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SUBSPACES OF NON-COMMUTATIVE SPACES

S. PAUL SMITH

Abstract. This paper concerns the closed points, closed subspaces, open sub-
spaces, weakly closed and weakly open subspaces, and effective divisors, on a
non-commutative space.

1. Introduction

This paper examines non-commutative analogues of some of the elementary ideas
of algebraic geometry. Our wish is to have a language for non-commutative algebraic
geometry that is geometric and topological. This will, eventually, allow us to use
our geometric intuition in situations that at present are viewed almost exclusively
from an algebraic perspective. One can already see hints of this goal in Gabriel’s
thesis [6]. More recently, Rosenberg and Van den Bergh have given new life to this
program. We further extend their ideas by examining the interactions between the
following basic objects: weakly closed and weakly open subspaces, closed subspaces,
open subspaces, closed points, and effective divisors.

We follow Rosenberg [20] [21] and Van den Bergh [25] in taking a Grothendieck
category as our basic non-commutative geometric object. Thus a non-commutative
space X is a Grothendieck category ModX . The idea for the notation X = ModX
is Van den Bergh’s. We also use his notion of X-X-bimodules, and denote the unit
object in the monoidal category of X-X-bimodules by oX . The bifunctors ExtiX
and TorXi are defined in [25].

The standard commutative example of a space is the category of quasi-coherent
sheaves on a quasi-separated, quasi-compact scheme. We will speak of a quasi-
separated, quasi-compact scheme X as a space with the understanding that ModX
is QcohX . The two non-commutative models are ModR, the category of right
modules over a ring, and ProjA, the non-commutative projective spaces having
a (not necessarily commutative) graded ring A as homogeneous coordinate ring
(Definition 2.2).

The notion of a weakly closed subspace of a non-commutative space first ap-
peared in Gabriel’s thesis [6, page 395]—he calls a full subcategory of an abelian
category closed if it is closed under subquotients and direct limits. We will mod-
ify his terminology, and say that a full subcategory of a Grothendieck category is
weakly closed if it satisfies these conditions. Closure under subquotients ensures
that the inclusion functor is exact, and closure under direct limits ensures that the
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inclusion functor has a right adjoint. If the inclusion functor also has a left adjoint
we say that the subcategory is closed. This modification of Gabriel’s terminology
makes it compatible with the language of algebraic geometry: the closed subcate-
gories (in our sense) of ModR are in bijection with the two-sided ideals of R; and,
every closed subscheme of a scheme X determines a closed subspace of QcohX . If
X is a quasi-projective scheme over a field, then the closed subspaces are the same
things as the closed subschemes (Theorem 4.1). Our terminology is also compatible
with Van den Bergh’s notion of weak ideals; the weakly closed subspaces of a space
X are in bijection with the weak ideals in oX , the identity functor on ModX .

We define the complement to a weakly closed subspace in the obvious way (Def-
inition 6.4), and define weakly open subspaces (Definition 2.5) in such a way that
they are precisely the complements to the weakly closed subspaces when the am-
bient space is locally noetherian. The intersection of an arbitrary collection, and
the union of a finite collection, of weakly closed subspaces (Definitions 3.2 and 3.4)
have already been defined by Rosenberg; these are again weakly closed subspaces.
Because a weakly open subspace is a complement to a weakly closed subspace we
can define the intersection (resp., union) of weakly open subspaces as the comple-
ment of the corresponding union (resp., intersection) of weakly closed subspaces.
For the most part these ideas interact with each other in reasonable ways—for ex-
ample, see Proposition 3.3, Lemmas 6.10, 6.16, 6.18, and 6.20, Corollary 7.4, and
Propositions 7.1, 7.9, and 7.10. Furthermore, Proposition 7.5 shows that if U and
V are weakly open subspaces of a locally noetherian space X , then U ∩ V is the
fiber product U ×X V in the category of non-commutative spaces with maps being
the morphisms. Despite these positive results we do not know whether W ∩(Y ∪Z)
is equal to (W ∩ Y ) ∪ (W ∩ Z) when W , Y , and Z, are weakly closed subspaces;
the analogous formula for weakly open subspaces is valid.

The notions of containment and intersection between a weakly closed subspace
and a weakly open subspace (see Definitions 6.17, 7.2, and 7.8) do not behave as
well as one might initially hope. An essential feature of non-commutative algebra
is that there can be non-split extensions between non-isomorphic simple modules.
As a result of this, it is possible for a non-commutative space X to have weakly
closed subspaces W and Z such that W ∩ Z = φ, but Z is not contained in X\W .
This illustrates the limitations of the analogy with commutative algebraic geometry.
More generally, Z\(W∩Z) need not be contained inX\W ; Proposition 7.6 describes
exactly when Z\(W ∩ Z) is contained in X\W .

We extend the notion of integrality to the non-commutative setting by defining
prime subspaces and prime modules (see also [23]). Proposition 4.4 shows that these
new notions are compatible with the usual notion of integrality for a noetherian
scheme having an ample line bundle. They are also compatible with the usual
notion of a prime ideal in a non-commutative ring. Proposition 4.7 shows that for
noetherian non-commutative spaces that are close to being commutative there is a
bijection between what we call the prime subspaces of X and the indecomposable
injectives in ModX . This extends both Matlis’ result for commutative notherian
rings, and Gabriel and Cauchon’s extension of Matlis’ result to rings satisfying
Gabriel’s condition (H) (fully bounded right noetherian rings).

In section 5 we define closed points of a space. A test case for our definition is the
following. Let A be a connected graded k-algebra and ProjA the non-commutative
projective space having A as a homogeneous coordinate ring. Artin-Tate-Van den
Bergh [2] have defined the notion of a point module for A; the idea behind their
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definition is that point modules for A should play the role of closed points on ProjA.
However, until now there has been no definition of “point” in non-commutative
geometry. In section 5 we show that point modules over A do yield closed points
of ProjA.

To motivate our definition of closed point, recall that a closed point p on a
scheme X corresponds to a simple object Op = OX/mp in QcohX , where mp is the
sheaf of ideals vanishing at p. This sets up a bijection between closed points of
X and simple objects in QcohX . Since the geometric objects in non-commutative
geometry are Grothendieck categories, we define a closed point of a space X to be
a certain kind of full subcategory of ModX . That subcategory is required to be
closed in the sense described above, and to consist of all direct sums of a simple
X-module, say Op. The requirement that the subcategory be closed means that
not all simple X-modules correspond to closed points. In particular, an infinite
dimensional simple module over a finitely generated k-algebra does not correspond
to a closed point; such simple modules behave like higher dimensional geometric
objects (see the remarks after Proposition 5.8).

Sometimes even finite dimensional simple modules behave like higher dimen-
sional geometric objects. The D-module approach to the representation theory of
semisimple Lie algebras, and the dimension of the characteristic variety, yield a
dimension function that gives finite dimensional representations dimension greater
than zero, thus reflecting the fact that such modules do not always behave like
points. The behavior of the higher Ext-groups of finite dimensional simple modules
also indicates that they behave like higher dimensional geometric objects.

A further example of this phenomenon occurs when α : X̃ → X is Van den
Bergh’s blowup for a non-commutative surface X . Sometimes X can have a mod-
ule of Krull dimension one whose strict transform is a simple X̃-module, say S.
That simple module gives a closed point on X̃, but with regard to its intersection
properties (defined in terms of Ext-groups) that simple X̃-module behaves more
like a curve than a point (see [13]). This is reinforced by the fact that α∗S is the
original module of Krull dimension one—in particular, α does not send this closed
point of X̃ to a closed point of X . For many purposes it is better to think of S as
a geometric object of dimension one.

In Section 8 we examine effective divisors (as defined by Van den Bergh) on
a non-commutative space. These are analogues of effective Cartier divisors; an
effective divisor is defined in terms of an invertible ideal, say oX(−Y ), in oX . That
ideal cuts out a closed subspace Y on X . If W is a weakly closed subspace of X ,
we give precise conditions under which W ∩ Y is an effective divisor on W . We
also show that if Y is ample, then W ∩ Y 6= φ for all weakly closed subspaces W of
positive dimension. We give conditions under which the set of closed points in X
is the disjoint union of the sets of closed points in Y and X\Y . Effective divisors
behave better than arbitrary closed (or weakly closed) subspaces with respect to
intersection and containment of other subspaces.

Acknowledgements. We thank M. Artin, P. Jørgensen, S. Kovacs, M. Van den
Bergh, and J. Zhang for helpful conversations. We thank C. Pappacena for asking
questions that prompted Propositions 4.6 and 4.7. This work was begun while
the author was visiting the University of Copenhagen during the summers of 1998
and 1999, and was continued during the workshop on Noncommutative Algebra at
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the Mathematical Sciences Research Institute at Berkeley in 2000. The author is
grateful to both institutions for their hospitality and financial support.

2. Preliminaries

Throughout we work over a fixed commutative base ring k. All categories are
k-linear and functors between them are k-linear.

Definition 2.1. A non-commutative space X is a Grothendieck category ModX .
Objects in ModX are called X-modules. We say X is locally noetherian if ModX
is locally noetherian (that is, if ModX has a set of noetherian generators). If X is
locally noetherian, we write modX for the full subcategory of ModX consisting of
all noetherian X-modules.

The empty space φ is defined by declaring Modφ to be the zero category; that is,
the abelian category having only one object and one morphism.

We write ModR for the category of right modules over a ring R.
We say X is affine if ModX has a progenerator. A ring R such that ModX is

equivalent to ModR is called a coordinate ring of X . It is easy to see that an affine
space is locally noetherian if and only if one, and hence all, of its coordinate rings
is right noetherian.

If (X,OX) is a scheme, then the category ModOX of all sheaves ofOX -modules is
a Grothendieck category. If X is quasi-compact and quasi-separated (for example,
if X is a noetherian scheme), then the full subcategory of ModOX consisting of the
quasi-coherentOX -modules is a Grothendieck category [8, page 186]; we denote this
category by QcohX . We will speak of a quasi-compact and quasi-separated scheme
X as a space with the tacit understanding that ModX is QcohX . For example,
SpecZ will denote the space whose module category is ModZ.

The word “scheme” will be reserved for schemes in the usual sense of commu-
tative algebraic geometry, and the word “space” will always mean a space in the
sense of Definition 2.1.

Non-commutative analogues of projective schemes were introduced in [3] and
[27].

Definition 2.2. Let k be a field. Let A be an N-graded k-algebra such that
dimk An <∞ for all n. Define GrModA to be the category of Z-graded A-modules
with morphisms the A-module homomorphisms of degree zero. We write FdimA for
the full subcategory of direct limits of finite dimensional modules. We define the
quotient category

TailsA = GrModA/FdimA,

and denote by π and ω the quotient functor and its right adjoint. The projective
space X with homogeneous coordinate ring A is defined by ModX := TailsA.

The structure module of X is OX := πA. We define

ProjA = (X,OX).

ProjA is an enriched space in the sense of [25, Section 3.6].
The cohomology groups of a module F over the enriched space X are defined in

[27] and [3] to be
Hq(X,F) := ExtqX(OX ,F).

The idea for the next definition is due to Rosenberg [21, Section 1].
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Definition 2.3. If X and Z are non-commutative spaces, a weak map f : Z → X
is a natural equivalence class of left exact functors f∗ : ModZ → ModX . A weak
map f : Z → X is a map if f∗ has a left adjoint. A weak map is affine [21, Section
4.3] if f∗ is faithful, and has both a left and a right adjoint. A left adjoint to f∗
will be denoted by f∗, and a right adjoint will be denoted by f !.

A weak map f is a map if and only if f∗ commutes with products.
Let f : X → Y be a morphism of schemes. Suppose that QcohX and QcohY

are Grothendieck categories, so that X and Y are spaces in our sense. If either X
is noetherian, or f is quasi-compact and separated, then f induces a map in the
sense of Definition 2.3 [10, Proposition 5.8, Ch. II]. However, there are maps that
are not induced by morphisms. For example, the inclusion(

k 0
0 k

)
→
(
k k
k k

)
induces an affine map Spec k → Spec(k × k) of spaces that is not induced by a
morphism between these schemes.

Definition 2.4. Let X be a non-commutative space. A weakly closed subspace
of X , say W , is a full subcategory ModW of ModX that is closed under sub-
quotients (and therefore under isomorphisms), and for which the inclusion functor
α∗ : ModW → ModX has a right adjoint, denoted by α!. We write α : W → X
for the weak map corresponding to α∗. A weakly closed subspace W is closed if α∗
also has a left adjoint; we will denote a left adjoint to α∗ by α∗.

For example, X and φ are closed subspaces of X .
The inclusion of a closed subspace is an affine map.
Let W be a weakly closed subspace of X and let α : W → X be the inclusion.

Then ModW is a Grothendieck category, and is locally noetherian if ModX is.
Because ModW is closed under subquotients, α∗ is an exact functor. Because α!

has an exact left adjoint, it sends injective X-modules to injective W -modules. The
definitions imply that α!α∗ ∼= idW when W is a weakly closed, and α∗α∗ ∼= idW
when W is closed.

Let i : Z → X be the inclusion of a closed subscheme of a scheme X . One often
blurs the distinction between the structure sheaf OZ , which lies in QcohZ, and its
direct image i∗OZ , which lies in QcohX . We will do something similar when W is a
weakly closed subspace of a space X . If α : W → X is the inclusion, we will confuse
the trivial W -W -bimodule oW with the weak X-X-bimodule corresponding to the
left exact functor α∗α!. Thus, we will speak of the map oX → oW of weak X-X-
bimodules, the kernel of which is the weak ideal defining W . For more information
about weak ideals and bimodules, see [25].

Definition 2.5. Let X be a non-commutative space. A weakly open subspace of
X , say U , is a full subcategory ModU of ModX that is closed under isomorphism
and is such that the inclusion functor j∗ : ModU → ModX has an exact left adjoint
j∗. If V is another weakly open subspace of X , we say that U is contained in V ,
and write U ⊂ V , if ModU ⊂ ModV .

If a weakly closed subspace is also a weakly open subspace, then it is a closed
subspace.
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Definition 2.6. We call a weak map f : Y → X a closed immersion (resp., weakly
closed immersion, weakly open immersion, open immersion) if it is an isomorphism
onto a closed (resp. weakly closed, weakly open, open) subspace of X .

The next two results are standard: they follow from the fact that α! and j∗ are
right adjoints to exact functors and so preserve injectives.

Lemma 2.7. Let α : W → X be a weakly closed immersion. If M ∈ ModW and
N ∈ ModX, then there is a spectral sequence

ExtpW (M,Rqα!N)⇒ Extp+qX (α∗M,N).(2.1)

Lemma 2.8. If j : U → X is a weakly open immersion, then there is a spectral
sequence

ExtpX(M,Rqj∗N)⇒ Extp+qU (j∗M,N)(2.2)

whenever M ∈ ModX and N ∈ ModU .

3. Weakly closed subspaces

Rosenberg has shown that the closed subspaces of an affine space are in bijection
with the two-sided ideals of its coordinate ring. A typical non-commutative ring has
few two-sided ideals, and a typical non-commutative space has few closed subspaces.
A more useful notion for non-commutative geometry is that of a weakly closed
subspace.

This section shows that there are reasonable notions of intersection and union
for weakly closed subspaces.

The notion of a weakly closed subspace makes sense for schemes. For example,
SpecZ has a weakly closed subspace W defined by declaring ModW to consist of
the torsion abelian groups. There is a proper descending chain of weakly closed
subspaces W = W0 ⊃W1 ⊃W2 ⊃ . . . defined by declaring ModWi to be all torsion
groups that have no torsion with respect to the first i positive primes.

If X is a scheme such that QcohX is a Grothendieck category, and Z is a closed
subscheme of X , then the full subcategory of QcohX consisting of the modules
whose support lies in Z is closed under subquotients and direct limits, so it is the
module category of a weakly closed subspace of X ; this subspace is rarely closed.

Let X be a space and M an X-module. Let W be the smallest weakly closed
subspace such that M ∈ ModW . Then ModW consists of all subquotients of all
direct sums of copies of M . As a subcategory of ModX , ModW is closed under
subquotients, so the inclusion functor is exact; it is closed under direct sums because
direct sums are exact in ModX ; it is therefore closed under direct limits, so the
inclusion functor has a right adjoint.

The following is a triviality.

Lemma 3.1. If Z is a weakly closed subspace of X and W is a weakly closed
subspace of Z, then W is a weakly closed subspace of X.

Definition 3.2. Let Z and W be weakly closed subspaces of X . We say that Z
lies on W , or is contained in W , if ModZ is contained in ModW ; we write Z ⊂ W
to indicate this. Their intersection W ∩ Z is defined by declaring that

ModW ∩ Z := ModW ∩ModZ.

That is, ModW ∩Z is the full subcategory of ModX consisting of those X modules
that belong to both ModW and ModZ.
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Proposition 3.3. Suppose that W and Z are weakly closed subspaces of X. Then

1. W and Z are spaces;
2. W ∩ Z is weakly closed in X, and in W , and in Z;
3. if Z is closed in X, then W ∩ Z is closed in W ;
4. if W and Z are closed in X, then W ∩Z is closed in X, and in W , and in Z;
5. if Z ⊂W , then Z is a weakly closed subspace of W ;
6. if Z ⊂W and Z is closed in X, then Z is closed in W ;
7. if Z is also weakly open in X, then W ∩ Z is both closed and weakly open in
W .

Proof. Let α : W → X and β : Z → X be the inclusions. Let γ∗ : ModW ∩ Z →
ModZ and δ∗ : ModW ∩ Z → ModW be the inclusion functors.

(1) To see that W is a space one checks that ModW is a Grothendieck category.
By, for example, [25, Proposition 3.4.3], ModW is a cocomplete abelian category,
and the inclusion α∗ is exact and commutes with direct limits. Since direct limits
in ModW coincide with direct limits in ModX , ModW has exact direct limits.

Since ModX has a small set of generators, the collection of all submodules of any
X-module is a small set, and hence so is the collection of all its subquotients. If
{Mi | i ∈ I} is a small set of generators for ModX , then the set of all subquotients
of all Mi that belong to ModW is small. This is a set of generators for ModW : if
f : L→ N is a non-zero morphism in ModW , then there is a morphism g : Mi → L
such that fg 6= 0; since L ∈ ModW , g induces a morphism g′ : M ′ → L from some
subquotient M ′ of Mi belonging to ModW such that fg′ 6= 0.

(2) Since ModW and ModZ are both closed under subquotients and direct limits
in ModX , so is ModW ∩ Z. It follows that ModW ∩ Z is an abelian category and
that its inclusion in ModX is an exact functor commuting with direct limits. The
inclusion functor therefore has a right adjoint. This proves (2).

Hence there is a commutative diagram

W ∩ Z γ−−−−→ Z

δ

y yβ
W −−−−→

α
X

(3.1)

of spaces and weak maps. Since α∗, β∗, γ∗ and δ∗, are inclusions of subcategories,
α∗δ∗ = β∗γ∗. Up to natural equivalence we also have δ!α! = γ!β!.

(3) To see that W ∩ Z is closed in W it suffices to show that δ∗ commutes
with products; that is, that ModW ∩ Z is closed under products in ModW . Let
Ml be a family in ModZ ∩W , and suppose they have a product in ModW . That
product is α!(

∏
Ml), where

∏
Ml is their product in ModX . But ModZ is closed

under products in ModX , so contains
∏
Ml, and hence its submodule α!(

∏
Ml).

Therefore α!(
∏
Ml) is in ModW ∩ Z. This proves that δ∗ has a left adjoint δ∗,

whence W ∩ Z is closed in W .
We will now show that

γ∗δ
∗ ∼= β∗α∗.(3.2)

Since γ∗δ∗ is a left adjoint to δ∗γ! and β∗α∗ is a left adjoint to α!β∗, it suffices to
show that δ∗γ! ∼= α!β∗. If M is a Z-module, δ∗γ!M is the largest submodule of M
that is in ModZ ∩ModW ; since every submodule of M is in ModZ, δ∗γ!M is the
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largest submodule of M that is in ModW ; but that submodule is α!β∗M . It follows
that

δ∗γ
! ∼= α!β∗,(3.3)

and (3.2) now follows.
(4) If W and Z are closed subspaces of X , then ModW and ModZ are closed

under products in ModX . It follows that ModW ∩ Z is closed under products in
X , whence W ∩ Z is closed.

(5) and (6) follow from (2) and (3) because Z ⊂W implies that W ∩ Z = Z.
(7) Since Z is both weakly closed and weakly open in X , β∗ has an exact left

adjoint β∗. In particular, Z is closed in X . Hence by (3), W ∩ Z is closed in W ,
and γ∗δ

∗ ∼= β∗α∗. Since β∗α∗ is a composition of exact functors, γ∗δ∗ is exact. It
follows that δ∗ is exact, because γ is a weakly closed immersion.

Remarks. 1. The following two observations are easily checked. If W is a weakly
closed subspace of Z, and Z is a weakly closed subspace of X , then W is a weakly
closed subspace of X . If W is a closed subspace of Z, and Z is a closed subspace
of X , then W is a closed subspace of X .

2. The binary operation ∩ on weakly closed subspaces is idempotent, commuta-
tive, and associative. One has W ∩ φ = φ and W ∩X = W .

3. One may define the intersection of an arbitrary collection of weakly closed
subspaces Wi by Mod(

⋂
Wi) :=

⋂
ModWi. It is clear that

⋂
Wi is closed in ModX

under subquotients and direct limits, because each ModWi is. Hence
⋂
iWi is a

weakly closed subspace of X (cf. [20, Lemma 6.2.2, Chapter 3]).

Definition 3.4. Let Wi, i ∈ I, be a finite collection of weakly closed subspaces of
X . Their union, denoted

⋃
iWi, is the smallest weakly closed closed subspace of X

that contains all the Wi. It is the intersection of all the weakly closed subspaces
that contain all the Wi.

Remarks. 1. We could first have defined the union of a pair of weakly closed
subspaces, thus making ∪ a binary operation. One sees that ∪ is idempotent,
commutative, and associative. Associativity could then be used to define arbitrary
finite unions; this definition would agree with the one in Definition 3.4. It is clear
that W ∪ φ = W and W ∪X = X .

2. If W and Z are weakly closed, then ModW ∪ Z is the full subcategory
consisting of all subquotients of modules of the form M ⊕ N , where M ∈ ModW
and N ∈ ModZ. Obviously ModW ∪ Z is closed under subquotients; it is closed
under direct sums because ModW and ModZ are, and because direct sums are
exact in ModX ; it is therefore closed under direct limits, so is weakly closed; it
contains ModW and ModZ, and any weakly closed subcategory containing ModW
and ModZ must contain all modules of the form M ⊕N ; hence this category equals
ModW ∪ Z.

3. If X is the affine space with coordinate ring R, and W and Z are the closed
subspaces cut out by the two-sided ideals I and J , then W ∪Z is the closed subspace
cut out by I ∩ J . To see this, first observe that ModR/I ∩ J is weakly closed and
contains both ModR/I and ModR/J ; secondly, any weakly closed subspace that
contains both W and Z must contain R/I⊕R/J , and hence its submodule R/I∩J ,
and therefore must contain ModR/I ∩ J .

4. Let W and Z be weakly closed subspaces of X . Their Gabriel product W •Z is
the weakly closed subspace defined by declaring ModW •Z to be the full subcategory
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of ModX consisting of the modules M for which there is an exact sequence 0 →
L→M → N → 0 with N ∈ ModW and L ∈ ModZ [6, p. 395]. Van den Bergh has
shown that W • Z is weakly closed, and is closed if both Z and W are [25, Prop.
3.4.5]. Since W • Z contains both W and Z, it follows that

W ∪ Z ⊂W • Z ∩ Z •W.(3.4)

In the situation of the previous remark, Mod(W • Z ∩ Z •W ) = ModR/IJ + JI,
so in general the inclusion in (3.4) is strict. Example 6.11 exhibits closed points p
and q in a an affine space such that p ∪ q = p • q 6= q • p.

5. If W,Y and Z are weakly closed subspaces of X , we do not know whether
W ∩(Y ∪Z) = (W ∩Y )∪(W ∩Z). The analogous equality for weakly open subspaces
does hold (Lemma 6.16).

4. Closed subspaces

The first evidence that the notion of a closed subspace in Definition 2.4 is ap-
propriate for non-commutative geometry is the following result of Rosenberg [20,
Proposition 6.4.1, p.127]. If X is an affine space, say X = ModR, then each two-
sided ideal I cuts out a closed subspace of X , namely ModR/I, and this sets up
a bijection between the closed subspaces of X and the two-sided ideals of R (see
also [22, Proposition 2.3]). We call the closed subspace ModR/I the zero locus of
I. Thus, if X is an affine scheme, its closed subschemes are in natural bijection
with its closed subspaces. We prefer to say that the closed subspaces are the same
things as the closed subschemes. Further evidence is provided by [24, Theorem
3.2], which shows that a two-sided ideal in an N-graded k-algebra A cuts out a
closed subspace of ProjA. There is further evidence. If X is a scheme such that
QcohX is a Grothendieck category (for example, if X is noetherian) and Z is a
closed subscheme of X , then QcohZ is a closed subspace of QcohX in the sense of
Definition 2.4. The main result in this section (Theorem 4.1) shows that if X is
a quasi-projective scheme over a field k, then the closed subschemes of X are the
same as the closed subspaces of X .

In this section we also prove a non-commutative geometric version of Matlis’
result on the bijection between prime ideals in a commutative noetherian ring and
indecomposable injectives over that ring (Proposition 4.7).

Remarks. 1. An interesting and ubiquitous non-commutative space is the graded
line L1, defined by ModL1 = GrModk[x] where k is a field and deg x = 1. We
associate to every subset D ⊂ Z a closed subspace ZD of L1 by declaring ModZD
to be the full subcategory consisting of those graded k[x]-modules M such that
Mn = 0 for all n /∈ D. Since there is a proper descending chain of subsets D, L1

does not have the descending chain condition on closed subspaces. If D consists of
n consecutive integers, then ZD is isomorphic to the affine space with coordinate
ring the n× n upper triangular matrices over k.

If X is an affine space with coordinate ring the enveloping algebra of a non-
abelian solvable Lie algebra over a field of characteristic zero, then X contains
many weakly closed subspaces isomorphic to L1 [22]. If X̃ is the blowup of a non-
commutative surface X at a closed point p lying on an effective divisor Y such that
{Op(nY ) | n ∈ Z} is infinite, then the exceptional curve on X̃ is a weakly closed
subspace of X̃ isomorphic to L1 [25].
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2. The category of right comodules over a coalgebra is a Grothendieck category,
so it is a space in the sense of Definition 2.1. Let C and D be coalgebras and let
X and Y be the spaces defined by ModX = ComodC and ModY = ComodD. If ϕ :
C → D is a homomorphism of coalgebras, then the rule (M,ρ) 7→ (M, (idM ⊗ϕ)ρ)
gives an exact functor f∗ : ComodC → ComodD that is the direct image functor
for an affine map f : X → Y . The right adjoint to f∗ is f ! = −�DC, the co-
tensor product. Joyal and Street [14, Proposition 2, p. 454] show that the closed
subspaces of Y are in bijection with the subcoalgebras of D. Actually they don’t
quite prove that, but using the fact that in a locally finite space weakly closed and
closed subspaces coincide (Proposition 4.8), their result implies this. The closed
points of Y , in the sense of Section 5, are in bijection with the simple subcoalgebras
of D.

Theorem 4.1. Let X be a noetherian scheme having an ample line bundle (for ex-
ample, let X be quasi-projective over Spec k with k a field). Then closed subschemes
and closed subspaces of X are the same things.

We will prove the theorem after the next lemma.
Let OX(1) denote an ample line bundle on X . If i : Z → X is the inclusion of a

closed subscheme, we write OZ(1) for its restriction, i∗(OX(1)), to Z. Thus OZ(1)
is an ample line bundle on Z.

Let M be an OX -module. Its annihilator, which we denote by AnnM, is the
kernel of the natural map OX → HomOX (M,M). Clearly AnnM is the largest
ideal I in OX such that MI = 0, where MI is defined as the image of the
natural map M⊗OX I → M. If M is coherent, its scheme-theoretic support is
the closed subscheme of X cut out by its annihilator, i.e., it is (Z,OZ), where
OZ = OX/AnnM.

Lemma 4.2. LetM be a coherent OX-module, and Z its scheme-theoretic support.
If W is a weakly closed subspace of X such that M ∈ ModW , then Z ⊂ W , i.e.,
QcohZ ⊂ ModW .

Proof. We show first that some finite direct sum of copies of M has a submodule
that is an invertible OZ -module.

Since M is a coherent OZ -module, there is an epimorphism
⊕
OZ(−n) → M

for some n� 0 and some suitable finite direct sum. The image of each OZ(−n) in
M is isomorphic to (OZ/Ij)(−n) for some coherent ideal Ij in OZ . SinceM is the
sum of these images, the annihilator of M in OZ is the intersection of all the Ij .
By definition of Z, that annihilator is zero, so the diagonal map OZ →

⊕
OZ/Ij

is monic. It follows that OZ(−n) embeds in a finite direct sum of copies of M.
By the preceding paragraph, OZ(−n) belongs to ModW for some n, and hence

for all n � 0. Since every coherent OZ-module is a quotient of a suitable finite
direct sum of copies of OZ(−n) for some sufficiently large n, cohZ ⊂ ModW . Since
ModW is closed under direct limits, it follows that QcohZ ⊂ ModW .

Proof of Theorem 4.1. Let W be a closed subspace of X . We must show that
ModW = QcohZ for some closed subscheme Z of X . Let α : W → X be the
inclusion. The counit OX → α∗α

∗OX is an epimorphism, so α∗α∗OX = OZ for a
unique closed subscheme Z of X . Since OZ is a W -module, Lemma 4.2 shows that
QcohZ ⊂ ModW .

Suppose that F ∈ modW , and let Y denote its scheme-theoretic support. By
Lemma 4.2, QcohY ⊂ ModW . Since Y is also the scheme-theoretic support of
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F(n), F(n) ∈ ModW for all n ∈ Z. For some n� 0 and some suitably large finite
direct sum, there is an epimorphism

⊕
OX → F(n), hence an epimorphism⊕

α∗α
∗OX → α∗α

∗(F(n)) ∼= F(n).

It follows that F(n) is in QcohZ. Hence F ∈ QcohZ also, and we conclude that
ModW = QcohZ, as desired.

This result suggests the following definitions.

Definition 4.3. Let X be a locally noetherian space. The support of a noetherian
X-module M is the smallest closed subspace Z such that M ∈ ModZ. (Such
a smallest closed subspace exists because an intersection of closed subspaces is
closed.) A non-zero X-module is prime if all its non-zero submodules have the same
support. A non-empty closed subspace Z of X is prime if it is the support of a
prime noetherian X-module.

Our definition of a prime module is modelled on the analogous notion for modules
over rings—see, for example, [17, Section 4.3.4]. Our definition of prime module
in terms of support emerged in discussions with C. Pappacena and agrees with his
definition in [18].

If X has the descending chain condition on closed subspaces, then every non-
zero X-module has a prime submodule: simply take a submodule whose support
is as small as possible. As remarked at the beginning of this section, the graded
line, GrModk[x], does not have the descending chain condition on closed subspaces;
it is easy to see that k[x], as an object in GrModk[x], does not contain a prime
submodule.

Let X be an affine space with coordinate ring R. The support of an R-module is
the zero locus of its annihilator because R/AnnM embeds in a product of copies
of M , and so it is a module over any closed subspace that contains M . A closed
subspace of X is prime if and only if it is the zero locus of a prime ideal; thus prime
subspaces of X are in bijection with the prime ideals in R.

A non-zero submodule of a prime module is prime. A direct sum of copies of
a prime module is prime. An auto-equivalence of ModX sends prime modules to
prime modules.

By Lemma 4.2, if X is a noetherian scheme having an ample line bundle, the
support as we have just defined it is the same as the scheme-theoretic support.

Proposition 4.4. Let X be a noetherian scheme having an ample line bundle.
1. The (scheme-theoretic) support of a prime module is integral.
2. A closed subscheme Z ⊂ X is integral if and only if OZ is prime.

Proof. We will use the fact that a closed subscheme Z of X is reduced and irre-
ducible if and only if the product of two non-zero ideals of OZ is non-zero.

(1) Let Z denote the scheme-theoretic support of a prime module M. Without
loss of generality we may assume thatM is coherent. By the arguments in Lemma
4.2, OZ(−n) embeds in a finite direct sum of copies ofM. It follows that OZ(−n),
and hence OZ , is prime. Hence, the scheme-theoretic support of every non-zero
coherent ideal of OZ is Z. In other words, if I is a non-zero coherent ideal of OZ ,
then IJ 6= 0 for all non-zero ideals J of OZ . Hence Z is reduced and irreducible.

(2) If Z is integral, then every non-zero ideal of OZ has annihilator equal to zero,
so it has scheme-theoretic support Z, thus showing that OZ is prime. Conversely,
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if OZ is prime, then every non-zero ideal of OZ has support equal to Z and so has
zero annihilator, thus showing that Z is integral.

The conclusion of Lemma 4.2 captures one of the essential aspects of commuta-
tivity: it says that X has a lot of closed subspaces. This is similar to saying that a
ring has lots of two-sided ideals. The next definition singles out this property, and
we think of it as saying that the space is “almost commutative”.

Definition 4.5. A locally noetherian space X has enough closed subspaces if ev-
ery noetherian module M has the following property: the smallest weakly closed
subspace W ⊂ X such that M ∈ ModW is equal to the support of M .

In other words, X has enough closed subspaces if every weakly closed subspace
W ⊂ X has the following property: if M is a noetherian W -module, then there is
a closed subspace Z of X such that Z ⊂ W and M ∈ ModZ. Lemma 4.2 implies
that a quasi-projective scheme has enough closed subspaces.

The next result shows that this notion of “almost commutative” is compatible
with an older idea of what it means for a ring to be “almost commutative”. Gabriel’s
condition (H) [6, page 422] is expressed as part (2) of the next result; Gabriel (loc.
cit., page 423) showed that (2) implies (3) and Cauchon [5] proved the converse.
The equivalent condition (1) is geometric and therefore has meaning for non-affine
spaces. For example, if A is a connected graded noetherian algebra that is a finite
module over its center, then property (1) is satisfied by ProjA.

Proposition 4.6. Let X be a locally noetherian affine space with coordinate ring
R. The following are equivalent:

1. X has enough closed subspaces;
2. if M is a noetherian R-module, then AnnM =

⋂n
i=1 Ann(mi) for some finite

set of elements mi ∈M ;
3. there is a bijection

{prime ideals in R} ↔ {iso-classes of indecomposable injective R-modules}
given by p 7→ the injective envelope of R/p, and E 7→ the largest ideal anni-
hilating a non-zero submodule of E.

Proof. Gabriel [6, page 423] and Cauchon [5] have proved the equivalence of (2)
and (3).

(2) ⇒ (1) Let M be a noetherian X-module, and let W be a weakly closed
subspace containing M . Set I = AnnM , and let Z be the zero locus of I. There
are elements mi ∈M , 1 ≤ i ≤ n, such that the diagonal map R/I →

⊕n
i=1miR is

injective. Since R/I embeds in a finite direct sum of copies of M , R/I ∈ ModW ,
whence Z ⊂ W . Since M is a Z-module, this shows that X has enough closed
subspaces.

(1)⇒ (2) Let M be a noetherian R-module with support Z. The smallest weakly
closed subspace of X containing M is W , where ModW consists of all subquotients
of direct sums of copies of M . By hypothesis, R/AnnM is in ModW , so it is a
subquotient of a direct sum of copies of M . Since R/AnnM is a finitely generated
projective module over itself, it follows that R/AnnM is a submodule of a finite
direct sum of copies of M . If ϕ : R/AnnM → M⊕n is injective, and mi denotes
the image of ϕ(1) under the ith projection, then AnnM =

⋂n
i=1 Ann(mi). Thus

(2) holds.
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Rings satisfying condition (2) are said to be fully bounded—see [7, Chapter 8]
and [17, Sections 6.4 and 6.10.4] for more information about this notion. The
standard example of such a ring is one that is a finite module over its center.

In the next proof we use the notion of Krull dimension as defined by Gabriel. A
noetherian X-module is critical if KdimM/N < KdimM for all non-zero submod-
ules N ⊂M . The definition of Krull dimension is such that every non-zero module
has a non-zero critical submodule. A submodule of a critical module is critical.
Hence a prime subspace is the support of a critical module, and that module may
also be chosen to be prime and noetherian.

Proposition 4.7. Let X be a locally noetherian space having the descending chain
condition on closed subspaces. If X has enough closed subspaces, there is a bijection

{prime subspaces of X} ←→ {iso-classes of indecomposable injective X-modules}
given by Z 7→ the injective envelope of a critical noetherian prime module having
support equal to Z, and E 7→ the support of a critical prime noetherian submodule
of E.

Proof. Let Z be a prime subspace of X and let M be a critical noetherian prime
module having support equal to Z. Since M is critical it is uniform, so its injective
envelope, say E, is indecomposable. We will show that the rule Z 7→ E is a well-
defined map setting up the claimed bijection.

To show the map is well-defined, we must show that E ∼= E′ whenever E′ is
an injective envelope of another critical noetherian prime module, say M ′, whose
support is equal to Z.

The hypothesis on X implies that ModZ consists of all subquotients of all direct
sums of copies of M . Of course, the same is true with M ′ in place of M . Since each
of M and M ′ is a subquotient of a finite direct sum of copies of the other, they
have the same Krull dimension.

Choose the smallest integer n such that M ′ is isomorphic to L/K, where K ⊂
L ⊂ M1 ⊕ . . .⊕Mn and each Mi

∼= M . The minimality of n ensures that L ∩Mi

is non-zero for all i. If K ∩Mi were non-zero for all i, then the Krull dimension
of L/K would be strictly smaller than that of M ; this is not the case, so K ∩Mi

is zero for some i. Hence L ∩Mi embeds in M ′. In particular, M and M ′ have
a common non-zero submodule, from which we conclude that E ∼= E′. Hence the
map Z 7→ E is well-defined.

To see that the map Z 7→ E is injective, suppose that Z and Z ′ are prime
subspaces for which the corresponding indecomposable injectives, say E and E′, are
isomorphic. Let M and M ′ be critical noetherian prime modules whose supports
are Z and Z ′ respectively. Thus E and E′ are injective envelopes of M and M ′

respectively. Since E and E′ are isomorphic and indecomposable, M and M ′ have
a common non-zero submodule, say N . However, since M and M ′ are prime they
have the same support as N . Thus Z = Z ′.

To show that the map Z 7→ E is surjective, suppose that E is an indecomposable
injective. Because X has the descending chain condition on closed subspaces, E
has a prime submodule and hence a prime critical noetherian submodule, say M .
Hence E is the image of the support of M .

The next result gives another class of spaces which have enough closed subspaces.
It applies, for example, to the category of comodules over a coalgebra that is defined
over a field.
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Proposition 4.8. Every weakly closed subspace of a locally finite space is closed.

Proof. Let X be a locally finite space; that is, every X-module is a direct limit of
finite length X-modules. Let W be a weakly closed subspace of X . It suffices to
show that ModW is closed under products, because then the inclusion i∗ : ModW →
ModX will have a left adjoint.

Let {Mi | i ∈ I} be a collection of W -modules. By hypothesis,
∏
i∈IMi, their

product in ModX , is a sum of finite length X-modules. Let N be a finite length
submodule of

∏
i∈IMi. For each j ∈ I let ρj : N → Mj be the composition of the

inclusion N →
∏
i∈IMi with the projection

∏
i∈IMi → Mj. Write Kj = kerρj .

Since
⋂
j∈I Kj is the kernel of the inclusion N →

∏
i∈IMi, it is zero; since N has

finite length, there is a finite subset J ⊂ I such that
⋂
j∈J Kj = 0. It follows that

the composition
N →

∏
i∈I

Mi →
∏
j∈J

Mj

is monic. Since J is finite,
∏
j∈J Mj is isomorphic to

⊕
j∈J Mj , and therefore

belongs to ModW . Hence N belongs to ModW .
We have shown that every finite length submodule of

∏
i∈IMi belongs to ModW .

Since ModW is closed under direct limits, we conclude that
∏
i∈IMi belongs to

ModW .

5. Closed points

Notation. If D is a division ring, we write SpecD for the space ModD of right
D-modules.

Definition 5.1. A closed point of a space X is a closed subspace that is isomorphic
to SpecD for some division ring D. We call it a D-rational point of X .

We denote a closed point by a single letter, say p, and often write p ∈ X to
indicate that p is a closed point of X . Since Modp is equivalent to the category of
modules over a division ring, it contains a unique simple module up to isomorphism;
and because Modp is closed under subquotients in ModX , that simple p-module is
also simple as an X-module. We denote any module in the isomorphism class of
this simple module by Op. Thus D is isomorphic to EndX Op, and every p-module
is isomorphic to a direct sum of copies of Op.

Although a closed point determines a simple module, Proposition 5.7 shows that
a simple module need not determine a closed point.

We will say that an X-module M is compact if HomX(M,−) commutes with
direct sums. If X is locally noetherian, this is equivalent to the condition that
HomX(M,−) commute with direct limits, and to the condition that M be noether-
ian [19, Section 5.8].

Definition 5.2. An X-module S is tiny if HomX(M,S) is a finitely generated
module over EndX S for all compact X-modules M .

Lemma 5.3. Let S be a tiny simple X-module. Then every compact submodule of
a direct product of copies of S is isomorphic to a finite direct sum of copies of S.

Proof. Let D = EndX S. Let P be a direct product of copies of S, and M a
compact submodule of P . Define M0 = M and, if Mi−1 is non-zero, define Mi

inductively as follows. Since Mi−1 6= 0, there is projection P → S which does not
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vanish on Mi−1. Let ρi : M → S be the restriction of that projection and define
Mi = Mi−1 ∩ ker ρi. Since dimD HomX(M,S) < ∞, there is a smallest integer
n such that ρn+1 =

∑n
i=1 µiρi for some µi ∈ D. Therefore ker ρn+1 contains

kerρ1 ∩ · · · ∩ ker ρn. It follows that 0 = Mn = ker ρ1 ∩ · · · ∩ ker ρn. Hence the map
ρ1 ⊕ . . .⊕ ρn : M → S⊕n is an isomorphism.

Notation. If S is a simple X-module, we write SumS for the full subcategory con-
sisting of all modules that are isomorphic to a direct sum of copies of S. If D
denotes the endomorphism ring of S, then SumS is equivalent to ModD.

In a Grothendieck category a sum of simple modules is isomorphic to a direct
sum of simple modules. This is not true for (ModZ)op.

Lemma 5.4. Let S be a simple X-module. The inclusion i∗ : SumS → ModX has
a right adjoint i! given by

i!N := the sum of all submodules of N that are isomorphic to S.

Proof. If f : M → N is a homomorphism of X-modules, then f(i!M) ⊂ i!N , so i!

can be defined on morphisms by sending a morphism to its restriction. Thus i! is
a functor; it takes values in SumS because a sum of simple modules is isomorphic
to a direct sum of simple modules. It is clear that HomX(S,M) = HomX(S, i!M),
so i! is right adjoint to i∗.

Alternatively, since SumS is closed under subquotients, i∗ is exact, and since
SumS is closed under direct sums, i∗ commutes with direct sums, whence i∗ has a
right adjoint.

Theorem 5.5. Suppose that X is locally noetherian. Let S be a simple X-module.
The following are equivalent:

1. there is a closed point p ∈ X such that S ∼= Op;
2. the inclusion i∗ : SumS → ModX has a left adjoint;
3. every direct product of copies of S is isomorphic to a direct sum of copies of
S;

4. S is tiny.

Proof. (1) ⇒ (2) Since Modp consists of all direct sums of copies of Op, Modp =
SumS. Hence the hypothesis that p is closed ensures that i∗ has a left adjoint.

(2) ⇒ (1) By Lemma 5.4, i∗ has a right adjoint, so the hypothesis ensures that
SumS satisfies the requirements to be the module category of a closed point.

(2) ⇔ (3) Since i∗ is exact, it has a left adjoint if and only if it commutes
with products; that is, if and only if SumS is closed under products. But this is
equivalent to condition (3).

(3) ⇒ (4) If M is compact, then

HomX(M,S) = HomX(M, i∗S) ∼= HomX(i∗M,S).

But i∗M is a quotient of M , so it is also compact. But i∗M is in SumS, so it is a
finite direct sum of copies of S. Thus HomX(M,S) is a finite direct sum of copies
of EndX S.

(4) ⇒ (3) Let P be a product of copies of S. Since X is locally noetherian, P
is a direct limit of noetherian submodules. Each of those submodules is compact,
and hence semisimple by Lemma 5.3. Therefore P is semisimple.
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A locally noetherian space X over a field k is Ext-finite if dimk ExtiX(M,N) <∞
for all noetherian X-modulesM and N and all integers i. If A is a connected graded
k-algebra such that dimk An <∞ for all n, then [3, Section 3] gives conditions which
ensure that the projective space with homogeneous coordinate ring A is Ext-finite.

Corollary 5.6. Let X be a locally noetherian space over Spec k. If X is Ext-finite,
then every simple X-module is isomorphic to Op for some closed point p. If k is
also algebraically closed, then p is k-rational.

Proof. Let S be a simple X-module. Then HomX(M,S) is finite dimensional over
k whenever M is noetherian, so S is tiny. Hence there is a closed point p ∈ X such
that Op ∼= S. Since X is Ext-finite, HomX(Op,Op) is a finite dimensional division
algebra over k, and therefore equal to k if k is algebraically closed.

The following is routine, but we record it for later reference.

Proposition 5.7. Let X be an affine space with coordinate ring R. The correspon-
dences

p←→ Op ←→ AnnOp
set up a bijection between

1. closed points in X;
2. simple R-modules S having finite length over EndR S;
3. maximal two-sided ideals m such that R/m is artinian.

If R is a countably generated algebra over an uncountable algebraically closed field
k, then all closed points are k-rational, and they are in bijection with the finite
dimensional simple R-modules.

The hypotheses on k and R in the last part of the proposition are needed because
it is an open problem whether there exists a division algebraD over an algebraically
closed field k such that D 6= k but D is finitely generated as a k-algebra. If there
were such a D, then ModD would have a single closed point, but that point would
not be k-rational and would not correspond to a simple module of finite dimension
over k.

The next result says that point modules over a reasonable graded algebra yield
closed points in the associated projective space.

Proposition 5.8. Let A be a right noetherian locally finite N-graded k-algebra.
Let X be the projective space with homogeneous coordinate ring A. Let M be an
infinite dimensional graded right A-module such that dimkM/N < ∞ for all non-
zero graded submodules N ⊂ M . If A satisfies the condition χ1 in [3, Section 3],
then πM ∼= Op for some closed point p ∈ X.

Proof. The χ1 hypothesis implies that HomX(OX , πM(n)) has finite dimension for
all n ∈ Z. The hypothesis on M/N ensures that πM is a simple X-module. If
N is any right noetherian X-module, then there is an epimorphism from a finite
direct sum of copies ofOX(n) for various integers n toN . Hence HomX(N , πM) is a
subspace of a finite direct sum of various HomX(OX(n), πM), so finite dimensional.
Thus πM is a tiny simple module, and the result now follows from Theorem 5.5.

We have the following consequences of Proposition 3.3. If W is a weakly closed
subspace of X , and p is a closed point of X such that Op is a W -module, then p is
a closed point of W . If Z is a closed subspace of X and p is a closed point of Z,
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then p is a closed point of X . However, a closed point of a weakly closed subspace
of X need not be a closed point of X : for example, if M is an infinite dimensional
simple module over a ring R such that R/AnnM is not artinian, then M does
not correspond to a closed point of ModR even though SumM is a closed point in
SumM .

Remark. Closed points do not always behave like zero-dimensional geometric ob-
jects. The following example has been emphasized by Artin and Zhang (private
conversations).

Fix an algebraically closed field k. Let E be an elliptic curve over Spec k, σ an
automorphism of E having infinite order, and L a line bundle of degree ≥ 3 on E.
Let B = B(E, σ,L) be the twisted homogenous coordinate ring associated to this
data [1]. Then B is a connected graded k-algebra of Gelfand-Kirillov dimension
two, so A := B ⊗k B is the homogeneous coordinate ring of a non-commutative
projective space X that is like a non-commutative 3-fold. If F and G are noe-
therian X-modules, then ExtiX(F ,G) is finite dimensional for all i. The ring A is
Artin-Schelter-Gorenstein, so X satisfies Serre duality. We use the B-B-bimodule
structure on B to view it as a graded right A-module. Applying the quotient func-
tor π : GrModA → TailsA = ModX to B produces an X-module M. Since σ has
infinite order, every non-zero two-sided graded ideal in B has finite codimension [1];
henceM is a simple X-module. By Corollary 5.6, there is a closed k-rational point
p ∈ X such that M ∼= Op. Because the Gelfand-Kirillov dimension of B is two,
and A is Cohen-Macaulay with respect to GK-dimension, Ext2

A(B,A) 6= 0. By [3,
Theorem 8.1(5)], Ext2

X(Op,OX) 6= 0. Serre duality now gives H1(X,Op(i)) 6= 0 for
some integer i. The non-vanishing of H1(X,Op(i)) indicates that the closed point
p behaves like a geometric object of dimension greater than zero.

Another example where a closed point behaves like a higher dimensional geomet-
ric object is given in [12]. There is a smooth non-commutative projective surface
X over C satisfying Serre duality, and a closed C-rational point p ∈ X such that
Ext1

X(Op,Op) = 0 and Ext2
X(Op,Op) = k. Thus p behaves like a −2-curve on

X . This analogy is strengthened by the fact that X is constructed from the sheaf
of differential operators on P1 (and the projectivized cotangent bundle to P1 is a
surface with a −2-curve). An alternative construction of X is to take a projective
compactification (as described before Proposition 8.11) of the affine space with co-
ordinate ring a non-simple primitive factor ring of the enveloping algebra U(sl2);
the associated graded ring of this factor is the coordinate ring of a singular quadric
surface in A3, and the exceptional fiber in its minimal resolution is a −2-curve.
All this suggests that p behaves both like a point and like a −2-curve. Van den
Bergh suggested that one should perhaps think of X as its own blowup at p. The
plausibility of this idea is reinforced by the fact that the ideal annihilating the sim-
ple sl2-module corresponding to p is idempotent (because sl2 is semisimple), so the
Rees ring construction of the blowup would reproduce the original surface.

Definition 5.9. Let f : Z → X be a weak map of spaces. Let W be a weakly
closed or weakly open subspace of Z and let p be a closed point of X . We say that
the image of W is p, and write f(W ) = p, if 0 6= f∗(ModW ) ⊂ Modp.

In that case there is a weak map g : W → p such that ig = fα, where α : W → Z
and i : p→ X are the inclusions; its direct image functor is g∗ = i∗f∗α∗.
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The map f : Spec k → X induced by the inclusion(
k k
0 k

)
→
(
k k
k k

)
does not send the closed point of Spec k to a closed point of X . The problem is that
f∗(OSpeck) is not a direct sum of copies of a single simple X-module. Similarly,
if f : Spec k → Spec(k × k) is the map induced by the inclusion of the diagonal
matrices in M2(k), f does not send the closed point of Spec k to a closed point of
Spec(k × k).

The bimodule op. Let i : p→ X be the inclusion of a D-rational closed point
of X . Following [25, Chapter 3], p determines an X-X-bimodule op defined by

HomX(op,−) = i∗i
! = the sum of all submodules that are isomorphic to Op.

A left adjoint to HomX(op,−) is − ⊗X op = i∗i
∗. If α : SpecD → p denotes the

isomorphism, we may assume that α∗ = α!. By definition, HomX(Op,−) = α!i!. It
is natural to denote the left adjoint of HomX(Op,−) by −⊗D Op. We write

(−)∗ = HomD(−, D) : ModDop → ModD.

The next result extends [25, Lemma 5.5.1].

Lemma 5.10. Let p be a closed D-rational point of X. For all j ≥ 0,

1. ExtjX(op,−) ∼= ExtjX(Op,−)⊗D Op, and
2. TorXj (−, op) ∼= ExtjX(−,Op)∗ ⊗D Op.

Proof. (1) Using the exactness of some of the functors, we have

ExtjX(Op,−)⊗D Op = (i∗α∗) ◦Rj(α!i!)
∼= Rj(i∗α∗α!i!)
∼= Rj(i∗i!)

= ExtjX(op,−).

(2) We have

M ⊗X op = i∗i
∗M = i∗α∗α

∗i∗M = (α∗i∗M)⊗D Op,

and

α∗i∗M ∼= HomD(HomD(α∗i∗M,D), D)
∼= HomD(HomX(M, i∗α∗D), D)

= HomX(M,Op)∗.

Combining these two computations shows that

M ⊗X op ∼= HomX(M,Op)∗ ⊗D Op.

Taking left derived functors of both sides, and using the fact that (−)∗ and −⊗DOp
are exact, gives (2).

If p and q are distinct closed points, then op ⊗X oq = 0.
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6. The complement to a weakly closed subspace

Throughout this section X is a locally noetherian space.
Weakly closed and weakly open subspaces were defined in Definitions 2.4 and

2.5. We begin this section by defining the complement to a weakly closed subspace.
We will show that the complement to a weakly closed subspace is weakly open, and
that every weakly open subspace arises as such a complement.

Definition 6.1. Let X be a locally noetherian space, and let W be a weakly closed
subspace. The category of X-modules supported on W , which we denote by

ModWX,

is the full subcategory consisting of those X-modules which are the directed union
of a family of submodules M each of which has a finite filtration by submodules
0 = M0 ⊂ M1 ⊂ . . . ⊂ Mr = M such that each Mi/Mi−1 is a W -module. We call
the modules Mi/Mi−1 the slices of the filtration.

Proposition 6.2 ([6, Prop. 8, p. 377]). Let W be a weakly closed subspace of a
locally noetherian space X. Then ModWX is a localizing subcategory of ModX.

Definition 6.3. The saturation of a weakly closed subspace W of X is the weakly
closed subspace Wsat defined by ModWsat = ModWX . We say that W is saturated
if W = Wsat.

Remarks. 1. It is obvious that (Wsat)sat = Wsat.
2. The proof of Lemma 6.10 shows that if W and Z are weakly closed subspaces

of a locally noetherian space X , then Zsat ∩Wsat = (Z ∩W )sat. This implies that
(Z ∩Wsat)sat = (Z ∩W )sat.

Definition 6.4. If W is a weakly closed subspace of a locally noetherian space X ,
its complement, denoted X\W , is the non-commutative space defined by

ModX\W := ModX/ModWX.(6.1)

We write j : X\W → X for the map consisting of the adjoint pair of functors
(j∗, j∗) where j∗ : ModX → ModX\W is the quotient functor, and j∗ is its right
adjoint (which exists because ModWX is a localizing subcategory).

One sees at once that X\X = φ and X\φ = X .
Because j∗ is fully faithful, we have the following result.

Proposition 6.5. Let W be a weakly closed subspace of a locally noetherian space
X. Then j : X\W → X is a weakly open immersion.

We will identify ModX\W with the full subcategory of ModX consisting of those
X-modules M for which the canonical map M → j∗j

∗M is an isomorphism. Hence
we can speak of X\W as a weakly open subspace of X .

Since ModWX is a localizing subcategory of ModX , its inclusion has a right
adjoint τ : ModX → ModWX ; τ sends an X-module to its largest submodule that
is supported on W . We sometimes call τ the W -torsion functor. By [6], for every
X-module M there is an exact sequence

0→ τM →M → j∗j
∗M → R1τM → 0,(6.2)

and τj∗j∗ = 0.
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Proposition 6.6. Every weakly open subspace of X is of the form X\W for some
weakly closed subspace W .

Proof. Let j : U → X be the inclusion of a weakly open subspace. By definition,
ModU is a full subcategory of ModX , and the inclusion j∗ : ModU → ModX has
an exact left adjoint j∗. Define

T := {M ∈ ModX | j∗M = 0}.
Because j∗ is exact, T is closed under subquotients. Because j∗ has a right adjoint,
T is closed under direct limits, whence the inclusion T→ ModX has a right adjoint.
Hence T is the module category, ModW , for a weakly closed subspace W of X .

Because j∗ is fully faithful, [19, Theorem 4.9, p. 180] shows that ModU is
equivalent to the quotient category ModX/T. However, ModWX = T, so this
quotient category is ModX\W . Hence U = X\W .

If Z is a closed subspace of X , we call X\Z an open subspace of X .
The following two results are used in section 7.

Lemma 6.7. Let W be a weakly closed subspace of X and let U = X\W . Let
α : W → X and j : U → X be the inclusions. Then Ext1

X(α∗M, j∗N) = 0 for all
M ∈ ModW and all N ∈ ModU .

Proof. This result is a restatement of condition (b) in [6, Lemme 1, p. 370]; condi-
tion (c) of that result holds because j∗j∗ ∼= idU and j∗ is a left adjoint to j∗.

Proposition 6.8. Let U be a weakly open subspace of a locally noetherian space
X. Let j : U → X denote the inclusion. Then j∗ commutes with direct limits.

Proof. This is a restatement of [6, Cor. 1, p. 379].

Definition 6.9. Let Ui, i ∈ I, be a small set of weakly open subspaces of X . Let
ji : Ui → X be the inclusion maps. We define their union,

⋃
i∈I Ui, to be the weakly

open subspace of X whose module category is ModX/T, where T is the localizing
subcategory consisting of the X-modules M such that j∗iM = 0 for all i. We say
that the Ui provide a weakly open cover of X if their union is X ; i.e., if T = 0. This
is equivalent to the requirement that the diagonal ModX →

∏
i ModUi is faithful.

If each Ui is open, we say that they provide an open cover of X .

The binary operation of union on weakly open subspaces is idempotent, commu-
tative, and associative. The associativity of this operation allows one to define the
union of a finite collection of weakly open subspaces by induction, and this notion
of union agrees with that in Definition 6.9. If U ⊂ V are weakly open subspaces of
X , then U ∪ V = V ; so, for example, U ∪ φ = U and U ∪X = X .

Lemma 6.10. Let W and Z be weakly closed subspaces of a locally noetherian
space X. If U = X\W and V = X\Z, then U ∪ V = X\(W ∩ Z).

Proof. By definition, ModU ∪V is the quotient of ModX by the localizing subcate-
gory ModWX∩ModZX , so it suffices to show that ModWX∩ModZX = ModW∩ZX .
It suffices to prove that the full subcategories of noetherian modules are the same.
It is obvious that modW∩ZX ⊂ modWX ∩modZX .

To prove the reverse inclusion, suppose thatM is in modWX∩modZX . There are
finite filtrations 0 = L0 ⊂ L1 ⊂ . . . ⊂ Lr = M and 0 = N0 ⊂ N1 ⊂ . . . ⊂ Ns = M
such that Li/Li−1 ∈ modW and Nj/Nj−1 ∈ modZ for all i and j. Taking a common
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refinement of these filtrations produces a finite filtration of M all of whose slices
belong to mod(W ∩ Z), thus showing that M ∈ modW∩ZX .

Remarks. 1. It is straightforward to show that if S ⊂ T ⊂ A are Serre subcategories
of a Grothendieck category A, then T/S is a Serre subcategory of A/S, and A/T is
equivalent to (A/S)/(T/S) [19, Ex. 6, p. 174].

This has the following geometric interpretation: if W ⊂ Z ⊂ X are weakly closed
subspaces of X , then X\Z is a weakly open subspace of X\W (cf. Corollary 7.4).
Example 6.11 shows that X\Z is not necessarily the complement to Z\W in X\W ;
indeed, the last phrase does not always make sense, because Z\W need not be a
weakly closed subspace of X\W .

2. It follows from Lemma 6.10 and the previous remark that U and V are weakly
open subspaces of U ∪ V . It is easy to see that U ∪ V is the smallest weakly open
subspace of X that contains both U and V .

Example 6.11. There is a space X with closed subspaces W ⊂ Z ⊂ X for which
there is no weak map from Z\W to X\W making the following diagram commute:

Z\W X\Wy y
Z −−−−→ X.

Let k be a field, and let X = ModR be the affine space with coordinate ring

R =
(
k k
0 k

)
.

Let p and q be the closed points of X corresponding to the simple right modules
Op and Oq, labelled so that Op is the projective simple module. Let Z = ModR/N ,
where N is the ideal of strictly upper triangular matrices, and let W = q. Clearly
ModZ ∼= Modk⊕2. Let j : X\W → X be the inclusion. There is a non-split exact
sequence 0 → Op → j∗j

∗Op → Oq → 0. As full subcategories of ModX , ModZ
consists of all direct sums of copies of Op and Oq, ModZ\W consists of all direct
sums of copies of Op, and ModX\W consists of all direct sums of copies of the
indecomposable module j∗j∗Op. The truth of the claim is now apparent.

Example 6.11 is typical of what can happen in non-commutative geometry. Any
space having a non-split extension of two non-isomorphic tiny simple modules has a
closed subspace isomorphic to the space X in Example 6.11; for example, the affine
space with coordinate ring the enveloping algebra of any non-abelian solvable Lie
algebra has such a closed subspace. The behavior in Example 6.11 is due to the fact
that Ext1

X(Oq,Op) 6= 0 even though p and q are distinct closed points. Although Z
consists of two closed points and W is one of those points, ModZ ∩ModX\W = φ.

Lemma 6.12. Let j : U → X be the inclusion of a weakly open subspace. Then
1. every weakly open subspace of U is a weakly open subspace of X;
2. if i : V → X is the inclusion of another weakly open subspace and ModV is

contained in ModU , then there is a weakly open immersion β : V → U such
that i = jβ.

Proof. (1) Let β : V → U be the inclusion of a weakly open subspace of U . The
functor i∗ := j∗β∗ is fully faithful, so we can view ModV as a full subcategory of
ModX . And i∗ has an exact left adjoint β∗j∗, so V is weakly open in X .
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(2) Let β∗ : ModV → ModU be the inclusion. Clearly i∗ = j∗β∗. Since j∗

and i∗ have left adjoints, ModU and ModV are closed under products in ModX .
Therefore ModV is closed under products in ModU . Hence β∗ commutes with
products. Since j∗j∗ ∼= idU , β∗ ∼= j∗i∗; hence β∗ is left exact. Therefore β∗ has a
left adjoint, say β∗. Notice that i∗ ∼= β∗j∗. To see that β∗ is exact, suppose that
0 → L → M → N → 0 is exact in ModU . By [6, Cor. 1, p. 368], there is an
exact sequence 0 → L′ → M ′ → N ′ → 0 in ModX such that the first sequence
is obtained by applying j∗ to the second. It follows that β∗ applied to the first
sequence is isomorphic to i∗ applied to the second; since i∗ is exact, we deduce that
β∗ is exact. Thus β is the inclusion of an open subspace of U .

Lemma 6.13. Let W and Z be weakly closed subspaces of a locally noetherian
space X. Then

ModW∪ZX = ModW•ZX = ModZ•WX,(6.3)

and this is the smallest localizing subcategory of ModX that contains ModW and
ModZ.

Proof. Since W ∪ Z contains W and Z, ModW∪ZX contains ModW and ModZ.
Since ModW∪ZX is closed under extensions, it also contains ModW • Z and
ModZ •W , and hence contains ModW•ZX and ModZ•WX . However, since W ∪ Z
is contained in W • Z and in Z •W , ModW∪ZX is contained in ModW•ZX and
ModZ•WX . This gives (6.3). Finally, any localizing category that contains ModW
and ModZ must contain ModW •Z and therefore ModW•ZX , so ModW•ZX is the
smallest localizing subcategory that contains ModW and ModZ.

Definition 6.14. Let U and V be weakly open subspaces of a locally noetherian
space X . The intersection of U and V is

U ∩ V := X\(W ∪ Z),

where W and Z are weakly closed subspaces such that U = X\W and V = X\Z.

Remarks. 1. The definition of U ∩ V does not depend on the choice of W and
Z. Although U may be the complement of many different weakly closed subspaces
W , ModWX depends only on U because, if j : U → X is the inclusion, ModWX
consists of the modules on which j∗ vanishes; by Lemma 6.13, ModW∪ZX is the
smallest localizing category containing ModWX and ModZX .

2. The remark before Example 6.11 implies that U∩V is a weakly open subspace
of both U and V . Proposition 6.15 shows that U ∩ V is the largest weakly open
subspace of X that is contained in both U and V .

3. By Lemma 6.13, if W and Z are weakly closed subspaces of X , and U = X\W
and V = X\Z are their complements, then

U ∩ V = X\(W • Z) = X\(Z •W ).(6.4)

4. If W and Z are closed subspaces of X , so is Z •W [25, Prop. 3.4.5]. Hence,
if U and V are open subspaces of X , so is U ∩ V .

Proposition 6.15. Let U and V be weakly open subspaces of a locally noetherian
space X. Then ModU ∩ V = ModU ∩ModV.

Proof. Let W and Z be weakly closed subspaces such that U = X\W and V =
X\Z. Let i : U → X , j : V → X , and α : U ∩ V → X be the inclusions. To
make sense of the statement of the proposition, we identify ModU with the full
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subcategory of ModX consisting of those modules M for which the natural map
M → i∗i

∗M is an isomorphism, etc.
The quotient functor α∗ : ModX → ModU ∩ V vanishes on ModWX , so α∗

factors through i∗ : ModX → ModU . Hence ModU ∩ V ⊂ ModU ∩ModV.
It remains to show that if M is in ModU and ModV , then it is in ModU ∩ V .

Let τ : ModX → ModW∪ZX → ModX be the torsion functor. We must show that
the middle arrow in the exact sequence

0→ τM →M → α∗α
∗M → R1τM → 0

is an isomorphism. If τM is non-zero, then M has a non-zero submodule belonging
to ModW ∪Z. By (3.4), M therefore has a non-zero submodule belonging to either
ModW or ModZ. But M ∼= i∗i

∗M ∼= j∗j
∗M , so it cannot have such a non-zero

submodule; we conclude that τM = 0. If R1τM 6= 0, then there is an essential
extension 0 → M → M ′ → T → 0 with T ∈ ModW ∪ Z. By (3.4), T has a
non-zero submodule belonging to either ModW or ModZ, say T ′, and this would
give an essential extension 0 → M → M ′′ → T ′ → 0, contradicting the fact that
M ∼= i∗i

∗M ∼= j∗j
∗M . Thus R1τM = 0 also, and the result follows.

Remarks. 1. Proposition 6.15 implies that U∩V is the largest weakly open subspace
of X contained in both U and V .

2. The binary operation ∩ on weakly open subspaces is idempotent, commuta-
tive, and associative. The associativity allows us to define the intersection of a finite
number of weakly open subspaces by induction. Both φ and X are open subspaces
of X , and if U is weakly open, then U ∩φ = φ and U ∩X = X . We show next that
the lattice of weakly open subspaces is distributive.

Lemma 6.16. Let U , V1, and V2 be weakly open subspaces of a locally noetherian
space X. Then

U ∩ (V1 ∪ V2) = (U ∩ V1) ∪ (U ∩ V2).

Proof. Let W , Z1, and Z2 be weakly closed subspaces of X such that U = X\W
and Vi = X\Zi. Then V1∪V2 = X\(Z1∩Z2), and U∩(V1∪V2) = X\(W •(Z1∩Z2))
by (6.4). On the other hand (U ∩ V1)∪ (U ∩ V2) = X\(W •Z1 ∩W •Z2). To prove
the result it suffices to show that ModW•Z1∩W•Z2X = ModW•(Z1∩Z2)X . Since
W • (Z1 ∩ Z2) ⊂W • Z1 ∩W • Z2, one inclusion is obvious. To prove the other, it
suffices to show that Mod(W • Z1 ∩W • Z2) is contained in ModW•(Z1∩Z2)X .

Let M ∈ Mod(W • Z1 ∩W • Z2). There are exact sequences 0 → Li → M →
Ni → 0, i = 1, 2, with Li ∈ ModZi and N1, N2 ∈ ModW . The slices in the filtration
0 ⊂ L1∩L2 ⊂ L1 ⊂M belong to ModZ1∩Z2, ModZ1∩W , and ModW respectively,
all of which are subcategories of ModW • (Z1 ∩Z2), so M ∈ ModW•(Z1∩Z2)X . This
completes the proof.

Definition 6.17. We say that a weakly closed subspace W of X contains a weakly
open subspace U of X if ModU ⊂ ModW ; more precisely, if α : W → X and j : U →
X are the inclusion maps, we say that W contains U if j∗(ModU) ⊂ α∗(ModW ).

Lemma 6.18. Let U and Z be respectively a weakly open subspace and a weakly
closed subspace of a locally noetherian space X. Let j : U → X and δ : Z → X
denote the inclusion maps. Then U is contained in Z if and only if there is a weak
map ν : U → Z such that δν = j. If that is the case, then

1. U is a weakly open subspace of Z;
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2. if U = X\W , then U = Z\(Z ∩W );
3. U is an open subspace of Z if it is an open subspace of X.

Proof. If U is contained in Z, then ModU ⊂ ModZ; so, if ν∗ : ModU → ModZ is
the inclusion, δ∗ν∗ = j∗. Hence ν∗ defines a weak map ν : U → Z such that δν = j.
Conversely, if there is a weak map ν : U → Z such that δν = j, then δ∗ν∗ ∼= j∗,
so δ!j∗ ∼= δ!δ∗ν∗ ∼= ν∗ and δ∗δ

!j∗ ∼= δ∗ν∗ ∼= j∗, whence j∗(ModU) ⊂ δ∗(ModZ); in
other words, ModU is contained in ModZ.

(1) Because ModU is a full subcategory of ModX , it is also a full subcategory of
ModZ. Because ν∗ := j∗δ∗ is an exact left adjoint to δ!j∗ ∼= ν∗, U is a weakly open
subspace of Z.

(2) Since ν : U → Z is a weakly open immersion, ModU = ModZ/T, where
T is the full subcategory of ModZ where ν∗ vanishes; however, if M ∈ ModZ,
then ν∗M = 0 if and only if j∗M = 0, so T = ModZ ∩ ModWZ. Therefore
U = Z\(Z ∩Wsat). However, by the remark after Definition 6.3, Z\(Z ∩Wsat) =
Z\(Z ∩W ), so U = Z\(Z ∩W ).

(3) If U is open in X , then U = X\W for some closed subspace W of X .
Proposition 3.3 shows that Z ∩W is then a closed subspace of Z, so Z\(Z ∩W ) is
an open subspace of Z.

Definition 6.19. The weak closure of a weakly open subspace U of X is the small-
est weakly closed subspace of X that contains U ; we denote it by Ū . This makes
sense because an intersection of weakly closed subspaces is weakly closed—see the
remarks after Proposition 3.3.

If j : U → X is the inclusion of a weakly open subspace of a locally noetherian
space X , then ModŪ consists of all X-modules N for which there exist a U -module
P and X-submodules L ⊂ M ⊂ j∗P such that N ∼= M/L. It is clear that this
subcategory of ModX contains ModU , is closed under subquotients, and is closed
under direct sums because direct sums are exact in ModX and j∗ commutes with
direct sums.

Lemma 6.20. If U is a weakly open subspace of a locally noetherian space X, then
1. U ∩ (X\Ū) = φ;
2. if U ∩ V 6= φ for all non-empty weakly open subspaces V in X, then (Ū)sat =
X.

Proof. (1) Let W be a saturated weakly closed subspace of X such that U = X\W ,
and write j : U → X for the inclusion map. Let τ : ModX → ModWX = ModW
be the W -torsion functor. Let M ∈ ModX . Since M/τM embeds in j∗j∗M , it is a
Ū-module. Hence M ∈ Mod(Ū •W ), and we conclude that Ū •W = X . Therefore
φ = X\(Ū •W ) = X\(Ū ∪W ) = (X\Ū) ∩ (X\W ), as claimed.

(2) The hypothesis implies that X\Ū = φ, whence (Ū)sat = X .

If X is the affine space in Example 6.11, then U = X\q is an open subspace
such that Ū = X , but U ∩ (X\p) = U ∩ q = φ. It would be worthwhile to find
conditions which ensure that U ∩ V 6= φ for all non-empty weakly open subspaces
V when Ū = X .

There is not a useful analogue of quasi-compactness for weakly open covers: if
Wi is the weakly closed subspace of SpecZ defined at the beginning of section 3
and Ui is its weakly open complement, then SpecZ is the union of the Ui but is
not the union of any finite subset of these.
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However, the same proof as for the commutative case shows that affine spaces
satisfy an analogue of quasi-compactness for open covers.

Lemma 6.21. If {Ui | i ∈ I} is an open cover of an affine space X, then there is
a finite subset F ⊂ I such that {Ui | i ∈ F} is an open cover for X.

Proof. Suppose that R is a coordinate ring for X , and that Zi, i ∈ I, are closed
subspaces of X such that Ui = X\Zi. Let Ki be the two-sided ideal of R corre-
sponding to Zi; that is, ModZi = ModR/Ki. Let K denote the sum of all the Ki.
If ji : Ui → X is the inclusion, then j∗i (R/Ki) = 0, so j∗i (R/K) = 0 for all i ∈ I.
Hence R/K = 0, and it follows that R is contained in

∑
i∈F Ki for some finite set

F ⊂ I.
Now we show that the Ui, i ∈ F , provide an open cover of X . If M is a non-zero

module such that j∗iM = 0 for all i ∈ F , then j∗iN = 0 for all i ∈ F for every
simple subquotient N of M . It follows that N ∈ ModZi for all i ∈ F , so NKi = 0
for all i ∈ F ; this contradicts the fact that R =

∑
i∈F Ki.

7. Containment and intersection of subspaces

We have defined containment, intersection, and union for a pair of weakly closed
subspaces and for a pair of weakly open subspaces. We would also like to define
containment and intersection for pairs of subspaces where one of the subspaces is
weakly open and the other is weakly closed.

We begin with the following question: if Z and W are weakly closed subspaces
of X such that W ∩Z = φ, is Z a weakly closed subspace of X\W? Unfortunately,
it need not be.

To determine exactly when Z is a weakly closed subspace of X\W we must
address the following general question. If β : Z → X is a weak map, and j :
X\W → X is the inclusion of a weakly open subspace, when is there a weak map
γ : Z → X\W such that the diagram

Z
β−−−−→ X

=

x xj
Z −−−−→

γ
X\W

commutes? The case when Z is a weakly closed subspace of X such that Z∩W = φ
is relevant to the question posed in the previous paragraph.

Proposition 7.1. Let β : Z → X be a weak map. Let W be a weakly closed
subspace of X; let α : W → X and j : X\W → X be the inclusion maps. The
following are equivalent:

1. HomX(α∗M,β∗N) = Ext1
X(α∗M,β∗N) = 0 for all M ∈ ModW and all N ∈

ModZ;
2. j∗j∗β∗ ∼= β∗;
3. there is a unique weak map γ : Z → X\W such that β = jγ.

Suppose that these conditions hold. Then
1. if β is a map, so is γ;
2. if β is an affine map, so is γ;
3. if β is a weakly closed (resp. weakly open, closed) immersion, so is γ.
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Proof. First we establish the uniqueness claim in part (3). If γ and γ′ are weak
maps from Z to X\W such that β = jγ = jγ′, then β∗ ∼= j∗γ∗ ∼= j∗γ

′
∗. But

j∗j∗ ∼= id, so j∗β∗ ∼= γ∗ ∼= γ′∗. Because γ∗ and γ′∗ are naturally equivalent, the maps
γ and γ′ are the same (Definition 2.3).

Define γ∗ : ModZ → ModX\W by γ∗ = j∗β∗. Since γ∗ is exact, it defines a weak
map γ : Z → X\W . (It is not necessarily true that jγ = β.) Let τ : ModX →
ModWX denote the torsion functor that takes the W -support of a module. If
N ∈ ModZ, then there is an exact sequence

0→ τ(β∗N)→ β∗N → j∗j
∗(β∗N)→ R1τ(β∗N)→ 0.(7.1)

(1) ⇒ (2) The vanishing of Hom implies that β∗N cannot have a non-zero W -
submodule, so τ(β∗N) = 0. The vanishing of Ext1 implies that R1τ(β∗N) = 0.
Hence the natural transformation β∗ → j∗j

∗β∗ is an isomorphism.
(2) ⇒ (3) Since j∗γ∗ = j∗j

∗β∗ ∼= β∗, jγ = β.
(3) ⇒ (1) If there is a weak map γ : Z → X\W such that jγ = β, then

β∗ ∼= j∗γ∗, so j∗β∗ ∼= j∗j∗γ∗ ∼= γ∗, so we may assume that γ∗ = j∗β∗. It follows
that j∗j∗β∗ ∼= j∗γ∗ ∼= β∗, whence (2) holds. But j∗j∗β∗N is the largest essential
extension of β∗N by a module in ModWX . It follows that one cannot extend β∗N
in an essential way by a W -module. In other words, if 0→ β∗N → E0 → E1 → . . .
is a minimal injective resolution in ModX , then HomX(α∗M,E1) = 0 for all W -
modules M ; (1) follows.

Now suppose that the three equivalent conditions hold.
(1) Suppose that β is a map. Thus β∗ has a left adjoint β∗. If L ∈ ModX\W

and N ∈ ModZ, then

HomZ(β∗j∗L,N) ∼= HomX(j∗L, β∗N)
∼= HomX(j∗L, j∗j∗β∗N)
∼= HomX\W (L, j∗β∗N)
∼= HomX\W (L, γ∗N).

Therefore γ∗ := β∗j∗ is a left adjoint to γ∗, so γ is a map.
(2) Suppose that β is an affine map. We have just seen that γ is a map. Since

β∗ is faithful and β∗ ∼= j∗γ∗, γ∗ is faithful. Since β∗ has a right adjoint, β! say, γ∗
has a right adjoint, namely γ! := β!j∗. Therefore γ is an affine map.

(3) Suppose that β is a weakly closed immersion. Then β∗ is fully faithful,
β∗(ModZ) is closed under subquotients in ModX , and β∗ has a right adjoint β!.
Thus γ! := β!j∗ is right adjoint to γ∗. Since γ!γ∗ ∼= β!j∗j

∗β∗ ∼= β!β∗, we have

HomX\W (γ∗L, γ∗N) ∼= HomZ(L, γ!γ∗N) ∼= HomZ(L, β!β∗N) = HomZ(L,N).

Hence γ∗ is fully faithful, and we can view ModZ as a full subcategory of ModX\W
via γ∗. To see that γ∗ is a weakly closed immersion, we must check that γ∗(ModZ)
is closed under subquotients in ModX\W .

Let N be a Z-module and suppose that 0 → K → γ∗N → L → 0 is an exact
sequence in ModX\W . Applying j∗ produces an exact sequence

0→ j∗K → j∗j
∗β∗N ∼= β∗N → j∗L→ R1j∗K.

Since j∗K → β∗N is an X-submodule of a module in β∗(ModZ), which is closed
under X-submodules, j∗K ∈ β∗(ModZ); thus j∗K ∼= β∗β

!j∗K. Hence K ∼=
j∗j∗K ∼= j∗β∗β

!j∗K ∼= γ∗γ
!K. In particular, K ∈ γ∗(ModZ). If we apply
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γ∗ to the exact sequence 0 → γ!K → N → N/γ!K → 0, we obtain an ex-
act sequence 0 → γ∗γ

!K ∼= K → γ∗N → γ∗(N/γ!K) → 0. It follows that
L ∼= γ∗(N/γ!K) ∈ γ∗(ModZ). Hence γ∗(ModZ) is closed under subquotients. This
completes the proof that γ is a weakly closed immersion if β is.

It follows that γ is a closed immersion if β is.
Finally, suppose that β is a weakly open immersion. Thus β∗ has an exact

left adjoint β∗. Since β is a map, so is γ. In other words, γ∗ has a left adjoint
γ∗ := β∗j∗. If M ∈ ModW and N ∈ ModZ, then

HomZ(β∗α∗M,N) ∼= HomX(α∗M,β∗N) = 0,

so β∗ vanishes on all W -modules. Since β∗ is exact and commutes with direct
limits, it vanishes on ModWX . By [6, Cor. 2 and 3, pp. 368-369], there is an exact
functor H : ModX\W → ModZ such that Hj∗ ∼= β∗. However, H ∼= Hj∗j∗ ∼=
β∗j∗ = γ∗. Therefore γ∗ has an exact left adjoint, thus showing that γ is a weakly
open immersion.

Definition 7.2. Let W be a weakly closed subspace of X . Let V be either a weakly
closed or a weakly open subspace of X . We say that V is contained in X\W , and
write V ⊂ X\W , if ModV ⊂ ModX\W .

Remarks. 1. If ModV ⊂ ModX\W , then, by Lemma 6.7, Ext1
X(M,N) = 0 for

all W -modules M and all V -modules N . Hence, by Proposition 7.1, the inclusion
γ∗ : ModV → ModX\W is the direct image functor for a weak map γ : V → X\W
satisfying β = jγ. Furthermore, V is a weakly closed (resp., weakly open, closed)
subspace of X\W if it is weakly closed (resp., weakly open, closed) in X .

2. Let Z be a weakly closed subspace of X . If Z ⊂ X\W , then Z ∩W = φ.
However, if Z ∩W = φ, then Proposition 7.1 says that Z is contained in X\W if
and only if Ext1

X(M,N) = 0 for all W -modules M and all Z-modules N .
3. Example 6.11 exhibits distinct closed points p, q ∈ X such that q is not

contained in X\p. Compare this with Corollaries 7.3 and 8.7.
4. If V is contained in X\W , so are all weakly closed and all weakly open

subspaces of V .

Corollary 7.3. Let p be a closed point of X, and let W be a weakly closed subspace
of X that does not contain p. Let j : X\W → X be the inclusion. Suppose that
Ext1

X(j∗M,Op) = 0 for all W -modules M . Then

1. p is contained in X\W ;
2. p is a closed point of X\W ;
3. if q is a closed point in X\W , then j∗Oq ∼= Op if and only if q = p.

Proof. Let β : p → X denote the inclusion. By Proposition 7.1, there is a closed
immersion γ : p → X\W such that β = jγ. Thus we can view p as a closed
subspace of X\W . The fact that p is a closed point of X\W follows from the fact
that γ∗Op = j∗β∗Op is simple in ModX\W (a localization functor sends a simple
module to a simple module or zero). Part (3) follows from the fact that j∗ is fully
faithful.

Corollary 7.4. Let W ⊂ Z ⊂ X be weakly closed subspaces of X. Then X\Z
is a weakly open subspace of X\W . Precisely, there is a weakly open immersion
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γ : X\Z → X\W such that the following diagram commutes:

X\Z β−−−−→ X

=

x xj
X\Z −−−−→

γ
X\W.

Proof. By Lemma 6.7, Ext1
X(−, β∗N) vanishes on all Z-modules. Thus the first

condition in Proposition 7.1 is satisfied, and it follows that such a γ exists.

Remarks. 1. By Proposition 6.15, if U and V are weakly open subspaces of X , then
there is a commutative diagram of weakly open immersions

U ∩ V α−−−−→ U

β

y yi
V −−−−→

j
X.

(7.2)

Corollary 7.4 also confirms this: let W and Z be weakly closed subspaces such that
U = X\W and V = X\Z; let γ : U ∩ V = X\(W ∪ Z) → X be the inclusion;
since W ⊂W ∪Z, there is a weakly open immersion α : X\(W ∪Z)→ X\W such
that iα = γ (by the proof of Proposition 7.1, α is obtained by defining α∗ = i∗γ∗);
similarly, there is a weakly open immersion β : X\(W ∪ Z) → X\Z such that
jβ = γ.

2. In contrast to the case for schemes [10, Ch. II, Ex. 4.3], we cannot conclude
that U ∩ V is affine even if U and V are open affine subspaces of an affine space
X . This is not a surprise. Suppose that X is affine with coordinate ring R. If
i and j are affine maps, then U and V are affine, with coordinate rings RU and
RV say; we can choose R such that i and j are induced by ring homomorphisms
R→ RU and R→ RV , both of which are necessarily epimorphisms in the category
of rings. However, when R is not commutative, there may not be a ring structure
on RU ⊗RRV such that the natural map R→ RU ⊗RRV is a ring homomorphism.

Proposition 7.5. Let U and V be weakly open subspaces of a locally noetherian
space X. Then U ∩ V is the fiber product U ×X V of U and V in the category of
spaces (with maps as the morphisms).

Proof. Consider the diagram (7.2) above. Suppose that f : Y → U and g : Y → V
are maps such that if = jg. We must show that there is a unique map h : Y → U∩V
such that f = αh and g = βh.

The inclusion γ : U ∩ V → X is given by γ∗ = i∗α∗ = j∗β∗. Since γ∗ ∼= α∗i∗, we
have γ∗i∗ ∼= α∗.

The image of i∗f∗ is the same as that of j∗g∗, so is contained in ModU ∩ModV =
ModU ∩ V , whence i∗f∗ ∼= γ∗γ

∗i∗f∗. Thus

f∗ ∼= i∗i∗f∗ ∼= i∗γ∗γ
∗i∗f∗ ∼= i∗(i∗α∗α∗i∗)i∗f∗ ∼= α∗α

∗f∗.

By Proposition 7.1, there is a unique map h : Y → U ∩ V such that f = αh. The
proof of 7.1 shows that h∗ = α∗f∗. The “same” argument shows there is a unique
map h′ : Y → U ∩ V such that g = βh′, and h′∗ = β∗g∗. Therefore

h∗ = α∗f∗ ∼= γ∗i∗f∗ ∼= γ∗j∗g∗ ∼= β∗g∗ = h′∗,

and we conclude that h = h′, completing the proof.
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We now generalize the question posed prior to Proposition 7.1. If Z and W are
weakly closed subspaces of a space X , when is Z\(Z∩W ) a weakly closed subspace
of X\W? Example 6.11 shows that the answer is not “always”.

Proposition 7.6. Let W and Z be weakly closed subspaces of a locally noetherian
space X. Denote the inclusion maps by

Z
δ−−−−→ X

α←−−−− W.

ε

x xj
Z\(Z ∩W ) X\W

(7.3)

There is a weakly closed immersion γ : Z\(Z∩W )→ X\W such that jγ = δε if and
only if Ext1

X(α∗M, δ∗ε∗N) = 0 for all M ∈ ModW and all N ∈ ModZ\(Z ∩W ).
In that case, if δ is a closed immersion, so is γ.

Proof. We set β = δε. Thus β : Z\(Z ∩W )→ X is a weak map.
(⇒) Suppose there is a weak map γ such that jγ = δε. By Proposition 7.1,

Ext1
X(α∗M, δ∗ε∗N) = 0 for all M and N .

(⇐) Proposition 7.1 immediately yields a weak map γ : Z\(Z ∩W ) → X\W
such that jγ = β = δε. Explicitly, γ∗ = j∗β∗ = j∗δ∗ε∗. Furthermore, β∗ ∼= j∗j

∗β∗.
To show that γ is a weakly closed immersion we show that γ∗(ModZ\(Z ∩W ))

is closed under subquotients in ModX\W and that γ∗ is exact, fully faithful, and
has a right adjoint.

Since γ∗ is a composition of left exact functors, it is left exact. To show that γ∗ is
exact, it suffices to show that j∗δ∗(R1ε∗) = 0. Now R1ε∗ takes values in ModZ∩WZ,
and j∗δ∗ vanishes on this because j∗ vanishes on ModWX . Hence j∗δ∗(R1ε∗) = 0,
and γ∗ is exact.

Because j∗ and δ∗ have right adjoints, they commute with direct limits. By
Lemma 6.7, ε∗ commutes with direct limits. Therefore γ∗ commutes with direct
limits. Since γ∗ is also exact, it has a right adjoint, which we denote by γ!.

It is useful to have a precise formula for γ!. Since j∗δ∗ vanishes on ModZ∩WZ,
j∗δ∗ vanishes on the kernel and cokernel of the natural transformation idZ → ε∗ε

∗.
Hence the natural transformation j∗δ∗ → j∗δ∗ε∗ε

∗ is an isomorphism. That is,
j∗δ∗ ∼= γ∗ε

∗. Taking right adjoints, δ!j∗ ∼= ε∗γ
!. It follows that

γ! ∼= ε∗δ!j∗.

The fact that γ∗ is fully faithful follows from the calculation

HomZ\(Z∩W )(L,N) ∼= HomZ\(Z∩W )(ε∗ε∗L,N)
∼= HomZ(ε∗L, ε∗N)
∼= HomZ(ε∗L, δ!δ∗ε∗N)
∼= HomX(δ∗ε∗L, β∗N)
∼= HomX(δ∗ε∗L, j∗j∗β∗N)
∼= HomX\W (j∗δ∗ε∗L, j∗β∗N).

Because γ∗ is fully faithful, the unit idZ\(Z∩W ) → γ!γ∗ is an isomorphism.
Now we check that γ∗(ModZ\(Z∩W )) is closed under subquotients in ModX\W .

Let N ∈ ModZ\(Z ∩W ), and consider an exact sequence 0→ P → γ∗N → Q→ 0
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in ModX\W . Hence j∗P is an X-submodule of j∗γ∗N ∼= δ∗ε∗N . But δ∗(ModZ) is
closed under submodules, so j∗P is a Z-module. Formally, j∗P ∼= δ∗δ

!j∗P , whence

P ∼= j∗j∗P ∼= j∗δ∗δ
!j∗P ∼= γ∗ε

∗δ!j∗P ∼= γ∗γ
!P.

Thus P is in the image of γ∗. Now, if we apply γ∗ to the exact sequence 0→ γ!P →
γ!γ∗N ∼= N → N/γ!P → 0, we obtain the original sequence 0 → γ∗γ

!P ∼= P →
γ∗N → γ∗(N/γ!P )→ 0, from which it follows that Q ∼= γ∗(N/γ!P ).

Finally, we show that if δ is a closed immersion, so is γ. If δ∗ is a left adjoint to
δ∗, then

HomZ(ε∗δ∗j∗P,L) ∼= HomX(j∗P, δ∗ε∗L) ∼= HomX(j∗P, j∗j∗β∗L)
∼= HomX\W (j∗j∗P, j∗β∗L) ∼= HomX\W (P, γ∗L).

Hence γ∗ := ε∗δ∗j∗ is a left adjoint to γ∗, showing that γ is a closed immersion.

Lemma 7.7. In the setting of Proposition 7.6,

j∗γ∗(ModZ\(Z ∩W )) = δ∗(ModZ) ∩ j∗(ModX\W ).

Proof. Since δ∗ and j∗ are fully faithful, the category on the right-hand side is a full
subcategory of ModX . So is the category on the left-hand side, because γ∗ is fully
faithful. Hence to verify this equality it is enough to check it on objects. Because
j∗γ∗ ∼= δ∗ε∗, the left-hand side is contained in the right-hand side. Conversely,
a module on the right-hand side is of the form δ∗L for some L ∈ ModZ, and it
satisfies δ∗L ∼= j∗j

∗δ∗L. The proof of Proposition 7.6 showed that j∗δ∗ ∼= γ∗ε
∗, so

δ∗L ∼= j∗j
∗δ∗L ∼= j∗γ∗ε

∗L, which is in the left-hand side.

Definition 7.8. Let W and Z be weakly closed subspaces of a locally noetherian
space X , and set U = X\W . Let α : W → X and β : Z\(Z ∩W )→ Z → X be the
inclusions. If Ext1

X(α∗M,β∗N) = 0 for allM ∈ ModW and all N in ModZ\(Z∩W ),
we define Z ∩ U by declaring

ModZ ∩ U := ModZ ∩ModU.

Remarks. In these remarks, W and Z are weakly closed subspaces of X , U denotes
X\W , and we use the notation of Proposition 7.6.

1. Example 6.11 shows that Z ∩ U is not always defined. In that example,
Z ∩ (X\q) is not defined because Z\(Z ∩ q) = p and Ext1

X(Oq,Op) 6= 0. Therefore
Z ∩ U need not be defined even if U → X is affine.

2. If Z is contained in U (Definition 7.2), then Lemma 6.7 ensures that Z ∩U is
defined, and Z ∩ U = Z.

3. If U is contained in Z (Definition 6.17), then Z\(Z ∩W ) = U by Lemma
6.18, so Lemma 6.7 ensures that Z ∩ U is defined, and Z ∩ U = U . In particular,
X ∩ U = U and Ū ∩ U = U .

4. Lemma 6.7 implies that W ∩ U is defined, and W ∩ U = ∅.
5. If V ⊂ U is a weakly open subspace of U , then V is weakly open in X , and

V̄ ⊂ Ū , where these are the weak closures in X . We do not know if V̄ ∩U is defined.
6. If U is also weakly closed in X , we can use Definition 3.2 to define Z ∩ U ;

in that case Z ∩ U is a weakly closed subspace of Z, U , and X , and is also weakly
open in Z by Proposition 3.3. We claim that Z ∩ U is also defined according to
Definition 7.8; comparing Definitions 3.2 and 7.8, it is then clear that the two
definitions of Z ∩ U agree. To verify the claim we must show, in the notation of
Proposition 7.6, that there is a map γ : Z\(Z ∩W ) → X\W making the diagram
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(7.3) commute. By Proposition 7.1, it suffices to show that j∗j∗δ∗ε∗ ∼= δ∗ε∗. Since
j : U → X is a weakly closed immersion, the natural map δ∗ε∗N → j∗j

∗δ∗ε∗N
is epic. The kernel is τ(δ∗ε∗N), where τ is the W -torsion functor. However, zero
is the only Z ∩W -submodule of ε∗N , so zero is the only W -submodule of δ∗ε∗N ,
whence τ(δ∗ε∗N) = 0.

7. If Z is also weakly open in X , we can use Definition 6.14 to define Z ∩
U ; we claim that Z ∩ U is also defined according to Definition 7.8; comparing
Definition 7.8 with Proposition 6.15, it is then clear that the two definitions of
Z ∩ U agree. To verify the claim we must show that Ext1

X(α∗M, δ∗ε∗N) = 0 for
all M ∈ ModW and all N ∈ ModZ\(Z ∩W ). Since Z is both weakly open and
weakly closed, δ∗ is exact. Therefore the spectral sequence (2.2) for δ : Z → X
collapses, and gives Ext1

X(α∗M, δ∗ε∗N) ∼= Ext1
Z(δ∗α∗M, ε∗N). Since δ∗α∗M is a

Z ∩W -module, Lemma 6.7 applied to the open subspace Z\(Z ∩W ) of Z shows
that Ext1

Z(δ∗α∗M, ε∗N) = 0.

Proposition 7.9. Let W and Z be weakly closed subspaces of a locally noetherian
space X, and set U = X\W . Suppose that Z ∩ U is defined. Then

1. Z ∩ U = Z\(Z ∩W );
2. Z ∩ U is a weakly open subspace of Z and a weakly closed subspace of U ;
3. if Z is closed in X, then Z ∩ U is closed in U ;
4. if U → X is an affine map, so is Z ∩ U → Z.

Proof. Part (1) follows from Lemma 7.7, and parts (2) and (3) follow from Propo-
sition 7.6.

(4) In the notation of Proposition 7.6 we must show that ε∗ is faithful and has a
right adjoint, where ε is the weakly open immersion Z ∩U → Z. We already know
that ε∗ is faithful and commutes with direct sums, since ε∗ is a localization. Since
j : U → X is affine, j∗ and hence j∗γ∗ is exact. But j∗γ∗ ∼= δ∗ε∗; since a sequence
of Z-modules is exact if and only if it is exact when considered as a sequence of
X-modules, it follows that ε∗ is exact.

The language we are using is close to that of topology. For this paragraph only
we will say that the notions of weakly closed and weakly open subspaces provide a
space with an almost-topological structure. If Z and U are respectively a weakly
closed and weakly open subspace of X , it (almost) makes sense to ask if the almost-
topological structures on Z and U , which they have because they are spaces, are
the same as the induced almost-topological structures on them. The next result
shows this is true for U , but the example following it shows this is false for Z.

Proposition 7.10. Let U be a weakly open subspace of a locally noetherian space
X. Then every weakly closed subspace of U is of the form Z ∩ U for some weakly
closed subspace Z of X.

Proof. Let V be a weakly closed subspace of U , and let γ : V → U and j : U → X
be the inclusions. We seek a weakly closed subspace Z of X such that V = Z ∩ U .
That is, if δ : Z → X denotes the inclusion, we seek a commutative diagram

Z ∩ U = V
γ−−−−→ U

ε

y yj
Z −−−−→

δ
X.
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By hypothesis, j∗ and γ∗ are fully faithful, so we can think of them as inclusions of
full subcategories.

Let A be the full subcategory of ModX consisting of all X-modules N that can
be written as N ∼= M/L, where L ⊂ M ⊂ j∗γ∗P are X-submodules of j∗γ∗P for
some P ∈ ModV .

Clearly A is closed under subquotients in ModX . Hence the inclusion δ∗ : A →
ModX is exact. If Ni = Mi/Li, i ∈ I, belong to A, where Li ⊂Mi ⊂ j∗γ∗Pi, then,
taking direct sums in ModX , we have

⊕
iNi
∼=
⊕

iMi/
⊕

i Li, and⊕
i

Li ⊂
⊕
i

Mi ⊂
⊕

j∗γ∗Pi ∼= j∗γ∗(
⊕
i

Pi),

where the final direct sum is taken in ModV and the final isomorphism is due to the
fact that j∗ and γ∗ commute with direct limits. It follows that

⊕
iNi is in A. Thus

A is closed under direct limits in ModX . Hence δ∗ commutes with direct limits,
and therefore has a right adjoint δ!. So we can define a weakly closed subspace Z
of X by declaring ModZ to be A.

We now show that j∗γ∗(ModV ) = δ∗(ModZ)∩ j∗(ModU). One inclusion is easy:
if P ∈ ModV , then j∗γ∗P is in ModZ by definition, thus showing that the right-
hand side contains the left-hand side. Now suppose that N is in the right-hand side.
Thus N = M/L, where L ⊂M ⊂ j∗γ∗P for some P ∈ ModV . There are inclusions
j∗L ⊂ j∗M ⊂ j∗j∗γ∗P ∼= γ∗P . Since γ∗(ModV ) is closed under subquotients in
ModU , j∗M/j∗L is in γ∗(ModV ). Hence j∗N ∈ γ∗(ModV ). But N is in j∗(ModU),
so N ∼= j∗j

∗N ∈ j∗γ∗(ModV ).
To show that Z ∩U is defined we must show that Ext1

X(α∗−, δ∗ε∗−) = 0. Since
δ∗ε∗ = j∗δ∗, this follows from Lemma 6.7. Hence Z ∩ U is defined, and it follows
from the previous paragraph and Lemma 7.7 that V = Z ∩ U .

If we call the subspace Z constructed in the previous proof the weak closure of
V in X , and denote it by V̄ (cf. Definition 6.19), then Proposition 7.10 says that
V = V̄ ∩ U whenever V is a weakly closed subspace of a weakly open subspace U .
Thus V is the analogue of a locally closed subscheme in the sense that it is a weakly
open subspace of its weak closure V̄ .

If products are exact in ModX (for example, if X is affine), there is a version
of Proposition 7.10 with “weakly closed” replaced by “closed”. In that case, the
equality V̄ ∩ U = V extends the result that if RS is an Ore localization of a ring
R, and J is a right ideal of RS , then J = (J ∩R)RS .

Example 7.11. We exhibit a closed subspace Z ⊂ X and an open subspace of Z
that is not of the form Z ∩U for any weakly open subspace U of X . We retain the
notation in Example 6.11. The weakly open subspaces of X are

φ, X\p = q, X\q, X

and the weakly open subspaces of Z are

φ, Z\p = q, Z\q = p, Z.

Therefore p, which is weakly open (even open) in Z, is not equal to Z ∩ U for any
weakly open subspace U in X .
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8. Effective Divisors

Van den Bergh [25] has defined the notion of a divisor on a non-commutative
space. The reader is referred there for the definition and basic results. Further
properties of effective divisors can be found in [11].

Definition 8.1 ([11]). An effective divisor Y on a non-commutative space X is an
invertible proper subobject oX(−Y ) of oX in the category of X-X-bimodules.

If X is a scheme such that QcohX is a Grothendieck category, then there is
a bijection between effective Cartier divisors and effective divisors in the sense of
Definition 8.1.

If Y is an effective divisor, then oX(−Y ) is a proper ideal in oX , so the results
in [25, Section 3.5] show that Y determines, and is determined by, a non-empty
closed subspace of X which we also denote by Y . The category ModY is the full
subcategory of ModX consisting of those modules M such that the natural map
M(−Y )→M is zero.

We write i : Y → X for the inclusion of the effective divisor. The left and right
adjoints to the inclusion i∗ : ModY → ModX are related via their derived functors
as follows:

R1i! ∼= i∗(−)(Y ) and L1i
∗ ∼= i!(−)(−Y ).(8.1)

Because i∗ is right exact, R2i! = 0. Therefore the spectral sequence (2.1) degener-
ates, giving a long exact sequence

0→Ext1
Y (M, i!N)→ Ext1

X(i∗M,N)→ HomY (M,R1i!N)
(8.2)

→Ext2
Y (M, i!N)→ Ext2

X(i∗M,N)→ Ext1
Y (M,R1i!N)→ · · · .

There is an exact sequence

0 −−−−→ oX(−Y ) −−−−→ oX
ϕ−−−−→ oY −−−−→ 0(8.3)

of bimodules, where −⊗X oY = i∗i
∗ and HomX(oY ,−) = i∗i

!. Applying M ⊗X −
to (8.3) produces an exact sequence

0→ TorX1 (M, oY ) = i!M(−Y )→M(−Y )
ψ−→M → i∗M → 0.(8.4)

We note that TorXr (−, oY ) = 0 for r ≥ 2.

Proposition 8.2. Let i : Y → X and α : W → X be the inclusions of an effective
divisor and a weakly closed subspace respectively. Suppose that M(Y ) and M(−Y )
belong to ModW whenever M does. Then W ∩ Y is an effective divisor on W if
and only if W ∩ Y 6= φ and TorX1 (oY , oW ) = 0. The last condition is equivalent to
i∗α∗α

! vanishing on all injective X-modules.

Proof. By Proposition 3.3, there is a commutative diagram

W ∩ Y γ−−−−→ Y

δ

y yi
W −−−−→

α
X.

in which W ∩ Y is a closed subspace of W . Furthermore, γ∗δ∗ ∼= i∗α∗ and δ∗γ
! ∼=

α!i∗.
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Before proceeding, we establish the equivalence claimed in the last sentence of
the proposition. By definition of TorX , if E is an injective X-module, then

HomX(TorX1 (oY , oW ), E) = Ext1X(oY ,HomX(oW , E)) = R1i!(α∗α!E).

Therefore TorX1 (oY , oW ) = 0 if and only if i∗α∗α!E = 0 for all injective X-modules
E.

Now suppose that W ∩ Y is an effective divisor on W . Since an effective divisor
is non-empty, W ∩ Y 6= φ. Furthermore, δ∗ ∼= R1δ!(−)(W ∩ Y ), so δ∗ vanishes on
all injective W -modules. Since α! sends injectives to injectives, γ∗δ∗α! vanishes on
all injective X-modules. Hence i∗α∗α! vanishes on all injective X-modules.

Conversely, suppose that W ∩ Y 6= φ and that TorX1 (oY , oW ) = 0. Because
W ∩ Y 6= φ, oW∩Y 6= 0. Hence to show that W ∩ Y is an effective divisor on
W , we must prove the invertibility of the ideal I of oW that is the kernel in the
exact sequence 0 → I → oW → oW∩Y → 0 of W -W -bimodules. By definition,
HomW (oW∩Y ,M) = δ∗δ

!M for all M ∈ ModW . The ideal I is defined by the
requirement that if E is an injective W -module, then the sequence

0→ δ∗δ
!E → E → HomW (I, E)→ 0

is exact. Equivalently, HomW (I, E) is defined by the requirement that

0→ α∗δ∗δ
!E → α∗E → α∗HomW (I, E)→ 0

is exact for all injective W -modules E. But α∗δ∗δ
!E ∼= HomX(oY , α∗E), so

α∗HomW (I, E) is the cokernel of the map HomX(oY , α∗E) → HomX(oX , α∗E).
However, the exact sequence

0→ oX(−Y )→ oX → oY → 0

gives rise to the exact sequence

0→ HomX(oY , α∗E)→ HomX(oX , α∗E)→ HomX(oX(−Y ), α∗E)

→ Ext1X(oY , α∗E)→ 0.

Therefore α∗HomW (I, E) is characterized by the fact that it is the kernel in the
exact sequence

0→ α∗HomW (I, E)→ HomX(oX(−Y ), α∗E)→ Ext1X(oY , α∗E)→ 0.

However, if E′ is an injective envelope of α∗E in ModX , then E ∼= α!E′, so

Ext1X(oY , α∗E) ∼= Ext1X(oY ,HomX(oW , E′)) = HomX(TorX1 (oY , oW ), E′),

which is zero by hypothesis. It follows that

α∗HomW (I, E) ∼= HomX(oX(−Y ), α∗E)

and hence that
HomW (I,−) ∼= α!HomX(oX(−Y ),−)α∗

on injective W -modules, and hence on all W -modules.
However, if F,G ∈ Lex(X,X) are mutual quasi-inverses and each sends ModW

to itself, then α!Fα∗ and α!Gα∗ are in Lex(W,W ) and are mutual quasi-inverses.
Therefore HomW (I,−) is an auto-equivalence of ModW .
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The next two lemmas will be used later.

Lemma 8.3 ([26]). If Y is an effective divisor on X, then ModYX is closed under
injective envelopes in ModX.

Proof. This is proved in [26, Proposition 8.4]. In their notation, − ⊗X oX(−Y )
corresponds to the functor G, and ModY corresponds to B = D.

Lemma 8.4. Let Z be a weakly closed subspace of a locally noetherian space X.
Let j : X\Z → X be the inclusion map. Let τ : ModX → ModZX → ModX be
the functor that takes Z-torsion. If ModZX is closed under injective envelopes in
ModX, then

1. every injective X-module is a direct sum of a torsion injective and a torsion-
free injective;

2. for i ≥ 1, the right-derived functors satisfy Ri+1τM ∼= Rij∗(j∗M).

Proof. (1) Let E be an injective X-module. Since E contains a copy of the injective
envelope of τE, and since that injective is torsion by hypothesis, τE is injective.
Hence E ∼= τE ⊕Q, with Q a torsion-free injective.

(2) Let M → E• be an injective resolution of M . For each i, write Ii = τ(Ei),
and set Qi = Ei/Ii. Then there is an exact sequence of complexes

0→ I• → E• → Q• → 0

which gives a long exact sequence in homology. However, hi(I•) = RiτM , and
hi(E•) = 0 for i ≥ 1, so Ri+1τM ∼= hi(Q•) for i ≥ 1.

Since Qi is torsion-free, j∗Qi is an injective X\Z-module, and j∗j
∗Qi ∼= Qi.

Since j∗ is exact, j∗M → j∗E• is an injective resolution in ModX\Z. The com-
plexes j∗Q• and j∗E• are isomorphic, so j∗M → j∗Q• is an injective resolution in
ModX\Z. Thus Rij∗(j∗M) ∼= hi(j∗j∗Q•) ∼= hi(Q•).

Proposition 8.5. Let Y be an effective divisor on a locally noetherian space X.
Let i : Y → X and j : X\Y → X be the inclusions. Then

1. j is an affine map;
2. i!j∗ = i∗j∗ = 0;
3. whenever M ∈ ModX and N ∈ ModX\Y ,

ExtnX\Y (j∗M,N) ∼= ExtnX(M, j∗N).(8.5)

Proof. Let τ : ModX → ModYX → ModX denote the Y -torsion functor.
(1) By Lemma 8.4, (R1j∗)j∗ ∼= R2τ . But τ is the direct limit of the func-

tors HomX(oX/oX(−nY ),−) for n ≥ 0, so R2τ is the direct limit of the functors
Ext2X(oX/oX(−nY ),−), each of which is zero because oX(−Y ) is an invertible bi-
module. Therefore 0 = R2τ ∼= (R1j∗)j∗. Since every X\Y -module is of the form
j∗M , it follows that R1j∗ = 0, and we conclude that j∗ is exact. But j∗ commutes
with direct sums (Proposition 6.8), so it has a right adjoint. Since j∗j∗ ∼= idX\Y ,
j∗ is fully faithful. Hence j is an affine map.

(2) The definition of j∗ ensures that i!j∗ is zero. Let N ∈ ModX\Y , and suppose
that i∗j∗N is non-zero. By (8.4), there is an exact sequence

0→ (j∗N)(−Y )→ j∗N → i∗j∗N → 0.

It follows from the construction of j∗ that j∗N is not an essential extension of
(j∗N)(−Y ). Hence, if V denotes the image of (j∗N)(−Y ) in j∗N , V ∩ L = 0 for
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some non-zero submodule L ⊂ j∗N . But then L embeds in i∗j∗N , so it is a Y -
module, contradicting the fact that τ(j∗N) = 0. From this contradiction we deduce
that i∗j∗N = 0.

(3) Because j∗ is exact, the spectral sequence (2.2) for U = X\Y collapses, giving
ExtnX(−, j∗N) ∼= ExtnX\Y (j∗−, N).

Proposition 8.6. Let Y be an effective divisor on X. If Z is a weakly closed
subspace of X such that Z ∩ Y = φ, then

1. Z is contained in X\Y , and
2. Y is contained in X\Z.

Proof. Let i : Y → X and β : Z → X denote the inclusions. Because Z ∩ Y = 0,
both i! and i∗ vanish on all Z-modules. Let M and N be respectively a Y -module
and a Z-module.

(1) Since i! and R1i! vanish on all Z-modules, (8.2) gives Ext1
X(i∗M,β∗N) = 0.

This is precisely the criterion for Z to be contained in X\Y .
(2) Since i! vanishes on all Z-modules, the only Z-module belonging to ModYX

is the zero module. Hence HomX(β∗N,−) is zero on ModYX . By Lemma 8.3,
all the terms in the minimal injective resolution of i∗M belong to ModYX ; hence
ExtnX(β∗N, i∗M) = 0 for all n. Hence Y is contained in X\Z.

Corollary 8.7. Let Y be an effective divisor on X. A closed point in X is con-
tained in either Y or X\Y but not both, and is a closed point in whichever of these
spaces contains it.

Proof. Let p be a closed point of X and suppose that p does not lie on Y . By
Proposition 8.6, p is contained in X\Y . As remarked in the proof of Corollary 7.3,
p is closed in X\Y and hence is a closed point of X\Y .

It is not true, even in the commutative case, that the set of closed points in X
is the disjoint union of the set of closed points in Y and the set of closed points
in X\Y ; consider the spectrum of a discrete valuation ring. The next result gives
conditions under which that is true.

Proposition 8.8. Let X be a locally noetherian space. Suppose that j : X\Y → X
is the inclusion of the complement to an effective divisor. Let p be a closed k-
rational point of X\Y . If j∗Op is a noetherian X-module, then it is simple, and
j(p) (see Definition 5.9) is a closed k-rational point of X.

Proof. We will show first that if j∗Op is not a simple X-module, then it is not
noetherian. To that end, suppose that M is a non-zero X-submodule of j∗Op that
is not equal to j∗Op.

Let i : Y → X be the inclusion and let τ : ModX → ModYX be the Y -torsion
functor. Since i!j∗ = 0, we have i!M = 0 and τM = 0. Hence there is an exact
sequence

0→M → j∗Op → R1τM → 0.(8.6)

Since M is torsion-free, j∗M 6= 0, whence j∗M ∼= j∗j∗Op ∼= Op. Because i∗j∗ = 0,
applying (8.4) to j∗Op gives j∗Op ∼= (j∗Op)(Y ). Then applying (8.4) to the other
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two terms in (8.6) gives the other columns in the commutative diagram below:

0 0 i!(R1τM)y y y
0 −−−−→ M −−−−→ j∗Op −−−−→ R1τM −−−−→ 0y y∼= y
0 −−−−→ M(Y ) −−−−→ j∗Op(Y ) −−−−→ (R1τM)(Y ) −−−−→ 0y y y

(i∗M)(Y ) 0 0y
0

Let M1 denote the image of M(Y ) in j∗Op. Repeating this argument produces a
chain of submodules

M = M0 ⊂M1 ⊂M2 ⊂ · · · ⊂ j∗Op
such that Mn

∼= M(nY ) and Mn/Mn−1
∼= (i∗M)(nY ). By the Snake Lemma,

(i∗M)(Y ) ∼= i!(R1τM); since R1τM is non-zero, i!(R1τM) 6= 0, whence i∗M 6= 0.
Hence the chain of submodules is strictly increasing, thus showing that j∗Op is not
noetherian.

When j∗Op is noetherian there can be no such M , so j∗Op is simple. Now we
show that j∗Op is a tiny simple. First, HomX(j∗Op, j∗Op) ∼= HomX\Y (Op,Op) ∼=
k. Let N be a noetherian X-module. Then j∗N is a noetherian X\Y -module,
so HomX(N, j∗Op) ∼= HomX\Y (j∗N,Op) is a finite dimensional k-vector space.
Thus j∗Op is a tiny simple, so there is a closed k-rational point p′ ∈ X such that
j∗Op = Op′ .

Remark. The hypothesis in Proposition 8.8 does not always hold even in the com-
mutative case: For example, let X = SpecR where R is a discrete valuation ring.
However, if X is a scheme of finite type over a field k, then every closed k-rational
point in the complement of an effective divisor is a closed k-rational point of X . In
the non-commutative case this sort of finiteness hypothesis does not ensure that a
k-rational closed point of X\Y is a closed point of X .

For example, consider the graded line defined by ModL1 = GrModk[x], where
deg x = 1. Then x cuts out an effective divisor Y defined by

ModY = GrModk[x]/(x),

and L1\Y is isomorphic to Spec k (ModL1\Y = Tailsk[x] = P0
k). However, if

j : L1\Y → L1 denotes the inclusion, then j∗OL1\Y ∼= k[x, x−1]. Since L1\Y is the
generic point of L1 (see [23]), it is no surprise that it is not a closed point of L1.

Corollary 8.9. Let X be a locally noetherian space. Suppose that j : X\Y → X
is the inclusion of the complement to an effective divisor. If j∗Op is a noetherian
X-module for every closed point p ∈ X\Y , then the set of closed points on X is the
disjoint union of the sets of closed points on Y and on X\Y .
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Proof. It is clear that a closed point on Y is a closed point on X , so the result
follows from Proposition 8.8 and Corollary 8.7.

Corollary 8.9 implies that j∗ and j∗ set up a bijection between the closed points
of X that do not lie on Y , and the closed points of X\Y .

Effective divisors on a space typically arise from regular elements in a (homoge-
neous) coordinate ring. For example, if z is a regular element in a ring R such that
zR = Rz, then ModR/(z) is an effective divisor on ModR.

Proposition 8.10. Let A be a graded ring with a central regular element z ∈ Ad.
Set X = TailsA, H = TailsA/(z), and let i : H → X be the inclusion. Then H is
an effective divisor on X and M(H) ∼= M(d) for all M ∈ ModX. Furthermore,
if A is connected and generated in degree one, then X\H is the affine space with
coordinate ring A[z−1]0.

Proof. We use the notation and terminology in [25].
Define the bimodule oH by HomX(oH ,−) = i∗i

!. Thus − ⊗ oH ∼= i∗i
∗. As

usual, oX denotes the identity functor on ModX considered as a bimodule. Define
oX(−H) as the kernel of the map of bimodules oX → oH that corresponds to the
counit i∗i! → idX . Thus HomX(oX(−H),−) is defined by the requirement that if
I is an injective X-module, then HomX(oX(−H), I) is the cokernel in the exact
sequence

0→ HomX(oH , I)→ HomX(oX , I)→ HomX(oX(−H), I)→ 0.

This sequence can also be written as

0→ i∗i
!I → I → HomX(oX(−H), I)→ 0.(8.7)

Let π : GrModA → ModX be the quotient functor. There is an injective Q in
GrModA such that I = πQ. It is easy to see that there is an exact sequence

0→ K → Q
γ−→ Q(d)→ 0,

where γ(q) = qz. Since πK ∼= i∗i
!I, applying π to this gives (8.7). Therefore

HomX(oX(−H), I) ∼= I(d). This shows that HomX(oX(−H),−) is an invertible
functor, and hence that H is an effective divisor on X . The bimodule oX(H) is
defined by requiring that HomX(oX(H),−) be an inverse to HomX(oX(−H),−),
so it follows that I ⊗ oX(H) ∼= I(d). Now, taking an injective resolution of an
arbitrary X-module, we see that M(H) ∼= M(d) for all M ∈ ModX .

By definition ModX\H = ModX/ModHX ∼= GrModA/T, where T is the localiz-
ing subcategory consisting of the A-modules which are z-torsion. Thus

GrModA/T ∼= GrModA[z−1].

When A is connected and generated by A1, A[z−1] is strongly graded, meaning
that 1 belongs to the product of the degree n and degree −n components for all
n; this implies that GrModA[z−1] is equivalent to ModA[z−1] via the functor that
takes the degree zero component of a module.

An affine scheme can be embedded in a projective scheme in such a way that it is
the open complement of an ample divisor. It is well-known that a non-commutative
affine space can be embedded in a non-commutative projective space in a similar
way (see, for example, [4, Section 2] and [16]). We show next that closed points
behave well with respect to this embedding.
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First we recall the embedding just alluded to. Let R be an algebra over a field
k. Fix a set of generators for R and write Rn for the k-linear span of all products
of ≤ n of those generators. Let t denote an indeterminate commuting with R, and
set

R̃ := R0 ⊕R1t⊕R2t
2 ⊕ · · · ⊂ R[t].

Define
U = ModR and X = TailsR̃.

We write

π : GrModR̃→ ModX and ω : ModX → GrModR̃

for the quotient functor and its right adjoint.
The closed subspace of X where t ∈ R̃1 vanishes is denoted by H and is called

the hyperplane at infinity. Proposition 8.10 shows that H is an effective divisor,
because ModH ∼= ModR̃/(t). We also have ModH ∼= Tails grR, where grR is the
associated graded ring with respect to the filtration Rn. Because R[t−1]0 ∼= R,
there is a natural map

j : U → X

sending U isomorphically to X\H .

Proposition 8.11. Let R̃ be a finitely generated right noetherian k-algebra. The
functors j∗ and j∗ set up a bijection between

1. the finite dimensional simple R-modules V such that EndR V ∼= k and
2. the closed k-rational points of X that do not lie on H.

Proof. This will follow from Corollary 8.9 once we show that j∗V is a noetherian
X-module for every finite dimensional simple right R-module V . By definition,
j∗V ∼= πṼ , where Ṽ is the graded R̃-module

V ⊕ V t⊕ V t2 ⊕ . . .
with degree n component Ṽn = V tn and action

(vtn).(rti) := (vr)tn+i

for v ∈ V and r ∈ Ri. Since every component of Ṽ has the same finite dimension,
πṼ is noetherian.

Lemma 8.12. Let i : Y → X be the inclusion of an effective divisor in a space
X. Let j : X\Y → X be the inclusion of the weakly open complement. Then
Ext1

X(j∗N,M) = 0 for all N ∈ ModX\Y and M ∈ ModY .

Proof. If we apply i∗ to an exact sequence

0→M
α−→ K −→ j∗N → 0,(8.8)

we obtain an exact sequence

(L1i
∗)(j∗N) −→ i∗M

i∗(α)−−−→ i∗K −→ i∗j∗N → 0.

The last term of this is zero by Proposition 8.5, and the first is zero because i!j∗ = 0.
Hence there is a map β : i∗K → i∗M such that β ◦ i∗(α) = idM . However,
i∗(α) = γ ◦ α, where γ : M → i∗M is the canonical epimorphism, so βγα = idM ,
which shows that the original exact sequence splits. Hence the result.
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The next result is an analogue of the result that an ample divisor on a scheme
meets every subscheme of positive dimension.

Let X be a locally noetherian space and modX its category of noetherian mod-
ules. We denote the Krull dimension, in the sense of Gabriel [6], of M ∈ modX by
KdimM . We say that a noetherian X-module M is d-critical if KdimM = d but
KdimM/N < d for all 0 6= N ⊂M . A noetherian module of Krull dimension d has
a d-critical quotient. We define the dimension of a weakly closed subspace W of X
to be

dimW := max{KdimM |M ∈ modW}.

Definition 8.13. Let X be a locally noetherian space endowed with a structure
map π : X → Spec k. Set OX = π∗k and Hq(X,−) = ExtqX(OX ,−). An effective
divisor Y on X is ample if for every M ∈ modX

• there are integers ni ≤ 0 and an epimorphism
⊕
OX(niY )→M , and

• Hq(X,M(nY )) = 0 if q 6= 0 and n� 0.

Proposition 8.14. Let X be a locally noetherian space over Spec k, and let Y
be an ample effective divisor on X. Suppose that dimk ExtnX(M,N) < ∞ for all
M,N ∈ modX. If W is a weakly closed subspace of X and dimW > 0, then
W ∩ Y 6= φ.

Proof. We will assume that W ∩ Y = φ and get a contradiction. Let d = dimW
and let M be a d-critical noetherian W -module. By (8.4), there is an exact se-
quence 0 → i!M(−Y ) → M(−Y ) → M → i∗M → 0. Since W ∩ Y = φ,
i!M = i∗M = 0, whence M ∼= M(Y ). Hence dimkH

0(X,M(nY )) is a finite num-
ber independent of n. By [3], ModX is equivalent to TailsB, where B is the graded
algebra

⊕∞
n=0H

0(X,OX(nY )). Under this equivalence, M ∼= πV , where V is the
graded B-module

⊕∞
n=0H

0(X,M(nY )). But dimVn is finite and independent of n,
so πV has finite length. This contradicts our hypothesis that KdimM = d ≥ 1.

The next result generalizes the surprising result in [15, Lemma 6.4]. In that
result, Y is an effective divisor and X\Y is an affine space having a coordinate
ring that is an infinite dimensional simple C-algebra; such an algebra cannot have
a finite dimensional simple module, so X\Y has no closed points.

Proposition 8.15. Let k be an algebraically closed field and X a locally noetherian
Ext-finite space over k. Let i : Y → X be the inclusion of an effective divisor.
Suppose that X\Y has no closed k-rational points. If F is a noetherian X-module
such that i∗F = 0, then F = 0.

Proof. Suppose that F 6= 0. Since F is noetherian, it has a simple quotient. By
Corollary 5.6, that simple quotient is of the form Op for a closed k-rational point
p ∈ X . By the hypothesis and Corollary 8.7, p ∈ Y ; this implies that i∗F 6= 0.
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