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ON THE CROSSING NUMBER
OF POSITIVE KNOTS AND BRAIDS

AND BRAID INDEX CRITERIA
OF JONES AND MORTON-WILLIAMS-FRANKS

A. STOIMENOW

Abstract. We give examples of knots with some unusual properties of the
crossing number of positive diagrams or strand number of positive braid rep-
resentations. In particular, we show that positive braid knots may not have
positive minimal (strand number) braid representations, giving a counterpart
to results of Franks-Williams and Murasugi. Other examples answer questions
of Cromwell on homogeneous and (partially) of Adams on almost alternating
knots.

We give a counterexample to, and a corrected version of, a theorem of
Jones on the Alexander polynomial of 4-braid knots. We also give an example

of a knot on which all previously applied braid index criteria fail to estimate
sharply (from below) the braid index. A relation between (generalizations of)
such examples and a conjecture of Jones that a minimal braid representation
has unique writhe is discussed.

Finally, we give a counterexample to Morton’s conjecture relating the genus
and degree of the skein polynomial.

1. Introduction

The braid index b(L) of a knot or link L is defined to be the minimal number
of strands of a braid whose closure is the link. (That such a braid always exists
was first shown by Alexander [3].) To determine the braid index of L, one seeks
general lower and upper estimates on b(L). Upper estimates can be obtained in the
obvious way by writing down braid representations of L (although finding a braid
representation realizing b(L) may sometimes be difficult); so the harder problem
is to estimate b(L) from below. Very little was known in general on this problem
(except some early results of Murasugi [45] for 3-braids, which required much ef-
fort), until Jones discovered his polynomial invariant in 1984 [27]. His construction
made heavy use of braid representations, and thus he obtained several conditions
for knots, in particular of low braid index. Shortly after that the HOMFLY (skein)
polynomial [24, 32] was discovered, which gave rise to what is now the most com-
monly used braid index estimate1 for b(L), the MFW inequality [34, 21]. This
inequality determined the braid index of all knots in [48], except five. They were
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dealt with by the 3-braid formula of Murakami [42, corollary 10.5], or by applying
the MFW inequality on their 2-cable [41].

One of the central points of this paper is the study of these braid index inequal-
ities with particular regard to positive braids.

We discuss a conjecture of Jones in [28], that a minimal braid representation
has unique writhe, and relate this conjecture to the MFW inequality and its cabled
versions [41]. A consequence of this relation is that on a counterexample to Jones’s
conjecture any cable version of the MFW inequality will fail to estimate the braid
index sharply. Therefore, at the present state of the art it is very unlikely to find
(that is, to prove some link to be) a counterexample to Jones’s conjecture, except
possibly if it is a 4-braid.2 On the quest for such an example we found knots for
which both the MFW inequality and its 2-cable version (and hence any previously
applied method) fail to estimate the braid index sharply. We will show one of these
knots.

Also, we consider one of Jones’s original criteria in [27]. We provide a counterex-
ample to it, showing that it needs correction, and we give the corrected version.

Then we turn to Jones’s unity root criteria for the Jones polynomial. We give an
example showing that these criteria sometimes can estimate the braid index better
than the MFW inequality, and thus deserve (although apparently neglected after
MFW) to be considered in their own right.

Another aim of the paper, which we will begin with, is to show some examples
of positive knots with unusual behaviour of classical invariants as braid index and
crossing number in positive braid representations and diagrams.

Positive knots are defined to be knots with diagrams of all crossings positive (see,
e.g., [17]). This class of knots contains as a subclass the braid positive knots, i.e.,
those which are closures of positive braids.3 Such knots were studied in knot theory,
inter alia because of their relevance to the theory of singularities [23] and dynamical
systems [9]. Thus they have received much attention in previous publications [11,
15, 49].

Positive and braid positive knots have been studied in many papers jointly with
alternating (braid) knots as a subclass of the homogeneous knots and braids [14,
52]. It is now known (see, e.g., [43, 44]) that reduced alternating diagrams are of
minimal crossing number and that reduced alternating braid representations are
of minimal strand number. Simple examples show that neither of these is true
for positive/homogeneous diagrams/braid representations, so that the reasonable
question is whether there always exists at least some such minimal diagram/braid
representation. A partial positive answer in the case of positive braids was given
in [21] for positive braids containing a full twist. In [43] it was remarked that
a positive/homogeneous braid representation of minimal strand number also has
minimal crossing number. (Thus the positive answer for braid representations for a
given link implies a positive answer for diagrams for this link.) Here we show that
the answers to both questions are in general negative.

Theorem 1. There exist knots with positive/homogeneous diagrams but with no
positive/homogeneous diagrams of minimal crossing number, or with positive/

2It has been claimed by Birman [7] that the truth of this conjecture for 4-braids follows from
Jones’s work [28], but this claim is possibly incorrect; see §4.3.

3Some authors very confusingly call ‘positive knots’ what we will call here ‘braid positive
knots’.
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homogeneous braid representations, but with no positive/homogeneous braid rep-
resentations of minimal strand number.

Beside these examples, we will prove some relations between the crossing number
and genus of braid positive knots. These inequalities will enable us to show that
certain knots, like Perko’s knot 10161, have no positive braid representations, or
that the reduced positive braid representation of some others, like the closed 4-
braid (σ1σ3σ

2
2)3σ2, is unique.

In the final section, we will give examples settling two conjectures on possible
inequalities between the genus and the degrees of the skein polynomial, one of which
is a 15-year-old problem of Morton [37].

Most of the examples presented below were found by examining the tables of the
program KnotScape of Hoste and Thistlethwaite [26]. Beside providing access to
these tables, the program makes it possible to calculate their polynomial invariants
and to identify a knot in the table from a given diagram. These features were used
to a large extent in the calculations described below.

1.1. Definitions and notation. The n-strand braid group Bn is generated by the
elementary (Artin) braids σi for 1 ≤ i ≤ n−1 with relations σiσi+1σi = σi+1σiσi+1,
called henceforth the Yang-Baxter (YB) relation, and [σi, σj ] = 1 for |i − j| > 1
(the brackets denoting the commutator), called the commutativity relation.

By α̂ we denote the link which is the braid closure of α. Markov’s theorem (see,
e.g., [36]) says that when α̂ = α̂′ then α and α′ can be transformed into each other
by a sequence of conjugacies in the Bn’s and moves of the type α↔ ασ±1

n ∈ Bn+1

for α ∈ Bn. We call the ‘→’ part of this move (which augments the strand number
by 1) stabilization, and its inverse destabilization.

By [β] we denote the exponent sum of a braid β, that is, the image of β under
the homomorphism Bn → Z given by [σi] := 1 for any i. A braid word β is
called positive if its length equals [β], and a braid β is positive if it has a positive
word representation. (As is already apparent, we will often abuse the distinction
between braids and braid words, as this will cause no confusion.) By [β]i we denote
the exponent sum of the generator σi in the braid word β, which is clearly not
invariant under the YB relation. That is, [ . ]i is a homomorphism of the free group
in the σj given by [σj ]i := δij (where δ is the Kronecker delta).

By PK or P (K) we denote the skein polynomial of K [24], and by v its non-
Alexander variable. The span of P in v means the difference between its maximal
and minimal degree in this variable. These degrees are denoted by max degv PK
and min degv PK , respectively. The other (Alexander) variable of P is denoted by
z. By max cfz P we mean the maximal coefficient of z in P (which is a polynomial
in v), i.e. the coefficient of the maximal degree of z in P .

The braid index b(K) of a knot K is defined by

b(K) = min{n | ∃β ∈ Bn : β̂ = K } .
A lower bound for the braid index is given by the inequality of Franks–Williams
[21] and Morton [34]:

b(K) ≥ v-span PK/2 + 1 .

The Morton–Williams–Franks inequality will be subsequently abbreviated as ‘MFW
inequality’ or simply as ‘MFW’, and its right-hand side will be called the ‘MFW
bound’ for K.
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Whenever we talk of a diagram being minimal, we always mean minimality with
respect to the crossing number of the knot it represents. Similarly, minimality of
a braid representation is meant with respect to the braid index of its closure (i.e.,
that the strand number of the braid realizes this braid index).

‘W.l.o.g.’ will abbreviate ‘without loss of generality’ and ‘r.h.s’ (resp. ‘l.h.s’)
‘right-hand side’ (resp. ‘left-hand side’).

A final remark on knot tables and notation is in order. It is understood that
alternative work on knot tabulation to that of Hoste, Thistlethwaite and Weeks is
being done by Aneziris [4]. Unfortunately, it seems like every new knot tabulator
chooses and insists on his own numbering convention for knots, which will (and, in
fact, already did4) lead to confusion in using the different knot tables. It appears
most correct to stick to the convention of the first tabulator for each crossing
number. We use here the convention of Rolfsen’s tables [48] for ≤ 10 crossing knots
and that of [26] for ≥ 11 crossing knots, which coincides with those of the first
tabulators for any crossing number except 11, where the initial (complete) tables
were compiled by Conway [13]. We apologize for not using his numbering. An
excuse is that all calculations have been performed by KnotScape, which does not
yet provide a translator between its notation and that of Conway. For uniformity
reasons, we will continue using this convention in subsequent papers, too.

2. Some interesting diagrams of 11550

2.1. A positive knot with no positive minimal diagram. An intuitive ques-
tion on positive knots (whose affirmation in the alternating case was one of the big
achievements of the Jones polynomial) is whether any positive knot has a positive
minimal (crossing number) diagram (see [53]). This was known to be true in the
case when the positive knot is alternating [47] or of genus at most two [54]. The
following, surprisingly simple, (non-alternating genus three) example shows that
this need not be true in general.

Figure 1. Two diagrams of the knot 11550. On the left is its
(only) minimal diagram (which is not positive), and on the right
is a positive 12 crossing diagram.

Example 1. The knot 11550 has only one 11 crossing diagram, shown on the left
of figure 1. The diagram is only almost positive (i.e., it has one negative crossing).
However, 11550 has a positive 12 crossing diagram, shown on the right. Thus it is

4I know of at least two cases where the Hoste–Thistlethwaite numbering of the Rolfsen knots
was the origin of embarrassing confusions in published material.
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positive, but has no positive minimal diagram. As by [14, theorem 4 and corollary
4.1] any homogeneous diagram of a positive knot must be positive, this example
simultaneously provides a negative answer to question 2 in [14, §5]. (This also
implies a positive answer to question 1 therein, but this answer was previously
known to follow from the almost positive diagram of the Perko knot – the mirror
image of the diagram of 10161 in Rolfsen’s tables [48].)

Another problem for positive knots is how far the crossing number of a positive
diagram can differ from the crossing number of the knot. The presently known
result is obtained in [53] using the Gauß sum theory of Polyak-Viro-Fiedler.

Theorem 2 ([53]). If D is a positive reduced diagram (i.e. with no nugatory cross-
ings) of a positive knot K with c(D) crossings, then the crossing number c(K) of
K satisfies c(K) ≥

√
2c(D).

The bound is clearly not very sharp, and a much better estimate appears to be
true.

Conjecture 1. With the notation of theorem 2, c(K) ≥ c(D)− 2g(K) + 1, where
g(K) is the genus of K.

Here is some motivation for this conjecture.

• The conjecture is known to be true for K fibered [14, corollary 5.1], of genus
at most 2 [54], and for c(D) ≤ 16 by experiment (note that only the cases
where g(K) = 3 need to be checked).
• The inequality is sharp for all positive rational knots (i.e., is the best possi-

ble) [55], and also for some other knots, e.g. 916 (see figure 2). It is worth
remarking that all knots I found so far, for which the inequality was sharp,
are alternating and arborescent (this was, in particular, always the case for
g(K) = 3 and c(D) ≤ 16).

Figure 2. A positive 14 crossing diagram of the knot 916.

A further question we can pose is

Question 1. Does a braid positive knot always have a (braid) positive minimal
diagram?

We will later answer this question positively for ≤ 16 crossing knots, but also
provide evidence against it by answering negatively a question about closely related
properties of braid positive knots.
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2.2. An example on almost alternating diagrams. While discussing diagrams
of the knot 11550, it is worth making an aside from our positivity considerations to
almost alternating diagrams.

Such diagrams were considered in [2] to be diagrams obtainable from alternating
diagrams by one crossing change, and almost alternating knots are knots having
such diagrams, but which are not alternating. A surprising variety of knots turns
out to be almost alternating, in particular very many low crossing number knots.
Using Conway’s description of ≤ 11 crossing prime knots [13] and a simple way to
manipulate their Conway notation, all such non-alternating knots were found to
be almost alternating with 3 exceptions. They are shown in figure 5.54 of [1], and
(from left to right and in our notation) are 11550, 11485 and 11462.

A computer check showed that in fact our knot 11550 is almost alternating. Two
almost alternating diagrams of it are shown in figure 3. Such diagrams show that
in general it will be hard to decide on almost alternation of a given knot. No strong
obstructions are known, nor is any effective method for seeking almost alternating
diagrams available. (It is not hard to see, e.g., that many almost alternating knots
have infinitely many almost alternating diagrams, so that an upper control on their
crossing number is not possible.)

The other two knots are indeed problematic. We cannot prove them not to be
almost alternating, but no almost alternating diagram was found after checking all
diagrams of ≤ 16 crossings and some diagrams of 17 crossings.

Figure 3. Two almost alternating diagrams of the knot 11550.

3. The crossing number and genus of positive braids

3.1. Irreducible positive braids. In [14, corollary 5.1] it was shown that the
inequality g ≥ c/4 holds for any positive c crossing diagram of a fibered positive
knot of genus g. This inequality in particular applies to braid positive diagrams.
We will improve the inequality by showing that for braid positive knots K we have
g(K) ≥ c(K)/4 + 2 with finitely many exceptions. This is based on a continuation
of the investigation on the crossing number of irreducible positive braids which was
initiated in [53].

Definition 1. For n ≥ 2 define the number dn to be the minimal number of
crossings of a positive n-strand braid (n-braid, for short) β such that there is no
positive braid β′ of smaller crossing number, or (because of the genus) equivalently,
strand number, with β̂ = β̂′, and β̂ a prime knot. We call such a braid β irreducible.
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Remark 1. In the definition no requirement is made on (the crossing number [β]
of) β to realize c(β̂). Anything that follows would remain true with this modified
definition, but definition 1 appears more natural because the answer to question 1
is unclear.

Proposition 1. The values of dn for small n are as follows:

n 2 3 4 5 6

dn 3 8 11 16 19
(1)

We will later describe how they were obtained.
Here we show the following theorem.

Theorem 3.

1) For n ≥ 7 we have dn ≥ 2n+ 6.

2) dn ≤ 9
2n−


3 n ≡ 0 (4)
9
2 n ≡ 1 (4)
6 n ≡ 2 (4)
3
2 n ≡ 3 (4)

= 9
2n−

3
2

(
(n+ 1) mod 4 + 1

)
.

Proof. 1) Take a braid β realizing dn for n fixed. For irreducibility reasons we
must have [β]i ≥ 2 for any 1 ≤ i ≤ n− 1. Our aim is to show that

3∑
i=1

[β]n−i ≥ 10 and similarly
3∑
i=1

[β]i ≥ 10 .(2)

Then [β] ≥ 2n+ 6 for 3 < n− 3, i.e. n ≥ 7.
When writing β =

∏
j σij , we can assume modulo YB relations that the

index sum
∑

j ij is minimal. Using this word representation for β, consider
the subword of β made up of σn−2 and σn−1, keeping separate parts separated
by subwords of β made up of σn−i, i > 2. Thus we can write β as(

σ
a1,1
n−2α1,1σ

a1,2
n−2α1,2 . . . σ

a1,n1
n−2 α1,n1σ

b1
n−1

)
. . .
(
σ
ak,1
n−2αk,1σ

ak,2
n−2αk,2 . . . σ

ak,nk
n−2 αk,nkσ

bk
n−1

)
,

with the αl,j standing for subwords containing only σn−i, i > 2.
We can use commutativity relations to ensure that each one of the subwords

αl,j contains at least one σn−3, and that all ni > 0.
We have that k ≥ 2, else β decomposes. If nl = 1 and al,1 = 1 for

some l, we can apply (after some commutativity relations) a YB relation
σn−1σn−2σn−1 → σn−2σn−1σn−2 to reduce the index sum of the word, a
contradiction to our assumption. Thus, assume that

∑nl
i=1 al,i ≥ 2 for all

1 ≤ l ≤ k. Therefore,

[β]n−2 =
k∑
l=1

nl∑
i=1

al,i ≥ 4 .

Case 1. Assume that [β]n−2 = 4 and [β]n−1 = 2. According to the distribu-
tion of σn−2 we have 3 possibilities.

Case 1.1. k = 2, n1 = n2 = 2 and a1,1 = a1,2 = a2,1 = a2,2 = 1.

Case 1.2. k = 2, n1 = 2, n2 = 1, a1,1 = a1,2 = 1, and a2,1 = 2.
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Case 1.3. k = 2, n1 = n2 = 1 and a1,1 = a2,1 = 2.

Case 1.3 is excluded, because the closure is not connected (i.e., not a knot).
In cases 1.1 and 1.2 the following argument applies.

Since all αi,j contain the letter σn−3, we have

[β]n−3 ≥
k∑
i=1

ni .

Thus in case 1.1 we have [β]n−3 ≥ 4. If in case 1.2 [β]n−3 = 3, then for
one of i = 1, 2, αi,1 contains the letter σn−3 exactly once. Then (after some
commutativity relations) the subword σai,1n−2αi,1σ

ai,2
n−2 can be made to admit a

YB relation σn−2σn−3σn−2 → σn−3σn−2σn−3, a contradiction to our assump-
tion. Thus [β]n−3 ≥ 4, and (2) holds. (The second inequality therein follows
analogously to the first one.)

Case 2. Otherwise, [β]n−1 +[β]n−2 ≥ 7, so
∑3

i=1[β]n−i ≥ 9. Again one needs
to check that the case

∑3
i=1[β]n−i = 9 cannot occur. For this one applies the

same type of argument, but the case list becomes too large to be effectively
handled manually, so it is safer to check the cases by computer (see §3.3 for
more details on this calculation).

2) We write down explicit positive braids with the given number of crossings. To
show that they are irreducible, we use the value

∣∣V (eπi/3) ∣∣ (where V is the
invariant introduced in [27]) on their closure and apply proposition 14.6 of [28].
It is easy to see that this value is preserved by a 3-move, which in the context
of braid words means cancelling subwords of the type σ3

i . As all the braids
we will write down become trivial after a sequence of such cancellations, their
closure satisfies

∣∣V (eπi/3) ∣∣ =
√

3
n−1

, and thus the braids are irreducible (a
more special type of this argument was given in corollary 15.5 of [28]). To
show primeness, we use the result of [15].

Case 1. n ≡ 0 (4). Consider(
σ3

1σ2 . . . σ
3
n−3σn−2σ

3
n−1

)2
σ2σ4σ6 . . . σn−2 .

Case 2. n ≡ 1 (4). Consider

β =
(
σ3

1σ2 . . . σ
3
n−2σn−1

)2
σ2σ4σ6 . . . σn−1 .

Case 3. n ≡ 2 (4). Consider(
σ1σ

3
2 . . . σ

3
n−2σn−1

)2
σ1σ3σ5 . . . σn−1 .

Case 4. n ≡ 3 (4). Consider(
σ1σ

3
2 . . . σ

3
n−3σn−2σ

3
n−1

)2
σ4

1σ3σ5 . . . σn−2 .

It is easy to check that in all cases the closures are knots, and that the
crossing numbers are as stated above.

The following straightforward consequence shows how far the inequality g ≥ c/4
for braid positive knots can be improved.
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Corollary 1. For almost all (i.e., all but finitely many) braid positive knots, g ≥
c/4 + 2. Moreover, for any constant C with g ≥ C · c for almost all braid positive
knots we have C ≤ 7

18 .

Remark 2. Although we have not yet proved the values for dn in (1), the proof of
1) already shows that dn ≥ 2n+ 2 for n = 5, 6.

Example 2. Theorem 3 can be used to show that some fibered positive knots, like
Perko’s, are not braid positive. K = 10161 has genus 3 and braid index 3. If K = β̂
with β ∈ Bn positive and w.l.o.g. irreducible, then [β] ≥ max(c(K), dn), and

g(K) =
[β]− n+ 1

2
≥ max(c(K), dn)− n+ 1

2
.

However, by remark 2, the r.h.s. is at least 4 for any n ≥ 3, a contradiction. We
will later see that this simple reasoning (given the numbers dn computed for enough
small n) does not always work.

Proof of proposition 1. First one generates all braid positive≤ 16 crossing diagrams
from the tables of [26] and identifies braid positive knots from them. This led to
the values of dn for n ≤ 5. For n = 6 one needed to exclude 17 crossing braids.
This was done by generating a superset of all irreducible 17 crossing braids (see
§3.3 for more details how this was done) and identifying their closures. All knots
had ≤ 16 crossings. That there is a 19 crossing irreducible 6-braid will be shown
by example later (see example 3).

Remark 3. It would be interesting to see how the sequence of dn continues. Sloane
[51] reports on two sequences starting as in (1). One is related to [12] and the other
one is made up of numbers ≡ 0, 3 (8). It would be surprising if the answer were
that simple, though.

3.2. Examples.

3.2.1. Minimal crossing number positive braid diagrams. Although it is desirable
to push on for further results of the above type, there are many difficulties in
controlling positive braid representations. We illustrate this by a series of examples.

Example 3. The inequality in 1) of theorem 3 cannot be improved by trivial
means. As noted in [53], the braids {βn |n odd} with

βn =
(
(σ1σ3 . . . σn−4σ

3
n−2) (σ3

2σ4 . . . σn−3σn−1)
)2

admit no YB relation. A computer check shows that β5 is indeed irreducible (one
of the examples showing d5 = 16), while β7 reduces to the 19 crossing 6-braid

β′7 = σ1σ
3
2σ

2
4σ3σ5σ

3
4σ1σ3σ5σ

3
2σ3σ4 ,

thus showing d6 = 19, and that β9 also reduces to a 6-braid, this time of 21 crossings.
Calculating the Fiedler polynomial ∆ [20] (see also [35], but not [3]) of any of

the stabilizations β′′7 of β′7 or cyclic permutations or flips (σi ↔ σn−i) thereof,
we had (writing just the honest polynomial part and using the notation of [32])
∆(β′′7 ) = [0] 2 0 3 0 5, while ∆(β7) = [0] 2 0 2 0 6, so β7 and β′′7 are not conjugate.
It is not clear whether β7 is not conjugate to a stabilization of another positive
conjugate of β′7. (There is an algorithm to list all such positive conjugates [39], but it
is too complex, especially as I have no computer version of it.) Anyway, this example
provides some evidence against an easy version of Markov’s theorem for positive
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braids. In any case one cannot obtain every minimal positive braid representation
from a given one just by YB moves, cyclic permutations and destabilization.

The following example shows that the argument in example 2 very often fails.

Example 4. The two mutant knots in figure 4, 15203432 and 15203777, are positive
fibred of genus 6, like many other 15 crossing knots, which are braid positive. The
diagrams on the figure are the only 15 crossing diagrams of these knots, and they
are not braid diagrams. In fact it turns out that both knots are not braid positive.
To show this, it suffices to show that they have no positive braid representations
of 17 crossings and 6 strands, and of 16 crossings and 5 strands. Indeed the knots
did not occur in such representations (see §3.3). This shows that just comparing
genus and crossing number as in example 2 will in general not suffice to exclude
braid positivity. Many more (several hundred) such examples (again of genus 6)
occurred at crossing number 16.

We will come back to this example a little later when we consider mutation.

Figure 4. Two knots which are fibered and positive, and have
the same genus and crossing number as other braid positive knots,
but are not braid positive.

Theorem 4. Any braid positive knot of ≤ 16 crossings has a braid positive minimal
diagram.

Proof. We proceed as follows.
First we consider crossing number ≤ 15.
1) We identified all knots with braid positive diagrams of ≤ 15 crossings, and

found that all they have a braid positive minimal diagram.
2) Now we need to consider the cases where the braid positive knot has ≤ 15

crossings, but all its braid positive diagrams have > 15 crossings. We have
from [14, 46] that for a braid positive knot K, max degz PK = min degv PK(=
2g(K)) and max cfv PK = zmin degv PK . Thus we select all knots whose P poly-
nomial has this property. IfK is braid positive and g(K)(= max degz PK/2) ≤
5, then from theorem 3 and (1) we have a positive braid representation of ≤ 13
crossings, and we checked that such knots have minimal braid positive dia-
grams.
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3) If g > 5, then the knot was among those identified in 1), except the knots in
example 4.

Now consider crossing number 16.
Again we select the 16 crossing non-alternating knots satisfying the above con-

dition on P with g ≥ 6 (g ≤ 5 is dealt with as above). If such knots are braid
positive, then they must have braid positive diagrams of ≤ 17 crossings (see exam-
ple 4). There were 393 knots of 16 crossings with the P condition for g ≥ 6 which
did not have braid positive 16 crossing diagrams. All of them had g = 6 (i.e., no
one had g = 7), and none of the 17 crossing braid positive diagrams (of genus 6)
identified to any of these knots. Thus they are all not braid positive. The same
exclusion applied for the two knots in example 4.

A final remark on minimal crossing number diagrams is that it is not true that
any minimal diagram of a braid positive knot is braid positive.

Example 5. The knot 11444 is braid positive, but not all its minimal diagrams are
braid positive diagrams. (This phenomenon does not occur for the braid positive
knots in Rolfsen’s tables.) See figure 5.

Figure 5. Two minimal diagrams of the knot 11444. On the left
is a diagram which is the diagram of a closed braid, and on the
right is another diagram which is not.

3.2.2. Minimal strand number positive braid representations. There is an observa-
tion of [43] relating the crossing number and braid index of braid positive knots.
Murasugi showed that a minimal positive (or homogeneous) braid representation
has minimal crossing number of its closure. He also showed that reduced alternat-
ing braid representations are minimal. This is trivially not true for positive braid
representations (e.g. (σ1σ2)2 for the trefoil), so a natural question is whether there
is at least one positive minimal braid representation. In [21], it was shown that if
β factors as ∆2α with α positive and ∆2 being the full twist braid (generating the
center of the braid group), then MFW is sharp for β, so that β is minimal (this
contains the case of torus knots considered in [43, proposition 7.5]).

However, the following examples show that both conclusions are in general prob-
lematic. The MFW inequality cannot always help to prove some positive braid
representation of a given knot to be minimal, nor need such a minimal positive
braid representation exist at all.
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Example 6. Among braid positive 15 crossing knots, which (except the (2, 15)-
torus knot) have genus 6 (and a positive 4-braid representation), there are two
knots with MFW bound 3, see figure 6. That both knots are not closures of 3-braids
can be shown using their Q polynomial [10, 25] and the formula of Murakami [42]
(see also [29, theorem 2]). The (only) possible value for the exponent sum of the
hypothetic 3-braid representing the knot can be found from the inequalities of [34]
and the degrees of P in the non-Alexander variable. Thus MFW need not be sharp
even on minimal positive braid representations. (Another such example will be
given later in §4.4.)

Figure 6. Two braid positive knots with unsharp MFW.

Example 7. Considering braid positive 16 crossing knots (they are of genus 6 or 7),
there are again two genus 6 knots (closures of positive 16 crossing 5-braids), 16472381

and 161223549, whose MFW bound 4 is unsharp on these braid representations (see
figure 7). This time it is not clear that both knots are not of braid index 4.
The evidence against this was strengthened by their 2-cable-P , calculated with
the program of Morton and Short (see [41]), whose v-span was 14 for both knots.
Finally, an extensive check indeed found 4-braid representations of these knots, for
example

σ−1
3 σ2σ

3
3σ

2
2σ

2
1σ

2
2σ1σ3σ

2
2σ

2
1 and σ−1

3 σ2σ
2
3σ

2
2σ

2
1σ

2
2σ1σ3σ

2
2σ

2
1σ2 .

Thus these two knots are braid positive, but have no positive minimal braid repre-
sentation. (By the same remark on Cromwell’s work as in example 1, these examples
serve equally well also for homogeneous braid representations.)

Thus the question of whether a braid positive braid index n knot has a positive
minimal braid representation has a negative answer for n = 4, and, taking connected
sums of these knots with trefoils, also for n > 4 (for this one needs to use e.g. the
result of [15]). The only unsettled case remains n = 3 (for n = 2 the answer is
positive by elementary arguments).

Question 2. If a knot K has braid index 3 and is the closure of a positive braid,
is it the closure of a positive 3-braid?

Unfortunately, we know from the work of Birman [6] and Murakami [42] that
considering 3-braid knots just via their polynomials P (and hence V and ∆ [3]) and
Q will not suffice to give a positive answer to this question.
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Figure 7. Two braid positive knots with no minimal positive
braid representation.

In a similar way, taking iterated connected sums of the knots in example 7 and
using the result of Cromwell [15], one obtains knots Kn for which the difference
between b(Kn) and the positive braid index bp(Kn), the minimal strand number
of a positive braid representation of Kn, becomes arbitrarily large. It would be
interesting to find prime examples.

Question 3. Is there a sequence of prime braid positive knots {Kn} for which
bp(Kn)− b(Kn)→∞?

3.2.3. Some examples on mutation. The next examples concern mutation. Muta-
tion was introduced by Conway [13], and consists in building links which turn out
very difficult to distinguish. Mutation replaces a tangle in a link diagram by its ver-
sion rotated by 180◦ around some axis (see [32]). The following example shows that
for braid positive knots, mutation may not be visible in positive braid diagrams.

Figure 8. Two braid positive mutants with no mutated positive
braid diagrams.

To fix a bit of terminology, call a braid word reduced if it has no isolated gener-
ator. (This is not to be confused with the previous notion of irreducible, which is
stronger.)
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Example 8. The knots 16473363 and 16559253 in figure 8 are iterated mutants. It
turns out that both knots have a unique 16 crossing diagram which is a diagram of
a closed positive braid (on 5 strands). The braids are

σ1σ
2
2σ

3
3σ

2
1σ4σ

3
2σ

3
3σ4 and σ1σ

3
2σ

3
3σ1σ4σ

3
2σ

3
3σ4 .(3)

We have already shown, in the proof of part 1 of theorem 3 (and its computational
part, to follow in §3.3.1), that positive braids β of genus 6 and n ≥ 7 strands can be
turned into braids with isolated generators by YB relations. If β is itself reduced,
then the YB relation giving an isolated generator is of the form σ1σ2σ1 → σ2σ1σ2

(or the same with i replaced by n − i, i = 1, 2). Thus after reducing the isolated
generator σ1 (or σn−1) we obtain a braid with an edge generator (σ1 or σn−1)
occurring in a square.

Moreover, it turns out that none of these knots occurs in a list of 17 crossing
6-strand diagrams, which cannot be reduced in the above way (they all represent
14 and 15 crossing knots; see §3.3.2).

Thus, starting from a reduced braid representation of these knots of ≥ 6 strands,
by iteratedly applying YB relations and removing isolated (edge) generators, one
must arrive at a 5-strand representation with an edge generator occurring in a
square.

However, the second braid in (3) does not have this form. Thus it is the only
reduced positive braid representation of 16559253.

Now the diagrams of the closures of the braids in (3) are easily seen not to be
transformable by mutations (e.g., switch them to become alternating and calculate
the Alexander polynomials – they differ). Also, since any other reduced positive
braid diagram of 16473363 must have > 16 crossings, it cannot be a mutated version
of the 16 crossing positive braid diagram of 16559253, and the two knots have no
mutated positive braid diagrams.

There is one further braid positive mutant in this group, 16488722, with 3 positive
braid diagrams of 16 crossings, which are also not mutated versions of the one of
16559253.

(Also the braid closures of the braids in (3) are not mutants in the complement
of their braid axis, as the skein polynomials of the 2-component links made up of
braid closure and axis differ.)

Thus the problem of deciding whether positive braids are mutants is not solvable
in the suggested way.

The next example shows that – perhaps even worse – the property of being braid
positive is not preserved under mutation.

Example 9. The knots 15203528 and 15203969 in figure 9 belong to the same group
of (iterated) mutants as 15203432 and 15203777 in figure 4, but their diagrams are
positive braid diagrams, so they have positive braid representations.

3.3. Computational details. For the interested reader, here we make some sup-
plementary remarks on how the above examples were obtained and checks were
performed.

3.3.1. Theorem 3. First we address the proof of part 1) of theorem 3. We wanted
to check that if β is a positive braid (word) which is irreducible, i.e. inter alia
modulo YB relations and cyclic permutations not transformable into a word with
an isolated generator (i.e. letter appearing only once), then the subword β1 of



ON POSITIVE KNOTS AND BRAIDS AND BRAID INDEX CRITERIA 3941

Figure 9. These two mutants form with the knots in figure 4 a
group of iterated mutants, but, unlike the previous two knots, are
braid positive.

‘1’, ‘2’ and ‘3’ in β has length at least 10. (We work with words of integers ‘i’
representing the corresponding generators σi, and in the sequel call these integers
letters, rather than numbers.) We already know that the number of occurrences of
‘1’ and ‘3’ is at least 2, and of ‘2’ is at least 4, and that the word β1 must have
length at least 9. We want to show that no word of length 9 is possible.

This is done in 3 steps.
1) All words of letters ‘1’, ‘2’ and ‘3’ of length 9 (representing candidates for β1)

are generated.
2) Irreducibility is tested. Irreducibility implies a number of conditions on the

word β1. To reduce the number of cases, we consider only words with maximal
digit (= generator index) sum, and among them only those which are lexico-
graphically minimal up to cyclic permutations. For such words the number
of occurrences of ‘1’, ‘2’ and ‘3’ is tested, and we also verify that the closure
is not composite.

3) Connectedness test. Many braids β can be discarded, as the non-connected-
ness of their closure can already be seen from their subwords β1. We apply
YB relations and cyclic permutations repeatedly to β1, and eliminate squares
(pairs of consecutive copies) of ‘1’ and ‘2’ (but not of ‘3’, as there might be
some letter ‘4’ in β between these two copies we have discarded building β1).
Whenever this procedure completely eliminates one of the letters ‘1’ or ‘2’,
the closure is not a knot, and the braid (word) can be discarded.

These 3 checks already discard all possible words of ‘1’, ‘2’ and ‘3’ of length 9.

3.3.2. Proposition 1 and theorem 4. For examining 17 crossing 6-braids, it suffices
again to consider irreducible braids. To generate them, we use a similar method.
We split the word (of letters ‘1’ to ‘5’) into its subwords β1 of letters ‘1’ to ‘3’ and
β2 of letters ‘3’ to ‘5’. The words β1 can be generated as above, and β2 in a similar
way with the following modifications/remarks.
• Replace 1 → 5 and 2 → 4. (This replacement means that, in composing β1

and β2 to β, we take β’s maximal word representation modulo cyclic permu-
tations, in which the letters ‘3’ are weighted higher than ‘2’ and ‘4’, and they
in turn are weighted higher than ‘1’ and ‘5’.)
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• The connectedness check can be applied to β1 and β2 in the same way as
before (here, to determine connectedness, cyclic permutations are allowed
also in β2).

We can (up to flipping 2↔ 4 and 1↔ 5) assume that β1 is not shorter than β2.
Then for a 17 crossing irreducible braid there are 3 possibilities, when keeping in
mind the minimal number of occurrences of the letters (at least 4 for ‘2’ and ‘4’, at
least 2 for ‘1’, ‘3’ and ‘5’) and that [βi] ≥ 10:

[β1] [β]3 [β2]

10 3 10
10 4 11
11 5 11

Given the words β1,2, there is a canonical way of putting them together to obtain
β: the (sub)words w1,i of ‘1’ and ‘2’ between 2 occurrences of ‘3’ in β1 need to be
composed with the subwords w2,i of ‘4’ and ‘5’ between the same occurrences of ‘3’
in β2. As the letters ‘1’ and ‘2’ commute with ‘4’ and ‘5’, by concatenating w1,i

and w2,i we obtain the only relevant word.
The resulting diagrams can be checked for connectedness (note that the above

connectedness tests were just partial) and the corresponding diagrams identified
(they are about 1000). It turned out that only 6 knots occurred (two of 14 and
four of 15 crossings), which all had braid positive minimal crossing diagrams.

To generate diagrams of ≤ 16 crossings, a different approach was taken. From
the alternating knot tables of [26] the fibred knots of the desired genus were selected
by verifying the (degree and leading coefficient of their) Alexander polynomial. All
flyped versions of their table diagrams were generated (flypes are the moves of
[33]), and those knots were chosen which have an alternating braid diagram (the
property of a diagram to be a braid diagram is not preserved by flypes, consider
e.g. 77). Then the table diagrams of these knots were switched to be positive (this
commutes with flypes, so which alternating diagram of the knot is taken is no longer
relevant), and the resulting knots were identified. These representations were found
by examining the Jones polynomial.

A method similar to that of generating the ‘3’ to ‘5’ subwords was used in
the quest for (almost positive 17 crossing) 4-braid representations of the knots in
example 7. The word can be cyclically adjusted so that the negative generator will
be first. Then the output of the 3-5 subword program (with ‘4’ replaced by ‘2’
and ‘5’ replaced by ‘1’; here it is relevant that no cyclic permutations are allowed
to maximize the word) is appended to the negative crossing, and connectedness
(of the closure) checked for the result. (Here the special meaning of the ‘3’ in the
connectedness check can be eliminated.)

4. Braid index inequalities

4.1. On a 4-braid criterion of Jones. In the famous paper [27], where Jones
announced his fundamental discovery of a relation between C∗-algebras and Markov
traces on braid groups, he also gave some results concerning applications of his new
invariant to braids. Most of these, and many more, results have subsequently
appeared with proof in his work-out [28]. One of these results (theorem 22 in [27])
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was a formula relating the Jones polynomial V and the Alexander polynomial ∆
(normalized so that ∆(1) = 1 and ∆(t−1) = ∆(t)) of 4-braid knots.

Theorem 5 ([28, proposition 11.11]). If a knot K is the closure of a 4-braid β of
exponent sum [β], then

t−[β]VK(t) + t[β]VK(1/t)

=
(
t−3/2 + t−1/2 + t1/2 + t3/2

)
(t−[β]/2 + t[β]/2)

−
(
t−2 + t−1 + 2 + t+ t2

)
∆K(t) .

(4)

As a consequence of this theorem, in [27] Jones announced an obstruction to
braid index 4 for knots (corollary 24), namely that the value ∆(e2πi/5) for such
knots must be of norm at most 6.5. This result did not appear with proof in [28],
and my attempts to recover it failed. Finally, it turned out that the result, as stated
there is in fact not correct, and there is a counterexample.

Example 10. The knot 139221 of [26], shown in figure 10, has a (braid) diagram
with 4 Seifert circles, and thus braid index at most 4. (We have span vP = 6, where
P is the HOMFLY polynomial [24], so by MFW [21, 34] the braid index is indeed 4).
However, its Alexander polynomial is ∆(t) = t−3−10t−2+29t−1−39+29t−10t2+t3,
which at t = e2πi/5 evaluates to 19

√
5− 49 ≈ −6.5147084.

Figure 10.

The value is still very close to 6.5, and as this constant does not appear very
natural, one suspects that it might have been obtained by rounding (possibly the
difference of the estimates of (5) and (6) given below was taken erronously). How-
ever, there is some evidence that the bound cannot be fixed even just by a minor
improvement. Instead we present a criterion with a larger, but definitely correct
bound.

Proposition 2. If a knot K has
∣∣∆K(e2πi/5)

∣∣ > 6 + 2
√

5 ≈ 10.472136, then K is
not a closed 4-braid.

Proof. The formula (4) for t = e2πi/5 simplifies to

t−[β]VK(t) + t[β]VK(1/t) = 2 cos [β]π/5−∆K(t) ,

which, as t has unit norm, and thus VK(1/t) = VK(t), gives

∆K(t) = 2 cos [β]π/5− 2< (t−[β]VK(t)) .(5)
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We have ∣∣2 cos [β]π/5
∣∣ ≤ 2(6)

and from [28, proposition 14.6] also

2< (t−[β]VK(t)) ≤ 2
∣∣VK(e2πi/5)

∣∣ ≤ 16 cos3(π/5) =
(1 +

√
5)3

4
= 4 + 2

√
5.(7)

Putting (6) and (7) into (5) gives the result.

By remarking that 10 - [β] (as [β] is odd for a knot), one can slightly improve
the upper estimate in (7), obtaining that

∆K(e2πi/5) ≤ 9 + 5
√

5
2

≈ 10.09017(8)

for a 4-braid knot K.
The inequality (5) is clearly sharp, for 5 | [β] (it is not surprising that in the

above example indeed [β] = 5). Also, the second estimate in (7) is trivially sharp
for links of braid index at most 4 (take the 4 component unlink), but the denseness
result in [28, proposition 14.6] was sharpened in [54] to show that it remains true
even if one restricts one’s attention to knots, so that the only way to improve the
bound in proposition 2 (resp. (8)) along these lines of argument is to improve the
left inequality in (7), that is, to show that t−[β]VK(t) is sufficiently far from the
real line. This appears, however, unlikely as well, and thus a much better constant
than the one given above can probably not be obtained.

The reason why Jones’s 4-braid criterion never attracted particular attention
is possibly that soon after it was announced, the (much more effective) MFW in-
equality was found. Indeed, for non-alternating prime knots of at most 14 crossings
139221 was the only one which violated Jones’s original (and insufficient) condition
on ∆(e2πi/5), and which had span vP ≤ 6. An advantage of the (corrected) crite-
rion involving ∆ remains, however, that it is applicable also to very complicated
knots because of the polynomial complexity of ∆.

Finally, we mention that the above knot, 139221, has another interesting property
which is discussed in a joint paper with Mark Kidwell [30].

4.2. On the 2-cabled MFW inequality. In [40], Morton and Short introduced
a way to circumvent MFW’s failure to estimate sharply the braid index of a knot K
by applying the inequality on a 2-cableK2 of K, a satellite around K with a pattern
intersecting each meridian disc of the solid torus twice and in the same direction.
As this is a 2-braid, the satellite K2 = K2,w is uniquely determined by the writhe
w of this braid (the satellite is connected or disconnected depending on the parity
of w). To obtain a braid representation of K2,w from a braid representation β of
K, a generator σi in β is replaced by σ2iσ2i−1σ2i+1σ2i, and the result is multiplied
by σ−2[β]+w

1 . Thus b(K2,w) ≤ 2b(K), and, applying MFW on K2,w, we obtain (for
any w ∈ Z)

b(K) ≥
⌈

span vPK2,w/2 + 1
2

⌉
.

This inequality completely determines the braid index of the Rolfsen knots, for
which MFW itself failed. However, even this inequality sometimes fails, as the
example below shows. As for this example the braid index to exclude is 4 (and
hence the 3-braid conditions of [45] and [42] are not relevant), this gives an example
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of a knot on which all previously applied braid index criteria fail to estimate the
braid index sharply.

Example 11. The knot 1445759 is depicted in figure 11. Its P polynomial is shown
in table 1, and estimates the braid index to be at least 3. This is however seen not
to be exact from the P polynomial of a 2-cable knot of P shown below in table
1, estimating the braid index to be at least 4. However, even this estimate is not
exact. To see this, we use the fact that the knot is achiral, and we need to go a little
behind the MFW inequality. This inequality was the consequence of the following
two inequalities.

Theorem 6 ([34, 21]). If K = β̂, β ∈ Bn, then min degv PK ≥ [β] − n + 1 and
max degv PK ≤ [β] + n− 1.

If 1445759 were a closed 4-braid β, then from the P polynomial we see that only
[β] = ±1 can occur, and indeed both values do because of achirality. Call these
braids β1,2. But then, taking the 2-cable of β1,2, we obtain 8-braid representations
of K2 of different writhe. However, the fact that MFW is sharp for these 8-braids
contradicts one of the two inequalities above. Thus the braid index of 1445759 is at
least 5.

Figure 11.

4.3. The Jones conjecture. The example and the reasoning applied in the pre-
vious section can possibly be made more general.

An n-parallel Kγ of K is a satellite around K of zero framing with pattern a
closed n-string braid γ in the solid torus given by the complement of its braid axis.

Lemma 1. If β ∈ Bn is a braid representation for K, then 〈β〉γ ∈ Bkn is a braid
representation for Kγ, γ ∈ Bk. Here

〈β〉γ = γ · {β}k ·∆−2[β]
k ,(9)

where {β}k is obtained from β by the replacement

σεi 7−→
2k−1∏
n=1

(ik+min(n,2k−n)−1)/2∏
j=(ik−min(n,2k−n)+1)/2

σε2j , ε = ±1 ,
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Table 1. The P polynomial of 1445759 and a 2-cable knot of it.

14 45759 0 8
-2 2 -3 -5 -3

-2 2 1 5 1
-2 2 2 3 2
-2 2 -1 -4 -1
0 0 1

57 45759 0 24
-4 6 28 84 78 -5 -45 -19
-6 8 -35 -236 -527 -394 120 350 183 33
-6 8 405 1342 1658 665 -578 -1157 -892 -276
-6 8 -1423 -4237 -3467 -167 1181 2092 2276 759
-6 8 2303 7563 5679 -166 -1245 -2672 -3300 -937
-6 8 -1965 -8202 -7643 -1601 706 2930 2892 583
-6 8 936 5755 7904 4143 -215 -2610 -1625 -190
-6 8 -250 -2713 -5823 -4401 33 1624 597 31
-6 8 35 857 2902 2583 -2 -640 -138 -2
-6 6 -2 -173 -940 -901 0 150 18
-4 6 20 188 186 0 -19 -1
-4 4 -1 -21 -21 0 1
-2 0 1 1

and

∆k =
k−1∏
j=1

k−j∏
l=1

σl

is the square root of the center generator of Bk (the first and third factor on the
right of (9) are meant w.r.t. the inclusion Bk ↪→ Bnk).

Proof. This is a well-known and trivial fact (although seldom stated so explicitly).
Taking the diagram β̂ of K, we add

∣∣ [β]
∣∣ kinks of sign − sgn[β], cable the diagram

(under which β is taken to {β}k), and remove the kinks, obtaining ∆−2 sgn[β]
k for

each kink.

Considering a (connected or disconnected) parallel n-cable knot (or link) Kn of
a knot K (the choice of γ ∈ Bn is no longer relevant), we can apply MFW to Kn

and use b(Kn) ≤ nb(K), thus obtaining an infinite series of inequalities (for any n)

b(K) ≥ d(span vPKn/2 + 1)/ne .(10)

The practical problem with these inequalities is that the calculation of PKn is im-
possible for n ≥ 3 and any, even moderately, interesting example K. Nevertheless,
one can ask whether (10) can be made unsharp for smaller values of n, or even for
all n.

It turns out that this problem is related to one of the still unsolved conjectures
made by Jones shortly after his discoveries. It is as follows.

Conjecture 2 (Jones [28]). If β, β′ ∈ Bb(L) and β̂ = β̂′ = L, then [β] = [β′].

We include a brief historical review. The conjecture was first very implicitly
mentioned in Jones’s paper [28]. Later, some major publicity to it was given by
Birman in her paper with Menasco [7], where it was proved (corollary, p. 267)
that each link has at most finitely many writhes of minimal braid representations.
However, this was proved previously by Morton in his paper [34], and also in [21],
in a much less sophisticated way, not only for minimal, but for any arbitrary fixed
strand number, and in stronger form, with very explicit lower and upper bounds to
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the writhe in terms of the degrees of the skein polynomial. In particular the Jones
conjecture follows for links with sharp MFW inequality, or in fact for any link for
which the braid index can be determined by applying MFW on some parallel cable,
as in [41]. Since this relationship was apparently not previously realized, it will be
explained below.

Also, another statement of Birman needs correction. It is claimed that the
Jones conjecture “is known to be true” for 4-braids “by the work of Jones” [28].
However, at least in the case when a braid index 4 knot, as 10132, has the same
skein polynomial as some knot of smaller braid index, Jones’s formulas ([28, §8])
will certainly not be able to exclude multiple writhes of 4-braid representations,
and already to classify when such duplications of the skein polynomial occur seems
impossible. At least this was never (to the best of my knowledge) carried out
by Jones. Jones himself only wrote that his formulas “lend some weight to the
possibility” ([28, p. 357, bottom]) that this conjecture is true. Thus the conjecture
should be considered open in the 4-strand case (for 3-braids it was settled in [8]).
In fact, a certain importance of 4-braids with regard to this conjecture will be
established later.

An interesting special case of the Jones conjecture was addressed in a question
raised independently by P. Johnson:

Question 4. Is there an achiral knot K of even braid index?

The argument used in the previous example immediately shows that such a knot
would be a counterexample to the Jones conjecture.

A generalization of our argument in §4.2 yields the following explicit version of
the Birman-Menasco result:

Theorem 7. For any knot K and any k ≥ b(K) we have

k − b(K) + 1 ≤ dk,K = #{ [β] : β ∈ Bk, β̂ = K } ≤ k −max
n,Kn

(r.h.s. of (10)) + 1 .
(11)

Note that conjecture 2 is equivalent to dk,K = k − b(K) + 1 for any K and
k ≥ b(K).

Proof of theorem 7. First observe that if β, β′ ∈ Bn, and γ ∈ Bk, then∣∣ [〈β〉γ ]− [〈β′〉γ ]
∣∣ = k

∣∣ [β]− [β′]
∣∣ .(12)

To see this, use [∆k] = k(k−1)
2 and [{β}k] = k2[β]. The result is straightforward

from (9).
Now, it is immediate from the inequalities of theorem 6 that if β, β′ ∈ Bn with

β̂ = β̂′ = K, then

1
2

span vPK + 1 ≤ n−
∣∣ [β]− [β′]

∣∣
2

.(13)

This already shows that the sharpness of the MFW inequality implies the truth of
the Jones conjecture. However, we can get this relationship now in a more general
version.

Applying (13) to 〈β〉k and 〈β′〉k, and using (12), we see that if β, β′ ∈ Bn with
β̂ = β̂′ = K, and γ ∈ Bk, then

1
k

[
1
2

span vPKγ + 1
]
≤ n−

∣∣ [β]− [β′]
∣∣

2
.(14)
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Let Dk,K := { [β] : β ∈ Bk, β̂ = K }. As

dk,K = #Dk,K ≤ max
[β],[β′]∈Dk,K

∣∣ [β]− [β′]
∣∣

2
+ 1 ,

we get from (14) the second inequality in (11). The first inequality is trivial (take
a minimal braid representation and stabilize in all possible ways).

The important consequence is the case k = b(K) and dk,K ≥ 2:

Corollary 2. If K is a counterexample to conjecture 2, then (10) is unsharp for
K for any choice of n and Kn.

This means that, provided we want to give a counterexample to conjecture 2
and even have found β and β′, we cannot prove their minimality using any of the
inequalities (10). This shows why the quest for alternatives to MFW is worthwhile.
There are such criteria, due to Jones [28], but (in particular, because MFW performs
well very often) it is difficult to find examples where these criteria are more powerful
than MFW. Although such examples exist (two are shown in the next section), they
are very rare. Another handy criterion is Murakami’s 3-braid formula [42, corollary
10.5]. This criterion is very effective – for example, it excludes (without a single
failure!) from having braid index 3 all 916 non-alternating prime 15 crossing knots
with MFW bound 3. (The candidates for exponent sums of 3-braids are taken from
the skein polynomial.) As it applies only for 3-braid knots, at present it seems
unrealistic to find a counterexample to the Jones conjecture in braid index > 4.
For the more optimistic readers, the corollary can also be taken as evidence for the
conjecture.

In this situation I initiated a large computer experiment. I selected knots with
MFW bound ≤ 3 from the tables of [26], for which the Murakami test excludes
braid index 3, but for which (7) is satisfied for (at least) two values of [β] for
β ∈ B4 admitted by P from the inequalities in theorem 6. Then I calculated P
of a 2-cable of these knots. This was already a non-trivial task. For knots for
which I could find minimal crossing number diagrams with ≤ 5 Seifert circles, I
applied Vogel’s algorithm [58]. The simplest (= lowest crossing number) braid
representation obtained was 2-cabled (a generator σi replaced by σ2iσ2i−1σ2i+1σ2i)
and processed by the program of [40, 41]. For the other knots the DT notation
[19] of a 2-cable knot was generated from the DT notation of the knot (given in
the tables of KnotScape), and the polynomial calculation program of KnotScape
(a variation of the Millett-Ewing program) was used. This way (and with some
assistance of Ken Millett for the hardest examples) I verified all prime knots up to 15
crossings, and many of the knots of 16 crossings, to which one of the Millett-Ewing
or Morton-Short programs was applicable (for some knots both programs failed due
to memory and time constraints). Although it did not give a counterexample to
the Jones conjecture, this experiment found examples like the one of §4.2.

The following corollary summarizes for which classes of knots the sharpness of
MFW, and hence the truth of the Jones conjecture, is known (see [21, 44]).

Corollary 3. The Jones conjecture is true for
• alternating fibred knots,
• rational knots, and
• positive braid knots with a full twist (i.e., closures of braids of the form ∆2

nα ∈
Bn with α positive).
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4.4. The Jones polynomial at roots of unity. One of Jones’s original criteria
for the braid index came from the positivity of a scalar product on a C∗-algebra
related to the values of his polynomial at primitive roots of unity.

Theorem 8 ([28, proposition 14.6]). If a knot K has an n-braid representation
and k ≥ 3, then ∣∣VK(e2πi/k

) ∣∣ ≤ (2 cosπ/k
)n−1

.(15)

This criterion turned out to be of less practical relevance than MFW, which
is much more direct to apply and often more efficient. The fact that, however,
the inequalities (15) can sometimes give better estimates, and thus need to be
rehabilitated, is shown by the following example.

Example 12. The trefoil cable knot K = 139465 = (31)2,7, shown in figure 12,
has a P polynomial giving the MFW bound 3 (this was noticed already in [21]).
However, when considering its Jones polynomial (see table 2) and using (15) for
k = 10, we find that

VK
(
eπi/5

)
= −2− 3 +

√
5

2

√
5−
√

5
2

i ,

and thus ∣∣VK(eπi/5) ∣∣2 = 9 + 2
√

5 ≈ 13.472136 . . . ,

Table 2. The P and V polynomial of 139465.

13 9465 0 10
10 14 -11 -15 -5
10 14 40 35 5
10 14 -57 -28 -1
10 12 36 9
10 12 -10 -1
10 10 1

13 9465 5 15 1 0 1 0 1 -1 0 -1 0 -1 1

Figure 12.
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which exceeds (
2 cosπ/10

)4 =
15 + 5

√
5

2
≈ 13.0901699 . . . .

Thus 139465 cannot be a 3-braid, and has braid index 4 (the diagram shows it to be
a 4-braid). Similar examples (which are not closures of positive braids) are 1441800,
15138678, 15141289 and 15251434.

The quest for such examples was motivated by the question (raised by Birman in
problem 10.1 of [37]) on the realizability of the MFW bound among knots of given
P polynomial. This question is thus answered in the negative, first for MFW bound
3, but examples for all higher values of the bound can be constructed by iteratedly
taking (the polynomials of) connected sums of the above knot 139465 with itself or
with 51 (or their mirror images). The cases remaining open are for MFW bound 1
and 2.

Question 5. Are there P polynomials of v-span ≤ 2 other than those of the (2, n)-
torus knots and links?

The problem for specific examples of polynomials is still difficult. Among the
polynomials of the 5 Rolfsen knots with unsharp MFW (the two 9 crossing knots are
addressed in problem 10.2 of [37]), the MFW bound is realizable for the polynomials
of 10156 and 10132 (by 816 and 51 respectively, see [28, notes p. 386]), but the status
of the remaining 3 polynomials is undecided. There is no prime knot of ≤ 16
crossings duplicating the P polynomial of 942, and only one, 16730458, duplicating
that of 949. For the polynomial of 10150 there are two duplications in the tables,
the knots being 134977 and 136718. However, for all these 3 duplicating knots the
Murakami formula showed that they are not of braid index 3 (for 2 of them the
2-cabled MFW inequality even showed that the braid index is at least 5).

5. The genus and HOMFLY polynomial

A final, and somewhat unrelated, collection of examples concerns two other
conjectured relations of the degrees of the skein polynomial, this time related to
genera.

5.1. Morton’s conjecture. Shortly after the discovery of the skein polynomial,
Morton [37] posed the question of whether for any link L,

1− χ(L) ≥ min degv P (L) ,(16)

where χ(L) is the maximal Euler characteristic of a spanning surface for L (if L is
a knot, then 1− χ(L) is twice the genus of L).

The motivation for this question was the fact that both sides of (16) are estimated
below by [β] − n(β) + 1 for any braid β with β̂ = L. For the r.h.s. this was, as
noted, proved by Morton himself, while for the l.h.s. it is a famous inequality of
Bennequin [5, theorem 3].

Morton’s conjecture resisted solution for a long time. (16) has been proved for
homogeneous links [14] and 3-braid links [18], and has been verified computationally
for prime knots with up to 16 crossings [57]. (Since both sides of (16) are additive
under connected sum, it suffices to check prime links.) Also, further attempts have
been made [16].

Here we settle Morton’s conjecture negatively by means of counterexamples.
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Figure 13. A counterexample to Morton’s conjecture.

Example 13. Consider the knot K in figure 13. It has the following 4-braid rep-
resentation:

σ2
1(σ1σ2σ

−1
1 )(σ2σ3σ

−1
2 )(σ1σ2σ

−1
1 )(σ2σ3σ

−1
2 )σ3σ1(σ1σ2σ

−1
1 )(σ1σ2σ3σ

−1
2 σ−1

1 )σ3.

From this representation it is evident that K has a genus 4 surface obtained by
connecting the 4 discs of the strands by the 11 bands indicated by the parenthe-
sized subwords (see [50]). That this Seifert surface has minimal genus follows from
Bennequin’s inequality, since all the bands are ‘positive’.

Thus K has genus 4. However, a calculation shows that min degv P (K) = 10.

There are 7 further such examples, all given by 4-braids with 11 positive bands.
For all 8 examples, KnotScape manages to reduce the diagrams to 21 crossings,
while from the degree max degz F = 17 of their Kauffman polynomial one con-
cludes that their crossing number is at least 19. (They can be distinguished by the
Kauffman polynomial, although the skein polynomials of several of them coincide.)

5.2. Morton’s canonical genus inequality.

Example 14. A final example concerns another inequality of Morton, proved in
[34]: max degz PK ≤ g̃(K). Here g̃(K) is the canonical genus of a knot K, the
minimal genus of the canonical Seifert surfaces of all its diagrams (see e.g. [56, 31]).
Another obvious inequality is g(K) ≤ g̃(K). In a comparison of the 2 estimates for
g̃, in [34] it was remarked that knots exist with 2g < max degz PK . Since Morton’s
inequality is exact for very many knots (in particular all knots up to 12 crossings),
in [38] I asked whether for some knot the opposite relation 2g > max degz PK
can occur. Such examples indeed exist, and were found by implementing Gabai’s
method of disc decomposition [22] on canonical Seifert surfaces of special diagrams.
See figure 14. This gives another example of knots with unsharp Morton inequality,
after the ones found in [54].
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Figure 14. Two knots for which 2g > max degz P . In both cases
max degz P = 6, while the canonical surfaces of the above diagrams
are disc decomposable, and hence g = 4. There are 10 further 15
crossing examples of this type.
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