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MATRIX-WEIGHTED BESOV SPACES

SVETLANA ROUDENKO

Abstract. Nazarov, Treil and Volberg defined matrix Ap weights and ex-
tended the theory of weighted norm inequalities on Lp to the case of vector-
valued functions. We develop some aspects of Littlewood-Paley function space
theory in the matrix weight setting. In particular, we introduce matrix-
weighted homogeneous Besov spaces Ḃαqp (W ) and matrix-weighted sequence

Besov spaces ḃαqp (W ), as well as ḃαqp ({AQ}), where the AQ are reducing opera-
tors for W . Under any of three different conditions on the weight W , we prove

the norm equivalences ‖~f ‖Ḃαqp (W ) ≈ ‖{~sQ}Q‖ḃαqp (W ) ≈ ‖{~sQ}Q‖ḃαqp ({AQ}),

where {~sQ}Q is the vector-valued sequence of ϕ-transform coefficients of ~f . In
the process, we note and use an alternate, more explicit characterization of
the matrix Ap class. Furthermore, we introduce a weighted version of almost

diagonality and prove that an almost diagonal matrix is bounded on ḃαqp (W )
if W is doubling. We also obtain the boundedness of almost diagonal opera-
tors on Ḃαqp (W ) under any of the three conditions on W . This leads to the
boundedness of convolution and non-convolution type Calderón-Zygmund op-
erators (CZOs) on Ḃαqp (W ), in particular, the Hilbert transform. We apply
these results to wavelets to show that the above norm equivalence holds if

the ϕ-transform coefficients are replaced by the wavelet coefficients. Finally,
we construct inhomogeneous matrix-weighted Besov spaces Bαqp (W ) and show
that results corresponding to those above are true also for the inhomogeneous
case.

1. Introduction. Overview of the results

Littlewood-Paley theory gives a unified perspective to the theory of function
spaces. Well-known spaces such as Lebesgue, Hardy, Sobolev, Lipschitz spaces,
etc. are special cases of either Besov spaces Ḃαqp (homogeneous), Bαqp (nonhomo-
geneous) or Triebel-Lizorkin spaces Ḟαqp (homogeneous), Fαqp (nonhomogeneous)
(e.g., see [15]). The properties of these spaces are characterized by their discrete
analogues: the sequence Besov spaces ḃαqp , bαqp and sequence Triebel-Lizorkin spaces
ḟαqp , fαqp ([4], [3]). Littlewood-Paley theory provides alternate methods for studying
singular integrals. The Hilbert transform, the classical example of a singular inte-
gral operator, led to the extensive modern theory of Calderón-Zygmund operators,
mostly studied on the Lebesgue Lp spaces.

Motivated by the fundamental result of M. Riesz in the 1920s that the Hilbert
transform preserves Lp for 1 < p < ∞, Hunt, Muckenhoupt and Wheeden showed
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274 SVETLANA ROUDENKO

that the famous Ap condition on a weight w is the necessary and sufficient condi-
tion for the Hilbert transform to be bounded on Lp(w) (1973, [8]). More recent
developments deal with matrix-weighted spaces where scalar methods simply could
not be applied. In 1996 Treil and Volberg obtained the analogue of the Hunt-
Muckenhoupt-Wheeden condition for the matrix case when p = 2 ([16]). Soon
afterwards, Nazarov and Treil introduced in [12] a new “Bellman function” method
to extend the theory to 1 < p <∞. In 1997 Volberg presented a different solution
to the matrix weighted Lp boundedness of the Hilbert transform via techniques
related to classical Littlewood-Paley theory ([17]).

The purpose of this paper is to extend some aspects of Littlewood-Paley func-
tion space theory, in particular, the study of Besov spaces and Calderón-Zygmund
operators on them, previously obtained with no weights and partially for scalar
weights, to the matrix weight setting.

We define a new generalized function space: the vector-valued homogeneous
Besov space Ḃαqp (W ) with matrix weight W . Let M be the cone of nonnegative
definite operators on a Hilbert space H of dimension m (consider H = Cm or
Rm), i.e., for M ∈ M we have (Mx, x)H ≥ 0 for all x ∈ H. By definition, a
matrix weight W is an a.e. invertible map W : Rn → M. For a measurable

~g = (g1, ..., gm)T : Rn → H, let ‖~g‖Lp(W ) =
(∫

Rn
‖W 1/p(t)~g(t)‖pH dt

)1/p

. If

the previous norm is finite, then ~g ∈ Lp(W ). We say that a function ϕ ∈ S(Rn)
belongs to the class A of admissible kernels if supp ϕ̂ ⊆ {ξ ∈ Rn : 1

2 ≤ |ξ| ≤ 2}
and |ϕ̂(ξ)| ≥ c > 0 if 3

5 ≤ |ξ| ≤
5
3 . Set ϕν(x) = 2νnϕ(2νx) for ν ∈ Z.

Definition 1.1 (Matrix-weighted Besov space Ḃαqp (W )). For α ∈ R, 1 ≤ p < ∞,
0 < q ≤ ∞, ϕ ∈ A and W a matrix weight, the Besov space Ḃαqp (W ) is the collection
of all vector-valued distributions ~f = (f1, ..., fm)T with fi ∈ S′/P(Rn), 1 ≤ i ≤ m
(the space of tempered distributions modulo polynomials) such that

‖~f ‖Ḃαqp (W ) =
∥∥∥{2να‖ϕν ∗ ~f ‖Lp(W )

}
ν

∥∥∥
lq

=
∥∥∥{‖W 1/p · (ϕν ∗ ~f )‖Lp

}
ν

∥∥∥
lαq

<∞,

where ϕν ∗ ~f = (ϕν ∗ f1, ..., ϕν ∗ fm)T and the lq-norm is replaced by the supremum
on ν if q =∞.

The case p =∞ is not of interest to us, since Ḃαq∞ (W ) = Ḃαq∞ because L∞(W ) =
L∞. Since ϕ is directly involved in the definition of Ḃαqp (W ), there seems to be a
dependence on the choice of ϕ: Ḃαqp (W ) = Ḃαqp (W,ϕ). Under appropriate condi-
tions on W , Theorem 1.8 below shows that this is not the case. The space Ḃαqp (W )
is complete, as is discussed at the end of Section 7.

We also introduce the corresponding weighted sequence (discrete) Besov space
ḃαqp (W ):

Definition 1.2 (Matrix-weighted sequence Besov space ḃαqp (W )). For α ∈ R, 1 ≤
p < ∞, 0 < q ≤ ∞ and W a matrix weight, the space ḃαqp (W ) consists of all

vector-valued sequences ~s = {~sQ}Q, where ~sQ =
(
s

(1)
Q , ..., s

(m)
Q

)T

, enumerated by
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MATRIX-WEIGHTED BESOV SPACES 275

the dyadic cubes Q contained in Rn, such that

‖{~sQ}Q‖ḃαqp (W ) =

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|− 1
2~sQχQ

∥∥∥∥∥∥
Lp(W )


ν

∥∥∥∥∥∥∥
lq

=

∥∥∥∥∥∥∥

∥∥∥∥∥∥

∑
l(Q)=2−ν

|Q|− 1
2

(
‖W 1/p(t)~sQ‖H

)
χQ(t)

∥∥∥∥∥∥
Lp(dt)


ν

∥∥∥∥∥∥∥
lαq

<∞,

where |Q| is the Lebesgue measure of Q, l(Q) is the side length of Q, and the
lq-norm is again replaced by the supremum on ν if q =∞.

For ν ∈ Z and k ∈ Zn, let Qνk be the dyadic cube {(x1, ..., xn) ∈ Rn : ki ≤
2νxi < ki + 1, i = 1, ..., n}, and xQ = 2−νk the lower left corner of Qνk. Set
ϕQ(x) = |Q|−1/2ϕ(2νx − k) = |Q|1/2ϕν(x − xQ) for Q = Qνk. For each ~f with
fi ∈ S′(Rn), we define the ϕ-transform Sϕ as the map taking ~f to the vector-valued

sequence Sϕ(~f ) =
{〈

~f, ϕQ

〉}
Q

=
{

(〈f1, ϕQ〉 , ..., 〈fm, ϕQ〉)T
}
Q

for Q dyadic. We

call ~sQ(~f ) :=
〈
~f, ϕQ

〉
the ϕ-transform coefficients of ~f .

The next question is motivated by the following results:

(i) Frazier and Jawerth ([4], 1985) showed that, in the unweighted scalar case,

‖f‖Ḃαqp ≈ ‖{sQ(f)}Q‖ḃαqp ,

where {sQ(f)}Q are the ϕ-transform coefficients. A similar equivalence
holds if {sQ(f)}Q are the wavelet coefficients {〈f, ψQ〉}Q of f with ψQ
being smooth, say, Meyer’s wavelets (ref. [11]).

(ii) Nazarov, Treil and Volberg ([12], 1996, [17], 1997) obtained∥∥∥~f ∥∥∥
Lp(W )

≈
∥∥∥{〈~f, hQ〉}∥∥∥

ḟ02
p (W )

if W ∈ Ap,(1.1)

where {hQ}Q is the Haar system and ḟ02
p (W ) is the coefficient (sequence

Triebel-Lizorkin) space for Lp(W ). A particular case of (1.1), when m = 1
and w is a scalar weight, is

‖f‖Ḃ02
2 (w) = ‖f ‖L2(w) ≈ ‖{〈f, hQ〉}‖ḟ02

2 (w) = ‖{〈f, hQ〉}‖ḃ02
2 (w),

where the first equality and the equivalence hold if w ∈ A2.

For our purposes we will use a condition on W that is equivalent to the matrix
Ap condition of [12] (for the proof, refer to Section 3):

Lemma 1.3. Let W be a matrix weight, 1 < p <∞, and let p′ be the conjugate of
p ( 1

p + 1
p′ = 1). Then∫
B

(∫
B

∥∥∥W 1/p(x)W−1/p(t)
∥∥∥p′ dt

|B|

)p/p′
dx

|B| ≤ cp,n for every ball B ⊆ Rn(1.2)

if and only if W ∈ Ap.
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276 SVETLANA ROUDENKO

In (1.2), ‖W 1/p(x)W−1/p(t)‖ refers to the matrix (operator) norm.
The advantage of condition (1.2) is that it allows us to understand the Ap con-

dition in terms of matrices, avoiding metrics ρ, ρ∗ and their averagings as well as
reducing operators (for definitions and details refer to Section 3).

Our first result is the norm equivalence between the continuous matrix-weighted
Besov space Ḃαqp (W ) and the discrete matrix-weighted Besov space ḃαqp (W ) under
the Ap condition:

Theorem 1.4. Let α ∈ R, 0 < q ≤ ∞, 1 < p <∞ and W ∈ Ap. Then∥∥∥~f ∥∥∥
Ḃαqp (W )

≈
∥∥∥∥{~sQ (~f )}

Q

∥∥∥∥
ḃαqp (W )

.(1.3)

In some cases, the Ap requirement on W can be relaxed. Recall that a scalar
measure µ is called doubling if there exists c > 0 such that for any δ > 0 and any
z ∈ Rn,

µ(B2δ(z)) ≤ c µ(Bδ(z)),(1.4)

where Bδ(z) = {x ∈ Rn : |z − x| < δ}.
Definition 1.5 (Doubling matrix ). A matrix weight W is called a doubling matrix
(of order p, 1 ≤ p <∞), if there exists a constant c = cp,n such that for any y ∈ H,
any δ > 0 and any z ∈ Rn ,∫

B2δ(z)

‖W 1/p(t) y‖pH dt ≤ c
∫
Bδ(z)

‖W 1/p(t) y‖pH dt,(1.5)

i.e., the scalar measure wy(t) = ‖W 1/p(t) y‖pH is uniformly doubling and not iden-
tically zero (a.e.). If c = 2β is the smallest constant for which (1.5) holds, then β
is called the doubling exponent of W .

It is known that if W ∈ Ap, then wy is a scalar Ap weight for any y ∈ H and the
Ap constant is independent of y (for example, see [17]). This, in turn, implies that
wy is a scalar doubling measure (e.g., see [14]) and the doubling constant is also
independent of y. Using decomposition techniques, we prove the equivalence (1.3)
under the doubling assumption on W with the restriction that p is large, and with
no restriction on p in the case when W is a diagonal matrix:

Theorem 1.6. Let α ∈ R, 0 < q ≤ ∞, 1 ≤ p <∞, and let W be a doubling matrix
of order p with doubling exponent β. Suppose p > β. Then the norm equivalence
(1.3) holds. If W is diagonal, then (1.3) holds for all 1 ≤ p <∞.

The case of a scalar weight is a particular case of the diagonal matrix weight
case, and thus, the equivalence (1.3) holds just under the doubling condition. This
fact is essentially known (see [5] for the case of Ḟαqp ); it is proved here for purposes
of comparison and generalization to the diagonal matrix case.

Remark 1.7. One of the directions of the norm equivalence uses only the doubling
property of W with no restrictions (see Corollary 5.6), but the other direction re-
quires the stated assumptions on W (see Theorem 6.6). Furthermore, the first di-
rection is obtained from a more general norm estimate involving families of “smooth
molecules” (see Theorem 5.2).

Summarizing Theorems 1.4 and 1.6, the norm equivalence (1.3) holds under any
of the following conditions:
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MATRIX-WEIGHTED BESOV SPACES 277

(A1) W ∈ Ap with 1 ≤ p <∞,
(A2) W is a doubling matrix of order p with p > β, where β is the doubling

exponent of W ,
(A3) W is a diagonal doubling matrix of order p with 1 ≤ p <∞.
Now we will state the independence of the space Ḃαqp (W,ϕ) from ϕ:

Theorem 1.8. Let ~f ∈ Ḃαqp (W,ϕ(1)), ϕ(1) ∈ A, α ∈ R, 0 < q ≤ ∞, 1 ≤ p < ∞,
and suppose any of (A1)-(A3) hold. Then for any ϕ(2) ∈ A,∥∥∥~f ∥∥∥

Ḃαqp (W,ϕ(1))
≈
∥∥∥~f ∥∥∥

Ḃαqp (W,ϕ(2))
.

If we use the language of reducing operators (see [17] or Section 3 below), we
extend the norm equivalence (1.3) to a different sequence space, namely ḃαqp ({AQ}).
For each dyadic cube Q, consider a reducing operator AQ corresponding to the Lp

average over Q of the norm ‖W 1/p · ‖H, i.e.,

‖AQ~u‖H ≈
(

1
|Q|

∫
Q

‖W 1/p(t)~u‖pH dt
)1/p

for all vector-valued sequences ~u. Note that the assumption that W is a.e. invertible
guarantees that each AQ is invertible. Define the sequence space ḃαqp ({AQ}) for
α ∈ R, 1 ≤ p <∞, 0 < q ≤ ∞ as the space containing all vector-valued sequences
{~sQ}Q with

‖{~sQ}Q‖ḃαqp ({AQ}) =

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|− 1
2 (‖AQ~sQ‖H)χQ

∥∥∥∥∥∥
Lp(dt)


ν

∥∥∥∥∥∥∥
lq

<∞.

Theorem 1.9. Let α ∈ R, 0 < q ≤ ∞, 1 ≤ p < ∞. Suppose W satisfies any of
(A1)-(A3). Then ∥∥∥~f ∥∥∥

Ḃαqp (W )
≈
∥∥∥∥{~sQ (~f )}Q

∥∥∥∥
ḃαqp ({AQ})

.(1.6)

Next we study operators on Ḃαqp (W ) by considering corresponding operators on
ḃαqp (W ). In [3] it was shown that almost diagonal operators are bounded on ḃαqp and,
thus, on Ḃαqp . In Section 8 we define a class of almost diagonal matrices adαqp (β)
for the weighted case and show the boundedness of these matrices on ḃαqp (W ) if W
is a doubling matrix weight:

Theorem 1.10. Let α ∈ R, 0 < q ≤ ∞, 1 ≤ p < ∞, and let W be a doubling
matrix of order p with doubling exponent β. Consider A ∈ adαqp (β). Then A :
ḃαqp (W ) −→ ḃαqp (W ) is bounded.

We say that a linear continuous operator T : S → S′ is almost diagonal, T ∈
ADαq

p (β) , if for some pair of mutually admissible kernels (ϕ, ψ) (see (2.1), Section
2) the matrix (〈TψP , ϕQ〉QP )Q,P dyadic ∈ adαqp (β) (see Section 8). Combining the
boundedness of an almost diagonal matrix with the norm equivalence, we obtain the
boundedness of an almost diagonal operator on Ḃαqp (W ) under any of (A1)-(A3):

Corollary 1.11. Let T ∈ ADαq
p (β), α ∈ R, 0 < q <∞, 1 ≤ p <∞. Then T is a

bounded operator on Ḃαqp (W ) if W satisfies any of (A1)-(A3).
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278 SVETLANA ROUDENKO

In Section 9 we consider classical convolution and generalized non-convolution
Calderón-Zygmund operators (CZOs). The following criterion is used: if an oper-
ator T maps “smooth atoms” into “smooth molecules” (see Sections 5 and 9 for
definitions), then T is almost diagonal (Lemma 9.2) and, therefore, bounded on
Ḃαqp (W ). To show this property for a CZO, the definition of a “smooth molecule”
is modified in order to compensate for the growth of the weight W (note the de-
pendence of the decay rate of the molecule on the doubling exponent β), and, thus,
more smoothness of a CZO kernel is required (see Theorems 9.14, 9.8). In partic-
ular, for example, we obtain the boundedness of the Hilbert transform (when the
underlying dimension is n = 1) and the Riesz transforms (n ≥ 2) on Ḃαqp (W ) under
any of the conditions (A1)-(A3).

In Section 10 we apply the previous results to Meyer’s wavelets and Daubechies’
DN wavelets with N sufficiently large, to show that, instead of the ϕ-transform
coefficients, one can use the wavelet coefficients for the norm equivalence:

Theorem 1.12. If W satisfies any of (A1)-(A3), α ∈ R, 0 < q ≤ ∞, 1 ≤ p <∞,
then ∥∥∥~f ∥∥∥

Ḃαqp (W )
≈
∥∥∥∥{~sQ (~f )}Q

∥∥∥∥
ḃαqp (W )

,

where
{
~sQ

(
~f
)}

Q
are the wavelet coefficients of ~f .

So far we have dealt only with homogeneous spaces. However, for a number of
applications it is necessary to consider the inhomogeneous distribution spaces (e.g.,
localized Hardy spaces Hp

loc = F 02
p , 0 < p < ∞, in particular, H2

loc = B02
2 , [7]). In

the last section, we “transfer” the theory developed up until now to the inhomoge-
neous Besov spaces. The main difference is that instead of considering all dyadic
cubes, we consider only the ones with side length l(Q) ≤ 1, and the properties of
functions corresponding to l(Q) = 1 are slightly changed. Modifying the definitions
of the ϕ-transform and smooth molecules, we show that all the statements from
the homogeneous case are essentially the same for the inhomogeneous spaces.

2. Notation and definitions

Let z ∈ Rn. Recall that B(z, δ) = {x ∈ Rn : |z − x| < δ} ≡ Bδ(z). If the center
z of the ball is not essential, we will write Bδ for simplicity.

For each admissible ϕ ∈ A, there exists ψ ∈ A (see e.g. [3]) such that∑
ν∈Z

ϕ̂(2νξ) · ψ̂(2νξ) = 1, if ξ 6= 0.(2.1)

A pair (ϕ, ψ) with ϕ, ψ ∈ A and the property (2.1) will be referred to as a pair of
mutually admissible kernels.

Similarly to ϕQ, define ψQ(x) = |Q|−1/2ψ(2νx − k) for Q = Qνk. The inverse
ϕ-transform Tψ is the map taking a sequence s = {sQ}Q to Tψs =

∑
Q sQψQ.

In the vector case, Tψ~s =
∑

Q ~sQψQ, where ~sQψQ = (s(1)
Q ψQ, ..., s

(m)
Q ψQ)T. The

ϕ-transform decomposition (see [5] for more details) states that for all f ∈ S′/P ,

f =
∑
Q

〈f, ϕQ〉ψQ =:
∑
Q

sQψQ.(2.2)
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In other words, Tψ ◦ Sϕ is the identity on S′/P . Observe that if ϕ̃(x) = ϕ(−x)
(note that ϕ̃ ∈ A), then sQ = 〈f, ϕQ〉 = |Q|1/2(ϕ̃ν ∗ f)(2−νk).

3. Matrix Ap condition

Although the Ap condition can be formulated for any family of norms ρt on a
Hilbert space, we will consider only the particular case of norms:

ρt(x) = ‖W 1/p(t)x‖, where x ∈ H, t ∈ Rn.

Then the dual metric ρ∗ is given by

ρ∗t (x) = sup
y 6=0

|(x, y)|
ρt(y)

= ‖W−1/p(t)x‖.

Following [17], we introduce the norms ρp,B through the averagings of the metrics
ρt over a ball B:

ρp,B(x) =
(

1
|B|

∫
B

[ρt(x)]p dt
)1/p

.

Similarly, for the dual metric,

ρ∗p′,B(x) =
(

1
|B|

∫
B

[ρ∗t (x)]p
′
dt

)1/p′

.

Definition 3.1 (Matrix Ap weight). For 1 < p < ∞, we say that W is an Ap
matrix weight if W : Rn → M is such that W and W−p

′/p are locally integrable
and there exists C <∞ such that

ρ∗p′,B ≤ C(ρp,B)∗ for every ball B ⊆ Rn.(3.1)

In general, if ρ satisfies (3.1), then ρ is called an Ap-metric. Note that the
condition (3.1) is equivalent to

ρp,B ≤ C(ρ∗p′,B)∗,

which means that ρ∗ is an Ap′ -metric.
If ρ is a norm on H, then there exists a positive operator A, which is called a

reducing operator of ρ, such that

ρ(x) ≈ ‖Ax‖ for all x ∈ H.

For details we refer the reader to [17]. Let AB be a reducing operator for ρp,B,
and A#

B for ρ∗p′,B. Then, (ρp,B)∗(x) ≈ ‖A−1
B x‖. Hence, in the language of reducing

operators, the condition (3.1) for the Ap class is

‖A#
B AB‖ ≤ C <∞ for every ball B ⊆ Rn.(3.2)

Observe the following two useful facts. First, if P and Q are two selfadjoint
operators in a normed space, then

‖PQ‖ = ‖(PQ)∗‖ = ‖Q∗P ∗‖ = ‖QP‖.(3.3)

Thus, the operators can be commuted as long as we deal with norms.
Second, we need the following lemma:
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Lemma 3.2 (Norm lemma). If {e1, . . . , em} is any orthonormal basis in a Hil-
bert space H, then for any V ∈ B(H) and r > 0,

‖V ‖r ≈
(r,m)

m∑
i=1

‖V ei‖rH.

Proof. With xi = (x, ei)H, we get

‖V ‖r = sup
‖x‖≤1

‖V
m∑
i=1

xiei‖rH

≤ cr sup
‖x‖≤1

m∑
i=1

|xi|r‖V ei‖rH ≤ cr
m∑
i=1

‖V ei‖rH ≤ crm ‖V ‖r.

Now we are ready to prove the equivalence of (1.2) and the Ap condition.

Proof of Lemma 1.3. By property (3.3) and the Norm Lemma,∫
B

(∫
B

∥∥∥W 1/p(x)W−1/p(t)
∥∥∥p′ dt

|B|

)p/p′
dx

|B|

=
∫
B

(∫
B

∥∥∥W−1/p(t)W 1/p(x)
∥∥∥p′ dt

|B|

)p/p′
dx

|B|

≈
∫
B

(∫
B

m∑
i=1

∥∥∥W−1/p(t)W 1/p(x)ei
∥∥∥p′ dt

|B|

)p/p′
dx

|B|

≈
m∑
i=1

∫
B

(∫
B

[
ρ∗t (W

1/p(x) ei)
]p′ dt

|B|

)p/p′
dx

|B|

=
m∑
i=1

∫
B

[
ρ∗p′,B(W 1/p(x) ei)

]p dx

|B| .

Now, in terms of the reducing operators, the last expression is equivalent to
m∑
i=1

∫
B

∥∥∥A#
B(W 1/p(x) ei)

∥∥∥p dx

|B| ≈
∫
B

∥∥∥A#
BW

1/p(x)
∥∥∥p dx

|B|

≈
m∑
i=1

∫
B

∥∥∥W 1/p(x)(A#
B ei)

∥∥∥p dx

|B|

≈
m∑
i=1

[
ρp,B(A#

B ei)
]p

≈
m∑
i=1

∥∥∥AB(A#
B ei)

∥∥∥p
≈
∥∥∥AB A#

B

∥∥∥p .
Therefore, (1.2) is equivalent to

∥∥∥A#
B AB

∥∥∥p ≤ c, i.e., the Ap condition.

Corollary 3.3 (Symmetry of matrix Ap condition). The following state-
ments are equivalent:
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(i) W ∈ Ap;
(ii) W−p

′/p ∈ Ap′ ;

(iii)
∫
B

(∫
B

∥∥∥W 1/p(x)W−1/p(t)
∥∥∥p′ dt

|B|

)p/p′
dx

|B| ≤ c for every ball B ⊆ Rn;

(iv)
∫
B

(∫
B

∥∥∥W 1/p(x)W−1/p(t)
∥∥∥p dx

|B|

)p′/p
dt

|B| ≤ c for every ball B ⊆ Rn.

Proof. Recall that ρ ∈ Ap if and only if ρ∗ ∈ Ap′ . In terms of matrix weights,
W ∈ Ap if and only if W−p

′/p ∈ Ap′ (note that ρ∗t (x) = ‖(W−p′/p)1/p′ (t)x‖). By
Lemma 1.3, the third statement is equivalent to W ∈ Ap, whereas the fourth is
equivalent to W−p

′/p ∈ Ap′ .

4. Doubling measures

Let W be a doubling matrix of order p, i.e., (1.5) holds for any y ∈ H, δ > 0
and z ∈ Rn. For p = 2 this simplifies to∫

B2δ

W (t) dt ≤ c
∫
Bδ

W (t) dt(4.1)

for a given δ, where the inequality is understood in the sense of selfadjoint operators.

Remark 4.1. Note that ‖W 1/p(t)‖p is independent of p. If wy(t) = ‖W 1/p(t) y‖pH is
doubling of order p for any y ∈ H, then w(t) = ‖W 1/p(t)‖p is also a scalar-valued
doubling measure.

Proof. Fix t ∈ Rn. Then there exist a unitary matrix U and a diagonal matrix
Λ such that W (t) = U ΛU−1, and so W 1/p(t) = U Λ1/p U−1. Moreover, since the
norm of a positive diagonal matrix is the largest eigenvalue, say λ0, ‖W 1/p(t)‖ =
λ

1/p
0 and, hence, ‖W 1/p(t)‖p = λ0, regardless of what p is.

Now, since (1.5) is true with y = ei (any orthonormal basis vector of H), by the
Norm Lemma we get the second assertion:∫

B2δ

‖W 1/p(t)‖p dt ≈
m∑
i=1

∫
B2δ

‖W 1/p(t)ei‖p dt

≤ c
m∑
i=1

∫
Bδ

‖W 1/p(t)ei‖p dt ≈ c
∫
Bδ

‖W 1/p(t)‖p dt.

The doubling property of w(t) = ‖W 1/p(t)‖p is not very helpful if one wants to
understand the nature of W ; it only tells us how large the weight is, not how it
is distributed in different directions. Therefore, we use the definition of doubling
matrix in (1.5), which involves different directions of y ∈ H.

Remark 4.2. In the scalar case, (1.5) gives the standard doubling measure:∫
B2δ

w(t)|y|p dt ≤ c
∫
Bδ

w(t)|y|p dt,

and if y 6= 0, then w(B2δ) ≤ cw(Bδ). In particular, there is no dependence on p in
the scalar situation.
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Similar definitions for doubling weights can be analogously given for the “dual”
measure w∗y(t) = ‖W−1/p(t)y‖p′ .

Lemma 4.3. Let x ∈ H and W ∈ Ap. Then vx(t) := ‖W 1/p(x)W−1/p(t)‖p′ =
‖W−1/p(t)W 1/p(x)‖p′ is a doubling measure, i.e., there exists a constant c such
that for any δ > 0,∫

B2δ

‖W 1/p(x)W−1/p(t)‖p′dt ≤ c
∫
Bδ

‖W 1/p(x)W−1/p(t)‖p′dt.(4.2)

Proof. Applying the Norm Lemma to the operator norm in the left-hand side, we
obtain

vx(t) ≈
m∑
i=1

‖W−1/p(t)W 1/p(x)ei‖p
′

=
m∑
i=1

‖W−1/p(t)yi(x)‖p′ =
m∑
i=1

w∗yi(x)(t),

where yi(x) = W 1/p(x)ei. Then

vx(B2δ) ≈
m∑
i=1

∫
B2δ

w∗yi(x)(t) dt ≤
m∑
i=1

c

∫
Bδ

w∗yi(x)(t) dt ≤ c vx(Bδ),

since w∗y is doubling (W−p
′/p ∈ Ap′).

Remark 4.4. The doubling property (1.4) is equivalent to

µ(F )
µ(E)

≤ c
(
|F |
|E|

)β/n
,(4.3)

where F is a ball (or a cube) and E ⊆ F is a sub-ball (sub-cube) (not any subset
of F ; any subset would be equivalent to the A∞ condition, see [14]).

Proof. Since E ⊆ F , there exists j ∈ N such that 2jE ≈ F , i.e., l(F ) ≈ 2jl(E).

Since µ is doubling, by (1.4),
µ(F )
µ(E)

≤ cj ≈ clog2
l(F )
l(E) . Noticing that

|F |
|E| =

[
l(F )
l(E)

]n
,

we get (4.3).

In further estimates, it is more convenient to use (4.3) instead of (1.4).
Observe that the doubling exponent of the Lebesgue measure in Rn is β = n;

moreover, if µ is any nonzero doubling measure in Rn, then β(µ) ≥ n.

5. Boundedness of the inverse ϕ-transform

Consider Ḃαqp (W ) with parameters α, p, q fixed (α ∈ R, 1 ≤ p <∞, 0 < q <∞).
For 0 < δ ≤ 1, M > 0 and N ∈ Z define (as in [5]) mQ to be a smooth (δ,M,N)-
molecule for Q dyadic if:

(M1)
∫
xγmQ(x) dx = 0, for |γ| ≤ N ,

(M2) |mQ(x)| ≤ |Q|−1/2

(
1 +
|x− xQ|
l(Q)

)−max(M,M−α)

,

(M3) |DγmQ(x)| ≤ |Q|−1/2−|γ|/n
(

1 +
|x− xQ|
l(Q)

)−M
if |γ| ≤ [α],

(M4) |DγmQ(x)−DγmQ(y)| ≤ |Q|− 1
2−
|γ|
n −

δ
n |x− y|δ

× sup
|z|≤|x−y|

(
1 +
|x− z − xQ|

l(Q)

)−M
if |γ| = [α].
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It is understood that (M1) is void if N < 0; and (M3), (M4) are void if α < 0.
Also, [α] stands for the greatest integer ≤ α; γ is a multi-index γ = (γ1, . . . , γn)
with γi ∈ N ∪ {0}, 1 ≤ i ≤ n, and the standard notation is used.

We say {mQ}Q is a family of smooth molecules for Ḃαqp (W ) if each mQ is a
(δ,M,N)-molecule with

(M.i) α− [α] < δ ≤ 1,
(M.ii) M > J , where J = β

p + n
p′ if p > 1 and J = β if p = 1,

(M.iii) N = max([J − n− α],−1).

Remark 5.1. Note that, in contrast to the case in [5], there is a dependence of the
family of smooth molecules for Ḃαqp (W ) on the weight W (more precisely, on the
doubling exponent β).

Theorem 5.2. Let α ∈ R, 1 ≤ p <∞, 0 < q ≤ ∞, and let W be a doubling matrix
weight of order p. Suppose {mQ}Q is a family of smooth molecules for Ḃαqp (W ).
Then ∥∥∥∥∥∥

∑
Q

~sQmQ

∥∥∥∥∥∥
Ḃαqp (W )

≤ c ‖{~sQ}Q‖ḃαqp (W ).(5.1)

The proof uses the following estimates for Q dyadic with l(Q) = 2−µ, µ ∈ Z,
and ϕν , ν ∈ Z, with ϕ ∈ A :

|ϕν ∗mQ(x)| ≤ c |Q|−1/22−(µ−ν)σ (1 + 2ν |x− xQ|)−M for some σ > J − α,(5.2)

if µ > ν, and

|ϕν ∗mQ(x)| ≤ c |Q|−1/22−(ν−µ)τ (1 + 2µ|x− xQ|)−M for some τ > α,(5.3)

if µ ≤ ν.
The proofs are entirely elementary, but quite tedious (see [5], Appendix B).

Note that in the statement of Lemma B.1 in [5], it should say j ≤ k. For (5.2),
for N 6= −1, apply Lemma B.1 with j = ν, k = µ, L = N , R = M , S = M − α,
g = 2−νn/2 ϕν , h = mQ with l(Q) = 2−µ, x1 = xQ, J −n−α− [J −n−α] < θ ≤ 1.
Letting σ = N +n+ θ > J −α, we obtain (5.2). For N = −1, apply Lemma B.2 in
[5] with σ = n > J−α to get (5.2). Now for (5.3), for α > 0, apply Lemma B.1 with
k = ν, j = µ, L = [α], R = M , δ = θ, S = [α] + n+ δ, x1 = 0, g(x) = mQ(x+ xQ),
h = 2−νn/2 ϕν , and observe that ϕν ∗mQ(x) = 2νn/2 g ∗h(x−xQ) to get (5.3) with
τ = δ + [α] > α. For α < 0, Lemma B.2 in [5] gives (5.3) with τ = 0 > α.

Lemma 5.3 (Squeeze Lemma). Fix a dyadic cube Q and let w : Rn → R+ be a
scalar doubling measure with the doubling exponent β. If L > β, then for r ≥ l(Q),∫

Rn
w(x)

(
1 +
|x− xQ|

r

)−L
dx ≤ cβ

[
r

l(Q)

]β ∫
Q

w(x) dx.(5.4)

Proof. Decompose Rn into the annuli Rm:

Rn =
∞⋃
m=1

{x : 2m−1r ≤ |x− xQ| < 2mr} ∪ {x : |x− xQ| < r} =:
∞⋃
m=0

Rm.

Then the left-hand side of (5.4) is bounded by
∞∑
m=1

(1 + 2m−1)−Lw(Rm) + w(R0).(5.5)
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Using the doubling property of w, we get

w(Rm) ≤ w(B(xQ, 2mr)) ≤ c
(
|B(xQ, 2mr)|
|R0|

)β/n
w(R0) = c 2mβw(R0).

Thus, (5.5) is bounded by

c

∞∑
m=0

2mβ−mLw(R0) ≤ cβ w(R0),

since L > β. Note that B(xQ, l(Q)) ⊆ 3Q and so w(B(xQ, l(Q))) ≤ cβ w(Q). If
r > l(Q), then

w(R0) ≤ c
(

|R0|
|B(xQ, l(Q))|

)β/n
w(B(xQ, l(Q))) ≤ cβ

[
r

l(Q)

]β
w(Q),

which is (5.4).

Lemma 5.4 (Summation Lemma). Let µ, ν ∈ Z and y ∈ Rn. Then for M > n,∑
l(Q)=2−µ

(
1 +
|y − xQ|

2−ν

)−M
≤ cn,M 2(µ−ν)n, if µ ≥ ν.(5.6)

Proof. If µ ≥ ν or 2−ν ≥ 2−µ, there are 2(µ−ν)n cubes of size 2−µ in a cube of size
2−ν. Fix l ∈ Zn such that y ∈ Qνl. Then the left-hand side of (5.6) is∑

k∈Zn
(1 + 2ν |y − xQµk |)−M =

∑
i∈Zn

∑
k:Qµk⊆Qν(l+i)

(1 + 2ν |y − xQµk |)−M

≤
∑
i∈Zn

(1 + |i|)−M × 2(µ−ν)n ≤ cn 2(µ−ν)n,

again since M > n.

Proof of Theorem 5.2. By definition,∥∥∥∥∥∥
∑
Q

~sQmQ

∥∥∥∥∥∥
Ḃαqp (W )

=

∥∥∥∥∥∥

∥∥∥∥∥∥W 1/p

∑
Q

~sQ (ϕν ∗mQ)

∥∥∥∥∥∥
Lp


ν

∥∥∥∥∥∥
lαq

=

∥∥∥∥∥∥

∥∥∥∥∥∥
∑
µ∈Z

 ∑
l(Q)=2−µ

(W 1/p~sQ)(ϕν ∗mQ)

∥∥∥∥∥∥
Lp


ν

∥∥∥∥∥∥
lαq

.

By Minkowski’s (or the triangle) inequality, the last expression is bounded by∥∥∥∥∥∥
∑
µ∈Z

∥∥∥∥∥∥
∑

l(Q)=2−µ

(W 1/p~sQ)(ϕν ∗mQ)

∥∥∥∥∥∥
Lp


ν

∥∥∥∥∥∥
lαq

≤

∥∥∥∥∥∥∥

∑
µ∈Z

∫
Rn

 ∑
l(Q)=2−µ

‖W 1/p(x)~sQ‖ |(ϕν ∗mQ)(x)|

p

dx

1/p

ν

∥∥∥∥∥∥∥
lαq
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=:

∥∥∥∥∥∥
∑
µ>ν

J
1/p
1 +

∑
µ≤ν

J
1/p
2


ν

∥∥∥∥∥∥
lαq

.(5.7)

Using estimates (5.2) and (5.3) with θ1 = −(µ−ν)σ, θ2 = −(ν−µ)τ and r1 = 2−ν,
r2 = 2−µ, we bound each Ji, i = 1, 2:

Ji ≤ c
∫
Rn

 ∑
l(Q)=2−µ

‖W 1/p(x)~sQ‖H|Q|−1/2 2θi
(

1 +
|x− xQ|

ri

)−Mp

dx.

Split M = M1 + M2, where M1 > β/p and M2 > n/p′ (if p = 1, let M2 = 0 and
interpret n/p′ = 0). This splitting is possible since M > J . Then by the discrete
Hölder inequality with wQ(x) = ‖W 1/p(x)~sQ‖pH, we get

Ji ≤ cp
∫
Rn

 ∑
l(Q)=2−µ

wQ(x)|Q|−p/2 2θip
(

1 +
|x− xQ|

ri

)−M1p


×

 ∑
l(Q)=2−µ

(
1 +
|x− xQ|

ri

)−M2p
′
p/p

′

dx.

By the Summation Lemma 5.4 (with ν = µ in (5.6)), we have

J2 ≤ cp,n2θ2p
∑

l(Q)=2−µ

|Q|−p/2
∫
Rn
wQ(x)(1 + 2µ|x− xQ|)−M1p dx,

since M2 > n/p′. Applying the Squeeze Lemma 5.3 with r = 2−µ = l(Q) and
L = M1p (and so L > β), we get

J2 ≤ cp,n,β 2−(ν−µ)τp
∑

l(Q)=2−µ

|Q|−p/2wQ(Q).

By the Summation Lemma 5.4 (with µ > ν in (5.6)), we have

J1 ≤ cp,n2(ν−µ)(σ−n/p′)p
∑

l(Q)=2−µ

|Q|−p/2
∫
Rn
wQ(x)(1 + 2ν|x− xQ|)−M1p dx,

again since M2 > n/p′. Applying the Squeeze Lemma 5.3 again with r = 2−ν >
2−µ = l(Q) and L = M1p, we get

J1 ≤ cp,n,β 2(ν−µ)(σ−n/p′−β/p) p
∑

l(Q)=2−µ

|Q|−p/2wQ(Q).

Observe that the last sum is equal to
∥∥∥∑l(Q)=2−µ |Q|−1/2~sQχQ

∥∥∥p
Lp(W )

. Combining

the estimates for J1 and J2 (recall that J = n
p′ + β

p ), we have

2να

∑
µ>ν

J
1/p
1 +

∑
µ≤ν

J
1/p
2

 ≤ cp,n,β∑
µ∈Z

2(ν−µ)α
(

2(ν−µ)(σ−J)χ{ν−µ<0}

+ 2−(ν−µ)τχ{ν−µ≥0}

)
× 2µα

∥∥∥∥∥∥
∑

l(Q)=2−µ

|Q|−1/2~sQχQ

∥∥∥∥∥∥
Lp(W )

.(5.8)
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Denote

ai = 2iα
(

2i(σ−J)χ{i<0} + 2−iτχ{i≥0}

)
and

bµ = 2µα

∥∥∥∥∥∥
∑

l(Q)=2−µ

|Q|−1/2 ~sQχQ

∥∥∥∥∥∥
Lp(W )

.

Then the right side of (5.8) is nothing else but c
∑
µ∈Z

aν−µ bµ = c (a ∗ b)(ν). Substi-

tuting this into (5.7), we get∥∥∥∥∥∥
∑
Q

~sQmQ

∥∥∥∥∥∥
Ḃαqp (W )

≤

∥∥∥∥∥∥
∑
µ∈Z

∑
i=1,2

J
1/p
i


ν

∥∥∥∥∥∥
lαq

≤ cp,n,β ‖a ∗ b‖lq .(5.9)

Observe that

‖a ∗ b‖lq ≤ ‖a‖l1‖b‖lq for q ≥ 1(5.10)

and

‖a ∗ b‖lq ≤ ‖a‖lq‖b‖lq for q < 1(5.11)

(to get the last inequality, apply the q-triangle inequality followed by ‖a ∗ b‖l1 ≤
‖a‖l1‖b‖l1). For any 0 < q < ∞, ‖a‖qlq =

∑
i<0

2i(σ+α−J)q +
∑
i≥0

2−i(τ−α)q. Both

sums converge, since τ > α and σ + α > J by (5.2) and (5.3). Hence, ‖a‖lq ≤ cq
for any q > 0. (In fact, here we only need 0 < q ≤ 1.) Combining all the estimates
together into (5.9), we obtain∥∥∥∥∥∥

∑
Q

~sQmQ

∥∥∥∥∥∥
Ḃαqp (W )

≤ c ‖b‖lq = c

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|−1/2~sQχQ

∥∥∥∥∥∥
Lp(W )


ν

∥∥∥∥∥∥∥
lq

= c ‖{~sQ}‖ḃαqp (W ),

where c = cn,p,q,β .

Remark 5.5. Since ψ ∈ A, observe the following properties of ψQ:

1. 0 /∈ supp ψ̂Q for any dyadic Q, and, therefore,
∫
xγψQ(x) dx = 0 for any

multi-index γ;

2. |DγψQ| ≤ cγ,L|Q|−
1
2−
|γ|
n

(
1 +
|x− xQ|
l(Q)

)−L−|γ|
for each L ∈ N ∪ {0} and

γ as before.
Hence, {ψQ}Q is a family of smooth molecules for Ḃαqp (W ), and for ~f =

∑
Q ~sQ ψQ,

we obtain the boundedness of the inverse ϕ-transform Tψ:

Corollary 5.6. Let W be a doubling matrix of order p, and consider the sequence
~s = {~sQ}Q ∈ ḃαqp (W ). Then for all 1 ≤ p <∞, 0 < q ≤ ∞ and α ∈ R,

‖Tψ~s ‖Ḃαqp (W ) =

∥∥∥∥∥∥
∑
Q

~sQ ψQ

∥∥∥∥∥∥
Ḃαqp (W )

≤ c ‖{~sQ}Q‖ḃαqp (W ).(5.12)
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In particular, given ~f ∈ Ḃαqp (W ), consider ~s = Sϕ ~f . Then by (2.2),∥∥∥~f ∥∥∥
Ḃαqp (W )

=

∥∥∥∥∥∥
∑
Q

~sQ ψQ

∥∥∥∥∥∥
Ḃαqp (W )

≤ c ‖{~sQ}Q‖ḃαqp (W ) = c
∥∥∥Sϕ ~f ∥∥∥

ḃαqp (W )
.

6. Boundedness of the ϕ-transform

Definition 6.1. For ν ∈ Z, let Eν = {~f : fi ∈ S′ and supp f̂i ⊆ {ξ ∈ Rn : |ξ| ≤
2ν+1}, i = 1, ...,m}. Then we say that Eν consists of vector functions of exponential
type 2ν+1.

Consider the following lemma on the decomposition of an exponential type func-
tion (for the proof the reader is referred to [3], p. 55):

Lemma 6.2. Suppose g ∈ S′(Rn), h ∈ S(Rn) and supp ĝ, supp ĥ ⊆ {|ξ| < 2νπ} for
some ν ∈ Z. Then

(g ∗ h)(x) =
∑
k∈Zn

2−νng(2−νk) h(x− 2−νk).(6.1)

Now we will develop two “maximal operator” type inequalities:

Lemma 6.3. Let 1 < p <∞, W ∈ Ap and ~g ∈ E0. Then∑
k∈Zn

∫
Q0k

‖W 1/p(x)~g(k) ‖p dx ≤ cp,n ‖~g ‖pLp(W ).(6.2)

Remark 6.4. Note that in terms of reducing operators, (6.2) is equivalent to

‖{AQ0k ~g(k)}k∈Zn‖lp =

(∑
k∈Zn

‖AQ0k ~g(k) ‖p
)1/p

≤ cp,n ‖~g ‖Lp(W ).(6.3)

Proof. Choose a scalar-valued function γ ∈ S with γ̂ = 1 for |ξ| ≤ 2 and supp γ̂ ⊆
{|ξ| < π}. Then for ~g ∈ E0, we have ~g = γ ∗ ~g, and the left-hand side of (6.2) is∑

k∈Zn

∫
Q0k

∥∥∥∥W 1/p(x)
∫
Rn
~g(y)γ(k − y) dy

∥∥∥∥p dx
≤ cM

∑
k∈Zn

∫
Q0k

(∫
Rn

‖W 1/p(x)~g(y)‖
(1 + |k − y|)M dy

)p
dx,

for some M > n + βp/p′, where β is the doubling exponent of W , since γ ∈ S.
Since Rn =

⋃
m∈Zn

Q0m and mi ≤ yi < mi + 1, i = 1, ..., n, on each Q0m, the last

sum is bounded by

c
∑
k∈Zn

∫
Q0k

( ∑
m∈Zn

∫
Q0m
‖W 1/p(x)~g(y)‖ dy

(1 + |k −m|)M

)p
dx.

Writing M = M/p + M/p′ and using the discrete Hölder inequality (note that
M > n), we bound the last expression by

c
∑
k∈Zn

∫
Q0k

∑
m∈Zn

(∫
Q0m
‖W 1/p(x)~g(y)‖ dy

)p
(1 + |k −m|)M dx.(6.4)
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Observe that(∫
Q0m

‖W 1/p(x)~g(y)‖ dy
)p
≤
(∫

Q0m

‖W 1/p(x)W−1/p(y)‖ ‖W 1/p(y)~g(y)‖ dy
)p

≤
(∫

Q0m

‖W 1/p(x)W−1/p(y)‖p′ dy
)p/p′ (∫

Q0m

‖W 1/p(y)~g(y)‖p dy
)
,

again by Hölder’s inequality. By Lemma 4.3, vx(y) = ‖W 1/p(x)W−1/p(y)‖p′ is a
doubling measure with the doubling exponent β:

vx(Q0m) ≤ vx(B(m, |k −m|+
√
n)) ≤ c (1 + |k −m|)βvx(Q0k).

Thus, (6.4) is bounded by

c
∑

k,m∈Zn
(1 + |k −m|)β

p
p′−M

[∫
Q0k

(∫
Q0k

‖W 1/p(x)W−1/p(y)‖p′ dy
) p
p′

dx

]
(6.5)

×
∫
Q0m

‖W 1/p(y)~g(y)‖p dy.

By Lemma 1.3, the expression in the square brackets of (6.5) is bounded by a
constant independent of k. Since M > βp/p′ + n, the sum on k converges and,
therefore, (6.5) is estimated above by

c
∑
m∈Zn

∫
Q0m

‖W 1/p(y)~g(y)‖p dy = c

∫
Rn
‖W 1/p(y)~g(y)‖p dy = c ‖~g ‖pLp(W ).

Lemma 6.5. Let W be a doubling matrix of order p with doubling exponent β such
that p > β, and let ~g ∈ E0. Then (6.2) holds. Furthermore, if W is a diagonal
matrix, then (6.2) holds for any 1 ≤ p <∞.

Proof. First, assume (~g)i ∈ S with supp ~̂gi ⊆ {|ξ| < π}, i = 1, ...,m. We want
to show that for such ~g, the sum on the left-hand side of (6.2) is finite. Choosing
r > β + n, we have∑

k∈Zn

∫
Q0k

‖W 1/p(x)~g(k)‖p dx ≤
∑
k∈Zn

c

(1 + |k|)r
∫
Q0k

‖W 1/p(x)‖p dx.

Since w(x) = ‖W 1/p(x)‖p is a scalar doubling measure, w(Q0k) ≤ c (1+|k|)βw(Q00).
Hence, ∑

k∈Zn

∫
Q0k

‖W 1/p(x)~g(k)‖p dx ≤
∑
k∈Zn

cw(Q00)
(1 + |k|)r−β ≤ cw(Q00) <∞,

since r − β > n.
Now we will prove (6.2) for ~g with (~g)i ∈ S and supp ~̂gi ⊆ {|ξ| ≤ 3}, and then

generalize it to (~g)i ∈ S′. Let 0 < δ < 1. Then Bδ(k) ⊆ 3Q0k. Using the doubling
property of wk(x) = ‖W 1/p(x)~g(k)‖p, we “squeeze” each Q0k into Bδ(k):

wk(Q0k) ≤ wk(3Q0k) ≤ c
[
|3Q0k|
|Bδ(k)|

]β/n
wk(Bδ(k)) ≤ cβ δ−βwk(Bδ(k)).
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Hence, the left-hand side of (6.2) is bounded by

cβ δ
−β
∑
k∈Zn

∫
Bδ(k)

‖W 1/p(x)~g(k)‖p dx.(6.6)

To estimate the integral, we will use the trivial identity ~g(k) = ~g(x) + [~g(k)−~g(x)]
for x ∈ Bδ(k). Apply the decomposition from Lemma 6.2 (γ is the same as in the
previous lemma):

~g(k) =
∑
m∈Zn

~g(m)γ(k −m) and ~g(x) =
∑
m∈Zn

~g(m)γ(x−m).

Using the Mean Value Theorem for [γ(k − m) − γ(x − m)] and the properties of
γ ∈ S (note that |x− k| < δ), we have

‖W 1/p(x)~g(k)‖p ≤ cp‖W 1/p(x)~g(x)‖p + cp,M δp
∑
m∈Zn

‖W 1/p(x)~g(m) ‖p
(1 + |k −m|)M ,(6.7)

for some M > β + n. Integrating (6.7) over Bδ(k), we get∫
Bδ(k)

‖W 1/p(x)~g(k)‖p dx ≤ cp
∫
Bδ(k)

‖W 1/p(x)~g(x)‖p dx

+ c δp
∑
m∈Zn

∫
Bδ(k) ‖W

1/p(x)~g(m) ‖p dx
(1 + |k −m|)M .(6.8)

Apply the doubling property of wm(x) = ‖W 1/p(x)~g(m)‖p again:

wm(Bδ(k)) ≤ wm(B(m, |k −m|+ δ)) ≤ c
[

(δ + |k −m|)n
δn

]β/n
wm(Bδ(m))

= c δ−β(1 + |k −m|)βwm(Bδ(m)).

Substituting this estimate into (6.8) and summing over k ∈ Zn, we have∑
k∈Zn

∫
Bδ(k)

‖W 1/p(x)~g(k)‖p dx ≤ cp
∑
k∈Zn

∫
Bδ(k)

‖W 1/p(x)~g(x)‖p dx

+ c δp−β
∑
m∈Zn

∫
Bδ(m)

‖W 1/p(x)~g(m) ‖p dx
(∑
k∈Zn

(1 + |k −m|)β−M
)
,

where the last sum converges since M > β + n. If p > β, by choosing 0 < δ < 1/2
such that 1 − c δp−β > 0, we subtract the last term from both sides (note that it
is finite because of our estimates above for ~gi ∈ S), substitute it into (6.6) and get
the estimate of the left-hand side of (6.2) (note that

∑
k∈Zn

∫
Bδ(k) ... ≤

∫
Rn ...):∑

k∈Zn

∫
Q0k

‖W 1/p(x)~g(k)‖p dx ≤ cβ δ
−β cp

(1− c δp−β)

∑
k∈Zn

∫
Bδ(k)

‖W 1/p(x)~g(x)‖p dx

≤ cn,β,p
∫
Rn
‖W 1/p(x)~g(x)‖p dx = cn,β,p‖~g ‖pLp(W ).(6.9)

Now let (~g)i ∈ S′, i = 1, ...,m. Since ~g ∈ E0, it follows that (~g)i ∈ C∞, and ~g and all
its derivatives are slowly increasing. Pick a scalar-valued γ ∈ S such that γ(0) = 1
and supp γ̂ ⊆ B(0, 1). Then for 0 < ε < 1, the function ~g ε(x) := ~g(x)γ(εx) has its
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components in S. Observe that ~̂g
ε

= ~̂g ∗ [γ(εx)]̂ , with [γ(εx)]̂ (ξ) = (1/ε)γ̂(ξ/ε),
and, therefore,

supp ~̂g
ε
⊆ supp ~̂g + supp (1/ε)γ̂(ξ/ε) ⊆ {ξ : |ξ| < 3}.

We can apply the result (6.9) to ~g ε:∑
k∈Zn

∫
Q0k

‖W 1/p(x)~g ε(k)‖p dx ≤ c ‖~g ε‖pLp(W ),

or ∑
k∈Zn

∫
Q0k

‖W 1/p(x)~g(k)γ(εk)‖p dx ≤ c
∫
Rn
‖W 1/p(x)~g(x)‖p|γ(εx)|p dx.

Taking lim inf as ε→ 0 of both sides and using Fatou’s Lemma on the left-hand side
(with a discrete measure for the sum) and the Dominated Convergence Theorem
on the right-hand side, we obtain∑

k∈Zn
lim inf
ε→0

|γ(εk)|p
∫
Q0k

‖W 1/p(x)~g(k)‖p dx

≤ c
∫
Rn
‖W 1/p(x)~g(x)‖p lim

ε→0
|γ(εx)|p dx.

Since γ(εx) −→
ε→0

γ(0), we obtain (6.2) for all ~g ∈ E0.
To get the second assertion of the lemma, we consider the scalar case with w a

scalar doubling measure. Then (6.8) becomes

w(Bδ(k))|g(k)|p ≤ cp
∫
Bδ(k)

w(x)|g(x)|p dx(6.10)

+ cp δ
pw(Bδ(k))

∑
m∈Zn

|g(m)|p
(1 + |k −m|)M ,

or

|g(k)|p ≤ cp
1

w(Bδ(k))

∫
Bδ(k)

w(x)|g(x)|p dx + c δp
∑
m∈Zn

|g(m)|p
(1 + |k −m|)M .

We want to estimate the last sum on m. Fix l ∈ Zn. Dividing everything by
(1 + |k − l|)M and summing on k ∈ Zn, we get∑

k∈Zn

|g(k)|p
(1 + |k − l|)M ≤ cp

∑
k∈Zn

∫
Bδ(k)

w(x)|g(x)|p dx
(1 + |k − l|)Mw(Bδ(k))

+ c δp
∑
k∈Zn

1
(1 + |k − l|)M

∑
m∈Zn

|g(m)|p
(1 + |k −m|)M .

Note that in the last term∑
k∈Zn

1
(1 + |k − l|)M (1 + |k −m|)M ≤

c

(1 + |l −m|)M ,

since M > n. Therefore,∑
k∈Zn

|g(k)|p
(1 + |k − l|)M ≤ cp

∑
k∈Zn

∫
Bδ(k) w(x)|g(x)|p dx

(1 + |k − l|)Mw(Bδ(k))
+ c δp

∑
m∈Zn

|g(m)|p
(1 + |l −m|)M .
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Choose 0 < δ < 1/2 such that 1− c δp > 0. Then∑
m∈Zn

|g(m)|p
(1 + |l −m|)M ≤

cp
1− c δp

∑
m∈Zn

∫
Bδ(m)

w(x)|g(x)|p dx
(1 + |l −m|)Mw(Bδ(m))

.

Substituting this into (6.10) and summing on k ∈ Zn (again using
∑

k∈Zn
∫
Bδ(k) ... ≤∫

Rn ...), we obtain∑
k∈Zn

w(Bδ(k))|g(k)|p

≤ cp ‖g‖pLp(w) + c δp
∑
k∈Zn

w(Bδ(k))
∑
m∈Zn

∫
Bδ(m) w(x)|g(x)|p dx

(1 + |k −m|)Mw(Bδ(m))
.

Use the doubling property of w to shift Bδ(k) to Bδ(m). Since δ is fixed, w(Bδ(k)) ≤
cδ,n (1 + |k −m|)βw(Bδ(m)), and thus, the last term is dominated by

c δp
∑
m∈Zn

∫
Bδ(m)

w(x)|g(x)|p dx×
(∑
k∈Zn

(1 + |k −m|)β−M
)
,(6.11)

where the sum on k converges, since M > β + n. Thus, (6.11) is estimated by
cp,n,β ‖g‖pLp(w). Hence,∑

k∈Zn

∫
Q0k

w(x)|g(k)|p dx ≤ cp,n,β
∑
k∈Zn

w(Bδ(k))|g(k)|p ≤ cp,n,β ‖g‖pLp(w).

Now if W is a diagonal matrix, then

‖W 1/p(x) ~u ‖p ≈
m∑
i=1

wii(x) |~ui|p,

and thus, applying the scalar case, we get∑
k∈Zn

∫
Q0k

‖W 1/p(x)~g(k)‖p dx ≈
m∑
i=1

∑
k∈Zn

∫
Q0k

wii(x)|~gi(k)|p dx

≤
m∑
i=1

c ‖~gi‖pLp(wii)
≈ cp,n,β,m ‖~g‖pLp(W ).

Theorem 6.6. Let α ∈ R, 0 < q ≤ ∞, 1 ≤ p < ∞, and let W satisfy any of
(A1)-(A3). Then

‖{~sQ}Q‖ḃαqp (W ) ≤ c ‖~f ‖Ḃαqp (W ),(6.12)

where ~sQ = Sϕ ~f =
〈
~f, ϕQ

〉
for a given ~f .

Proof. By definition,

‖{~sQ}Q‖ḃαqp (W ) =

∥∥∥∥∥∥

∥∥∥∥∥∥

∑
l(Q)=2−ν

|Q|−1/2
∥∥∥W 1/p · ~sQ

∥∥∥
H
χQ

∥∥∥∥∥∥
Lp


ν

∥∥∥∥∥∥
lαq

=: ‖{Jν}ν‖lαq .

(6.13)
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Fix ν ∈ Z. Then Q = Qνk =
n∏
i=1

[
ki
2ν
,
ki + 1

2ν

]
, k ∈ Zn, |Q| = 2−νn, ~sQ =

|Q|1/2(ϕ̃ν ∗ ~f )(2−νk) and

Jpν =
∑

l(Q)=2−ν

|Q|−p/2
∫
Q

‖W 1/p(t)~sQ‖p dt

=
∑
k∈Zn

∫
Qνk

‖W 1/p(t)(ϕ̃ν ∗ ~f)(2−νk)‖p dt.

Let ~fν(x) = ~f(2−νx). Then (ϕ̃ν ∗ ~f )(2−νk) = (ϕ̃∗ ~fν)(k). We substitute this in the
last integral and note that the change of variables y = 2νt (with Wν(t) := W (2−νt))
will yield

Jpν = 2−νn
∑
k∈Zn

∫
Q0k

‖W 1/p
ν (t)(ϕ̃ ∗ ~fν)(k)‖p dt.(6.14)

Observe that (ϕ̃ ∗ ~fν)i ∈ S′, i = 1, ...,m, and ϕ̃ ∗ ~fν ∈ E0, since supp ˆ̃ϕ ⊆ {ξ ∈
Rn : 1

2 ≤ |ξ| ≤ 2}. Using either Lemma 6.3 or Lemma 6.5 with ~g = ϕ̃ ∗ ~fν and Wν

instead of W (both the Ap condition and the doubling condition are invariant with
respect to dilation), we obtain

Jpν ≤ c 2−νn
∫
Rn
‖W 1/p

ν (t)(ϕ̃ ∗ ~fν)(t)‖p dt.

Changing variables, we get

Jpν ≤ c
∫
Rn
‖W 1/p(t)(ϕ̃ν ∗ ~f )(t)‖p dt = c ‖(ϕ̃ν ∗ ~f )‖pLp(W ).

Combining the estimates of Jν for all ν into (6.13), we get∥∥∥∥{〈~f, ϕQ〉}Q
∥∥∥∥
ḃαqp (W )

= ‖{~sQ}Q‖ḃαqp (W ) = ‖{Jν}ν‖lαq

≤ c
∥∥∥∥{∥∥∥(ϕ̃ν ∗ ~f )∥∥∥Lp(W )

}
ν

∥∥∥∥
lαq

= c
∥∥∥~f ∥∥∥

Ḃαqp (W,ϕ̃)
,(6.15)

where c = c(p, β, n).
To finish the proof of the theorem, we have to establish the equivalence between

Ḃαqp (W,ϕ) and Ḃαqp (W, ϕ̃). As we mentioned in Section 2, ϕ̃ ∈ A, and so the pair

(ϕ̃, ψ̃) satisfies (2.1), since ˆ̃ϕ = ¯̂ϕ and ˆ̃ψ = ¯̂
ψ. By (2.2), ~f =

∑
Q

〈
~f, ϕ̃Q

〉
ψ̃Q. Since

{ψ̃Q}Q is a family of smooth molecules for Ḃαqp (W ) (see Remark 5.5), by Theorem
5.2 we have

‖~f ‖Ḃαqp (W,ϕ̃) ≤ c
∥∥∥∥{〈~f, ϕ̃Q〉}Q

∥∥∥∥
ḃαqp (W )

.(6.16)

Applying (6.15) to the right-hand side of the last inequality, we bound it by

c
∥∥∥~f ∥∥∥

Ḃαqp (W, ˜̃ϕ)
= c

∥∥∥~f ∥∥∥
Ḃαqp (W,ϕ)

.(6.17)
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Finally, combining (6.15) with (6.16) and (6.17), we obtain∥∥∥∥{〈~f, ϕQ〉}Q
∥∥∥∥
ḃαqp (W )

≡ ‖{~sQ}Q‖ḃαqp (W ) ≤ c
∥∥∥~f ∥∥∥

Ḃαqp (W,ϕ)
.

Remark 6.7. The fact that ϕ and ϕ̃ were interchanged in the last step of the pre-
vious theorem can be generalized into Theorem 1.8 about the independence of the
space Ḃαqp (W ) from the choice of ϕ:

Proof of Theorem 1.8. Let {ϕ(1), ψ(1)} and {ϕ(2), ψ(2)} be two different sets of mu-
tually admissible kernels. Decompose ~f in the second system:

~f =
∑
Q

〈
~f, ϕ

(2)
Q

〉
ψ

(2)
Q =

∑
Q

~s
(2)
Q ψ

(2)
Q .

Observe that ψ(2)
Q is a molecule for Q and, therefore, by Theorem 5.2,

‖~f ‖Ḃαqp (W,ϕ(1)) ≤ c ‖{~s
(2)
Q }Q‖ḃαqp (W ) ≤ c ‖~f ‖Ḃαqp (W,ϕ(2)),

where the last inequality holds by Theorem 6.6. Interchanging ϕ(1) with ϕ(2), we get
the norm equivalence between Ḃαqp (W,ϕ(1)) and Ḃαqp (W,ϕ(2)). In other words, the
space Ḃαqp (W ) is independent of the choice of ϕ under any of the three assumptions
on W .

Remark 6.8. Combining boundedness of the ϕ-transform (Theorem 6.6) and that
of the inverse ϕ-transform (Corollary 5.6), we get the norm equivalence claimed in
Theorems 1.4 and 1.6.

7. Connection with reducing operators

Now we connect the weighted sequence Besov space with its reducing operator
equivalent. Recall that for each matrix weightW , we can find a sequence of reducing
operators {AQ}Q such that

ρp,Q(~u) =
(

1
|Q|

∫ ∥∥∥W 1/p(t) · ~u
∥∥∥p
H
χQ(t) dt

)1/p

≈ ‖AQ~u ‖H, for all ~u ∈ H.(7.1)

Lemma 7.1. Let α ∈ R, 0 < q ≤ ∞, 1 ≤ p < ∞, and let {AQ}Q be reducing
operators for W . Then

‖{~sQ}Q‖ḃαqp (W ) ≈ ‖{~sQ}Q‖ḃαqp ({AQ}).(7.2)
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Proof. Using (7.1), we get the equivalence

‖{~sQ}Q‖ḃαqp (W ) =

∥∥∥∥∥∥

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|− 1
2 ‖W 1/p · ~sQ‖HχQ

∥∥∥∥∥∥
Lp


ν

∥∥∥∥∥∥
lαq

=

∥∥∥∥∥∥∥

 ∑
l(Q)=2−ν

|Q|−
p
2 [ρp,Q(~sQ)]p |Q|

 1
p


ν

∥∥∥∥∥∥∥
lαq

≈

∥∥∥∥∥∥∥

 ∑
l(Q)=2−ν

|Q|−
p
2 ‖AQ~sQ‖pH

∫
χQ(t) dt


1
p


ν

∥∥∥∥∥∥∥
lαq

=

∥∥∥∥∥∥

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|− 1
2 ‖AQ~sQ‖HχQ

∥∥∥∥∥∥
Lp


ν

∥∥∥∥∥∥
lαq

= ‖{~sQ}Q‖ḃαqp ({AQ}).

Finally, combining Theorems 1.4 and 1.6 with (7.2), we get Theorem 1.9.

Corollary 7.2. The space Ḃαqp (W ) is complete when α ∈ R, 0 < q ≤ ∞, 1 ≤ p <
∞ and W satisfies any of (A1)-(A3).

Proof. If
{
~fn

}
n∈N

is Cauchy in Ḃαqp (W ), then
{{

~sQ

(
~fn

)}
Q

}
n∈N

is Cauchy in

ḃαqp ({AQ}) by Theorem 6.6 and Lemma 7.1 (or just Theorem 1.9). This implies
that ∥∥∥∥∥∥

∑
l(Q)=2−ν

|Q|− 1
2

∥∥∥AQ [~sQ (~fn)− ~sQ (~fm)]∥∥∥
H
χQ

∥∥∥∥∥∥
p

Lp

= 2νn(p/2−1)
∑

l(Q)=2−ν

∥∥∥AQ [~sQ (~fn)− ~sQ (~fm)]∥∥∥p
H
−→

n,m→∞
0, for each ν ∈ Z.

Hence,
∥∥∥AQ [~sQ (~fn)− ~sQ (~fm)] ∥∥∥

H
−→

n,m→∞
0 for each Q. Since the AQ’s are

invertible,
{
~sQ

(
~fn

)}
n∈N

is a vector-valued Cauchy sequence in H for each Q.

Therefore, we can define ~sQ = lim
n→∞

~sQ(~fn). Set ~f =
∑
Q ~sQ ψQ. Observe that

∥∥∥~fn − ~f
∥∥∥
Ḃαqp (W )

=

∥∥∥∥∥∥
∑
Q

[
~sQ

(
~fn

)
− ~sQ

]
ψQ

∥∥∥∥∥∥
Ḃαqp (W )

≤ c
∥∥∥∥{~sQ (~fn)− ~sQ}Q

∥∥∥∥
ḃαqp ({AQ})

≤ c lim inf
m→∞

∥∥∥∥{~sQ (~fn)− ~sQ (~fm)}Q
∥∥∥∥
ḃαqp ({AQ})

−→
n→∞

0,
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by Corollary 5.6 and Lemma 7.1, the discrete version of Fatou’s Lemma and the fact
that { {~sQ(~fn)}Q}n∈N is Cauchy in ḃαqp ({AQ}). Furthermore, ~f = (~f − ~fn) + ~fn ∈
Ḃαqp (W ). Thus, Ḃαqp (W ) is complete.

Recall the Ap condition in terms of reducing operators: ‖AQA#
Q‖ ≤ c for any cube

Q ∈ Rn; in other words, ‖AQ y‖ ≤ c ‖(A#
Q)−1 y‖ holds for any y ∈ H. Note that

the inverse inequality ‖(AQA#
Q)−1‖ ≤ c (or, equivalently, ‖(A#

Q)−1 y‖ ≤ c ‖AQ y‖
for any y ∈ H) holds automatically (a straightforward application of Hölder’s in-
equality). This implies the following imbeddings of the sequence Besov spaces:

Corollary 7.3. For α ∈ R, 1 < p < ∞, 0 < q ≤ ∞, and W a matrix weight with
corresponding reducing operators AQ and A#

Q,

1. ḃαqp ({AQ}) ⊆ ḃαqp ({(A#
Q)−1}) always, and

2. ḃαqp ({(A#
Q)−1}) ⊆ ḃαqp ({AQ}) if W ∈ Ap.

8. Almost diagonal operators

Consider ḃαqp (W ) with parameters α, p, q fixed (α ∈ R, 1 ≤ p <∞, 0 < q ≤ ∞),
and W a doubling matrix of order p with doubling exponent β. If p = 1, then
1/p′ = 0.

Definition 8.1. A matrix A = (aQP )Q,P dyadic is almost diagonal, A ∈ adαqp (β), if
there exist M > J = n

p′ + β
p and c > 0 such that for all Q,P ,

|aQP | ≤ c min
([

l(Q)
l(P )

]α1

,

[
l(P )
l(Q)

]α2)(
1 +

|xQ − xP |
max(l(Q), l(P ))

)−M
,(8.1)

with α1 > α+ n
2 and α2 > J − (α+ n

2 ).

Remark 8.2. This definition differs from the definition of almost diagonality in [3],
since both α2 and M depend on the doubling exponent β.

To simplify notation for the matrix A above, we will only write (aQP ) without
specifying indices Q,P .

Example 8.3 (An almost diagonal matrix). Let ϕ ∈ A. If {mQ}Q is a fam-
ily of smooth molecules for Ḃαqp (W ), then

(aQP ) ∈ adαqp (β),(8.2)

where aQP = 〈mP , ϕQ〉, by (5.2) and (5.3), since 〈mP , ϕQ〉 = |Q|1/2(ϕ̃ν ∗mP )(xQ)
if l(Q) = 2−ν .

Now we show that almost diagonal matrices are bounded on ḃαqp (W ), i.e., Theo-
rem 1.10. First we need the following approximation lemma, whose proof is trivial:
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Lemma 8.4. Let P,Q be dyadic cubes and t ∈ Q. Then

1 +
|xQ − xP |

max(l(Q), l(P ))
≈
(n)

1 +
|t− xP |

max(l(Q), l(P ))
.(8.3)

Proof of Theorem 1.10. Let A = (aQP ) with A ∈ adαqp (β). We want to show that

∥∥∥∥∥∥
{∑

P

aQP~sP

}
Q

∥∥∥∥∥∥
ḃαqp (W )

≤ cn,p,q,β ‖{~sQ}Q‖ḃαqp (W ).(8.4)

By definition,

∥∥∥∥∥∥
{∑

P

aQP~sP

}
Q

∥∥∥∥∥∥
ḃαqp (W )

≤

∥∥∥∥∥∥∥

 ∑
l(Q)=2−ν

|Q|−p/2
∫
Q

(∑
P

|aQP |‖W 1/p(t)~sP ‖
)p

dt

1/p

ν

∥∥∥∥∥∥∥
lαq

=:

∥∥∥∥∥∥∥
2να 2νn/2

 ∑
l(Q)=2−ν

JQ

1/p

ν

∥∥∥∥∥∥∥
lq

.(8.5)

Substituting the estimate (8.1) for aQP in JQ, we get

JQ ≤ cp,M
∫
Q

∑
j≥0

2−jα2
∑

l(P )=2−(ν+j)

‖W 1/p(t)~sP ‖ (1 + 2ν|xQ − xP |)−M
p

dt

+ cp,M

∫
Q

∑
j<0

2jα1
∑

l(P )=2−(ν+j)

‖W 1/p(t)~sP ‖
(

1 + 2(ν+j)|xQ − xP |
)−Mp

dt.

Pick ε > 0 sufficiently small such that (i) α1− ε > α+n/2, (ii) α2− ε > J−α−n/2
and (iii) M > β/p + (n + ε)/p′. Apply the discrete Hölder inequality twice, first
with αi = ε + (αi − ε) for the sum on j (note that α1, α2 > 0) and second with
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M = n+ε
p′ +

(
M − n+ε

p′

)
for the sum on P :

JQ ≤ cp,M
∫
Q

∑
j≥0

2−jεp
′

p/p′ ∑
j≥0

2−j(α2−ε)p

×

 ∑
l(P )=2−(ν+j)

‖W 1/p(t)~sP ‖ (1 + 2ν |xQ − xP |)−M
p dt

+ cp,M

∫
Q

∑
j<0

2jεp
′

p/p′ ∑
j<0

2j(α1−ε)p

×

 ∑
l(P )=2−(ν+j)

‖W 1/p(t)~sP ‖
(

1 + 2(ν+j)|xQ − xP |
)−Mp dt

≤ cp,M,ε

∑
j≥0

2−j(α2−ε)p

 ∑
l(P )=2−(ν+j)

(1 + 2ν |xQ − xP |)−n−ε
p/p

′

×
∑

l(P )=2−(ν+j)

∫
Q

‖W 1/p(t)~sP ‖p (1 + 2ν |xQ − xP |)−(M−n+ε
p′ )p

dt

+ cp,M,ε

∑
j<0

2j(α1−ε)p

 ∑
l(P )=2−(ν+j)

(
1 + 2(ν+j)|xQ − xP |

)−n−εp/p
′

×
∑

l(P )=2−(ν+j)

∫
Q

‖W 1/p(t)~sP ‖p
(

1 + 2(ν+j)|xQ − xP |
)−(M− n+ε

p′ )p

dt.

Use the Summation Lemma 5.4 to estimate the square brackets and denote wP (t) =
‖W 1/p(t)~sP ‖p. By Lemma 8.4, xQ can be replaced by any t ∈ Q, and so we get

JQ ≤ cp,M
∑
j≥0

2−j(α2−ε)p+jnp/p′

×
∑

l(P )=2−(ν+j)

∫
Q

wP (t)
(

1 +
|t− xP |
l(Q)

)−(M−n+ε
p′ )p

dt

+ cp,M
∑
j<0

2j(α1−ε)p
∑

l(P )=2−(ν+j)

∫
Q

wP (t)
(

1 +
|t− xP |
l(P )

)−(M−n+ε
p′ )p

dt.
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Summing on Q and applying the Squeeze Lemma 5.3 (recall M > β/p+(n+ ε)/p′),
we get

∑
l(Q)=2−ν

JQ ≤ cp,n
∑
j≥0

2−j(α2−ε)p+jnp/p′

×
∑

l(P )=2−(ν+j)

∑
l(Q)=2−ν

∫
Q

wP (t) (1 + 2ν |t− xP |)−(M−n+ε
p′ )p dt

+ cp,n
∑
j<0

2j(α1−ε)p
∑

l(P )=2−(ν+j)

∑
l(Q)=2−ν

∫
Q

wP (t)
(
1+2ν+j|t−xP |

)−(M−n+ε
p′ )p

dt

≤ cp,n,β
∑
j∈Z

(
2−j(α2−ε)p+jnp/p′+jβχ{j≥0} + 2j(α1−ε)pχ{j<0}

) ∑
l(P )=2−(ν+j)

wP (P ).

Observe that 2νnp/2 = |P |−p/22−jnp/2 for l(P ) = 2−(ν+j), and

∑
l(P )=2−(ν+j)

|P |−p/2wP (P ) =

∥∥∥∥∥∥
∑

l(P )=2−(ν+j)

|P |−1/2~sP χP

∥∥∥∥∥∥
p

Lp(W )

.

Then, using 1 < p <∞ to take the power 1/p inside the sum on j, we get

2να 2νn/2

 ∑
l(Q)=2−ν

JQ

1/p

≤ c
∑
j∈Z

[
2−jα2−jn/2

(
2−j(α2−ε)p+jnp/p′+jβχ{j≥0}

+ 2j(α1−ε)pχ{j<0}

)1/p
]
× 2(ν+j)α

∥∥∥∥∥∥
∑

l(P )=2−(ν+j)

|P |−1/2~sPχP

∥∥∥∥∥∥
Lp(W )

=: c
∑
j∈Z

a−j × bν+j = c (a ∗ b)(ν).

Use (5.10) and (5.11) to estimate the norm of the convolution ‖a ∗ b‖lq . Then for
q ≤ 1,

‖a‖qlq =
∑
j≤0

2j(α+n/2+(α2−ε)−J)q +
∑
j>0

2j(α+n/2−(α1−ε))q ≤ cq,

since α1 − ε > α + n/2 and α2 − ε > J − (α + n/2). Using the ‖a‖l1 estimate for
q ≥ 1, and the ‖a‖lq estimate for q < 1, and substituting into (8), we obtain∥∥∥∥∥∥

{∑
P

aQP~sP

}
Q

∥∥∥∥∥∥
ḃαqp (W )

≤ c ‖b‖lq

= c

∥∥∥∥∥∥∥
2µα

∥∥∥∥∥∥
∑

l(P )=2−µ

|P |−1/2~sPχP

∥∥∥∥∥∥
Lp(W )


µ

∥∥∥∥∥∥∥
lq

= c ‖{~sP}P ‖ḃαqp (W ),

where c = cn,p,q,β .
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Now we will show that the class of almost diagonal matrices is closed under
composition. For ε > 0, δ > 0, J = n

p′ + β
p and P,Q dyadic, denote

wQP (δ, ε)

=
[
l(Q)
l(P )

]α+n
2

min

([
l(Q)
l(P )

] ε
2

,

[
l(P )
l(Q)

] ε
2 +J

)(
1 +

|xQ − xP |
max(l(Q), l(P ))

)−J−δ
.

Theorem 8.5. Let A,B ∈ adαqp (β). Then A ◦B ∈ adαqp (β).

We need the following lemma, which is a modification of Theorem D.2 in [5]
adjusted to the weighted ad condition:

Lemma 8.6. Let δ, γ1, γ2 > 0, γ1 6= γ2, and 2δ < γ1 + γ2. Then there exists a
constant c = cn,δ,γ1,γ2,J such that∑

R

wQR(δ, γ1)wRP (δ, γ2) ≤ cwQP (δ,min(γ1, γ2)).(8.6)

Proof of Theorem 8.5. Since A = (aQP ), B = (bQP ) ∈ adαqp (β), for each i = A,B
there exist 0 < εi < min(α1− (α+n/2), α2−J +α+n/2) and 0 < δ < M −J such
that |aQP | ≤ cwQP (δ, εA) and |bQP | ≤ cwQP (δ, εB). Without loss of generality, we

may assume εA < εB and δ <
εA + εB

2
. Then

|(AB)QP | ≤ |
∑
R

aQR bRP | ≤ c
∑
R

wQR(δ, εA)wRP (δ, εB) ≤ cwQP (δ, εA),

by Lemma 8.6, which means that A ◦B ∈ adαqp (β).

Definition 8.7. Let T be a continuous linear operator from S to S′. We say that
T is an almost diagonal operator for Ḃαqp (W ), and write T ∈ ADαq

p (β), if for some
pair of mutually admissible kernels (ϕ, ψ), the matrix (aQP ) ∈ adαqp (β), where
aQP = 〈TψP , ϕQ〉.
Remark 8.8. The definition of T ∈ ADαq

p (β) is independent of the choice of the
pair (ϕ, ψ).

Proof. Define S0 = {f ∈ S : 0 /∈ supp f̂}. Observe that ψ ∈ A implies ψ, ψν , ψQ ∈
S0 for ν ∈ Z and Q dyadic. Moreover, if g ∈ S0, then both

gN :=
N∑

ν=−N

∑
k∈Zn

sQνk(g)ψQνk →
N→∞

g

and
∑
|k|≤M

sQνk(g)ψQνk →
M→∞

∑
k∈Zn

sQνk(g)ψQνk in the S-topology (see [13, Appen-

dix]). Since T is continuous from S into S′, we have Tg =
∑
Q

sQ(g)TψQ. Now,

suppose (〈TψP , ϕQ〉QP ) ∈ adαqp (β) for some fixed pair (ϕ, ψ) of mutually admis-

sible kernels. Take any other such pair (ϕ̃, ψ̃). Then ψ̃P =
∑
L

〈
ψ̃P , ϕL

〉
ψL and

ϕ̃Q =
∑
R

〈ϕ̃Q, ψR〉ϕR, which gives〈
T ψ̃P , ϕ̃Q

〉
=
∑
R,L

〈
ψ̃P , ϕL

〉
〈TψL, ϕR〉 〈ϕ̃Q, ψR〉.
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Since both {ψR}R and {ϕL}L constitute families of smooth molecules for Ḃαqp (W ),

by (8.2) the matrices
(〈
ψ̃P , ϕL

〉
LP

)
, (〈ϕ̃Q, ψR〉QR) ∈ adαqp (β). By Theorem 8.5,(〈

T ψ̃P , ϕ̃Q

〉
QP

)
∈ adαqp (β).

A straightforward consequence of Theorem 1.10 is the following statement:

Corollary 8.9. Let T ∈ ADαq
p (β), α ∈ R, 1 ≤ p <∞, 0 < q <∞. Then T extends

to a bounded operator on Ḃαqp (W ) if W satisfies any of (A1)-(A3).

Proof. First, consider ~f with
(
~f
)
i
∈ S0. Let (ϕ, ψ) be a pair of mutually admissible

kernels. Denote ~tQ =
∑

P 〈TψP , ϕQ〉~sP (~f ) and observe that (〈TψP , ϕQ〉QP ) ∈
adαqp (β). Using the ϕ-transform decomposition ~f =

∑
P ~sP (~f )ψP and taking T

inside the sum as in the previous remark, we get

‖T ~f ‖Ḃαqp (W ) =

∥∥∥∥∥∑
P

~sP (~f )TψP

∥∥∥∥∥
Ḃαqp (W )

=

∥∥∥∥∥∥
∑
Q

(∑
P

〈TψP , ϕQ〉~sP (~f )

)
ψQ

∥∥∥∥∥∥
Ḃαqp (W )

= ‖
∑
Q

~tQψQ‖Ḃαqp (W ) ≤ c ‖{~tQ}Q‖ḃαqp (W )

≤ c ‖{~sQ}Q‖ḃαqp (W ) ≤ c ‖~f ‖Ḃαqp (W ),

by Corollary 5.6, Theorem 1.10 and Theorem 6.6.
Note that S0 is dense in Ḃαqp (W ) (since q < ∞) and W satisfies any of (A1)-

(A3) (this follows from Corollary 5.6, Theorem 6.6 and the fact that the tail of
a convergent series goes to zero, see [13, Appendix]). Thus, T extends to all of
Ḃαqp (W ).

Note that if q =∞, then T extends to a bounded operator on the closure of S0

in Ḃα∞p (W ).

Remark 8.10. Let {mQ}Q be a family of smooth molecules for Ḃαqp (W ). Apply the

ϕ-transform to
∑
P

~sP mP :

~tQ := Sϕ

(∑
P

~sP mP

)
=

〈∑
P

~sP mP , ϕQ

〉
=
∑
P

〈mP , ϕQ〉 ~sP .

Then
(
〈mP , ϕQ〉QP

)
forms an almost diagonal matrix by (8.2), and therefore, by

Theorem 1.10,

‖{~tQ}Q‖ḃαqp (W ) ≡ ‖Sϕ(
∑
P

~sP mP )‖ḃαqp (W ) ≤ c ‖{~sP}P ‖ḃαqp (W )

if W is doubling.

Corollary 8.11. Let T, S ∈ ADαq
p (β). Then T ◦ S ∈ ADαq

p (β).
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Proof. Since T, S ∈ ADαq
p (β), it follows that (tQP ) := (〈TψP , ϕQ〉QP ) is in

adαqp (β), and so is (sQP ) := (〈SψP , ϕQ〉QP ). Thus, for Q,P dyadic we have

SψP =
∑
R

〈SψP , ϕR〉ψR, and so

〈T ◦ SψP , ϕQ〉 =
∑
R

〈SψP , ϕR〉 〈TψR, ϕQ〉 =
∑
R

tQR sRP ∈ adαqp (β),

by Theorem 8.5 (composition of almost diagonal matrices).

9. Calderón-Zygmund operators

In this section we show that Calderón-Zygmund operators (CZOs) are bounded
on Ḃαqp (W ) for certain parameters α, p, q, β. First we recall the definition of smooth
atoms and the fact that a CZO maps smooth atoms into smooth molecules. Then we
use a general criterion for boundedness of operators: if an operator T maps smooth
atoms into molecules, then its matrix (〈TψP , ϕQ〉QP ) forms an almost diagonal
operator on ḃαqp (W ), and therefore, T is bounded on Ḃαqp (W ).

Definition 9.1. Let N ∈ N ∪ {0}. A function aQ ∈ D(Rn) is a smooth N -atom
for Q if

1. supp aQ ⊆ 3Q,

2.
∫
xγaQ(x) dx = 0 for |γ| ≤ N , and

3. |DγaQ(x)| ≤ cγ l(Q)−|γ|−n/2 for all |γ| ≥ 0.

Let 0 < δ ≤ 1, M > 0, N ∈ N ∪ {0,−1}, N0 ∈ N ∪ {0}.

Lemma 9.2 (Boundedness criterion). Suppose a continuous linear operator
T : S → S′ maps any smooth N0-atom into a fixed multiple of a smooth (δ,M,N)-
molecule for Ḃαqp (W ), α ∈ R, 1 ≤ p <∞, 0 < q ≤ ∞ with δ,M,N satisfying (M.i),
(M.ii) and (M.iii). Suppose W satisfies any of (A1)-(A3). Then T ∈ ADαq

p (β)
and, if q <∞, T extends to a bounded operator on Ḃαqp (W ).

Proof. By Corollary 8.9, it suffices to show that (〈TψP , ϕQ〉QP ) ∈ adαqp (β) for
some ϕ, ψ ∈ A satisfying (2.1). Observe that if ψ ∈ A, then there exists θ ∈ S with
supp θ ⊆ B1(0),

∫
xγθ(x) dx = 0, if |γ| ≤ N0, and

∑
ν∈Z

θ̂(2−νξ)ϕ̂(2−νξ) = 1 for ξ 6= 0

([3], Lemma 5.12). Using ψP =
∑
ν∈Z

θν ∗ ϕν ∗ ψP as in the atomic decomposition

theorem ([3], Thm. 5.11), we have

ψP (x) =
∑
Q

tQPa
(P )
Q (x)(9.1)

with tQP = |Q|1/2 sup
y∈Q
|(ϕν ∗ ψP )(y)| for l(Q) = 2−ν, and each a

(P )
Q is an N0-atom

defined by

a
(P )
Q (x) =

1
tQP

∫
Q

θν(x − y) (ϕν ∗ ψP )(y) dy if tQP 6= 0(9.2)
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and a
(P )
Q = 0 if tQP = 0. Using (5.2)-(5.3) (valid because {ψP }P is a family of

molecules for Ḃαqp (W )), we get

|(ϕν ∗ ψP )(y)| ≤ c |P |−1/2 min
([

l(Q)
l(P )

]τ
,

[
l(P )
l(Q)

]σ)(
1 +

|y − xP |
max(l(Q), l(P ))

)−M
,

for some τ > α and σ > J − α. In fact, ϕν ∗ ψP = 0 if |µ − ν| > 1 (2−µ = l(P )),
since ϕ, ψ ∈ A, but all we require is the previous estimate. Since y ∈ Q, y can be
replaced by xQ in the last expression by Lemma 8.4, and so

|tQP | ≤ c
(
|Q|
|P |

)1/2

min
([

l(Q)
l(P )

]τ
,

[
l(P )
l(Q)

]σ)(
1 +

|xQ − xP |
max(l(Q), l(P ))

)−M
,

which is exactly (8.1). Thus (tQP ) ∈ adαqp (β). Using (9.1), we obtain

〈TψP , ϕQ〉 =

〈∑
R

tRPTa
(P )
R , ϕQ

〉
=
∑
R

tRP

〈
Ta

(P )
R , ϕQ

〉
.

Since T maps anyN0-atom a
(P )
R into a fixed multiple of a smooth (δ,M,N)-molecule

mR: Ta(P )
R = cmR and c depends neither on R nor on Q, we get〈

Ta
(P )
R , ϕQ

〉
= c 〈mR, ϕQ〉 =: c t̃QR,

and by (8.2), since mR is a smooth (δ,M,N)-molecule for Ḃαqp (W ), (t̃QR) ∈
adαqp (β). Hence, (

〈TψP , ϕQ〉QP
)

=

(
c
∑
R

t̃QR tRP

)
∈ adαqp (β),

since the composition of two almost diagonal operators is again almost diagonal by
Theorem 8.11.

Let T be a continuous linear operator from S(Rn) to S′(Rn), and let K = K(x, y)
be its distributional kernel defined on R2n�∆, where ∆ = {(x, y) ∈ Rn×Rn : x =
y} (for definitions refer to [3], Chapter 8). Then T ∈ CZO(ε), 0 < ε ≤ 1, if K has
the following properties:

(I) |K(x, y)| ≤ c

|x− y|n ,

(IIε) |K(x, y)−K(x′, y)|+|K(y, x)−K(y, x′)| ≤ c |x− x
′|ε

|x− y|n+ε
if 2|x−x′| ≤ |x−y|.

To show that a CZO maps atoms into molecules we start with the following result
from [3]:

Theorem 9.3 ([3], Thm. 8.13). Let 0 < ε ≤ 1 and 0 < α < 1. If T ∈ CZO(ε) ∩
WBP and T 1 = 0, then T maps any smooth 0-atom aQ into a fixed multiple of a
smooth (ε, n+ ε,−1)-molecule mQ.

Thus, if aQ is a smooth 0-atom for Q, then TaQ = cmQ, where mQ satisfies

1. |mQ(x)| ≤ |Q|−1/2

(
1 +
|x− xQ|
l(Q)

)−(n+ε)

,

2. |mQ(x)−mQ(y)| ≤ |Q|− 1
2

(
|x− y|
l(Q)

)ε
sup

|z|≤|x−y|

(
1 +
|x− z − xQ|

l(Q)

)−(n+ε)

,
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and c is uniform for all Q. Moreover, an (ε, n+ε,−1)-molecule is a smooth molecule
for Ḃαqp (W ) (see Section 5) if 1 < p <∞, 0 < q ≤ ∞, 0 < α < ε and β < n+ pα:

(i) δ = ε and 0 < α < ε ≤ 1,
(ii) J = n

p′ + β
p < n+ α < n+ ε = M ,

(iii) J − n− α = β−n
p − α < 0 =⇒ N = max([J − n− α],−1) = −1.

The next theorem follows by combining the two statements mentioned above
and gives the boundedness of certain Calderón-Zygmund operators on Ḃαqp (W )
with some restriction on the weight W :

Theorem 9.4. Suppose 0 < ε ≤ 1, 0 < α < ε, 1 ≤ p < ∞, 0 < q < ∞, and
W satisfies any of (A1)-(A3). Assume β < n + pα. If T ∈ CZO(ε) ∩WBP and
T 1 = 0, then T extends to a bounded operator on Ḃαqp (W ).

Remark 9.5. If also T ∗1 = 0 in Theorem 9.3, then α = 0 can be included into
the range, since

∫
Ta(x) dx = 〈Ta, 1〉 = 〈a, T ∗1〉 = 0 and so T maps any smooth

0-atom into a smooth (ε, n+ ε, 0)-molecule (see also [3], Cor. 8.21).

Corollary 9.6. Let 1 ≤ p < ∞, 0 < q < ∞, 0 < ε ≤ 1 and 0 ≤ α < ε. Assume
β < n + pε. If T ∈ CZO(ε) ∩ WBP and T 1 = T ∗1 = 0, then T extends to a
bounded operator on Ḃαqp (W ), in particular, for α = 0.

Proof. Since N = 0, the bound on β from the previous theorem can be relaxed to
β < n+ pε.

Remark 9.7. The condition T ∗(yγ) = 0 for |γ| ≤ N,N ≥ 1, produces more vanish-
ing moments of a molecule Ta; so it is not difficult to satisfy (M.iii). But (M.ii)
M = n + ε > J = n + β−n

p ⇐⇒ β < n + pε creates a major restriction on the
doubling exponent of W . Note that in this case, we get that T maps any smooth
0-atom into a smooth (ε, n + ε,N)-molecule, but this molecule is not a smooth
molecule for Ḃαqp (W ). From now on N ≥ 0, since the case N = −1 is completely
covered by Theorem 9.4.

Now we want to show that the restriction on the weight W (to be more pre-
cise, the restriction on the doubling exponent β) can be removed in some cases by
requiring more smoothnes than (IIε) on the kernel K.

We say that T ∈ CZO(N + ε), N ∈ N ∪ {0}, 0 < ε ≤ 1, if T is a continuous
linear operator from S(Rn) to S′(Rn) and K, its distributional kernel defined on
R2n�∆, has the following properties:

(I) |K(x, y)| ≤ c

|x− y|n ,

(IIN ) |Dγ
(2)K(x, y)| ≤ c

|x− y|n+|γ| , for |γ| ≤ N , and

(IIN+ε) The inequality

|Dγ
(2)K(x, y)−Dγ

(2)K(x′, y)|+ |Dγ
(2)K(y, x)−Dγ

(2)K(y, x′)|

≤ c |x− x′|ε
|x− y|n+|γ|+ε

holds for 2 |x− x′| ≤ |x− y| and |γ| = N ,
where the subscript 2 in Dγ

(2) refers to differentiation with respect to the second
argument of K(x, y).

Note that CZO(ε) ⊇ CZO(N + ε), for N ≥ 0.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



304 SVETLANA ROUDENKO

Theorem 9.8. Let 0 ≤ α < 1, 0 < ε ≤ 1, N0 ∈ N ∪ {0}. Suppose T ∈ CZO(N0 +
ε) ∩WBP , T 1 = 0 and T ∗(yγ) = 0 for |γ| ≤ N0. Then T maps any N0-atom aQ
into a fixed multiple of a smooth (ε,N0 + n+ ε,N0)-molecule.

More precisely, we will show that TaQ = cmQ with c independent of Q and

(i)
∫
xγTaQ(x) dx = 0, for |γ| ≤ N0,

(ii) |TaQ(x)| ≤ c |Q|−1/2

(
1 +
|x− xQ|
l(Q)

)−(N0+n+ε)

,

(iii) |TaQ(x) − TaQ(y)| ≤ c |Q|− 1
2

[
|x− y|
l(Q)

]ε
× sup
|z|≤|x−y|

(
1 +
|z − (x− xQ)|

l(Q)

)−(N0+n+ε)

.

Before we start the proof, we quote the following estimate:

Lemma 9.9 ([10]). Let T : D → D′ be a continuous linear operator with T ∈
CZO(ε) ∩WBP , 0 < ε ≤ 1, and T 1 = 0. Then T maps D into L∞, and there
exists a constant c such that for any fixed z ∈ Rn, t > 0, ϕ ∈ D with supp ϕ ∈ Bt(z),

‖T ϕ‖L∞ ≤ c (‖ϕ‖L∞ + t ‖ 5 ϕ‖L∞).

Proof of Theorem 9.8. For simplicity, we give the proofs of (i), (ii) and (iii) for
Q = Q00. The same methods apply to the general cube because of the dilation-
translation nature of the estimates. Thus, consider the unit atom a = aQ00 with
xQ00 = 0 and l(Q00) = 1. First, property (i) immediately follows from the fact
that T ∗(yγ) = 0 for |γ| ≤ N0. To get (ii) we consider two cases: |x| ≤ 6

√
n and

|x| > 6
√
n. For |x| ≤ 6

√
n, use Lemma 9.9 to obtain

|T a(x)| ≤ ‖T a‖L∞ ≤ c (‖a‖L∞ + ‖ 5 a‖L∞) ≤ c.
If |x| > 6

√
n, we get

|Ta(x)| =
∣∣∣∣∫ K(x, y) a(y) dy

∣∣∣∣
=

∣∣∣∣∣∣
∫

3Q00

K(x, y)−
∑
|γ|≤N0

Dγ
(y)K(x, 0)

γ!
yγ

 a(y) dy

∣∣∣∣∣∣ ,
(9.3)

since aQ is an N0-atom, and thus, has N0 vanishing moments
∫
yγaQ(y) dy = 0 for

|γ| ≤ N0. Then (9.3) is bounded by∫
3Q00

∑
|γ|=N0

∣∣∣∣[Dγ
(y)K(x, θ(y)) −Dγ

(y)K(x, 0)
] yγ
γ!

∣∣∣∣ |a(y)| dy.

Note that if y ∈ supp a, then 2 |θ(y)| ≤ 2 |y| ≤ 2·3
√
n < |x|, and, using the property

(IIN+ε) of the kernel K to estimate the difference, we get∑
|γ|=N0

|Dγ
(y)K(x, θ(y)) −Dγ

(y)K(x, 0)| ≤ c |θ(y)|ε
|x|n+|γ|+ε ≤ c

|y|ε
|x|n+N0+ε

.

Thus,

|Ta(x)| ≤ cn,N0

|x|n+N0+ε

∫
3Q00

|y|N0+ε |a(y)| dy ≤ c

|x|n+N0+ε
.
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In order to show (iii), we prove that

|Ta(x)− Ta(x′)| ≤ c |x− x′|ε
(

1
(1 + |x|)n+N0+ε

+
1

(1 + |x′|)n+N0+ε

)
.(9.4)

In the case |x−x′| ≥ 1, the estimate (9.4) follows trivially from (ii) and the triangle
inequality. For |x−x′| < 1 and |x| > 10

√
n, we can use vanishing moments of a(x)

and the integral form of the remainder to get

|Ta(x)− Ta(x′)| =
∣∣∣∣ ∫ (K(x, y)−K(x′, y)) a(y) dy

∣∣∣∣ =
∣∣∣∣ ∫

3Q00

[
K(x, y)

−
∑

|γ|≤N0−1

Dγ
(y)K(x, 0)

γ!
yγ −K(x′, y) +

∑
|γ|≤N0−1

Dγ
(y)K(x′, 0)

γ!
yγ
]
a(y) dy

∣∣∣∣
≤
∫

3Q00

∫ 1

0

(1 − s)N0−1

(N0 − 1)!

∑
|γ|=N0

∣∣∣∣Dγ
(y)K(x, sy)−Dγ

(y)K(x′, sy)
∣∣∣∣ |y|γγ!

|a(y)| ds dy.

If |x| ≥ 10
√
n and y ∈ supp a, then |x−sy| ≥ |x|−s|y| ≥ 10

√
n−3

√
n ≥ 2 |x−x′|

and also |x − sy| ≥ |x| − s|y| ≥ |x| − 3
√
n ≥ |x| − |x|2 ≥

|x|
2 . By (IIN+ε), the last

integral is bounded by

c

∫
3Q00

∫ 1

0

|x− x′|ε
|x− sy|n+N0+ε

|y|N0 ds dy ≤ c |x− x
′|ε

|x|n+N0+ε
.

In case |x − x′| < 1 and |x| ≤ 10
√
n, an exact repetition of the argument on p. 85

of [3] or part (c) on p. 62 of [6] shows that

|Ta(x)− Ta(x′)| ≤ c |x− x′|ε

by using the decay property (I) and the Lipschitz condition (II0+ε) of the kernel K,
which holds for any CZO(N0 + ε), N0 ≥ 0. This completes the proof.

Corollary 9.10. Let 1 ≤ p < ∞, 0 < q < ∞, and let W satisfy any of (A1)-
(A3). Suppose 0 ≤ α ≤ β−n

p − [β−np ], where β is the doubling exponent of W . Let
N = [β−np − α] and β−n

p − [β−np ] < ε ≤ 1. If T ∈ CZO(N + ε) ∩WBP , T 1 = 0
and T ∗(yγ) = 0 for |γ| ≤ N , then T extends to a bounded operator on Ḃαqp (W ).

Proof. By the previous theorem, T maps any smooth N -atom into a smooth (ε,N+
n+ε,N)-molecule. This molecule is a smooth molecule for Ḃαqp (W ) if (i) α < ε ≤ 1,
(ii) M = N + n+ ε > J = n+ β−n

p ⇐⇒ [β−np − α] = [β−np ] > β−n
p − ε, and (iii)

N = max([J − n − α],−1) = [β−np − α], which are all true. By the boundedness
criterion (Lemma 9.2), T is bounded on Ḃαqp (W ).

Corollary 9.11. Let 1 ≤ p <∞, 0 < q <∞, and let W satisfy any of (A1)-(A3).
Suppose 0 ≤ β−n

p − [β−np ] < α < 1, where β is the doubling exponent of W . Let
N = [β−np − α] and α < ε ≤ 1. If T ∈ CZO(N + 1 + ε) ∩WBP , T 1 = 0 and
T ∗(yγ) = 0 for |γ| ≤ N + 1, then T is bounded on Ḃαqp (W ).
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Proof. By Theorem 9.8, T maps any smooth (N + 1)-atom into a smooth (ε,N +
1 + n+ ε,N + 1)-molecule, which is also a smooth (ε,N + 1 + n+ ε,N)-molecule.
This one, in its turn, is a smooth molecule for Ḃαqp (W ), since (i) α < ε ≤ 1,
(ii) M = N + 1 + n + ε > J = n + β−n

p ⇐⇒ [β−np − α] + 1 > β−n
p − ε, and

(iii) N = max([J −n−α],−1) = [β−np −α]. By the boundedness criterion (Lemma
9.2), T extends to a bounded operator on Ḃαqp (W ).

Remark 9.12. Note that the condition T ∗(yγ) = 0, |γ| ≤ N , can be very restrictive;
for example, the Hilbert transform does not satisfy this condition for |γ| > 0. On
the other hand, we have considered a general class of CZOs, not necessarily of
convolution type. Utilizing the convolution structure will let us drop the above
condition.

Let N ∈ N ∪ {0}. Let T be a convolution operator, i.e., the kernel K(x, y) =
K(x− y) is defined on Rn�{0} and satisfies

(C.1) |K(x)| ≤ c

|x|n ,

(C.2) |DγK(x)| ≤ c

|x|n+|γ| , for |γ| ≤ N + 1,

(C.3)
∫
R1<|x|<R2

K(x) dx = 0, for all 0 < R1 < R2 <∞.

Remark 9.13. We replace (IIN ) and (IIN+ε) of the general CZO kernel with the
slightly stronger smoothness condition (C.2) to make the proof below more concise.
The reader can check that conditions corresponding to (IIN ) and (IIN+ε) in the
convolution case would suffice for the statements below.

Now we obtain an analog of Theorem 9.8 saying that T maps smooth atoms into
smooth molecules, and then we show the boundedness of T .

Theorem 9.14. Let 0 ≤ α < 1, 0 < ε ≤ 1, N ∈ N ∪ {0}. Let T be a convolution
operator with a kernel K satisfying (C.1)-(C.3). Then T maps any smooth N -atom
aQ into a fixed multiple of a smooth (ε,N + 1 + n,N)-molecule.

More precisely, we will show that

(i)
∫
xγTaQ(x) dx = 0 for |γ| ≤ N, and

(ii) |DγTaQ(x)| ≤ c |Q|−1/2−|γ|/n
(

1 +
|x− xQ|
l(Q)

)−(N+n+1)

for |γ| = 0, 1.

By the Mean Value Theorem, (ii) with |γ| = 1 implies the Lipschitz condition (M4)
for |γ| = 0.

Proof. To obtain (ii) we first consider x /∈ 10
√
nQ. Then

|TaQ(x)|, | 5 TaQ(x)| =

∣∣∣∣∣∣
∑

|γ0|=0 or 1

∫
3Q

Dγ0K(x− y) aQ(y) dy

∣∣∣∣∣∣
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=
∣∣∣∣ ∑
|γ0|=0 or 1

∫
3Q

[
Dγ0K(x− y)

−
∑

|γ|≤N−|γ0|

DγDγ0K(x− xQ)
γ!

(xQ − y)γ
]
aQ(y) dy

∣∣∣∣,(9.5)

since aQ is an N -atom, and thus, has N vanishing moments
∫
yγaQ(y) dy = 0 for

|γ| ≤ N . Then (9.5) is bounded by∑
|γ0|=0 or 1

∫
3Q

∑
|γ|=N+1−|γ0|

|Dγ+γ0K(x− xQ + θ(y − xQ))|
γ!

× |xQ − y|N−|γ0|+1 |aQ(y)| dy,

for some 0 ≤ θ ≤ 1. Since x /∈ 10
√
nQ and y ∈ 3Q, |y−xQ| ≤ 2

√
n l(Q) ≤ 1

2 |x−xQ|.
Using property (C.2) of the kernel K, we get

|DγK(x− xQ + θ(y − xQ))| ≤ c

|x− xQ + θ(y − xQ)|n+|γ| ≈
c

|x− xQ|n+|γ| .

So,

|TaQ(x)|, | 5 TaQ(x)| ≤ cn,N
|x− xQ|n+N+1

∫
3Q

|xQ − y|N−|γ0|+1 |aQ(y)| dy

≤ c [l(Q)]N−|γ0|+1

|x− xQ|n+N+1
|Q|−1/2 |Q| = c |Q|−1/2−|γ0|/n

[
l(Q)
|x− xQ|

]n+N+1

,

by the properties of aQ.
If x ∈ 10

√
nQ and y ∈ 3Q, then |x − y| ≤ 13nl(Q); so by the cancellation

property (C.3) of K (using Dγ(K ∗ aQ) = K ∗ (DγaQ)), we obtain

|TaQ(x)|, | 5 TaQ(x)| ≤
∑

|γ0|=0 or 1

∣∣∣∣∫
3Q

K(x− y)Dγ0aQ(y) dy
∣∣∣∣

=
∑

|γ0|=0 or 1

∣∣∣∣∫
3Q

K(x− y) [Dγ0aQ(y)−Dγ0aQ(x)] dy
∣∣∣∣

≤ c
∫
|y−x|≤13nl(Q)

1
|x− y|n |Q|

−1/2−|γ0|/n−1/n |x− y| dy

≤ c |Q|−1/2−|γ0|/n−1/n

∫ 13nl(Q)

0

r−n r rn−1 dr = c |Q|−1/2−|γ0|/n.

This concludes the proof of (ii).
Property (i) comes from the fact that T is a convolution operator and aQ has van-

ishing moments up to order N . Property (ii) guarantees the absolute convergence
of the integral in (i).

Corollary 9.15. Convolution operators with kernels satisfying (C.1)-(C.3) are
bounded on Ḃαqp (W ) if W satisfies any of (A1)-(A3) and 0 ≤ α < ε ≤ 1, 0 < q <∞,
1 ≤ p <∞. In particular, the Hilbert transform H (n = 1) is bounded on Ḃαqp (W )
and the Riesz transforms Rj , j = 1, ..., n (n ≥ 2), are bounded on Ḃαqp (W ).
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Proof. This is an immediate consequence of Theorem 9.14 and Lemma 9.2: choose
N = [β−np − α] in Theorem 9.14; then T maps any smooth N -atom into a smooth
(ε,N + 1 + n,N)-molecule, which is either a smooth (ε,N + 1 + n,N)-molecule for
Ḃαqp (W ), if α ≤ β−n

p − [β−np ], or an (ε,N + 1 + n,N − 1)-molecule for Ḃαqp (W ), if
1 > α > β−n

p − [β−np ]. Note that both Hilbert and Riesz transforms are convolution
type operators with kernels satisfying (C.1)-(C.3).

10. Wavelets

Consider a pair (ϕ, ψ) from A with the mutual property (2.1). Then the family
{ϕQ, ψQ} behaves similarly to an orthonormal system because of the property

f =
∑
Q

〈f, ϕQ〉ψQ =
∑
Q

sQ ψQ for all f ∈ S′/P .

However, this system does not constitute an orthonormal basis. This can be
achieved by the Meyer and Lemarié construction of a wavelet basis with the gener-
ating function θ ∈ S (see [9] and [10]):

Theorem 10.1. There exist real-valued functions θ(i) ∈ S(Rn), i = 1, ..., 2n − 1,
such that the collection {θ(i)

νk} = {2νn/2θ(i)(2νx − k)} is an orthonormal basis for
L2(Rn). The functions θ(i) satisfy

supp θ̂(i) ⊆
{[
−8

3
π,

8
3
π

]n
\
[
−2

3
π,

2
3
π

]n}
and, hence, ∫

R
xγθ(x) dx = 0 for all multi-indices γ.

Thus, we have f =
2n−1∑
i=1

∑
Q

〈
f, θ

(i)
Q

〉
θ

(i)
Q for all f ∈ L2(Rn). This identity

extends to all f ∈ S′/P(Rn).

Theorem 10.2. Let α ∈ R, 0 < q ≤ ∞, 1 ≤ p < ∞, and let W satisfy any of
(A1)-(A3). Let θ(i), i = 1, ..., 2n−1, be generating wavelet functions as in Theorem
10.1. Then ∥∥∥~f ∥∥∥

Ḃαqp (W )
≈

2n−1∑
i=1

∥∥∥∥{〈~f, θ(i)
Q

〉}
Q

∥∥∥∥
ḃαqp (W )

.

Proof. Assume i = 1, ..., 2n − 1. Since {θ(i)
Q }Q,i is a family of smooth molecules for

Ḃαqp (W ), the inequality

∥∥∥~f ∥∥∥
Ḃαqp (W )

≡

∥∥∥∥∥∥
∑
Q,i

〈
~f, θ

(i)
Q

〉
θ

(i)
Q

∥∥∥∥∥∥
Ḃαqp (W )

≤ c
∑
i

‖{
〈
~f, θ

(i)
Q

〉
}Q‖ḃαqp (W )(10.1)

follows immediately from Theorem 5.2. Therefore, we need to focus only on the
opposite direction.
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Let ϕ ∈ A be such that
∑

ν∈Z |ϕ̂(2νξ)|2 = 1 for ξ 6= 0. Let ~sQ =
〈
~f, ϕQ

〉
.

Applying the boundedness of the ϕ-transform (Theorem 6.6), we obtain∥∥∥{~sQ}Q∥∥∥
ḃαqp (W )

≤ c
∥∥∥~f ∥∥∥

Ḃαqp (W )
.(10.2)

Now for each i and Q, define ~t (i)
Q =

〈
~f, θ

(i)
Q

〉
. Since θ(i)

Q ∈ S, by the ϕ-transform

decomposition with ψ = ϕ, we have θ(i)
Q =

∑
P

〈
θ

(i)
Q , ϕP

〉
ϕP , which gives

~t
(i)
Q =

∑
P

〈
θ

(i)
Q , ϕP

〉 〈
~f, ϕP

〉
=
∑
P

a
(i)
QP ~sP .

Since supp ϕ̂P ∩ supp θ̂
(i)
Q 6= {∅} only if l(Q) = 2jl(P ) with j = 1, 2, 3, 4 (recall

that supp ϕ̂P ⊆ {ξ ∈ Rn : 2µ−1 ≤ |ξ| ≤ 2µ+1} when l(P ) = 2−µ), we see that
a

(i)
QP =

〈
θ

(i)
Q , ϕP

〉
= 0 unless 2 ≤ l(Q)

l(P ) ≤ 16, in which case

|aQP | ≤ cM
(

1 +
|xQ − xP |
l(Q)

)−M
for each M > 0,

as was shown in [3], p. 72. Let M > n
p′ + β

p . Then A(i) :=
(
a

(i)
QP

)
is an almost

diagonal matrix for each i, and, by Theorem 1.10,

‖{~t (i)
Q }Q‖ḃαqp (W ) ≤ c ‖{~sQ}Q‖ḃαqp (W ).(10.3)

Combining (10.3) with (10.2), we get the opposite direction of (10.1).

Corollary 10.3. Let {Nψ(i)}, i = 1, ..., 2n − 1, be a collection of Daubechies DN
generating wavelet functions for L2(Rn) with compact supports linearly dependent
on N (for more details, see [2]). Then for any ~f with fj ∈ S′/P(Rn), j = 1, ...,m,∥∥∥~f ∥∥∥

Ḃαqp (W )
≈

2n−1∑
i=1

∥∥∥∥{〈~f, Nψ(i)
Q

〉}
Q

∥∥∥∥
ḃαqp (W )

(10.4)

for sufficiently large N .

Proof. First, observe that there exists a constant c such that for all i = 1, ..., 2n −

1, the functions Nψ
(i)

c
are smooth molecules, and so

{
Nψ

(i)
Q

c

}
Q

is a family of

smooth molecules for Ḃαqp (W ) if we chooseN sufficiently large to have the necessary

smoothness and vanishing moments. Second, if ϕ ∈ A, then
(〈

Nψ
(i)
Q , ϕP

〉
QP

)
∈

adαqp (β) by (8.2). Applying these two facts in the proof of the previous theorem,
we get (10.4).

11. Inhomogeneous Besov spaces

In this section we discuss the inhomogeneous spaces. Before we define the vector-
valued inhomogeneous Besov space Bαqp (W ) with matrix weight W , we introduce a
class of functions A(I) with properties similar to those of an admissible kernel: we
say Φ ∈ A(I) if Φ ∈ S(Rn), supp Φ̂ ⊆ {ξ ∈ Rn : |ξ| ≤ 2} and |Φ̂(ξ)| ≥ c > 0 if |ξ| ≤
5
3 .
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Definition 11.1 (Inhomogeneous matrix-weighted Besov space Bαqp (W )). For α

∈ R, 1 ≤ p < ∞, 0 < q ≤ ∞, W a matrix weight, ϕ ∈ A and Φ ∈ A(I), we
define the Besov space Bαqp (W ) as the collection of all vector-valued distributions
~f = (f1, ..., fm)T with fi ∈ S′(Rn), 1 ≤ i ≤ m, such that∥∥∥~f ∥∥∥

Bαqp (W )
=
∥∥∥Φ ∗ ~f

∥∥∥
Lp(W )

+

∥∥∥∥∥
{

2να
∥∥∥ϕν ∗ ~f ∥∥∥

Lp(W )

}
ν≥0

∥∥∥∥∥
lq

<∞,

where the lq-norm is replaced by the supremum on ν ≥ 1 if q =∞.

Note that now we consider all vector-valued distributions in S′(Rn) (rather than
S ′/P as in the homogeneous case), since Φ̂(0) 6= 0.

The corresponding inhomogeneous weighted sequence Besov space bαqp (W ) is
defined for the vector sequences enumerated by the dyadic cubes Q with l(Q) ≤ 1.

Definition 11.2 (Inhomogeneous weighted sequence Besov space bαqp (W )). For α
∈ R, 1 ≤ p < ∞, 0 < q ≤ ∞, and W a matrix weight, the space bαqp (W ) consists
of all vector-valued sequences ~s = {~sQ}l(Q)≤1 such that

‖~s ‖bαqp (W ) =

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|− 1
2~sQχQ

∥∥∥∥∥∥
Lp(W )


ν≥0

∥∥∥∥∥∥∥
lq

<∞,

where the lq-norm is again replaced by the supremum on ν ≥ 1 if q =∞.

Following [5], given ϕ ∈ A and Φ ∈ A(I), we select ψ ∈ A and Ψ ∈ A(I) such
that

ˆ̃Φ(ξ) · Ψ̂(ξ) +
∑
ν≥1

ˆ̃ϕ(2−νξ) · ψ̂(2−νξ) = 1 for all ξ,(11.1)

where Φ̃(x) = Φ(−x). Analogously to the ϕ-transform decomposition (2.2), we
have the identity for f ∈ S′(Rn):

f =
∑

l(Q)=1

〈f,ΦQ〉ΨQ +
∞∑
ν=1

∑
l(Q)=2−ν

〈f, ϕQ〉ψQ,(11.2)

where ΦQ(x) = |Q|−1/2Φ(2νx− k) for Q = Qνk, and ΨQ is defined similarly.
For each ~f with fi ∈ S′(Rn), we define the inhomogeneous ϕ-transform S

(I)
ϕ :

Bαqp (W ) −→ bαqp (W ) by setting (S(I)
ϕ
~f )Q =

〈
~f, ϕQ

〉
if l(Q) < 1, and (S(I)

ϕ
~f )Q =〈

~f,ΦQ
〉

if l(Q) = 1.

The inverse inhomogeneous ϕ-transform T
(I)
ψ is the map taking a sequence s =

{sQ}l(Q)≤1 to T
(I)
ψ s =

∑
l(Q)=1

sQΨQ +
∑

l(Q)<1

sQψQ. In the vector case, T (I)
ψ ~s =∑

l(Q)=1

~sQΨQ +
∑

l(Q)<1

~sQψQ. By (11.2), T (I)
ψ ◦ S(I)

ϕ is the identity on S′(Rn).

Next we show that the relation between Bαqp (W ) and bαqp (W ) is the same as for
the homogeneous spaces.
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Theorem 11.3. Let α ∈ R, 0 < q ≤ ∞, 1 < p < ∞, and let W satisfy any of
(A1)-(A3). Then ∥∥∥~f ∥∥∥

Bαqp (W )
≈
∥∥∥∥{~sQ (~f )}l(Q)≤1

∥∥∥∥
bαqp (W )

.(11.3)

Before we outline the proof, we need to adjust the notation of smooth molecules
for the inhomogeneous case. Define a family of smooth molecules {mQ}l(Q)≤1 for
Bαqp (W ) as a collection of functions with the properties:

1. for dyadic Q with l(Q) < 1, each mQ is a smooth (δ,M,N)-molecule with
(M.i)-(M.iii) as for the homogeneous space Ḃαqp (W ) (see Section 5);

2. for dyadic Q with l(Q) = 1, each mQ (sometimes we denote it as MQ to
emphasize the difference) satisfies (M3), (M4) and a modification of (M2)
(which makes it a particular case of (M3) when γ = 0):

|mQ(x)| ≤ |Q|−1/2

(
1 +
|x− xQ|
l(Q)

)−M
.(M2∗)

Note that MQ does not necessarily have vanishing moments. Now one direction of
the norm equivalence (11.3) comes from the modified version of Theorem 5.2:

Theorem 11.4. Let α ∈ R, 1 ≤ p < ∞, 0 < q ≤ ∞ and W be a doubling matrix
weight of order p. Suppose {mQ}l(Q)≤1 is a family of smooth molecules for Bαqp (W ).
Then ∥∥∥∥∥∥

∑
l(Q)≤1

~sQmQ

∥∥∥∥∥∥
Bαqp (W )

≤ c ‖{~sQ}l(Q)≤1‖bαqp (W ).(11.4)

Sketch of the Proof. We have∥∥∥∥∥∥
∑

l(Q)≤1

~sQmQ

∥∥∥∥∥∥
Bαqp (W )

=

∥∥∥∥∥∥
∑

l(Q)≤1

~sQ (Φ ∗mQ)

∥∥∥∥∥∥
Lp(W )

+

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

l(Q)≤1

~sQ (ϕν ∗mQ)

∥∥∥∥∥∥
Lp(W )


ν≥1

∥∥∥∥∥∥∥
lq

= I + II.

As in Theorem 5.2, which uses the convolution estimates (5.2) and (5.3), we need
similar inequalities for modified molecules (the proofs are routine applications of
Lemmas B.1 and B.2 from [5]):

|Φ ∗MQ(x)| ≤ c (1 + |x− xQ|)−M when l(Q) = 1,(11.5)

|Φ ∗mQ(x)| ≤ c |Q|− 1
2 2−µσ (1 + |x− xQ|)−M for some σ > J − α(11.6)

when l(Q) = 2−µ, µ ≥ 1, and

|ϕν ∗MQ(x)| ≤ c 2−ντ (1 + |x− xQ|)−M for some τ > α(11.7)

when ν ≥ 1 and l(Q) = 1. For ν ≥ 1 and l(Q) < 1, the estimate of |(ϕν ∗mQ)(x)|
comes from either (5.2) or (5.3).
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To estimate I we use (11.5) and (11.6) (note that (11.5) is a special case of (11.6)
for µ = 0) and follow the steps of Theorem 1.10 by using Hölder’s inequality twice
to bring the pth power inside of the sum, and the Squeeze and the Summation
Lemmas from Section 5 (it is essential that σ > J −α for convergence purposes) to
get

I ≤ c ‖{~sQ}l(Q)≤1‖bαqp (W ).

The second term II is also estimated by ‖{~sQ}l(Q)≤1‖bαqp (W ), which is obtained by
exact repetition of the proof of Theorem 5.2, only restricting the sum over µ ∈ Z to
the sum over µ ≥ 0. Also note that (11.7) is a particular case of (5.3) when µ = 0
and, thus, l(Q) = 1. Therefore, (11.4) is proved.

In particular, since Φ and Ψ generate families of smooth molecules for Bαqp (W ),
we get ∥∥∥~f ∥∥∥

Bαqp (W )
≤ c

∥∥∥∥{~sQ (~f )}l(Q)≤1

∥∥∥∥
bαqp (W )

,

which gives one direction of the norm equivalence (11.3). To show the other direc-
tion, i.e., that the (inhomogeneous) ϕ-transform is bounded, we simply observe that

Φ̃ ∗ ~f ∈ E0, which is true since
(

Φ̃ ∗ ~f
)̂
i
∈ S′ and supp ˆ̃Φ ⊆ {ξ ∈ Rn : |ξ| ≤ 2}.

Hence, Lemmas 6.3 and 6.5 apply to ~g = Φ ∗ ~f as stated. We have∥∥∥∥{~sQ (~f )}l(Q)≤1

∥∥∥∥
bαqp (W )

≈
∥∥∥∥∥∑
k∈Zn

(
Φ̃ ∗ ~f

)
(k)χQ0k

∥∥∥∥∥
Lp(W )

+

∥∥∥∥∥∥∥
2να

∥∥∥∥∥∥
∑

l(Q)=2−ν

|Q|− 1
2χQ

〈
~f, ϕQ

〉∥∥∥∥∥∥
Lp(W )


ν≥1

∥∥∥∥∥∥∥
lq

= I + II.

Using Φ̃ ∗ ~f ∈ E0 and repeating the proof of Theorem 6.6 for both terms (in the
second term we take the lq norm only over ν ∈ N), we get the desired estimate:∥∥∥∥{~sQ (~f )}l(Q)≤1

∥∥∥∥
bαqp (W )

≤ c
∥∥∥~f ∥∥∥

Bαqp (W )
.

Note that as a consequence we also get independence of Bαqp (W ) from the choices
of Φ and ϕ.

Now we will briefly discuss operators on the inhomogeneous spaces. An almost
diagonal matrix on bαqp (W ) is the matrix A = (aQP )l(Q),l(P )≤1 whose entries satisfy
(8.1), i.e., |aQP | is bounded by (8.1) only for dyadic Q,P with l(Q), l(P ) ≤ 1.
Such a matrix A is a bounded operator on bαqp (W ) for the following reasons: let
~s ∈ bαqp (W ) and then define ~̇s = {~̇sQ}Qdyadic by setting ~̇sQ = ~sQ if l(Q) ≤ 1
and ~̇sQ = 0 if l(Q) > 1. Note that ~s is a restriction of ~̇s on bαqp (W ). Also, set
Ȧ = (ȧQP )Q,P dyadic, putting ȧQP = aQP if l(Q), l(P ) ≤ 1 and ȧQP = 0 otherwise.
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Then

‖A~s ‖bαqp (W ) =

∥∥∥∥∥∥∥
 ∑
l(P )≤1

aQP~sP


l(Q)≤1

∥∥∥∥∥∥∥
bαqp (W )

=

∥∥∥∥∥∥
 ∑
P dyadic

ȧQP~̇sP


Q

∥∥∥∥∥∥
ḃαqp (W )

≤ c
∥∥∥~̇s∥∥∥

ḃαqp (W )
,

by Theorem 1.10. By the construction, ‖~̇s ‖ḃαqp (W ) = ‖~s ‖bαqp (W ), and so we get
boundedness of A on bαqp (W ).

It is easy to see that the class of almost diagonal matrices on bαqp (W ) is closed
under composition. The same statements (boundedness and being closed under
composition) are true for the corresponding almost diagonal operators on Bαqp (W )
by combining the norm equivalence (11.3) and the above results about almost di-
agonal matrices on bαqp (W ). For Calderón-Zygmund operators on inhomogeneous
matrix-weighted Besov spaces, some minor notational changes should be made. The
collection of smooth N -atoms {aQ}Qdyadic in the homogeneous case ought to be
replaced by the set of atoms {aQ}l(Q)<1∪{AQ}l(Q)=1, where the aQ’s have the same
properties as before and the AQ’s are such that supp AQ ⊆ 3Q and |DγAQ(x)| ≤ 1
for γ ∈ Zn+. This leads to a slight change of the smooth atomic decomposition (see
[5], p. 132):

f =
∑

l(Q)<1

sQ aQ +
∑

l(Q)=1

sQAQ.

With these adjustments, all corresponding statements about CZOs hold with es-
sentially the same formulations for the inhomogeneous spaces. Thus, all results
obtained for the matrix-weighted homogeneous Besov spaces are essentially the
same for the inhomogeneous case.
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