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HAMBURGER AND STIELTJES MOMENT PROBLEMS
IN SEVERAL VARIABLES

F.-H. VASILESCU

Abstract. In this paper we give solutions to the Hamburger and Stieltjes mo-
ment problems in several variables, in algebraic terms, via extended sequences.
Some characterizations of the uniqueness of the solutions are also presented.

1. Preliminaries

Let R be an algebra of complex-valued functions, defined on the Euclidean space
Rn, such that the constant function 1 ∈ R, and if f ∈ R then f̄ ∈ R. A linear
map L : R→ C is said to be positive semi-definite if L(f f̄) ≥ 0 for all f ∈ R. If L
is positive semi-definite on R, we shall always assume that L(1) > 0 (i.e., L is not
degenerate).

Let R be an algebra as above, and let L : R→ C be positive semi-definite. This
pair can be associated, in a canonical way, with a certain pre-Hilbert space (this
idea goes back to Gelfand and Naimark [GeNa]; see also [DuSc], [Fug], etc.). To
recall this construction, let N = {f ∈ R;L(f f̄) = 0}. Since L satisfies the Cauchy-
Schwarz inequality, it follows that N is an ideal of R. Moreover, the quotient R/N
is a pre-Hilbert space, whose inner product is given by

〈f +N , g +N〉 = L(f ḡ), f, g ∈ R.(1.1)

Note also that R/N is an R-module.
An arbitrary map L : R → C is said to be a moment function if there exists a

positive measure µ on Rn such that R ⊂ L2(µ), and L(f) =
∫
fdµ, f ∈ R. In this

case, the measure µ is said to be a representing measure for the (necessarily linear)
map L. Clearly, every moment function is positive semi-definite. The moment
problem on R is to characterize those positive semi-definite maps on R which are
moment functions. A solution of a moment problem is said to be determined if the
corresponding representing measure is uniquely determined.

In this paper we shall be particularly interested by the following case. Let us
denote by Zn+ the set of all multi-indices α = (α1, ..., αn), i.e., αj ∈ Z+ for all
j = 1, ..., n. Let Pn be the algebra of all polynomial functions on Rn, with complex
coefficients. We shall denote by tα the monomial tα1

1 · · · tαnn , where t = (t1, ..., tn)
is the current variable in Rn, and α ∈ Zn+.

An n-sequence γ = (γα)α∈Zn+ is said to be positive semi-definite if the associated
linear map Lγ : Pn → C is positive semi-definite, where Lγ(tα) = γα, α ∈ Zn+.
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Similarly, an n-sequence γ = (γα)α∈Zn+
is said to be a moment sequence if the

associated map Lγ is a moment function. In this case, the representing measure of
Lγ is also called a representing measure for γ.

The aim of this paper is to describe the solutions to the (determined) moment
problem for the algebra Pn, which is usually called the Hamburger moment problem
(in several variables), via extended sequences. Let us explain what we mean by this
in the case of the plane. We obtain the following result (as a particular case of
Theorem 2.3):

A 2-sequence γ = (γm1,m2)m1,m2∈Z+ (γ0,0 > 0) is a moment 2-sequence if and
only if there exists a positive semi-definite 4-sequence

δ = (δm1,m2,m3,m4)m1,m2,m3,m4∈Z+

with the following properties:

(1) γm1,m2 = δm1,m2,0,0 ;
(2′) δm1,m2,m3,m4 = δ(m1,m2,m3+1,m4) + δm1+2,m2,m3+1,m4 ;
(2′′) δm1,m2,m3,m4 = δ(m1,m2,m3,m4+1) +δm1,m2+2,m3,m4+1 for all m1,m2,m3,m4 ∈

Z+.

The collection of all positive semi-definite 4-sequences δ having the properties
(2′), (2′′) is a well-defined set of functions, and the 2-sequences γ have a repre-
senting measure if and only if they are restrictions of such 4-sequences δ (as part
of the statement in Theorem 2.3).

The passage from a 2-sequence to an extended one is partially motivated by
the fact that there are 2-sequences which are positive semi-definite and which are
not moment sequences (see [BCR], [BeCh]). Therefore, some new parameters must
be introduced. In addition, when the moment problem has several solutions, a
parametrization of all solutions is also of interest. The existence of “optimal”
choices for such parameters is still to be investigated.

When one seeks, in this context, representing measures whose support is concen-
trated in Rn

+, then the corresponding moment problem is called the Stieltjes mo-
ment problem (in several variables). Solutions to Hamburger and Stieltjes moment
problems, in several variables, by extended sequences, are provided by Theorems
2.3 and 2.6. For a thorough discussion concerning these problems in one variable, as
well as for historical remarks, we refer to the monographs [Akh] and [ShTa] (see also
[BCR], [Dev], [Esk], [Fug], [Hav], [KoMi], [Sch], etc. for various solutions in several
variables). In the determined case, even for one-variable problems our statements
(Corollaries 2.5 and 2.8, and Theorem 3.9) are seemingly new (see [Akh], [ShTa]
for other characterizations).

The first two sections of this paper have circulated as a preprint since the Spring
of 1998, under the same name. It has partially inspired the work [PuVa], where
similar (but not identical) problems are treated. Let us also mention the indepen-
dent paper [StSz], where solutions to some moment problems in the plane are given,
via certain extended sequences, using different methods.

The third section, which is a natural continuation of the second one, has been
subsequently added. It contains an operator theoretic characterization of the
uniqueness of the representing measures (Theorem 3.4), as well as some related
results. In particular, an explicit (topological) characterization of the strongly de-
termined moment problems (Theorem 3.7), as defined in [Fug], using some results
from [Vas2]. The case of determined moment problems on the real line is separately
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treated (Theorem 3.9), and we give a relatively simple explicit condition, similar
to the classical one due to Hamburger (see [Dev]).

The author would like to thank R. Curto and M. Putinar for their interest in
this work. Thanks are also due to J. d’Almeida for an idea related to the proof
of Lemma 2.2. He is also indebted to the referee for some useful suggestions, in
particular for a more appropriate terminology in Definition 3.1.

2. The main results

Let H be a complex Hilbert space, whose scalar product (resp. norm) will be
denoted by 〈∗, ∗〉 (resp. ‖ ∗ ‖).

By operator in H we mean a linear map S, defined a linear subspace D(S) ⊂ H,
with values in H. The range of S will be denoted by R(S).

Lemma 2.1. Let S be a symmetric densely defined operator in H. If the sets
R(S ± i) are dense in H, then the canonical closure of S is a selfadjoint operator.

Proof. Let A be the canonical closure of S, which is also a symmetric operator.
From the classical identity

‖(A± i)x‖2 = ‖Ax‖2 + ‖x‖2, x ∈ D(A),

it follows that R(A± i) are closed subspaces of H. As we have R(A± i) ⊃ R(S± i),
our hypothesis implies R(A± i) = H.

Let V be the Cayley transform of A (see [Rud, 13.17]). Since D(V ) =
R(A + i), R(V ) = R(A − i), the operator V is unitary, and so A must be self-
adjoint (via [Rud, 13.19]).

Lemma 2.2. Set θj(t) = (1 + t2j)
−1, 1 ≤ j ≤ n, t = (t1, ..., tn) ∈ Rn, and let Rθ

be the algebra of rational functions generated by Pn and θ = (θj)1≤j≤n. Let ρ :
P2n → Rθ be given by ρ : p(t, s)→ p(t, θ(t)). Then ρ is a surjective unital algebra
homomorphism, whose kernel is the ideal generated by the polynomials σj(t, s) =
sj(1 + t2j)− 1, 1 ≤ j ≤ n.

Proof. That ρ is a surjective unital algebra homomorphism is obvious. We have
only to determine the kernel of ρ.

Let p ∈ P2n be a polynomial with the property p(t, θ(t)) = 0, t ∈ Rn. We write
p(t, s) =

∑
β∈Zn+

pβ(t)sβ , with pβ ∈ Pn \ {0} only for a finite number of indices β.
Then we have

p(t, s) = p(t, s)− p(t, θ(t)) =
∑
β 6=0

pβ(t)(sβ − θ(t)β)

=
∑

1≤j≤n
(sj − θj(t))`j(t, s, θ(t)),

where `j are polynomials.
Let aj = max{βj ; pβ 6= 0}, 1 ≤ j ≤ n, and let

τ(t) =
∏

1≤j≤n
(1 + t2j)

aj .

Then, from the above calculation, we deduce the equation

τ(t)p(t, s) =
∑

1≤j≤n
(sj(1 + t2j)− 1)qj(t, s),(2.1)

with qj ∈ P2n for all indices j.
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If aj = 0 for all j, then p(t, s) = p0(t) = p(t, θ(t)) = 0. Therefore, with no loss
of generality, we may assume aj 6= 0 for some indices j.

It is easily seen that the polynomials τ, σj , 1 ≤ j ≤ n, have no common zero in
C2n. By a special case of Hilbert’s Nullstellensatz (see, for instance, [Van, Section
16.5]), there are polynomials τ̃ , (σ̃j)1≤j≤n in P2n such that

τ τ̃ +
∑

1≤j≤n
σj σ̃j = 1.(2.2)

If we multiply (2.2) by p, and use (2.1), we obtain the relation

p =
∑

1≤j≤n
σj(qj τ̃ + σ̃jp),

which is precisely our assertion.

We shall denote by ej ∈ Zn+, j = 1, ..., n, the multi-index whose coordinates are
null except for the jth-coordinate, which is equal to one.

A solution of the Hamburger moment problem in several variables is given by
the following.

Theorem 2.3. An n-sequence γ = (γα)α∈Zn+ (γ0 > 0) is a moment n-sequence if
and only if there exists a positive semi-definite 2n-sequence δ = (δ(α,β))(α,β)∈Zn+×Zn+

with the following properties:
(1) γα = δ(α,0) for all α ∈ Zn+.
(2) δ(α,β) = δ(α,β+ej) + δ(α+2ej ,β+ej) for all α, β ∈ Zn+, 1 ≤ j ≤ n.
In this case, the n-sequence γ has a uniquely determined representing measure

in Rn if and only if the 2n-sequence δ is unique.

Proof. We prove first that conditions (1), (2) are necessary. Assume that the se-
quence γ = (γα)α∈Zn+ has a representing measure µ. Define

δ(α,β) =
∫

Rn

tαθ(t)β dµ(t), α, β ∈ Zn+,

where θj(t) = (1 + t2j)
−1, 1 ≤ j ≤ n, t = (t1, ..., tn) ∈ Rn, and θ = (θj)1≤j≤n.

Clearly, δ = (δ(α,β))(α,β)∈Zn+×Zn+
is a positive semi-definite 2n-sequence, satisfying

(1). Moreover, since ∫
Rn

(θj(t)(1 + t2j)− 1)tαθ(t)β dµ(t) = 0

for all α, β ∈ Zn+, 1 ≤ j ≤ n, we also have (2).
Conversely, assume that the 2n-sequence δ = (δ(α,β))(α,β)∈Zn+×Zn+

exists. Let θj
be as above, and let Rθ be the algebra generated by Pn, and θ = (θj)1≤j≤n. We
shall define a positive semi-definite map Λ on Rθ, via the equality

Λ(r) = Lδ(p), r ∈ Rθ,
where Lδ is the linear map associated with δ, and p ∈ P2n satisfies r(t) = p(t, θ(t)),
t ∈ Rn.

Notice first that Λ is correctly defined. Indeed, by virtue of Lemma 2.2, the
algebra Rθ is isomorphic to the quotient P2n/Iσ, where Iσ is the ideal generated
in P2n by the polynomials σj(t, s) = sj(1 + t2j)− 1, 1 ≤ j ≤ n. Note that condition
(2) implies Lδ | Iσ = 0. Therefore, the map Λ, which can be identified with the
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map induced by Lδ on the quotient P2n/Iσ, is correctly defined, and positive semi-
definite as well, on Rθ. This allows us to define a sesquilinear form on Rθ by the
equation

〈r1, r2〉θ = Λ(r1r̄2), r1, r2 ∈ Rθ.(2.3)

Let N = {r ∈ Rθ; Λ(rr̄) = 0}. Then (2.3) induces a scalar product 〈∗, ∗〉 on
the quotient Rθ/N (corresponding to (1.1)), and let H be the completion of the
quotient Rθ/N with respect to this scalar product.

We define in H the operators

Tj(r +N ) = tjr +N , r ∈ Rθ, j = 1, ..., n,(2.4)

which are symmetric and densely defined, with D(Tj) = Rθ/N for all j. We shall
show that Tj satisfies the conditions of Lemma 2.1 for each j. Indeed, if r ∈ Rθ
is arbitrary, then the functions u±(t) = (tj ∓ i)θj(t)r(t) are solutions in Rθ of the
equations (tj ± i)u±(t) = r(t). This implies the equalities R(Tj ± i) = D(Tj), and
therefore Lemma 1.3 applies to Tj. Hence Tj is essentially selfadjoint, and let Aj
be the canonical closure of Tj. We shall show that the operators (i − A1)−1, ...,
(i−An)−1 mutually commute. Indeed, the previous argument shows that the map
(i− Tj)−1 is well defined on D = D(Tj), and leaves this space invariant, for all j.
Moreover, the maps (i − T1)−1, ..., (i − Tn)−1 mutually commute on D. Since Aj
extends Tj , we clearly have

(i−Aj)((i−Aj)−1 − (i− Tj)−1)ξ = 0, ξ ∈ D,
implying (i−Aj)−1|D = (i− Tj)−1. Therefore, for all j, k, j 6= k, we have

(i−Aj)−1(i−Ak)−1ξ = (i− Tj)−1(i− Tk)−1ξ

= (i− Tk)−1(i− Tj)−1ξ = (i−Ak)−1(i−Aj)−1ξ

where ξ ∈ D is arbitrary. Since (i − A1)−1, ..., (i − An)−1 are bounded and D
is dense, this implies that they mutually commute. In particular, the selfadjoint
operators A1, ..., An have a joint spectral measure (see, for instance, [Vas1]). If E
is the joint spectral measure of A1, ..., An, then µ(∗) = 〈E(∗)(1 +N ), 1 +N〉 is a
representing measure for the given sequence γ. We shall prove that we have, in
fact, the equality

δα,β =
∫

Rn

tαθ(t)βd〈E(t)(1 +N ), 1 +N〉(2.5)

for all multi-indices α, β. Indeed, if r(T ) is the linear map on D given by
r(T )(f + N ) = rf + N , for all r, f ∈ Rθ, then we have θ(A)β ⊃ θ(T )β, where
θ(A)β is given by the functional calculus of A. This follows (as above for Tj) from
the obvious relations θ(A)−β ⊃ θ(T )−β , and θ(A)−β(θ(A)β−θ(T )β) = 0. Therefore:

δα,β = 〈tαθ(t)β1, 1〉θ = 〈Tαθ(T )β(1 +N ), 1 +N〉 = 〈Aαθ(A)β(1 +N ), 1 +N〉

=
∫

Rn

tαθ(t)βd〈E(t)(1 +N ), 1 +N〉.

We have only to discuss the uniqueness of the representing measure of γ.
Assume first that the sequence δ is uniquely determined, and let ν be an arbitrary

representing measure of γ. Then the space H can be identified with a subspace of
L2(ν). Indeed, as we must have δα,β =

∫
tαθ(t)βdν(t) for all indices α, β, by the

uniqueness of δ, it follows 〈r1, r2〉θ =
∫
r1r̄2 dν for all r1, r2 ∈ Rθ. Therefore, as the
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functions from N are null ν-almost everywhere, the space H is identified with the
closure of Rθ in L2(ν).

We proceed now as in [Fug, Theorem 7]. The operators (Hjf)(t) = tjf(t), t =
(t1, ..., tn) ∈ Rn, f ∈ D(Hj) = {g ∈ L2(ν); tjg ∈ L2(ν)}, j = 1, ..., n, are commuting
selfadjoint in L2(ν). Clearly, Hj ⊃ Tj , and so Hj ⊃ Aj for all j. Therefore, since
(Aj+iu)−1 = (Hj+iu)−1|H for all u ∈ R (see a similar argument above), it follows
that the spectral measure Ej of Hj leaves invariant the space H, as a consequence
of [DuSc, Theorem XII.2.10], for all j. If EH is the joint spectral measure of
H = (H1, ..., Hn), then we have EH(B1×· · ·×Bn) = E1(B1) · · ·En(Bn) for all Borel
sets B1, ..., Bn in R. This implies that the space H is invariant under EH . Hence,
χB = EH(B)1 ∈ H for all Borel subsets B of Rn, where χB is the characteristic
function of B. This shows that L2(ν) = H, since the simple functions form a dense
subspace of L2(ν). In particular, we have the equalities Hj = Aj , j = 1, ..., n.
Therefore, with µ and E as above, µ(B) = 〈E(B)1, 1〉 = 〈EH(B)1, 1〉 =

∫
χBdν,

for all Borel sets B. Consequently, µ = ν, showing that the representing measure
is unique.

Conversely, if the representing measure µ of γ is unique, and if the sequences
δ′, δ′′ satisfy (1),(2), then we have δ′α,β =

∫
tαθ(t)βdµ(t) = δ′′α,β for all indices α, β,

via (2.5), which completes the proof of the theorem.

Remark 2.4. Let Rθ be as in the previous proof, and let Λ : Rθ → C be an arbi-
trary positive semi-definite map. Then Λ has a uniquely determined representing
measure, say µ, and the space Rθ is dense in L2(µ). The proof of this assertion is
practically contained in the previous proof.

Corollary 2.5. A sequence γ = (γα)α∈Z+(γ0 > 0) is a moment sequence, and has
a uniquely determined representing measure, if and only if there exists a uniquely
determined positive semi-definite 2-sequence δ = (δ(α,β))(α,β)∈Z2

+
, with the following

properties:

(1) γα = δ(α,0) for all α ∈ Z+.
(2) δ(α,β) = δ(α,β+1) + δ(α+2,β+1) for all α, β ∈ Z+.

The difficulties to find a reasonable characterization of the Stieltjes n-sequences
are emphasized in [BeCh]. Nevertheless, the next result is a solution to the Stieltjes
moment problem in several variables, vie extended sequences.

Theorem 2.6. An n-sequence γ = (γα)α∈Zn+
(γ0 > 0) is a moment sequence, and

has a representing measure in Rn
+, if and only if there exists a positive semi-definite

2n-sequence δ = (δ(α,β))(α,β)∈Zn+×Zn+
with the following properties:

(1) γα = δ(α,0) for all α ∈ Zn+.
(2) δ(α,β) = δ(α,β+ej) + δ(α+2ej ,β+ej) for all α, β ∈ Zn+, 1 ≤ j ≤ n.
(3) (δ(α+ej ,β))(α,β)∈Zn+×Zn+

is a positive semi-definite 2n-sequence for all j =
1, ..., n.

In this case, the n-sequence γ has a uniquely determined representing measure in
Rn

+ if and only if the 2n-sequence δ is unique.

Proof. Assuming that the n-sequence γ = (γα)α∈Zn+ has a representing measure µ
in Rn

+, we define the 2n-sequence (δ(α,β))α,β∈Zn+ as in the proof of Theorem 2.3.
Then δ is a positive semi-definite 2n-sequence, satisfying (1) and (2). Moreover,
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since ∫
Rn

+

tj | p(t, θ(t))|2 dµ(t) ≥ 0

for all p ∈ P2n, j = 1, ..., n, we also have (3).
Conversely, conditions (1) and (2) insure the existence of selfadjoint extensions

A1, ..., An of the operators T1, ..., Tn (given by (2.4)), respectively. Since Aj is
the canonical closure of Tj , and Tj is positive by (3), then Aj is positive for all
j = 1, ..., n. Therefore, the joint spectral measure of A1, ..., An is concentrated on
Rn

+.
The assertion concerning the uniqueness of the representing measure follows from

Theorem 2.3.

Remark 2.7. Let Rθ be as in the proof of Theorem 2.3, and let Λ : Rθ → C be an
arbitrary positive semi-definite map. In addition, assume that Λ(tj |r|2) ≥ 0 for all
r ∈ Rθ and j = 1, ..., n. Then Λ has a uniquely determined representing measure,
say µ, whose support is concentrated in Rn

+. Moreover, the space Rθ is dense in
L2(µ). The proof of this assertion is obtained from the Remark 2.4 combined with
some ideas from the proof of Theorem 2.6. We omit the details.

Corollary 2.8. A sequence γ = (γα)α∈Z+(γ0 > 0) is a moment sequence, and has
a uniquely determined representing measure in R+, if and only if there exists a
uniquely determined positive semi-definite 2-sequence δ = (δ(α,β))(α,β)∈Z+, with the
following properties:

(1) γα = δ(α,0) for all α ∈ Z+.
(2) δ(α,β) = δ(α,β+1) + δ(α+2,β+1) for all α, β ∈ Z+.
(3) The sequence (δ(α+1,β))α,β∈Z+ is positive semi-definite.

Remark 2.9. We can state and prove operator versions of the previous results. See
[Vas3] for details.

3. More about the uniqueness

The uniqueness of a representing measure of a moment n-sequence is character-
ized in Theorem 2.3 by the uniqueness of the associated 2n-sequence. Using some
of the previous assertions and techniques, we shall give in this section an operator
theoretic characterization of the uniqueness of the representing measure, as well as
some related results.

Definition 3.1. Let S = (S1, ..., Sn) be a tuple consisting of symmetric operators
in a Hilbert space H. We say that S has a smallest selfadjoint extension if there
exist a Hilbert space K ⊃ H and a tuple A = (A1, ..., An) consisting of commuting
selfadjoint operators in K with the following properties:

(1) Aj ⊃ Sj , j = 1, ..., n;
(2) if B = (B1, ..., Bn) is a tuple consisting of commuting selfadjoint operators

in a Hilbert space L ⊃ H such that Bj ⊃ Sj , j = 1, ..., n, then L ⊃ K and
Bj ⊃ Aj , j = 1, ..., n.

Remarks 3.2. (i) In the previous definition, we write K ⊃ H when there exists a
linear isometry from H into K, which allows the identification of H with a closed
subspace of K. In particular, the smallest selfadjoint extension, when exists, is
uniquely determined.
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(ii) If S = (S1, ..., Sn) is a tuple consisting of symmetric operators in a Hilbert
space H such that the canonical closures A1, ..., An of S1, ..., Sn are commuting
selfadjoint operators, then A = (A1, ..., An) is the smallest selfadjoint extension of
S.

If n = 1, and the deficiency indices are equal, this condition is also necessary.
Indeed, if S = S1 is a closed symmetric operator whose deficiency indices are equal,
then D(S) equals the intersection of the domains of all selfadjoint extensions of S,
as proved in the Appendix of [Dev]. Assuming that S has a smallest selfadjoint
extension A = A1, we infer readily that S = A.

For n > 1, the smallest selfadjoint extension, whose structure is not yet well
understood, may have unexpected properties. For instance, it follows from Theorem
4.4 of [BeTh] (see also Theorem 3.4 below) that, for some tuples of symmetric
operators, the smallest selfadjoint extension may exist in a Hilbert space strictly
larger than the given one.

Theorem 3.3. Let S1, ..., Sn be symmetric operators in a Hilbert space H, such
that D = D(S1) = · · · = D(Sn), is invariant under S1, ..., Sn. Let also A1, ..., An
be commuting selfadjoint operators in a Hilbert space K ⊃ H, with Aj ⊃ Sj , j =
1, ..., n. Let

K0 = {(1 +A2
1)−m · · · (1 +A2

n)−mx;x ∈ D,m ∈ Z+},
which is a linear subspace of K invariant under A1, ..., An.

The tuple A = (A1, ..., An) is the smallest selfadjoint extension of the tuple
S = (S1, ..., Sn) if and only if

(1) the subspace K0 is dense in K;
(2) if B1, ..., Bn are commuting selfadjoint operators in a Hilbert space L ⊃ H,

such that Bj ⊃ Sj, j = 1, ..., n, then

‖(1 +B2
1)−m · · · (1 +B2

n)−mx‖ = ‖(1 +A2
1)−m · · · (1 +A2

n)−mx‖
for all x ∈ D,m ∈ Z+.

Proof. Since D is invariant under S1, ..., Sn and Aj ⊃ Sj for all j, it is easily seen
that K0 is a linear subspace of K, invariant under A1, ..., An.

Assume that A is the smallest selfadjoint extension of S. Let G be the closure
of K0 in K, and set Cj = Aj |K0, j = 1, ..., n. We shall show that the canonical
closures of C1, ..., Cn are commuting selfadjoint operators in G.

Put rm(A) = (1 +A2
1)−m · · · (1 +A2

n)−m, m ∈ Z+, and let y = rm(A)x, x ∈ D,
be fixed. For every index j we have

y = rm(A)x = (Cj ± i)rm+1(A)
∏
k 6=j

(1 + S2
k)(Sj ∓ i)x.

This shows that R(Cj±i) = K0. According to Lemma 2.1, the canonical closure C̄j
of the operator Cj is selfadjoint in G. Clearly, C̄j ⊂ Aj , implying that (i− C̄j)−1 ⊂
(i−Aj)−1 for all indices j. From commutation of (i−Aj)−1, (i−Ak)−1 we obtain
the commutation of (i− C̄j)−1, (i− C̄k)−1 for all indices j, k.

The hypothesis on A implies that C̄j = Aj for all j. Therefore, the canonical
closure of Aj |K0 coincides with Aj for all j. In particular, the subspace K0 is dense
in K, which is condition (1).

If B1, ..., Bn are commuting selfadjoint operators in a Hilbert space L ⊃ H such
that Bj ⊃ Sj , j = 1, ..., n, then, by the hypothesis on A, one must have L ⊃ K and
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Bj ⊃ Aj for all j. Hence (1+B2
1)−m · · · (1+B2

n)−mx = (1+A2
1)−m · · · (1+A2

n)−mx
for all x ∈ D and m ∈ Z+, i.e., condition (2) also holds.

Conversely, suppose that conditions (1) and (2) are satified. We shall show that
A is the smallest selfadjoint extension of S.

Let B1, ..., Bn be commuting selfadjoint operators in a Hilbert space L ⊃ H
such that Bj ⊃ Sj , j = 1, ..., n. We may define a linear map from K0 into L via
the formula

K0 3 (1 +A2
1)−m · · · (1 +A2

n)−mx→ (1 +B2
1)−m · · · (1 +B2

n)−mx ∈ L.(∗)

Condition (2) shows that the map (∗) is well defined and isometric. Moreover,
K0 is dense in K via condition (1). Therefore, the map (∗) extends to a linear
isometry from K into L, and we may identify K with a closed subspace of L. Note
that Aj |K0 = Bj |K0 for all j, via this identification. Let us show that the canonical
closure of Aj |K0 is Aj . Indeed, assuming the existence of a pair u⊕Aju in the graph
of Aj orthogonal to all pairs rm(A)x⊕Ajrm(A)x with x ∈ D and m ≥ 0 arbitrary
(see the notation above), we infer that 〈u, (1+A2

j)rm(A)x〉 = 0. This implies u = 0
because of the equality (1+A2

j)K0 = K0. Therefore, Bj ⊃ Aj , j = 1, ..., n, showing
that A is the smallest selfadjoint extension of S.

Let γ = (γα)α∈Zn+ be a positive semi-definite n-sequence and let Lγ : Pn → C
be the associated linear map, given by Lγ(tα) = γα, α ∈ Zn+. Let also N = {p ∈
Pn;Lγ(pp̄) = 0}. Then Lγ induces a scalar product 〈∗, ∗〉 on the quotient Pn/N ,
and let H = Hγ be the completion of the quotient Pn/N with respect to this scalar
product.

As in the proof of Theorem 2.3, we define in H the operators

Tj(p+N ) = tjp+N , p ∈ Pn, j = 1, ..., n,(3.1)

which are symmetric and densely defined, with D(Tj) = Pn/N for all j.

Theorem 3.4. Let γ = (γα)α∈Zn+ be a moment n-sequence. The representing mea-
sure of γ is unique if and only if the tuple T = (T1, ..., Tn) has a smallest selfadjoint
extension.

Proof. Suppose that T = (T1, ..., Tn) has a smallest selfadjoint extension A =
(A1, ..., An), acting in a Hilbert space K ⊃ H = Hγ . If EA is the spectral measure
of A, then µ(∗) = 〈EA(∗)(1 +N ), 1 +N〉 is a representing measure for γ (see the
proof of Theorem 2.3).

Let ν be another representing measure for γ. Let Bjf(t) = tjf(t), t ∈ Rn, f ∈
D(Bj) = {g ∈ L2(ν); tjg ∈ L2(ν)}, j = 1, ..., n. Since

∫
|p|2dµ =

∫
|p|2dν for all

polynomials p ∈ Pn, the space H may be regarded as a closed subspace of L2(ν),
and Bj ⊃ Tj for all j. Moreover, B1, ..., Bn are commuting selfadjoint operators.
The hypothesis implies that L2(ν) ⊃ K and Bj ⊃ Aj , j = 1, ..., n. Therefore, if EB
is the spectral measure of B = (B1, ..., Bn), then EA = EB|K, and

ν(∗) = 〈EB(∗)1, 1〉 = 〈EA(∗)(1 +N ), 1 +N〉 = µ(∗).

Conversely, suppose that γ has a unique representing measure µ. Then Pn ⊂
L2(µ), and let Ajf(t) = tjf(t), t ∈ Rn, f ∈ D(Aj) = {g ∈ L2(µ); tjg ∈ L2(µ)}, j =
1, ..., n, and A = (A1, ..., An). We shall use Theorem 3.3 to prove that A is the
smallest selfadjoint extension of T .



1274 F.-H. VASILESCU

First of all, note that the space K0 from Theorem 3.3 is equal in this case to the
space Rθ (defined in Lemma 2.2). Since Rθ is dense in L2(µ) (via Remark 2.4),
condition (1) from Theorem 3.3 is fulfilled.

Next, let B = (B1, ..., Bn) be a tuple consisting of commuting selfadjoint opera-
tors in a Hilbert space L ⊃ H , such that Bj ⊃ Tj, j = 1, ..., n. If EB is the spectral
measure of B, then ν(∗) = 〈EB(∗)1, 1〉 is a representing measure for γ, and we must
have ν = µ.

Let r ∈ Rθ be arbitrary. We have

‖r(A)1‖2 =
∫
|r(t)|2dµ(t) =

∫
|r(t)|2d〈EB(t)1, 1〉 = ‖r(B)1‖2.

Particularly, if rm(t) = (1+t21)−m · · · (1+t2n)−m and p ∈ Pn, we obtain the equalities

‖rm(A)p‖ = ‖rm(A)p(A)1‖ = ‖rm(B)p(B)1‖ = ‖rm(B)p‖,

showing that condition (2) from Theorem 3.3 is also fulfilled. By virtue of this
theorem, the tuple A is the smallest selfadjoint extension of T .

Corollary 3.5. A positive semi-definite sequence γ = (γk)k∈Z+ has a uniquely
determined representing measure, say µ, if and only if the operator T given by (3.1)
is essentially selfadjoint. In this case, the space of polynomial functions is dense in
L2(µ).

Proof. The fact that T is essentially selfadjoint if and only if µ is unique is well-
known (see, for instance, [Dev]). It can be obtained from Theorem 3.4, via Remark
3.2(ii) and the fact that the operator T commutes with the natural involution onH,
and so its deficiency indices are equal (see [DuSc, Theorem XII.4.18]). As for the
last assertion, we identify the space Hγ with a closed subspace of L2(µ). Since the
canonical closure of T , say A, is selfadjoint in Hγ , we obtain that (1+A2)−mp ∈ Hγ
for all p ∈ P1 and all integers m ≥ 0. But (1 + A2)−mp = (1 + t2)−mp, implying
that Rθ is in Hγ . The density of Rθ in L2(µ) concludes the proof (see also [Fug]).

Remarks 3.6. (a) Let S = (S1, S2) be a pair of symmetric operators in H. We
define the matrix

Q(S) =
(
S1 S2

−S2 S1

)
on the subspace

D(Q(S)) = [D(S1) ∩D(S2)]⊕ [D(S1) ∩D(S2)] ⊂ H2.

Put also Q(S)# = Q(S#), where S# = (S1,−S2). If D is a subspace of
D(S1) ∩ D(S2) and if S1, S2 commute on D, it is easily seen that ‖Q(S)x‖2 =
‖Q(S)#x‖2, x ∈ D ⊕D, where ‖ ∗ ‖2 is the natural norm on H2.

We set

Q′ =
(
σ0 σ0

σ0 −σ0

)
,

where σ0 = i
√

2/2.
In the proof of the next result we shall use the following assertion:
Let S1, ..., Sn be symmetric operators in the Hilbert space H. Suppose that there

exists a linear subspace D ⊂ D(S1)∩· · ·∩D(Sn), D is dense in H, with the following
properties:
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(1) ‖Q(Sjk)x‖2 = ‖Q(Sjk)#x‖2, x ∈ D ⊕D, for all indices j, k with 1 ≤ j < k ≤
n, where Sjk = (Sj , Sk).

(2) The set {(Q(Sjk) +Q′)x;x ∈ D ⊕D} is dense in H2 for all indices j, k with
1 ≤ j < k ≤ n.

Then S1, ..., Sn have commuting selfadjoint extensions.
The proof of this result, as well as other details, can be found in [Vas2] (see

especially Corollary 3.9 from [Vas2]).
(b) We recall that a given positive semi-definite n-sequence γ = (γα)α∈Zn+ is

said to be strongly determined [Fug], if the operators given by (3.1) are essentially
selfadjoint and commute. In that case the sequence γ has a uniquely determined
representing measure, by Theorem 3.4 and Remark 3.2(ii). Moreover, if µ is the
unique representing measure of γ, then, as noticed in [Fug], the space of polynomial
functions is dense in L2(µ) (the argument for the corresponding assertion from
Corollary 3.5 can be easily adapted to this case).

The next result provides an explicit characterization of the strongly determined
n-sequences.

Theorem 3.7. Let γ = (γα)α∈Zn+ be a positive semi-definite n-sequence. We define
on Rn the polynomials

P ′α,j,k(t; a, b) = |tα +
∑
ξ

aξ(tj + σ0)tξ +
∑
η

bη(tk + σ0)tη|2,

P ′′j,k(t; a, b) = |
∑
ξ

aξ(−tk + σ0)tξ +
∑
η

bη(tj − σ0)tη|2,

Q′β,j,k(t; a, b) = |tβ +
∑
ξ

aξ(−tk + σ0)tξ +
∑
η

bη(tj − σ0)tη|2,

Q′′j,k(t; a, b) = |
∑
ξ

aξ(tj + σ0)tξ +
∑
η

bη(tk + σ0)tη|2,

for all finite sequences of complex numbers a = (aξ)ξ≥0, b = (bη)η≥0, where α, β ∈
Zn+ and 1 ≤ j < k ≤ n.

The n-sequence γ is strongly determined if and only if

inf
a,b
Lγ(P ′α,j,k(t; a, b) + P ′′j,k(t; a, b)) = 0,(3.2′)

inf
a,b
Lγ(Q′β,j,k(t; a, b) +Q′′j,k(t; a, b)) = 0,(3.2′′)

for all α, β ∈ Zn+ and 1 ≤ j < k ≤ n.

Proof. If γ is strongly determined, then the canonical closures A1, ..., An of the op-
erators T1, ..., Tn (respectively), given by (3.1), are commuting selfadjoint operators.
Then the representing measure µ of γ is uniquely determined, via Theorem 3.4, and
we may identify the Hilbert space H from (3.1) with L2(µ). If Tj,k = (Tj , Tk), then
the canonical closure of the operator Q(Tj,k) (defined on Pn ⊕ Pn) is the operator
Q(Aj,k) for all indices j, k with 1 ≤ j < k ≤ n, where Aj,k = (Aj , Ak) (see Theorem
3.8 from [Vas2]). In addition, the operator Q(Ajk) + Q′ is surjective (in fact, it
has a bounded inverse) by Theorem 3.14 from [Vas2]. This implies that the set
R(Q(Tjk)+Q′) is dense in L2(µ)2. In particular, the elements tα⊕0 and 0⊕ tβ can
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be approximated with elements from R(Q(Tjk) +Q′), which is equivalent to (3.2′)
and (3, 2′′).

Conversely, conditions (3.2′), (3.2′′) imply that the closure of the set {(Q(Tjk) +
Q′)x;x ∈ D ⊕ D}, where Tjk = (Tj , Tk) and D = Pn/N (the notation is again
related to (3.1)), contains the set D⊕D (which is generated by the elements of the
form (tα+N )⊕0 and 0⊕(tβ+N )). Therefore, the set {(Q(Tjk)+Q′)x;x ∈ D⊕D}
is dense in H2 for all indices j, k with 1 ≤ j < k ≤ n. In other words, condition (2)
in Remark 3.6(a) is fulfilled. As condition (1) is also fulfilled (see Remark 3.6(a)), it
follows that the canonical closures of T1, ..., Tn are commuting selfadjoint operators,
by Corollary 3.9 from [Vas2].

Remark 3.8. Conditions (3.2′) and (3.2′′) depend only on the given sequence γ. In
fact, choosing an algebraic basis (tα+N )α∈A in D = Pn/N , for each pair of indices
j, k (1 ≤ j < k ≤ n) the familiy {(Q(Tjk) + Q′)((tξ +N ) ⊕ 0), (Q(Tjk) + Q′)(0 ⊕
(tη +N )), ξ, η ∈ A} is an algebraic basis of R(Q(Tjk) + Q′) (due to the fact that
Q(Tjk)+Q′ is injective [Vas2]). Ortogonalizing this family via the Gram procedure,
we can express the distance from an element of the form (tα+N )⊕0 or of the form
0⊕ (tβ +N ) to the space R((Q(Tjk) +Q′) only in terms of γ, which is equivalent
to conditions (3.2′) and (3.2′′).

Theorem 3.9. Let γ = (γk)k∈Z+ be a positive semi-definite sequence. We define
the function

P (γ; a, b) = γ0 + 2
∑
m

(amγm+1 − bmγm) +
∑
m,`

(ama` + bmb`)(γm+` + γm+`+2)

for all finite sequences of real numbers a = (am)m≥0, b = (bm)m≥0.
The sequence γ has a uniquely determined representing measure if and only if

inf
a,b
P (γ; a, b) = 0.(3.3)

Proof. Note that

P (γ; a, b) = Lγ(|1 +
∑
m

(t+ i)cmtm|2),

where cm = am + ibm for all m ≥ 0. Therefore, if (3.3) is fulfilled, then the
vector y0 = 1 +N must be in the closure of the range of the operator T + i (with
T = T1 given by (3.1) for n = 1). If (xk)k≥1 is a sequence from P1/N such that
y0 = limk(T + i)xk, because the operator (T + i)−1 : R(T + i) → H = Hγ is
well defined and contractive, it follows that xk → x0 (k → ∞), with x0 ∈ D(A),
and Txk → Ax0 (k → ∞), where A is the canonical closure of T . Therefore,
y0 = Ax0 + ix0. This equation implies, by recurrence, that T ky0 = (A+ i)Akx0 for
all integers k ≥ 1. In other words, the range of A+i contains the space P1/N , which
is dense in H. Since the deficiency indices of T are equal (because T commutes
with the natural involution of H), it follows that A must be a selfadjoint operator,
which implies the uniqueness of the representing measure of γ, by Corollary 3.5.

Conversely, if the representing measure of γ is unique, then T is essentially
selfadjoint, and so the space (T + i)(P1/N ) must be dense in H, implying, in
particular, condition (3.3).

Remark 3.10. H. L. Hamburger showed that the uniqueness of the representing
measure of a positive semi-definite sequence can be characterized by a condition
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similar to (3.3). Hamburger’s condition is a consequence of an interesting and deep
phenomenon, but the proof is rather intricate (see the Appendix of [Dev] for an
operator theoretic approach). Our condition (3.3), whose proof is much simpler, is
explicit enough to be used in applications. Indeed, with the notation of Theorem
3.9, and by identifying the equivalence classes with their representatives in the
space H = Hγ , we may assume that the family of monomials (tk)k≥0 is linearly
independent in H (otherwise the space H is finite dimensional, the operator T = T1

selfadjoint on H, T + i bijective, and so 1 = (T + i)p for a certain polynomial p).
If we define qj = (T + i)tj−1, j ≥ 1, then it is clear that the family (qj)j≥1 is also
linearly independent in H. Using the Gram procedure, we may replace condition
(3.3) by the equivalent condition

lim
m→∞

G(q1, ..., qm, 1)
G(q1, ..., qm)

= 0,

where, with the notation gj,k = Lγ(qk q̄j) = γj+k + γj+k−2, 1 ≤ j, k ≤ m, gj,m+1 =
Lγ(q̄j) = γj−iγj−1, 1 ≤ j ≤ m, gm+1,j = Lγ(qj) = γj+iγj−1, 1 ≤ j ≤ m, gm+1,m+1

= Lγ(1) = γ0, G(q1, ..., qm) is the determinant of the matrix (gj,k)mj,k=1, and
G(q1, ..., qm, 1) is the determinant of the matrix (gj,k)m+1

j,k=1.

Corollary 3.11. Let µ be a probability measure on the real line such that P1 ⊂
L2(µ), and let P1,r be the (real) subspace of P1 consisting of all polynomials with
real coeficients. If

inf
p1,p2∈P1,r

∫
((1 + (1 + t2)(p1(t)2 + p2(t)2) + 2(tp1(t)− p2(t)))dµ(t) = 0,

then P1 is dense in L2(µ).

Proof. The assertion is a direct consequence of the previous theorem, via Corollary
3.5.
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