TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 354, Number 7, Pages 2707-2724

S 0002-9947(02)02996-3

Article electronically published on February 25, 2002

SELF-TILTING COMPLEXES YIELD UNSTABLE MODULES

ALEXANDER ZIMMERMANN

ABSTRACT. Let G be a group and R a commutative ring. Let TrPicr(RG) be
the group of isomorphism classes of standard self-equivalences of the derived
category of bounded complexes of RG-modules. The subgroup HDg(G) of
TrPicr(RG) consisting of self-equivalences fixing the trivial RG-module acts
on the cohomology ring H*(G, R). The action is functorial with respect to R.
The self-equivalences which are ’splendid’ in a sense defined by J. Rickard act
naturally with respect to transfer and restriction to centralizers of p-subgroups
in case R is a field of characteristic p. In the present paper we prove that this
action of self-equivalences on H*(G, R) commutes with the action of the Steen-
rod algebra, and study the behaviour of the action of splendid self-equivalences
with respect to Lannes’ T-functor.

INTRODUCTION

In an earlier joint paper [9] with Raphaél Rouquier I defined TrPicr(A), the
group of standard self-equivalences of a derived module category D?(A) for an R-
algebra A which is projective as an R-module. For any A-module M let HD;(A)
be the subgroup of TrPicg(A) which is formed by the self-equivalences mapping
M to an isomorphic copy. Then, in an earlier paper [I1] T showed that, under a
certain hypothesis on M, the group HDjps(A) acts in a natural way on the Ext-
algebra Ext’ (M, M). When A is a group algebra RG, with R being a field of
characteristic p and G being a finite group, J. Rickard defined in [8] a splendid
equivalence by some technical conditions, basically by asking that the homoge-
neous components of a tilting complex be p-permutation modules induced from
diagonal p-subgroups, and by an invertibility condition in the homotopy category.
These splendid equivalences induce self-equivalences of the derived categories of
centralizers of p-subgroups by the Brauer construction. In [12] I showed that then,
for M = R being the trivial module, the actions of those splendid equivalences com-
mute with transfer and restriction from and to the cohomology rings of centralizers
of p-subgroups. In the present paper we enlarge these properties still further. The
action of self-equivalences of the bounded derived category D’(RG) on H*(G, R)
commutes with the action of the Steenrod algebra on H*(G, R) for any prime p.

As a consequence of the above statements, any cohomology ring H*(G,F)) de-
fines a functor H*(G,F)) ®r, HDe, (Bo(F,G)) — from the modules over the group of
derived self-equivalences of the principal block of the group ring F, HDr, (F,G)
fixing the trivial module to the category of unstable modules 4, and similarly in
the opposite direction. Obviously, we may restrict to splendid self-equivalences.
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2708 ALEXANDER ZIMMERMANN

We shall describe the composition of Lannes’ T-functor with the first functor
and the image of free unstable modules by the second. Moreover, by a result of
Lannes Ty (H*(G,F,)) decomposes into a direct product of cohomology rings as
unstable modules. We shall prove that this decomposition is also a decomposition
as modules over the action of splendid self-equivalences. This will give evidence
that splendid equivalences are the correct objects to study in this context.

The paper is organized as follows. Section [ recalls the necessary definitions and
properties of Evens’ norm map as it is used here and the definition of the Steenrod
operation. In Section [2] it is shown that the normalized part of the outer automor-
phism group of the group ring behaves well with respect to the norm map normgX O
on the cohomology ring of G. Section [J] proves that splendid self-equivalences of
the derived category of a group ring fixing the trivial module act equivariantly with
respect to the Steenrod operation on the cohomology ring of the group. Finally, in
Section (] we work on the relation of unstable modules and the action of splendid
self-equivalences of the derived category of a group ring.

Acknowledgement. Ithank Serge Bouc for many fruitful discussions over the last
years. In particular he mentioned to me a subtlety concerning the difference between
homotopy equivalences and quasi-isomorphisms for tensor product complexes which
led to Remark B4l T also thank the referee for pointing out an error in the proof
of Proposition Bl in the original version of the paper.

1. PRELIMINARY DEFINITIONS AND KNOWN RESULTS

1.1. Equivalences between derived categories of group rings. The notation
concerning derived categories and derived equivalences we use here and throughout
the whole article is the one in [5]. Let R be a commutative ring and let A and B be
R-algebras. A complex T is a tilting complex if it is a bounded complex with finitely
generated projective homogeneous components so that Homps)(T,T[n]) = 0 for
n # 0 and so that the smallest triangulated subcategory of D(A) which is closed
under taking direct summands of finite direct sums and which contains T also
contains the rank 1 free module A. The fundamental result of Rickard [7] shows that
the derived categories D?(A) and D®(B) are equivalent as triangulated categories
if and only if there is a tilting complex T in D°(A) so that Endpy)(T) ~ B.

If A is flat as an R-module, then for any tilting complex T there is a complex
X in DY(A ®pg B°P) so that X ®% — is an equivalence which maps B to T. A
complex X in D*(A®pg B°P) so that X ®% — is an equivalence is called a two-sided
tilting complexr. Suppose A = B and A is projective as an R-module. Then (cf.
[9]), the set TrPicr(A) of isomorphism classes of two-sided tilting complexes in
D*(A ®@pr A°P) is a group with group law — ®@% —.

For any A-module M set

HDy(A) := {[X] € TrPicg(A) | X @4 M ~ M}.

If any automorphism of M is given by multiplication with a unit in the centre of A,
then in [IT] it is shown that Ext’ (M, M) is an R HDy;(A)-module by the action

Hompo(ay (M, M[n]) — Homps(4)(X @5 M, X @45 M[n])
—1\x*
XL Hompuay (M, M[n))

where aox : X ®HA M — M is an isomorphism.
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In case A = RG is a group ring for a finite group G, a more subtle notion is
useful. Let R be a field of characteristic p or a complete discrete valuation ring of
characteristic 0 with residue field of characteristic p. Let B be the principal block
of RG and let P be a Sylow p-subgroup of G. Let A be the diagonal embedding
of G into G x G. A two-sided tilting complex X in D*(B ® B°P) is a splendid
complex (cf. Rickard [8]) if X is a complex of modules whose homogeneous com-
ponents are projective as right RG-modules and projective as left RG-modules, so
that Hom%. (X, X) is homotopy equivalent to B as a complex of left and as a
complex of right modules, and so that each of the homogeneous components of X
are A(P)-projective p-permutation modules. Let SplenPicr(G) be the set of ho-
motopy equivalence classes (X) of splendid complexes X whose isomorphism class
is in T'rPicg(B). Let

HSpleng(G) :={(X) € SplenPicr(G) | [X] € HDgr(B)}.

Suppose that R is a field of characteristic p. Then, for any p-subgroup @ of G,
denote by b the principal block of RC(Q). The Brauer functor

B® B —mod> N — N(AQ) :=N*9/ 3" N2 cb@b” —mod
5<Q; 5£Q

induces a homomorphism
SplenPicr(G) — SplenPicr(Ca(Q)).

In [12] it is shown that the action of an X in HSpleng(G) so that X (A(Q)) €
HSpleng(Ce(Q)) on H*(G, R) commutes with restriction reng(Q) and transfer

trgc(Q) between H*(G, R) and H*(C¢(Q), R).

1.2. Steenrod operations. Let G be a group and let H be a subgroup of G of
finite index. Then, G < H ! §|g.p| via the action of G on the cosets modulo H.
Suppose R is a commutative, hereditary coefficient ring.

We recall below the definitions of Evens’ norm map and Steenrod operations
from Benson’s book [1].

Let P = (P;,d;)ien be a projective resolution of R as RH-module. Then,
®|£1H‘ P is a (not necessarily projective) resolution of R as R(H 1 &q.x|)-module.
Let Q = (Q4, 0;)ien be a projective resolution of R as R(H6¢.|)-module. Then,
there is a quasiisomorphism of R(H1&)¢.x|)-module complexes 7 : Q — ®£1H| P.

We denote by R the sign representation of &g.x|, and by Ré” the r-fold tensor

product of R, with itself.
An element x € H"(H, M) is given as an equivalence class of homomorphisms

with representative x : P, — M, and this defines a homomorphism ®£1H‘ P, —

®|£1H‘ M of R(H ! &q.x|)-modules. As ®£1H| P, is a direct factor of the degree

|G : H|-n-homogeneous component of ®£1H‘ P, the cocycle x defines a homomor-

phism
|G:H]| |G:H| |G:H|
Qnc:a — ( ® P)n.c:m| — ® P, — ® M@ RM™ .

i=1 i=1 i=1

We have to tensor with Ré") in order to get the mapping well defined with respect
to the sign convention for tensor products of complexes. Observe that for even
degree cohomology this is the tensor product with the identity. The restriction to
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2710 ALEXANDER ZIMMERMANN

G C (H16g.x)) defines an element norm§ (z) in H™HI(G, ®£1H| M ®p Rén)).
However, the sign of norm$% (x) depends on the embedding of G into H} S\G.H|-
Since later on the embedding will be fixed once and for all, this ambiguity will not
be of importance for us.

The Steenrod operations are defined by the following procedure.

Observe that, when p is odd, any p-cycle is of even parity, and so one can forget
the sign representation which had to be introduced earlier in order to get the norm
map well defined. We take

np
norm&*r . H"(G,F,) — H"P(G x C,,F,) ~ @H”p_i(G;Fp) ®r, H'(Cp,Fp)
i=0
and express
np
normgxc” (z) = @ D" (2) ® aj,
=0

where az; = a3’ and a1 = B(a1)az;. We define
Sq¢':= D" HY(G,Fy) — H""(G,Ty)
if p=2 and
Pi = (=1)FFmn(ntD)/2 (1) =n D= (=20, gn(@,F,) — H"+20-Di(G,F,)

with m = ”2;1 for p odd.

We will have to use a more diagrammatic method to express the above in order
to be able to prove that the Steenrod operations commute with the action of self-
equivalences of the derived category.

As above, let P be a projective resolution of R as RG-module and let Q be a
projective resolution of R as RG!&p-module. As usual, there is a mapping, unique

up to homotopy, Q — ®19§p P, lifting the identity on R. Then,
Homper)( Q) P,(Q M)lp-n]) ~ Hompen( Q) P, Q) Mn))
1<i<p  1<i<p 1<i<p  1<i<p

&) Hompe(P, MIn])

1<i<p

R

with obvious isomorphisms. Observe that since the action of &, does not enter the
picture yet, the sign representation does not play a roéle here.
With the diagonal A we get

Hompe(P,M[n]) = Q) Hompc(P, Mn]),
1<i<p
and we observe that the image of A under the isomorphism

Hompary( Q) P, Q) Mn]) =~ (K) Hompg (P, Mn])

1<i<p  1<i<p 1<i<p

is in Hompae,)(@1<icp Py (Q1<i<, M[n]) ®r Ré")). Now, the restriction of
the sign representation of &, to C, always is the trivial representation, for p =
2, since then 1 = —1, and for p an odd prime, since then any p-cycle has even

parity. Therefore, A factors through resgLGP by a mapping A’. So, the norm map

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SELF-TILTING COMPLEXES YIELD UNSTABLE MODULES 2711

GxC s . . .
normg  © can be seen as left composition of the left vertical homomorphisms in

the following commutative diagram:

Hompa (P, M[n)) —2 . Hompar)(@"_, P,®"_, M[n])

N ]
TESG,ZGP
Hompe,) (@', P, (QF_, M[n]) ®r R{) —"— Hompqr)(Q'_, P,@"_, M[n])

l

Hompe,) (Q, (&7, MIn]) ©r RL")
l 16y
Te€SGx Cp
HomR(GxCp) (Q7 ®f=1 M[n])

One should observe that A is not linear over the base ring unless this base ring
Ris IFp.

2. RING AUTOMORPHISMS

The group Outr(RG) = Autr1(RG)/Inn(RG) of outer augmented R-algebra
automorphisms acts on H*(G, R) in the obvious way. We shall prove that this
action is compatible with Steenrod operations.

Proposition 2.1. Let R =F,. The action of Outr,(F,G) on H*(G,F,) commutes
with the action of mod p Steenrod operations on H*(G,F)).

To prove this, we shall show that for any automorphism a of F,G there is an
automorphism & of F,,(G 1 &,) so that the diagram

dQ T ®If ap

| e
Q — QP
commutes. Here, the vertical homomorphisms are chain maps which lift the identity
on Fy; the complex Q is a projective resolution of IF,, and a mapping p lifting the
identity on F), exists by the universal property of Q being a projective resolution.
P is a projective resolution of IF,, as G-module. Then, we use the tensor product of
p copies of the lifting o of the identity on F, onto P as a complex of I, G-modules.
This tensor product is easily seen to be Fj,(G 1 &,)-linear.
In order to define & we observe the well known fact that

Fp(G16,p) 2 Fp (G x G x - xG) @, FpSp

p factors

is isomorphic to the skew tensor product of the first factor with the quotient group
acted upon: F,(G16,) is the ordinary tensor product as an Fp-module, and the
multiplication is defined via a torsion by &,:

(g1 ®01) - (g2 ® 02) = q101(g92) ® 0102 .
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2712 ALEXANDER ZIMMERMANN

Since F, (G x G x --- x G) ~ Q!_, F,G, we may take & := (Q?_; a) ® ids,, and

p factors
we verify readily that & is a ring automorphism of F,,(G1S,,). Moreover, a projective
resolution of @?_; F,, as an F,,(G &p)-module is Q := (Q}_; P) ®r, R, where P
is a projective resolution of IF,, as an F,G-module and R is a projective resolution
of F, as an F,&,-module (cf. e.g. [I Chapter 4.1]). Note that since the Sylow
p-subgroup of &,, is cyclic, the homogeneous components of R are indecomposable
projective F,&,-modules.
We shall have to compare the diagram

A
Homg,c(P,Fp[n]) ——— Homg,ar) (@1, P, Qi Fp[n])
Ja |
feltc

res
Homp, (crs,) (@71 P, (R, Fpln]) @x, Fp(") —— Homg, ar) (@, P, ®F_, Fpln])

!

Hom]Fp(Gzep)(Qv (®€:1 Fp [n]) QF, ]Fp(sn))
l G1&p
TESGXCP
Homy,(axc,)(Q: @i Fp[n])

with the diagram corresponding to the twisted resolutions

a A a
HomeG( P,F,[n]) I Home(GP)(®f=1 ® P7®f=1 Fp[n])
| |
G166,
CSGP P

Home(Gzep)(a®f=1 P, (®?=1 ]Fp[n]) ®Fp pr;'”)

!

Homg, (cre,)(*Q, (Q7=, Fp[n]) @, Fp(™)

sC18p
TeSaxCp

Home(GP)(®u }i}=1 P, ®?=1 Fy[n])

Home(GXCp)(&Qv ®%_1 Fpln])

and we shall have to define mappings from the morphism groups of the bottom
diagram to the corresponding morphism sets of the top diagram in such a way that
the squares which are created this way are commutative. Since P as well as “P are
projective resolutions of the trivial module, there is a chain homotopy isomorphism
o : P —“ P and this isomorphism induces a chain homotopy isomorphism @ o :

P P — ®"_, °P and a chain homotopy isomorphism p: Q — “Q defined
by taking the identity on the factors corresponding to R.. It is then straightforward
to see that all squares which occur are commutative.

In order to compute

normgXCp : H"(G,F,) — HP"(G x Cp,F)p)

GG,
we have to map a cocycle by TESGy(h O T O Al
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Since resgzxec = §* for § being the diagonal embedding of G into GP, and since

aoé—éo(axzdc),

GXCp . a6, " ;o ok
norme, oa’ = resg.s OT oA o«

_ GG, ~ % * !
= Tesgyl o0 oT oA

. 6,
= (axidc,)" oresgyd o7 o A

= (axidg,)" onormgxc .

The proof is complete. O

3. DERIVED SELF-EQUIVALENCES

Let R be a field of characteristic p, let B(RG) be the principal block of RG and
let X be a two-sided tilting complex in D®(B(RG)® g B(RG)°P). Starting from X,
we shall construct a two-sided tilting complex in D*(B(RG16,) ®r B(RG16,)°P).

It should be noted that Andrei Marcus constructed in [6] a tilting complex in
B(RG16,,) if p does not divide n. However, in order to apply this construction to
the Steenrod operation we are obliged to pass to n = p.

We consider the complex

X® = XQrXQr - Qr X

with p factors as an object in D*(B(RGP) ®gr B(RGP)°P). Of course, this is an
invertible complex. As for the endomorphism complex, we get

Hompear (X®P, X®P) ~ ®H0mRG X, X) ®B RG)
i=1
in D*(RGP @ (RGP)P).
We consider now the complex of R(G ! &,)-right modules

XSy .= x®p ®prcr R(G 6p).

It is immediate that X“®» ~ X®P @ RS, as R(GP)-left modules, where the p
factors of G X G X ...--- X G act on the respective copies of X @ X ® --- ® X
respectively and each acts trivially on RS,,.

We shall now define a left action of R(G 1 &,) on X% which commutes with
the right action of G1&,, (see [1, Chapter 4.1]).

Let o be an element of &,. The degree n homogeneous component of X ®? is

(X®p)n: @ Xk1 ®RXk2 ®R"'®Rka.
ki+-+kp=n
The differential §,, on the tensor product complex is
Y dRid®--@id+ (-)id@dy,  @id® - @id
k4 Akp=n
+o ()Tt ®id @ d.
Now, ¢ acts on the tensor product complex permuting the factors

1@ - ®xp € Xiy Or Xky Qr - @R Xp,
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accordingly as o acts on the index set {1,...,p} multiplied by a sign (—1)”, where
v= S degladestn)
i<k; o(j)>0o(k)

A more standard definition of X“®»_ by tensor induction followed by ordinary
induction, can be done using the fact that X itself is a complex of G x G-modules.
Let H be a finite group and let Y be a complex of RH-modules. Then, the tensor

HXxC,
induced complex Y®Tr" " is isomorphic to Y @ Y ®g - ®r Y as a complex of

p factors
HxCp |

R(H x Cp)-modules. But actually, Y®T# " is a complex of R(H ! &,)-modules,
as is seen easily from the definition (cf. e.g. [1]).

We will not use the two following lemmas, though we cite them since they might
become important in later studies.
Lemma 3.1. Let S be a p-subgroup of H. If Y is a direct sum of relatively S-

HxCp | . . .

projective H-modules, then Y ®Tu is relatively St Cp-projective.
Proof. Let U be an RS-module, so that Y | U T2, Let 7 : U 14— Y and
1Y —U Tgl with 7ot = idy. Then, the monomorphism

YQrY ®r- @rY ‘XU 1H @gU 1% @p-- - @r U 14

p factors p factors

is split by r® 7 ® - - - ® w, and both morphisms are clearly morphisms of R(H16,)-

modules.
Moreover,
UtE @rUTH @p - @rUTH ~ (U@RU ®g -~ @p U) 153120
p factors p factors
as R(H x H X --- x H)-modules. Nevertheless, the isomorphism consists of re-

identifying the order of the tensors, and this isomorphism is clearly H ! &p-linear.
But now, the isomorphism induces an isomorphism

UTg®RUT{9{®R"'®RUT{5‘{2(U®RU®R"'®RU) ngleepp

p factors p factors

Since Y is a direct factor of this induced module, and since C), is the Sylow p-
subgroup of &, the result follows. O

‘We observe that
(GXxG)xCy
GG, . ®7 P\ 4 (G16p) X (G16y)
X i (X®leke ) (g e

(GXxG)xCp

Indeed, (X ®loxa ) is a tensor product of p copies of X, the direct product of

p copies of G acting from the left and from the right on the different copies of the
p-fold tensor product, and on which C), acts from the left and from the right by
permuting the factors of the tensor product. Moreover, (G x G) 1 &, embeds into
(G16,) x (G16,) via the mapping (g1, g2, ¢) — (g1, ¢) X (g2, ¢), where g1, g2 € GP. It
is immediate that this construction gives the one defined above in a more elementary
manner. However, we have not looked at the differentials yet. Here, either we deal
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with multicomplexes and take the total complex of these multicomplexes, or we
have to go back to the elementary definition above.

Lemma 3.2. Let P be a Sylow p-subgroup of G. If X is a direct sum of A(P)-
projective modules, then X ®» is a direct sum of A(P 1 C,)-projective modules.

Proof. Let P be a p-Sylow subgroup of G. Then, P? is a p-Sylow subgroup of G?
and P1C,, is a p-Sylow subgroup of G1&,,. Let A(P) be the diagonal of P in G x G.

(GXxG)xCp

Since by Lemma B.1] (X®TGxG ) is A(PP) x Cp-projective, X ¥S» is A(P1C,)-
projective. Indeed, Cp in A(PP) x C, is diagonally embedded in (G16,) x (G16,)

(GXxG)xCp
and X %57 is induced from (G x G)P x C,. So, if (X®TGXG ) is A(PP) x C-
projective, X “%» is A(P C,)-projective.
The result follows from this. O

Proposition 3.3. Let R be a field of characteristic p, and G a finite group with
Sylow p subgroup P. Then, for any X with isomorphism class in TrPicr(B(RG)),
the complex XE®» is a two-sided tilting complex in TrPicr(B(R(G16,))).

If X is splendid, then X®» is a two-sided tilting complex with homogeneous
components which are A(P)-projective p-permutation modules.

Remark 3.4. The complex X“» is in general not splendid even if X is splendid.
This surprising fact can be seen if one wants to apply Brauer functors with respect
to the Sylow p-subgroup of &,. The complex X “*®» will then be transformed into
a complex which is not a tilting complex anymore.

Proof of Proposition [33. We will show that the above defined complex X7 is a
two-sided tilting complex in D*(B(R(G16,)) ®r B(R(G16,))°P).
We get isomorphisms of (the total complexes of) double complexes

Homy e, ) (X9, X)) o Homy oy (XEP, X9 |6n)

~ @ Hom;%(Gp)(X®p,X®p)®a

c€S,
P
~ @ <®H0m;%G(X,X)> ®0o
ceG, \i=1

Moreover, we have to recover the action of R(G ! &,) coming from the left
action of R(G 1 &,) on the first and on the second variable X“®». The ac-
tion on the first variable is going to become the right action of R(G 1 &,) on
Hom;%(GZGP)(XGZGP,XGZGP), and the action on the second variable is going to
become the left action on this Hom-complex.

The action of the subgroup G? of G &, trivially is factorwise on the tensor
products, on each of the direct summands. The action of &, from the right on the
complex X %S is given by the induction

G16,)?
X ®p T(G?ZzGZ) ~ X% @5 RG,,.
The action from the right on the Hom?®-complex comes from the action on the sec-
ond variable, which is, after applying Frobenius reciprocity, just the above. Hence
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2716 ALEXANDER ZIMMERMANN

the action of &, from the right permutes the direct summands of

P
@ <®H0m§G(X,X)> ®0o.
o€, \i=1

We shall study the left action of G &, on the Hom-complex. The action of
GP? < G 6, on the left trivially is again the factorwise action on the two factors
of the tensor products, in each of the direct summands. Now, the action of 0 € &,
from the left permutes the factors in the tensor product on the level of the modules
in each degree, and applies a sign according to the above formula, and henceforth
also the factors in the tensor product

b (@Homym(x,)()> ®o.

oce6, \i=1

Now, we may assume the homogeneous components of X are free as B(RG) ®r
B(RG)°P-modules, except the leftmost one, which is projective as an RG-right
module and projective as an RG-left module. Then, using the Kiinneth formula,

P
H(Hom%y e, ) (X 9, XAEr)) = (@ Homp(ray(X, X)) @r RG,,

i=1
and H"(Hom%o(X@Sr, XESr)) = 0 for n # 0, again by the Kiinneth formula.
The Kiinneth formula applies without problems since R is a field. Then, at the final
step we use that X is a tilting complex from either side. So, Hom;%G(XGZGP, X GSyp)
is quasi-isomorphic to its degree 0 homology as left module and as right mod-
ule. Therefore, by ordinary Morita theory (see e.g. Curtis-Reiner [2 (3.54)])
Hom;%(GZGP)(XGZGP, X&S») is an invertible B(R(G ! &,))-bimodule. This implies
that X“S» is a two-sided tilting complex in TrPicgr(B(R(G16,))). As a conse-
quence, since R(G16,) is a symmetric algebra,

Hom;%(GZGP)(XG*GP,XGZGP) ~ HO(Hom;%(GZGP)(XGZGP, XGr)) ~ B(R(G16,))

in the derived category of R(G 1 6,) ®r R(G 1 &,)°P-modules.

By Lemma [3.2] if X is a complex of p-permutation modules over G x G which
are induced from the diagonal of a fixed p-Sylow subgroup of G, then X“®» also
is a complex of p-permutation modules over (G16,) x (G &,), induced from a
fixed Sylow p-subgroup of G &,,.

Proposition [3.3] follows. O

Remark 3.5. It is straightforward to generalize the statement and the proof of
Proposition [3.3] to the case where X is a two-sided tilting complex between two
blocks B and b of RG, and RH for two finite groups G and H, and R is a field of
finite characteristic. Moreover, it is an easy task to pass to any wreath product by
a fixed permutation group II.

XGZG

We now study first properties of » with respect to the action on Ext-

algebras [11].

Lemma 3.6. Let M be an RG-module for a finite group G and let X be a tilt-
ing complex with isomorphism class in HDp(G). Let Ry be the sign representa-
tion of &,. Then, the isomorphism class of X%®» is in HDgr ay(G1&,) N
HD((@leM)(@RRS) (G i Gp)
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Proof. We have

P p
XD @ge, (QM) ~ (X @r RS,) ®crxs, () M)

i=1 i=1

12

(XP) ®cr (@ M)

Q)X ®c M)

i=1
p

QM.

i=1

where the last is an isomorphism in the derived category. Moreover,

12

1R

1R

. p
X9 Qe ((® M) ®g Ry) (X®? @ RS)p) Qarxe, ((® M) ®r R;)
i=1 =1

12

<(X®p) Ragr (® M)) ®r (RG, s, Ry)

i=1

<é(x ®¢ M)) ®r Rs

i=1

g

is a similar computation. This proves the statement. [l

12
I

E

1R

M) Rpr Rs

1

We are now able to prove that the mod 2 Steenrod square Sq and the mod p
Steenrod operation P commute with the action of HDg(G).

Theorem 1. Let G be a finite group, and let R be a field of characteristic p. Then,
for any X with isomorphism class in HDg(G), the following squares are commu-
tative. If p =2, then

H"(G,R) 229~ H™G,R)
Stﬂ;i lSqZQ
H™(G, R) 22—, H"i(G, R)

is commutative, and if p > 3, then
H"(G,R)  =229=,  H"(G,R)
P;'i lp,i
Hn+2(p71)i(G’R) X®c—, Hn+2(p71)i(G7R)
18 commutative.

Proof. We use the interpretation of the Steenrod operation from section [[.21 We
have to apply X ®g — or X&G» Rae, — or (X ®r RCp) ®gxc, — to the various
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mappings in the diagram

Hompga(P, R[n]) 4, ®"_, Homge(P, R[n))

5 H

G166y

Hompcie,) (@, P, (Q7_, Rinl) @r R{Y) ——%"— Hompar)(®7_, P,®"_, Rln])

l

Hompcs,)(Q. (Q_, Rln]) @r R™)
l Gy
Te€SGx Cp

Hompaxe,)(Q, Qi_, R)

and shall prove that the squares which are induced by this are commutative in each
case.
The square

Hompe (P, Rln)) 2, ®"_, Hompa(P, R[n))

J,X®G_ l@le XQa—
Hompa(X ®¢ P, X ®¢ R[n])) —— ®"_, Hompa(X ®¢ P, X ®¢ Rln])

is obviously commutative. Moreover, the square
P, Homga(P, R[n]) ~ Hompger (Q)_, P,Q"_, R[n])
®r_1(X®c-)] |x®P@gr—
Q-1 Hompa(X ®c P, X ®@¢ Rn]) =~ Hompar»(Qi, P, @7, Rln])
is commutative as well. This proves the announced commutativity of the diagrams

with respect to the mappings A and A’.
The square

GiCp

Hompe,) (@, P,&"_, Rln] ©r R") "% Hompar) (@', P,®"_, R[n])

lXGZGp‘@Gsz_ 1x®Pgap—
TCSGZGP
HomR(ngp)(XGZGP Bas, ®"_, P, LA Hompgar) (X®p ®cr Q_, P,
XGSp ®G16p ®§7:1 R[’I’L] Qr R(g”)) X ®r Rar ®f:1 R[n])

again is commutative. In fact the complex X“®» is an induced complex. And
so, XGG» ®ae, — is the same as X®P ®@gpr —. This proves that applying the
various two-sided tilting complexes derived from X to the upper square of the
original diagram yields a parallel square which, together with the mappings of the
corresponding corners, forms a commutative cube.
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Next, the square

Homp(crs,)(Q @y RIn]®r RYY)  —  Hompar) (@, P, @', Rln])
leZGP ®G26p _ 1 X®p Ragr —
HomR(Gzep)(XGQGP ®ces, Q — Hompar) (X®P @ar pfl P,
X9 @, Q1 Rln] ®r R(sn)> X®P @ar ®F_, R[n])

is commutative, for the same trivial reasons.
The only part which remains to be proven is that the square

()

eI
n TESGXC
Homp(crs,)(Q @7 Rln ®r RY™) = Hompaxe,)(Q, @7, Rin)
L XG% @¢c, — (X ®r RCp) ®axc, — 1
RIS
= TéSgxcC
Hompae,) (X9 @as, Q, — " Hompaxc,) (X ®r RCy) ®axc, Q,
X9 @6, @y Rln @ RE) (X ®r RCp) ®cxc, ®'—; Rln))

is commutative.

In order to prove this fact we replace R by a fixed projective resolution. Let P
be a projective resolution of R as an RG-module and let Q be a minimal projective
resolution of R as an R&,-module. Since RS, has cyclic defect group, each homo-
geneous component of Q is indecomposable. A projective resolution P“®» of R as
an R(G16,)-module is then @!_, P ®x Q, and a projective resolution of R™ as

an R(G1S,)-module is @”_, P®g (Q ®r R§”>>. Note that Q, := Q@r R™. We

shall replace R by this resolution P®» and Ré”’ by the resolution P¢®» @ 5 Rﬁ”’.
Now,

P P
XGZG;, ®GZ(‘5P PGZGp ~ XGZGp ®G26p <®P ®R Q) ~ <®(X ®G P)) ®R Q
i=1

i=1

and so, using Kiinneth formulas,

Homx(rars,) (Xczep B, PGS, xGiS, e, (Pczep ®n Rgn)) [n])

Homy (rars,) <<® (X @ P) ) ®r Q, <®(X Ra P)) QR Qs[n]>

1R

~ @ HomK RGP) << X Ka P)) <®(X dc P)) [Z]>
i+j=n i=1

®RH0mK(R6p) (Qv Qs[]])

R

@ ® Homg ra) (X ®c P, X ®¢ P[if])
itj=n \YP_ ij=i

®@rHomg res,)(Q, Qs[j])
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Similarly,

HomK(RGZGP)(PGZGI)v P&y gp R™ [n])

~ @ Hompg (rar <(§ P, (ép>

i+j=n

& @ ® Hompg ra) (P,Plit]) | ®r Homg (rs,)(Q, Qsljl),

i+j=n Zle iy=1

with the same isomorphisms.

Now, we shall have to study how the restriction resngé’p is interpreted in this

context. Actually,

reSgZXGCI’;(HomK(RGZGP) (PGZGP ,PCSr @ p R [n]))

¢ :
~ TGSG;GC &b Q) Homi(re) (P, Plil]) | ®r Homg (re,)(Q, Qul4])
itj=n \YP_ =i

~ @ HomK(Rg) (P,P[i]) (295 HomK(RCp) (Q7 Q[j]))v

i+j=n

since Hom% (P,P) ~ R.
Similarly,

ae,
7“65(;;(; (HomK(RGzﬁp) (XGZGP Das, PO, X @gs, PHCr @5 R W))

~ resgzxec @ ® Homgra)(X ®c P, X ®¢ Pli])
itg=n \X{_, i=i

QR HomK(RGP)(Qa Qs[j])

o~ @ Homgra) (X ®c P, X ®¢ Pli]) @r Homg (re,) (Q, Qlj])
i+j=n
by the same isomorphisms. This proves that the square (*) is commutative.

It is now direct to see that the action of X on the Ext-algebra commutes with
mod p Steenrod operations. In fact, the left square of the diagram

nOTmGXCP . .
H™(G,Fp) - HP™ (G x Cp,Fp) =~ @2, H(G,Fp) ®p, H"P~(Cp,Fp)
X®-1| (X ®id) ®axc, — | PP (X Rid) @ — |
normS*Cp
H™(G,Fp) - HP™(G x Cp,Fp) =~ @2 H (G, Fp) ®r, HP~H(Cp,Fp)
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is commutative, as is shown above. The right square is clearly commutative for
p = 2, since the cohomology of a cyclic group of order 2 s Fy in each degree. For
odd p the right square is commutative up to a scalar, which is easily seen to be the
identity.

The proof of the theorem is finished. O

4. CONSEQUENCES

Let G be a finite group. As in [12] we denote by HSpleng,(G) the subgroup of
homotopy equivalence classes of splendid tilting complexes in T'r Picp, (F,G) which
in addition map the trivial F,G-module to an (in the derived category of F,G-
modules) isomorphic copy.

By Theorem [l the action of the mod p Steenrod algebra A, and the action of
HDy, (G) on H*(G,F),) commute. Hence the cohomology ring H*(G,F,) is an
Ap-H Dp,(G)-bimodule.

Let 4L, be the category of unstable modules over the mod p Steenrod algebra (cf.
e.g., Schwartz [10]). Then, for any group G we get a functor D,(G) defined by

H* (G, Fp) ®]Fp HDg, @) - : Fp HD]FP (G)-mod — ilp
By the usual adjointness formula
Homg, b, () (=, Homy, (H*(G,Fp), 7))

~ Homy, (H*(G,Fp) ®F, HDs,(G) ~> ?) )
as bifunctors F, H Dy, (G)-mod x i, — Ens the functor D,(G) has a right adjoint
Ep(G) == Homy,(H*(G,Fp), —).
Of course there is a dual version of the above defined by £°™(G):
—®u, H(G,Fp) : 4, — mod-(F, HDg,(G))
which has a right adjoint Dfom(G) = Homp, up:, () (H*(G,Fp), —).
We get a system of functors

Dy(G)

-mod —

A F, HD,(G) Uy,
?pp(a) o Ei ggiﬁgmi — iﬁ
EX(G) F, HD,(G)-mod «— ,,
where (D,(G), E,(G)) and (D™ (G),E8(G)) are adjoint pairs and where we ab-

breviate HD,(G) for HDg,(G).

First, not very astonishing, we are able to find the image of the free unstable
modules F'(n) by £2(G). Recall that F(n) are determined as representing object
to the functor M +— M™ for any n € N:

Homyg, (F(n),—) ~ ()" .
Lemma 4.1. £2(G)(F(n)) ~ H*(G)" as F, HD,(G)-modules.
Proof. We apply Yoneda’s lemma to the equation
Homg, pp, @) (F(n) @, H*(G),—) Homy, (F(n), Homgp,a)(H*(G), —))
Homg, yp,c)(H*(G), )"
Homg, yp, ) (H"(G)",-)
to get the result. O

12

12

12
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We shall study the compatibility with Lannes’ T-functor (cf. e.g., [10]). For this,
we observe that by functoriality, if N is an A,-H D (G)-bimodule, so is Ty (N).

Proposition 4.2. Let V' be an elementary abelian p-group and M an HDr,(G)-
module. Then,

(Ty o (Dp(G))) = Tv(H*(G)) @8, HD:, (G) —
Proof. We use the different adjointness formulas:
Homy, (Tv(D,(G)M), —) Homy, (D,,(G)(M), H*(V) ®F, —)
~ Hompyp, ) (M,Homy,(H*(G), H* (V) ®F, —))
~ Hompyp, () (M, Homup(TV(H*(G),—))
~ Homy, (Tv(H*(G)) @up, ) M, —)
The rest follows by Yoneda’s lemma. O

R

We shall elaborate more on Proposition As stated in Henn, Lannes and
Schwartz [4) Theorem 5.2] (see [B] for a proof), Lannes found that

Tv(H"(G,Fp)) ~ II H*(Ca(p(V)), Fp).
pEHom(V,G)/conjugation
Let us recall how the mapping is constructed. For any fixed p € Hom(V,G) one
gets
V x Cglim p) % Cglim p) — G,
(v,e) —  p(v)e.

Taking cohomology, this induces a mapping

'I’CSG im
H*(G,F,) "7 H*(Calim p),F,) — H*(V,Fp) @r, H*(Ca(im p),Fp).
Now, Ty is left adjoint to H*(V,F,) ®r, —, and therefore, this mapping induces a
mapping

ad(u;oresg)

Ty(H*(G,Fp))  — = H*(Cg(imp)) .

Taking the product of these mappings gives the required isomorphism.
In [T2] we obtained that the Brauer construction with respect to the diagonal of
a p-subgroup of G in G X G yields a group homomorphism

SplenPicg,(G) — SplenPicr,(Ca(Q)) -

In [12] we were not able to prove that under this homomorphism the property of
fixing the trivial module is preserved. Nevertheless, we conjecture that this is true.

Conjecture 4.3. The mapping SplenPicy,(G) — SplenPicr,(Ca(Q)) induces a
mapping HSpleng,(G) — HSpleng,(Cc(Q)).

Supposing Conjecture .3 is true, we shall show that the decomposition
Ty (H*(G,Fy)) = [[ H*(Caim p),Fy)
P

is compatible under the action of HSpleny,(G) from the right.
Actually, the mapping

HSpleny,(G) — HSpleng,(Ca(Q))
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then gives an I, HSpleny,(G)-module structure on H*(Cg(im p),Fp) for any
p € Hom(V,G).

Proposition 4.4. Suppose that Conjecture [[.3is true. Then, the mappings above
induce a decomposition

Ty (H*(G,Fy)) = [ [ H"(Cc(im p), Fy)
P
as A,-F, HSpleny,(G)-bimodules.

Proof. Let X be a two-sided tilting complex in HSpleng,(G). In [12] it is proved
that the diagram

reng (im p) .
H*(G,F,) —<""2 [*(Ca(im p),F,)

X®G*J{ lX(A(im P)®C (im p)—

G
H*(G.F,) —<""2 F*(Ca(im p),Fy)
is commutative.

Now, V is abelian. So, im p C Cg(im p) for any p € Hom(V,G). Let Q be a
free resolution of the trivial F,V-module and let P be a projective resolution of the
trivial F,Cq(im p)-module. Then, Q ®r, P is a projective resolution of the trivial
F,(V xCg(im p))-module. In order to describe the mapping H*(C¢(im p),F,) —
H*(V,F,) ®r, H*(Cg(im p),F,) we have to determine a mapping 7 which makes
the diagram of F,(V x Cg(im p))-modules

WP —— F,

d |

Q®s, P —— T,

commutative. Since Q is a free resolution, and since im p C Cg(im p), the res-
olution P is a Cg(im p)-module, and the mapping 7 can simply be chosen to be
multiplication via p. It is obvious that this makes the diagram commutative.

Denote for the moment X’ := X (A(Cg(im p))). Then, choosing these particular
resolutions and mappings, it is easily seen that

H*(Calim ), F,) —— H*(Calim p), Fy) 0, H* (Calim p), F,)
X/®G—J( l(]FPV@)Fle)@VXCG(im o)~

H*(Cg(im p),Fp) —— H*(Ca(im p),Fyp) @r, H*(Caim p),Fp)

is commutative.
Now, it is sufficient to consider the adjoint mappings to the above. These yield
commutative diagrams

Tv(H*(G,Fp)) —— H*(Cg(im p),Fy)
X®G_l lxmum P8 im m—

Ty (H*(G,Fp)) —— H*(Ca(im p),Fp)
by the functoriality of the adjointness formulas. This finishes the proof. O
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Remark 4.5. If Conjecture is not true, Proposition 4] remains true for the
action of

| (~(A(Cg(im p)))) " (HSplens, (Cq(im p)))

pEHom(V,G)
on Ty (H*(G,F))).

Remark 4.6. Observe that we really needed to have splendid equivalences in the
proof of Proposition 4. Moreover, Lemma does not use any hypothesis on
the nature of the equivalences. Since the decomposition of Ty (H*(G,F,)) as an
unstable module holds in general, one would like to have an interpretation of this
decomposition as a module over the bigger group of self-equivalences. This seems
to include a generalization of [12].
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