q‘ M q2}
Clearly N («) is an interval and N (a) D M(«). It is known [I8, 20] that if M > 2
and M € N(a), then M € M(a), and that v/5 € M(«). Thus,

M(a) = sup M(ar) = supN ().

Any « for which the sequence (a;);en of partial quotients of « is bounded is said
to have bounded partial quotients. The reader can consult the interesting survey
[21] on real numbers with bounded partial quotients which ‘appear in many dif-
ferent fields of mathematics and computer science : Diophantine approximation,
fractal geometry, transcendental number theory, ergodic theory, numerical analysis,
pseudo-random number generation, dynamical systems, and formal language the-
ory’. The set of irrational numbers with bounded partial quotients coincide with
the set of numbers of constant type, which are the numbers « such that

1
qllgel = =
;

for some real number r > 1 and all integers ¢ > 0, where ||0|| denotes the distance
between the irrational number 6 and the closest integer. Also,

1 o
m = llggfqllqal\-

For a proof of the equivalence, see e.g. [L3].
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5044 J. BERKOVITS AND J. MAWHIN

By a classical theorem of Lagrange (see e.g. [I1]), all real quadratic irrationals
have bounded partial quotients. In particular, M (®) = V5, where ® = % is the
golden section. It follows from results of Borel [7], [8] and Bernstein [6] that the set
of irrational numbers having bounded partial quotients is a dense uncountable and
null subset of the real line, and from a result of Jarnik [12], that any intersection
of this set with a bounded interval has Hausdorff dimension one. Examples of
transcendental numbers with bounded partial quotients are given by

=1
f) =% —
— n,
=0
for n > 2 an integer [2I], and by continued fractions of the form
0,1,2,2,1,1,1,1,2,2,2,2,2,2,2,2,.. ],

where each group of 27 partial quotients 1 is followed by a group of 27 partial
quotients 2 (j =0,1,2,...) [2.

If « is an irrational number, we need some properties on the behavior of the
function M («) under the action of the group of transformations 7' defined by

(1) §=Tla) = 2210,

where a,b, c,d € Z are such that ad — bc # 0. Notice that then

) a=T7g) =

and

(3) (—=d)(—a) — bc = ad — be.

Lemma 3. If 8 = 22 for some a,b,c,d € Z such that ad — be # 0, then
@ M (@) < Jad = b M(B),  M(5) < Jad — be|M(a),

Proof. Let M € N(«). Then we can find a sequence (:—J of rational numbers

7 >jEZ+
such that, for each j € N, one has

cu—ﬁ < 1
sj| — Ms3
Now
ar; + bs; lor — 2|
cr; +ds;

‘02—7 —l—d‘ |coz—|—d|.

Let € > 0. Then there exists j. € N such that

1 < 1+e
lea + d| cli 4 d‘
whenever j > j.. Therefore,
arj + bs; (1+¢)|lad —be| (1 +¢)|ad — bel 1
crj + ds; B M (erj +dsj)?’

= 2
M (cg—j +d) s?
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SEMILINEAR WAVE EQUATIONS IN A BALL 5045

whenever j > j.. Consequently, € N(B) for each ¢ > 0, which implies,

letting € — 0+, that

M
lad—bc|(14¢)

M
m < M(B),

for all M € N(a), and hence that

M(a)
lad — be] < M(B).

The second inequality in (#) follows from the first one and relations () and @). O

Lemma [3 has a few immediate consequences.

Corollary 1. If g = %is with a,b,c,d € Z such that ad — bc # 0, then B has

bounded partial quotients if and only if a has bounded partial quotients.

Corollary 2. If p and q € Z, with p,q # 0, then
p
M (L) < lpalar(a).

The modular group is the group of transformations defined by ) with |ad—bc| =
1. LemmaBlshows that M («) is invariant under the action of the modular group. In
particular, the Lagrange-Markoff constant is invariant under translations through
integers so that, if {o} = a — [@], one has

M(a) = M({a}).
Two real numbers « and 3 are called equivalent if relation (1)) holds with |ad —
bc| = 1. Equivalent numbers have the same Lagrange-Markoff constant.
3. THE LINEAR RADIALLY SYMMETRIC PERIODIC-DIRICHLET PROBLEM
FOR THE WAVE EQUATION

The problem consists in finding the conditions for the existence of weak radially
symmetric solutions for the linear periodic-Dirichlet problem on a ball

ugg — Au—Au = h(t, |z]), (t,z)eR x B"[al,
u(t,z) = 0, (t,z)eR xS 1,
u(0,2) —uw(T,z) = wu(0,2) —w(T,2) =0, x€& B"[al.

Here, S7?~! = {x € R",|z| = a}, and h(.,|-|) € L?(]0,T] x B"[a]). The above
problem can be written in the equivalent form, letting r = ||,

Ut — Upy — n- 1ur —Au = h(ta T)a (t,?“) € ]Oa T[X ]07 a[a
(5) ur(t,0) = u(t,a) = 0, te€]0,T],
w(0,7) —uw(T,r) = w(0,r)—u(T,r)=0, r€]0,al

By a solution of (B) we mean, like in [22], a weak solution in the following sense.
Let D denote the class of radially symmetric functions ¢ € C*°([0,T] x B"[a],R)
which are T-periodic in time for each z € B"[a], and have compact support in
B"[a] for each t € [0,T]. Let H denote the vector space of radially symmetric
functions u € L?([0,T] x B"[a],R). Equipped with the usual L?-norm || - || and
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5046 J. BERKOVITS AND J. MAWHIN

inner product (-,-), H is a Hilbert space. We say that v € H is a weak solution of
(B) provided that

T a n—1 -
Ul ot — Prr — ———@r — Ap | —hp|r drdt =0
o Jo r

for every p € D .
Let us first reproduce, for the reader’s convenience, some results of [22] for the
case where h = 0, i.e. for the linear eigenvalue problem

Utt — Upy — n- 1ur —du = 0, (t,?“) € ]OvT[X]Oa a[a
(6) ur(tvo) = u(taa) = 0, ¢ G]OaT[v
w(0,7) —uw(T,r) = w(0,r) —u(T,r)=0, r€]0,al

By a classical method of separation of variables, we set (¢, 7) = 7(t)p(r) and derive
that p must satisfy the equation

2"+ (n—1)rp +r%u?p = 0, 0<r<a,
0,

(7) pla) =
pbounded on [0,aq],

where 2 = X\ + (2’“7”)2 for any integer £ > 0, the corresponding functions 7
being linear combinations of cos(2knt/T) and sin(2knt/T). The change of variables
Y(r) = r"= p(r) transforms () into

2
-2
(8) r2" + oy’ + u2r2—<—n )17& = 0, 0<r<a,

2

Y(a) =0, ¥(@r)=0r"2") as r— 0"

This is the classical eigenvalue problem for the Bessel equation of order

n-—2
v= .
2
If J,(z) denote the Bessel function of the first kind of order v, then y = J,(x)
satisfies
2y vay + (@2 -1y = 0, x>0,

J(z)=0(z") as x—07

(cf. [0, [23]). Consequently, ¢ (r) = J,(ur), with g such that J,(ua) = 0, which
gives the eigenvalues

where
Qn,j = Ty,j

is the j-th positive zero of J,, and the corresponding eigenfuctions

Yns(r) = Iy (F25), (2 1)
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SEMILINEAR WAVE EQUATIONS IN A BALL 5047

Hence problem (@) has the eigenvalues and eigenfunctions
2 2
() _ (Qnj\? _ (2km\" _ N2 (Aan\T 2
9 Al 7( - ) < =) = (4@) - (8ka)?|

0 e = { S L ()

for kK > 0 and j > 1, with a = %. It is clear that for each n > 1, the sequence

{/\57;3} is unbounded from above and below. We shall denote by

(11) EZ=cl{(%)2 [(@)2—(%(1)21 1§ >1, kzo},

the spectrum of (@).
We recall, for the reader’s convenience, a number of properties of the zeros of
Bessel functions which will be used in this paper (see [T} 22} 23]).

(B1) J, has an infinite sequence of distinct positive zeros (:Cl,,j);il tending to
infinity.
(B2) zy 41 — 2y, :=dy; — Tasj— oo.

(B3) @5 = by j — €5, where b, ; = (j + 5 — i)w, (j > 1), and

evy > 0, limjoe,; =0, (vr>13),

“3d

0
€0,j < O7 hmj_,oo €0,j = 0,
= 0

)

E_1 )
(B4)
1
m(v? — ) a(v? -1
- 4 < Evj < u, (j227V>%),
2du,jﬂfu,j+1 Ty,j
™
< —ep; < , i >92 1 =0).
80,5+1 * 4o, j—1 J )

Using (B4), we can obtain further estimates for b, je, ; if v > %, ji>2:

P21 D08 buatr
Ty 4 buj—1—€uj-1

bu,jev,; <

Therefore, given € > 0, we can find j. € N such that
—1(n —
(12) b v < w te

whenever j > j.. Similarly,

s b() i
b . | < = »J
0,5 |€0,51 170,1

so that, given € > 0, we can find j. € N such that
7r
(13) bojleosl < 5 +e

whenever j > j..
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5048 J. BERKOVITS AND J. MAWHIN
To simplify the notations, set, for n > 1, j > 1,

4
Cn,j = ;by’j = 4] +n — 3,

4 4
5n,j = ;6,,7]‘, (TL # 2), (527]‘ = —;Eo,j.

Then, for n > 1, j > 1, we have

4
—On,j = Cn,j — On.j, (n #2), 02, = 2,5+ 02,

Assume now that « is irrational and has a bounded sequence of partial quotients,

so that, by the results of Section 2l M (a) < oo. Set

P,qE€Ly

8
(14) Mo = min pgM (fa).

Notice that it follows from Corollary 2] that

8
M (;pa) < 8pgM (),
and hence
(15) Me < 8M(a) = 8M ({a}).
Theorem 1. Assume that o = % is irrational, that M (o) < oo and that
—1)(n —
" oo lo—ve-3)

21

where mq, is defined in (14). Then 0 is not an accumulation point of X7

Proof. a) n # 2. Assume that 0 is an accumulation point of ¥7. Then we can find

a sequence {/\(n) }l of eigenvalues such that /\;ln)kl — 0if [ — oo. In other terms,
=1 ,

Jiski

2+ 02— 20 5,00 — (8kia)® — 0,

if I — oo, which, because of lim;_., d,,;, = 0, is equivalent to
(17) (en,j — 8lkila)(en,j, + 8lki|a) — 2¢n,5,0n.5, — 0,

if | — oo. If we write () in the form

o
il (S5 8 ) (4 Sali) = 2005100

s = (o) (o ve) st =0

and observe that, by ([2), 2¢,_j,0n,j, is bounded, and that ¢, ; + 8a|k;| is bounded
below, then necessarily we have

Cor i
J| ((Smit g 0
| l|(|kl| O‘>_) )

and hence also
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SEMILINEAR WAVE EQUATIONS IN A BALL 5049

if | — oco. Consequently, writing now (I8) in the form

2
le (Cnm _ 80&) - 16 — Qijl(sn,jl + le (Cnm _ 80&) — 0
|kt Kt

if | — oo, we deduce that

k‘l2 C"!jl_Sa -8t — €p,j,0n,5, — 0,
K1 C

when [ — oco. Consequently, for each p,q € Z,, we have

1 Cpy. i 8pa
(k‘lq)2 (u — L) -8 — €5, 0n,5, — 0,

pq qlki q
when [ — oo. Let € > 0. There exists [, € N such that
Plng,  8pa| _ pq

Pq
k19)? Onji+6=—"Zbujevny +e
( lq) q|kl| q n,J1 Oé7T2 =V ’

whenever [ > [.. Using (I2)), we see that there exists I € N such that

(kig)?

> @Cn,jz

Pen,j _ 8pa
kel q
whenever | > .. Combining this result with the definition of the function M («),

we see that
LISV (81';@)
pg(n—1)(n—3) + 2 q

2T

_ paln—1)(n—3)

2
- 21 + 2

for each € > 0, and hence
In other terms,

for all p,q € Z, and hence

a contradiction.
b) n = 2. Assume again by contradiction that 0 is an accumulation point of

A

(oo}
ik }1:1 of eigenvalues such that >‘§'12,)kz — 0 if

¥7. Then we can find a sequence {

[ — oo. In other terms,
(cajy 4+ 02.4,) — (8ki)* — 0,
if | — oo, which is equivalent to
(19) (c2,5, — 8|ki|)(c2,5, + 8lki|a) + 2¢2 5,02,5, — O,

if [ — o0o. Proceeding as in the first part of the proof, we deduce that

K} (szr - 804) -8a - ¢g,5,02,5, — 0,
l
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5050 J. BERKOVITS AND J. MAWHIN

when [ — oco. Consequently, for each p,q € Z,, we have

1 i 8
_(kIQ)Q (pCQ,]z - ﬂ) -8a + CQ,j152,jl - Oa

pq adkl o«
when [ — oo. Let € > 0. There exists [ € N such that
2 |PC25  8pa| _ pq 2pq
(kuq) Tkzjll — = | S8a@a%ate = gbugcug te,
whenever [ > [.. Using ([3), we see that there exists [ € N such that
Penj  8po Pq
kig)® |52 — ——| < 5= + 2,
(kiq) q|k1| q 2o

whenever [ > I.. Reasoning as in the first part of the proof, we see that

%_a<M(8ﬂ>,
pq q

for all p,q € Z, and hence
2ra < My,

a contradiction. O
Remark 1. We know that

1 ™ 2 . 2 2

A = (—) [(2) — 1)% — (4ka)?] ,
and
3 T2 2 2

X9 = (52) [29) = (aha)?].
As « is irrational, we see that, when n =1 or n = 3, 0 is not an eigenvalue.
Remark 2. By the above proof, we can see that if 0 is an eigenvalue, its multiplicity
is finite.

4. APPLICATION TO THE RADIALLY SYMMETRIC SEMILINEAR WAVE EQUATION

Now let J =[0,7] % [0,a] and ¢ : J x R — R be a function such that g(-,-,u) is
measurable on J for each v € R and g(¢,r,-) is continuous on R for a.e. (t,7) € J.
Moreover, assume that ¢ satisfies the linear growth condition

lg(t,r,u)| < colul + ho(t,z), (t,z) € Ju€eR,

where ¢g > 0 and hg € H. As before, o« = a/T is assumed to be irrational.
We consider the weak radially symmetric solutions of the semilinear wave equa-
tion on a ball
n—1

Upt — Upy — ur —g(t,r,u) = ht,r), (t,r)e€l0,T[x]0,al,
(20) ur(t,0) =u(t,a) = 0, t€]0,T],
u(0,r) —u(T,r) = u(0,r) —w(T,r) =0, re€]o,al,

where h € H. We recall that u € H is a weak solution of this problem, provided

T a
n—1
/ / [u (@u — = —— w) —(g(,,u) + h)p| r"drdt = 0
0 0
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for every ¢ € D. We define the abstract realization L in H of the radial symmetric
wave operator with the periodic-Dirichlet conditions on [0,7] x B™[a] as follows.
Each u € H can be writen as the Fourier series

n
u~ E: Uj kP ks

k>0, j>1

where uj k= (u, 7 ), and the ¢, are the eigenfunctions defined in (I0). Let

DIL)y={ueH: Y l(%f—(%)ﬂ

k>0, j>1

lujrl? < oo,

and

uj,k¢?,k-

L:D(L)—H, u—Lu= Y_ l(%)2_<%7w>2

k>0, j>1

Then L is a self-adjoint operator in H, with spectrum o(L) = X7 given by ().
If we call N the Nemytski operator generated in H by g, we get the equivalent
abstract equation

(21) Lu — N(u) = h, u € D(L).

In view of Theorem [I] we can now apply the abstract results obtained in [4]. For
any | ¢ o(L), we denote by d; the distance of [ to o(L). As L is self-adjoint, we
have

I =)~ =d;

Now Theorem[]] states that there are open (maximal) intervals |I_, 0] and ]0, [,
which have empty intersection with the spectrum o(L). When n # 1 or 3, the point
I = 0 may be an eigenvalue, but, in that case, it follows from Remark P] that its
multiplicity is finite. Our first existence result for (20) is on the line of Theorem 2
in [4].

Theorem 2. Assume that n is different from 1 and 3, that « = a/T is irrational,
has a bounded sequence of partial quotients and satisfies condition

(22) . Wmm

where my, is defined in (I4). Assume also that there exist constants g, 51,7 and
some hy € H such that the following assumptions are satisfied.

(i) Bo < W < 6,

(11) g(tara ’LL) - %U, < 7|u| + hl(t,’l‘),
for a.e. (t,r) €[0,T] x[0,al], all u € R and all v #u € R. If

—_
- <pBy<B1 <0 and 0§'y<7,

then problem (20) has at least one weak solution for each h € H.
Moreover, if condition (i) holds, together with inequalities,

- <Bo< B <0,
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5052 J. BERKOVITS AND J. MAWHIN

then problem ([20) has, for each h € H, a unique weak solution which can be ob-
tained, from any ug € D(L), by the iterative process defined by

I l_
(23) LUk;Jrl — EUk;Jrl =h+ N(uk) — 7uk, (]f € N)
Proof. Tt follows from assumptions (i) and (ii) that one has

< —
2 = u—v - 2

for a.e. (t,r) € [0,T] x [0,a] and all u # v € R. Hence,

Lot = Fu— (g - Fv)

I_ I_ I_
T — _ = < Ty —
g(t,ryu) 5 U (g(t,r,v) 5 v)‘ <=5 lu — ],

for a.e. (¢,7) € [0,T] % [0,a] and all u,v € R. On the other hand, we have d; = —%

and the first part of the result follows from the first part of Lemma 1 in [4]. The
second part follows in a similar way from the second part of Lemma 1 in [4]. O

Of course one can state and prove a similar result based upon [, instead of [_.

Theorem 3. Assume that n is different from 1 and 3, that o = a/T is irrational,
has a bounded sequence of partial quotients and satisfies condition (23). Assume
also that there exist constants Py, 01,y and some hy € H such that the following
assumptions are satisfied.

() fo < Abrsiaters) < g,
(11) g(ta T, u) - %-u é 7|u| + hl(tvr)v
for a.e. (t,r) €10,T] x[0,al], all u € R and all v # u € R. If

l
0<fo<pi<ly and 0<7y<

then problem (20) has at least one weak solution for each h € H.
Moreover, if condition (i) holds together with inequalities

0< By <pr <ly,
then problem [20) has, for each h € H, a unique weak solution which can be ob-
tained, from any ug € D(L), by the iterative process defined in (23).

The same technique, taking into account that 0 is not an eigenvalue, can be used
to prove a better result when n =1 or 3.

Theorem 4. Assume thatn =1 or 3, that « = a/T is irrational and has a bounded
sequence of partial quotients. Assume also that there exist constants (g, 31,7 and
some hy € H such that the following assumptions are satisfied.

(i) Bp < dertlglbrt) < g,
(i) |9t ru) = S=Fu| < ylul + ha(t, ),
for a.e. (t,r) €10,T] x[0,al], all u € R and all v # u € R. If

(- +1y)
2 )
then problem (20) has at least one weak solution for each h € H.

l-<fo<Pr<ly and 0<v<
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Moreover, if condition (i) holds together with inequalities

- < fo < B <y,

then problem (20) has, for each h € H, a unique weak solution which can be ob-
tained, from any ug € D(L), by the iterative process defined by

—+1; -+
2

For n = 1 or 3 and some irrational «, one can determine explicitly the optimal
values of I_ and ;. For example, let us consider the special case of (20) when
n=3and a =1/ V2. Clearly, a is a quadratic irrational and hence has bounded
partial quotients. It follows from (f) and property (B3) of Bessel functions that the
eigenvalues of L are given by

X0 =(3) (=2, (=1 k=0)

Lugyq — Ugp+1 = h + N(uk) - Uk, (]f S N)

This immediately implies that 0 is not an eigenvalue, and, using classical results on
the Pell equations

§% — 2k = £1,

one sees that the largest negative eigenvalue is — (5)2 and the smallest positive

™

eigenvalue is (5)2 , both having infinite multiplicity (see e.g. [LI} [18]). Thus

L=+ (2"

and Theorem Hltakes the following form, which can be seen as an extension ton = 3
of results for n = 1 contained in Theorem 3 and the end of Section 3 of [14], and
in Theorem 1 of [I7].

Corollary 3. Assume that n = 3, a = 1/\/57 and that there exist a positive con-
stant
2
o < (9
and some hy € H such that the following assumptions are satisfied.
(i) |g(t,rw) = g(t,r,0)| < (2)7u =1,
(11) |g(t7 , ’LL)| < 7|u| +h (ta T)a
for a.e. (t,r) €[0,T] % [0,a] and all u, v € R. Then problem (20) has at least one
weak solution for each h € H.
Moreover, if conditions (i) and (i) are replaced by
(ili) [g(t, r,u) — g(t,r,v)| < v|u —v|
for a.e. (t,r) €[0,T]x[0,a], all u, v € R, and some positive v satisfying inequality
(24). then problem (20) has, for each h € H, a unique weak solution which can be
obtained, from any ug € D(L), by the iterative process defined by

Lugy1 = h+ N(ug), (keN).

We close this paper with a result whose statement and proof, based on Corollary
1 in [15], is very similar to that of Theorem 5 of [4].

Theorem 5. Assume again that o = a/T is irrational, has a bounded sequence of
partial quotients and satisfies condition (22). Assume moreover that g = g(u) and
there exist real numbers a and b such that the following conditions hold.
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(i) l-<a<b<lg.
(ii) agwgbforallu,vel&u#v.

(iif) {liminf},)—oc M,limsuplu‘ﬁoo g(“)} No(L) =0.

u Tu
Then problem (20) has at least one weak solution for each h € H.

Remark 3. Tt follows from inequality (IA) that, in Theorems 2131 [, condition (22)
can be replaced by the weaker but more concrete inequality

Lo Al = 17)T(n— st
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