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ON THE JACOBI GROUP
AND THE MAPPING CLASS GROUP OF S$3 x §3

NIKOLAI A. KRYLOV

ABSTRACT. The paper contains a proof that the mapping class group of the
manifold S3 x S3 is isomorphic to a central extension of the (full) Jacobi group
TV by the group of 7-dimensional homotopy spheres. Using a presentation of
the group I'Y and the p-invariant of the homotopy spheres, we give a presen-
tation of this mapping class group with generators and defining relations. We
also compute the cohomology of the group I'V and determine 2-cocycles that
correspond to the mapping class group of S% x S3.

0. INTRODUCTION

The central theme of this paper is the group of isotopy classes of orientation-
preserving diffeomorphisms on S3 x S3. We denote this group by mo Diff (S% x S%).
In general, the group of isotopy classes of orientation-preserving diffeomorphisms
on a closed oriented smooth manifold M will be denoted by o Diff (S% x S%) and
called the mapping class group of M by analogy with the 2-dimensional case.

The article consists of two parts. Our goal in the first part will be to give a
presentation of the mapping class group of S x S3 with generators and defining
relations. The main step in this direction is Theorem 1, where we prove that
moDiff (S x S?) is a central extension of the (full) Jacobi group I'” by the group
of 7-dimensional homotopy spheres ©7. The second part is concerned with the
cohomology group H?(I'Y, Zsg). We show that this group is isomorphic to Zag @
74 ® Zo and determine a 2-cocycle that corresponds to o Diff (S% x §%).

The mapping class group of S® x S was also studied by D. Fried in [10]. In
particular, he proves that the group of the isotopy classes of diffeomorphisms that
act trivially on H3(S® x $3) is isomorphic to Hz/28Z, where Hy, is the group of the
integral upper unitriangular 3 x 3 matrices and Z is the center of Hyz. The proof
uses the p-invariant of J. Eells and N. Kuiper [7] to show that v ® v goes to the
generator of ©7 under the bilinear pairing m3(S0(3)) ® m3(SO(3)) — O7 defined
by J. Milnor [I7] (v here is the generator of m3(SO(3)), given by the conjugation
action of unit quaternions). We give details in section 1.3. Moreover, Fried (see
Theorem 2) derives the exact sequence:

1— S — &y — meDiff (8% x §%) — 1
where @5 is the automorphism group of F», the free group on two generators, and

the kernel S C Fj = [Fy, Fy] C Fy» C ®9 is characterized by the commutative
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diagram:

1 —— [y, Fj] —— [P, Fj] —— 1

1 —— S — F Zas 1
l:
1 —— Z X2 Z Zos 1
| | |
1 1 1

In the last section, we show that a generator of H?(SLy(Z), Zag) = Z4 corresponds
to the mapping class group of S3 x $3. This implies, in particular, that the natural
map o Diff (S% x S%) — SLy(Z) does not split (cf. [10], §2).

1. A PRESENTATION OF THE GROUP 7y Diff (S% x §%)

For a closed smooth oriented (k — 1)-connected almost-parallelizable manifold
M?* k> 2, the group moDiff (M) has been computed in terms of exact sequences
by M. Kreck [I4] (see also [18], [19]). We will begin by recalling his results in
the first section. Next we will show that there is an isomorphism between the
factor group moDiff (S° x 53)/ ©7 and the (full) Jacobi group I'’. In the last
section of this part, we give a presentation of 7o Diff (S? x $7) with generators and
defining relations (Theorem 3). All diffeomorphisms are assumed to be orientation-
preserving and integer coefficients are understood for all homology and cohomology
groups.

1.1. Exact sequences of Kreck. Our focus in this paragraph is to review results
of Kreck [T4]. First we recall some of the definitions and notation. From now on
by a manifold M we will mean a closed oriented differentiable (k — 1)-connected
almost-parallelizable 2k-manifold.

Denote by Aut Hy (M) the group of automorphisms of Hy(M,Z) preserving the
intersection form on M and (for k¥ > 3) commuting with the function o : Hy (M)
— m,—1(SO(k)), which is defined as follows. Represent x € Hp(M) by an em-
bedded sphere S* < M. Then function « assigns to z the classifying map of the
corresponding normal bundle. Any diffeomorphism f € Diff (M) induces map fi
that lies in Aut Hy(M). This gives a homomorphism

k: moDiff (M) — Aut Hi (M), [f]— f«

The kernel of « is denoted by 7o SDiff (M ). For elements of moSDiff (M), Kreck
defines the following invariant. Choose again a sphere S* < M that represents
an element x € Hy(M). Since [f] € moSDiff (M), we can assume (for k > 3) that
flgx = Id. The stable normal bundle v(S*) @ 1 of S*¥ in M is trivial and we can
choose some trivialization 7 : v(S¥) @1 — S* x R¥1. Clearly, the differential
of f leaves the tangent bundle of S* invariant and hence induces an automorphism
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THE JACOBI GROUP AND MAPPING CLASS GROUP OF 5% x 2 101

of the normal bundle v(S*¥) @ 1. At each point ¢+ € S*, this automorphism gives
(via trivialization 7) an element P; of the group SO(k + 1) and hence we get
an element P € m(SO(k + 1)). It is obvious that P lies in the image of the
map S : 7 (SO(k)) — m(SO(k +1)) induced by the inclusion SO(k) — SO(k +
1). It is a standard fact that element P does not depend on the trivialization 7 of the
normal bundle v(S*) @ 1. This construction leads to a well-defined homomorphism
(cf. Lemmas 1,2 of [14])

X : moSDiff (M) — Hom(Hk(M)7 S?Tk(SO(k)))
For k = 3 (mod 4), the group Sm(SO(k)) is isomorphic to the cyclic group Z
and hence we can identify Hom (Hy(M), S, (SO(k))) with the cohomology group
H¥(M). In this case, one can describe x(f) by the Pontrjagin class of the mapping

torus My, but we will not use this description here and so we omit the details. The
following theorem is due to Kreck (see [14]).

Theorem. If M?* (k> 3) bounds a framed manifold, then the following sequences
are exact:

(1) 0 — mSDiff (M) — moDiff (M) =~ Aut Hy(M) — 0,

(2) 0 — Oapy1 — mSDiff (M) =~ Hom(Hy(M), Sm,(SO(k))) — 0.

Remark. If we consider an M?* that does not bound a framed manifold, then
Ker(x) will be a factor group Oax+1/ 3 instead of the whole group of homotopy
spheres. Since S® x S? is the boundary of $% x D*, we have ¥3; = 0 (cf. Lemma
3 of [14]).

Map ¢ is defined as follows. Present a homotopy sphere ¥ € Og;41 as a union
D2k+1 Uf D?k+1 and assume that f = id on a neighbourhood of the lower hemi-
sphere D?* c S2¥. Then «(X) is the class of diffeomorphisms on M that is identity
outside an embedded disk in M and is equal to f] pzk on this disk.

It follows from the second exact sequence that moSDiff (S% x §%)/ Oz is isomor-
phic to Z & Z. Note also that Aut H3(S? x S?) = SLy(Z) (cf. Theorem I of [18]).
Exact sequences () and () induce the following short exact sequence:

(3) 0—Z®Z— moDiff (S? x §%)/ ©7 — SLy(Z) — 0.

In the next section, we prove that this exact sequence splits and the factor group
moDiff (S? x §%)/ ©7 is isomorphic to the (full) Jacobi group I'/ (cf. [10], §2).

1.2. Splitting of the exact sequence. The (full) Jacobi group I'/ is a semidirect
product of the modular group with the direct sum Z @& Z. More precisely (cf. []],
§1.1), I7 Y SL,(Z) x 72 = the set of pairs (M, X) with M € SLo(Z), X € 2B Z
and the group law (M, X) - (M', X") = (MM', XM’ + X') (notice that vectors are
written as row vectors, i.e., SL2(Z) acts on the right). It is interesting to note that
'’ first came up in the theory of Jacobi forms (see [8]). We will need

Lemma 1. TV admits the following presentation: (y,u,a,b | yuy = uyu, (yuy)* =
id, ab = ba, ay = yab, au = ua, by = yb, bu = uba"1').

Proof. SL2(Z) has a presentation: (y,u | yuy = uyu, (yuy)* = id) (see, for ex-
ample, [2]) where y and u correspond to matrices (§1), (%) respectively. (It
is a classical fact that SLo(Z) = Z4 %z, Zs. Hence SLa(Z) has a presentation:
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(w,2 | 2 =id, 2®> = 2%). One can use a map f: f(z) = yu, f(x) = (yuy)~! to
show that these two presentations define isomorphic groups.) By definition of I'”/,
the following sequence is exact:

0— 7> —T7 — SLy(Z) — 0.

Consider a homomorphism « : SLy(Z) — I'/ defined by the formulas: a(y) o

(y,(0,0)), a(u) def (u, (0,0)). If we denote elements (y, (0,0)); (u, (0,0)); (id, (1,0));
(id, (0,1)) by y,u, a and b respectively, we see that these elements y, u, a, b generate
I'” and the relations yuy = uyu, (yuy)* = id, ab = ba are satisfied. To find all
defining relations for I'/, we need to find how SLo(Z) acts on the generators a and
b of Z? by conjugation. First note that ab = (id, (1,0))- (id, (0,1)) = (id, (1,1)) and
ba=t = (id, (0,1)) - (id, (—1,0)) = (id, (—1,1)). Hence,

ay = (id, (1,0)) - (y,(0,0)) = (y, (1,0) - y + (0,0)) = (y, (1, 1)),
yab = (y,(0,0)) - (id, (1,1)) = (y, (1,1)) = ay = yab,

au = (id, (1,0)) - (u, (0,0)) = (u, (1,0) - u +(0,0)) = (u, (1,0)),
ua = (u, (0,0)) - (id, (1,0)) = (u, (1,0)) = au = ua,

by = (id, (0,1)) - (y,(0,0)) = (v, (0,1) - y + (0,0)) = (y, (0, 1)),
yb = (y,(0,0)) - (id, (0,1)) = (y, (0,1)) = by = yb,

bu = (id, (0,1)) - (u, (0,0)) = (u, (0,1) - u+(0,0)) = (u, (=1,1)),

uba™ = (u, (0,0)) - (id, (=1,1)) = (u, (=1,1)) = bu = uba™"

O

Remark. A different presentation of this group can be found in [6] (cf. also Lemma
6 below).

Consider now the standard sphere S® in Euclidean four-space R*, given by the
equation: z2 + 2?2 + 22 + 22 = 1. This sphere can be identified with the special
unitary group SU(2), which is also known as the group of unit quaternions. The
group structure on 52 induces the group structure on the product S3 x S3. If
we denote elements of the group S® by s and ¢, we will write (s,t) to denote the
corresponding element of the group S® x S3. The product of two elements (s, )
and (s',t") will be the pair (ss’,tt') with quaternion multiplication understood.

Theorem 1. The factor group moDiff (S% x S?%)/©7 is isomorphic to the Jacobi
group T'7.

Proof. We will give a presentation of the factor group moDiff (S% x S§%)/O7 that
coincides with the above presentation of I'/. By y and u we denote the gener-
ators of SLy(Z) as above. Consider isotopy classes [Y] and [U] of the following
diffeomorphisms of S x S3:

(4) Y i (s,t) — (8,8t), U: (s,t) — (t71s,1).

Define map 3 : SL2(Z) — moDiff (S% x S%) by the identities: ((y) o Y], B(u) o
[U] and extend it linearly to the whole group SLy(Z). We will show that g is a
well-defined homomorphism from SLo(Z) to moDiff (S° x S%)/O7. First we check
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THE JACOBI GROUP AND MAPPING CLASS GROUP OF 5% x 2 103

that YUY =UYU:

YUY : (5,8) = (s, st) > ((st) " Ls, st) = (t71, 5t) = (¢4, ¢ Lst),

UYU : (s,8) m5 (t1s,t) —o (87 0s, tst) w2 (71, 1 Lst).

Thus YUY = UYU and hence [Y][U][Y] = [U][Y][U]. From now on, we will denote
a diffeomorphism and the isotopy class of it by the same capital letter, omitting
the brackets. To prove the equality (YUY)* = Id (Id stands for the identity

diffeomorphism of S x S?), we will need some auxiliary results. Consider the
following diffeomorphisms A, B € Diff (S% x §%):

(5) A (s,t) — (tst™1t), B: (s,t) — (s,sts ).

If we choose spheres S2 x 1 and 1 x S? as generators of the group H3(S% x S3), it
is obvious that diffeomorphisms A and B preserve these spheres and act trivially
on the homology of S x 3.

Lemma 2. x(A) and x(B) generate the group Hom(Hs(S® x S%), 7Z)).

Proof of lemma. Let us compute x(B). Since S® x S3 is a parallelizable mani-

fold and the normal bundle of S3 63 % 1in §° x % is trivial, we need to
find an element of the group 73(SO(3)) that corresponds to the differential of B.
Take a point (s,1) € S3. We can identify the fiber of the normal bundle v(S3) at
(s,1) with the fiber of the tangent bundle 7(s x S3) at this point. Furthermore,
via the projection ps : S% x S — 1 x S2, we can identify this tangent fiber at
(s,1) with the tangent fiber at (1,1) (Lie algebra g of the group 1 x S3). Since
Bg(t) =l Bloxg3(s,t) = sts™1, the map s — d(s,1yBs will correspond to the ad-
joint representation Ad : S} — Aut(g), and x(B)(s,1) = Ads € SO(3). Thus,
X(B)(S3 x 1) = Ad: S x 1 — SO(3). If we choose an element T € g, then it is
well known that Adg(T) = sT's™!. This map is a generator of the group 73(S0(3))
(see [15], ch. I, §2) and therefore the isotopy class of the diffeomorphism B is a gen-
erator of the group H?(S® x §%). In a similar way, one can show that the isotopy
class of the diffeomorphism A is the other generator (corresponding to the map
x(A)(1 x 5%): 1x 5% — 50(3)) of the group H?(S?® x $3). O

Now we show that
AB = BA, AY =YAB, AU=UA,BY =YB, BU =UBA™!

in the factor group mo Diff (S% x S?)/©7. The first equality follows from the results
of Kreck since, as we just saw, A and B generate the abelian subgroup of the group
7o Diff (S x §%)/©7. To prove the other equalities, we use the group structure on
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3 x §3:
Y A —1_-1
AY : (s,t) — (s, 8t) — (stst™" s, st),
YAB : (s,t) 2 (s,sts™ 1) N (sts'sstlsT! stsT) = (ststTlsTh stsTY)

s (stst™ts™ 1 stst™lslsts™!) = (stst™'s! st) = AY = Y AB,

AU : (s,8) -5 (t71s,t) V2 (tt 1t t) = (st1, 1),
UA: (s,t) =2 (tst™1, ) - (st 1 t) = (st™1,t) = AU = UA,
BY : (s,1) RN (s,8t) — (s,s5ts71),
YB: (s,1) 2 (s,sts™ 1) RN (s,ssts™!) = BY =YB,
BU : (s,t) — (t1s,t) = (t's,t Lsts 1),
UBA™': (s,t) A (t st t) V2 (¢ Vst t sttt L) = (t st t Lsts )
W ¢l st s e st t  sts ) = (tYs,t VstsT't) = BU = UBA™

as required.

Claim 1. (B_1YUY)4 =1Id, YUYB ' =A"'YUY, YUYA™! = BYUY.

Proof of claim: B-YYUY : (s,t) 22 (t~1,¢ Lst) B (Lt tsttl) = (t71)5)
and hence (B~'YUY)*: (s,t) — (t71,8) — (s7H,t71) — (t,571) — (s,1),
ie., (B_1YUY)4 = Id. Identities AY = YAB, BU = UBA™!, AB = BA and
AU =UA imply YB™'A7! = A7'Y, UB~' = B~'A~'U. Then from the above
equalities we get YUY B™! = YUB™'Y = YB 'A7'UY = A~'YUY. Similarly
we see that YA™! = BA™'Y, UB = BUA; hence YUYA™! = YUBA™'Y =
YBUAA™'Y = YBUY = BYUY, which proves the claim. O

Using these identities, we can show that (YUY)* = Id. Indeed,
Id= (B'YUY)* = B"'YUYB 'YUYB 'A~}(YUY)?
=B 'YUYB 'BYUYB ' (YUY)? =B 'YUYYUYB }(YUY)?
=B 'YUYA Y (YUY)? = (YUY)".
It implies that the exact sequence (3)) splits, the factor group moDiff (S% x S%)/©7
has four generators Y,U, A, B and the following set of defining relations: YUY =
UYU, (YUY)* = Id, AB = BA, AY = YAB, AU = UA, BY = YB, BU =

UBA~!. In particular, the groups moDiff (S x $%)/O7 and T'/ have the same
presentations and are therefore isomorphic. (I

Note that diffcomorphisms A and B have been considered by W. Browder ([3],
Theorem 6) to give an example of diffeomorphisms of S3 x S3 that are homotopic
to the identity, but are not pseudo-isotopic to the identity.

1.3. Group 7SDiff (S x §%). In this paragraph, we prove that the group
oS Diff (S% x §%) is isomorphic to the group Hag where

1 l

Ho, 9! o b || abeZandicz,
0 1

o = Q

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE JACOBI GROUP AND MAPPING CLASS GROUP OF 5% x 2 105

The group H,,, also can be described as the factor group of the group H (upper uni-
triangular 3 x 3 matrices with integer coefficients) by the cyclic subgroup generated
by the matrix with a =b =0 and [ = m.

The idea of the proof is to compare the presentations of two groups as we just
did above. First we give a presentation of moSDiff (S% x S%). We know already
that H3(S3 x S3,Z) is generated by x(A) and x(B). We also know from the exact
sequence that 7o SDiff (S% x §%) is a central extension of the group Z & Z by
O7 = Zog (see [13]). If we denote by S the generator of ©7 (by the generator
we mean a homotopy 7-sphere that bounds a parallelizable manifold of signature
8), then we can choose A, B and ¥ o L(i) as generators of moSDiff (S x §7%).
The defining relations clearly will be: AY = YA, BY = ¥B, ABA™'B~! = £F,
©28 = 1 for some k € Zog. So the goal is to figure out what this k is.

We first define a map ¢ : mSDiff (S% x §%) — Zag as follows. Take a repre-
sentative f € Diff (S% x §9) of a class [f] € moSDiff (S? x S?).

Definition 1.
J(If) Y D* x 5% Uy S x DY,
where Uy means identification of a point (x,y) € 9(S®x D?) with the point f(z,y) €
o(D* x S83).
Denote by £ the manifold obtained from ¢([f]) by smoothing the corners. It is
clear that ¥y depends only on the isotopy class [f] and not on a specific represen-

tative of this class. Note that X ¢ is a homotopy sphere and ¢ is a well-defined map
from oS Diff (S% x S?%) to the group O7.

Remark. Map ¢ is the analog of the Birman-Craggs homomorphism from the Torelli
group of S? (2-dimensional surface of genus g) to Zy. See [1Z] for the details (cf.
also [18§], §4).

Lemma 3. The composition < ot is the identity map of the group ©O7.

Proof. Take a sphere §¢> € O7. We will denote by ¢ the diffeomorphism of S% x $3
that is the identity outside an embedded disk D® C S3 x S% and corresponds to the
element L(i¢) of the mapping class group.

To show that ¢ o+ = Id, it is enough to show that §)¢ is diffeomorphic to

Yp=c¢o0 L(i¢). We construct an h-cobordism between these two manifolds. Take
the handlebody D* x $% and remove from it an interior disk D7. The resulting

manifold is denoted by D% x $3. The boundary components of D4 x S3 are S°
and S2 x S3. Take disks Di in these two components and connect them by a tube
DY x I embedded into D* x S3. Next extend ¢ in an obvious way (by the identity

—_~—

outside the tube) to a diffeomorphism ® of D* x S3. Consider now two manifolds:
D5 x S2 and D3. Present the boundary of D° x S as the union:

B(DP x §%) = 5% x §% = D! x 53 Ugsgs DI x 5% Ugs D7

and the boundary of D® as the union:

8(D8) = 57 == 53 X D4 USSXS3 D4 X S?’ Usﬁ D7.
Using the diffeomorphism ®, we can glue D° x S3 and D® together along the

common submanifold D4 x S3 to obtain a cobordism (after smoothing the corners)
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W8 between iqb and X,. It is clear that W® is simply connected. Using the Mayer-

Vietoris exact sequence of the union D* x $2 = D4 x §3 U D7, we see that

Z ifx=0,3,6
4 3) o~ 39y Yy
H. (D% x S ){ 0  otherwise.

In a similar way, we can get homology groups of W8 = D5 x S3 U D3:

Z ifx=0o0rT7

8) o~
H.(W?) = { 0  otherwise

and H. (W8 $4) = 0.

Thus, by the h-cobordism theorem [I7], two homotopy spheres §¢> and X4 are
diffeomorphic. ([

Theorem 2. The generators A, B and % of moSDiff (S? x S?) satisfy the relation:
ABA~'B7l =%,

Proof. For the proof, we construct a spin manifold W?® bounded by the sphere
Y apa-1p—1 and compute the p-invariant pu(Xaps-15-1) defined by Eells and
Kuiper [7].

First we extend the diffeomorphisms A and B to diffeomorphisms of the handle-
bodies D* x S and S® x D* respectively (recall formulas (). These extensions
we also denote by A and B respectively. Next we present ¥ 4p4-15-1 as the union
of five manifolds:

D4 X 53 UABA*IB*I 53 XD4
~ D x 83U 8% x 83 xTUp 83 x 8% xTUs-1 83 xS%xTUg-1 83 x D*

where A, B, A=! and B! belong to Diff (S x S%). Consider the manifolds D%,
D5 x 83 and 83 x D® with boundaries presented as:

I(D° x §%) = 8% x 83 =D*x 3 UD* x S3,
(5% x D°) = 8% x §* = 8% x D* U §% x D*,
AD¥) =8"=D*xS3US8%x 83 xTUS®x D

Using the extension diffeomorphisms A and B defined above, we now construct a
manifold W# which will be used to compute (X spa-15-1)-

Definition 2. Define W8 to be the manifold obtained from the union
D5 x S% Us D® Ug D® Ugr DB Uga S2xD°

by smoothing the corners.

Claim 2. D® x S3 Uy D8 ~ D8Up-1 §% x D° ~ D8,

Proof of claim: Evidently, the union D® x S Upaygs D® is a simply connected
manifold with simply connected boundary D* x S3 Ugsygs S® x D*. Using the
exact sequence of Mayer-Vietoris, it is easy to see that the homology groups of
D5 x S3Upa gs D are trivial in all dimensions > 0. Hence by the characterizations
of the smooth n-disk D™, n > 6 (see [I7]) this union is diffeomorphic to the disk
D8. The same proof works in the second case. O
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Thus we can write W& = D¥UpD8U,-1 D®. Now note that d(W?8) = M(fg, fa)
where (using notation of Milnor [16]) by M (f5, fa) we denote the boundary of the
following union of three 8-disks:

(D4 X D4)3 Ugsx p4 (D4 X D4)2 Upixg3 (D4 X D4)1.
—1
The gluing maps are (cf. [16], §1): (z3,ys3) i (z2,y2) {a (1,y1) where (x;,y;) €
(D4 X D4)i;

Y2 =1, 22 = f(y1) ' omy, y3 = f(x2) o ya, T3 =12

and fp = fa = f: S3 — SO(3) < SO(4), is defined by the formula: f(z)o
y = xyz~ ! for x € S% and y € D*. In particular, we see that our homotopy
sphere ¥ 4pa-1p-1 is diffeomorphic to the manifold M(fg, f4). Using the Mayer-
Vietoris exact sequence for the manifold W8 ~ D8 Ug D3 Uy-1 D8, we see that
H*(W8 Z) ~0, for*=1,20r 3, and we can apply results of Eells and Kuiper ([7],
§10) to the manifold W? to compute the p-invariant of M (fp, fa) ~ X spa-15-1-
It is shown (see [7], page 109) that

M (fp. fa)) = 8(% (1 + %) (2 (o)) = £22UEIUA)

where By = 1/6 is the first Bernoulli number and p;(f5), p1(fa) are Pontrjagin
numbers of the stable vector bundles over S* determined by the compositions (cf.
16, §3): | |
$3 12, 50(4) &5 S0(5),  §* L4 S0(4) & SO(5).

We show that p1(fp) = p1(fa) = £4. It is well known how Pontrjagin numbers
depend on the characteristic maps of the stable vector bundles over the spheres :
ps[S*%] = +as- A (2s—1)!. Here ) is the integer corresponding to the characteristic
map: S*~! — SO and a, = 1 or 2 if s is even or odd respectively. In our case
p1(fB) = £2-[iso fp] and to find the integer [i4 0 f5], we need to find the homotopy
class of the composition

3 — SO(3) < SO(4) <5 S0(5).

It is a standard fact (which can be deduced from Theorem IV.1.12 of H]) that
the inclusion ¢ = i4 o i3 induces the map i, : m3(SO(3)) — w3(SO(5)), which is
multiplication by 2. Hence [is o fg] = 2 and similarly [ig o f4a] = 2. Therefore
w(Eapa-1p—1) = p(M(fp, fa)) = iﬁﬁs = i%. For the generator S of Zog, we
have (see §4 of [7]) u(E) = 7+ - 8 (mod 1) or w(E) = Z+. From the theorem of
Eells and Kuiper ([7], p. 103) we see (changing orientation of S if necessary) that
Sapa-1p-1 ~ . Since ABA™1B~! = ©F = ((£%), we can apply Lemma 3 to get
SF = ¢ou(EF) = (ABA™'B~!) = 3. It shows that k& = 1 (mod 28) and finishes

the proof. O
As a corollary we get a presentation of the group moSDiff (5% x S§%):
(6) (A,B,Y | £ =1, AX =XA, B =%B, ABA"'B~' =%).
Consider now the matrices:
1 1 0

100 10 1
A=|o10]; B=[0o11|; ¥=|010
00 1 00 1 00 1
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It is easy to verify that these matrices A’, B’, ¥’ generate the group H and satisfy
the defining relations:

(A',B',x | AS =¥'A', BY =Y'B, ABA'B~ ' =¥%).
Hence the groups moSDiff (S? x S?) and Hag are isomorphic.

1.4. Generators and relations. We have shown in §1.2 that the factor group
7o Diff (S% x §%)/O7 admits the following presentation:

(Y,U,A,B | YUY =UYU, (YUY)* =1, AB = BA,
AY =Y AB, AU =UA, BY =YB, BU =UBA™).

Furthermore, we have shown explicitly (recall the proof of Theorem 1) that YUY =
UYU, AY = YAB, AU = UA, BY = YB, BU = UBA™! as diffeomor-
phisms. Hence if we consider the group moDiff (S x S7) as a central extension
of moDiff (S? x $%)/©7 by the group O, we can choose Y,U, A, B,% to be the
generators. The defining relations will be: YUY = UYU, AY = YAB, AU =
UA, BY =YB, BU=UBA™!, ¥ =1d, S S Y,U,A B, (YUY)* =™ and
ABA~'B~! = ¥" for some m,n € Z (n = 1 by Theorem 2). The symbol = means
that the element on the left commutes with any element on the right.

Claim 3. The following identities are valid in the group moDiff (S x S%):
(B~YYUY)*=1d, YUYB!'=A"'SYUY, YUYA!'=BYUY.

Proof. We know that (B~'YUY)* = Id (Claim 1). Using the identities AB =
BAY., AY = YAB, UB = BAU, we find that YUYA™! = YUA'BYY =
YA 'UBYY = YA 'BAXUY = YBUY = BYUY. Similarly, YUYB™!
YUB™'Y = YA I'B-WUY = A"'BYB~lYUY = A"'SYUY. (]

Now it is easy to see that m = —1. Indeed,

Id= (B~ YUY))B ' YUYB ' YUY = (B! YUY)?B~! A7'S(YUY)?
=B 'YUYB'YUYA ' B'(YUY)? =B 'YUYB 'BYUYB '(YUY)?
=B 'YUYA'S(YUY)? = B'BE(YUY)* = £(YUY)*.

Hence (YUY )* = $L.

Let us now collect all the information we have obtained so far and state the main
theorem of this paper.

Theorem 3. The mapping class group of S® x S® admits the following presentation:

Y U YUY =UYU, (YUY)*=%"1, SSY,UAB
< A B| BU=UBA™', AY=YAB, AB=BAY, >
) BY =YB, AU =UA

with Y = (y,0), U = (u,0), A= (a,0), B=(b,0), &= (id, 1) € I/ x Zos.

Remark. Tt is well known that the mapping class group of the 2-torus is generated
by two Dehn twists. B. Wajnryb [20] has shown that for an orientable surface Sg
of genus g > 2, the mapping class group can be generated by two elements that are
not Dehn twists in general. It follows from Theorem 3 and work of Y. Choie (see
[6], Theorem 2.1) that mo Diff (S x S?) can also be generated by two elements.
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2. COHOMOLOGY OF THE JACOBI GROUP I'Y

It is usually difficult to obtain information about a group having just generators
and defining relations. The aim of this part is to give an alternative description of
the mapping class group o Diff (S° x S7) using the cohomology theory of groups.
Since moDiff (S° x %) is a central extension of the Jacobi group 'V by Zas, it is
natural to ask what element of the group H2(T'/, Zag) corresponds to this extension.
First we classify all central extensions of SLo(Z) by Z and determine a 2-cocycle that
generates H2(SLy(Z)). In the second section we show that I'/ is isomorphic to an
amalgamated product. Using a Mayer-Vietoris exact sequence of this amalgamated
product, we compute the cohomology groups of I'/. Finally, we specify elements
of H2(I'Y,Zag) and H?(SLy(Z),Zag) that correspond to the mapping class group
WoDiﬁ(SS X S‘?)

2.1. Central extensions of SL3(Z) and Z @ Z. There are several ways to find
cohomology groups of SLs(Z) with trivial Z-coefficients. All of these groups are, of
course, well known. The reason why we make some calculations here is that, in the
next section, these calculations will be generalized to find the group H?(I'/) and
its generators.

Let A be a fixed G-module. Consider a central extension

0—A—F—G—0

of G by A. The equivalence classes of such extensions are in 1-1 correspondence with
the elements of the second cohomology group H2(G, A). If A = Z is a trivial G-
module, we will denote this cohomology group by H?(G) omitting the coefficients.
Recall that SLo(Z) = Zy xz, Zs and we can write a Mayer-Vietoris exact sequence:

(1) — H™(SLy(Z)) — H™(Zy) & H™(Zg) — H™(Zs) — H" ' (SLy(Z)) —

Cohomology groups of Z,, are known: H**(Z,,) = Zy,,, H* Y (Zy,) 20 for k >
1. Hence H'(SLy(Z)) = 0. We also have the following fragments:

0 — H*"(SLy(Z)) — H*"(Z4) ® H*"(Zg) EIN H*(Zy) — H*""Y(SLy(Z)) — 0

with j* =i} + ¢ and iy, : Ze — Zj, multiplication by k/2. If we denote by ¢, z and
2’ generators of groups H?(Zs), H?(Z4) and H?(Zg) respectively, then it is easy
to see that i}(2) = ig(z') = t, i.e., j*(n,m) = n + m. Hence Im(j*) = H*(Zs),
and Ker(j*) is generated by the element (1,5) € Z4 @ Zg and is isomorphic to Zis.
Thus H3(SL2(Z)) = 0 and H?(SLa(Z)) = Zia. It follows from the properties of
the norm map (5], Ch. III) that H?*~1(SLy(Z)) =2 0 and H?*(SLy(Z)) & Z15 for
any k > 1.

Now we write down an explicit function f : SLy(Z) x SLo(Z) — Z that gener-
ates the group H?(SL2(Z)). This function will be defined in terms of a generator
of the group H?(Z12), which we describe first. Consider the group Z,, as the
multiplicative group on elements {z%,..., 2P,..., 2™~ ! id} and define a function
fm i Ly X Loy, — 7Z by the formula:

Definition 3.
p gy def |1 if p+g>=m,
where p,g € {0,1,2,...,m — 1} and p = p (mod m), § = ¢ (mod m).

~

Lemma 4. The function f,, is a generator of the group H?*(Zy,) = Ly, .
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Proof. Equality f, (27, 29) + fm(2PT9,27) = fr(29,27) + fm(2P, 2977) shows that
fm is a 2-cocycle. Verification of this equality is straightforward and is left as
an exercise. Let (¢) and (z | 2™ = id) be presentations of the groups Z and
Z,, respectively. Then a central extension of Z,, by Z will have a presentation:
(z,C | ZC = CZ, Z™ = C*) with Z = (2,0), C = (id,1) € Z,, x Z and some
k € Z. 1t follows from formula (8) that & = 1 for the function f,,, and that
the cocycle t - f,, defines the extension with k& = ¢t. We denote this extension by
E;. If m t s —t, then cocycles s - f, and t - f,, define nonequivalent extensions.
Indeed, suppose that E; and E,; are equivalent. Then there exists an isomorphism
t: By — E; that makes the following diagram commute:

0 7z —=— B, 2 7, 0
Lol
0 Z —“* B 2.7, 0

Using the above presentation of groups Es and E;, one can see from this diagram
that s —t = Im for some | € Z. Hence f,, is a generator of the group H?(Z,,). O

Now consider the canonical projection ab : SLy(Z) — (SL2(Z))ap = Z12 and
define a function f: SLy(Z) x SLy(Z) — Z as follows.

Definition 4. f(M, N) ¥ f15(May, Nup) where My = ab(M) € Zyo.
Lemma 5. The function f(M,N) = fi2(Map, Nap) is a generator of the group
H?(SLy(Z)).

Proof. Since (M - N)ap = Mup - Nap, it follows from the previous lemma that f is
a 2-cocycle. Let (c) and (y,u | yuy = uyu, (yuy)* = id) be presentations of the
groups Z and SLo(Z). Then a central extension of SLy(Z) by Z has a presentation:

(Y,U,C | YUY = UYUC", (YUY)* =C", CY =YC, CU = UC)

with Y = (y,0), U = (u,0), C = (id,1) and some a,b € Z. Using group law,
(g,k) - (h,l) = (gh,k+ 1+ f(g,h)), one can easily find that function f defines the
extension with a = 0 and b = 1. The cocycle t - f defines the extension with a =0
and b = t. As in the proof of Lemma 4, one can show that if 12 4 s — ¢, then
cocycles s - f and ¢t - f define nonequivalent extensions. Therefore function f is
indeed a generator of H2(SLy(Z)). O

Since the 2-torus is an Eilenberg-MacLane compler of type (Z2,1), we have
H?(Z?) =2 Z. We can write an explicit function g : Z? x Z? — Z that generates
this cohomology group. For instance, take two vectors v1 = (a,b), v2 = (s,t) € Z?

and consider g : Z? x Z? — Z defined by the formula: g(vy,vs) ' 4t. One can
check that g is a 2-cocycle that defines the following extension:

(9) (A,B,C | AC =CA, BC=CB, ABA™'B~'=0)

with A = ((1,0);0), B = ((0,1);0), C = ((0,0);1) € Z* x Z. It can be shown (as
we just did above) that any function that defines extension (@) is a generator of the
group H?(Z?).

Remark. Consider another function ¢ : Z2? x Z? — 7Z defined as follows. For

def A )

v=(A\p)and w = (N, 1), pv,w) = N = A’ — Np. Tt can be easily
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verified that ¢ is a cocycle cohomologous to 2g. Note that ¢ defines the extension
that is isomorphic to the Heisenberg group H(Z). This latter one is ZOZ B Z as a
set and with multiplication:

(a,b,c) - (', V', ) = (a+ad,b+V,c+c +a-b —b-d).

Here one can consider the so-called (real) Jacobi group G7(Z) (cf. [1]) defined as

the semidirect product of SLo(Z) and H(Z): G7(Z) = SL2(Z) x H(Z).

2.2. Group I'V as an amalgamated product. In this paragraph we will com-

pute the cohomology groups of I'/. First we present I'/ as an amalgamated product

and then use a Mayer-Vietoris exact sequence of this product to find H2(T).
Consider for m = 2,4, 6 the cyclic groups Z,, generated by the matrices

-1 0 0 -1 0 1
0o -1)° 1 0/’ -1 1
respectively. These are subgroups of SLy(Z) and they act on the elements of Z®Z

in the same natural way as SLy(Z) does. With respect to this action, we define the

semidirect products G, def Lo, X 722,
Lemma 6. Group I'’ is isomorphic to the amalgamated product Gy xc, Ge.

Proof. First we give presentations of groups G,, with generators and defining re-
lations. Denote the generators of Za, Z4, Ze by o, 0, v and elements (id, (1,0)),
(id, (0,1)) of the group G,, by A and B respectively.

Note. To avoid cumbersome notation, we use the same letters A and B to denote
elements of different groups. We hope it will not cause any confusion.

Using the group law (M, X)-(M',X') = (MM', XM’ + X), one can easily show
(cf. proof of Lemma 1 above) that Ao = aA™!, Ba =aB~!, B =3A"1, A3 =
BB, Ay =B, and By = AyA~!. Hence we get presentations:

Go ~ (A, B,a | AB=BA, o® =id, Ba=aB™', Aa=aA™!)
= (G2)ab = Loy © Ly © Lo,
Gy~ (A,B,B| AB = BA, p* =id, Bg=BA"", AB=p3B)
= (Ga)ab = Ly © Lo,
Gs ~ (A, B,y | AB = BA, 5 =id, By = AyA™', Ay =+B)
= (Gg)ap ~ Zg.
Next define maps ¢4 : G2 — G4 and 16 : G2 —> G by the formulas: 14(A) =

A, 14(B) = B, 14(a) = 8% and 15(A) = A, 16(B) = B, 1s(a) = 3. Map ¢4 induces
the commutative diagram

0 7?2 Go Zs 0
(10) l% lu lxz
0 7?2 Gy Zy 0

from which it follows that ¢4 is a monomorphism. Similarly, one proves that tg is
a monomorphism. Since « is identified with 32 and 3, we obtain the following
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presentation of G4 g, G¢ with generators and defining relations:
B v
A B

Consider now two elements: U By~ ! and Y = v2p~t. Obviously, YU = ~
and UYU = (. One can easily show that the above presentation of the group
G4 *g, Ge is equivalent to the presentation of the Jacobi group I'/ obtained in
Lemma 1. ([

Bp=pA"Y, =97 pl=id

AB =BA, AB =8B, Ay=~B, By=AyA~! >

To find the cohomology of G,,, we will use the Lyndon-Hochschild-Serre (LHS)
spectral sequence (see [II] or [9], §7.2) of the split extension that defines G,y,:
EY? = HP(Zpm, HY(Z%,Z)) = HPY4(Gyn,Z). We need to know how Z,, acts on
H4(Z?). Suppose f € HY(Z?), that is, f : Z?> x --- x Z*> — Z. Then we have
Mo f(o1,...,00) = fM oy M, ..., M Lo, M) (since Z is a trivial Z,,-module)

where
(& o) = (2 Yi0o)

are the corresponding elements of the group G, (cf. [I1], p. 117). If we denote by
M the matrix of the element M and by o; the vector of the element o;, we find that
Mo f(os,...,0q4) = f(0;-M,...,04- M) where on the right we mean multiplication
of the row vector by a matrix. Groups H%(Z?) are nonzero only for ¢ = 0, 1, 2.

It is easy to verify that Z,, acts trivially on the groups H°(Z?) = Z and H?(Z?) =
Z. 1f we denote by (n,k) an element of H'(Z?) = Z @& Z, it can be shown that
Mo (n, k)= (n,k) - MT.

Since groups H*(Z,,) are well known, we only need to compute H*(Zy,,Z?)
with respect to the action described above. H*(Z,,,Z?) can be found using the
norm map N : Mg — MY for group G = Z,, and the module M = Z?, since
H?*(G, M) = cokerN and H?**~1(G, M) = kerN for any k > 1 (see [5], Ch. III).

1) For Zy we have Mg = Zo & Zy with the generators (1,0), (0,1). It is obvious
that M© 2 0 and we get:

H*(Zy,7%) =20, H* Y (Zy,7%) 27y &7y for any k > 0.
2) For Z4 we have M¢ = 7, with the generator (1,0). Here M¢ = 0 also, and
we get: H?F(Z4,72%) =0, H*+1(Zy,72) = Zy for any k > 0.
3) In the case of Zg, Mg = M€ =20 and H"*(Z¢,Z?) = 0 for any k > 0.

Lemma 7. For any k > 0 and m € {2,4,6}, H***1(G,,) = 0. Furthermore,

H*(Gy) = H(Zy) ® H (Zy, Z® L) ® H*(Zy) = & (Lo ® L) & Ly,
H?*(Gy) =2 HY(Z4) ® HY 74,20 7) ® H*(Zy) = 7@ Lo & Ty,
H?(Gg) = HY(Z¢) ® H*(Zg) = 7 Zs.

Proof. We prove this lemma only for m = 2. In the other cases, the proof is similar.
Consider the first quadrant of the LHS spectral sequence E5'? = HP(Zq, H1(Z?)),
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for p,q > 0:

00 0 0 0 0
Z 0 Zy 0 Zy 0
0 7% 0 7% 0 72
Z 0 Zy 0 Zy 0

From this Er-term, we see that Ey" = Ey™ = .. =~ E%*. Hence for any k > 0,
H?1(Gy) 2 0. Since H1(G2) =2 (G2)ap = Zo®ZaBZs, by the Universal Coefficient
Theorem, H?(G2) & Hom(H2(G2),Z) ® Ext(H1(Ge),Z) = Hom(H2(G2),Z) ® 73,
and therefore H?(Go) = HO(Zo) ® HY (Z2, 72 © H*(Zy) = 7.9 (Zo ® L) ®Zy. O

Theorem 4. I'Y has the following homology and cohomology groups:

Hy(T7) = Zys,
Hy(TY) = Z@Zz,
HY(T7) =

H*(TV) = Z@212,
H3(I7) =

Proof. First note that it follows from the presentation of the group I'/ that Hy(T'”)
2~ (I')ap = Z1a. To compute the cohomology groups, we use a Mayer-Vietoris
exact sequence of the amalgamated product G4 *g, Gg. By the previous lemma,
we get the following fragment of this exact sequence:

0 — HXTY) — H2(G4) ® H*(Ge) - H2(G2) — H3(I'!) — 0

where j = ¢ + ¢§ and ¢, is induced by the inclusion ¢y, : Go — Gy, (cf. proof
of Lemma 6). The commutative diagram (I0) together with the functorial depen-
dence (cf. [9], §7.2) induce the functorial map HP(Zy, H1(Z?)) — HP(Za, HY(Z?)).

Hence H2(Gy) — H2(Gy) is the map induced by multiplication: Zs 22 74 If we
denote by x,y, z generators of the groups H(Zy) =2 7, H'(Z4,72) = Ly, H*(Z4) =
Z4 respectively, then we see that tf(x,y,2) = (2/,y,0,2") where 2/, 3/, 2" are gen-
erators of the groups Z = H®(Zy), Zs C HY(Za,7?), Zo = H?*(Zy). Similarly,
one can show that (§(s,t) = (2/,0,0,2’) where by s and ¢t we denote the gen-
erators of the groups HY(Zg) and H?(Zg). Hence H3(T7) = Coker(j) = Zs
and H?(I'Y) = Ker(j) & Z ® Z12. It is clear that H*(TY) = 0. We can as-
sume that Hy(T'7) = Z"2 @ Tory and H3(I'7) = Z" @ Tors where by Tory we
denote the elements of finite order. Then by the Universal Coefficient Theorem,
L®Z1o = H?(TY) = Ext(Z12,7)® Hom(Z" ®Tory, Z) = Z1o®Z"2, that is, ng = 1.
Similarly, we have Zs = H*(TY) = Ext(Z ® Tore,Z) ® Hom(Z™ & Tors,Z) =
Ext(Torg,Z) @ Z™. Therefore, ng = 0 and Tory = Zs as required. O

Remark. To find the other cohomology groups of I'V, one could use the LHS spec-
tral sequence of the defining extension of I'/: HP(SLo(Z), HY(Z?)) = HPT4(T).
It can be seen that H*(SLo(Z), H*(Z?)) = H*(SLo(Z), H°(Z?)) = H*(Z12)
and H?*=1(SLy(Z), H*(Z?)) = 0 for any k > 1. The previous theorem implies
that dg’2 of this spectral sequence is the zero map. Using the cup product, we
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deduce that dg’Q is zero; hence dg’Q is zero and so on. Applying Proposition 7.3.2
of [9] and Theorem 4 of [LI], we see that

H%H(I‘J) >~ 7o and H2k+2(I‘J) 719 P Zyo for any k> 1.

Theorem 5. The split extension 0 — Z2 —— IV £, SLy(Z) — 0 induces the
following split exact sequence (compare with the five-term exact sequence [9], §7.2):

(11) 0 — H2(SLy(2)) £ H2(17) -5 H2(22) — 0.

Proof. Choose the presentation of I'/ found in Lemma 1. Then any central exten-
sion E: 0 = Z — E 5 T — 0 has the following presentation:

Y U YUY =UYUSk, (YUY)* =%k, AB= BASk,
< A B| BU=UBA'Yk, AY =YABSk, AU = UAYks, >
) BY =YBYk, Y SY,UAB

with some ko,...,k¢ € Z and Y = (y,0), U = (u,0), A = (a,0), B = (b,0)

and ¥ = (id,1). Consider the element U “/ Usko. Then from the equality
YUY = UYUZ M, we get YUY = UYU. Instead of (YUY)* = Xk we get
(YUY)* = $kt4ko and so on. Thus, by changing U to UYX*, we can make
ko = 0. Similarly, changing A to AX "% and B to BY*, we can eliminate k3
and k4 and assume that kg = k3 = k4 = 0 in the above presentation of . Now
one can easily obtain the following equalities: BYUY = YUY A~'%2%k BUYU =
UYUA-'¥ke=ks  Therefore k¢ = —ks. Analogously, if we compare AYUY with
AUYU, we find that k¢ = k5. Hence ks = kg = 0. This means that we can choose
set-theoretic crosssections of 7 (i.e., functions sy, p : I'Y — E so that mo Sm,n = id)
in such a way that any central extension of I'/ by Z has a presentation:

YU
Em}n£f< A B

by

BU =UBA™!, AY =YAB, AU=UA,

YUY =UYU, (YUY)*=3%", AB= BAY™, >
BY =YB, YSY,UADB

and any element of H%(T'/) will be cohomologous to a cocycle defined by one of
these sy, n,.

Choose a 2-cocycle w; that defines the extension Fj ¢. Evidently, i*(wq) defines
the extension (@) of Z? by Z and therefore generates H?(Z?). Hence i* is onto and
w; generates the direct summand Z of H?(I'/). As for the other generator wy of
Z12 C H*(T'7), we can choose p*(f) (recall Def. 4 above). It can be verified that
wy = p*(f) defines the extension Ej i and the subgroup generated by ws is the
kernel of ¢*. This proves the exactness. Proof of the asserted splitting is left to the
reader (cf. Proposition 7.3.2. of [9]). O

2.3. On groups H?(I'/,Zyg) and 7y Diff (S* x S?). In this paragraph we deter-
mine elements of the groups H?(I'Y, Zsg) and H?(SLy(Z), Zss) that correspond to
the mapping class group of S2 x §3.

Consider a short exact sequence 0 — A - B —%5 C' — 0 of G-modules.
Then there is a natural map 6 : H"(G,C) — H"*1(G, A) such that the sequence

H"(G, A) £ H™(G, B) 2= H™(G,C) -5 H"™ (G, A)
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. x28 ..
is exact. Therefore, the short exact sequence 0 — Z == 7Z — Zsg — 0 of trivial
I'’-modules induces the long exact sequence

HY(T7) 22 BY(T7) 22 B2, Zas) > HA (DY) 2% H3(T).
The map p, is multiplication by 28 and we have (from Theorem 4) that
H2(TY, Zag) = Im(v2) ® Ker(us) = Zog © Zy ® Zy. It follows from the presen-
tation of m Diff (S* x S?) given in Theorem 3 that this mapping class group is the
factor group of the central extension of I'/ that corresponds to the cocycle wy — wo

of H? (F‘]). It is clear that vo(w; — we) will be a cocycle that corresponds to the
group moDiff (S% x 7). If we denote a generator of the summand Zy by @3, and

generators of Zog, Z4 by @1 def vo(wr) and @ def va(we) respectively, then these
three cocycles @;, i € {1,2,3} generate H2(T'/, Zag) and &1 — @2 will be a cocycle
that defines an extension isomorphic to m Diff (S x S?).

Remark. One can deduce from the proof of Theorem 5 that the cocycle @3 defines
the extension F with kg = k1 = ko = kg3 = ks =0 and ks = kg = 1.

We have shown that moDiff (S% x S?) is an extension of SLs(Z) by Has. This
extension defines a homomorphism ¢ : SLy(Z) — Out(Hag). Using our Theorem
3, we first find this homomorphism, i.e., we find {(y) and {(u) where y and u are
the generators of SLy(Z) (see Lemma 1).

Recall that Hag is generated by three elements A, B and ¥ and we can take
elements Y = (y,id); U = (u,id); ¥ = (id,¥); A = (id,A); B = (id,B) €
SLo(Z) x Has to be generators of the mapping class groupﬂ The homomorphism
¢ is defined by conjugation (in 7o Diff (S% x §%)), which means that

golly)=e (Y ' e(g)-Y) and gol(u)=e (U " -e(g) V)
for any g € Hag (€ is the monomorphism of the exact sequence ().

Any element g of Hag is a matrix

1 n t
g=B"-A".%t=|0 1 m
0 0 1

The following identities can be easily verified using Theorem 3:
Y 'A"Y = (AB)", U'B™U = (BA™")™, (AB)" = A"B"Y%.
(BA)" = B"A"S™ 5| A"B" = Br Ay | (BATY)™ = BmATmy e
These identities imply that

—n(n—1)
2
)

1 n t 1 n t—l—%
0 1 m|olly)y=(0 1 m+n
0 0 1 0 0 1
and
1 n t 1 n—m t—w
0 1 mloClu)=10 1 m
0 0 1 0 0 1

These two formulas define the homomorphism ¢ : SLs(Z) — Aut(Hag) (one can
check that the map ¢ respects the defining relations of the modular group).

1To avoid unnecessary notation, we use the same letters A, B, % to denote the corresponding
elements of the groups Hag and moDiff (S% x S%).
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It is easy to see that the center of Hag is isomorphic to Zsog and it is a trivial
SLy(Z)-module. Hence there is a bijection between the set of equivalence classes
of extensions giving rise to ¢ and the elements of H?(SL2(Z), Zas) (see [5], Ch. 1V,
§6). One can easily find that H?(SLy(Z), Zog) = Zs.

To determine an element of this cohomology group corresponding to our mapping
class group, we first describe a generator of H2(SL2(Z), Zas). Recall that the exact
sequence of trivial SLy(Z)-modules

0—Z B 7 ™ e —0

induces the following exact sequence in cohomology:

HY(SLa(Z), Zag) — H*(SL2(Z)) 223 H2(SLy(Z)) T H?(SL2(Z), Zas).
Hence we can take the cocycle w o 7*(f) to be a generator of H%(SLy(Z), Zas)
where f is the generator of H?(SLy(Z)), defined above.

Lemma 8. The cocycle —w defines an extension F_o: 0 — Hog — F_ —
SLy(Z) — 0 isomorphic to mo Diff (S% x S?).

Proof. As before, we write down a presentation of E_, that coincides with the one
of the mapping class group. We start with presentations of

Hos = (A,B,X | ¥ =1, AN =%A, BY =%B, ABA™'B'=%)
and
SLy(Z) = (y,u | yuy = uyu, (yuy)* = id).
Consider the lifting:
Y = (y,id); U = (u,id) € SLy(Z) x Has.

We claim that the cocycle —w defines the relations that coincide with those of
Theorem 3. First notice that the group law on the product SLy(Z) x Hasg is given
as follows. For any z,w € SLy(Z) and g, f € Has,

(2, 9) - (w, [) = (zw, —@(z,w)[g o C(w)]f).
Then one can easily find that Y1 = (y=1,X) and U~! = (u=1,%). Let us check
that BU = UBA~': U™'BU = (u™", %)- (id, B)- (u, id) = (u™", £B)- (u, id) =
(id, X1[XB o ((u)]). Since

101 1 -1 1
YBol(uy=10 1 1]o¢u)=(0 1 1]=%BA™!,
00 1 0 0 1

we see that U'BU = (id, S7'[¥BA~!]) = (id, BA™') = (id, B) - (id, A7) =
BA~!. Proofs of the other identities can be done in the same way and are left to
the reader. (]
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