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MATRIX-WEIGHTED BESOV SPACES

SVETLANA ROUDENKO

ABSTRACT. Nazarov, Treil and Volberg defined matrix A, weights and ex-
tended the theory of weighted norm inequalities on LP to the case of vector-
valued functions. We develop some aspects of Littlewood-Paley function space
theory in the matriz weight setting. In particular, we introduce matrix-
weighted homogeneous Besov spaces Bg 9(W) and matrix-weighted sequence
Besov spaces by I(W), as well as by ?({Ag}), where the Ag are reducing opera-
tors for W. Under any of _'Ehree different conditions on the weight W, we prove
the norm equivalences | ssa 1wy = {30 }elliga vy = HF@}e e a0y
where {5g}q is the vector-valued sequence of ¢-transform coefficients of f In
the process, we note and use an alternate, more explicit characterization of
the matrix Ap class. Furthermore, we introduce a weighted version of almost
diagonality and prove that an almost diagonal matrix is bounded on by%(W)
if W is doubling. We also obtain the boundedness of almost diagonal opera-
tors on Bp9(W) under any of the three conditions on W. This leads to the
boundedness of convolution and non-convolution type Calderén-Zygmund op-
erators (CZOs) on Bg?(W), in particular, the Hilbert transform. We apply
these results to wavelets to show that the above norm equivalence holds if
the ¢-transform coefficients are replaced by the wavelet coefficients. Finally,
we construct inhomogeneous matrix-weighted Besov spaces Bp?(W) and show
that results corresponding to those above are true also for the inhomogeneous
case.

1. INTRODUCTION. OVERVIEW OF THE RESULTS

Littlewood-Paley theory gives a unified perspective to the theory of function
spaces. Well-known spaces such as Lebesgue, Hardy, Sobolev, Lipschitz spaces,
etc. are special cases of either Besov spaces ng (homogeneous), B¢ (nonhomo-
geneous) or Triebel-Lizorkin spaces F;q (homogeneous), F;*? (nonhomogeneous)
(e.g., see [I5]). The properties of these spaces are characterized by their discrete
analogues: the sequence Besov spaces l}gq, by? and sequence Triebel-Lizorkin spaces
f;,’q, [y ([], [3]). Littlewood-Paley theory provides alternate methods for studying
singular integrals. The Hilbert transform, the classical example of a singular inte-
gral operator, led to the extensive modern theory of Calderén-Zygmund operators,
mostly studied on the Lebesgue L? spaces.

Motivated by the fundamental result of M. Riesz in the 1920s that the Hilbert
transform preserves LP for 1 < p < oo, Hunt, Muckenhoupt and Wheeden showed
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274 SVETLANA ROUDENKO

that the famous A, condition on a weight w is the necessary and sufficient condi-
tion for the Hilbert transform to be bounded on LP(w) (1973, [§]). More recent
developments deal with matrix-weighted spaces where scalar methods simply could
not be applied. In 1996 Treil and Volberg obtained the analogue of the Hunt-
Muckenhoupt-Wheeden condition for the matrix case when p = 2 ([16]). Soon
afterwards, Nazarov and Treil introduced in [12] a new “Bellman function” method
to extend the theory to 1 < p < oo. In 1997 Volberg presented a different solution
to the matrix weighted LP boundedness of the Hilbert transform via techniques
related to classical Littlewood-Paley theory ([L7]).

The purpose of this paper is to extend some aspects of Littlewood-Paley func-
tion space theory, in particular, the study of Besov spaces and Calderén-Zygmund
operators on them, previously obtained with no weights and partially for scalar
weights, to the matrixz weight setting.

We define a new generalized function space: the vector-valued homogeneous
Besov space ng(W) with matrix weight W. Let M be the cone of nonnegative
definite operators on a Hilbert space H of dimension m (consider H = C™ or
R™), i.e., for M € M we have (Mxz,x)y > 0 for all 2 € ‘H. By definition, a

matriz weight W is an a.e. invertible map W : R® — M. For a measurable
1/p

G = (91ngn)™ R = H, let [Flr) = < / ||W1/p<t>§<t>||%dt) o

the previous norm is finite, then § € LP(W). We say that a function ¢ € S(R")
belongs to the class A of admissible kernels if supp ¢ C {¢ € R* : & < [¢] < 2}
and [p(&)| = ¢ > 0if 2 < [¢] < 3. Set ¢, () = 2""p(2"x) for v € Z.

Definition 1.1 (Matriz-weighted Besov space ng(W)). Fora e R, 1 <p < oo,
0 < q<oo,p€ Aand W a matrix weight, the Besov space Bz‘q(W) is the collection

of all vector-valued distributions f = (f1, -, fm)T with f; € S'/P(R"),1 <i <m
(the space of tempered distributions modulo polynomials) such that

IF

sy = [{2 o0 * Flavan f [, = [{1977 - o Pller},

< 00,
ig

where @, * f: (@u * f1, .0y 0 * fm) T and the [9-norm is replaced by the supremum

on v if ¢ = oo.

The case p = oo is not of interest to us, since BX(W) = B2 because L™ (W) =
L. Since ¢ is directly involved in the definition of B, (W), there seems to be a
dependence on the choice of : ng W) = ng(VV, ). Under appropriate condi-

tions on W, Theorem [I.8 below shows that this is not the case. The space ng(W)
is complete, as is discussed at the end of Section [7.

We also introduce the corresponding weighted sequence (discrete) Besov space
baa(W):

Definition 1.2 (Matriz-weighted sequence Besov space ng(W)). ForaeR, 1<
p < 00, 0 < q< ooand W a matrix weight, the space bgq(W) consists of all

T
vector-valued sequences § = {Sg}¢g, where 5o = (sg), - s(Qm)) , enumerated by
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MATRIX-WEIGHTED BESOV SPACES 275

the dyadic cubes @) contained in R™, such that

z va -1
I{5e}alligswy = || 2 > 1R 2Fgxe
Q= o) )l
_1 =
=131 X 1erE (I ®sel) xol) < o,
(Q)=2-~ Le(dt) ), |la

where |Q] is the Lebesgue measure of @, 1(Q) is the side length of @, and the
l9-norm is again replaced by the supremum on v if ¢ = cc.

For v € Z and k € Z™, let Q. be the dyadic cube {(z1,...,2,) € R" : k; <
x; < ki +1, i =1,..,n}, and zg = 27k the lower left corner of Q.. Set
vo(r) = QI V2p(2"x — k) = |Q|"%¢p,(z — x¢) for @ = Q.. For each f with
fi € S'(R™), we define the ¢-transform S, as the map taking f to the vector-valued

sequence S<p(f) = {<f, SOQ>}Q = {(<f1,soQ> yeees (fm,goQ>)T}Q for ) dyadic. We

—

call 5o(f ) := <f, <pQ> the o-transform coefficients of f.
The next question is motivated by the following results:

(i) Frazier and Jawerth ([4], 1985) showed that, in the unweighted scalar case,

£l sge = [{se(f)}e

where {sq(f)}o are the p-transform coefficients. A similar equivalence
holds if {sq(f)}q are the wavelet coefficients {(f,¥q)}qo of f with ¥g
being smooth, say, Meyer’s wavelets (ref. [L1]).

(ii) Nazarov, Treil and Volberg ([12], 1996, [17], 1997) obtained

(1.1) Hf‘ Lr(W) ~ H{<f’ hQ>}

where {hg}¢ is the Haar system and ng(W) is the coefficient (sequence
Triebel-Lizorkin) space for L?(W). A particular case of (L), when m = 1
and w is a scalar weight, is

1192wy = 1 2wy = K R o2y = IS5 2D Hlig2 ()

where the first equality and the equivalence hold if w € As.

joq,
by

, if W e A,
for(w)

For our purposes we will use a condition on W that is equivalent to the matrix
A, condition of [12] (for the proof, refer to Section [3):

Lemma 1.3. Let W be a matriz weight, 1 < p < oo, and let p’ be the conjugate of

D (%—l—i =1). Then

(1.2) /}3(/3“W1/”(x)W_1/p(t)

if and only if W € A,.

vt """ d
) - < ¢pn for every ball B CR"

[B]) 18]
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276 SVETLANA ROUDENKO

In (T2), [|WYP(2)W~1/P(t)| refers to the matrix (operator) norm.

The advantage of condition (IZ) is that it allows us to understand the A, con-
dition in terms of matrices, avoiding metrics p, p* and their averagings as well as
reducing operators (for definitions and details refer to Section B).

Our first result is the norm equivalence between the continuous matrix-weighted
Besov space Bz‘q(W) and the discrete matrix-weighted Besov space bgq (W) under
the A, condition:

Theorem 1.4. Leta € R, 0<g< 00,1 <p<ooand W € A,. Then

Msgoaw) ™ H{gQ (f)}@

In some cases, the A, requirement on W can be relaxed. Recall that a scalar
measure p is called doubling if there exists ¢ > 0 such that for any § > 0 and any
z € R™,

(1.4) 1(B2s(2)) < e u(Bs(2)),
where Bs(z) = {x € R" : |z — x| < §}.

(1.3)

by (W)

Definition 1.5 (Doubling matriz). A matrix weight W is called a doubling matriz
(of order p, 1 < p < c0), if there exists a constant ¢ = ¢, ,, such that for any y € H,
any § > 0 and any z € R" |

(1.5) / W)yl dt < e / W) |2, dt.
Bys(z) B;(z)

i.e., the scalar measure wy(t) = |W/P(¢t)y|}, is uniformly doubling and not iden-
tically zero (a.e.). If ¢ = 27 is the smallest constant for which (I5) holds, then 3
is called the doubling exponent of W.

It is known that if W € A, then wy is a scalar A, weight for any y € ‘H and the
A, constant is independent of y (for example, see [17]). This, in turn, implies that
wy is a scalar doubling measure (e.g., see [14]) and the doubling constant is also
independent of y. Using decomposition techniques, we prove the equivalence (I.3)
under the doubling assumption on W with the restriction that p is large, and with
no restriction on p in the case when W is a diagonal matrix:

Theorem 1.6. Leta € R, 0< g <00, 1< p< oo, and let W be a doubling matrix
of order p with doubling exponent 3. Suppose p > (3. Then the norm equivalence
(C3) holds. If W is diagonal, then ([L3) holds for all 1 < p < oo.

The case of a scalar weight is a particular case of the diagonal matrix weight
case, and thus, the equivalence ([Z3]) holds just under the doubling condition. This
fact is essentially known (see [5] for the case of F;q); it is proved here for purposes
of comparison and generalization to the diagonal matrix case.

Remark 1.7. One of the directions of the norm equivalence uses only the doubling
property of W with no restrictions (see Corollary B6), but the other direction re-
quires the stated assumptions on W (see Theorem [G.6). Furthermore, the first di-
rection is obtained from a more general norm estimate involving families of “smooth
molecules” (see Theorem B.2).

Summarizing Theorems[[4 and [LB, the norm equivalence (L3]) holds under any
of the following conditions:
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MATRIX-WEIGHTED BESOV SPACES 277

(Al) W e A, with 1 < p < o0,

(A2) W is a doubling matrix of order p with p > 3, where § is the doubling
exponent of W,

(A3) W is a diagonal doubling matrix of order p with 1 < p < oc.

Now we will state the independence of the space ng (W, ¢) from ¢:

Theorem 1.8. Let fe ng(VV, oM, oM c A aeR, 0<qg<o00,1<p< oo,
and suppose any of (A1)-(A3) hold. Then for any p? € A,

— —

~

Byt (W,eM)

BR1(W,p®)

If we use the language of reducing operators (see [17] or Section [3 below), we
extend the norm equivalence (L3)) to a different sequence space, namely bgq({AQ}).
For each dyadic cube @, consider a reducing operator Ag corresponding to the L?
average over @ of the norm ||[W'/P - |y, i.e.,

1 l/p
| Ag@lx ~ (— [, dt)
al Jo

for all vector-valued sequences . Note that the assumption that W is a.e. invertible
guarantees that each Aq is invertible. Define the sequence space bp?({Ag}) for
aeR, 1< p<oo,0<qg< oo as the space containing all vector-valued sequences

{§Q}Q with

- v 1 _
H5a}allignqaey = (327 Do 1QI7% (14e5aln) xa < 0.
HQ)y=27~ Lr(dt)

ville

Theorem 1.9. Let o € R, 0 < ¢ < 00, 1 < p < co. Suppose W satisfies any of

(A1)-(A3). Then
s ™ |72 (),

Next we study operators on ng(W) by considering corresponding operators on

(1.6) f

b3 ({Aq})

ng(W). In [3] it was shown that almost diagonal operators are bounded on bgq and,
thus, on ng. In Section § we define a class of almost diagonal matrices ad;?(3)

for the weighted case and show the boundedness of these matrices on Bz‘q(W) itw
is a doubling matrix weight:

Theorem 1.10. Let « € R, 0 < ¢ < o0, 1 < p < o0, and let W be a doubling
matriz of order p with doubling exponent 3. Consider A € ad;?(B). Then A :

bgq(W) — l}gq(W) is bounded.

We say that a linear continuous operator T : § — S’ is almost diagonal, T €
AD;?(f3), if for some pair of mutually admissible kernels (¢, ) (see 1)), Section
B) the matrix ((T¥p,¥qQ)op)Q,Pdyadic € ady?(B) (see Section [§). Combining the

boundedness of an almost diagonal matrix with the norm equivalence, we obtain the
boundedness of an almost diagonal operator on By¢(W) under any of (A1)-(A3):

Corollary 1.11. Let T € ADy(8), a € R, 0 < g < o0, 1 <p<oo. ThenT is a
bounded operator on ng(W) if W satisfies any of (A1)-(A3).
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278 SVETLANA ROUDENKO

In Section [@ we consider classical convolution and generalized non-convolution
Calderén-Zygmund operators (CZOs). The following criterion is used: if an oper-
ator T maps “smooth atoms” into “smooth molecules” (see Sections [ and [ for
definitions), then T is almost diagonal (Lemma [I2)) and, therefore, bounded on
ng(W). To show this property for a CZO, the definition of a “smooth molecule”
is modified in order to compensate for the growth of the weight W (note the de-
pendence of the decay rate of the molecule on the doubling exponent 3), and, thus,
more smoothness of a CZO kernel is required (see Theorems[3.14] [0.8)). In partic-
ular, for example, we obtain the boundedness of the Hilbert transform (when the
underlying dimension is n = 1) and the Riesz transforms (n > 2) on ng(W) under
any of the conditions (A1)-(A3).

In Section [I0) we apply the previous results to Meyer’s wavelets and Daubechies’
DN wavelets with N sufficiently large, to show that, instead of the -transform
coeflicients, one can use the wavelet coefficients for the norm equivalence:

Theorem 1.12. If W satisfies any of (A1)-(A3), a € R, 0 < g <00, 1<p< o0,
then

—

Pl =72 ()},

where {§Q (f) }Q are the wavelet coefficients off,

)
b3t (W)

So far we have dealt only with homogeneous spaces. However, for a number of
applications it is necessary to consider the inhomogeneous distribution spaces (e.g.,
localized Hardy spaces H = FSQ, 0 < p < oo, in particular, H2_ = B3?, [1]). In
the last section, we “transfer” the theory developed up until now to the inhomoge-
neous Besov spaces. The main difference is that instead of considering all dyadic
cubes, we consider only the ones with side length I(Q) < 1, and the properties of
functions corresponding to [(Q)) = 1 are slightly changed. Modifying the definitions
of the @-transform and smooth molecules, we show that all the statements from

the homogeneous case are essentially the same for the inhomogeneous spaces.

2. NOTATION AND DEFINITIONS

Let z € R™. Recall that B(z,6) = {x € R": |z — x| < 0} = Bs(z). If the center
z of the ball is not essential, we will write B for simplicity.
For each admissible ¢ € A, there exists ¢ € A (see e.g. [3]) such that

(2.1) D P27 - p(27) =1, if £ £ 0.
vEZ

A pair (¢, ) with ¢,1 € A and the property (Z1]) will be referred to as a pair of
mutually admissible kernels.

Similarly to pg, define ¥g(z) = |Q|~Y/?y(2"x — k) for Q@ = Q,x. The inverse
p-transform Ty is the map taking a sequence s = {sg}q to Tys = ZQ 5QYq-
In the vector case, Ty5 = ZQ 50%q, where 5p¢g = (sg)wQ, ...,sgn)wQ)T. The
p-transform decomposition (see [5] for more details) states that for all f € §'/P,

(2.2) F=Y (feq) e = sqiq.
Q Q

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MATRIX-WEIGHTED BESOV SPACES 279

In other words, Ty, o S, is the identity on S&’/P. Observe that if ¢(z) = p(—x)
(note that ¢ € A), then sq = (f,%0) = |Q|"*(, * [)(27"k).

3. MATRIX A, CONDITION

Although the A, condition can be formulated for any family of norms p; on a
Hilbert space, we will consider only the particular case of norms:

pi(x) = |[WYP(t)z||, where z € H, t € R™.

Then the dual metric p* is given by

*(r) = su M: /(g
pi (@) Sup =) [W=/P ().

Following [17], we introduce the norms p, p through the averagings of the metrics

pt over a ball B:
1 1/p
N P
) = (o [lnopar)

Similarly, for the dual metric,

o0 = (7 [ 1) at) "

Definition 3.1 (Matriz A, weight). For 1 < p < oo, we say that W is an A4,
matrix weight if W : R® — M is such that W and W'/ are locally integrable
and there exists C' < oo such that

(3.1) Py B < C(pp,s)" for every ball B C R".

In general, if p satisfies (BI), then p is called an Ap-metric. Note that the
condition (BJ) is equivalent to

Pp,B < C(p;’,B)*v

which means that p* is an A,/-metric.
If p is a norm on H, then there exists a positive operator A, which is called a
reducing operator of p, such that

p(x) = ||Az|| for all z € H.

For details we refer the reader to [17]. Let Ap be a reducing operator for p, g,
and Aﬁ for p3, 5. Then, (pp,B)"(7) ~ |Az'z||. Hence, in the language of reducing
operators, the condition (3]) for the A4, class is

(3.2) ||AEE Ap|| < C < oo for every ball B C R™.

Observe the following two useful facts. First, if P and @ are two selfadjoint
operators in a normed space, then

(3.3) I1PQI = (PQ)*| = Q" P*[| = [|QP]-

Thus, the operators can be commuted as long as we deal with norms.
Second, we need the following lemma:
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280 SVETLANA ROUDENKO

Lemma 3.2 (NORM LEMMA). If {e1,...,en} is any orthonormal basis in a Hil-
bert space H, then for any V € B(H) and r > 0,

VII©N = Veillh.
V1l (o) ; - l (%
Proof. With z; = (z,e;)n, we get

VI = sup. IIsz ¢ill3

llzll< i=1

<cr Shlp Z |lzi|"[Veill3 < cr Z [Veill3 < em||V]".

||z i=1 =1
([l
Now we are ready to prove the equivalence of (L2 and the A, condition.
Proof of Lemmal[L.3 By property [B.3) and the Norm Lemma,
/ »/v
/ (/ le/p w/e)|” ﬂ) dx
1B |B|
vodt \P" dw
= W*I/p(t)Wl/p(x)H _) =
/B (/B H |B| |B|
/'
a vodt " da
~ WYPYWP(2)e; || —- —
/B</BZH “I B) 1B
vodt \P? dx
~ Wl/p . - il
Z/ (Lbiorewal” &) &
P dx
= ol g (WYP(x ei} —.
;/B[p,B( @e)]
Now, in terms of the reducing operators, the last expression is equivalent to
™ P d P d
S [ atorr@e| 5~ [ |agwro| 5
2 ), B~ J» B
“ P dx
=3 [ wr@ate)| G
2 ), B
i p
~ Z [PP,B(Aﬁ ei)}
Ui p
~ Z |4s(ag e
Al
Therefore, (I2) is equivalent to HA§ ABH < ¢, i.e., the A, condition. O

Corollary 3.3 (SYMMETRY OF MATRIX A, CONDITION). The following state-
ments are equivalent:
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MATRIX-WEIGHTED BESOV SPACES 281

(i) W € Ay;
(i) WP/P e A,

Cat\"" dx
iii wle (A \W—1/P(t P _) Rl
( >/B</BH WO F) 5

»'/p
(iv) / </ HWl/p(x)Wfl/p(t)Hp d_x) at <c¢ for every ball B C R".
5 \JB Bl Bl

<c¢ for every ball B C R";

Proof. Recall that p € A, if and only if p* € Ay. In terms of matrix weights,
W € A, if and only if W—7/? € A, (note that p}(z) = |[(W?/?)V/? (t)z|). By
Lemma [[23] the third statement is equivalent to W € A,, whereas the fourth is
equivalent to W—?'/P € A, O

4. DOUBLING MEASURES

Let W be a doubling matrix of order p, i.e., (ILH) holds for any y € H, § > 0
and z € R™. For p = 2 this simplifies to

(4.1) W(t)dt <c | W(t)dt
Bas Bs

for a given 0, where the inequality is understood in the sense of selfadjoint operators.

Remark 4.1. Note that ||[W'/?(¢)||? is independent of p. If wy (t) = |[W/P(t) y||3, is
doubling of order p for any y € H, then w(t) = |[W/P()||P is also a scalar-valued
doubling measure.

Proof. Fix t € R™. Then there exist a unitary matrix U and a diagonal matrix
A such that W(t) = UAU~!, and so W'/P(t) = U A'/?U~'. Moreover, since the
norm of a positive diagonal matrix is the largest eigenvalue, say Ao, |[WY/P(t)| =

)\(l)/p and, hence, |[W?/P(t)||P = Ao, regardless of what p is.
Now, since (L) is true with y = e; (any orthonormal basis vector of H), by the
Norm Lemma we get the second assertion:

/ NI TS / WP (e P di
Bas i=1 7 Ba2s

e [ W melrdtxe [ IWH @I
B B
i=1 s s
O

The doubling property of w(t) = ||[W'/P(t)||P is not very helpful if one wants to
understand the nature of W; it only tells us how large the weight is, not how it
is distributed in different directions. Therefore, we use the definition of doubling
matrix in (CH), which involves different directions of y € H.

Remark 4.2. In the scalar case, (L5 gives the standard doubling measure:
| wowrase [ vl
Bas Bs

and if y # 0, then w(Bas) < cw(Bs). In particular, there is no dependence on p in
the scalar situation.
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282 SVETLANA ROUDENKO

Similar definitions for doubling weights can be analogously given for the “dual”
measure w;(t) = ||[W~ Up )yl

Lemma 4.3. Let € H and W € A,. Then v,(t) := |[WYP(x)W-/r@t)||P" =
|[W =YYW (z)||P" is a doubling measure, i.e., there exists a constant ¢ such
that for any 6 > 0,

@2 [ wr@w @< [ wir@w o) .
Bas Bs

Proof. Applying the Norm Lemma to the operator norm in the left-hand side, we
obtain

Ms

va(t) = YW YPW P (2)ei P —ZIIW V()i ()P = Zw%(x)

3
where y;(x) = WP(z)e;. Then

Vg (Bas) & Z/B Wy, (4 (t) dt < Z / t)dt < cvy(Bs),
i=1 28 i=1

since wy, is doubling (WP e Ay). O

Il
-

Remark 4.4. The doubling property (I.4) is equivalent to
B/n
u(F) |F|
(4.3) ——=<c (— ,
n(E) E|

where F' is a ball (or a cube) and F C F is a sub-ball (sub-cube) (not any subset
of F'; any subset would be equivalent to the A, condition, see [14]).

Proof. Since E C F, there exists j € N such that 2/E ~ F, i.., ~ 291 E
. . . ,LL(F) ; log, XE) l
Since p is doubling, by (C4), ——=* < ¢ ~ ¢ 2 i Noticing that [
n(E) |E | I(E)

we get (3.

In further estimates, it is more convenient to use {3) instead of (I4I).
Observe that the doubling exponent of the Lebesgue measure in R"™ is § = n;
moreover, if u is any nonzero doubling measure in R™, then (u) > n.

5. BOUNDEDNESS OF THE INVERSE (-TRANSFORM

Consider ng(W) with parameters «, p, ¢ fixed (« € R,;1 < p < 00, 0 < ¢ < 0).
For 0 <0 <1, M >0 and N € Z define (as in [3]) mq to be a smooth (6, M, N)-
molecule for @ dyadic if:

(M1) /x”mQ(x) dx =0, for |[y] < N,

—max(M,M—a)
-1/ |z — zq|
02) fmofa) < @72 1+ 54l R
(M3) [DVme(a)] < |Q /> (1+%) it 7] < [al,
(1) [D7mg(e) — Dmo(y)] < QI HF ey
|x—z—xQ|) .
X \z\zl\lf—y\ (1 + 7“@) f |'Y| [04]-
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MATRIX-WEIGHTED BESOV SPACES 283

It is understood that (M1) is void if N < 0; and (M3), (M4) are void if a < 0.
Also, [a] stands for the greatest integer < «; v is a multi-index v = (71,..., V)
with 7, € NU {0}, 1 <4 < n, and the standard notation is used.

We say {mqg}q is a family of smooth molecules for ng(W) if each mg is a
(6, M, N)-molecule with

(Mi) a—Jo] <d <1,

(M.ii) M > J, where J =2+ % if p> L and J =B ifp =1,

(M.ili) N = max([J —n —a],—1).
Remark 5.1. Note that, in contrast to the case in [5], there is a dependence of the
family of smooth molecules for ng(W) on the weight W (more precisely, on the
doubling exponent 3).

Theorem 5.2. Leta € R, 1 <p < oo, 0 < g < o0, and let W be a doubling matriz
weight of order p. Suppose {mq}q is a family of smooth molecules for By?(W).
Then

(5.1) > Famg < cl{Satellizrw)-
9 BEt(w)

The proof uses the following estimates for @@ dyadic with {(Q) = 27#, u € Z,
and ¢, v € Z, with p € A :

(5.2) |y *mg(x)] < c|Q7/227 W7 (1 42|z — zo]) ™M for some o > J — a,
if p > v, and

(5.3) o, xmo(x)| < c|Q|7V227 =T (1 4 20| — xQ|)_M for some 7 > «,
if p <w.

The proofs are entirely elementary, but quite tedious (see [5], Appendix B).
Note that in the statement of Lemma B.1 in [5], it should say j < k. For (5.2),
for N # —1, apply Lemma B.1 with j =v, k=u, L=N, R=M, S =M — «,
g=2"""20p, h=mgwith[(Q) =2"" 21 =xg, J—n—a—[J-—n—a] <0 <1.
Letting 0 = N +n+6 > J — «, we obtain (52). For N = —1, apply Lemma B.2 in
[5] with o = n > J—a to get (5.2). Now for (5.3)), for @ > 0, apply Lemma B.1 with
k=v,j=p, L=[a], R=M,0=0,S=[a]+n+46, z1 =0, g(x) =mg(z+zq),
h =27""2p,, and observe that ¢, * mg(z) = 2"™2 gx h(x — 2q) to get (5.3)) with
7=0+[a] > a. For a <0, Lemma B.2 in [5] gives (5.3) with 7 =0 > a.
Lemma 5.3 (SQUEEZE LEMMA). Fiz a dyadic cube Q and let w : R™ — R be a
scalar doubling measure with the doubling exponent 5. If L > (3, then for r > 1(Q),

(5.4) / w(z) <1 + M)L dz < cg [@]ﬁ/cgw(x) da.

Proof. Decompose R" into the annuli R,,:

R" = U {z: 2" <|x—xg| < 2™} U{z: |z —z0| <7} = U Rom-
m=1 m=0
Then the left-hand side of (54)) is bounded by

(5.5) 3 (1+2m Y Lw(R,,) + w(Ro).

m=1
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Using the doubling property of w, we get

|B(xq,2™r

AN
w(Rm) <w(B(zg,2™r)) <c ( Rol ) w(Ro) = 2™ w(Ry).

Thus, (B3] is bounded by

(o)
c Z 2mB=mL (R < cpw(Ro),

m=0

since L > . Note that B(zg,!(Q)) C 3Q and so w(B(zg,(Q))) < cgw(Q). If
r > 1(Q), then

|R0| B/n o B
wmwy(ﬁag@m> MMmﬂ@»S%h@}mm,

which is (54). O

Lemma 5.4 (SUMMATION LEMMA). Let p,v € Z and y € R™. Then for M > n,
ly — e\ ™

(5.6) I(Q)z_:zu (1 + 271/) < cCn,mMm 2(/‘*1/)71, if u>v.

Proof. If p > v or 27% > 27#_ there are 2(1=1)1 yubes of size 27# in a cube of size
27%. Fix [ € Z" such that y € Q,;. Then the left-hand side of (5.6]) is

S +2y—azqu) M=) > 42y —ag )M

kezn 1€EL™ k: QurCQu44)
< (A4 fi)M x 2T < g 2,
ieZn
again since M > n. =

Proof of Theorem [2.2. By definition,

ZgQ mq = Wl/ngQ (gol, *mQ)
Q B2U(W) Q rr )yl

= ST DD WPEg)(p, xmg)

REL | UQ)=2—n

LrJ v l:‘

By Minkowski’s (or the triangle) inequality, the last expression is bounded by

S DD Wrsg) (e xme)

nez [lu@=z-» )l

P 1/p
SN[ E wr@sallie, s mo)al | s

WEZ " \iQ)=2—+
v lg
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(5.7) = H ST g

pu>v n<v vllja
q

Using estimates (5.2) and (5.3) with 6; = —(u—v)o, 02 = —(v—p)7T and ry = 277,
ro = 27", we bound each J;, 1 =1,2:

p
M
ize [ {5 iwir@sglder e (14 226l T
" \u@=2+ '

Split M = M; + My, where My > /p and My > n/p’ (if p = 1, let M2 = 0 and
interpret n/p’ = 0). This splitting is possible since M > J. Then by the discrete
Holder inequality with wq(z) = |[WY/P(2)3g||},, we get

- o —zo\ M7
Ji < ¢p Z wo(x)|Q7PE2%P (14—

1(Q)=2 &

p/p’
B —Msp’
Y (1+M) da.
i

Q=2+
By the Summation Lemma [54] (with v = p in (5.6)), we have
T2 <2 S 1QI [ wgla)(t + 2o~ gl M da,
Q=2+ ®

since My > n/p’. Applying the Squeeze Lemma [5.3] with r = 27# = [(Q) and
L = Mp (and so L > 3), we get

J2 < epmp2 TN T |QITP Pug(Q).
Q=2

By the Summation Lemma [5.4] (with x> v in (5.6)), we have
T < 2 ST 1Q P [ wgla)(1+ 2o — gl da,
Q=2+ e

again since My > n/p’. Applying the Squeeze Lemma [£.3] again with r = 277 >
27* =(Q) and L = Mip, we get

Ji < Cpnp o(v—p)(e—n/p'=B/p)p Z |Q|’p/2wQ(Q).
Q=2+

p
Observe that the last sum is equal to H o -1/2g H . Combinin,
v q El(Q)_g « Q) QXQ Lo(w) g

the estimates for Ji and J; (recall that J = - + %), we have

2 [ S T ] < g T2 (2

u>v ulv HEZ
(5.8) + 2_(”_”)7X{u7u20}> x 2l QI ?Egxe
(Q)=2—+ L (W)
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Denote
a; = 2" (Qi(a_J)X{Ko} + 2_iTX{i20}>
and
bu=2" > QI *sdxq
H@=2n Lo(w)
Then the right side of (5.8 is nothing else but ¢ Z ay—p by = c(axb)(v). Substi-
HEZ

tuting this into (B7), we get

N 1
(5.9) > sgmg <3S g < cpnys llax bl -
Q

B9 (W) HEZ i=1,2 ol
Observe that
(5.10) llabllia < llaflo[|bllia for g > 1
and
(5.11) llabllia < [lallza[|bllia for ¢ <1

(to get the last inequality, apply the g¢-triangle inequality followed by ||a * b|[;1 <

llall;2[|b]|;2). For any 0 < ¢ < oo, |lallfy = ZZ“""’O‘_‘”Q + Z2‘i(7_°‘)q. Both
i<0 i>0

sums converge, since 7 > « and 0 +«a > J by (2) and (53). Hence, ||aljis < ¢4

for any ¢ > 0. (In fact, here we only need 0 < ¢ < 1.) Combining all the estimates

together into (5.9)), we obtain

> Fame <clbllw=cl|42°* || > QI ?5oxe
@ Bya(w) U=z Lew) J 1l
= c|{5a} lsge(wy»
where ¢ = ¢y p .- g

Remark 5.5. Since 1 € A, observe the following properties of ¢¢:
1. 0 ¢ supp QZJQ for any dyadic @, and, therefore, [ 279 (z)dz = 0 for any
multi-index ~;

[z —aq[\ 7"
Q) for each L € NU {0} and

el
n

2. 1Dl < el + % (14
~ as before.
Hence, {¢g}¢ is a family of smooth molecules for BZO,“I(VV)7 and for f = 203 vq;
we obtain the boundedness of the inverse ¢-transform T7:

Corollary 5.6. Let W be a doubling matriz of order p, and consider the sequence
§={5q}q € b1 (W). Then for all 1 <p <00, 0<q <00 and a € R,

(5.12) T8 paswy = Y Fate < cl{Satelligew)-
Q

BgY(W)
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In particular, given fe ng(W), consider § = Sgof_', Then by (22),

. ZSQ da < cll{Faalligew) = ¢ |[Se7
Bp(W)

bpi(w)

6. BOUNDEDNESS OF THE ©-TRANSFORM

Definition 6.1. For v € Z, let E, = {f fi € & and suppfi C{EeR™: | <
211 i =1,...,m}. Then we say that E, consists of vector functions of exponential
type 2v+1,

Consider the following lemma on the decomposition of an exponential type func-
tion (for the proof the reader is referred to [3], p. 55):

Lemma 6.2. Suppose g € S'(R"),h € S(R™) and supp g, supph C {I¢] < 2¥w} for
some v € Z. Then

(6.1) (g*h)(z)= > 27""g(27"k) h(zx — 27"k).

kEZﬂ
Now we will develop two “maximal operator” type inequalities:
Lemma 6.3. Let 1 <p <oo, We A, and § € Ey. Then
(6.2 S [ W@ g P de < el
kezn ¥ Qok

Remark 6.4. Note that in terms of reducing operators, (2] is equivalent to

1/p
(6.3) [{Aqor G(k) }kezn |lir = <Z Ao, g |”> < llGllLeowy-

kezn

Proof. Choose a scalar-valued function v € § with 4 =1 for [£] < 2 and supp¥ C
{l¢| < 7}. Then for § € Ey, we have § = 7 * g, and the left-hand side of (6.2) is

p
Z/Q WP ( / G()y(k — y) dy
kezn v Qok

dz
<on & [, (LSRR o)

for some M > n + Op/p’, where [ is the doubling exponent of W, since v € S.
Since R" = U Qom and m; < y; < m; + 1,4 =1,...,n, on each Qq,,, the last

meZn
sum is bounded by

>

kezm QOk

fQO,,,L WP (2)g(y)l dy \ "
mezn (1 + [k — m|)M

Writing M = M/p + M/p’ and using the discrete Holder inequality (note that
M > n), we bound the last expression by

(Jgun, W/ (@)50) | dy)”

(6.4) c Z / A5 = mp™ dx.

keznr Q()Ic mezZ™
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Observe that

(/ . WP (2)g(y)|| dy>p < </ . W2 (@)W =12 ()| [W2 (1) ()| dy)p

<( [ e dy),)/,, ( [ Wl dy).

again by Holder’s inequality. By Lemma [@3} v,(y) = |[WYP(z)W V2 (y)||”" is a
doubling measure with the doubling exponent 3:

v (Qom) < ve(B(m, [k —m|+v/n)) < c(1+ [k —m|) v, (Qor)-
Thus, (64) is bounded by

65) ¢ Y (1+k—ml)' ¥ [ L s dy)_ dx]

k,meZn

x / WP ()Gw)|IP dy.

om

By Lemma [[3, the expression in the square brackets of (@3] is bounded by a
constant independent of k. Since M > fp/p’ + n, the sum on k converges and,
therefore, (6.5) is estimated above by

e [ Wy = [ W GII =11,

mezZ"™ om R

O

Lemma 6.5. Let W be a doubling matrix of order p with doubling exponent 3 such
that p > (3, and let § € Ey. Then [@2) holds. Furthermore, if W is a diagonal
matriz, then (B2) holds for any 1 <p < co.

Proof. First, assume (§); € S with supp §; C {|¢| < 7}, i =1,...m. We want
to show that for such g, the sum on the left-hand side of (E2) is finite. Choosing
r > [+ n, we have

P()G P dg ¢ ()P da.
Z /QOk ”W ( )g(k)H o= Z (1+|k|)r /Q()k ”W ( )” !

kezm kezn

Since w(z) = ||W'/P(z)||? is a scalar doubling measure, w(Qox) < ¢ (14]k|)?w(Qoo).
Hence,

S [ @il < 3 G < cu@u) < oo

kezn kezn

since r — 8 > n.

Now we will prove ([62) for § with (§); € S and supp §; C {|¢| < 3}, and then
generalize it to (§); € S’. Let 0 < § < 1. Then Bs(k) C 3Qok. Using the doubling
property of wy(z) = |[WP(x)g(k)||P, we “squeeze” each Qo into Bs(k):

[3Qok|
| Bs (k)|

B/n
wi (Qok) < wr(3Qok) < ¢ { } wi(Bs(k)) < 56 Pwi(Bs (k).
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Hence, the left-hand side of (6:2) is bounded by
(6:6) w6 S [ W) do.
kezn ¥ Bs(k)

To estimate the integral, we will use the trivial identity g(k) glx)+ [§(k) — g(z)]
for x € Bs(k). Apply the decomposition from Lemma B2 (v is the same as in the
previous lemma):

k)= Y gmpy(k—m) and gla)= Y Gmyy(z —m).
meznr mezn
Using the Mean Value Theorem for [y(k — m) — v(z — m)] and the properties of
v € S (note that |z — k| < J), we have
Wl/p (m) ||

(6.7)  IWYP(@)G(R)? < cpl WP (2)G (@) + epar 87 ) H 1+|k mI)M ’

mezn
for some M > 8+ n. Integrating (6.7) over Bs(k), we get

L Wr@aer <, [ W@ d
Bs (k) Bs (k)

s WP (@) G(m) ||P de

(6.8) +ed? Yy T ™

mEZ?L

Apply the doubling property of w,,(z) = ||[W/P(x) g(m)||P again:

0+ 1|k —m)"

)ﬁ/"
wn(B5(8)) < (B, = ]+ 9)) < ¢ | CEEZIE N o

=P+ |k — m|)Pwm(Bs(m)).

Substituting this estimate into (6.8)) and summing over k € Z", we have

3 /B WY @)g) P de < ¢ 3 / WP (2)g(a) [P da

kezn kezn  Bs(K)
+cor? Z/ WP () G(m )||pd$<2(1+|k—m|)ﬁM>,
mezn / Bs(m) kezn

where the last sum converges since M > 8+ n. If p > 3, by choosing 0 < 6 < 1/2
such that 1 — cd?~” > 0, we subtract the last term from both sides (note that it
is finite because of our estimates above for g; € ), substitute it into (6.6) and get
the estimate of the left-hand side of (62) (note that 3, 7. [, ) -+ < Jgn )t

05
> [ wr@awlrdr < 22t S [ e e

kezn Y Qok keZn s (k)

(6.9) < Cn,ﬁ,p/ WP (@)§(@)[1” do = enppllF 70w

Now let (§); € S’,i=1,...,m. Since § € Fy, it follows that (§); € C*°, and g and all
its derivatives are slowly increasing. Pick a scalar-valued v € S such that v(0) =1
and supp¥ C B(0,1). Then for 0 < € < 1, the function §¢(z) := §(z)vy(ex) has its
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components in S. Observe that § = § * [v(ex)];, with [y(ex)]" (&) = (1/e)%(&/e),
and, therefore,
supp g C supp g+ supp (1/e)4(¢/) € {€: I¢ < 3}
We can apply the result [@9) to §°:
>[I I de < g,

kezn Y Qok
or

) / WP ()G (k)y (ek)||P d < C/ WP (@)g () |7 |y (ex) P de.
kezn Y Qok R™

Taking lim inf as € — 0 of both sides and using Fatou’s Lemma on the left-hand side
(with a discrete measure for the sum) and the Dominated Convergence Theorem
on the right-hand side, we obtain

> timigt (k)P [ WP )0 da

kezn Qok
<c [ W @g)? im (el d
R €E—

Since y(ex) = ~(0), we obtain ([6.2) for all § € Ey.
€E—
To get the second assertion of the lemma, we consider the scalar case with w a
scalar doubling measure. Then (6.8) becomes

(6.10) w(Bs(k))|g(k)|P < cp/B (k)w(xﬂg(xﬂp e
p __lgm)lP
+ C;D5 w(B5(k)) m%Z:n (1 ¥ |k_m|)M’
U () ()P de + egp S 19"
90 < e rp; /Ba(@ (@)lg(@)[” dx + o m% 0+ [k —mDH

We want to estimate the last sum on m. Fix [ € Z™. Dividing everything by
(14 |k — 1)) and summing on k € Z", we get

lg(k)|” S (@) g(@) P de
2 -y = 2 (1 + [k — I)Mw(Bs (k)

kezm kezm

e’ ), 1+|k—l|M 2 1+|k m|)

kEZ?L Z’IL
Note that in the last term

1 c
<
k;Zn (L4 k= IDM (L + [k —m)M = (1 + [l = m[)M

since M > n. Therefore7

lg(k) sty (2)|? dw ) lg(m)[?
Z( +|k—z|M— @ Z +|k—l| Mw( Bk 0 2 L+ |l —m)™M

klet kEZ?L mEZ?L
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Choose 0 < § < 1/2 such that 1 — ¢é? > 0. Then

lg(m)[P Cp fBg(m)w(x)lg(x)|p dx
2 A [ —m)™ = T—cov mz (1 + |l = m[)Mw(Bs(m))

mEZ?L EZH

Substituting this into (6.10) and summing on k € Z" (again using ), ;n fBé(k) .. <
Jgn --); we obtain

> w(Bs(k)lg(k)IP

k:eZ’!L

w(zx)|g(z)|P dx
< & 9ll7agy + 8" Y w(Bs(k) D (1ffél(km)— ni|>)ﬂ|4gz(u(la<m>>'

kezm mezn

Use the doubling property of w to shift Bs(k) to Bs(m). Since § is fixed, w(Bs(k)) <
cs.n (14 |k —m|)Pw(Bs(m)), and thus, the last term is dominated by

(6.11) cor / 2)|P dx x <Z (14 |k—m|)’3M>,

mez” kezn

where the sum on k converges, since M > ( + n. Thus, (6I1) is estimated by

Cp,n,B ||9||I£p . Hence,
Z / k)P de < Cp.n,B Z Ng(k)P < o ||9||I£p(w)-
kezn Y Qok Pt

Now if W is a diagonal matrix, then
[WP(x) @ ||P ~ Z wi; () @],

and thus, applying the scalar case, we get

3 / W) g e~ 3 Y / wia (@)|i (k)P de
kczn i=1 kezn
< ZC ||§i||l£?(w,;,;) ~ Cp,n,B,m ||§H;zp(w)-
O

Theorem 6.6. Let « € R, 0 < g < 00, 1 < p < o0, and let W satisfy any of
(A1)-(A3). Then

(6.12) |‘{§Q}Q||l}§q(w) <clfllpgewy,
where 5 = SLP]F = <f, <pQ> for a given f

Proof. By definition,

(6.13)

I5aballigran, = | D0 1QIT2|W7 54|, xe = I bl -
Z(Q)=27V Lr

v @
lq
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. - ki k"‘—'_]‘ n —vn  Z
Fix v € Z. ThenQ—Ql,k—il:[l{ﬁ,z—u],keZJ@—2 , 5 =
QV2(@, * F)(2-¥k) and
= Z G / IWAP(1)50 | dt
Z / W05, P2 dt.

kezn ¥ Quk

Let f,(z) = f(277z). Then (¢, * f)(277k) = (@ f,,)(k). We substitute this in the
last integral and note that the change of variables y = 2¥¢ (with W, (¢) := W(27%¢t))

will yield
(6.14) = S [ wiea e AP e
kezn QDk
Observe that (¢ * f,); € &', i = 1,...,m, and @ * f,, € Ey, since supp 80 c{¢e

R™: 1 < [¢] < 2}. Using elther Lemma J or Lemma [6.5] with § = ¢ * fl, and W,
instead of W (both the A, condition and the doubling condition are invariant with
respect to dilation), we obtain

< e / IWAP(0)(3 # o) ()IP db.

Changing variables, we get

JE < C/n WP () (@0 FYONP dt = c[[(Bo * I p-

Combining the estimates of .J,, for all v into (6.13), we get

(et

{[CRzsl Y|
where ¢ = ¢(p, 8, n).

_ To finish the proof of the theorem, we have to establish the equivalence between
By4(W, @) and ByY(W, ). As we mentioned in Section B ¢ € A, and so the pair

(¢, 1)) satisfies (Z)), since ¢ = ¢ and 1Z = 12 By (22), fz Z <f, gZ:Q> @Q. Since
Q

= {50} alligaar = 115 3ulls

(6.15)

Bgi(w,p)’

{¥g}q is a family of smooth molecules for B;‘q(W) (see Remark [5.H), by Theorem

we have
(6.16) 1750wy < e | {(F %)},
Applying (615 to the right-hand side of the last inequality, we bound it by

f

b (W) '

—

(6.17)

BUW,E) Bg(Wyp)
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Finally, combining (6I5]) with (E16) and (EI7), we obtain

(7o,

= I5oballygew, < | 7]

b9 (W) By (W)

O

Remark 6.7. The fact that ¢ and ¢ were interchanged in the last step of the pre-
vious theorem can be generalized into Theorem [[.§] about the independence of the
space B?(W) from the choice of ¢:

Proof of Theorem [L8 Let {o™M), M} and {p? 42} be two different sets of mu-
tually admissible kernels. Decompose f in the second system:

g g 2 2 —(2 2
F=3 (10l ) v = 356005
Q Q

Observe that wg ) is a molecule for Q and, therefore, by Theorem [5.2]

17 e woy < €I85 Yallissqwry < el1F | g,

where the last inequality holds by Theorem[6.6] Interchanging oM with (2| we get
the norm equivalence between B?(W, 1)) and B&4(W, ¢). In other words, the

space ng(W) is independent of the choice of ¢ under any of the three assumptions
on W. |

Remark 6.8. Combining boundedness of the ¢-transform (Theorem [E6) and that
of the inverse p-transform (Corollary [i6]), we get the norm equivalence claimed in
Theorems [[L4 and

7. CONNECTION WITH REDUCING OPERATORS

Now we connect the weighted sequence Besov space with its reducing operator
equivalent. Recall that for each matrix weight W, we can find a sequence of reducing
operators {Ag}q such that

B} 1 P Y B} B}
(71) ppa(i) = (@ / W@ xo) dt) ~ | Aqit [, for all i € H.

Lemma 7.1. Let « € R, 0 < ¢ < 00, 1 < p < o0, and let {Ag}o be reducing
operators for W. Then

(7.2) {80} ellbaaqwy = 5@} @llize a0y
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Proof. Using (IT1l), we get the equivalence

- _1 -
{50 olligs ) = ST QI HIWYP - Sgllnxg
l(Q)y=2—v e ) yllja
= > QI % [ppeE)) Q)
(Q)=2—"
v lfz"
~I[ X 1@ Edeselt, [ xot
(Q)=2—v
v l:‘
_1 N
= > QI 1 Agsqllrxe
(Q)=27~ Lr ) yllja

I{5atelligragp-

Finally, combining Theorems[[4 and with (Z2)), we get Theorem L9l

Corollary 7.2. The space ng(W) is complete when « € R, 0 < g <00, 1 <p<
oo and W satisfies any of (A1)-(A3).

Proof. 1f {ﬂ} . is Cauchy in ng(W), then {{E'Q (ﬁ)} } is Cauchy in

ne Q neN
by7({Aq}) by Theorem and Lemma [l (or just Theorem [[9). This implies
that
P

> 1QlF 4o [5o (£) = 50 (£)]], xa

(Q)=2—~ Lp

— ovn(p/2-1) Z HAQ [*Q (fn) - 30 (fm)} Hp — 0, for each v € Z.

H n,m—o0
(Q)=2—~

‘AQ [§Q (ﬁ) — 50 (fmﬂ H — 0 for each Q). Since the Ag’s are

Hence, O
)

invertible, {5’@ ( ﬂ)} is a vector-valued Cauchy sequence in H for each Q.
neN
Therefore, we can define 5o = lim 85(fy). Set f =>4 5g¥q. Observe that

o ﬂ BEw) HZ [gQ (ﬁ) - g‘?} Yo
Q BgU(W)
<c {§Q (ﬁz) - §Q}Q 57 (Ao
= ¢ liminf {gQ (f”) ~fa (fm>}Q 9 (Aqy) " "
P Q
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by Corollary B.6land Lemmal7.T] the discrete version of Fatou’s Lemma and the fact
that { {5Q(fn)}@}nen is Cauchy in b59({Ag}). Furthermore, f = (f — fu) + fn €
ng(W). Thus, Bz‘q(W) is complete. O

Recall the A, condition in terms of reducing operators: ||AQAZ§ || < ¢for any cube
Q@ € R™; in other words, ||[Agy| < c||(Az%)*1 y|| holds for any y € H. Note that
the inverse inequality ||(Ag Ag)*lﬂ < ¢ (or, equivalently, H(AZ’éf1 yll < cl||Ag vl
for any y € H) holds automatically (a straightforward application of Holder’s in-
equality). This implies the following imbeddings of the sequence Besov spaces:

Corollary 7.3. Fora e R, 1 <p < o0, 0< q < o0, and W a matriz weight with
corresponding reducing operators Ag and Ag,

1. égq({AQ}) < bgq({(Az)_l}) always, and
2. IS({(AZ) 1)) € BI({AQ}) i W € Ay,

8. ALMOST DIAGONAL OPERATORS

Consider bgq(W) with parameters «, p, g fixed (¢ € R, 1 < p < 00, 0 < ¢ < x0),
and W a doubling matrix of order p with doubling exponent 3. If p = 1, then

1/p' =0.

Definition 8.1. A matrix A = (aQpr)qQ,p dyadic is almost diagonal, A € ad;?(j3), if
there exist M > J = ﬁ + % and ¢ > 0 such that for all @, P,

w0 oo zemn ([ [{5]") O starn)
with a1 > a+ % and ag > J — (o + 3).

Remark 8.2. This definition differs from the definition of almost diagonality in [3],
since both ay and M depend on the doubling exponent (.

To simplify notation for the matrix A above, we will only write (agp) without
specifying indices @, P.

Example 8.3 (AN ALMOST DIAGONAL MATRIX). Let ¢ € A. If {mg}¢ is a fam-
ily of smooth molecules for B?(W), then

(8.2) (CLQP) S adgq(ﬂ),

where agp = (mp, @), by 6.2) and (53), since (mp, pq) = [Q|"/*(, ¥ mp)(zq)
i 1(Q) = 2.

Now we show that almost diagonal matrices are bounded on bgq(W), i.e., Theo-
rem[[T0 First we need the following approximation lemma, whose proof is trivial:
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Lemma 8.4. Let P,Q be dyadic cubes andt € Q. Then

ltg —zp| |t —xp|

(8.3) M (@007 o T Q) 1))

Proof of Theorem [LT0. Let A = (agp) with A € ad)?(3). We want to show that

(84) H{Z GQP§P} < cnpas {50} allige )
P

Qllbgaw)
By definition,
-
r @lligew)
p 1/p
SR (ZiaQP||W1/p<t>§P|) dt
(Q=2-" @\p N
1/p
(8.5) =jlq2ve2n 2L N g,
(Q)=2"
villa
Substituting the estimate (8.1l for agp in Jg, we get
p
To<eo [ (T2 X W0 (0 +2 g —ar) | a
Q@ \jzo0 I(P)=2-(v+3)
p
, , -M
+ cp,M/ S S W] (142 fg — wpl) dt.
Q \j<0  yP)=2-0+D

Pick e > 0 sufficiently small such that (i) oy —e > a+n/2, (ii) ag—e > J—a—n/2
and (iii) M > B/p+ (n +¢€)/p’. Apply the discrete Holder inequality twice, first
with a; = € 4+ (a; — €) for the sum on j (note that a;, s > 0) and second with
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M = nte | (M — ";Ce) for the sum on P:

p/p’
JQ < Cp,M/ Zz—jep/ ZZ—j(ag—e)p
Q j=0 >0
P
x|S0 WP @Eel 1+ 2 —ap) M| | dt
[(P)=2-(w+3)
»/p
+Cp,M/ 22j€p/ sz((xl—e)p
Q@ \j<o 3<0
p
, -M
<X sl (1420 g — 2p|) at
[(P)=2-(w+3)
»/p
<cpare Y 2778 Yo (142 zg—ap) "
320 I(P)=2-(+D)
(N nte
X Z / ||W1/p(t)§’P”p (1 +2V|$Q —J;P|) (M o7 )p dt
I(P)=2-+i) Y@
p/v
' ; —n—e
epane HW | ST (1420 g )
J<0 1(P)=2—(+1)
1 > 4 —(M—"4%)p
x> / WP (t)5p||P (1 + 20D g — xp|) it
I(P)=2-w+i) Y@

Use the Summation Lemma B4 to estimate the square brackets and denote wp(t) =
[W/P(t)3p||P. By Lemma B4, xo can be replaced by any ¢ € Q, and so we get

Jo < cpur Z 9—i(e2—e)p+inp/p’

j=>0
—(M-z5)p
t — P
X Z / wp(t) (1 + |17xp|> dt
I(P)=2-w+i) Y @ (@)
i( ) |t —zp| —(M=E
a;—e)p !
+ Cp’MZ2] 1 Z /pr(t) (1+ IP) > dt.
7<0 1(P)=2—(+J)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



298 SVETLANA ROUDENKO

Summing on @ and applying the Squeeze LemmaB3 (recall M > 8/p+ (n+¢€)/p’),
we get

Z Jo < cpm Z 9—i(az—€)p+inp/p’

(Q)=2—~ j>0

< XX e a2l
1(P)=2~-(+) 1(Q

Z<> S % [ (el
3<0 I(P)=2-(+) 1(Q)=2—+ ' @

< Cpmp Z (Q—J'(w—e)p+jnp/p/+jﬁx{j20} + 2j(0¢1—€)px{j<0}> Z wp(P).
JEL 1(P)=2—(v+i)

Observe that 2v7P/2 = | P|~P/22=97P/2 for |(P) = 2= (+9) and

p

> PP Pwp(P) = > PITPEpxe
U(P)=2-(+D) [(P)=2—(v+3) Lo (W)
Then, using 1 < p < oo to take the power 1/p inside the sum on j, we get
1/p
ez N, <eY [2*]"12*3'”/2 (2*]’(‘12*6)P+jnp/p'+jﬁx{j20}
(Q)=2- jez

, 1/p ,
+ 2J(are)px{j<0}) } w 9wtia Z |P|7Y23pxp
I(P)=2—(+)

Lr(W)
=:c Za_j X byt; = c(axb)(v).
JEL
Use (EI0) and (EI0)) to estimate the norm of the convolution || * b||;a. Then for

qg<1,
||a||§1q = Z gilatn/2+(az—e)=J)a Z gilatn/2—(a1—€)a < Cor
jSO j>0

since aq — e > a+n/2 and ag — ¢ > J — (a +n/2). Using the ||al/;: estimate for
g > 1, and the ||a]|;« estimate for ¢ < 1, and substituting into (&), we obtain

{Zangp} < c||b||ia
P

Qlloge(w)
=c QM Z |P|71/2§po
1m=2 Lrw) )l
=cC ”{gP}P”bgq(W)a
where ¢ = ¢, p.q,8- O
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Now we will show that the class of almost diagonal matrices is closed under

composition. For e > 0,6 > 0,J = ﬁ + % and P, @ dyadic, denote

wQpr (5, 6)

_ (U1 (@) (U leq —zp| 7
- L(P)] i <[l(P>] ’L(QJ ) (” max(z@),zw))) |
Theorem 8.5. Let A, B € ad}?(3). Then Ao B € ad;“(f).

We need the following lemma, which is a modification of Theorem D.2 in [5]
adjusted to the weighted ad condition:

Lemma 8.6. Let §,71,72 > 0, v1 # 72, and 20 < v1 + 2. Then there exists a
constant ¢ = ¢p 5,41 v, Such that

(8.6) Z ’LUQR((S7 v1) wrp(8,72) < C’pr(é, min(vy1,72)).
R
Proof of Theorem Since A = (agp), B = (bgpr) € ad}?(), for each i = A, B
there exist 0 < ¢; < min(ag — (v +n/2),as —J+a+n/2) and 0 < § < M — J such
that |agp| < cwgp(d,ea) and |bgp| < cwgp(d, ep). Without loss of generality, we
cates Then

may assume €4 < eg and § <

(AB)gr| < 1Y agrbrrp| < ¢ Y wqr(d,ea) wrp(s,ep) < cwgp(d,ea),
R R

by Lemma B8] which means that Ao B € ad; (). O

Definition 8.7. Let T be a continuous linear operator from S to S’. We say that
T is an almost diagonal operator for Byd(W), and write T € ADy“(f3), if for some
pair of mutually admissible kernels (¢,%), the matrix (agp) € ad}?(3), where

agp = (TVp, ¢q).
Remark 8.8. The definition of T € AD;%(3) is independent of the choice of the
pair (¢, ¢).

Proof. Define Sy = {f € S:0 ¢ supp f}. Observe that ¢ € A implies 1, 1, Yo €
Sy for v € Z and @ dyadic. Moreover, if g € Sy, then both

N
av = D Y 50, (90 N 9
v=—N keZ"
and Z $Qur (9)VQur M:)oo Z $Q.,(9)¥q,, in the S-topology (see [13, Appen-
k<M kezn

dix]). Since T is continuous from S into &', we have Tg = Z s0(9) Tyg. Now,

Q
suppose ((Twp,goQ>Qp) € ad,(B) for some fixed pair (¢,7) of mutually admis-
sible kernels. Take any other such pair (95,1[)). Then ij = Z <1/~)p, <pL> 1, and
L
o = Z (P, YR) @R, which gives
R

(Tdp.3a) =3 (Vp.o1) (TV1,0n) (Ba,vn).

R,L
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Since both {¢r}r and {¢r} constitute families of smooth molecules for ng(W),
by (B2) the matrices (<1/~Jp,goL>LP), ((P@:¥YRr)or) € ad;“(5). By Theorem B3]

(<T¢p,¢Q>QP) € ad2?(B). O

A straightforward consequence of Theorem [[.IUlis the following statement:

Corollary 8.9. LetT € AD;?(3), « € R, 1 < p < o0, 0< q < oo. Then Textends
to a bounded operator on ng(W) if W satisfies any of (A1)-(A3).

roof. First, consider Fwit F) e 0. Let (o, e a pair of mutually admissible
Proof. Fi ider fwith ( f) € Sp. L )b f lly ad bl

kernels. Denote tg = Y. p (T%p, p0) Fp(f ) and observe that (TYp,vqQ)gp) €

ad;?(3). Using the ¢-transform decomposition f =>5 §p(f)1/}p and taking T
inside the sum as in the previous remark, we get

1T Fll pgo vy = ZSP JTwp
ByI(W)
= Z <Z TYp, ¢q) 5P(f)> (6]
p Bp1(W)
= 1Y tovel sy < cl{t}ellizaw)
Q
< cl{satellipew) < c|l £l By (W)

by Corollary -6, Theorem [T.10] and Theorem [6.6.

Note that Sy is dense in ng(W) (since ¢ < o0) and W satisfies any of (Al)-
(A3) (this follows from Corollary B, Theorem and the fact that the tail of
a convergent series goes to zero, see [13, Appendix]). Thus, T" extends to all of
Bay(W). O

Note that if ¢ = oo, then T" extends to a bounded operator on the closure of Sy
in By>(W).

Remark 8.10. Let {mg}q be a family of smooth molecules for ng(W). Apply the

p-transform to Z Spmp:
P

tg =S, (Z 5p mp) = <Z Sp mP7<PQ> =) (mp,0q) 5p
P P P

Then ((m PyPQ) 0 P) forms an almost diagonal matrix by (82)), and therefore, by
Theorem [LI0,

It} llige ) = 1156 8 mp) lisawy < ¢ 1{8P}plljzaw)
P

if W is doubling.
Corollary 8.11. Let T, S € AD;(3). Then T oS € AD;*(3).
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Proof. Since T,S € ADy(f), it follows that (top) = ((T¥P,¢q)gp) Is in
ad,?(B), and so is (sgp) = ((S¥p,¥q)gp). Thus, for @, P dyadic we have

Syp = Z (SYp, oRr) ¥R, and so

R
(T o Svp,0q) =Y _ (Stp,¢r) (TR, vQ) = Y tqrsrp € ady’(),
R R
by Theorem (composition of almost diagonal matrices). [l

9. CALDERON-ZYGMUND OPERATORS

In this section we show that Calderén-Zygmund operators (CZOs) are bounded
on ng (W) for certain parameters «, p, q, 3. First we recall the definition of smooth
atoms and the fact that a CZO maps smooth atoms into smooth molecules. Then we
use a general criterion for boundedness of operators: if an operator T' maps smooth
atoms into molecules, then its matrix ((TWp,¢q)qp) forms an almost diagonal

operator on i)gq(W), and therefore, T" is bounded on ng(W).
Definition 9.1. Let N € NU {0}. A function ag € D(R") is a smooth N-atom
for @ if
1. supp aq C 3Q,
2. /x”aQ(x) dx =0 for |y| < N, and
3. |DVag(x)| < ¢y 1(Q)™M/2 for all || > 0.
Let 0< 6 <1, M>0,NeNU{0,—-1}, No € NU{0}.

Lemma 9.2 (BOUNDEDNESS CRITERION). Suppose a continuous linear operator
T:8— 8 maps any smooth Ny-atom into a fized multiple of a smooth (§, M, N)-
molecule for ng(W), a€R,1<p<oo,0<q<oowithd, M,N satisfying (M.1),
(M.ii) and (M.iii). Suppose W satisfies any of (A1)-(A3). Then T € ADy(53)
and, if ¢ < 0o, T extends to a bounded operator on ng(W).

Proof. By Corollary B3, it suffices to show that ((T'¢p,¢q)op) € ad;?(p3) for

some @, 1) € A satisfying (ZT]). Observe that if ) € A, then there exists § € S with
supp 6 C B1(0), [270(z)dz = 0, if |y| < Np, and Z 0(277E)p(277E) = 1for £ £ 0

VEZ

(B], Lemma 5.12). Using p = ZHV x o, * p as in the atomic decomposition
VEZ
theorem ([3], Thm. 5.11), we have
(9.1) vp() =Y toray (2)
Q
with top = |Q|"/? 21618 [(0y * ¥p)(y)| for I(Q) =277, and each a(QP) is an Np-atom
defined by
(P) 1 .
(9.2) ag (2) = — | Ou(z—y)(pvx¥pP)(y)dy iftop #0
QP JQ
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and a(QP) =0 'if top = 0. Using (6.2)-(5.3) (valid because {t)p}p is a family of
molecules for By4(W)), we get

(o) < el ([KDTT (KDY (14 el )

for some 7 > e and 0 > J — . In fact, ¢, xYp = 0if |u—v| > 1 (27# = I(P)),
since ¢, € A, but all we require is the previous estimate. Since y € @), y can be
replaced by x¢ in the last expression by Lemma B4, and so

rart = (13) oo (3] - [1@] ) O+ eiion)
which is exactly (BI). Thus (top) € ad2?(3). Using (@), we obtain

(TYp, ¢q) <Z trpTaly, <PQ> = ZtRP <Ta§§), <PQ> :
R

Since T' maps any Ny-atom ag) into a fixed multiple of a smooth (J, M, N)-molecule

(P)

mpg: Tay ' = cmp and ¢ depends neither on R nor on @, we get

<Tagzp),<pQ> =c (mg,pq) =: cfQR,

and by B2, since mp is a smooth (d, M, N)-molecule for ng(W), (tor) €
ad;(5). Hence,

(<T’¢P,§0Q QP) = ( ZtQRtRP> c ad;‘q(ﬁ)7

since the composition of two almost diagonal operators is again almost diagonal by
Theorem B.11] O

Let T be a continuous linear operator from S(R™) to S'(R™), and let K = K (z,y)
be its distributional kernel defined on R?"\ A, where A = {(z,y) € R" xR" : x =
y} (for definitions refer to [3], Chapter 8). Then T' € CZO(e), 0 < ¢ < 1, if K has
the following properties

O |K(z,y)| < — F y|n

(Ie) K (2,y) =K (2", y)[+|K (y, 2) =K (y,2")| < ¢
To show that a CZO maps atoms into molecules we start with the following result
from [3]:

Theorem 9.3 ([3], Thm. 8.13). Let 0 < e <1l and 0 < a < 1. IfT € CZO(e) N
WBP and T1 =0, then T maps any smooth 0-atom ag into a fized multiple of a
smooth (e,n + ¢, —1)-molecule mq.

/|E

Thus, if ag is a smooth 0-atom for @, then T'ag = cmg, where mg satisfies

— —(n+e)
L. Img(a)| <@/ (1 . %) |

v o) -mai< @t () e (10 B2 ™
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and c is uniform for all Q. Moreover, an (¢,n+¢€, —1)-molecule is a smooth molecule
for By4(W) (see Section 5) if 1 <p < o00,0<qg< 00, 0<a<eand f<n+pau
(i) d=ecand 0 < a<e<1,
(i) J:ﬁ+§<n+a<n+e:M,
(iii) J—mn—a= %—a<0 = N =max([J—n—a],-1)=—1.
The next theorem follows by combining the two statements mentioned above

and gives the boundedness of certain Calderén-Zygmund operators on ng(W)
with some restriction on the weight W:

Theorem 9.4. Suppose 0 < e < 1, 0 < a<e 1< p<oo, 0<qg< oo, and
W satisfies any of (A1)-(A3). Assume < n+pa. If T € CZO(e) NWBP and
T1=0, then T extends to a bounded operator on By (W).

Remark 9.5. If also T*1 = 0 in Theorem 0.3, then o« = 0 can be included into
the range, since [Ta(z)dz = (Ta,1) = (a,T*1) = 0 and so T maps any smooth
0-atom into a smooth (e, n + ¢, 0)-molecule (see also [3], Cor. 8.21).

Corollary 9.6. Let 1 <p<o00,0<g<o00,0<e<1and0<a<e Assume
B <n+pe IfT € CZO(E) NWBP and T1 = T*1 = 0, then T extends to a

bounded operator on By(W), in particular, for a = 0.

Proof. Since N = 0, the bound on 3 from the previous theorem can be relaxed to
B < n+ pe. O

Remark 9.7. The condition T*(y?) = 0 for |7y| < N, N > 1, produces more vanish-
ing moments of a molecule Ta; so it is not difficult to satisfy (M.iii). But (M.ii)
M=n+e>J=n+ 5—;" <= [ < n + pe creates a major restriction on the
doubling exponent of W. Note that in this case, we get that 7" maps any smooth
O-atom into a smooth (e, + €, N)-molecule, but this molecule is not a smooth
molecule for ng(W). From now on N > 0, since the case N = —1 is completely
covered by Theorem [9.41

Now we want to show that the restriction on the weight W (to be more pre-
cise, the restriction on the doubling exponent §) can be removed in some cases by
requiring more smoothnes than (II.) on the kernel K.

We say that T € CZO(N +¢€), N € NU{0}, 0 < e <1, if T is a continuous
linear operator from S(R™) to S'(R™) and K, its distributional kernel defined on
R2"\_A, has the following properties:

O [K(z,y) < Ty

e
(IIn+c) The inequality
Doy K (2,y) — Dy K (', y)| + | Dy K (y, x) — Dy K (y, )]

I|E

for |y| < N, and

|z — @
PR e
= e — gl
holds for 2 |z — 2’| < |z —y| and |y| =
where the subscript 2 in D(2 refers to differentiation with respect to the second

argument of K (z,y).
Note that CZO(e) 2 CZO(N +¢), for N > 0.
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Theorem 9.8. Let 0 < a<1,0<e<1, Nge NU{0}. Suppose T € CZO(Ny +
e)NWBP, T1 =0 and T*(y?) = 0 for |y| < No. Then T maps any No-atom ag
into a fized multiple of a smooth (e, Ng + n + €, No)-molecule.

More precisely, we will show that Tag = ¢mg with ¢ independent of ) and
(1) /x”TaQ(x) dx =0, for || < No,

|z — g
Q)

(iil) [Tag(r) ~ Tag(y)| < c|Q| = Pal:(g?;jq

|2 — (¢ — 2q)| ) ~ WNottme)
X sup 14— .
|2|< |z —y] ( HQ)

Before we start the proof, we quote the following estimate:

?

—(N()+?’L+€)
(i) [Tao(a)] < c|Q /2 (1 N )

Lemma 9.9 ([I0]). Let T : D — D’ be a continuous linear operator with T €
CZO(e)NWBP,0< e <1, and Tl =0. Then T maps D into L, and there
exists a constant ¢ such that for any fixred z € R™, t > 0, ¢ € D with supp ¢ € By(z),

1T pllre < c(llellre + ] 7 @llre).

Proof of Theorem [Z8 For simplicity, we give the proofs of (i), (ii) and (iii) for
@ = Qpo. The same methods apply to the general cube because of the dilation-
translation nature of the estimates. Thus, consider the unit atom a = ag,, with
Qe = 0 and 1(Qoo) = 1. First, property (i) immediately follows from the fact
that T*(y?) = 0 for |y| < Ny. To get (ii) we consider two cases: |z| < 64/n and
|z| > 6y/n. For |z| < 64/n, use Lemma [0 to obtain

T a(x)] < |Tallz~ < c(llallze + || 7 allz<) < e
If |z| > 6+/n, we get
(Ta(z)| = \ [ K@at) dy}
(9.3) DY K(2.0
(K (,0)
K(z,y) — ———y"| aly)dy|,
/3 LR (v)

[7|<No

since ag is an Nyp-atom, and thus, has Ny vanishing moments [ y7ag(y) dy = 0 for
|7| < No. Then (@.3) is bounded by

.
D} K(z,0(y)) — D} K(x,0)| &
/3Qoo w|z—;v0 H (v) (v) } !

Note that if y € supp a, then 2|0(y)| < 2|y| < 2-3y/n < |z|, and, using the property
(ITn4e) of the kernel K to estimate the difference, we get

v Y 10(y)|° |y|©
Z |D(y)K(x,9(y)) D(y)K(fE’O)| sc ||ty e sc || NoFe

[v|=No

la(y)| dy.

Thus,

Cn,No No+e c
Ta(o)] < e | W )l dy <
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In order to show (iii), we prove that

/ /€ ]‘ ]‘
(04)  [Tale) - Ta(@)] < clo - <(1 + |z|)ntNote + (1 + [/ )nNote )

In the case |z — 2’| > 1, the estimate (@4 follows trivially from (ii) and the triangle
inequality. For |x — 2’| < 1 and |z| > 10 /n, we can use vanishing moments of a(z)
and the integral form of the remainder to get

[Tale) = Tate)] = | [ (G - K ) ato) dy} -

[K (z,y)

3Qoo

D) K(x,0) DY K(x',0)
_ Z (y) yw _ K(x',y) + Z (v) ’y!

|
~!
[v|<No—1 [v|<No—1

y”} a(y) dy'

/ / (5% Z ‘D7 K(z,sy) — D] \K(2',sy) vl la(y)| ds dy
3Qoo N() — 1 1= No (y) ’ (y) ’ ’Y
If |x| > 10 y/n and y € supp a, then |z —sy| > |z| —s|y| > 10/n—3/n > 2|z — 2|
and also |z — sy| > |z] — sly| > |z| = 3vn > |z| — |x| > |x| By (IInte), the last
integral is bounded by

/|6

|z — 2| N, |z —
/QOO/ |m_sy|n+N0+E lyl Odsdy§67|x|n+%+€.

In case |z — 2’| < 1 and |z| < 10 /n, an exact repetition of the argument on p. 85
of [3] or part (c) on p. 62 of [6] shows that

|Ta(z) — Ta(x')| < clz — 2|

by using the decay property (I) and the Lipschitz condition (ITg.) of the kernel K,
which holds for any CZO(Ny + €), Ng > 0. This completes the proof. O

Corollary 9.10. Let 1 < p < o0, 0 < ¢ < o0, and let W satisfy any of (A1)-

(A3). Suppose 0 < o < 57 — [ 2], where 3 is the doubling exponent of W. Let

N = [ —a] and 552 — [£22] <1 [T e CZON + )N WBP, T1 = 0
and T*(y7) =0 for |y| < N, then T extends to a bounded operator on ng(W),

Proof. By the previous theorem, T' maps any smooth N-atom into a smooth (e, N+
n+e¢, N)-molecule. This molecule is a smooth molecule for By4(W) if (i) o < e <1,
() M=N+n+e>J=n+I" = [E2 —q] = [E2] > E2 — ¢ and (iii)

N =max([J —n—aqa],—-1) = [— — a], which are all true. By the boundedness
criterion (Lemma [@2), T' is bounded on ng(W). O

Corollary 9.11. Let 1 <p < o0, 0 < g < 00, and let W satisfy any of (A1)-(A3).
Suppose 0 < 5—;" - [%] < a < 1, where B is the doubling exponent of W. Let

N=[Et—alanda <e< 1 IfT € CZON+1+¢)NWBP, T1 =0 and
T*(y?) =0 for |y| < N+ 1, then T is bounded on ng(W).
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Proof. By Theorem [@.8] T' maps any smooth (/N + 1)-atom into a smooth (e, N +
14 n+¢€, N + 1)-molecule, which is also a smooth (¢, N 4+ 1+ n + ¢, N')-molecule.
This one, in its turn, is a smooth molecule for B¢(W), since (i) a < e < 1,
(i) M=N+1l+n+e>J=n+5" — [E2—a]+1> L2 —¢ and
(iii) N =max([J —n—a],—1) = [5—;" —a]. By the boundedness criterion (Lemma
0:2), T extends to a bounded operator on ng (W). O

Remark 9.12. Note that the condition T*(y") = 0, |y| < N, can be very restrictive;
for example, the Hilbert transform does not satisfy this condition for |y| > 0. On
the other hand, we have considered a general class of CZOs, not necessarily of
convolution type. Utilizing the convolution structure will let us drop the above
condition.

Let N € NU{0}. Let T be a convolution operator, i.e., the kernel K(z,y) =
K(xz —y) is defined on R™\ {0} and satisfies

c
(C.1) |K(@)] < —,
D
(C2) [D7K(z)| < EREk for [y < N +1,
(C.3) K(z)dx =0, for all 0 < R; < Ry < .
Ri<|z|<R2

Remark 9.13. We replace (II) and (IIyy.) of the general CZO kernel with the
slightly stronger smoothness condition (C.2) to make the proof below more concise.
The reader can check that conditions corresponding to (IIy) and (IIy4.) in the
convolution case would suffice for the statements below.

Now we obtain an analog of Theorem 0.8 saying that 7" maps smooth atoms into
smooth molecules, and then we show the boundedness of T'.

Theorem 9.14. Let 0 < a <1,0<e<1, N € NU{0}. Let T be a convolution
operator with a kernel K satisfying (C.1)-(C.3). Then T maps any smooth N -atom
agq into a fized multiple of a smooth (¢, N + 1+ n, N)-molecule.

More precisely, we will show that

(1) /x”TaQ(x) dx =0 for |y| < N, and

(i) |[D"Tag(z)| < C|Q|_1/2_M/" (1 + I(T)Q> for |[y| =0,1.
By the Mean Value Theorem, (ii) with |y| = 1 implies the Lipschitz condition (M4)
for |y| = 0.
Proof. To obtain (ii) we first consider x ¢ 10+/n Q. Then
Tag(@).| v Taa@)] = | Y [ YK - vaqt)dy
3

|v0|=00r1
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Ll

DYDVYK(x —x
- ¥ E220) g — 177] gt
[v|<N |70l

|vo[=0o0r1

(9.5)

since ag is an N-atom, and thus, has N vanishing moments [ y7aq(y)dy = 0 for
|| < N. Then (9.0) is bounded by

/ DT K (2 — 2 + 0(y — 20))|
3 7!

lvol=00r1 3@ |5|=N+1-|yo|

x Jzq —yN M ag(y)l dy,
forsome 0 < 0 < 1. Sincex ¢ 10/nQ and y € 3Q, [y—zq| < 2/nl(Q) < 3|z—=zq|.
Using property (C.2) of the kernel K, we get

Cc C

DK (x — Oy — < ~ .

So,

Cn,N _
[Tag(x)l,| v Tag(x)| < MZW/BQ lzg —y|N T ag ()| dy

)

<c [Z(Q)]NilvolJrl |Q|71/2 |Q| _ C|Q|71/27w0\/n |: Z(Q) :|n+N+1

|z — g |n N+ |z — 2q]

by the properties of ag.
If z € 10y/nQ and y € 3Q, then |z — y| < 13nl(Q); so by the cancellation
property (C.3) of K (using DV(K *ag) = K * (D7ag)), we obtain

Tag(x)],| v Tag(z)| <
|v0|=00r1
= 2

| K@) Dagl) - D ag(w) dy‘
[vo|=0o0r1 3Q

1
< C/ n|Q|—1/2—HO\/n—1/n |z —y| dy
ly—z|<13nl(Q) |z — vy

/3@ K(z —y) D™ aq(y) dy‘

13nl(Q)
< C|Q|—1/2—|’YO|/TL—1/TL / ,r—n,r,rn—l dr = C|Q|—l/2—|'yo‘/n.
0

This concludes the proof of (ii).

Property (i) comes from the fact that 7" is a convolution operator and a¢q has van-
ishing moments up to order N. Property (ii) guarantees the absolute convergence
of the integral in (i). O

Corollary 9.15. Convolution operators with kernels satisfying (C.1)-(C.3) are
bounded on By(W) if W satisfies any of (A1)-(A8) and0 <a <e<1,0 < g < oo,
1 <p < oo. In particular, the Hilbert transform H (n = 1) is bounded on By (W)
and the Riesz transforms Rj, j =1,...,n (n > 2), are bounded on ng(W).
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Proof. This is an immediate consequence of Theorem @14 and Lemma[0.2t choose
N = [5—;" — a] in Theorem [@T4} then T' maps any smooth N-atom into a smooth
(¢, N + 14 n, N)-molecule, which is either a smooth (¢, N 4+ 1 + n, N)-molecule for
ng(W), if a < ﬁ—;" — [67"], or an (¢, N + 14 n, N — 1)-molecule for ng(W), if

P
1>a> ’BP%” - [%] Note that both Hilbert and Riesz transforms are convolution
type operators with kernels satisfying (C.1)-(C.3). O

10. WAVELETS

Consider a pair (¢,) from A with the mutual property (21]). Then the family
{¢q,¥q} behaves similarly to an orthonormal system because of the property

F=Y_(f0Q) g = sqiq forall f eS8 /P.
Q Q

However, this system does not constitute an orthonormal basis. This can be
achieved by the Meyer and Lemarié construction of a wavelet basis with the gener-
ating function 0§ € S (see [9] and [10]):

Theorem 10.1. There exist real-valued functions ) € S(R™), i = 1,...,2" — 1,
such that the collection {91(,2} = {2v"/290) (2vx — k)} is an orthonormal basis for
L?(R™). The functions 0 satisfy

A 8 8 1" 2 21"
@B ccd|_2,. 2 _z- Z
supp 6'Y C {[ 3™ 37r} \ [ 3™ 37r} }

and, hence,
/ 270(x) dz = 0 for all multi-indices .
R
2m—1 . 4
Thus, we have f = Z Z<f, 98)>98) for all f € L*(R™). This identity
=1 Q

extends to all f € §'/P(R").

Theorem 10.2. Let @ € R,0 < ¢ < 00, 1 < p < o0, and let W satisfy any of
(A1)-(A8). Let @), i =1,...,2"—1, be generating wavelet functions as in Theorem
71 Then

f

2" —1 A
Bprw) ; H{<f eg)>}Q

Proof. Assume i =1,...,2" — 1. Since {98)}@1- is a family of smooth molecules for
ng(W), the inequality

Bgaw) H; <JF’ 98)> & =c Z ”{<f’ 98)>}Q

follows immediately from Theorem B.Z. Therefore, we need to focus only on the
opposite direction.

by (W)

(10.1) Hf‘

b3t (W)
Bg(W)
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Let ¢ € A be such that ZVEZ|<,5(2”£)|2 = 1for &€ # 0. Let 5g <f, <pQ>.
Applying the boundedness of the p-transform (Theorem B, we obtain

(10.2) ‘ <e Hf‘

by (W BeY W)

Now for each 7 and @, define tQ <f 9( > Since 9 )¢ S, by the p-transform

decomposition with 1) = ¢, we have 9Q = Z <9(z), <pp> @p, which gives
P

8 = S (or) (Foor) = Sl

Since supp @p N supp ég) # {0} only if I(Q) = 27I(P) with j = 1,2,3,4 (recall
that supp ¢p C {£ € R : 2¢71 < [¢] < 2¢F1) when [(P) = 27H), we see that

ag)P = <98), 30p> =0 unless 2 < lEPg < 16, in which case

lzg — zp|
< ]__|_ lx® -
laqrl < e ( Q)

as was shown in [3], p. 72. Let M > Z + % Then AW .= (a%}) is an almost
diagonal matrix for each 4, and, by Theorem [1.10]

(10.3) 125" Yalligow) < I{5atalligeqw)

Combining (I03) with ({02, we get the opposite direction of (I01)). O

Corollary 10.3. Let {x9)}, i =1,...,2" — 1, be a collection of Daubechies DN
generating wavelet functions for L*(R™) with compact supports linearly dependent
on N (for more details, see [2]). Then for any f with f; € S'/P(R™), j=1,...,m,

2" -1 A
BSIU(W) ~ ; H{<f’ Nw8)>}Q

-M
) for each M > 0,

—

(10.4) 7

by (W)
for sufficiently large N.

Proof. First, observe that there exists a constant ¢ such that for alli =1,...,2" —
(i) Ny
are smooth molecules, and so is a family of
Q

1, the functions

Cc Cc

smooth molecules for B;‘q(W) if we choose N sufficiently large to have the necessary
smoothness and vanishing moments. Second, if ¢ € A, then <<N1/)Q ,gop> P) €
g . .
:;:pg e(tﬁzlﬁb(m Applying these two facts in the proof of the previous theorerré
11. INHOMOGENEOUS BESOV SPACES

In this section we discuss the inhomogeneous spaces. Before we define the vector-
valued inhomogeneous Besov space ng(W) with matrix weight W, we introduce a
class of functions A) with properties similar to those of an admissible kernel: we
say ® € A if & € S(R"), supp & C {£ € R™: [¢] <2} and |®(¢)] = ¢ > 0if [¢] <
5

g.
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Definition 11.1 (Inhomogeneous matriz-weighted Besov space Byd(W)). For «
€ER, 1 <p<oo,0<q< oo, W a matrix weight, o € A and ® € AD we
define the Besov space B, (W) as the collection of all vector-valued distributions

f=(fi, ey frn) T with f; € 8'(R™), 1 < i < m, such that

e }
Lr(W) v>0]|,

where the [?-norm is replaced by the supremum on v > 1 if ¢ = oc.

JF + SOV*JF

< 00,
Lr(W)

i

s~ |

Note that now we consider all vector-valued distributions in &’(R™) (rather than
S’/P as in the homogeneous case), since ®(0) # 0.

The corresponding inhomogeneous weighted sequence Besov space b5?(W) is
defined for the vector sequences enumerated by the dyadic cubes @ with I(Q) < 1.

Definition 11.2 (Inhomogeneous weighted sequence Besov space by?(W)). For «
€ER, 1 <p<oo, 0<g< oo, and W a matrix weight, the space b;?(W) consists
of all vector-valued sequences 5= {5 };(g)<1 such that

- _1
I8 lbsrqwy = |13 27| D QI 2Faxq < 00,

H@=27r LeW) ) y>olljq

where the [?-norm is again replaced by the supremum on v > 1 if ¢ = oc.

Following [5], given ¢ € A and ® € AD) | we select ¢ € A and ¥ € AY) such
that

(11.1) B(&) - U(€) + 3 27 - h(277E) = 1 for all &,

v>1

where ®(z) = ®(—z). Analogously to the ¢-transform decomposition ([Z2)), we
have the identity for f € S'(R™):

(o]
(11.2) F=Y (£2)Te+>, > (feaq) e,
Q=1 v=11Q)=2
where ®g(z) = |Q|~Y2®(2"z — k) for Q = Q,, and Wy is defined similarly.

For each fwith fi € S'(R™), we define the inhomogeneous p-transform S&I) :
Bg(W) — b3(W) by setting (S F)q = (F.pq) if UQ) < 1, and (S f)q =
<ﬁ @Q> if 1(Q) = 1.

The inverse inhomogeneous -transform Tlf)l) is the map taking a sequence s =
{5q}i@)<1 to Tlil)s = Z sQPo + Z sQ®g. In the vector case, T;I)E' =

UQ)=1 UQ)<1
- - (D ) o i s gt .
Z S0P + Z So¥q. By (IL2), T, " o Sy’ is the identity on S'(R™).
UQ)=1 Q<1

Next we show that the relation between By (W) and b5 (W) is the same as for
the homogeneous spaces.
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Theorem 11.3. Let « € R, 0 < ¢ < 00, 1 < p < o0, and let W satisfy any of
(A1)-(A3). Then

(11.3) ‘

f]

BSY(W) = H{gQ (f)}l(Q)gl

Before we outline the proof, we need to adjust the notation of smooth molecules
for the inhomogeneous case. Define a family of smooth molecules {mq}ig)<1 for
Bj4(W) as a collection of functions with the properties:

1. for dyadic @ with I(Q) < 1, each mg is a smooth (d, M, N)-molecule with
(M.i)-(M.iii) as for the homogeneous space ng(W) (see Section [));

2. for dyadic @ with I(Q) = 1, each mg (sometimes we denote it as Mg to
emphasize the difference) satisfies (M3), (M4) and a modification of (M2)
(which makes it a particular case of (M3) when v = 0):

bWy

v —aq[\ ™"
(2°) mo(a)l < lai~2 1+ sel)

Note that Mg does not necessarily have vanishing moments. Now one direction of
the norm equivalence (IT3]) comes from the modified version of Theorem .2t

Theorem 11.4. Let a € R, 1 < p <00, 0 < g < oo and W be a doubling matrix
weight of order p. Suppose {mq}i(q)<1 is a family of smooth molecules for By1(W).
Then

(11.4) > Fomo < e85 uay<illegrw)-
(Q)<1 BSYU(W)

Sketch of the Proof. We have

Z §Q mq = Z §Q ((I) * mQ)
l(Q)Sl ng(W) Z(Q)Sl Lp(W)
+R2 | D 8o (pw xmq) =1+1I.
H(Q)<1 (W) ) sl

As in Theorem [5:2] which uses the convolution estimates (5.2)) and (B3], we need
similar inequalities for modified molecules (the proofs are routine applications of
Lemmas B.1 and B.2 from [5]):

(11.5) 1® % Mo(x)] < ¢ (1+ |z —20])™™ when I(Q) =1,

(11.6) |D *xmg(x)] < c|Q|*%2*’“’ 1+ |z — xQ|)_M for some 0 > J — «
when [(Q) =27, p > 1, and

(11.7) loy % Mo(z)] < e27"7 (14 |z — 20]) ™ for some 7 > «

when v > 1 and I(Q) = 1. For v > 1 and I(Q) < 1, the estimate of |(p, * mg)(z)]|

comes from either (5:2) or (B:3).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



312 SVETLANA ROUDENKO

To estimate I we use (ITH) and (IT6) (note that (ITH) is a special case of (IT26)

for = 0) and follow the steps of Theorem [Tl by using Holder’s inequality twice
to bring the p'™™ power inside of the sum, and the Squeeze and the Summation
Lemmas from Section Bl (it is essential that o > J — « for convergence purposes) to
get

I < c|{s iq@)<illvzawy-

The second term 1 is also estimated by [[{5q }i(q)<1llpze(w), which is obtained by
exact repetition of the proof of Theorem[5.2] only restricting the sum over p € Z to
the sum over p > 0. Also note that ([I1) is a particular case of (£3) when p =0
and, thus, [(Q) = 1. Therefore, (IT4) is proved. O

In particular, since ® and ¥ generate families of smooth molecules for By?(W),

we get
{7 (N}

which gives one direction of the norm equivalence (I1.3). To show the other direc-
tion, i.e., that the (inhomogeneous) p-transform is bounded, we simply observe that

® « f € Ey, which is true since (é*f) € &' and supp o C{eR": ¢ <2}
Hence, Lemmas and B8] apply to § = @ « f as stated. We have

<c
By (W)

f

?
by (W)

{§Q<f)} ~ (i)*f) (k) xq
‘ U< |yaa () ng: " Lr(W)
_1 g
w3z X e (Five) R
(Q)=2—v Lr(W) v>1llq

Using @ * f € Ey and repeating the proof of Theorem for both terms (in the
second term we take the {7 norm only over v € N), we get the desired estimate:

15 (M} e

Note that as a consequence we also get independence of By?(W) from the choices
of ® and ¢.

Now we will briefly discuss operators on the inhomogeneous spaces. An almost
diagonal matriz on by?(W) is the matrix A = (agp)i(@),i(p)<1 Whose entries satisfy
&), ie., Jagp| is bounded by (BI) only for dyadic @, P with 1(Q),l(P) < 1.
Such a matrix A is a bounded operator on bg?(W) for the following reasons: let
§ € byd(W) and then define § = {50} 0dyadic by setting 5o = 3o if 1(Q) < 1
and 5o = 0 if I(Q) > 1. Note that 5 is a restriction of § on byd(W). Also, set
A= (de)QJD dyadic, putting agp = agp if 1(Q), l(P) <1 and agp = 0 otherwise.

—

<c

bp? (W)

Bgi(w)
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Then
IAZ ygowy =[S D aqpse
Pt 1@ <130 ()
B sza:dichPgP <clf b1 (W)’
Y Qe (wry
by Theorem [[LTOl By the construction, ||§||i);q<:v) = || llpz9(wy, and so we get

boundedness of A on by (W).

It is easy to see that the class of almost diagonal matrices on by?(W) is closed
under composition. The same statements (boundedness and being closed under
composition) are true for the corresponding almost diagonal operators on ng(W)
by combining the norm equivalence ([[1.3) and the above results about almost di-
agonal matrices on bg‘q(W). For Calderén-Zygmund operators on inhomogeneous
matrix-weighted Besov spaces, some minor notational changes should be made. The
collection of smooth N-atoms {aq}qdyadic in the homogeneous case ought to be
replaced by the set of atoms {aq }i(g)<1U{Aq }i(@)=1, where the ag’s have the same
properties as before and the Ag’s are such that supp Ag C 3Q and |[D7Ag(z)] <1
for 4 € Z% . This leads to a slight change of the smooth atomic decomposition (see

B, p. 132):
f= Z sQaqg + Z sQ Ag.
Q<1 H(Q)=1

With these adjustments, all corresponding statements about CZOs hold with es-
sentially the same formulations for the inhomogeneous spaces. Thus, all results
obtained for the matrix-weighted homogeneous Besov spaces are essentially the
same for the inhomogeneous case.
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