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ALGEBRAIC AND SPECTRAL PROPERTIES OF
DUAL TOEPLITZ OPERATORS

KAREL STROETHOFF AND DECHAO ZHENG

ABSTRACT. Dual Toeplitz operators on the orthogonal complement of the
Bergman space are defined to be multiplication operators followed by pro-
jection onto the orthogonal complement. In this paper we study algebraic and
spectral properties of dual Toeplitz operators.

1. INTRODUCTION

The Bergman space L2 is the Hilbert space of analytic functions on the unit
disk D that are square integrable with respect to normalized area measure dA. We
write P for the orthogonal projection of L?(ID,dA) onto its closed linear subspace
L2. For a bounded measurable function f on I the Toeplitz operator with symbol
[ is the operator Ty on L2 defined by Tth = P(fh), for h € L2. We define the
dual Toeplitz operator Sy to be the operator on (L2)* given by Syu = Q(fu), for
u € (L2)1, where Q = I — P is the orthogonal projection of L?(ID, dA) onto (L2)=L.
The orthogonal complement of the Hardy space in L?(9D) is equal to 2H?, so that
a Toeplitz operator on H? is anti-unitarily equivalent to multiplication on (H?)*
followed by projection onto (H?)*. In the Bergman space setting this is no longer
the case, since the orthogonal complement (L2)* of L2 in L?(ID,dA) is much larger
than Z—Lg

Although dual Toeplitz operators differ in many ways from Toeplitz operators,
they do have some of the same properties. The purpose of this paper is to study
some algebraic and spectral properties of dual Toeplitz operators and to study
to what extent these properties parallel those of Toeplitz operators on the Hardy
space. Our results for dual Toeplitz operators may offer some insight into the study
of similar questions for Toeplitz operators on the Bergman space.

In the setting of the classical Hardy space H?, algebraic and spectral properties
of Toeplitz operators were studied in [6], [9], [12], [16], [18] and [23]. In particular,
Brown and Halmos [6] characterized commuting Toeplitz operators on H?. Axler
and Cuckovié [3] characterized commutativity of Toeplitz operators on L2 with
bounded harmonic symbols. In Section 2 we will describe when two dual Toeplitz
operators commute. Unlike the result of Axler and Cuckovié¢ [3], our commuta-
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2496 KAREL STROETHOFF AND DECHAO ZHENG

tivity result holds for general symbols. Brown and Halmos [6] showed that the
product of two Toeplitz operators on the Hardy space can only be zero if one of
the factors is zero. In Section 3 we will prove that dual Toeplitz operators have
this same property. Two operators are called essentially commuting if their com-
mutator is compact. In [19] the first author characterized essentially commuting
Toeplitz operators on L2 with harmonic symbols. A characterization of essentially
commuting Toeplitz operators on the Hardy space has recently been obtained by
Gorkin and the second author [11]. We will give a genenal characterization for
essentially commuting dual Toeplitz operators in Section 4. In Section 5 we will
give localized conditions for essential commutativity of pairs of dual Toeplitz op-
erators whose symbols are continuous on the maximal ideal space of the algebra
of bounded analytic functions on the unit disk. Analogously to McDonald and
Sundberg’s [15] description for the commutator ideal of the Toeplitz algebra, we
will describe the commutator ideal of the C*-algebra generated by all analytic dual
Toeplitz operators in Section 6.

Brown and Halmos [6] showed that the only compact Toeplitz operator on the
Hardy space is the zero operator and a Toeplitz operator is bounded on the Hardy
space if and only if its symbol is bounded. This is easily seen to be false for
Toeplitz operators on the Bergman space. A complete characterization of compact
Toeplitz operators on the Bergman space via the Berezin transform has recently
been obtained by Axler and the second author [5]. On the Bergman space, there
are unbounded symbols that induce bounded Toeplitz operators. In Section 7 we
prove that the only compact dual Toeplitz operator is the zero operator, and that
a densely defined dual Toeplitz operator with square-integrable symbol is bounded
if and only if its symbol is essentially bounded.

The symbol map on the Toeplitz algebra in the Hardy space has been an im-
portant tool in the study of Fredholm properties of Toeplitz operators and the
structure of the Toeplitz algebra (see [9], Chapter 7). Analogous to the symbol
map in the classical Hardy space setting, in Section 8 we construct a symbol map
on the dual Toeplitz algebra, the algebra generated by all bounded dual Toeplitz
operators. We establish structure theorems for the dual Toeplitz algebra and the
C*-subalgebra generated by the dual Toeplitz operators with symbols continuous
on the closed unit disk. As an application of our symbol map we obtain a necessary
condition on symbols of a finite number of dual Toeplitz operators whose product
is the zero operator. For bounded harmonic functions on the unit disk we prove
that the product of the associated dual Toeplitz operators can only be zero if one
of the factors is the zero operator.

In the final section of the paper we discuss spectral properties of dual Toeplitz
operators. We prove a spectral inclusion theorem, completely analogous to the
spectral inclusion theorem of Hartman and Wintner [12] for Toeplitz operators on
the Hardy space. Widom [23] proved that the spectrum of a Toeplitz operator
on the Hardy space is connected, and Douglas [9] proved that also the essential
spectrum is connected. We give examples to show that in general the spectrum
and essential spectrum of a dual Toeplitz operator can be disconnected. For some
classes of special symbols we establish connectedness of both the spectrum and
essential spectrum of dual Toeplitz operators with these symbols.

Acknowledgement. We thank the referee for several comments that improved
the paper, including a simplification of our proof of Theorem 9.12.
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2. COMMUTING DuAL TOEPLITZ OPERATORS

The following elementary algebraic properties of dual Toeplitz operators are
easily verified:

S; = Sf,
and
Saf+pg = Sy + BSg,

for bounded measurable functions f and g on D, and «, § € C. Both Toeplitz
and dual Toeplitz operators are closely related to Hankel operators. For a bounded
measurable function f on D the Hankel operator H is the operator L2 — (L2)+
defined by Hfh = Q(fh), for h € L2. Toeplitz operators on the Bergman space are
related to Hankel operators by the following algebraic relation:

ng = Tng + H}Hg.
Analogously, for dual Toeplitz operators we have
(2.1) ngZSng—i-Hng.

The Hankel operator of an analytic symbol is the zero operator. Consequently, if
 is a bounded analytic function on D and 1 is a bounded measurable function on
D, then

(2.2) SpSy = Sy and Sy Sz = Sye.

It follows from (2:2) that the dual Toeplitz operators Sy and S, commute in case
both f and g are analytic and in case both f and g are conjugate analytic. Clearly,
the operators Sy and .S; commute also if a nontrivial linear combination of f and g
is constant. The following theorem states that two dual Toeplitz operators commute
only in these trivial cases. This result is completely analogous to the characteriza-
tion of commuting Toeplitz operators on the Hardy space obtained by Brown and
Halmos [6]. Unlike Axler and Cuckovié’s [3] result for commutativity of Toeplitz
operators on the Bergman space, we do not require the symbols to be harmonic.

Theorem 2.3. Let f and g be bounded measurable functions on D. Then: Sy and
Sy commute if and only if one of the following conditions holds:

(i) both f and g are analytic;

(ii) both f and g are analytic;

(iii) there are constants a and 3, not both zero, such that af + Bg is constant.

Before we prove this theorem we discuss some preliminaries which will also be
needed in the following sections.

The Bergman space L2 has reproducing kernels K,, given by

1
(1 —wz)?’
for z,w € D: for every h € L2 we have (h, K,,) = h(w), for all w € D. In particular,
[ Kuwll2 = (Ku, Kuw)/? = (1 — |w|?)~*. The functions
1— Jwf?

(1 — wz)?

Ky(z) =

ky(z) =

are the normalized reproducing kernels for L2.
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2498 KAREL STROETHOFF AND DECHAO ZHENG

For w € I, the fractional linear transformation ¢,,, defined by

w—z

Pw(2) = 1— a2

for z € D, is an automorphism of the unit disk; in fact, o' = @u,.
For a linear operator T on (L2)% and w € D we define the operator S,,(T) by

Sw(T)=T-S5,,TS;,.
Note that
Si(T) =Su(Suw(T)) =T —-25,,TSz, + SinS%

To get necessary conditions on dual Toeplitz operators with certain algebraic prop-
erties we will make use of rank one operators generated by the normalized repro-
ducing kernels of the Bergman space. For f,g € L?*(D,dA), define the rank one
operator f ® g by

(f@g)h=(h,9)f,

for h € L*(D,dA). It is easily shown that the norm of f ® g is || f]l2]|g||2-
It follows from (21) that the commutator [Sf,Sy] = S¢Sy — S¢Sy is given by

(2.4) [Sf. Sy = HyH; — Hy H;.

From the proof of Proposition 4.8 of [22],

(2-5) (kaw)®(H§kw) :Hf(kw®kw)Hg :Si(Hng)'
Also,

(Hgkw) @ (Hf'kw) = Si(HgH}i)-
Using (24) it follows that
(2.6) (Hgkw) ® (Hkyw) — (Hpkyw) @ (Hgkw) = Si([Sf, Sg))-
We are now ready to prove Theorem 2.3]

Proof of Theorem [ZZ3 It suffices to show the necessity of one of conditions (i), (ii)
and (iii) in case Sy and S, commute. If Sy and S, commute, then it follows from
([Z8) that (Hrky) ® (Hgky) = (Hgkw) ® (H k), for all w € D. Note that ko = 1,
thus

(Hyl) ® (Hzl) = (Hgl) ® (Hf1),
that is,
(u, Hgl)Hy1 = (u, Hf1)H,y 1,

for all w € (L2)*. If H;l # 0 and Hy1 # 0, then there exists a complex number A
such that Hy1 = AH1 and Hzl = AH 1. Then Q(g—\f) = 0, so that the function
g — Af is analytic. Also Q(g — Af) = 0, so that g — \f is also co-analytic. Thus
g — Af is constant. If Hyl = 0, then f is co-analytic, and Hyl = 0 or Hgl = 0,
that is, f is also analytic (in which case f is constant) or g is also co-analytic. If
Hy1 =0, then f is analytic, and Hy,1 =0 or Hy1 = 0, that is, g is analytic or f is
also co-analytic (in which case f is constant). O
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The above proof does not work for Toeplitz operators, because there is no canon-
ical transformation of Hankel products H;—Hg into rank-one operators such as the
transformation used to obtain equation (2.5).

Theorem has the following consequence.

Corollary 2.7. Let f be a bounded measurable function on D. Then the dual
Toeplitz operator Sy is normal if and only if the range of f lies on a line.

Proof. The dual Toeplitz operator Sy is normal if and only if Sy and S;‘Z = Sf

commute. By Theorem 23] this is the case if and only if there are constants o and
0, not both zero, such that af + 8f is constant. O

3. ZERO Di1visors OoF DuAL TOEPLITZ OPERATORS

Brown and Halmos proved that the product of two Toeplitz operators on the
Hardy space can only be zero if one of the Toeplitz operators is zero. Whether the
analogous statement is true for Toeplitz operators on the Bergman space is still an
open question, even if the symbols are restricted to harmonic functions. Ahern and
Cuckovié [[] have recently obtained results in support of the conjecture that the
above question has an affirmative answer for harmonic symbols. In this section we
will prove the analogous result for dual Toeplitz operators.

We have the following theorem, analogous to Theorem 8 of Brown and Hal-
mos [6]:

Theorem 3.1. Let f and g be bounded measurable functions on D. Then: SySy is
a dual Toeplitz operator if and only if f is analytic on D or g is co-analytic on D,
in which case S§Sq = Syq.

Proof. The sufficiency follows immediately from (2.2]). To prove the necessity, sup-

pose that SyS; = Sp, where h is a bounded measurable function on . Then it
follows from (1)) that

Spyn = HyH?.
Using (Z2) we see that
Sw(Srg—n) = Stg—n = SpuSrg-nSp., = S1-lpul2)(fg—h)>
hence
S5 (Stg=n) = S1-lpu2)2(fg—h)-

It follows that

S lpul)?(fg—n) = S (Sgg—n) = Si(HHY) = (Hsky) © (Hgky),
for all w € D. In particular,

Sa—lz2)2(rg—n) = (Hyl) @ (Hgl).

Using that the range of S(1_|.|2)2(4—n) is at most one-dimensional, it is easy to see
that there exist complex numbers a and b, not both zero, such that

S(l_|z|2)2(fg_h)(a2 + b22) =0.

This implies that the function ¢ = (1 — |2]?)2(fg — h)(az + bz?) is in L2. Since
w(z) — 0 as |z| — 17, we must have ¢(z) = 0, for all z € D. Thus f(z)g(z) =
h(z) for all z € D, with the exception of at most two points. It follows that
(Hs1) ® (Hgzl) = 0, thus ||Hy1||2||Hgl|l2 = 0. If Hf1 = 0, then f is analytic on D
if Hz1 = 0, then g is analytic on D. (|
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The following corollary states that dual Toeplitz operators have no zero-divisors.

Corollary 3.2. The product of two dual Toeplitz operators can only be zero if one
of the dual Toeplitz operators is zero.

Proof. If S¢Sy =0, then S¢S, = Sh, where h is the zero function. From the proof
of Theorem Bl we see that fg = 0 on D. This implies that f = 0 almost everywhere
or g = 0 almost everywhere, thus Sy =0 or S, = 0. |

Corollary 3.3. A dual Toeplitz operator Sy is an isometry if and only if f is
constant of modulus 1.

Proof. By Theorem 3] SpSy = I = Sy only if f is analytic, in which case S7Sy =
S\f2- Thus |f|? =1 on D, which is only possible if f is constant. O

Corollary 3.4. The only idempotent dual Toeplitz operators are 0 and I.

Proof. 1If S? = Sy, then S§S1_f = 0, and by Corollary B3, Sy =0, or S1_5 =0 (in
which case Sy =51 =1). O

4. ESSENTIALLY COMMUTING DUAL TOEPLITZ OPERATORS

We have the following result for compactness of the commutator of a pair of
dual Toeplitz operators. In the next section we will use this theorem to show that
for nice symbols f and g the dual Toeplitz operators Sy and S, are essentially
commuting if and only if the conditions for commutativity hold locally. This will
be made precise in the next section.

Theorem 4.1. Let f and g be bounded measurable functions on D. Then the com-
mutator [Sy, Sq] s compact if and only if

||(Hgkw) ® (Hf'kw) - (kaw) ® (H§kw)|| — 0,
as |lw| —17.
We need the following lemma from [22].
Lemma 4.2. IfT is a compact operator on (L2)*, then || Sy (T)| — 0 as |w| — 1~.

Note that ||S,(T)|| < 2||T||. Thus [|S2(T)|| < 2||Sw(T)||, so if T is a compact
operator on (L2)%, then by Lemma E2 also ||S2(T)|| — 0 as |w| — 1. Thus, if
(S, S, is compact, then [|S2([Sy, S,])|| — 0 as |w| — 17, and the necessity of the
condition in Theorem ATl follows using (6.

To prove the sufficiency of the condition in Theorem LTl we will make use of the
following lemmas.

Lemma 4.3. If uy,us,v1,ve are vectors in a Hilbert space H with uy 1 us, then
1
2
Proof. Putting S = u1 ® v1 + us ® ve, we have

1521 = [, v1) Plluall® + [z, va) Pluzl|* < 2l [oall* [l + ]z [lual®,

(luall flor ] =+ TluzlHlv2l]) < flur @ w1+ ug @ val| < Jlua [ Joa]] + fluz] {loz]]-

for all # € H, and therefore ||S||? < |lu1||?||v1]|? + ||uz]|?||ve]|?. Clearly we also have
[ur]|*[lo]|* < [[S]1* and [Juz|[?[lvz]|* < ||S[*. Hence g([|utl|*[Joa]? + [Juz][*[lv2]?) <
|S||?. The stated result follows using the inequalities (s?+t2) < (s+t)? < 2(s2+t2),
for s,t > 0. O
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Before we state and prove another lemma, we introduce more notation. For
w € D we use F,, to denote the following finite rank operator on (L2)*:

Fyy = Hyky ® Hgky — Hgkyw © H k.
Lemma 4.4. Let f and g be bounded measurable functions on D. If neither f nor
g is analytic on D, then
[Fwll < H kw2l Hg=x kw2 + [|1H kw2 Hg-xpRwll2 < 2] Ful],
and
[Fwll < [Hf—pghwll2l Hgkwll2 + | Hy=gkw 2l Hgkwl2 < 2| Fu,
where
_ <Hgkw, Hf§w> and = <kaw7 Hg§w> )
[ H phwll2 [ Hgkwll3
Proof. We have Hy_xrk. L Hyk, and
Fy = (Hykw) ® (Hy=sgkw) — (Hg-xpkw) @ (Hzkuy).
The first pair of inequalities follows using Lemma [£3 The second pair of inequal-
ities is proved similarly. O

In the proof of Theorem [4.] we need some results from [22]. The following inner
product formula is proved in [22]:

/ F(2)C(2) dA(z) = 3 / (1 - |2[2)2F (:)G(2) dA(2)
D D

(4.5) +% /D (1— |22)2F ()3 () dA(2)
1 2 U Vaas)
+3 [A= PP P TR aA).

for F and G in L2. If h is a bounded measurable function on D, v € (L2)*, and
€ > 0, then in [22] it is shown that

(4.6) (1= [zP)|(Hyu)(2)] < [how. = P(ho gz |lulls,
and
A7) (= 2P (Hu) (2)] < 4hop. — P(hop.)llae Pollul’](2)"/°,

for every z € D, where § = (2+¢)/(1 + ¢) and Py denotes the integral operator
on L?(D,dA) with kernel 1/|1 — wz|?. It is well-known that Py is LP-bounded for
every 1 < p < oo (see [2] or [24]).

Proof of Theorem [f-1] Let 0 < s < 1. Using the inner product formula (f3), it is
easily seen that there exists a compact operator K on (L2)+ such that

(([Sf,Sg] — Ks)u,v)y = I, + II + I,

for u,v € (L2)*1, where

1=3 / 1 B O GTIE — (H) (TG | 4AC)

=3 / LY {(Hu) () H0) () = (Hyu) (:)Hjo) (2) | dA(2),
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and
1 : o V(N %00 () o N N ) (~)
111, = 3 / a1 |22 { () (=) (H3 o) (2) = (Hyu) (2){H;0) () } dA(2).
We will estimate each of ||, |I1| and |I11|.
By (£8) we have,
(1—|z|2>2\(H}u)(z)(H;v)(z)—(Hg )(2)(Hfv)(2)| < |lullz]lvll2R(f. g, 2),
where

R(f,9,2) = 1Q(f o p)[21Q(g 0 p2) ]2 + 1Q(f o @2)[|21Q(g © ¢2)l2-
It is easily verified that

(Hju)(2) H;0)(2) — (Hyu)(=) (7o) (2)
= (Hyu)(2) (H,_\0)(2) = (H—zu) () (H}0) ().
for all z € D and A € C; thus also
(1= |=2)2 |(Hpu) (=) (H 0)(2) — (Hyu) () HF) )| < ullollolaR(F g = Af.2),

for all z € D and A € C. We have a similar inequality with f replaced by f — ug,
and conclude that

(1- IZIQ)Q‘(H}U)(Z)(HJU)(Z)—(HE )(2)(Hjv)(z )‘ < lullzllvll2M(f, g, 2),
for all z € D, where

M(f,g,Z)—min{mm R(f,g9 — Mf,2), I/ﬂm R(f —pg,9,2 )}'

It follows that

(4.8)

| < 3llull2[|vll2 sup M(f,g,z).
s<]z|<1

Next we will obtain similar estimates for |II,| and |I1I,|. By (1) we have
(1= |21)? |(HFu) (2) (Hgv) (2) = (Hgu)' () (Hjv) (2)
< 16 Po[[ul’](2) " Pol[o)’) (=)' ° Re( £, 9, 2),

where

Re(f,9:2) = [Q(f 0 0:)24£llQ( 0 ¢2) 242 + |Q(F © 02) 242 1Q(g © 02) |2+
It follows from (E.8) that

(Hju)'(2) (Hyv)'(2) — (Hgu)'(2) (Hyv)' ()
is invariant if ¢ is replaced by g — Af or f is replaced by f — pg. We obtain
(1— 2% ‘(H}U)'(Z) (Hyv)'(2) = (Hju)'(2) (H?v)’(Z)‘
<16 Pol|ul”)(2)/° Pollo|’)()"/° Me (£, 9. 2),

where

M(f,g,2) —min{mmR (frg—Af,2), m‘ln Re(f — 1g, 9,2 )}'
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It follows that

[T < 8/< » Pollul’1(2)"/° PolJv|’](2)/* M(f, 9, 2) dA(2)

<8 sup Ms(ﬁg,Z)/DPo[IUI5](Z)l/‘sPo[lvl‘S](Z)l/é dA(z).

s<]z|<1

By the Cauchy-Schwarz inequality, and LP-boundedness of the operator Py (for
p=2/6>1),

/DP0[|u|5](2)1/5po[|U|6](z)1/‘5 dA(z)

(/]D) Pollul)(2)*/° dA(Z)) " (/]D) Po[lv|°](2)*/° dA(z)> N

(¢ [utpe dA(z))m (¢ [y dA(z))m
— Cllulls o]l

IN

IN

Thus
[I1] < 8C|ull2|lv]l2 sup Mc(f,g,2).

s<]z|<1
Similarly we obtain the estimate

|I11,] < 8C|ull2||v]|2 s‘u‘p M.(f,g,2).
s<|z|<1

Since clearly M(f,g,z) < M.(f,g,z) we can conclude that there exists a finite
positive constant C’ for which

IS¢, 9g] = K|l < € sup Mc(f,g,2).

s<]z|<1

It remains to show that M.(f,g,w) — 0 as |w| — 1~. This will follow from the
following;:

Claim. There is a constant C such that M.(f, g, w) < C||Fy||"/*2), for all w € D.

To prove the claim, fix w € D. Suppose that ||[Hsk,| > 0 and ||[Hgkw| > 0. Let
A and p be as in Lemma [£4l By the Cauchy-Schwarz inequality, |A| |¢| = Ap < 1,
thus |A] <1 or || < 1. Assume that |A\| < 1. Note that then

ME(fa.g?w) < RE(fvg_Afvw)'

By Lemma 4l R(f,g — \f,w) < 2| F,]
If h is a bounded measurable function on D, using the Cauchy-Schwarz inequality
we have

1/(24 1+e)/(2+
1Q(h 0 0u)llo1e < 1Q(h o )y ®T QR 0 pu) 1552+,

Since the Bergman projection P is L?>*2?¢-bounded, we can find a positive constant
M such that ||Q(h o vw)||24+2¢ < M||h||oo, for all w € D. Tt follows that

1Q(f 0 0u) 242 1Q((G = M) © )2+
< M2\ F1M%)1g = MILCNQF © eu)IIY CT21QUG = M) 0 pu)]|¥/ @72
< M?P(|| flloo + l9ll00)?211Q(f 0 015" CTNQ((G = AF) 0 pu)lls’ H,
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2504 KAREL STROETHOFF AND DECHAO ZHENG

for all w € D. We conclude that
Re(f9 = Mow) < MP2(||flloot[lglloe)*
X {UIQ(f 0 2u)21Q((g = XF) © pu)ll2)/ )
+(1Q(f o 2u)l2lQ((g = Af) © pu)ll2)/E*},

for all w € D. Applying the inequality si/” + /P < 20=D/P(5 4 t)V/P with s =
1Q(fopw)ll2lQ((g — Af)oww)llz, t = [Q(foww)ll2|Q((g=Af)opw)l2 and p = 2+e,

we obtain
R.(f,g— M ,w) < 21/6M2/5(||f||oo + H9||oo)2/6R(f,g Y w)l/(Q"'E),
for all w € D. It follows that
M. (f.9,w) < 2V M (| oo + llgll) * | Full /39,

for all w € D, proving the claim.
In case Hyk, = 0, we have

[Ewll = | Hgkw @ Hikw|| = | Hokwll2| H kw2 = R(f, g,w),

and, reasoning as before, the inequality follows. The case Hgk, = 0 is treated
similarly. [l

5. SYMBOLS CONTINUOUS ON THE MAXIMAL IDEAL SPACE

Let H° denote the algebra of bounded analytic functions on D. The maximal
ideal space of H*>, denoted by M, is the set of all multiplicative linear functionals
on H*. Endowed with the weak-star topology it inherits as a subspace of the
dual of H*°, the maximal ideal space M is a compact Hausdorff space. Using
the Gelfand transform we think of H* as a subalgebra of C(M), the algebra of
continuous complex-valued functions on M equipped with the usual supremum
norm. By the Stone-Weierstrass Theorem, the set of finite sums of functions of
the form @i, with ¢, € H*, is dense in C'(M). Identifying a point in the unit
disk D with the functional of evaluation at this point, we regard D as a subset
of M. Carleson’s Corona Theorem states that D is a dense subset of M. The
pseudohyperbolic distance between m and m’ in M is defined by

d(m,m’) = sup{|m’(h)] : h € H®,||h|lsc <1, and m(h) = 0}.

For z,w € D we have d(z,w) = |¢w(2)|. For m in M the Gleason part containing
m in M is the set G(m) = {m' € M : d(m,m’) < 1}. The Gleason parts form a
partition of M, and for each w € ID the Gleason part containing w is equal to D. For
each m € M, Hoffman [13] constructed a canonical continuous map ¢, : D — M
such that ¢,,(0) = m. The map ¢,, is defined by setting

Om(w)h = lim ho g, (w),

for w € D and h € H*, where the limit is taken in M. Hoffman [I3] proved
the existence of this limit, as well as many other deep properties of the mappings
©m. For an exposition of Hoffman’s result see [10], Chapter X. We recall here
the following properties. The image of @, is the Gleason part G(m), and ¢y, is
injective if G(m) consists of more than one point. If f € C(M), m € M and (w;)
is a net in I converging to m in M, then f o p,, — f o @, uniformly on each
compact subset of D (see, for example, [19], Lemma 5). In particular, if f € H*>
and m € M, then the composition f o ,, is in H*°.
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If G is a Gleason part and f is a function on M, we say that f is analytic on
G if the function f o ¢, is analytic on D, where m € G. Note that this definition
is independent of the chosen representative m for the Gleason part G: if m’ € G
is distinct from m, then m’ = ¢,,(\), for some A € D. By the Schwarz Lemma
there is a unimodular constant ¢ for which ¢,/ (2) = ©m(r((z)), for all z € D. Tt
follows that f o ¢, is analytic on D if and only if f o ¢,, is analytic on D.

We have the following characterization of essentially commuting dual Toeplitz
operators. Note that this result is analogous to the characterization of essentially
commuting Toeplitz operators on the Bergman space obtained by the first author
[19] as well as the characterization of essentially commuting Toeplitz operators on
the Hardy space obtained by Gorkin and the second author [11].

Theorem 5.1. Let f and g be in C(M). Then: Sy and S, are essentially com-

muting if and only if on each of the Gleason parts G in M\ D one of the following

conditions holds:

(i) both f and g are analytic on G;

(ii) both f and g are analytic on G;

(iil) there are constants o and (3, not both zero, such that the function af + Bg is
constant on G.

Proof. Suppose that m € M\ D. Let (w;) be a net in D converging to m. First
assume that there exists a 6 > 0 such that ||[Hfk,,||2 > ¢ and ||Hf-k;wj||2 >4
for all indices j. The numbers \; = (Hgky,, Hyky,)/||Hskw,||3 are bounded by
M = || fllcollgllsc/d?. Passing to a subnet, if necessary, we may assume that A; — .
It is easily seen that then (g9 —A; f)oww; — (9—Af)o@m pointwise on D. We claim
that this convergence is also in L?(ID,dA). Some care needs to be taken to prove this
claim, since the bounded convergence theorem does not hold for nets. A standard
density argument shows that the convergence (g — \;f) 0 u; — (9 — Af) o o is
uniform on compact subsets of D (see [I9], Lemma 5). Using that

1(g = Xif) o pw, — (9 — Af) o emll3
< sup (g — M) o @u, (2) = (9= Af) o om ()P +4(1 = ) (|| flloo + M||gllo)?,

|z|<r

for all 0 < r < 1, we see that indeed (g — A; f) © pu, — (9= Af) 0 om in L*(D, dA).
Thus [[Q((9 = Ajf) o @uw)ll2 = Qg = Af) o @m)ll2. Since [[Hgx; thu,ll2 =
1Q((g = Aj f) © ¢u;)ll2 (see [21]) we obtain

”Hg—)\jfkwj H2 - HQ((Q - /\f) © @m)HQ-
Likewise

||Hmkwj 2 = 1Q((g = A f) o wm)ll2-

Since also [[Hykuw,ll2 — [|Q(f o ¢m)ll2 and [[Hky, |2 — [|Q(f o ¢m )2, it follows
that

[H plow, |2l Hy=x; 7hw, 12 + |1 H hw, |2 Hg—x, fhw, [|2
= [|Q(f o o) [21Q((g = X ) o pm)ll2 + |Q(f 0 m) [121Q((g = X ) © ) l2-
If || Fo, || — 0, then appealing to Lemma [4.4] we get

1Q(f o em)ll2Q(g = AF) 0 pm)ll2 + 1Q(F © ) [21QUg = A f) 0 o)

|y =0.
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Since [|Q(f © @m)ll2 = & > 0 and |Q(f o ¢m)[l2 > § > 0, we conclude that
Qg —Af)opm)llz = |Q((g — Af) owm)|l2 = 0. This implies that the func-
tion (g — A f) o @, is both analytic and co-analytic, thus is constant. Conversely,
if (9 —Af)o @m is constant, then the above argument shows that necessarily
| P, | — 0.

In case the numbers ||Hk,,||2 are not bounded below, by passing to a subnet
we may assume that ||[Hyky,||2 — 0, and thus ||Q(f o ¢ )|2 = 0. This means that
f o @p, is analytic on D. Since

[ Fw, | = | Hokw, 2] H fEw, |2 — 0,
we have

[Fu, 1l = 1Q(g 0 @m)ll2[1Q(F © @)l

From this we see: ||Fy, || — 0 if and only if |Q(g o vm)|2 = 0 or |Q(f o ©m)|[2 = 0.
In case [|Q(g © ¢m)|l2 = 0 the function g o ¢y, is analytic, so that case (i) occurs;
in case ||Q(f o ¢m)|l2 = 0 the function f o ¢, is analytic, so that f o ¢, must be
constant and case (iii) occurs.

The case where the numbers || H sk, [|2 are not bounded below is handled simi-
larly. O

An operator S is essentially normal if the commutator [S,S*] = SS* — §*S is
compact. The above theorem has the following consequence.

Corollary 5.2. Let f be in C(M). Then: Sy is essentially normal if and only if
f maps each Gleason part of M, except D, into a line in the complex plane.

Proof. Observe that if G is a Gleason part of M not equal to D, then f(G) is
contained in a line in the complex plane if and only if there exist constants a and
0, not both 0, such that af 4+ Gf is constant on G. O

6. THE COMMUTATOR IDEAL

Writing B(L2) for the set of all bounded operators on L2, the Toeplitz algebra T
is the C*-subalgebra of B(L?2) generated by all Toeplitz operators T, for g € H>. If
we let U denote the C*-subalgebra of L>°(D, dA) generated by H°, then U equals
the closed subalgebra of L>°(D,dA) generated by the set of bounded harmonic
functions on D (see [2], Proposition 4.5), and it can be shown that 7 is equal to
the closed subalgebra of B(L?2) generated by all Toeplitz operators T,, with u € U.

Recall that the commutator ideal C7 is the smallest closed, two-sided ideal of
T containing all commutators [R, S] = RS — SR, where R, S € 7. McDonald and
Sundberg [15] showed that 7 /Cr is isomorphic, as a C*-algebra, to C'(My), where
M denotes the subset of M consisting of all one-point parts (that is, the set of m €
M for which G(m) = {m}). More precisely, they proved that the map u +— T, +Cr
is a surjective homomorphism of & onto 7 /Cr, with kernel {uv € U : ujp, = 0}.
This theorem says that each S € 7 can be written in the form S = T, + R for
some u € U and R € Cr, and that for every u € U the Toeplitz operator T;, belongs
to the commutator ideal Cz if and only if u|aq, = 0. These results account for
the importance of understanding the commutator ideal Cz. The decomposition of
SeTasS=T,+Rwithu € Y and R € C7 is not unique. The Berezin transform
of an operator S € B(L2) is defined by S(z) = (Sk.,k.), for z € D. Axler and the
second author [4] used the Berezin transform to obtain a canonical decomposition
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of a given operator in 7, and showed that S — T4 is in the commutator ideal Cz for
every S € 7. Furthermore, an operator S € B(L?) is in the commutator ideal Cr
if and only if S|a, = 0 (here S is the continuous extension to the maximal ideal
space of the Berezin transform of S; see [4]). Writing S = Tg + (S — T5) gives a
canonical way to express the (nondirect) sum 7 = {T,, : u € U} + Cr.

Denoting the set of bounded operators on (L2)+ by B((L2)1), the dual Toeplitz
algebra DT is the C*-subalgebra of B((L2)1) generated by the dual Toeplitz op-
erators Sy for f € H*. Let Cpr be the commutator ideal of D7. We have the
following analogue of the McDonald-Sundberg theorem:

Theorem 6.1. The map V: C(M) — DT [Cpr defined by
U(f) =S¢+ Cor
is a C*-algebra isomorphism.
This theorem states that each S € DT can be written in the form S = Sy + R,
where f € C(M) and R € Cpr. Unlike the McDonald-Sundberg theorem for

the Toeplitz algebra, this decomposition is unique. Consequently, the only dual
Toeplitz operator contained in the commutator ideal Cp7 is the zero operator.

Proof. Using the elementary algebraic properties of dual Toeplitz operators from
the beginning of Section 2, it is obvious that ¥ is a linear *-map into D7 /Cpr.
Next we will show that the mapping V¥ is multiplicative. Since sums of elements of
the form fg, for f and g in H*, are dense in C' (M), it is sufficient to show that

(fghk) = W(fg) ¥ (hk),
for f, g, h and k in H°°. This is equivalent to showing that
St3Snk — Spgnk € Cor
Using ([222) we have
SraSuk = Sygnk = S§(S5Sh — SnS5)Sk

so that indeed Sf5S,; — Spgni € Cpr. This completes the proof that ¥ is multi-
plicative.
Thus D7 /Cpr is *-isometrically isomorphic to C'(M)/ker ¥, where

ker ¥ = {p e C(M):9o=0o0n M’}

for some closed subset M’ of M.

To finish the proof, we need to identify the subset M’. We shall show that
M =M.

First we show that M’ contains the unit disk . Since D7 is generated by
subnormal operators, a theorem of Bunce [7] shows that for all f € H™ the left
spectrum of Sy is identified with the set f(M’). So it suffices to show that for each
win D and f € H*®, f(w) is in the left spectrum of Sy. To do this, for w € D and
0 < s <1—|w|,let gy, s be the function on D defined by gu.s(2) = (2 — W) Xw+sn(2),
for z € D. For each h € L2,

/ h(2)gua(2) dA(2) = / h(z + )z dA() = 0.
D sD

Thus gy € (L2)* and (z— w)gw,s € (L2)*. An easy computation yields

2 = [|(Z=w)gsll2 = °/V3.

”Smgw,s|
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On the other hand, ||g. s

| S7=w(gw,s/ | gw.sll2)||, = sv/2/3.
For each f € H*, there is a function f; € H*™ such that f(z)— f(w) = (z—w) f1(2),
for all z € D. Then
1S =7cwy(9s/Igsll2) ||, = |57, Se=w(gs/llgsll2)]],
< N filloo || Sz=w(gs/11gsl2) ],
= [ filloc sv/2/3 = 0,
as s — 0. This implies that f(w) is in the left spectrum of Sy.
By Carleson’s Corona Theorem the unit disk D is dense in M. Thus M’ = M,

so that W is injective. The range of ¥ is easily seen to be dense in D7 /Cpr. Thus
¥ is also surjective. [l

o = 52/4/2. Therefore

McDonald and Sundberg [15] proved that a Toeplitz operator with symbol in
C(M) is only compact if the symbol is identically equal to 0. We have the following
analogous result for dual Toeplitz operators.

Corollary 6.2. If f € C(M), then Sy is compact if and only if f =0 on M.

Proof. Let f € C(M) and suppose that the operator Sy is compact. For w € D and
0 < s <1—]uw|let gy, s be the function defined in the proof of Theorem Gl and let
Uw,s = Guw,s/||Gw,s|2- The functions w,, s are unit vectors in the space (L(QL)L. For
Y € L?(D,dA), applying the Cauchy-Schwarz inequality, we have

([ wepaae) "

ol < ([ G dA(z))m,

and it follows that the functions w,, s tend to 0 weakly in L?(ID,dA), and thus in
(L2)+, as s — 0. Since S; is compact, we must have ||Sfu, sz — 0 as s — 07,
Using the continuity of f at w it is easily seen that [|St_ () tw,s||2 — 0, thus

1S ftw,slle = [ f(w)],

as s — 07. Hence f(w) = 0. Since D is dense in M and f is continuous, we
conclude that f = 0. |

|<'¢7 gw,s>| =

Thus

/ V(=) gua(?) dA(2)
w—+sD

< H9w78|

In the next section we will generalize the above result to arbitrary bounded
measurable symbols.

7. BOUNDED AND COMPACT DUAL TOEPLITZ OPERATORS

For f € L*(D,dA) the dual Toeplitz operator Sy is densely defined by the formula
Stu= Q(fu), for u € (L2)+ N L>(D,dA). In this section we will characterize the
bounded and compact dual Toeplitz operators.

The functions u,,s in the following lemma are defined in the proof of Corol-
lary
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Lemma 7.1. Let f € L*(D,dA). For each w € D,

Jim 2 = 0.
Proof. Fix w € D. For every z € D we have
H7900(2) = | T K- (0) A

- / T s (V= (X) dA(N).
w—+sD

The Cauchy-Schwarz inequality gives

1/2
|H}gw,s(2)] < [|gswll2 (/ If(/\)IQIKZ(A)FdA(A)) ,

+sD
so that

Hju o(2) < / FOVPIK- (V) dA(Y),

w—+sD

for all z € D. Integrate with respect to z to obtain
7wt < [ R { [ 1R e b aa),
w+sD D
and using [, |K- (V)2 dA(z) = [, |[Ka(2)[? dA(z) = Ka(A) = 1/(1 = [A[?)?, we get

by 2
1wl < [ e daw)

1 2
S TP L MOF 400

which gives the stated result, since [ . o [f(A)[*dA(A) — 0as s — 0% O
The following lemma will be used repeatedly.
Lemma 7.2. For f € L*(D,dA) we have
£l = T 1Syl
for almost every w € D.

Proof. Note that Myu = Sfu—i—H}iu, and Syu L H}u for every bounded u € (L2)*.
Thus

M pull3 = ||Spull3 + | Hjull3.
For each w € D, taking u = u, s in the above equality, by Lemma [Tl we have
i (1Sl = Tim Mg,
We claim that
Siocwjes [ (2) Pz — w]? dA(2)

Jemiee 2 — w2 dA(2) = |f(w)?,

7.3 lim ||M 2= 1
(73)  lim [[Mpuw,sl3 = lim
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for a.e. w € D. Clearly this claim will prove the stated result. To prove (73)) write
g = |f|*. Using the fact that f —w|? dA(z) = 5*/2, we have

flz w<s 9 |Z—’U}|2dA( )
w[? dA(z)

|z—w|<s |z
5 S aiec ) — o) dA(2)
- st/2

2
= 1B )] i l9(2) — g(w)[ dA(z),
where B(w, s) = {z € C: |z —w| < s}, so (3] holds for all w in the Lebesgue set

1
{w eD: Slir(x)l+ Bw.s)| - lg(2) — g(w)|dA(2) = 0} .

It is a classical theorem of Lebesgue that the complement of the above set in D has
area measure 0 (see, for example, Theorem 8.8 in [17]). O

—g(w

z w\<s

For f € L?(D, dA) we can consider Ty and Sy as densely defined operators on L2
and (L2)*, respectively. It is well-known that there exist unbounded functions f
for which the Toeplitz operator T’ is bounded on L2. In contrast, for dual Toeplitz
operators we have the following result.

Theorem 7.4. Let f € L*(D,dA). Then Sy is bounded if and only if f € L°°(D),
in which case || S¢] = || flloo-

Proof. The “if” part is trivial: if f € L>°(D,dA), then Sy is bounded with ||S¢| <

[l flloo- To prove the “only if” part, suppose that Sy is bounded. Then ||Sfu, || <
[I1S7ll, for all w € D and 0 < s < 1 — |w|. It follows from Lemma[72 that || f|loc <
[15¢1l- O

Brown and Halmos showed that the only compact (completely continuous) Toe-
plitz operator on the Hardy space is the zero operator. This is easily seen to be
false for Toeplitz operators on the Bergman space: for every continuous function
f on D such that f(w) — 0 as |w| — 1~ the Toeplitz operator T is compact on
L2. A complete characterization of compact Toeplitz operators on the Bergman
space via the Berezin transform has recently been obtained by Axler and the second
author [5]. In contrast with Toeplitz operators on the Bergman space we have the
following result for dual Toeplitz operators.

Theorem 7.5. For f in L>(D,dA): Sy is compact if and only if f =0 a.e. onD.

Proof. Since u,, s — 0 weakly in (L2)*, if Sy is compact, then for each w € D we
have ||Sfuw,sll2 — 0 as s — 01, and it follows from Lemma [[2] that f(w) = 0 for
a.e. w e D. O

We conclude this section with the following generalization of Theorem 3.1.

Theorem 7.6. Let f and g be in L>°(D). If S;Sq is a compact perturbation of a
dual Toeplitz operator Sh, then f(w)g(w) = h(w) for almost all w € D, and HyH;
s compact.

Proof. Assume that S;S; — Sj, is compact. Then, using (1), we see that the
operator

Stgn — HyH: = SpS, — S,
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is compact. For w € D, u,, s — 0 weakly in (L2)+ as s — 0%; thus
||(ng*h - Hng)uw,s||2 — 0.

By Lemma [Tl we also have

| H pHwy s||2 — 0.
Thus

15 7g—ntw,sll2 = 0.
Applying Lemma [72] we see that

1S tg—nttw,sl3 = |f(w)g(w) = h(w)[?,
for a.e. w in D. Since f(w)g(w) — h(w) = 0 for almost all w € D, we have that
Stg—n = 0. Hence HyHJ is compact. O
8. SYMBOL MAP ON THE DUAL TOEPLITZ ALGEBRA

The symbol map on the Toeplitz algebra in the Hardy space setting is described
in Chapter 7 of [9]. In this section we will show the existence of a symbol map on
the dual Toeplitz algebra. Our construction of this symbol map will make use of
the following lemma.

Lemma 8.1. If the operator S is in the closed ideal generated by the semicommu-
tators of all bounded dual Toeplitz operators, then

[Sttw,sll2 = 0
for allw inD as s — 0.

Proof. If operator S is in the closed ideal generated by the semicommutators of
all bounded dual Toeplitz operators, then S can be approximated by a finite sum
of finite products of dual Toeplitz operators or operators of the form Sy, — S;S,.
Noting that

Stg—SrSy = Hng,
Lemma [T.1] gives that
[(Sfg = SySg)tiw,sll2 — 0,

for all w in D as s — 07T. To prove the stated result, it suffices to show that for f, g,
and hq, ..., hy in L2(D),

[(Stg = S§Sg)ShyShy -+ Shyy_y Sh, Uw sll2 — 0,

for all w in D as s — 0T. This can be proved using induction. To prove the basis
for the induction put h = hy. Repeatedly using (2.1) we gave

(Spg = 57S9)Sh = SigSh = SySgSn = SpgSn = Sy(Sen — HyHy)
= StgSh — SySgn + Sy HyHE
= (Spgn — SpSgn) = (Sygh — SygSn) + SpHgHy
= HfH;—h — HygHy + Sy HyHy.
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Using Lemma [l we conclude that ||(Srg — S5Sg)Shtbw,s|l2 — 0, for all w in D as
s — 0T. The case n = can be proved similarly. The induction step follows likewise
from the observation that

(ng - Sng)Shl Shy **Shp_1Sh, = (ng - Sng)Shlshz “Shy _1hn
— (St = 5¢Sg)Sni Sha -+ Shy_o Hp, o Hy,
for n > 2. O
Proposition 8.2. For f1, fa,..., fn € L>(D) the operator

SpSfy Sty = Shifafu
belongs to the closed ideal generated by the semicommutators of all bounded dual
Toeplitz operators.

Proof. Writing
SpSpy St = Spifafn =St Sty Sty = Spoeta) F SHSpaet = Spiforfus

the statement follows by induction. [l

If F is a subset of L>°(D), then we write Z(F) for the smallest closed subalgebra
of B((L2)1) containing {S; : f € F}. The dual Toeplitz algebra is Z(L>(DD)).
Let D be the semicommutator ideal of the dual Toeplitz algebra Z(L>°(D)). The

following result states the existence of a symbol map from the dual Toeplitz algebra
Z(L>(D)) to L>(D).
Theorem 8.3. There is a contractive C*-homomorphism p from the dual Toeplitz

algebra Z(L>(D)) to L>(D) such that p(Sy¢) = f, for all f € L>(D).

Proof. First we define p on finite sums of finite products of dual Toeplitz operators.
IfS= Z?:l Squfiz T Sfiniv we define p(S) by

p(S) = Zfﬂfm o fing-
i=1

We must show that p(S) is well-defined. Suppose that S has another representation:
S =3 S Sgi S, Let

Gim;
F= Zfﬂfm -+ fin, and G = Zgﬂgiz © Ging -
i=1 i=1
We need only to show that F(w) = G(w) a.e. on D. By Proposition [8:2] both

S —Sp and S — Sg are in the semicommutator ideal D. Thus Sp — Sg is in D. By
Lemma [RT] we have

lim ||(Sp — Sg)uw,sll2 =0
s—07F
for a.e. w € D. On the other hand, Lemma[T.2] gives that
[P(w) ~ Glw)| = T (S — St
Thus F(w) = G(w) a.e. on D, so that p(S) is well-defined.

For each S € Z(L*° (D)) and a given positive integer n there is a finite sum F,
of finite products of dual Toeplitz operators such that

IS = F,l < 1/n.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DUAL TOEPLITZ OPERATORS 2513

By the first part of the proof, p(F},) is well-defined. The sequence (p(F,)) in L (D)
is a Cauchy sequence, since
[p(Fn) = p(Fin)lloo < [[Fn — Finl-

We define p(S) to be the limit of the Cauchy sequence (p(F,,)) in L>*(D). It is
easily seen that p(S) does not depend on the chosen sequence (F,).

The mapping p is clearly linear, and it is easily seen that p(S*) = p(S). To
prove that p is contractive it is sufficient to show that ||p(S)|leec < ||S]] if S is a
finite sum of finite products of dual Toeplitz operators. Writing F' = p(.S), the
operator D = S — Sp is in the semicommutator ideal D, so that by Lemma R.1]
| Dty sll2 — 0 as s — 0F. Using Lemmal[7.2 it follows that

IS =11SF + DJ = lim_[[(SF + D)uw,s[l2 = |F(w)],
for a.e. w € D, proving that indeed ||p(5)]lco = | F|loc < ||S]]-
To prove that p is a C*-algebra homomorphism it suffices to prove that p(ST) =

p(S)p(T), for operators S and T which are finite products of dual Toeplitz operators.
Clearly it will be sufficient to show that

p(Spy -+ S8r,) = p(Sp) -+ p(Sp,),
for f1, -+, fn € L°°(D). This follows immediately from Proposition B2l O

We call p the symbol map on the dual Toeplitz algebra Z(L>°(D)). Define the
mapping & : L=®(D) — L((L2)1) by &(f) = Sy, for f € L>=(D).

Theorem 8.4. If D is the semicommutator ideal in the dual Toeplilz algebra
Z(L>(D)), then the mapping & induced from L (D) to Z(L>*(D))/D by & is a
x-isometric isomorphism. Thus there is a short exact sequence

(0) — D — Z(L=(D)) -2 L>®(D) — (0)
for which £ is an isometric cross section.

Proof. The mapping £ is obviously linear and contractive. To show that ¢ is mul-
tiplicative, observe that for functions f and ¢ in L>°(D),

§(N)E(g) —&(fg) = S¢Sq— Stq

is in the semicommutator D. Thus ¢ is multiplicative on L (D).

To complete the proof we show that ||S¢ + K|| > ||S¢|| for ¢ € L>(D) and K in
D, and hence £ is an isometry. Note that ||Sf| = || f|leo- So it suffices to show that
I1Sf + K|l > || flloo- Since K is in the semicommutator, by Theorem 8.3 we have

lim ||Kuy || =0,
s—0t
for all w € D. By Lemma 7.2 we also have that
lim || =
Jim[Spun o] = 1),
for a.e. w € D. Thus
ISy 4 Kl > Tim 1S+ Kol = 1)
for a.e. w € D. So this gives that ||Sf+ K| > || f||oc, which completes the proof. O

Theorem 8.5. The semicommutator ideal in the dual Toeplitz algebra Z(L>° (D))
contains the ideal K of compact operators on (L2)*.
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Proof. Let D denote the semicommutator ideal of Z(L*>°(D)). First we show that
D contains the rank one operator z ® Z.
As a special case of ([ZH]) we have

z@z=(H:;1)® (H;1) = H:(1® 1)H; = SZ(H;H?)
=H.H! —2S.H-H:S: + S*H.H;S2.

By @),

Thus Z ® Z is in D.

Next we will show that the set D is irreducible in B((L2)%). Let A be a
closed linear subspace of B((L2)1) which is reducing for D. We have to show
that N = B((L2)+). We will first prove the following claim.

Claim. The function z is in N.

Since A is nonzero, it contains a nonzero function ¢. Since the linear combina-
tions of the functions z™z" are dense in L%(ID,dA) and ¢ is not the zero function,
0 cannot be orthogonal to all 22", and thus there exist integers m,n > 0 such
that (p,2™m2z") # 0. Since ¢ € (L2)* is orthogonal to the function 2™, we must
have n > 0. Note that

(0,222 = (2M2" "1, 2)Z = (Szmon-10,2)Z2 = (2@ 2)Szm n-1.
By the first part of the proof, Z® z € D. Since D is an ideal, (2 ® 2)Szm n-1 € D.
Because N is reducing for every operator in D, we have (¢, 2™z")z € N. Because
(p,2™Z™) # 0, we conclude that z € N, and our claim is proved.
Now let ¢ be a function in (L2)+ which is orthogonal to A'. If n. > 0 and m > 0
are integers, then (Z® z)Szm,»-1 € D, and since N is reducing for D it follows that

(1, z2mZ™Zz = (Z2® 2)S5mn—19

is orthogonal to N. Because z € N' we must have (1, 2™z") = 0. Note that this
is also true if n = 0, since 1 € (L2)%. So % is orthogonal to all functions z™z",
where n > 0 and m > 0 are integers. We conclude that ¢ = 0 a.e. on D, and hence
N equals (L2)1. This completes the proof that D is irreducible.

Note that D contains the nonzero compact operator z ® z = H;(1 ® 1)HZ. By
Theorem 5.39 of [9], D contains the ideal K of all compact operators on (L2)+. O

Theorem 8.6. The C*-algebra Z(C(D)) contains the ideal K of compact operators
on (L2)* as its semicommutator ideal, and the sequence

(0) — K — Z(C(D)) — C(D) — (0)

is short exact; that is, the quotient algebra Z(C(D))/K is x-isometrically isomorphic
to C(D).

Proof. Write S to denote the semicommutator ideal in the dual Toeplitz algebra
Z(C(D)). By the proof of the previous theorem, K is contained in S. For two
continuous functions f and g on D, by (ZT]) the semicommutator

Sty =SSy = HyH;
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is compact. Since S is generated by semicommutators of dual Toeplitz operators
with symbols in C'(D), it follows that S is contained in K. Hence K equals the
semicommutator ideal S. This completes the proof. O

In Section 3 we have shown that the product of two dual Toeplitz operators
cannot be zero unless one of the dual Toeplitz operators is the zero operator. The
symbol mapping can be used to obtain generalizations of this result. In fact, we
can obtain a necessary condition for the product of dual Toeplitz operators to be
compact. We have the following generalization of Theorem

Theorem 8.7. Let fi,..., fn € L>(D). If the product Sy, Sy, --- Sy, is compact,
then fi(w)fa(w)... fo(w) =0 for almost all w in D.

Proof. 1f Sf, Sy, -+ Sy, is compact, then, by Theorem S¢ S¢, -+ Sy, is in the
semicommutator ideal D. Using Proposition [8.2] we see that Sy, ¢,...7, is in D. It
follows that p(Sy, ,...r,,) =0, hence fi1fa--- f,, =0 a.e. on D. O

The following result shows that a finite product of dual Toeplitz operators with
bounded harmonic symbols cannot be zero unless one of the dual Toeplitz operators
is zero. Whether or not the analogous statement is true for Toeplitz operators on
the Hardy space is still an open problem.

Corollary 8.8. Let f1,..., fn be bounded harmonic functions on D. The following
statements are equivalent:

(1) Sy Sy, --- Sy, is compact.
(ii) Sy Sp -85, =0.
(iii) Onme of the f; must be zero on D.

9. SPECTRAL PROPERTIES OF DUAL TOEPLITZ OPERATORS

In this section we discuss the spectrum and essential spectrum of dual Toeplitz
operators.

Proposition 9.1. Let f be a function in L>°(D). If Sy is invertible, then f is
invertible in L= (D).

Proof. Assume that for some § > 0 we have ||Syull2 > 6, for all u € (L2)* with
|lull2 = 1. By LemmalZ2, for a.e. w € D we have

|f(w)| = gli%l+ HSfuw,sHQ > 0.
This completes the proof. [l

If f is a measurable function on D, then the essential range R(f) of f is the
set of all A in C for which {z € D : |f(z) — A| < €} has positive measure for every
€ > 0. We have the following spectral inclusion theorem, completely analogous to
the spectral inclusion theorem of Hartman and Wintner for Toeplitz operators on
the Hardy space (see Corollary 7.7 in [9]):

Theorem 9.2. If f is in L>°(D), then R(f) C o(Sy).

Proof. Since Sy — A = Sy_y for X in C, using Proposition @11t follows that R(f) C
O'(Sf). ([l
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Brown and Halmos [6] proved that the spectrum of a Toeplitz operator on the
Hardy space is contained in the closed convex hull of the essential range of its
symbol. For a subset F of the complex plane we write h(E) for the closed convex
hull of E. The same argument as the proof of Corollary 7.19 in [9] shows that this
is also true for dual Toeplitz operators.

Theorem 9.3. For every f € L>°(D) we have o(Sf) C h(R(f)).

A bounded operator S on (L2)* is Fredholm if and only if the operator S + K is
invertible in the Calkin algebra B((L2)1)/K. The following proposition states that
a dual Toeplitz operator can only be Fredholm if its symbol is invertible.

Proposition 9.4. If f is a function in L> (D) such that Sy is a Fredholm operator,
then f is invertible in L>° (D).

Proof. Let K denote the ideal of compact operators on (L2)* and let D denote the
ideal generated by the semicommutators of all bounded dual Toeplitz operators. If
S¢ is Fredholm, then Sy + K is invertible in the Calkin algebra B(L>(D))/K. Since
Z(L>*(D))/K is a closed self-adjoint subalgebra of B(L*°(D))/K, it follows from
Theorem 4.28 of [9] that Sy + K is invertible in Z(L>°(D))/K. By Theorem
K C D, so Sy+D is invertible in the algebra Z(L>°(ID))/D. It follows that f = p(Sy)
is invertible in L (D). O

The essential spectrum of a bounded linear operator S on (L2)*, denoted by

0¢(9), is the spectrum of S + K in the Calkin algebra B((L2)1)/K. We have the
following inclusion theorem for the essential spectrum of a dual Toeplitz operator:

Theorem 9.5. If f is in L°(D), then R(f) C 0e(Sy).

Proof. Since Sy —\ = S¢_y for X in C, using Proposition @41it follows that R(f) C
oe(SF). O

Theorem 9.6. If f is in L>°(D) and is such that both Hankel operators Hy and
Hj are compact, then o.(Sy) = R(f).

Proof. By the previous theorem it suffices to prove that o.(Sy) C R(f). If X €
C\ R(f), then for some € > 0 we have |f(z) — A| > ¢, for a.e. z in D. Then
g=1/(f =X\ isin L (D). By (2.1)

Sp-aSq=1—HyHj and S;Sy_\ =1 — HyHj.
Since both HyH7 and HgHJf— are compact, Sy_x + K is invertible in the Calkin
algebra, so that A € C\ o.(S5f). O

Widom [23] proved that the spectrum of a Toeplitz operator on the Hardy space
is connected, and Douglas [0] proved that also the essential spectrum is connected.
These statements are no longer true for dual Toeplitz operators.

Proposition 9.7. If f is a non-constant real-valued simple measurable function on
D for which Hy is compact, then both o(Sf) and 0.(Sf) are disconnected.

Proof. By Theorem [0.6, o(Sf) = R(f), which is a finite set consisting of more
than one point. Since Sy is self-adjoint, eigenvectors corresponding to distinct
eigenvalues are orthogonal. Because (L2)* is a separable Hilbert space, the operator
Sy has at most countable point-spectrum o, (Sy). Since o(Sf) \ 0e(Sy) C ,(Sy),
the spectrum o(Sy) is at most countable. Because o(Sy) contains R(f), the set
o(Sy) must be disconnected. O
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The following class of examples will show that modulo countable sets the spec-
trum of a dual Toeplitz operator can be any compact subset of the complex plane.

Example 9.8. Let (r) be a strictly increasing sequence in the interval [0, 1) with
ro = 0, and let (wy) be a bounded sequence of complex numbers. Consider the
function f : D — C defined by

flz)=wy for rp_1 <|z|<rg, Ek=1,2,---.

Put W = {wi,ws, - }. Note that W = R(f) C 0¢(Sy). Suppose that X is an
eigenvalue of Sy not in W. Then there exists a nonzero h in (L2): such that
S¢h = Ah. Then the function g = (f — A)h = fh — Sth = P(fh) is in L2. If
re—1 < |z| < g, then f(2) = wy; thus h(z) = g(2)/(wr — A). If g(z) = D00 g an2",
then for each n we have

oo

0=(h,2") = h(z)z" dA(z
(h, 2") };/() (2)

= i/ MZ” dA(z)

1 ra<izi<n, W= A

e a
_y / 22" dA(2),
o We = A S i<l

hence ) satisfies the equations

'] 2n+2 r2n+2

n Tk k-1
9.9 =0,
(9.9) n+1 ; Wi — A
for all n = 0,1,---. Since g is not the zero function, a, # 0 for some n, and
consequently

[e%e] rzn—i-Z _ Tiri-il-Q
_— = O.
Z Wi — A
k=1 k
For each non-negative integer n the function
[e’e] 2n+2 2n+2

on(2) = Z A

W — 2
k=1
is analytic on C\ W: if z is not in W, then |z —wy| > § > 0, for all k = 1,2, -,
and thus
’I"szrQ _ TinJIrQ
— S 5—1(r2n+2 o 7A271+2).
|’wk _ Zl k k—1

Hence

oo
r —r
k k—1 -1 22 2n+2
Zif(s Z(Tk —Tee1)
k=1
5_1r§g+2 <6t < o0,

where 7o = limp_ oo Tk

Thus the point-spectrum of Sy is contained in the union of W with the zero sets
Z(pn) of the functions ¢,. The equations determining the eigenvalues of S]*c =Sy
not in the closure of the wy’s are identical to the above equations (just the complex
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conjugates of them). Using the notation E* = {Z: z € E}, for a set E of complex
numbers, for any bounded operator T' we have

o(T)\ 0e(T) C op(T) Uap(TH)".
We conclude that

(@

a(Sy) C oe(Sp) U | Z(pn)-

n=0

If f is furthermore constant near the circle (i.e., ro < 1), then both operators Hy

and Hy are compact; thus o.(Sy) = R(f) = W, and we obtain
(o)
W Co(Sp) cWulJ Z(en).
n=0
So, if W is an infinite set with a finite number of accumulation points, then o(Sy)
is countably infinite and thus disconnected. The set Z = J,°, Z(¢n) is countable;
W can be any compact subset of the complex plane, so the above inclusions show:

For every compact subset K of the complex plane there exists a bounded measur-
able function f such that o(Sy) = K U N, where N is a countable set.

Note that it is not necessary for 7o to be strictly less than 1 in order for Hy and
Hy to be compact. If we take
1
2%k 41 2k 4142721
and wy, = (14-(—1)*)/2, then in [8] it was shown that the Hankel operator Hy = H

is Hilbert-Schmidst.
In the special case that f is the function

£(2) = {w1 for |z| < r,

we  forr < |z] < 1,

Tor =1 Tog4+1 = 1

equations ([@9]) are equivalent to

r2n+2 1— r2n+2
9.10 =0
( ) an{wl—A—*— U)2—>\ } ’
forn =0,1,---. If a, # 0, then (@I0) has solution A\ = wy + (wg — wq)r?*+2. If

A =w; + (wg — w1)r?"*2 and h is the function on D defined by

hz) = { if |2] <.

2 if r <|z| <1,

U}Q—A
then (f — A)h = 2", and thus Sy_xh = 0. So X is indeed an eigenvalue. Note that

(B10) shows that the power series coefficients of g other than a, must be 0. This
easily implies that Sy_» has one-dimensional kernel. We conclude that in this case

o(Sy) = {wr, wao} U {wy + (w2 —w)r* 2 :n=0,1,2,---}.

Observe that this set does belong to the closed convex hull of w; and ws.

Thus there are bounded measurable functions f on D for which both ker(Sy) and
ker(S7) are non-trivial, in constrast with Coburn’s result for Toeplitz operators on
the Hardy space (see Proposition 7.24 in [9]).
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The above example shows a difference with Toeplitz operators on the Bergman
space. If f is the characteristic function of a countable union of annuli in the unit
disk centered at 0, then Lark [I4] has shown that o.(Ty) is connected. However, as
is the case for dual Toeplitz operators, o(Ty) may be disconnected. If g is a function
as described in Section 6 of [20] such that T, is compact, then f = $(1+g) is a
characteristic function of a countable union of annuli in the unit disk centered at
0, and o(Ty) = {% + A, :n = 0,1,2,---}, where the A, are positive numbers
converging to 0. Clearly this set is disconnected.

In contrast to Proposition [0 we have the following result.

Proposition 9.11. If f is a continuous real-valued function on D, then o(Sy) =
0e(Sy) is connected.

Proof. Since f is continuous and real-valued, R(f) = f(D) is an interval. Combin-
ing Theorem [I.5 and Theorem B3] we see that 0.(S¢) = o(Sf) = f(D). O

By the above proposition the spectrum of a dual Toeplitz operator with bounded
real-valued harmonic symbol is connected. We do not know whether this is also
true for dual Toeplitz operators with bounded complex-valued harmonic symbols.
For bounded analytic and co-analytic symbols we have the following result.

Theorem 9.12. If f is a bounded analytic or co-analytic function on D, then
o(Sf) = 0c(S¢) = f(D).
Proof. Since S} = Sy, it suffices to consider the case that f is co-analytic on D.

If f is conjugate analytic, then L2 is invariant under the multiplication operator
My, so (L2)* is invariant under M. Thus S; is the restriction of My to (L2)*.

If a complex number A is not in f(ID), then Sy has inverse S;,y_»). Hence
o(Sy) C f(D). By Theorem[0.5] f(D) C 0.(Sy), and the conclusion follows. O
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