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GAUGEABILITY AND CONDITIONAL GAUGEABILITY

ZHEN-QING CHEN

Abstract. New Kato classes are introduced for general transient Borel right
processes, for which gauge and conditional gauge theorems hold. These new
classes are the genuine extensions of the Green-tight measures in the classical
Brownian motion case. However, the main focus of this paper is on establish-
ing various equivalent conditions and consequences of gaugeability and condi-
tional gaugeability. We show that gaugeability, conditional gaugeability and
the subcriticality for the associated Schrödinger operators are equivalent for
transient Borel right processes with strong duals. Analytic characterizations
of gaugeability and conditional gaugeability are given for general symmetric
Markov processes. These analytic characterizations are very useful in deter-
mining whether a process perturbed by a potential is gaugeable or conditionally
gaugeable in concrete cases. Connections with the positivity of the spectral
radii of the associated Schrödinger operators are also established.

1. Introduction

Given a strong Markov process X and a potential q, the conditional expectation
u(x, y) of the Feynman-Kac transform of X by q is called the conditional gauge func-
tion. (The precise definition will be given later.) The conditional gauge function
u is important in studying the potential theory of the Schrödinger-type operator
L+ q, as it is the ratio of the Green function of L+ q and that of L (see Lemma 3.5
below), where L is the infinitesimal generator of X . The conditional gauge theorem
says that under suitable conditions for X and q, either u is identically infinite or
u is bounded between two positive numbers. The conditional gauge theorem was
first proved for Brownian motions by Falkner, Zhao, Chung and Cranston, Fabes
and Zhao (see Chung and Zhao [13] for the history). It was recently established by
Chen and Song in [7] for symmetric stable processes. Very recently general gauge
and conditional gauge theorems have been established by Chen and Song in [8] and
[9] for a large class of strong Markov processes which may not be symmetric or
have continuous sample paths and for a large class of potentials. Conditional gauge
theorems are much deeper than gauge theorems, which state that under suitable
conditions for X and q, the expected value of the Feynman-Kac transform of X by
q as a function of the starting point of X is either bounded or identically infinite.
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The gauge theorem for Brownian motion was first proved by Chung and Rao in [11]
for bounded q and later was generalized to more general q by various authors. For
the history of this theorem, we refer the reader to the recent book by Chung and
Zhao [12]. Gauge theorems have been proved for quite general Markov processes
by Chung and Rao [12] and by Sturm [38] under some variant assumptions and
settings than those by Chen and Song in [8] and [9]. The approach to the general
gauge theorem established in [8] and [9] is influenced by those in Chung and Rao
[12] and in Section 5.6 of Chung and Zhao [13]. But it is modified and extended in
some directions, and is tailored so that it can be applied to conditional processes
to yield the conditional gauge theorem for a large class of Markov processes.

The Kato classes introduced in [8] and [9] are for potentials given by functions
q and do not cover potentials given by measures µ that are not absolutely contin-
uous with respect to the reference measure. For example, it does not include the
case where the potential is the surface measure of a sphere when the process is a
Brownian motion in Rn.

In this paper we introduce new Kato classes under which the general gauge and
conditional gauge theorems hold and they include singular measures. In fact, we
show that these are the genuine extensions of the Green-tight measures introduced
by Zhao [43] for Brownian motion in Rn. However, the main focus of this paper
is to establish various equivalent conditions and consequences of gaugeability and
conditional gaugeability, aimed at addressing the question when the gauge or con-
ditional gauge function is bounded. We show that gaugeability, conditional gauge-
ability and subcriticality for the associated Schrödinger operators are equivalent
for transient Borel right processes with strong duals. Analytic characterizations of
gaugeability and conditional gaugeability are given for general symmetric Markov
processes, extending the recent results of Takeda [40]. These analytic characteri-
zations are very useful in determining whether (X,µ) is gaugeable or conditionally
gaugeable in concrete cases. To get these analytic characterizations, we first prove a
result about the independence of the Lp-spectral radius, by applying a conditional
gauge theorem. Connections with the positivity of the spectral radii of the asso-
ciated Schrödinger operators are also established. Furthermore, general gauge and
conditional gauge theorems for non-local perturbed Schrödinger operators (that is,
Schrödinger operators obtained through Feynman-Kac transforms by discontinuous
additive functionals) are also established in this paper together with their various
equivalent conditions. To ensure a broad and easy applicability of the results in
this paper, we have strived to impose as few constraints on the processes and their
potentials as possible. We point out that, in addition to their validity in the most
general settings so far, some results and approaches in this paper are new even in
the classical case when X is a Brownian motion in Rn or in a domain of Rn.

The conditional gauge theorem and its equivalence results for discontinuous ad-
ditive functionals will be applied in a forthcoming paper [10] jointly with Song to
study discontinuous Markov processes under pure jump Girsanov transforms and
their Green functions estimates.

The rest of the paper is organized as follows. In section 2, we introduce new
Kato classes for general transient Borel right processes having Green functions and
establish a gauge theorem for potentials from these new classes. Connections with
classical Kato classes, with classes introduced by Chen and Song in [8] and [9],
and with G-Kato measures introduced by Amor and Hansen [2] are discussed in
detail. Section 3 introduces new Kato classes for conditional processes and proves
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the conditional gauge theorem under the strong duality assumption. Several equiv-
alent conditions for gaugeability and conditional gaugeability, including the condi-
tion of positive spectral radii and the condition of subcriticality for the associated
Schrödinger operators, are given in sections 2 and 3 respectively. General gauge and
conditional gauge theorems for discontinuous additive functionals under new Kato
classes and their equivalent conditions are also presented, as well as super gauge
and super conditional gauge theorems. In section 4, we prove the independence of
the Lp-spectral radius for Borel right processes with strong duals. In section 5, we
give analytic characterizations when (X,µ) is gaugeable or conditionally gaugeable
under the assumption that the process X is symmetric.

To keep the exposition as transparent as possible, in sections 2 and 3 we first
present and prove results for Feynman-Kac transformations by continuous additive
functionals. We then present and prove results for Feynman-Kac transformations
given by more general discontinuous additive functionals. The latter is done under
the context that the underlying process is a Borel standard process, instead of being
a Borel right process.

In this paper, we denote “:=” to mean “is defined to be”. For functions f
and g, notation “f ≈ g” means that there exist constants c2 > c1 > 0 such that
c1g ≤ f ≤ c2g. For two real numbers a and b, a ∧ b := min{a, b}. For a set K in
a space E, we use Kc to denote its complement in E, that is, Kc := E \K. For a
function f defined on E, ‖f‖∞ := supx∈E |f(x)|.

2. Kato classes and gaugeability

Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset
of a compact metric space) and let B(E) be the Borel σ-algebra on E. Let X =
(Ω,M,Mt, Xt, Px, x ∈ E) be a Borel right process on E having left limits on
(0, ζ) that is transient in the sense of Getoor [23]. Here, a Borel right process on
a Lusin space E is a right continuous, strong Markov process with no branching
points and with a Borel measurable resolvent. The shift operators θt, t ≥ 0, satisfy
Xs ◦ θt = Xs+t identically for s, t ≥ 0. Adjoined to the state space E is an isolated
point ∂ /∈ E; the process X retires to ∂ at its “lifetime” ζ := inf{t ≥ 0 : Xt = ∂}.
Denote E∪{∂} by E∂ . Let m be an excessive measure of X with supp[m] = E; that
is, m is a σ-finite Borel measure on B(E) such that mPt ≤ m for all t > 0. Here mPt
denotes the measure µ defined by

∫
E
f(x)µ(dx) =

∫
E
Ptf(x)m(dx) for any Borel

function f ≥ 0 on E. Since X is a Borel right process, we have limt→0 mPt = m
setwise. Throughout this paper, the process X is assumed to be m-irreducible in
the sense that if a measurable set A has positive m-measure, then Px[TA <∞] > 0
for all x ∈ E, where TA = inf{t > 0, Xt ∈ A} is the first hitting time of A.

The transition operators Pt, t ≥ 0, are defined by

Ptf(x) := Ex[f(Xt)] = Ex[f(Xt); t < ζ].

(Here and in the sequel, unless mentioned otherwise, we use the convention that a
function defined on E takes the value 0 at the cemetery point ∂.)

We assume that there is a Borel function G(x, y) on E × E such that

Ex

[∫ ∞
0

f(Xs)ds
]

=
∫
E

G(x, y)f(y)m(dy)

for all measurable f ≥ 0. G(x, y) is called the Green function of X .
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A set B is said to be m-polar if Pm(σB <∞) = 0, where σB := inf{t > 0 : Xt ∈
B}, and m-semipolar if

Pm(Xt ∈ B for uncountably many t) = 0.

We call a positive measure µ on E a smooth measure of X if there is a positive
continuous additive functional (PCAF in abbreviation) A of X such that∫

E

f(x)µ(dx) = ↑ lim
t↓0

Em

[
1
t

∫ t

0

f(Xs)dAs

]
(2.1)

for any Borel f ≥ 0. Here ↑ limt↓0 means the quantity is increasing as t ↓ 0. The
measure µ is called the Revuz measure of A. Throughout this paper, all additive
functionals should be understood in the strict sense, i.e., in the sense of [4]. Recall
that since X is assumed to have a Green function, any m-polar set is polar. When
X admits a strong dual, a PCAF having bounded 1-potential in the sense of [20]
with an exceptional set can be uniquely refined into a PCAF in the strict sense.
This can be proved by using the same argument as that in the proof of Theorem
5.1.6 of Fukushima, Oshima and Takeda [22]. Hence in this context, Fitzsimmons
and Getoor [20] gives a one-to-one correspondence between smooth measures having
bounded 1-potential and PCAF in the strict sense having bounded 1-potential. Here
we just mention that such a smooth measure µ is σ-finite, charges no m-semipolar
sets and uniquely determines A. It is shown in Proposition 3.5 of Getoor [24] that
a positive measure µ charging no m-semipolar sets with ‖Gαµ‖∞ < ∞ for some
α > 0 is a smooth measure. When X is in strong duality (with respect to m) with
a second Borel right process X̂, and the Silverstein’s sector condition is satisfied by
X and m, and Ĝα01 is lower semi-continuous for some α0 > 0, then ‖Gαµ‖∞ <∞
implies µ charges no m-polar sets (cf. [20]), and therefore by Silverstein [34] µ
charges no m-semipolar sets. So µ is a smooth measure in this case.

For a positive smooth measure µ, we define its potential Uµ by

Uµ(x) := Ex [A∞] ,

where A is the PCAF with Revuz measure µ. Note that if K is a Borel subset
of E, then 1Kµ is the Revuz measure for PCAF t 7→

∫ t
0

1K(Xs)dAs. If µ(dx) =
f(x)m(dx), clearly

Uµ(x) = Gf(x) :=
∫
E

G(x, y)f(y)m(dy).

If some additional regularity condition is satisfied by process X and its Green
function G(x, y), for example, when X has a dual Borel Markov process X̂ or when
the Green function G(x, y) of G satisfies certain regularity conditions as specified
in Meyer [29], then for smooth measure µ,

Uµ(x) =
∫
E

G(x, y)µ(dy).(2.2)

The latter will be abbreviated as Gµ(x).

2.1. New Kato Classes. The following definitions are from Chen and Song [8]
and [9], and the classes in (2) and (3) are now denoted as K̃∞(X) and K̃1(X)
respectively. For a signed measure µ, we use µ+ and µ− to denote its positive and
negative parts, respectively.
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Definition 2.1. Suppose that µ is a signed smooth measure whose associated con-
tinuous additive functional of X is A. Let A+ and A− be the PCAFs of X with
Revuz measures µ+ and µ−, respectively. Let |A| = A+ +A− and |µ| = µ+ + µ−.

(1) Measure µ is said to be in the Kato class of X , K(X) in abbreviation, if

lim
t→0

sup
x∈E

Ex[|A|t] = 0.

(2) Measure µ is said to be in the class K̃∞(X) if for any ε > 0, there is a Borel
set K = K(ε) of finite m-measure and a constant δ = δ(ε) > 0 such that

‖U(1Kc |µ|)‖∞ < ε and ‖U(1B|µ|)‖∞ < ε(2.3)

for all measurable sets B ⊂ K with m(B) < δ.
(3) Measure µ is said to be in the class K̃1(X) if there is a Borel set K of finite

m-measure and a constant δ > 0 such that

β̃1(µ) := sup
B⊂K:m(B)<δ

‖U(1Kc∪B|µ|)‖∞ < 1.(2.4)

In Chen and Song [8], the gauge theorem was proved for measures µ = q(x)m(dx)
in K̃1(X). Clearly, K̃∞(X) ⊂ K̃1(X). It is easy to see that if a measure µ
satisfies condition (2.3), then µ(dx) = q(x)m(dx) for some q. More precisely, there
is a function q such that Uµ = Gq. Here Gq(x) :=

∫
E G(x, y)q(y)m(dy). So

K̃∞(X) excludes interesting cases of measures that are not absolutely continuous
with respect to m. We now introduce two new Kato classes of measures K∞(X)
and K1(X), which are strict extensions of K̃∞(X) and K̃1(X) respectively, and
under which the gauge theorem still holds.

Definition 2.2. Suppose that µ is a smooth measure on E.
(1) µ is said to be in the class K∞(X) if for any ε > 0, there is a Borel set

K = K(ε) of finite |µ|-measure and a constant δ = δ(ε) > 0 such that

‖U(1Kc |µ|)‖∞ < ε and ‖U(1B|µ|)‖∞ < ε(2.5)

for all measurable sets B ⊂ K with |µ|(B) < δ.
(2) µ is said to be in the class K1(X) if there is a Borel set K of finite |µ|-measure

and a constant δ > 0 such that

β1(µ) := sup
B⊂K: |µ|(B)<δ

‖U(1Kc∪B|µ|)‖∞ < 1.(2.6)

(3) A function q is said to be in a class K(X), K∞(X), or K1(X), if µ(dx) :=
q(x)m(dx) is in the corresponding spaces.

Clearly K∞(X) ⊂ K1(X). Note that µ is σ-finite; so from measure theory we
know that the set K in the above definitions can be taken to be a closed set or an
open set (see, e.g., Exercise 18 on page 31 of Folland [21]). The introduction of new
classes K∞(X) and K1(X) allows us to include measures that are not absolutely
continuous with respect to the measure m, while still preserving the validity of the
gauge theorem. Take X to be a Brownian motion in Rn with n ≥ 3, for example,
and take µ to be the surface measure of the unit sphere in Rn. Then it is easy to
check directly that µ ∈ K∞(X). In fact, we have the following.

Theorem 2.1. Let X be a symmetric α-stable process in Rn with 0 < α ≤ 2 and
n > α; so the Green function of X is G(x, y) = c(n, α)|x − y|α−n.
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(1) A signed measure µ is in K(X) if and only if it is a Kato measure in the
classical sense; that is,

lim
r→0

sup
x∈Rn

∫
B(x,r)

|x− y|α−n|µ|(dy) = 0.(2.7)

Here B(x, r) denotes the ball in Rn centered at x with radius r.
(2) A finite signed measure µ is in K∞(X) if and only if it satisfies (2.7).
(3) A signed measure µ is in K∞(X) if and only if it is Green-tight in the sense

of Zhao [43]; that is, both (2.7) and the equation

lim
R→∞

sup
x∈Rn

∫
B(0,R)c

|x− y|α−n|µ|(dy) = 0(2.8)

are satisfied.

Before proving this theorem, we first establish the following.

Proposition 2.2. For µ ∈ K1(X), U |µ| is bounded.

Proof. Without loss of generality, we assume that µ ∈ K1(X) is a nonnegative
measure. Let K be the Borel set of finite µ-measure and δ be the constant as in
Definition 2.2 for µ. Set K can have at most finitely many atoms {w1, · · · , wk} of
size larger than δ/2 for measure µ. The remaining K \ {x1, · · · , wk} can be covered
by finitely many Borel subsets {Bi, 1 ≤ i ≤ l} with µ(Bi) < δ. Since X is transient
and µ is a smooth measure that does not charge on polar sets, m({wi}) > 0 and
therefore by Getoor [23] ‖Uδ{wi}‖∞ < ∞ for 1 ≤ i ≤ k, where δ{wi} denotes the
measure with unit mass concentrated at wi. Hence

‖Uµ‖∞ ≤ ‖U(1Kcµ)‖∞ +
k∑
i=1

‖U(1{wi}µ)‖∞ +
l∑
i=1

‖U(1Biµ)‖∞ <∞.

Proof of Theorem 2.1. We only need to prove this theorem for positive measure
µ. Note that the symmetric stable process X is a Hunt process and so the Revuz
formula (2.2) holds.

(1) This was proved as Theorem 1 in Zhao [42].
(2) If µ ∈ K∞(X), Gµ is bounded by Proposition 2.2. Since

c(n, α)rα−nµ(B(x, r)) ≤
∫
B(x,r)

G(x, y)µ(dy) ≤ ‖Gµ‖∞,

one has

µ(B(x, r)) ≤ c(n, α)−1 ‖Gµ‖∞ rn−α,(2.9)

which converges uniformly in x ∈ Rn to 0 as r → 0. It follows immediately from
the definition for K∞(X) that (2.7) holds for µ. Conversely, suppose that µ is a
positive finite measure satisfying (2.7). Note that for any measurable set A,∫

A

G(x, y)µ(dy) ≤ c(n, α)
∫
B(x,r)

|x− y|α−nµ(dy)

+ c(n, α)
∫
A∩B(x,r)c

|x− y|α−nµ(dy)

≤ c(n, α) sup
x∈Rn

∫
B(x,r)

|x− y|α−nµ(dy) + c(n, α)rα−nµ(A).

(2.10)
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Since µ is a finite measure satisfying (2.7), we see that for any given ε > 0 there is
a ball K = B(0, R) such that

sup
x∈Rn

∫
Kc

G(x, y)µ(dy) < ε.

This is achieved by first selecting r small and then taking R sufficiently large for
A = B(0, R)c in (2.10). It also follows from (2.10) that there is δ = δ(ε) > 0 such
that for any Borel subset B ⊂ K with µ(B) < δ,∫

B

G(x, y)µ(dy) < ε for all x ∈ Rn.

This proves that µ ∈ K∞(X).
(3) Suppose that µ is a positive measure in K∞(X). We already see from the

proof above that µ satisfies (2.7). For ε > 0, let K = K(ε) and δ = δ(ε) be the
Borel set of finite µ-mass and the constant in the definition of µ ∈ K∞(X). Since
µ((0, R)c ∩K)→ 0 as R→∞, we have

sup
x∈Rn

∫
B(0,R)c∩K

G(x, y)µ(dy) < ε

when R is large enough. Therefore,

sup
x∈Rn

∫
B(0,R)c

G(x, y)µ(dy)

≤ sup
x∈Rn

(∫
Kc

G(x, y)µ(dy) +
∫
B(0,R)c∩K

G(x, y)µ(dy)

)
≤ 2ε,

and so µ is Green-tight.
Now suppose µ is a positive measure that is Green-tight. For any ε > 0, let

R > 0 be such that

sup
x∈Rn

∫
B(0,R)c

G(x, y)µ(dy) < ε.

It follows from (2.7) that µ(B(0, R)) <∞ and by (2.10),

lim
δ→0

sup
x∈Rn

sup
B⊂B(0,R):µ(B)<δ

∫
B

G(x, y)µ(dy) = 0.

Thus µ is in K∞(X).

Remark 2.1. Theorem 2.1 says that the new classes K∞(X) and K1(X) are genuine
extensions of Green-tight measures to the general Markov process X .

For positive smooth measure µ and α > 0, its α-potential Uαµ is defined as

Uαµ(x) := Ex

[∫ ∞
0

e−αtdAt

]
, x ∈ E,

where A is the PCAF of X having Revuz measure µ.

Proposition 2.3. Assume µ is a positive measure.
(1) If µ ∈ K∞(X), then limα→∞ ‖Uαµ‖∞ = 0. Therefore we have K∞(X) ⊂

K(X).
(2) If µ ∈ K1(X), then limα→∞ ‖Uαµ‖∞ ≤ β1(µ) < 1.
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Proof. (1) Let µ be a positive measure in K∞(X) and A its associated PCAF of X .
For any given ε > 0, let K = K(ε) be the closed set of finite µ-measure and δ = δ(ε)
the constant in Definition 2.2(2). Since αUαUµ increases to Uµ on E as α ↑ ∞,
by taking α large enough, the set B = {x ∈ K : Uµ(x) − αUαU(x)µ > ε} has µ-
measure less than δ. Since Uα = U −αUαU , the set K \B = {x ∈ K : Uαµ(x) ≤ ε}
is finely closed and therefore XσK\B ∈ K \B, where σK\B is the first hitting time
of K \B by X . Thus by the strong Markov property,

Uαµ(x) = U(1Kcµ)(x) + U(1Bµ)(x) + Uα(1K\Bµ)(x)

≤ ε+ ε + Ex

[
Uα(1K\Bµ)(XσK\B )

]
≤ 3ε.

So we have ‖Uαµ‖∞ → 0 as α ↑ ∞, which is equivalent to supx∈E Ex[At] → 0 as
t ↓ 0. Hence µ ∈ K(X).

(2) The same estimate above shows that for µ ∈ K1(X), limα→∞ ‖Uαµ‖∞ ≤
β1(µ).

In [2], Amor and Hansen introduced a class of positive measures which they call
G-Kato measures. In the following we show that the G-Kato class measures are
exactly the K∞(X)-measures.

Proposition 2.4. Let µ be a positive smooth measure on E.
(1) µ is in K∞(X) if and only if it is a G-Kato measure; that is, Uµ(x) is

bounded and for every sequence of Borel sets Fn that increases to E, U(1Fnµ)
increases to Uµ uniformly on E.

(2) µ is in K1(X) if and only if Uµ is bounded and there is a constant β ∈ (0, 1)
such that for every decreasing sequence {Dn, n ≥ 1} of Borel sets with empty
intersection, limn→∞ ‖U(1Dnµ)‖∞ ≤ β.

Proof. (1) Suppose that µ is a positive measure in K∞(X). By Proposition 2.2,
Uµ is bounded. Let Fn be a sequence of Borel sets that increases to E. For any
given ε > 0, let K = K(ε) be the Borel set of finite µ-measure and δ = δ(ε) > 0
the constant in Definition 2.2 of K∞(X) for µ. As limn→∞ µ(K \ Fn) = 0, there is
an integer N > 0 such that µ(K \ Fn) < δ for n > N . Hence for n > N ,

‖Uµ− U(1Fnµ)‖∞ ≤ ‖U(1Kcµ)‖∞ + ‖U(1K\Fnµ)‖∞ < 2ε.

This says that U(1Fnµ) increases to Uµ uniformly on E and so µ is a G-Kato
measure.

Conversely, suppose µ is a positive G-Kato class smooth measure. Since µ is
σ-finite and since one can exhaust E by an increasing sequence of Borel sets of
finite µ-measures, for any give ε > 0, there is a Borel set K of finite µ-measure such
that

sup
x∈E

U(1Kcµ)(x) < ε.

We claim that there exists a δ > 0 such that for any Borel subset B ⊂ K with
µ(B) < δ,

‖U(1Bµ)‖∞ ≤ ε.
Suppose this is not true. Then one can find a sequence of Borel subsets Bn ⊂ K
with µ(Bn) ≤ 2−n−1 so that ‖U(1Bnµ)‖∞ ≥ ε. Define Dn :=

⋃
k≥nBn. Then

{Dn, n ≥ 1} is a decreasing sequence of Borel subsets with µ(Dn) ≤ 2−n so that
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‖U(1Dnµ)‖∞ ≥ ε. Note that Fn := (E \Dn)∪(
⋂∞
k=1 Dk) is a sequence of Borel sets

that increases to E. Since µ is a G-Kato measure, U(1Dnµ) = U(1E\Fnµ) should
decrease to zero uniformly on E, which is a contradiction. Therefore µ ∈ K∞(X).

A similar proof establishes part (2) of the theorem.

It was proved in Proposition 2.1 of Chen and Song [9] that a positive smooth
measure that is absolutely continuous with respect to m is a G-Kato measure if
and only if it is in K̃∞(X).

Theorem 2.5. K̃∞(X) ⊂ K∞(X) and K̃1(X) ⊂K1(X).

Proof. We first show that K̃∞(X) ⊂ K∞(X). It is proved in Proposition 2.1 of
Chen and Song [9] that a K̃∞(X)-measure is a G-Kato measure. Thus Proposition
2.4 implies that K̃∞(X) ⊂ K∞(X).

Without loss of generality, we assume that µ is a positive measure in K̃1(X).
From measure theory we know that µ can be decomposed as µ = µ1 + µ2, where
µ1 is singular to m while µ2 is absolutely continuous to m. Furthermore, there
is a Borel set F so that m(F c) = 0 and µ1(F ) = 0. Let q ≥ 0 be such that
µ2(dx) = q(x)m(dx). By definition of µ ∈ K̃1(X), there is a Borel set K of finite
m-mass and a constant δ > 0 such that

β̃1(µ) := sup
B⊂K:m(B)<δ

‖U(1Kc∪Bµ)‖∞ < 1.

Define Fq := {x ∈ F : q(x) > 0}. Since q is finite m-a.e., take η > 0 small
enough so that the set {x ∈ K ∩ Fq : q(x) ≤ η} has m-mass less than δ/2. Then
K1 = {x ∈ K ∩ F : q(x) > η} has finite µ-measure while m((K \K1) ∩ Fq) ≤ δ/2.
Now for any Borel subset B ⊂ K1 with µ-mass less than δ1 = ηδ/2,

m(B) ≤ η−1

∫
B

q(x)m(dx) = η−1µ(B) < δ/2.

With B1 := ((K \K1)∩Fq)∪F c, we have m(B ∪B1) < δ. Since µ does not charge
on F \ Fq, we have

β1(µ) := sup
B⊂K1: µ(B)<δ1

‖U(1Kc
1∪B µ)‖∞

≤ sup
B⊂K1: µ(B)<δ1

‖U(1Kc∪(B∪B1) µ)‖∞

≤ β̃1(µ) < 1.

This proves that µ ∈ K1(X).

Remark 2.2. The proof for the second assertion in Theorem 2.5 can be easily mod-
ified to deduce that for measure µ = qm that is absolutely continuous with respect
to m, µ ∈ K̃∞(X) (respectively µ ∈ K̃1(X)) if and only if µ ∈ K∞(X) (respectively
µ ∈ K1(X)).

We now give two examples which show that K1(X) is strictly larger than K∞(X)
even when X is a Brownian motion in Rn.

Example 1. Let X be a Brownian motion in Rn with n ≥ 3. Let xk = (2−k, 0,
· · · , 0) in Rn and let

q(x) =
∞∑
k=2

82k1B(xk,8−k)(x).
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It was shown in Aizenman and Simon [1] as Example 1 in Appendix 1 that

lim
r→0

sup
x∈Rd

∫
B(x,r)

|x− y|2−nq(y)dy > 0,(2.11)

but, nevertheless,

sup
x∈Rd

∫
Rn

|x− y|2−nq(y)dy := C1 <∞.(2.12)

(2.12) shows that (C1 +ε)−1q is in K1(X) for any ε > 0 while by (2.11) (C1 +ε)−1q
is not in Kato class K(X), not to mention in K∞(X).

Modifying the above example, one can easily construct a positive measure u ∈
K1(X) that is singular to m = dx but is not in K(X).

Example 2. Let X be a Brownian motion in Rn with n ≥ 3. Let xk = (2−k, 0,
· · · , 0) in Rn and let measure µ(dx) :=

∑∞
k=2 8k σk(dx), where σk(dx) is the surface

measure for the sphere ∂B(xk, 8−k). Then by a similar calculation as that for
Example 1 in Appendix 1 of [1], we have

lim
r→0

sup
x∈Rd

∫
B(x,r)

|x− y|2−nµ(dy) > 0,(2.13)

but, nevertheless,

sup
x∈Rd

∫
Rn

|x− y|2−nµ(dy) := C2 <∞.(2.14)

Therefore (C2 + ε)−1µ is in K1(X) for any ε > 0 while (C + ε)−1µ is not in Kato
class K(X), not to mention in K∞(X).

2.2. Gauge Theorem for Local Perturbations. Suppose that µ is a signed
smooth measure such that µ+ ∈ K1(X). Let A+ and A− be the PCAFs of X
corresponding to µ+ and µ− respectively. Clearly A := A+ −A− is the continuous
additive functional of X with Revuz measure µ. By Proposition 2.2, A+

ζ is Px-
integrable. So the gauge function gµ(x) := Ex [eA(ζ)] is well defined on E, where
eA(t) = exp(At).

Theorem 2.6 (Gauge Theorem I). For smooth measure µ with µ+ ∈ K1(X), the
gauge function gµ is either bounded or identically infinite on E.

Proof. The proof is the same as that for Theorem 2.2 in Chen and Song [8], modulo
some straightforward modifications. So it is omitted here.

Definition 2.3. Let µ be a signed smooth measure of X such that µ+ is in K1(X).
We say (X,µ) is gaugeable if the gauge function x 7→ Ex[eA(ζ)] is bounded on E.

Remark 2.3. Note that the definitions of K∞(X) and K1(X) are time-change in-
variant, in contrast to the Kato class K(X). That is, if C is a strictly increasing
PCAF of X and if XC−1 is the associated time-changed process (more precisely,
C−1 = {τt, t ≥ 0} with τt = inf{s : Ct > t}), then K∞(XC−1) = K∞(X) and
K1(XC−1) = K1(X). This is because if one uses the Revuz measure of C as
the reference measure for XC−1 , then by Fitzsimmons and Getoor [19], processes
X and XC−1 have the same class of smooth measures. Furthermore, if µ is a
smooth measure of X with associated PCAF A of X , then AC−1 is the PCAF of
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XC−1 with the same Revuz measure µ. Therefore the potential Uµ of µ is time-
change invariant; so are K∞(X) and K1(X). In view of Proposition 2.3(1), we
have K∞(X) ⊂

⋂
C K(XC−1).

On the other hand, the conclusion of the gauge theorem as well as its hypotheses
are also time-change invariant.

We now give some equivalent conditions for (X,µ) to be gaugeable. The fol-
lowing two results should be compared with Lemma 9 and Theorem 4 in Chung
and Rao [12] respectively. Here a suitable sequence of stopping times is used for
time partition as opposed to a sequence of (deterministic) constants used in [12].
Suppose that µ is a signed smooth measure with µ+ ∈ K1(X) and Uµ− bounded.
Let A+ and A− be the PCAFs of X with Revuz measures µ+ and µ− respectively.
Let τt be the right continuous inverse of A+

t ; that is,

τt = inf{s : A+
s > t}

with the convention that inf ∅ =∞.

Lemma 2.7. Suppose that µ is a signed smooth measure such that µ+ ∈ K1(X)
and Uµ− is bounded. If (X,µ) is gaugeable, then for any δ > 0 there is a constant
c(δ) > 0 such that

‖gµ‖−1
∞ gµ(x) ≤

∞∑
n=0

Ex [eA(τnδ); τnδ < ζ] ≤ c(δ) <∞ for all x ∈ E.

Proof. Since the proof is the same for any δ > 0, we take δ = 1. Let S := {x ∈
E : Px(τ0 = 0) = 1} be the fine support of µ+. The time-changed process Yt of
Xt by A+ is defined by Yt = Xτt . This time-changed process Y is a right process
on state space S in the sense of Sharpe [33] with lifetime ζY = A+

ζ . Note that for
Borel f ≥ 0,

Ex

[∫ ∞
0

f(Yt)dt
]

= Ex

[∫ ∞
0

f(Xτt)dt
]

= Ex

[∫ ∞
0

f(Xt)dA+
t

]
= U(fµ+)(x).

(2.15)

Since µ+ ∈ K1(X), there is p > 1 such that pµ+ ∈ K1(X). According to the
definition for pµ+ ∈ K1(X), there is a Borel set K1 of finite µ+-mass and a constant
δ > 0 such that

p sup
B⊂K1:µ+(B)<δ

‖U(1Kc
1∪Bµ

+)‖∞ := β1 < 1.(2.16)

Since (X,µ) is gaugeable, gµ(x) := Ex [eA(ζ)] is bounded and so

lim
n→∞

Ex [eA(ζ); τn < ζ] = 0 on E.

Thus for any given small ε > 0 one can find an integer N large enough and a closed
subset K ⊂ K1 such that

sup
x∈K

Ex [eA(ζ); τN < ζ] < ε,

and µ+(K1 \K) < δ. Note that by (2.16),

p ‖U(1Kcµ+)‖∞ ≤ β1 < 1.
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Using Khasminskii’s lemma,

sup
x∈E

Ex [eA(σK)p] ≤ sup
x∈E

Ex

[
exp(pA+

σK )
]
≤ 1

1− p‖U(1Kcµ+)‖∞
≤ (1− β1)−1,

where σK is the first hitting time of K by X . Now

Ex[eA(ζ); τ2N < ζ]

≤ Ex[eA(ζ); τN < σK ] + Ex[eA(ζ); σK ≤ τN < τ2N < ζ]

≤ ‖gµ‖∞Ex[eA(σK); τN < σK ]

+ Ex

[
eA(σK)EXσK

[eA(ζ); τN < ζ]; σK < ζ
]

:= I + II.

Denote by PY
x the probability law for the time-changed process Y and let σYK be

the first hitting time of the set K (more precisely K ∩ S) by Y . It follows from
(2.15) that

EY
x

[
σYK ∧ ζY

]
≤ EY

x

[∫ ∞
0

1Kc(Yt)dt
]

= U(1Kcµ+)(x).

Let q > 1 be such that 1
p + 1

q = 1 and use Hölder’s inequality,

I ≤ ‖gµ‖∞ (Ex [eA(σK)p])1/p Px(τN < σK)1/q

≤ (1 − β1)−1/p ‖gµ‖∞PY
x (N < σYK)1/q

≤
‖gµ‖∞

(
EY
x [σYK ∧ ζY ]

)1/q
(1 − β1)1/pN1/q

≤ ‖gµ‖∞ (U(1Kcµ+)(x))1/q

(1 − β1)1/pN1/q

≤ (β1/p)1/q ‖gµ‖∞
(1 − β1)1/pN1/q

.

So I → 0 uniformly as N →∞. On the set {σK < ζ}, XσK ∈ K and so

II ≤ εEx [eA+(σK); σK < ζ] ≤ ε

1− ‖U(1Kcµ+)‖∞
≤ ε

1− β1
.

Thus for large N , supx∈E Ex [eA(ζ); τN < ζ] is small. By Jensen’s inequality and
the fact that by Proposition 2.2 U |µ| is bounded, the gauge function gµ is bounded
from below by a positive constant, say c1. So

Ex [eA(τN ); τN < ζ] ≤ c−1
1 Ex [eA(τN )gµ(XτN ); τN < ζ] ≤ c−1

1 Ex [eA(ζ); τN < ζ] .

Therefore, when N is large enough,

sup
x∈E

Ex [eA(τN ); τN < ζ] := λ < 1.

By the strong Markov property of X ,

sup
x∈E

Ex [eA(τkN ); τkN < ζ] ≤ λk, for k ≥ 0.

Note that

Ex [eA(τj); τj < ζ] ≤ Ex [eA+(τj); τj < ζ] ≤ ej .
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Let M :=
∑N−1
j=0 ej . Then for 0 ≤ j < N ,

Ex [eA(τj+kN ); τj+kN < ζ] = Ex

[
eA(τj)EXτj

(eA(τkN ); τkN < ζ) ; τj < ζ
]

≤ λk max
0≤j<N

Ex [eA(τj); τj < ζ] ≤ λkM.

All these inequalities lead to

∞∑
n=0

Ex [eA(τn); τn < ζ] =
∞∑
k=0

N−1∑
j=0

Ex [eA(τj+kN ); τkN+j < ζ]

≤ NM

∞∑
k=0

λk = NM(1− λ)−1 <∞.

Finally, we have, by the strong Markov property of X ,

gµ(x) =
∞∑
n=0

Ex [eA(ζ); τn < ζ ≤ τn+1]

≤
∞∑
n=0

Ex [eA(τn)gµ(Xτn); τn < ζ]

≤ ‖gµ‖∞
∞∑
k=0

Ex [eA(τn); τn < ζ] .

This proves the lemma.

Remark 2.4. If E is Green-bounded, that is, if ‖G1‖∞ < ∞, then an easy mod-
ification (without doing time change) of the above proof shows the following (cf.
Lemma 9 of Chung and Rao [12]).

Suppose that µ is a signed smooth measure such that µ+ ∈ K1(X) and Uµ− is
bounded. If (X,µ) is gaugeable and ‖G1‖∞ < ∞, then for any δ > 0 there is a
constant c(δ) > 0 such that

‖gµ‖−1
∞ gµ(x) ≤

∞∑
n=0

Ex [eA(nδ); nδ < ζ] ≤ c(δ) <∞ for all x ∈ E.

Theorem 2.8. Suppose that µ is a signed smooth measure such that µ+ ∈ K1(X)
and Uµ− is bounded. Let A+ and A− be the PCAFs with Revuz measures µ+ and
µ− respectively. If (X,µ) is gaugeable, then

sup
x∈E

Ex

[∫ ζ

0

eA(t)dA+
t

]
<∞.

Proof. Note that ∫ t

0

eA(s)dA+
s ≤

∫ t

0

eA+(s)dA+
s = exp(A+

t )− 1

and by the definition of τt,

C(t) := sup
x∈E

Ex

[
exp(A+

τt)
]
≤ et <∞.
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Now

Ex

[∫ ζ

0

eA(t)dA+
t

]
= Ex

[ ∞∑
n=0

∫ τn+1∧ζ

τn∧ζ
eA(t)dA+

t

]

=
∞∑
n=0

Ex

[∫ τn+1∧ζ

τn

eA(t)dA+
t ; τn < ζ

]

=
∞∑
n=0

Ex

[
eA(τn)EXτn

(∫ τ1∧ζ

0

eA(t)dA+
t

)
; τn < ζ

]

≤ C(1)
∞∑
n=0

Ex [eA(τn) : τn < ζ] ,

which is bounded on E by Lemma 2.7.

Remark 2.5. The above arguments can be easily modified, with τt being defined
to be the right continuous inverse of |A|t as opposed to A+

t , to show that if µ is a
signed measure in K1(X) such that (X,µ) is gaugeable, then

sup
x∈E

Ex

[∫ ζ

0

eA(t)d|A|t

]
<∞,

where |A| = A+ + A− is the PCAF corresponding to the Revuz measure |µ| =
µ+ + µ−.

Corollary 2.9. Suppose that µ is a signed smooth measure such that µ+ ∈ K1(X)
and Uµ− is bounded. Let A+ and A− be the PCAFs of X with Revuz measures µ+

and µ− respectively. Then the following are equivalent:

(1) (X,µ) is gaugeable;
(2) Ex

[∫ ζ
0
eA(t)dA+

t

]
<∞ for some x ∈ E;

(3) supx∈E Ex

[∫ ζ
0
eA(t)dA+

t

]
<∞;

(4) Ex

[
supt≤ζ eA(t)

]
<∞ for some x ∈ E;

(5) supx∈E Ex

[
supt≤ζ eA(t)

]
<∞.

Proof. Since∫ ζ

0

eA(t)dA+
t =

∫ ζ

0

e−A
−
t deA

+
t ≥ e−A

−
ζ

(
eA

+
ζ − 1

)
≥ eA(ζ)− 1,(2.17)

the equivalence between (1)-(3) follows immediately from Theorems 2.6 and 2.8.
For the remaining, observe that

eA(t) = 1 +
∫ t

0

eA(s)dAs ≤ 1 +
∫ t

0

eA(s)dA+
s ,

and so

eA(ζ) ≤ sup
0≤t≤ζ

eA(t) ≤ 1 +
∫ ζ

0

eA(s)dA+
s .(2.18)

The equivalence between (1)-(5) now follows.
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We now present a result that will be useful in deriving an analytic characteriza-
tion of (X,µ) being gaugeable in section 5.

Suppose µ is a signed smooth measure such that µ+ ∈ K1(X) and Uµ− is
bounded. Let A+ and A− be the PCAFs of X with Revuz measures µ+ and µ−

respectively. Let Y be the subprocess of X killed at rate µ−; in other words, Y
is obtained from X through the Feynman-Kac transform e−A

−
t . It is known (cf.

Sharpe [33]) that Y is a right process, which is clearly transient and irreducible. By
Fitzsimmons and Getoor [19], X and Y have the same class of smooth measures,
in particular, A+ can be viewed as the continuous additive functional of Y with
Revuz measure µ+. It is clear that the potential operator UY of Y satisfies UY ≤ U .
Therefore µ+ ∈ K1(X) ⊂K1(Y ) and UY µ− is bounded.

Theorem 2.10. Under the notation of the last paragraph, (X,µ) is gaugeable if
and only if (Y, µ+) is gaugeable.

Proof. We have by 62 of Sharpe [33] and integration by parts,

EY
x

[
eA

+
ζ

]
= Ex

[∫ ζ

0

eA
+
s d
(
−e−A

−
s

)
+ eA

+
ζ e−A

−
ζ

]

= Ex

[∫ ζ

0

e−A
−
s d eA

+
s

]
+ 1

= 1 + Ex

[∫ ζ

0

eA(t)dA+
t

]
.

(2.19)

Thus by Corollary 2.9, (X,µ) is gaugeable if and only if (Y, µ+) is gaugeable.

The following result can be obtained from Remark 2.4 using the same argument
as that for Theorem 6 in Chung and Rao [12]. It will be applied to give a char-
acterization of the gaugeability of (X,µ) in terms the positivity of the L2-spectral
radius of the corresponding Schrödinger semigroup Qt:

Qtf(x) := Ex [eA(t)f(Xt)] .

Theorem 2.11. Suppose that ‖G1‖∞ <∞ and that µ is a signed smooth measure
such that µ+ ∈ K1(X) and Uµ− is bounded. Then the following are equivalent:

(1) (X,µ) is gaugeable.
(2) For some δ > 0 and some x ∈ E,

∞∑
n=1

Qnδ1(x) <∞.(2.20)

(3) For all δ > 0 and all x ∈ E, (2.20) is true.
(4) For some x ∈ E,

∫∞
0
Qt1(x) dt <∞.

(5) There exists some t > 0 such that ‖Qt1‖∞ < 1.
(6) There are constants C > 0 and b > 0 such that ‖Qt1‖∞ ≤ C e−bt for t > 0.

For the next result in this section, we assume in addition that X is m-symmetric.
Note that in this case, the Revuz formula (2.2) holds. Let µ be a signed smooth
measure such that µ+ ∈ K1(X) and Uµ− is bounded. Note that semigroup Qt
can be viewed as the Feynman-Kac semigroup of Y by the transformation eA

+
t ,

where Y is the subprocess of X killed at rate µ− as mentioned above. So it follows
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from Proposition 2.3 and Stollmann and Voigt [36] (see also Getoor [24]) that the
Schrödinger semigroup Qt is strongly continuous in Lp(E,m) for every 1 ≤ p <∞.
If we use L to denote the infinitesimal generator for the semigroup of X , then the
infinitesimal generator for the semigroup Qt is L + µ. For 1 ≤ p ≤ ∞, define the
Lp-spectral radius of the semigroup Qt by

λp(X,µ) := − lim
t→∞

1
t

log ‖Qt‖p,p.

Here ‖Qt‖p,p is the operator norm of Qt : Lp(E,m)→ Lp(E,m). The Lp-norm in
Lp(E,m) will be denoted as ‖ · ‖p. Clearly

‖Qt‖∞,∞ = ‖Qt1‖∞ = sup
x∈E

Ex [eA(t)] .

Since X is symmetric, the semigroup Qt is symmetric in L2(E,m). Let (E ,F) be
the Dirichlet space of X . Then the quadratic form associated with Qt is given by
(Q,F) (see Chen and Song [9]), where

Q(u, v) = E(u, v)−
∫
E

u(x)v(x)µ(dx).

It is well known that the L2-spectral radius λ2(X,µ) of Qt can be represented in
terms of its quadratic form Q:

λ2(X,µ) = inf
{
Q(u, u) : u ∈ F with

∫
E

u(x)2m(dx) = 1
}

= inf
{
E(u, u)−

∫
E

u(x)2µ(dx) : u ∈ F with
∫
E

u(x)2m(dx) = 1
}
.

Theorem 2.12. In addition to the assumption made at the beginning of this sec-
tion, X is further assumed to be m-symmetric. Suppose that m(E) < ∞ and
‖G1‖∞ < ∞. Let µ be a signed smooth measure such that µ+ ∈ K1(X) and Uµ−

is bounded. Then (X,µ) is gaugeable if and only if λ2(X,µ) > 0. Furthermore, if
λ2(X,µ) > 0, then λp(X,µ) is independent of p ∈ [1,∞].

Proof. It follows from the duality and interpolation that

‖Qt‖1,1 = ‖Qt‖∞,∞ and ‖Qt‖2,2 ≤ ‖Qt‖p,p ≤ ‖Qt‖∞,∞ for 1 < p <∞.
Hence

λ∞(X,µ) ≤ λp(X,µ) ≤ λ2(X,µ) for 1 < p <∞.(2.21)

By Theorem 2.11, if (X,µ) is gaugeable, then λ∞(X,µ) > 0 and therefore λ2(X,µ)
> 0. Conversely, suppose λ2(X,µ) > 0. Then for any ε ∈ (0, λ2(X,µ)), there is
t0(ε) > 0 such that

‖Qt‖2,2 ≤ e−t(λ2(X,µ)−ε) for t ≥ t0(ε).(2.22)

Since 1 ∈ L2(E,m),
∫∞

0
Qt1 dt is L2(E,m)-integrable. Hence by Theorem 2.11,

(X,µ) is gaugeable. Now suppose λ2(X,µ) > 0. Then for any ε ∈ (0, λ2(X,µ)), by
(2.22),

‖Qt‖∞,∞ = ‖Qt1‖∞ ≤ m(E) e−t(λ2(X,µ)−ε) for t ≥ t0(ε).

This implies that λ∞(X,µ) ≥ λ2(X,µ)− ε and so λ∞(X,µ) ≥ λ2(X,µ). Hence by
(2.21), λ∞(X,µ) = λ2(X,µ) = λp(X,µ) for all p ∈ [1,∞].
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See Chung and Zhao [13] and Chen and Song [7] for the characterization of
gaugeability of (X,µ) in terms of the condition λ2(X,µ) > 0 when X is a Brownian
motion and a symmetric stable process in a Euclidean domain, respectively, and
Simon [35] and the references therein for the Lp-independence of spectral radius
λp(X,µ) where X is a Brownian motion in Rn.

2.3. Gauge Theorem for Non-local Perturbations. In Chen and Song [9],
gauge and conditional gauge theorems were established for discontinuous additive
functionals of X . We now introduce a refined Kato class J∞(X) for discontinuous
additive functionals and present its gauge theorem.

In this subsection, X is further assumed to be a Borel standard process on E,
instead of being a Borel right process. Here, a Borel standard process on the Lusin
space E is a strong Markov process satisfying the following conditions: (i) it is right
continuous, (ii) it has no branching points, (iii) its resolvents map Borel functions
into Borel functions and (iv) it is quasi-left continuous on (0, ζ), where ζ is the
lifetime of the process. This additional assumption is to ensure the existence of
a Lévy system (N,H) for X (see Benveniste and Jacod [3] and Theorem 47.10 of
Sharpe [33]). Here H is a PCAF of X with bounded 1-potential, and N(x, dy)
is a kernel on (E∂ ,B(E∂)) with N(x, {x}) = 0 for all x ∈ E such that for any
nonnegative Borel function F on E×E∂ vanishing on the diagonal and any x ∈ E,
t 7→

∫ t
0

(∫
E∂
F (Xs, y)N(Xs, dy)

)
dHs is the dual predictable projection of t 7→∑

s≤t F (Xs−, Xs) under every Px; that is,

Ex

∑
s≤t

F (Xs−, Xs)

 = Ex

[∫ t

0

∫
E∂

F (Xs, y)N(Xs, dy)dHs

]
.

The Revuz measure of H will be denoted as µH . To simplify notation, we write

NF (x) :=
∫
E∂

F (x, y)N(x, dy).

Definition 2.4. Suppose F is a bounded function on E × E vanishing on the
diagonal. We say that F belongs to the class J∞(X) if the measure

µ|F |(dx) := N |F |(x)µH(dx)

belongs to K∞(X).

In Chen and Song [9], the corresponding Kato class, which we now denote as
J̃∞(X), is the family of those bounded functions F with µ|F | ∈ K̃∞(X). As already
seen, J∞(X) is an extension of J̃∞(X) in that the Revuz measure µH does not need
to be absolutely continuous with respect to m.

For a smooth measure µ associated with a continuous additive functional Aµ

and a Borel function F on E × E that vanishes along the diagonal, define

AFt :=
∑

0<s≤t
F (Xs−, Xs) and eAµ+F (t) := exp

(
Aµt +AFt

)
, t ≥ 0.(2.23)

When µ ∈ K1(X) and F ∈ J∞(X), by Proposition 2.2 and the definition of
J∞(X),

sup
x∈E

Ex

[
A
|µ|
ζ +A

|F |
ζ

]
<∞
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and so the gauge function g(x) := Ex [eAµ+F (ζ)] is well defined. Furthermore, by
Jensen’s inequality,

inf
x∈E

Ex [eAµ+F (ζ)] > 0.(2.24)

Theorem 2.13 (Gauge Theorem II). Assume that a signed measure µ ∈ K1(X)
and F ∈ J∞(X). Then the gauge function g(x) := Ex [eAµ+F (ζ)] is either bounded
on E or identically ∞ on E.

Proof. The proof is the same as that for Theorem 2.6 in Chen and Song [9], modulo
some suitable modifications. So it is omitted here.

Definition 2.5. For µ ∈ K1(X) and F ∈ J∞(X), we say (X,Aµ+F ) is gaugeable
if the gauge function x 7→ Ex [eAµ+F (ζ)] is bounded on E. HereAµ is the continuous
additive functional of X with Revuz measure µ.

The Feynman-Kac transform (2.23) defines a semigroup

Qtf(x) := Ex [eAµ+F (t)f(Xt)] .(2.25)

As suggested in Theorem 2.4 of Chen and Song [9], {Qt, t ≥ 0} is a semigroup
having infinitesimal generator of the form L+µHF+µ, where L is the infinitesimal
generator of the semigroup of X and F is a non-local linear operator defined by

Ff(x) :=
∫
E∂

(
eF (x,y) − 1

)
f(y)N(x, dy), x ∈ E.(2.26)

So the Schrödinger semigroup in (2.25) defines a non-local perturbation of X by
discontinuous additive functionals Aµ +AF .

The results established above for (X,µ) from Lemma 2.7 to Theorem 2.12 can
all be extended to the non-local perturbation (X,Aµ + F ), along the same line of
arguments with suitable modifications. We now present these generalizations. First
let us recall the definition of the Stieltjes exponential Exp(K)t of a right continuous
increasing function Kt on R+ with K0 = 1. Exp(K)t is the unique solution Zt of

Zt = 1 +
∫

(0,t]

Zs−dKs, t > 0.

By (A4.17) of Sharpe [33],

Exp(Kt) = eK
c
t

∏
0<s≤t

(1 + ∆Ks),

where ∆Ks = Ks − Ks− and Kc
t denotes the continuous part of Kt. Clearly

exp(Kt) ≥ Exp(K)t with the equality holding if and only if Kt is continuous. The
reason for Exp(K)t being called the Stieltjes exponential of Kt is that by Doléans-
Dade [16] it can be expressed as

Exp(K)t = 1 +
∞∑
n=1

∫
(0,t]

dKtn

∫
(0,tn]

dKtn−1 · · ·
∫

(0,t2]

dKt1 .(2.27)

The advantage of using the Stieltjes exponential Exp(K)t over the regular expo-
nential exp(Kt) is that the Khasminskii inequality continues to hold for Stieltjes
exponentials in view of (2.27). It is stated as follows. If supx∈E Ex [Kt] < 1, then
(see Lemma 2.1 of Ying [41])

Ex [Exp(K)t] ≤
1

1− supx∈E Ex [Kt]
.(2.28)
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In Stummer and Sturm [37], a refined version of Khasminskii’s inequality is given.
Suppose that µ ∈ K1(X) and F ∈ J∞(X). Let A+ and A− denote the PCAFs of

X with Revuz measures µ+ and µ− respectively, and let F+ and F− denote the pos-
itive and negative parts of F respectively. Recall that µF+(dx) := NF+(x)µH(dx).
Let τt be the right continuous inverse of the PCAF corresponding to the smooth
measure µ+ + µF+ , that is,

τt = inf
{
s ≥ 0 : A+

s +
∫ s

0

NF+(Xr)dHr > t

}
for t ≥ 0.

Lemma 2.14. Suppose that µ is a signed measure in K1(X) and F ∈ J∞(X).
Let A be the continuous additive functional of X with Revuz measure µ and let
g(x) := Ex [eA+F (ζ)] be the gauge function. If (X,A + F ) is gaugeable, then for
any δ > 0 there is a constant c(δ) > 0 such that

‖g‖−1
∞ g(x) ≤

∞∑
n=0

Ex [eA+F (τnδ); τnδ < ζ] ≤ c(δ) <∞ for all x ∈ E.

Proof. This lemma can be proved along the same line of argument as in Lemma
2.7 with measure µ+ +µF+ , the additive functionals A+AF and A+ +AF

+
in the

roles of the measure µ+, and the additive functionals A and A+ there respectively.
The only places that need modifications are the estimates for Ex

[
epA++pF+(σK)

]
,

Ex [eA++F+(σK)] and Ex [eA++F+(τj); τj < ζ], which we give as follows.
Let p > 1 be such that pµ+ ∈ K1(X) and define F1(x, y) = epF

+(x,y) − 1. Since
F+ is bounded, we have

F1 ≤ pe‖pF
+‖∞ F+ and µF1 ≤ pe‖pF

+‖∞ µF+ .

With AF1
t :=

∑
0<s≤t F1(Xs−, Xs),

epA++pF+(t) = exp

pA+
t + p

∑
0<s≤t

F+(Xs−, Xs)


= exp

(
pA+

t

) ∏
0<s≤t

(1 + F1(Xs−, Xs))

= Exp
(
pA+AF1

)
t
.

On the other hand, since

Ex

[
AF1
t

]
= Ex

[∫ t

0

NF1(Xs)dHs

]
≤ Ex

[∫ ∞
0

NF1(Xs)dHs

]
= UµF1(x),

Ex

[
AF1
ζ

]
≤ UµF1(x) <∞. So AF1

t −
∫ t

0
NF1(Xs)dHs is a uniformly integrable mar-

tingale under every Px. Thus Ex

[
AF1
σK

]
= Ex

[∫ σK
0 NF1(X)dHs

]
≤ U(1KcµF1)(x)

and
sup
x∈E

Ex

[
pA+

σK +AF1
σK

]
≤ ‖U

(
1Kc(pµ+ + µF1)

)
‖∞

≤ p
∥∥∥U (1Kc

(
µ+ + ep‖F

+‖∞ µF+

))∥∥∥
∞
.

Since ν := pµ+ + pep‖F
+‖∞ µF+ ∈ K1(X), in the display of (2.16) we can take a

Borel set K1 of finite ν-mass and a constant δ > 0 so that

p sup
B⊂K1:ν(B)<δ

∥∥∥U (1Kc
1∪B

(
µ+ + e2‖F+‖∞ µF+

))∥∥∥
∞

:= β1 < 1.
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Since (X,A+ F ) is gaugeable, g(x) := Ex [eA+F (ζ)] is bounded and so

lim
n→∞

Ex [eA+F (ζ); τn < ζ] = 0 on E.

Thus for any given small ε > 0, one can find an integer N large enough and a closed
subset K ⊂ K1 such that

sup
x∈K

Ex [eA+F (ζ); τN < ζ] < ε

and K1 \ K has mass less than δ under the measure µ+ + e2‖F+‖∞ µF+ . The set
K ⊂ K1 has the property that

p
∥∥∥U (1Kc

(
µ+ + ep‖F

+‖∞ µF+

))∥∥∥
∞
≤ β1 < 1

and so by Khasminskii’s inequality (2.28),

sup
x∈E

Ex

[
epA++pF+(σK)

]
= sup
x∈E

Ex

[
Exp

(
pA+ +AF1

)
σK

]
≤ (1− β1)−1.

Obviously,

sup
x∈E

Ex [eA++F+(σK)] ≤ sup
x∈E

Ex

[
epA++pF+(σK)

]
≤ (1− β1)−1.

To estimate Ex [eA++F+(τj); τj < ζ], we use the Cauchy-Schwartz inequality:

Ex [eA++F+(τj); τj < ζ]

≤
(

Ex

[
exp

(
2A+

τj + 2
∫ τj

0

NF+(Xs)dHs

)
; τj < ζ

])1/2

×

Ex

exp

2
∑

0<s≤τj

F+(Xs−, Xs)− 2
∫ τj

0

NF+(Xs)dHs

1/2

≤ 2j.

In the last inequality we used the definition of τj and the fact that

t 7→ exp

2
∑

0<s≤t
F+(Xs−, Xs)− 2

∫ t

0

NF+(Xs)dHs


is a positive local martingale and therefore it is a supermartingale under Px. With
these modifications, the proof for Lemma 2.7 carries over to get the conclusion of
this lemma.

Theorem 2.15. Suppose that µ is a signed smooth measure in K1(X) and F ∈
J∞(X). Let A+ and A− be the PCAFs with Revuz measures µ+ and µ− respectively
and A = A+ −A−. If (X,A+ F ) is gaugeable, then

sup
x∈E

Ex

[∫ ζ

0

eA+F (t)d(A+
t +AF

+

t )

]
<∞.

Proof. Let F1 := eF
+ − 1. Since F+ is bounded, so is F1 and therefore there is a

constant c1 ≥ 1 such that

c−1F1 ≤ F+ ≤ c F1.(2.29)
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Note that∫ t

0

eA+F (s)d(A+
s +AF

+

s ) ≤
∫ t

0

eA++F+(s) d(A+
s +AF

+

s )

≤ c1

∫ t

0

Exp(A+ +AF1)s− eF (Xs−,Xs) d(A+
s +AF1

s )

≤ c1 e
‖F‖∞ (Exp(A+ +AF1)t − 1

)
.

By the definition of τt, Khasminskii’s inequality (2.28) and the Markov property of
X , we have

C(t) := c1 e
‖F1‖∞ sup

x∈E
Ex

[
Exp(A+ +AF1)τt

]
<∞.

Now

Ex

[∫ ζ

0

eA+F (t)d(A+
t +AF

+

t )

]

= Ex

[ ∞∑
n=0

∫ τn+1∧ζ

τn∧ζ
eA+F (t)d(A+

t +AF
+

t )

]

=
∞∑
n=0

Ex

[∫ τn+1∧ζ

τn

eA+F (t)d(A+
t +AF

+

t ); τn < ζ

]

=
∞∑
n=0

Ex

[
eA+F (τn)EXτn

(∫ τ1∧ζ

0

eA+F (t)d(A+
t +AF

+

t )

)
; τn < ζ

]

≤ C(1)
∞∑
n=

Ex [eA+F (τn) : τn < ζ] ,

which is bounded on E by Lemma 2.14.

Remark 2.6. The above arguments can be easily modified, with τt being defined to
be the right continuous inverse of the PCAF corresponding to the smooth measure
|µ|+ µ|F | as opposed to µ+ + µF+ , to show that if µ is a signed measure in K1(X)
and F ∈ J∞(X) such that (X,µ) is gaugeable, then

sup
x∈E

Ex

[∫ ζ

0

eA+F (t) d(|A|t +A
|F |
t )

]
<∞,

where |A| = A+ + A− is the PCAF corresponding to the Revuz measure |µ| =
µ+ + µ−.

Corollary 2.16. Suppose that µ is a signed smooth measure in K1(X) and F ∈
J∞(X). Let A+ and A− be the PCAFs of X with Revuz measures µ+ and µ−

respectively, and let A = A+ −A−. Then the following are equivalent:
(1) (X,A+ F ) is gaugeable;
(2) Ex

[∫ ζ
0 eA+F (t) d

(
A+
t +AF

+

t

)]
<∞ for some x ∈ E;

(3) supx∈E Ex

[∫ ζ
0 eA+F (t) d

(
A+
t +AF

+

t

)]
<∞;

(4) Ex

[
supt≤ζ eA+F (t)

]
<∞ for some x ∈ E;

(5) supx∈E Ex

[
supt≤ζ eA+F (t)

]
<∞.
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Proof. Let F1 = eF
+ − 1. It follows from (2.29) that∫ ζ

0

eA+F (t) d
(
A+
t +AF

+

t

)
≥ e−(A−ζ +AF

−
ζ )

∫ ζ

0

eA++F+(t−)eF
+(Xt−,Xt) d

(
A+
t +AF

+

t

)
≥ c−1

1 e−(A−ζ +AF
−

ζ )

∫ ζ

0

Exp(A+ + F1)t− d
(
A+
t +AF1

t

)
= c−1

1 e−(A−ζ +AF
−

ζ )

(
eA

+
ζ +AF

+
ζ − 1

)
≥ c−1

1 (eA+F (ζ)− 1) .

The equivalence between (1)-(3) follows immediately from Theorems 2.13 and 2.15.
For the remaining, observe that

eA+F (t) = 1 +
∫ t

0

eA+F (s−) d
(
As +AFs

)
+
∑

0<s≤t
(eA+F (s)− eA+F (s−)− eA+F (s−)F (Xs−, Xs))

= 1 +
∫ t

0

eA+F (s−) d
(
As +AF

+

s

)
+
∑

0<s≤t

(
eA+F (s)− eA+F (s−)− eA+F (s−)F+(Xs−, Xs)

)
≤ 1 + c2

∫ t

0

eA+F (s−) d
(
A+
s +AF

+

s

)
≤ 1 + c2e

‖F‖∞
∫ t

0

eA+F (s) d
(
A+
s +AF

+

s

)
.

In the second to last inequality, we used the fact that F is bounded and so

eA+F (s)− eA+F (s−)− eA+F (s−)F+(Xs−, Xs) ≤ c3eA+F (s−)F+(Xs−, Xs).

Therefore,

eA+F (ζ) ≤ sup
0≤t≤ζ

eA+F (t) ≤ 1 + c2

∫ ζ

0

eA+F (s)d
(
A+
s +AF

+

s

)
and the equivalence between (1)-(5) now follows.

By modifying the approach in the second proof of Theorem 7 in Chung and Rao
[12], we can establish the following.

Theorem 2.17 (Super Gauge Theorem). Suppose that µ is a signed smooth mea-
sure in K1(X), F ∈ J∞(X) and that (X,Aµ + F ) is gaugeable. Then there
is an ε0 > 0 such that (X,Aµ+ε0|µ| + F + ε0|F |) is gaugeable. In particular,
(X,A(1+ε)µ + (1 + ε)F ) is gaugeable for all ε ∈ [0, ε0].

Proof. Let A and |A| be the continuous additive functionals of X with Revuz mea-
sures µ and |µ| respectively and let g(x) := Ex [eA+F (ζ)] be the gauge function.
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Note that by (2.24), the function g is bounded from below by a positive constant.
We define a family of probability measures {Qx, x ∈ E} by

Qx(A) = g(x)−1Ex [eA+F (ζ)1A] for A ∈ M∞.
To simplify notation we will also use Qx to denote the expectation under probability
measure Qx. For any {Mt}t≥0-stopping time T , by the strong Markov property of
X , on {T < ζ},

Qx

[(
|A|ζ +A

|F |
ζ

)
−
(
|A|T− +A

|F |
T−

) ∣∣∣MT

]
≤ ‖F‖∞ + Qx

[(
|A|ζ +A

|F |
ζ

)
◦ θT

∣∣∣MT

]
= ‖F‖∞ + g(XT )−1Ex

[(
eA+F (ζ)(|A|ζ +A

|F |
ζ )
)
◦ θT

∣∣∣MT

]
= ‖F‖∞ + g(XT )−1EXT

[
eA+F (ζ)

(
|A|ζ +A

|F |
ζ

)]
.

On the other hand, by Remark 2.6,

sup
x∈E

Ex

[
eA+F (ζ)

(
|A|ζ +A

|F |
ζ

)]
= sup

x∈E
Ex

[∫ ζ

0

eA+F (ζ) d(|A|t +A
|F |
t )

]

= sup
x∈E

Ex

[∫ ζ

0

eA+F (t)EXt [eA+F (ζ)] d(|A|t +A
|F |
t )

]

≤ ‖g‖∞ sup
x∈E

Ex

[∫ ζ

0

eA+F (t) d(|A|t +A
|F |
t )

]
:= c1 <∞.

Hence

Qx

[(
|A|ζ +A

|F |
ζ

)
−
(
|A|T− +A

|F |
T−

) ∣∣∣MT

]
≤ ‖F‖∞ + c1‖g−1‖∞.

Now replacing A and F above by ε0A and ε0F , for ε0 < c−1
2 we have

Qx

[(
ε0|A|ζ +A

ε0|F |
ζ

)
−
(
ε0|A|T− +A

ε0|F |
T−

) ∣∣∣MT

]
≤ θ < 1 for every x ∈ E.

Hence by John-Nirenberg’s inequality (see VI.190 of Dellacherie and Meyer [15]),

sup
x∈E

Qx

[
eε0|A|+ε0|F |(ζ)

]
<∞

and therefore

sup
x∈E

Ex

[
e(A+ε0|A|)+(F+ε0|F |)(ζ)

]
= sup

x∈E
Ex

[
eA+F (ζ)eε0|A|+ε0|F |(ζ)

]
= sup

x∈E

(
g(x)Qx

[
eε0|A|+ε0|F |(ζ)

])
<∞.

So (X, (A+ ε0|A|) + (F + ε0|F |)) is gaugeable. Since

(1 + ε)At +A
(1+ε)F
t ≤ At + ε0|A|t +A

F+ε0|F |
t for ε ∈ [0, ε0],

(X,A(1+ε)µ + (1 + ε)F ) is gaugeable for all ε ∈ [0, ε0].
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Remark 2.7. When X is symmetric, Theorems 2.11 and 2.12 can also be established
for (X,Aµ + F ) and the Schrödinger semigroup

Qtf(x) = Ex [eAµ+F (t)f(Xt)]

with almost the same proofs modulo the modifications as those made in the proofs
for Lemma 2.14 up to Corollary 2.16, where µ ∈ K1(X) and F ∈ J∞(X) is sym-
metric. So we omit the details here.

3. Conditional gauge theorems

In addition to the assumptions on X made at the beginning of the last section,
suppose now that there is another transient Borel right process

X̂ = (Ω̂, M̂, M̂t, X̂t, P̂x, x ∈ E)

on the same state space E which is a strong dual of X with respect to the measure
m. That is, the semigroup {P̂t}t≥0 of X̂ is the dual in L2(E,m) to the semigroup
{Pt}t≥0 of X :∫

E

f(x)Ptg(x)m(dx) =
∫
E

g(x)P̂tf(x)m(dx) for all f, g ∈ L2(E,m)

and the resolvents {Uα} and {Ûα} satisfy the following conditions: for each α > 0,
a (B(E)× B(E))-measurable potential density Gα(x, y) can be chosen so that

(a) Uα(x, dy) = Gα(x, y)m(dy), Ûα(x, dy) = Gα(y, x)m(dy);

(b) x→ Gα(x, y) is α-excessive for X, y → Gα(x, y) is α-excessive for X̂.

When α = 0, we will drop the subscript and write G for G0. In this setting we
do not need to assume a priori that the Borel right process X has left limits in
(0, ζ). The strong duality assumption above implies that both X and X̂ have left
limits on (0, ζ) and (0, ζ̂) respectively; more precisely, Xt− and X̂t− exist in E

for all t ∈ (0, ζ) and t ∈ (0, ζ̂) respectively. Note that under the above duality
assumption, the Revuz formula (2.2) holds and therefore for any positive smooth
measure µ, Uµ = Gµ =

∫
E
G(·, y)µ(dy).

The above assumptions also imply that an excessive function h of X is Borel
measurable. For any excessive function h of X that is finite m-a.e. on E, let
Eh := {x ∈ E : 0 < h(x) <∞} and define

ph(t, x, dy) =
h(y)p(t, x, dy)

h(x)
, t > 0, x, y ∈ Eh.(3.1)

Then ph is a transition probability and determines a Borel right process Xh on Eh
(cf. Getoor and Glover [25]), which is called Doob’s h-transformed process of X .
Let E \ Eh be absorbing states for Xh. Then by Proposition 5.4 of [25], Xh and
X̂ are in strong dual on E with respect to the measure hm and therefore Xh has
left limits on (0, ζh). Note that m(E \ Eh) = 0. We are going to use ζh to denote
the lifetime of the h-conditioned process. For any x ∈ E, we are going to use Ph

x

and Eh
x to denote the probability and expectation with respect to the h-conditioned

process starting from x respectively. When h(·) = G(·, y) for some y ∈ E, we will
use Py

x and Ey
x to denote the probability and expectation for the h-conditioned

process starting from x respectively. In this case, the lifetime ζh will be denoted as
ζy and the process Xh as Xy.
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It is clear that if u is an excessive function for Xh, then uh is excessive for X .
Furthermore, if Aµ is a PCAF of X with Revuz measure µ, then by Proposition
5.1 of Getoor and Glover [25] and (2.1)

lim
t↓0

Eh
hm

[
1
t

∫ t

0

f(Xh
s )dAµs

]
= lim

t↓0
Em

[
1
t

∫ t

0

(hf)(Xs)dAs

]
=
∫
E

f(x)h(x)µ(dx),
(3.2)

for positive f ≥ 0 on Eh. Here we used the fact that hm is an excessive measure for
Xh. The above implies that Aµ is a PCAF of Xh with Revuz measure h(x)µ(dx).

Note that by (3.1), Xh has Green function

Gh(x, y) :=
G(x, y)
h(x)

(3.3)

with respect to measure hm.

3.1. Conditional Gauge Theorem for Local Perturbations. The following
definitions for Kato classes S∞(X) and S1(X) are extensions of the corresponding
classes in Chen and Song [8] to measures that may not be absolutely continuous
with respect to m. Define d := {(x,w) ∈ E × E : G(x,w) = 0 or ∞}, Ew := {x ∈
E : 0 < G(x,w) <∞} and Êw := {x ∈ E : 0 < G(w, x) <∞}.

Definition 3.1. (1) A signed smooth measure is said to be in the class S∞(X) if
for any ε > 0 there is a Borel subset K = K(ε) of finite |µ|-measure and a constant
δ = δ(ε) > 0 such that

sup
(x,z)∈(E×E)\d

∫
Kc

G(x, y)G(y, z)
G(x, z)

|µ|(dy) ≤ ε(3.4)

and for all measurable sets B ⊂ K with |µ|(B) < δ,

sup
(x,z)∈(E×E)\d

∫
B

G(x, y)G(y, z)
G(x, z)

|µ|(dy) ≤ ε.(3.5)

(2) A signed smooth measure µ is said to be in class S1(X) if there is a Borel
set K of finite |µ|-measure and a constant δ > 0 such that

β2(µ) := sup
B⊂K:|µ|(B)<δ

sup
(x,z)∈(E×E)\d

∫
Kc∪B

G(x, y)G(y, z)
G(x, z)

|µ|(dy) < 1.

By the same proof as that for Corollary 3.1 in Chen and Song [8], we have
S∞(X) ⊂ K∞(X) and S1(X) ⊂ K1(X).

When X is a symmetric α-stable process in Rn with n > α, it is well known
that its Green function G(x, y) = c(n, α)|x− y|α−n and the following 3G-inequality
holds:

G(x, y)G(y, z)
G(x, z)

≤ C(G(x, y) +G(y, z)).

So S∞(X) ⊃ K∞(X). We can also consider the Kato class S∞ for the subprocess
of X . For domain D ⊂ Rn, let XD be the subprocess of X killed upon leaving D
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and let GD denote its Green function. When D is a bounded C1,1-smooth domain,
it is known (see Chen and Song [6] and Kulczycki [26]) that

GD(x, y) ≈ min
{

1
|x− y|n−α ,

δD(x)α/2δD(y)α/2

|x− y|n−α

}
for x, y ∈ D.(3.6)

Here δD(x) is the Euclidean distance between x and Dc, and f ≈ g means there
are c1, c2 > 0 such that c1g ≤ f ≤ c2g. We will not delve too far into concrete
examples of S∞(XD)-measures but will only mention the following.

Proposition 3.1. (1) A positive measure µ is in S∞(XD) if and only if for every
relatively compact open set U ⊂ D, 1Uµ ∈ K(X) and that for any ε > 0, there is a
compact subset K of D such that

sup
x,y∈D

1
GD(x, y)

∫
D\K

GD(x, z)GD(z, y)µ(dz) ≤ ε.

(2) Suppose that D is a bounded C1,1-domain in Rn. Then a positive measure
µ is in S∞(XD) if and only if for every relatively compact open set U ⊂ D, 1Uµ ∈
K(X) and that for any ε > 0 there is a compact subset K = K(ε) of D such that

sup
x∈D\K

∫
D\K

δD(y)α/2

δD(x)α/2
GD(x, y)µ(dy) ≤ ε.

Proof. The proof is similar to those for Propositions 4.1 and 4.2 in Chen and Song
[8], combined with applying Theorem 1 of Zhao [42] on a relatively compact smooth
subdomain U of D. So we omit the details here.

Using estimate (3.6) and the characterization in Proposition 3.1(2), concrete
conditions (see [8]) can be given for µ ∈ S∞(XD).

Proposition 3.2. For positive measure µ ∈ S1(X),

sup
(x,w)∈(E×E)\d

∫
Ew

G(x, y)G(y, z)
G(x,w)

µ(dy) <∞.

Proof. The proof is similar to that for Proposition 2.2; so we omit it here.

Suppose that µ is a smooth measure of X with µ+ ∈ S1(X). Let Aµ,+ and Aµ,−

be the PCAFs of X with Revuz measures µ+ and µ− respectively. We know from
(3.2) that Aµ,+ and Aµ,− can be regarded as PCAFs of X ·,w with Revuz measures
G(·, w)µ+ and G(·, w)µ− respectively. Since µ+ ∈ S1(X), we have by Proposition
3.2 and (3.3) that supx∈Ew Ew

x [Aµ,+ζw ] <∞ for every w. Thus the conditional gauge

function Ew
x

[
exp(Aµζw )

]
is well defined for (x, y) /∈ d.

Theorem 3.3 (Conditional Gauge Theorem I). Suppose that µ is a signed smooth
measure of X such that µ+ ∈ S1(X). If Ew

x [eA(ζw)] is finite for some (x0, w0) ∈
(E × E) \ d, then Ew

x [eA(ζw)] is bounded on (E × E) \ d.

Proof. Applying the same idea as that in the proof of Theorem 2.5(2), it can be
shown that G(·, w)µ+ ∈ K1(Xw) for each w ∈ E. The rest of the proof is the
same as that for Theorem 3.3 in Chen and Song [8], modulo some straightforward
modifications.
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The conditional gauge theorem is important since the conditional gauge function
is the ratio of the Green function GL+µ for the Schrödinger operator L + µ with
the Green function G of X (see Lemma 3.5 below). Here L is the infinitesimal
generator of (the semigroup of) X and L + µ denotes the infinitesimal generator
of the Schrödinger semigroup Qt defined by Qtf(x) = Ex [eA(t)f(Xt)]. To the
author’s knowledge, this is the first time a conditional gauge theorem is explicitly
established for a potential µ that is not absolutely continuous with respect to m,
even when X is a Brownian motion in Rn or in a domain D ⊂ Rn.

Definition 3.2. For a signed smooth measure µ of X with µ+ ∈ S1(X), we say
that (X,µ) is conditionally gaugeable if the conditional gauge function (x,w) 7→
Ew
x [eA(ζw)] is bounded on (E × E) \ d.

It is possible to have the analogy of Corollary 2.9 for conditional gaugeability.

Theorem 3.4. Suppose that µ is a signed smooth measure such that µ+ ∈ S1(X)
and that

sup
(x,w)∈E×E)\d

∫
Ew

G(x, y)G(y, w)
G(x,w)

µ−(dy) <∞.(3.7)

Let A+ and A− be the PCAFs of X with Revuz measures µ+ and µ− respectively.
Then the following are equivalent:

(1) (X,µ) is conditionally gaugeable;
(2) Ew

x

[∫ ζw
0 eA(t)dA+

t

]
<∞ for some (x,w) ∈ (E × E) \ d;

(3) sup(x,w)∈(E×E)\dEw
x

[∫ ζw
0 eA(t)dA+

t

]
<∞;

(4) Ew
x

[
supt≤ζw eA(t)

]
<∞ for some (x,w) ∈ (E × E) \ d;

(5) sup(x,w)∈(E×E)\dEw
x

[
supt≤ζw eA(t)

]
<∞.

Proof. In view of (2.18), it suffices to show the equivalence between (1)–(3). For
(x,w) ∈ (E × E) \ d, define

u(x,w) = Ew
x

[∫ ζw

0

eA(t)dA+
t

]
and û(x,w) = Êx

w

[∫ ζ̂w

0

eA(t)dA+
t

]
.

Suppose that (1) holds. Applying Corollary 2.9 to the conditional process
(X̂w,Pw

x , x ∈ Êw), where Êw = {x ∈ E : 0 < G(w, x) < ∞}, we have
supx∈Êw û(x,w) < ∞ for any w ∈ E. By Theorem 6.5 and Example 6.14 of
Getoor and Glover [25], for any (x,w) ∈ (E×E)\d, the time reversal at its lifetime
of the process (X,Pw

x ) (obtained by reversing the conditional process (Xw,Pw
x )

at its lifetime ζw and taking the right continuous version) has the same distribu-
tion as the conditional process (X̂x, P̂x

w). Consequently, u(x,w) = û(w, x) and so
supx∈Êw u(w, x) < ∞ for every w ∈ E. Let K be the Borel set and δ the positive
constant in Definition 3.1 for µ+ ∈ S1(X) such that

sup
(x,z)∈(E×E)\d

(∫
E\K

G(x, y)G(y, z)
G(x, z)

µ+(dy)

+ sup
B⊂K:|µ|(B)<δ

∫
B

G(x, y)G(y, z)
G(x, z)

µ+(dy)

)
:= β2(µ+) < 1.
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Note that u(x,w) is B(E × E) if we set u(x,w) = 1 for (x,w) ∈ d. Hence {x ∈
K : supw∈E u(x,w) > M} is B(E)-measurable since it is the x-projection of the set
{(x,w) ∈ K ×E : u(x,w) > M}. Since

⋂∞
M=2{x ∈ K : supw∈E u(x,w) > M} = ∅,

we can choose M large enough so that the set {x ∈ K : supw∈E u(x,w) > M} has
µ+-measure less than δ/2. Choose a closed subset K1 of K such that K \ K1 ⊃
{x ∈ K : supz∈E u(x,w) > M} and has µ+-mass less than δ. Note that since
Kc

1 = Kc ∪ (K \K1),

sup
(x,w)∈E×E)\d

∫
Kc

1

G(x, y)G(y, w)
G(x,w)

µ+(dy) ≤ β2(µ+) < 1.(3.8)

Now by the strong Markov property of Xw, for every (x,w) ∈ (E × E) \ d,

u(x,w) = Ew
x

[∫ σK1

0

eA(t)dA+
t

]
+ Ew

x

[∫ ζw

σK1

eA(t)dA+
t ; σK1 < ζw

]

≤ Ew
x

[∫ σK1

0

eA+(t)dA+
t

]
+ Ew

x

[
eA(σK1)u(Xw

σK1
, w); σK1 < ζw

]
≤ (M + 1)Ew

x

[
exp(A+

σK1
)
]
− 1

≤ M + 1
1− β2(µ+)

− 1.

In the second to last inequality, we used the fact that K1 is closed and therefore
Xw
σK1
∈ K1 and so u(Xw

σK1
, w) ≤ M on {σK1 < ζw}; in the last inequality, we

used (3.8) and Khasminskii’s lemma. This proves that (3) follows from (1). That
(3) implies (2) is trivial. Now suppose (2) holds for some (x,w). Then by (2.17),
Ew
x [eA(ζw)] <∞ and therefore by Theorem 3.3, (X,µ) is conditionally gaugeable.

Note that by Proposition 3.2, condition (3.7) is satisfied if µ is a signed measure
in S1(X).

Suppose that µ is a signed measure with µ+ ∈ K1(X) and Gµ− being bounded.
Let A+ and A− be the PCAFs of X with Revuz measures µ+ and µ− respectively,
and let A = A+ −A−. Define the Schrödinger semigroup

Qtf(x) := Ex [eA(t)f(Xt)dt](3.9)

and the resolvent

V f(x) :=
∫ ∞

0

Qtf(x)dx = Ex

[∫ ∞
0

eA(t)f(Xt)dt
]
.(3.10)

Clearly Qt is a bounded semigroup in L∞(E,m) and we formally denote the infin-
itesimal generator of Qt as L + µ. Note that the semigroup Qt can be viewed as
the Feynman-Kac semigroup of Y by the transformation eA

+
t , where Y is the sub-

process of X killed at rate µ− as mentioned above. When µ+ ∈ K1(X) ∩K1(X̂),
it follows from Proposition 2.3 above and Theorem 4.15 in Getoor [24] that the
Schrödinger semigroup Qt is strongly continuous in Lp(E,m) for every 1 ≤ p <∞.

The following lemma gives the explicit expression for the Green function of L+µ.
Its simple proof using the property of h-transform seems to be new even in the
classical Brownian motion case (cf. [13] and [14]).
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Lemma 3.5. (1) For every Borel function f ≥ 0,

Ex

[∫ ∞
0

eA(t)f(Xt)dt
]

=
∫
E

G(x, y)Ey
x [eA(ζy)] f(y)m(dy).

That is, V (x, y) := G(x, y)Ey
x [eA(ζy)] is the Green function of L+ µ.

(2) For any positive measure ν ∈ K1(X),

Ex

[∫ ∞
0

eA(t)dAνt

]
=
∫
E

G(x, y)Ey
x [eA(ζy)] ν(dy),

where Aν is the PCAF of X with Revuz measure ν.

Proof. (1) Fix a bounded Borel measurable function f0 ∈ L2(E,m) that is strictly
positive m-a.e. on E and such that h(x) :=

∫
G(x, y)f0(y)m(dy) is bounded. The

existence of such f0 is guaranteed by Getoor [23] since X is transient. Clearly h is
an excessive function of X and so h(Xt) is a supermartingale under Px for every
x ∈ E. Moreover,

Mt = h(Xt)− h(X0) +
∫ t

0

f0(Xs)ds

is an L2-integrable martingale under Px with

sup
t≥0

Ex

[
M2
t

]
<∞(3.11)

for every x ∈ E. The latter is because h is bounded and that

Ex

[(∫ ∞
0

f0(Xs)ds
)2
]

= 2Ex

[∫ ∞
0

f0(Xs)EXs

[∫ ∞
0

f0(Xr)dr
]
ds

]
≤ 2‖Gf0‖2∞ <∞.

(3.12)

By Proposition 5.1 of Getoor and Glover [25] and 62 of Sharpe [33],∫
E

G(x, y)Ey
x [eA(ζy) ∧ n] f0(y)m(dy) = h(x) Eh

x

[
eA(ζh) ∧ n

]
= Ex

[∫ ∞
0

(eA(t) ∧ n) (−dMt + f0(Xt)dt)
]

= Ex

[∫ ∞
0

(eA(t) ∧ n) f0(Xt)dt
]
.

In the last identity we used the fact that Ex

[∫∞
0

(eA(t) ∧ n) dMt

]
= 0, which is a

consequence of (3.11). Letting n→∞, we have∫
E

G(x, y)Ey
x [eA(ζy)] f0(y)m(dy) = Ex

[∫ ∞
0

eA(t)f0(Xt)dt
]
.

For a general Borel f ≥ 0, fk := f ∧ (kf0) is in L2(E,m) with Gfk being bounded.
So we have from above

Ex

[∫ ∞
0

eA(t)fk(Xt)dt
]

=
∫
E

G(x, y)Ey
x [eA(ζy)] fk(y)m(dy).

Passing k →∞ proves Part (1) of the lemma.
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(2) For a positive measure ν ∈ K1(X), by Proposition 2.2, function x 7→
Ex[Aνζ ] = Gν(x) is bounded on E and therefore by a similar argument to that
for (3.12) we have

Ex

[
(Aνζ )2

]
≤ 2‖Gν‖∞ <∞.

The rest of the proof is almost identical to that for (1) with h(x) := Gν(x) and Aν

in place of
∫ t

0 f0(Xs)ds.

Now we can show the equivalence of gaugeability and conditional gaugeability of
(X,µ), and relate them to the subcriticality of L+ µ (cf. Pinchover [30] and Zhao
[43]).

Definition 3.3. We call the Schrödinger operator L+µ subcritical if there is some
x0 ∈ E and a Borel subset B ⊂ E of positive m-measure such that V 1B(x0) <∞,
where the resolvent V is defined by (3.10).

Theorem 3.6. Suppose that µ is a signed smooth measure such that µ+ ∈ S1(X)
and µ− satisfies (3.7). Then the following are equivalent:

(1) (X,µ) is gaugeable;
(2) (X,µ) is conditionally gaugeable;
(3) L+ µ is subcritical.

Proof. Note that µ+ ∈ S1(X) ⊂ K1(X). By the same argument as that for Corol-
lary 3.1 in Chen and Song [8], condition (3.7) implies that Gµ− is bounded. Let
A+ and A− be the PCAFs of X with Revuz measures µ+ and µ− respectively.

Suppose (X,µ) is gaugeable. Then by Lemma 3.5(2) and Corollary 2.9,

sup
x∈E

∫
E

G(x, y)Ey
x [eA(ζy)]µ+(dy) = sup

x∈E
Ex

[∫ ∞
0

eA(t)dA+
t

]
<∞.

Thus there is some (x, y) ∈ (E × E) \ d such that Ey
x [eA(ζy)] < ∞ and so, by

Theorem 3.3, (X,µ) is conditionally gaugeable. Conversely, if (X,µ) is conditionally
gaugeable, it follows from the same identity above that

sup
x∈E

Ex

[∫ ∞
0

eA(t)dA+
t

]
≤ c ‖Gµ+‖∞ <∞

and so (X,µ) is gaugeable by Corollary 2.9. This proves that (1) and (2) are
equivalent.

To see that (2) and (3) are equivalent, note that by Lemma 3.5(1),

V 1B(x0) =
∫
B

G(x0, y)Ey
x0

[eA(ζy)]m(dy).

If V 1B(x0) < ∞ for some x0 ∈ E and some Borel set B with m(B) > 0, then
Ey
x0

[eA(ζy)] < ∞ for some y ∈ E satisfying 0 < G(x0, y) < ∞. Therefore by
Theorem 3.3, (X,µ) is conditionally gaugeable. Conversely, if (X,µ) is conditionally
gaugeable, then Ey

x [eA(ζy)] is bounded on (E × E) \ d. Since X is transient, by
Getoor [23], there is a set B ⊂ E of positive m-measure such that G1B is bounded
and therefore V 1B is bounded. This finishes the proof of the equivalence between
(2) and (3).

Note that under the condition of Theorem 3.6, if L + µ is subcritical, then by
Jensen’s inequality, Lemma 3.5 and Theorem 3.6, the Green function of L + µ is
comparable to that of L.
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The above definition of subcriticality for the Schrödinger operator L+µ is formu-
lated under the circumstance that we do not know if the resolvent density function
V (x, y) can be uniquely defined pointwise. Suppose now that

Xt has continuous transition density function p(t, x, y)

with sup
x,y∈E

p(t, x, y) <∞,(3.13)

and that µ is a signed measure in S∞(X). Then by the same argument as that for
Theorem 3.17 in Chung and Zhao [13], Qt has a continuous density function q(t, x, y)
which is strictly positive on R+ × E × E. In this case V (x, y) :=

∫∞
0
q(t, x, y)dt is

pointwise defined and is the density kernel for the resolvent V . Clearly if V 1B(x0) <
∞ for some x0 ∈ E and some subset B ⊂ E with m(B) > 0, then V (x0, y0) <∞ for
some (x0, y0) ∈ (E ×E) \ d. Conversely, if V (x0, y0) <∞ for some (x0, y0) ∈ (E ×
E) \ d, then

∫
E
V (x0, z)q(1, z, y0)m(dz) ≤ V (x0, y0) <∞. Since z 7→ q(1, z, y0) > 0

is continuous, there is r > 0 such that V 1B(y0,r)(x0) <∞. So we have the following.

Proposition 3.7. Assume that condition (3.13) holds and that µ is a signed smooth
measure in S∞(X). Then L+µ is subcritical if and only if V (x0, y0) <∞ for some
(x0, y0) ∈ (E × E) \ d.

Remark 3.1. If the Schrödinger semigroup Qt defined by (3.9) has positive L2-
spectral radius, that is, if

λ2(X,µ) := − lim
t→∞

1
t

log ‖Qt‖2,2 > 0,

then its resolvent V =
∫∞

0 Qtdt is a bounded operator in L2(E,m). This implies
that L + µ is subcritical by applying V to the function f = 1B for some Borel
subset with 0 < m(B) < ∞. Hence under the condition of Theorem 3.6, (X,µ) is
gaugeable. We see from Theorem 2.12 that when X is symmetric and the state space
E satisfies certain conditions, λ2(X,µ) > 0 is a necessary and sufficient condition
for (X,µ) to be gaugeable. But in general λ2(X,µ) > 0 is not a necessary condition
for (X,µ) being gaugeable, even when X is a Brownian motion in Rn. See Remark
5.1 below.

3.2. Conditional Gauge Theorem for Non-local Perturbations. We now
turn to the conditional gauge theorem for discontinuous additive functionals. In
this subsection, we assume further that X is a Borel standard process having a
strong dual Borel standard process (X̂, P̂x, x ∈ E) on E with respect to the measure
m. For any excessive function h of X , it is known from Kunita and Watanabe [27]
and Proposition 2.2 of Fitzsimmons [18] that Doob’s h-transformed process Xh is
Borel standard on Eh. Recall that (N,H) is the Lévy system of X and µH is the
Revuz measure for the PCAF H of X .

Definition 3.4. Suppose F is a bounded function on E × E vanishing on the
diagonal. Define µ|F |(dx) :=

(∫
E |F (x, y)|N(x, dy)

)
µH(dx). Function F is said to

be in the class A∞(X) if for any ε > 0 there is a Borel subset K = K(ε) of finite
µ|F |-measure and a constant δ = δ(ε) > 0 such that

sup
(x,w)∈(E×E)\d

∫
(K×K)c

G(x, y)
|F (y, z)|G(z, w)

G(x,w)
N(y, dz)µH(dy) ≤ ε(3.14)
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and for all measurable sets B ⊂ K with µ|F |(B) < δ,

sup
(x,w)∈(E×E)\d

∫
(B×E)∪(E×B)

G(x, y)
|F (y, z)|G(z, w)

G(x,w)
N(y, dz)µH(dy) ≤ ε.(3.15)

The corresponding Kato class introduced by Chen and Song in [9], which will
now be denoted as Ã∞(X), is defined very similar to that of A∞(X) above except
conditions involving measure µ|F | are replaced by the measure m. As seen from the
last section, the new A∞(X) is an extension of Ã∞(X), which allows us to cover
the cases where µH may not be absolutely continuous with respect to m. By a
similar proof as that for Corollary 3.2 in [9], we have A∞(X) ⊂ J∞(X). Note that
by Proposition 3.2 and the definition of A∞(X), for µ ∈ S1(X) and F ∈ A∞(X),

sup
(x,w)∈(E×E)\d

Ew
x

A|µ|ζw +
∑

0<s<ζw

|F (Xw
s−, X

w
s )|

 <∞.
Thus eAµ+F (ζw) is well defined under Pw

x , where eAµ+F (t) is given by (2.23).
Furthermore, by Jensen’s inequality,

inf
(x,w)∈(E×E)\d

Ew
x [eAµ+F (ζw)] > 0.(3.16)

Theorem 3.8 (Conditional Gauge Theorem II). Suppose that µ ∈ S1(X) and F ∈
A∞(X). If Ew

x [eAµ+F (ζw)] is finite for some (x0, w0) ∈ (E × E) \ d, then
Ew
x [eAµ+F (ζw)] is bounded on (E × E) \ d. Here eAµ+F (t) is given by (2.23).

Proof. The proof is similar to that for Theorem 3.5 in Chen and Song [9] with
suitable modifications. So it is omitted here.

Definition 3.5. For a signed smooth measure µ ∈ S1(X) and F ∈ A∞(X), we say
(X,Aµ + F ) is conditionally gaugeable if the conditional gauge function (x,w) 7→
Ew
x [eAµ+F (ζw)] is bounded on (E × E) \ d.

For µ ∈ K1(X) and F ∈ J∞(X), let A be the continuous additive functional of
X with Revuz measure µ and define the Schrödinger semigroup

Qtf(x) := Ex [eA+F (t)f(Xt)] for f ≥ 0.

Its resolvent operator V is defined as

V f(x) :=
∫ ∞

0

Qtf(x) = Ex

[∫ ∞
0

eA+F (t)f(Xt)dt
]
.(3.17)

As was mentioned earlier in section 2, the infinitesimal generator for the semigroup
Qt is formally L+ µHF + µ, where the non-local operator F is defined by (2.26).

Analogous to Lemma 3.5 and with almost the identical proof, we have the fol-
lowing.

Lemma 3.9. Suppose that µ ∈ K1(X) and F ∈ J∞(X).
(1) For every Borel function f ≥ 0,

Ex

[∫ ∞
0

eAµ+F (t)f(Xt)dt
]

=
∫
E

G(x, y)Ey
x [eAµ+F (ζy)] f(y)m(dy).

That is, V (x, y) := G(x, y)Ey
x [eAµ+F (ζy)] is the Green function of L+ µHF + µ.
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(2) For any positive measure ν ∈ K1(X),

Ex

[∫ ∞
0

eAµ+F (t)dAνt

]
=
∫
E

G(x, y)Ey
x [eAµ+F (ζy)] ν(dy),

where Aν is the PCAF of X with Revuz measure ν.

Definition 3.6. We call the Schrödinger operator L+µHF+µ subcritical if there is
some x0 ∈ E and a Borel subset B ⊂ E of positive m-measure such that V 1B(x0) <
∞, where the resolvent V is defined by (3.17).

Theorem 3.6 has the following extension for the non-local perturbation (X,Aµ+
F ).

Theorem 3.10. Suppose that µ ∈ S1(X) and F ∈ A∞(X). Then the following
are equivalent:

(1) (X,Aµ + F ) is gaugeable;
(2) (X,Aµ + F ) is conditionally gaugeable;
(3) L+ µHF + µ is subcritical.

Proof. Note that S1(X) ⊂ K1(X) and A∞(X) ⊂ J∞(X). Let A+ and A− be the
PCAFs of X with Revuz measures µ+ and µ− respectively. Let A = A+ − A−,
which is Aµ.

Suppose (X,A+ F ) is gaugeable. Then by Lemma 3.9(2),∫
E

G(x, y)Ey
x [eA+F (ζy)]

(
µ+(dy) +NF+(y)µH(dy)

)
= Ex

[∫ ∞
0

eA+F (t)dA+
t +

∫ ∞
0

eA+F (t)NF+(Xt)dHt)
]
.

Since F is bounded and
∫ t

0 NF
+(Xs)dHs is the dual predictable projection of AF

+

t ,
we have

Ex

[∫ ∞
0

eA+F (t)NF+(Xt)dHt

]
≈ Ex

[∫ ∞
0

eA+F (t−)NF+(Xt)dHt

]
= Ex

[∫ ∞
0

eA+F (t−)dAF
+

t

]
.

Thus by Corollary 2.16,∫
E

G(x, y)Ey
x [eA+F (ζy)]

(
µ+(dy) +NF+(y)µH(dy)

)
≈ Ex

[∫ ∞
0

eA+F (t−)d(A+
t +AF

+

t )
]
<∞.

Therefore there is some (x, y) ∈ (E × E) \ d such that Ey
x [eA+F (ζy)] < ∞ and so

by Theorem 3.8, (X,A + F ) is conditionally gaugeable. Conversely, if (X,A + F )
is conditionally gaugeable, it follows from the above calculation that

sup
x∈E

[∫ ∞
0

eA+F (t)d(A+
t +AF

+

t )
]
≤ c ‖G(µ+ + (NF+)µH)‖∞ <∞

and so (X,A+F ) is gaugeable by Corollary 2.16. This proves that (1) and (2) are
equivalent.

To see that (2) and (3) are equivalent, note that by Lemma 3.5(1),

V 1B(x0) =
∫
B

G(x0, y0)Ey
x0

[eA+F (ζy)]m(dy).
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If V 1B(x0) < ∞ for some x0 ∈ E and some Borel set B with m(B) > 0, then
Ey
x0

[eA+F (ζy)] < ∞ for some y ∈ E satisfying 0 < G(x0, y) < ∞. Therefore by
Theorem 3.8, (X,A + F ) is conditionally gaugeable. Conversely, if (X,A + F ) is
conditionally gaugeable, then Ey

x [eA+F (ζy)] is bounded on (E ×E) \ d. Since X is
transient, by Getoor [23], there is a set B ⊂ E of positive m-measure such that G1B
is bounded and therefore V 1B is bounded. This finishes the proof of the equivalence
between (2) and (3).

Under the condition of Theorem 3.10, if L+µHF+µ is subcritical, then by (3.16),
Lemma 3.9 and Theorem 3.10, the Green function of L + µHF + µ is comparable
to that of L.

Noting that if µ ∈ S1(X), there is an ε > 0 such that (1 + ε)|µ| ∈ S1(X), the
next result follows immediately from Theorem 2.17 and Theorem 3.10.

Theorem 3.11 (Super Conditional Gauge Theorem). Suppose that µ ∈ S1(X),
F ∈ A∞(X) and that (X,Aµ + F ) is conditionally gaugeable. Then there is an
ε0 > 0 such that (X,Aµ+ε0|µ|+F +ε0|F |) is conditionally gaugeable. In particular,
(X,A(1+ε)µ + (1 + ε)F ) is conditionally gaugeable for all ε ∈ [0, ε0].

Remark 3.2. Theorem 3.4 can also be extended to (X,Aµ + F ) where µ ∈ S1(X)
and F ∈ J∞(X), with A + F and A+ + AF

+
in place of A and A+ respectively.

The proof is along the same line of reasoning as that for Theorem 3.4; so we omit
the details here.

4. Lp-independence of spectral radius

In this section, X is an irreducible transient Borel right process with strong dual
X̂ and has Green function G(x, y) with respect to m, as given at the beginning of
the last section. For p ≥ 1, define the Lp-spectral radius

λp := − lim
t→∞

1
t

log ‖Pt‖p,p.

Here ‖Pt‖p,p is the operator norm of Pt : Lp(E,m)→ Lp(E,m). Clearly

‖Pt‖∞,∞ = sup
x∈E

Px(t < ζ).

Since

|Ptf(x)| ≤
√
Pt(f2)(x)

√
Px(t < ζ),

we have

‖Ptf‖22 ≤ ‖Pt(f2)‖1 sup
x∈E

Px(t < ζ) ≤ sup
x∈E

Px(t < ζ) ‖f‖22.

The last inequality is due to the fact that ‖Pt(f2)‖1 =
∫
E
f(x)2P̂t1(x)m(dx) ≤

‖f‖22. Hence

‖Pt‖2,2 ≤ sup
x∈E

Px(t < ζ) = ‖Pt‖∞,∞.

Using the Riesz interpolation theorem, we have

‖Pt‖2,2 ≤ ‖Pt‖p,p ≤ ‖Pt‖∞,∞ for 2 ≤ p <∞.(4.1)

This implies that

λ2 ≥ λp ≥ λ∞ for all p ≥ 2.
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If X is a symmetric process, then by symmetry of Pt, the last two inequalities hold
for all p ≥ 1.

Applying Theorem 3.1, Corollary 3.2 and Lemma 3.5 of Sato [32] to the 1-
subprocess of X , we conclude

sup
x∈E

Ex

[
eλζ
]
<∞ if and only if λ < λ∞.(4.2)

Theorem 4.1 (Independence of Lp-Spectral Radius). Suppose that the constant
function 1 ∈ K∞(X). Then λ2 = λ∞. That is, the spectral radius λp is inde-
pendent of p ∈ [2, ∞].

Proof. Note that λ∞ ≤ λ2 and hence we only need to show that if λ < λ2, then
λ < λ∞. For this, without loss of generality, we may assume 0 < λ < λ2. Let
ε > 0 and q > 1 be such that λ + ε < λ2 and λ

λ+ε + 1
q = 1. It follows from

the definition of λ2 that ‖G−(λ+ε)‖2,2 < ∞, where G−a =
∫∞

0
easPsds. Since

1 ∈ K∞(X), by Definition 2.2, there is an open set K of finite m-measure such
that supx∈E G1Kc(x) ≤ (2λq)−1. Since 1K ∈ L2(E,m), the function

G−(λ+ε)1K(x) = Ex

[∫ ∞
0

e(λ+ε)s1K(Xs)ds
]

is L2-integrable. Using the elementary inequality

e(λ+ε)a − e(λ+ε)b ≥ e(λ+ε)(a−c) − e(λ+ε)(b−c) for a > b > c ≥ 0,

we have

1 + (λ+ ε)G−(λ+ε)1K(x) ≥ Ex

[
exp

(
(λ + ε)

∫ ∞
0

1K(Xs)ds
)]

.

Now by Hölder’s inequality,

Ex

[
eλζ
]

= Ex

[
exp

(
λ

∫ ∞
0

1Kc(Xs)ds
)

exp
(
λ

∫ ∞
0

1K(Xs)ds
)]

≤
(

Ex

[
exp

(
qλ

∫ ∞
0

1Kc(Xs)ds
)])1/q

×
(

Ex

[
exp

(
(λ + ε)

∫ ∞
0

1K(Xs)ds
)])λ/(λ+ε)

≤ 21/q
(
1 + (λ+ ε)G−(λ+ε)1K(x)

)λ/(λ+ε)
.

In the last inequality, we used Khasminskii’s inequality. Thus Ex[eλζ ] <∞ m-a.e.
on E and therefore by Theorem 2.6, supx∈E Ex[eλζ ] < ∞. This implies λ < λ∞
and so λ2 = λ∞.

Theorem 4.2. Suppose that X has the strong Feller property (that is, G1 maps
bounded Borel measurable functions into bounded continuous functions) and that
for every ε > 0, there is a compact set K such that supx∈E G11Kc(x) ≤ ε. Then
1 ∈ K∞(Y ), where Y is the 1-subprocess of X. In particular, this implies that
λ2 = λ∞.

Proof. First note that the strong Feller property implies that the resolvent kernel
G1(x, dy) is absolutely continuous with respect to m. Let GY be the Green function
for Y . Then clearly GY = G1. For any ε > 0, let K be the compact set such that
supx∈E G11Kc(x) ≤ ε. We claim that there is a constant δ > 0 such that for any
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Borel measurable subset B ⊂ K with m(B) < δ, supx∈E G11B(x) ≤ ε. Suppose
that this is not true. Then there is a decreasing sequence of Borel measurable
subsets Bk of K with m(Bk) < 1/k such that supx∈E G11Bk(x) ≥ ε for each k ≥ 1.
By the strong Markov property,

sup
x∈E

G11Bk(x) = sup
x∈K

G11Bk(x).

Since G11Bk is a bounded continuous function and K is compact, there is xk ∈ K
so that

G11Bk(xk) = sup
x∈E

G11Bk(x) ≥ ε.(4.3)

Taking a subsequence if necessary, we may assume that xk → x0 ∈ K. Since
G11Bk(x0) decreases to 0 as k ↑ 0, there is k0 so that G11Bk0

(x0) < ε/3. By the
continuity of x 7→ G11Bk0

(x), there is a neighborhood U of x0 such that
supx∈U G11Bk0

(x) < ε/2. As xk → x0, xk ∈ U when k > k0 is sufficiently large
and so

G11Bk(xk) ≤ G11Bk0
(xk) < ε/2,

which contradicts (4.3). This proves the claim and therefore 1 ∈ K∞(Y ). Now by
Theorem 4.1, the spectral radius λp(Y ) of Y is independent of p ∈ [2, ∞]. Since
Y is the 1-subprocess of X , λp(Y ) = λp + 1. Thus the spectral radius λp of X is
independent of p ∈ [2, ∞].

Recently Takeda [40] proved the Lp-independence of the spectral radius λp un-
der the conditions of Theorem 4.2 with an additional assumption that X is m-
symmetric, using a Donsker-Varadhan type large deviation principle approach.

5. Analytic characterizations for gaugeability

and conditional gaugeability

In addition to the assumption made at tbe beginning of section 3, we assume in
this section that the process X is symmetric with respect to the measure m and
therefore, by results due to Albeverio-Ma and Fitzsimmons (see [28]), its associated
Dirichlet form (E ,F) is quasi-regular on L2(E,m). It is shown in Chen, Ma and
Röckner [5] that such a process X is quasi-homeomorphic to an m-symmetric irre-
ducible transient Hunt process on a locally compact separable metric space whose
Dirichlet form is regular. So without loss of generality, we assume that X is an m-
symmetric irreducible transient Hunt process on a locally compact separable metric
space E whose Dirichlet (E ,F) form is regular. It is well known that its L2-spectral
radius λ2 has the following analytic characterization:

λ2 = inf
{
E(u, u) : u ∈ F with

∫
E

u(x)2m(dx) = 1
}
.

We will use the result of Lp-independence of the spectral radius λp from the last
section to give analytic characterizations of gaugeability and conditional gauge-
ability in terms of the associated bilinear forms, extending the results in Takeda
[40].

For a signed smooth measure µ, let Aµ be the continuous additive functional
of X with Revuz measure µ. Define eA(t) := exp(Aµt ) and the gauge function
gµ(x) := Ex [eA(ζ)]. Recall that by Theorem 2.6 if µ is in K1(X), then gµ is either
identically infinite or bounded on E.
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The following theorem was proved in Takeda [40] under some additional con-
tinuity and asymptotic assumptions (Assumption G there) on the Green function
G(x, y). The proof of our result is almost the same as that for Theorem 2.4 in [40].
For the reader’s convenience, we spell out the details here.

Theorem 5.1. Let µ be a positive measure in K∞(X). Then (X,µ) is gaugeable
if and only if

inf
{
E(u, u) : u ∈ F with

∫
E

u(x)2µ(dx) = 1
}
> 1.(5.1)

Proof. Let τt be the right continuous inverse of Aµt ; that is,

τt = inf{s : Aµs > t}

with the convention that inf ∅ =∞. Let S̃ := {x ∈ E : Px(τ0 = 0) = 1} be the fine
support of µ and let S be the topological support of µ. The time-changed process
Y µt of Xt by Aµ is defined by Y µt = Xτt , whose state space is S̃. However, since
S̃ ⊂ S modulo a set having zero capacity, the semigroup of Y µ is µ-symmetric
and determines a strongly continuous semigroup on L2(Y, µ) (cf. Theorem 6.2.1
of [22]). So this time-changed process Y µ is a µ-symmetric right process. Set
HSu(x) := Ex [u(XσS )], where σS = inf{t > 0 : Xt ∈ S}. Then the Dirichlet form
(Ê , F̂) of Y µ on L2(S, µ) is given by F̂ = {ϕ ∈ L2(S;µ) : ϕ = u µ-a.e. on S for some u ∈ Fe},

Ê(ϕ,ϕ) = E(HSu,HSu), ϕ ∈ F̂ and u ∈ Fe
such that ϕ = u µ-a.e. on S.

(5.2)

Here Fe stands for the extended Dirichlet space of (E ,F). Note that for every Borel
f ≥ 0,

Ex

[∫ ∞
0

f(Y µt )dt
]

= Ex

[∫ ∞
0

f(Xτt)dt
]

= Ex

[∫ ∞
0

f(Xt)dA
µ
t

]
=
∫
S

G(x, y)f(y)µ(dy).

So the Green function of Y µ with respect to µ is G(x, y). Hence the constant
function 1 ∈ K∞(Y µ). Since Aµζ is the lifetime of the time-changed process Y , by
Theorem 4.1,

sup
x∈S

Ex

[
eA

µ
ζ

]
<∞ if and only if λ2(Y ) > 1.

Note that

λ2(Y ) = inf
{
Ê(ϕ,ϕ) : ϕ ∈ F̂ with

∫
S

ϕ(x)2µ(dx) = 1
}
,

which by Lemma 3.1 of Takeda [39] is the same as

= inf
{
E(u, u) : u ∈ F with

∫
E

u(x)2µ(dx) = 1
}
.

The theorem is now proved.

Using Theorem 2.10 we can extend the above theorem to the case where the
potential µ is a signed measure.
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Theorem 5.2. Suppose that µ is a signed smooth measure such that µ+ ∈ K∞(X)
and Gµ− is bounded. Then (X,µ) is gaugeable if and only if

inf
{
E(u, u) +

∫
E

u(x)2µ−(dx) : u ∈ F with
∫
E

u(x)2µ+(dx) = 1
}
> 1.(5.3)

Proof. Let A+ and A− be the PCAFs of X with Revuz measures µ+ and µ−

respectively. Let Y be the subprocess of X killed at rate µ−; in other words, Y
is obtained from X through the Feynman-Kac transform e−A

−
t . It is known (cf.

Fitzsimmons [18]) that Y is a symmetric Markov process on L2(E,m) with Dirichlet
form (EY ,F), where

EY (u, v) = E(u, v) +
∫
E

u(x)v(x)µ−(dx) for u, v ∈ F .(5.4)

By Fitzsimmons and Getoor [19], X and Y have the same class of smooth measures;
in particular, A+ can be viewed as the continuous additive functional of Y with
Revuz measure µ+. It is clear that the Green function GY (x, y) of Y satisfies
GY (x, y) ≤ G(x, y). Therefore µ+ ∈ K∞(X) ⊂ K∞(Y ) and GY µ− is bounded. By
Theorem 2.10, (X,µ) is gaugeable if and only if (Y, µ+) is gaugeable. The latter is
equivalent to (5.3) by Theorem 5.1 and (5.4).

Putting Theorem 3.6 and Theorem 5.2 together yields the following.

Theorem 5.3. Suppose that µ is a signed smooth measure such that µ+ ∈ S∞(X)
and

sup
(x,w)∈(E×E)\d

∫
Ew

G(x, y)G(y, w)
G(x,w)

µ−(dy) <∞.

Then the following are equivalent:

(1) (X,µ) is gaugeable;
(2) (X,µ) is conditionally gaugeable;
(3) Schrödinger operator L+ µ is subcritical;
(4) Inequality (5.3) holds.

Remark 5.1. The L2-spectral radius characterization of the gaugeability of (X,µ)
given in Theorem 2.12, while very useful, requires the state space E to have finite
m-mass and be Green-bounded. The characterization given in Theorem 5.2 does
not have this restriction. Note that Theorem 2.12 fails if its condition on the state
space E is not satisfied. For example, let E = Rn with n ≥ 3, let X be a Brownian
motion on Rn and let µ be the surface measure of a sphere with radius R. Then
clearly λ2(X,µ) ≤ 0 since the bottom of the spectrum for the Laplacian in Rn is
zero. However, using the analytic characterization (5.1), it was shown in Takeda
[40] that (X,µ) is gaugeable if and only if the radius R < (n− 2)/2.

However, under the condition of Theorem 5.3, as we noted in Remark 5.1, if
λ2(X,µ) > 0, then (X,µ) is gaugeable and hence inequality (5.3) holds. This fact,
that condition λ2(X,µ) > 0 implies that inequality (5.3) holds, has been observed
in [40] using a bilinear form technique.

Using Theorems 5.2 and 5.3, we can give an alternative proof for Theorems
2.17 and 3.11 when the Feynman-Kac transforms are given by continuous additive
functionals.
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Theorem 5.4. (1) (Super Gauge Theorem) Under the conditions of Theorem 5.2,
if (X,µ) is gaugeable, then there is an ε0 > 0 such that (X,µ+ ε0|µ|) is gaugeable.
In particular, (X, (1 + ε)µ) is gaugeable for all ε ∈ [0, ε0].

(2) (Super Conditional Gauge Theorem) Under the conditions of Theorem 5.3, if
(X,µ) is conditionally gaugeable, then there is an ε0 ∈ (0, 1) such that (X,µ+ε0|µ|)
is conditionally gaugeable. In particular, (X, (1+ε)µ) is conditionally gaugeable for
all ε ∈ [0, ε0].

Proof. Note that

inf
{
E(u, u)+(1−ε0)

∫
E

u(x)2µ−(dx) : u∈F with
∫
E

u(x)2(1+ε0)µ+(dx)=1
}

≥ 1− ε0

1 + ε0
inf
{
E(u, u)+

∫
E

u(x)2µ−(dx) : u∈F with
∫
E

u(x)2µ+(dx)=1
}
,

which will be larger than 1 if ε0 ∈ (0, 1) is small enough under the assumption that
(X,µ) is either gaugeable or conditionally gaugeable. Thus (X,µ+ ε0|µ|) is either
gaugeable or conditionally gaugeable by Theorems 5.2 and 5.3. The remaining
assertions follow from the observation that (µ+ ε0|µ|) − (1 + ε)µ is a nonnegative
smooth measure when ε ∈ [0, ε0].

Theorem 5.3 was first proved by Takeda [40] using a different approach, under
some additional assumptions on the process X and its Green functions (Assump-
tions G, P and D there). Analytic characterizations such as those in Theorems 5.2
and 5.3 are very useful in determining whether (X,µ) is gaugeable or conditionally
gaugeable in concrete cases. We refer the reader to [40] for some interesting exam-
ples where analytic characterizations are used to give explicit conditions on when
(X,µ) is gaugeable or conditionally gaugeable, where X is a Brownian motion or a
symmetric stable process on Rn and µ is a linear combination of surface measures
of concentric spheres.

We also refer readers to Chung and Zhao [13] and Zhao [43] for equivalent condi-
tions for gaugeability and conditional gaugeability in the classical Brownian motion
setting, to Chen and Song [7] for equivalent conditions of gaugeability for symmetric
stable processes in bounded domains, to Chung and Rao [12] for general gaugeabil-
ity in a related setting, and the references therein for other related works.

Analytic characterizations for the gaugeability and conditional gaugeability of
(X,Aµ + F ) will be addressed in a subsequent paper.
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