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A HIGHER LEFSCHETZ FORMULA
FOR FLAT BUNDLES

MOULAY-TAHAR BENAMEUR

ABSTRACT. In this paper, we prove a fixed point formula for flat bundles. To
this end, we use cyclic cocycles which are constructed out of closed invariant
currents. We show that such cyclic cocycles are equivariant with respect to
isometric longitudinal actions of compact Lie groups. This enables us to prove
fixed point formulae in the cyclic homology of the smooth convolution algebra
of the foliation.

INTRODUCTION

Index theory has gained ground during the last ten years and the appearance of
the non-commutative-geometry point of view has opened up the way to encompass
new singular spaces [16], 18] [19] 2] 34] [12] [11], [32, 27, B1l B]. Among these spaces,
the space of leaves of a compact foliated manifold plays a central role and appears
in a decisive way in the understanding of innumerable problems; see, for instance,
[22] and also [10).

For foliations, the index theorem has been proved by Connes and Skandalis in
[13] and [20]. In this last paper, the authors proved that the index of a longitudinal
elliptic pseudodifferential operator on a compact foliated manifold is an analytic
class that lives in the K-theory of the C*-algebra of the foliation. Moreover, they
computed this class in topological terms by using shrieck maps between spaces of
leaves. The index formula obtained in this way thus takes place more precisely in the
K-theory group of the smooth convolution algebra of the holonomy groupoid of the
foliation. In order to deduce scalar index formulae, one is then led to the definition
of the Chern character for noncommutative algebras [I7]. More precisely, Connes
has succeeded in defining the cyclic cohomology as a counterpart for de Rham
homology, and he proved its pairing with K-theory. This pairing then enabled him
to go further and to prove scalar universal index formulae for longitudinal elliptic
operators in the presence of cyclic cocycles on the smooth convolution algebra of
the holonomy groupoid, see [16] [15].

For general foliations, such formulae are very deep and remain at present far
from understood. On the other hand, the recent discoveries concerning the link
between the measured index theorem for flat bundles and the Atiyah-Patodi-Singer
eta invariant [3], proved by Douglas, Hurder and Kaminker in their fantastic paper
[22], have reinvigorated the index theory of flat bundles. It then became urgent
to investigate more systematically the Connes cyclic index formula in this first
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enlightening example. The computations in this case were carried out by Nistor in
[32] and more recently by Jiang in [27].

From the beginning of the index theory, the equivariant versions of many index
formulae gave interesting applications to fixed point formulae or to rigidity with
respect to compact Lie group actions, and also produced fruitful integrality results
5], 141 [2l, 351 [24], 251 6], [7]. For foliations for instance, one obtains equivariant versions
of the Connes-Skandalis index theorem [6] and also equivariant versions of the
measured index theorem [14,[24]. The goal of the present paper is to prove a higher
cyclic fixed point formula for flat bundles, by using higher cyclic cocycles on the
smooth convolution algebra of the horizontal foliation.

Let M be a smooth compact manifold and denote by I' the fundamental group
of M. Assume that there exists a locally free action g of I' by diffeomorphisms on
a smooth compact manifold 7. Then we can define the suspension V = M xp T
of this action, which is the total space of a flat bundle V' — M over M. The flat
connection enables us to endow V with a smooth foliation F'. Assume now that
g is an isometry of M x T with respect to a T-invariant metric, which is the lift
of some leaf-preserving isometry g of V. The first problem that we solve here is
the definition of the Lefschetz number of § with respect to any elliptic I'-invariant
longitudinal operator and any I'-invariant current on 7. This result generalizes the
previous ones obtained in the nonequivariant case [27], and we recover the Connes
cyclic index map evoked above when g is the identity map [16]. The computation of
the Lefschetz number in terms of topological data over the fixed point manifold in
the spirit of [5][4] is then obtained by using Haefliger’s integration along the leaves
together with the K-theory Lefschetz theorem as proved in [6]. The formula thus
obtained gives information on foliated Lefschetz numbers for noncompact manifolds
that I'-cover compact ones; this is in the spirit of [I].

Let us describe now more precisely the results of the present paper. Given a
P-invariant current C' and using Haefliger’s integration along the leaves [23], we
construct a cyclic cocycle 7¢ over the smooth convolution algebra CS°(G) of the
holonomy groupoid G of (V, F'). Denote by G the compact Lie group generated by
g. A very simple remark on the existence of a G-equivariant representative of 7¢
enables us to prove a pairing between the de Rham homology class of C' and the
G-equivariant K-theory group of the smooth algebra C2°(G). In the example of a
I'-invariant measure on 7, one gets in this way the well-known pairing that defines
the measured Lefschetz number of g; see [24] and also [6]. For higher I'-invariant
currents, the results are new and yield to a definition of the C-Lefschetz number of g
with respect to any elliptic G-invariant longitudinal I'-invariant pseudodifferential
operator. The next step is then to express this C-Lefschetz number in terms of
topological data over the fixed point submanifold of G with its induced foliation.
This is carried out in the last section and we obtain, for instance, the following
theorem; see the usual notation in Section Ml and Theorem [Tt

Theorem 1. The C-Lefschetz number of the isometry g with respect to the longi-
tudinally elliptic pseudodifferential G-invariant operator P is given by the following
fixed point topological formula:

Lot P) = {07 (mret e i st Tdln(59)) ) Clac )
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where po(BY) is the projection in M of the fived point submanifold VC of G, and
NG is the normal vector bundle to V& in V.

As a simple consequence, we immediately obtain an interesting integrality re-
sult, which needs to be expanded elsewhere, i.e., when C' is itself the Chern-Connes
character of a I'-invariant elliptic operator on 7, the characteristic number in the
right-hand side of the Lefschetz formula belongs to the subgroup R(G)(g) of C
composed of evaluations at g of characters of G. In particular, we get an integer
when ¢ is an involution.

Acknowledgements. 1 wish to thank V. Nistor for several helpful discussions.
Part of this work was done during a visit to the Geometric Functional Analysis
group at Penn State University, and I wish to thank all the members for their
warm hospitality. Finally, I am indebted to the referee for helping considerably to
improve the presentation of this paper and also for pointing out some mistakes in
the first version.

1. REVIEW OF THE K-THEORY LEFSCHETZ THEOREM

We shall recall in this first section some basic results pertaining to the equivariant
index theory for flat bundles. Our references are mainly [20, [16] and, for the
equivariant case, [6]. Since we shall only need the longitudinal index theorem for
flat bundles or transverse closed submanifolds of such bundles, we restrict ourselves
to this geometric situation.

Let M be a smooth compact manifold and let " be the fundamental group of M.
We denote by M the universal I-cover of M. Let 7 be a smooth compact manifold,
and assume that we are given a (locally free) smooth action ¢ : ' — Diff(7) of
I" in the diffeomorphism group of the manifold 7. Then we consider the smooth
compact manifold V := M xp 7 which is the quotient of the product manifold
M x T by the free and proper action of I' on the right given for v € ' and for any
(i, t) € M x T by

(m, t)y = (M, o(y~1)(1)-
The smooth manifold V' then fibres over the smooth manifold M so that the typical
fibres are copies of the manifold 7. We thus have a commutative diagram of

fibrations: ~
M xT # Vv

l [

M 2 M

where m and py are quotient projections with respect to the action of I' and p is
the fibration projection induced by the first component projection on the left of
the diagram. In addition, we have a well-defined smooth foliation on the compact
manifold V with leaves given by the projections under 7 of the submanifolds M x {t}
when ¢ runs through 7. We shall denote by F' the longitudinal bundle of this
foliation, i.e., the tangent vector bundle to the leaves. The total space of this
bundle is more precisely given by

F:=(TM xT)/T,

where TM is the I-equivariant tangent vector bundle to the manifold M. Here
the action of I' on TM x 7T is the diagonal one. The leaves of this foliation are
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transverse to the fibres of the fibration p : V' — M and we get in this way a foliated
bundle (V, F, M).
We denote by G the smooth groupoid:

G:= (M x M xT)/T with space of units G(©) =V,

where I' acts again diagonally and where the source and range maps of G are defined
by
slm,m/,t] == [m/,t] €V and r[m,m/ t] = [m,t] € V.
We shall denote by v the transverse vector bundle of (V, F') defined as the quotient
vector bundle v := TV/F. Let Tyer+V be the vertical tangent bundle of the fibration
p:V—M,i.e.,
TyertV := Ker(p.) C TV.

Then T,e+V is a supplementary vector bundle of the longitudinal bundle F' and
is therefore isomorphic to v. The total space of Tye:V can also be defined as the
quotient manifold of M x T'T by the diagonal action of I'. The action of the group
T on T(7) is as usual by the differentials of . We assume for simplicity in the
whole paper that the manifold M is orientable and oriented, so that the foliation
(V, F) is oriented.

Let E be a smooth Zy-graded vector bundle over V and denote by E the pull-
back of E to M x T. So E is a [-equivariant vector bundle over the ['-manifold
M x T. The restriction of E to the subspaces M x {t},t € T enables us to define
Y™ (M x T, E) as the space of smooth families (P, );e7 of classical pseudodifferential
operators on M, of order m € Z, with coefficients in E. Hence the union

(M x T, E) = | J "™ (M x T, E)
mEZ
is a filtered algebra for the composition of pseudodifferential operators over M
with coefficients in E. This algebra fibres smoothly over the compact manifold
T (the space ¥>°(M x T, E) being endowed as is customary with the topology of

kernels, see [33]29]). The group I" then acts naturally on wOO(M xT, E) by algebra
automorphisms.

Definition 1. A longitudinal pseudodifferential operator of order m on (V, F)
with coefficients in F is a smooth section

P:T —y™MxT,E),
such that for any v € T,
(1) Poywy=v-F, Vyer.

where 7y - P; is the operator obtained from P; by conjugation, using the actions of
T'on M x7 and E.

We shall call such an operator a I'-invariant operator for short. So for any t € 7,
the operator P; is a pseudodifferential operator of order m € Z with coefficients in
E e (1} The principal symbol o (P) of the longitudinal pseudodifferential operator
P is defined as the smooth map t — o(P;) that assigns to ¢ € 7T the principal symbol
of the pseudodifferential operator P,. So ¢(P) is a section of the bundle End(r*E)
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over T x T*M ~ M, where w : T x T*M ~ M — T x M is the projection. The
section o(P) is, in addition, smooth and positively m-homogeneous, i.e.,

o(P) (1, AE) = X (P) (1, €), YA > 0.

A longitudinal pseudodifferential operator P on (V, F') is elliptic if, for any ¢t € T,
the operator P; is elliptic, i.e., if for any ¢ € 7 the principal symbol o(P;)(m, &) of
P; is an automorphism of Em,t for any (1, &) € T*M ~ M.

By the Schwartz theorem, we can associate to any longitudinal pseudodifferential
operator P a distributional kernel that is a smooth family (k:)ie7, where k; is the
Schwartz kernel of P; acting over M. Since P is I-invariant in the sense of Equation
(), this Schwartz kernel yields a distributional section k over the groupoid G, well
defined by the equality:

k[m,m' 1] == ki(m,m").
The pseudodifferential operator P will be called a compactly supported pseudo-
differential operator if the distributional kernel of P is compactly supported as a
distributional section over G. We denote by ¢ (V, F; E) the space of compactly
supported longitudinal pseudodifferential operators of order m € Z, on (V| F'), with
coefficients in E. The ideal ¢)=>°(V, F'; E) of regularizing operators in ¥*>°(V, F; E)
is defined by
XV, FE) = () ¥ (V, F; E).
meZ

This ideal can be identified under the Schwartz isomorphism, with the smooth
convolution algebra C°(G, End(E)) of the groupoid G, see [33]. Hence we have an
exact sequence:

0 — CZ(G, End(E)) — ¢=(V, F; E) — A(V, F; E) — 0,

where A(V, F; E) is the quotient algebra of longitudinal complete symbols. The
parametrix construction in the smooth manifold M easily shows that if P e
Y (V, F; E) is elliptic, then its class in A(V, F'; E) is invertible and defines a homo-
topy class in K;(A(V, F; E)) that coincides with the class [0(P)] of the principal
symbol. See also [14].

Definition 2. The index Ind(P) of the longitudinal elliptic pseudodifferential
operator P is defined as the image under the boundary map

9 : Ky (A(V, F; E)) — Ko(CF (9, End(E))) ~ Ko(CF(9)),
of the homotopy class of the principal symbol.

In the above definition, we have used the Morita equivalence between the two
algebras C°(G,End(F)) and C°(G) to view the index class Ind(P) as an element
of the K-theory of the smooth convolution algebra C°(G). We also point out
that any fibre of the fibration V' — M is a complete transversal for the foliation
(V,F). Therefore, the algebra C°(G) is also Morita equivalent to the crossed
product algebra C*°(T) x, I'. The image of the index of P in the K-theory of the
completion C*-algebra C'(7) x T' can be computed by using Kasparov’s theory, see
[10].

Let now § be an isometry of M x T for some I-invariant Riemannian metric
on M x T, which preserves the longitudinal bundle TM x T over M x T and
induces an isometry g of V. More precisely, we fix an automorphism [ of I' so that
the action of g is equivariant up to the shift by 5. We denote by G the compact
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Lie group generated by g in the group of isometries of V' for the induced metric.
The compact Lie group G then acts on the foliated bundle (V, F') by F-preserving
isometries. Therefore, G sends each leaf of (V, F) to a leaf of (V, F'). The action
of g induces a diffeomorphism «(g) on the compact manifold 7. Moreover, we are
given, for any ¢ € 7, a diffeomorphism g(t) of M, so that the induced action of g
on V can be written as:

glm, t] := [g(t)(m), a(g) ()], V[m,t] € V.

Therefore, we have the following equivariance relations:

(2) a(g)oo(y) = (00 B)(7)oalg) and g(o(y~") (1) () = g(t) (M) B(7),
V(m,t,7y) € M x T xT.

The simplest example of such a diffeomorphism § of M x T is when £ is the identity
automorphism of I', say when ¢ is equivariant for the action of I'. In this case, the
equivariance relations become

(3) a(g) o o) = o(v) o alg) and g(o(y~")(t)) (1) = g(t) ()7,
V(m,t,vy) € M x T xT.

In practice, it is often true that an isometry of V' can be induced by a I'-equivariant
isometry of M x 7T, but not always. What can be insured is the S-equivariance
relations (@) for some automorphism g of I'. We point out that only exterior auto-
morphisms are consistent in this discussion. More precisely, when [ is an interior
automorphism, one can modify the map ¢t — g(t) to get the allowed equivariance
property ([B). This is true, for instance, when the isometry g is assumed to preserve
the leaves of (V, F'), see Section Bl

In the above discussion, we have dealt with a single isometry g, but once the lift
g of g is fixed, the lifts of the powers of g are defined to be the powers of g.

Remark 1. In the more general case of an action of a not necessarily cyclic group
H, the choice of a lift of the action can be done by fixing a homomorphism ¢ : H —
Aut(T"), say an action of H on I'. This lifted action can be taken to be I'-equivariant
if B(H) is a subgroup of the group Int(I") of interior automorphisms of T'.

Let E be a G-equivariant Zy-graded vector bundle over V. A longitudinal pseu-
dodifferential operator P € w°°(~V, F; E) is G-invariant if we have g.P = P. More
precisely, if t € 7 and £ € C°(M, E), then ¢.P is defined by

(g-P)()(€) (M) == §[Patg)-1(1y (g~ &) (g~ (1) ()],
where Py g)-11)(97¢) (g7 (t)(m)) € E(g—l(t)(fn)’a(g—l)(t)) and where we have used
the action of § on E to get an element of E(m,t)- Note that when P is I'-invariant
in the sense of Equation (), ¢g.P is also I'-invariant. In the same way, when the
pseudodifferential operator is a regularizing operator P, so is g.P. In particular,
we have a well-defined action of G on the smooth groupoid G given more precisely
by
glin, 7 4] = [g(H) (7). 9(&) ('), a(g)(B)].

The pseudodifferential exact sequence described above can be used by means of the

boundary map in G-equivariant K-theory to associate to any longitudinally elliptic
G-invariant pseudodifferential operator P on (V, F; E) a G-equivariant index class
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Indg(P) in the group K% (C°(G)) of equivariant K-theory, see [6]. The inclusion
of the algebra C2°(G) as a G-subalgebra of Connes’ C*-algebra C*(V, F) of the
foliation [I3] enables us to view the G-index as an equivariant K-theory class of
C*(V, F). Note that the Haar system on G used here in the definition of the C*-
algebra C*(V, F) is simply given by a I'-invariant Lebesgue measure fixed on M
and Gi-invariant, where G is the dense subgroup of G composed of powers of g.
We also denote the index class of P in K%(C*(V, F)) by Indg(P) for simplicity.

We denote by R(G) the representation ring of G. The ring R(G) can also be
described by using characters. Since the group K& (C*(V, F)) is obviously endowed
with the structure of an R(G)-module, we can localize it with respect to any prime
ideal of R(G). We shall concentrate on the prime ideal corresponding to the element
g, say the set of characters that vanish at g, and we denote by R(G), the ring of
such fractions, we also denote, for instance, by K% (C*(V, F)), the R(G),-module
of fractions thus obtained.

Definition 3. Let P be a G-invariant longitudinally elliptic pseudodifferential
operator on (V,F). The class of the G-index Indg(P) in the fraction module
KCG(C*(V,F)), is called the Lefschetz class of g with respect to P and denoted by
L(g; P). So

o IndG (P)

L(g; P) = € KC(C*(V, F)),.

Lr(a)
This definition is inspired from the usual definition of the Lefschetz class and
the Lefschetz number for manifolds, see [5]. When the manifold 7 is reduced to a
point, we obtain a Lefschetz class that belongs to the module K (C° (M xr M))g;
compare [16] page 233]. Morita equivalence enables us then to view the Lefschetz
class of a I-equivariant isometry of the universal cover M as an element of the
tensor product module K (C},,I') ® R(G)g4, where C?_T" is the reduced C*-algebra
of the discrete group I'. When 7 is not reduced to a point, our Lefschetz class takes
into account the longitudinal and the transverse structure of the foliated manifold
(V. F).
Now let X be the subset of M x T of those couples (i, t) that satisfy

Fy e T, a(g)(t) = oy~ )(t) and g(t)(11) = m.

Then X is a disjoint union over the conjugacy classes [y] of 7 of subsets XM
corresponding to elements « belonging to [v], and which are globally I'-invariant.
Note that the subspaces X and X [y] are smooth closed submanifolds of M x T,
where XM is, for instance, the inverse image under the projection of the fixed
point submanifold V& of G or g, acting on V. Assume as is customary that V& is
transverse to the leaves of F' [25] and denote by F¢ the integrable vector bundle
FNTVE over V€. Let N€ be the normal vector bundle to V€ in V, with respect to
the G-invariant metric fixed on V. Then the complex exterior powers A'(N¢ @ C)
are complex G-equivariant vector bundles over V¢ and define G-equivariant K-
theory classes. We denote by A\(N¢ ® C) the formal class >, t'[A*(NY ® C)] and
by A_1(NY ® C) the corresponding class in Kg(V®) ~ K(VE) ® R(G).

The manifold X is a foliated manifold that is endowed with a free and proper
action of the discrete group I" and another action of the compact Lie group G.
Recall that transversality means that the dimension of X is > dim(7) and that for
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any (m,t) € X, we have
dim(T (5,0 X N TrM) + dim(T) = dim(T (0 X).

We denote by A the projection of X in 7. The transversality assumption then
implies that the I'-space A® is a clopen submanifold of 7. The leaves of the
foliation of X are the intersections of X with the leaves M x {t} of M x 7. Each
connected component of X is therefore endowed with a foliation F 'v of constant
dimension. The quotient foliation of Fg with respect to the action of I' is then
exactly (V& FY).

We have again a commutative diagram of projections:

X - Ve
| l
BE 2, po(BY) c M,
where BY is the projection of X in M. Note that the normal vector bundle N¢ to
F¢ is the quotient under the corresponding action of I' of a normal vector bundle

Ng to Fg in X, with respect to the (T, G)-invariant metric on M x 7. We shall
denote by Gx the Lie groupoid

Gx == l U (X x X, x {t})] JT.

te AG

Now, the space of pseudodifferential operators along the fibres of the fibration
X — A% with coefficients in a given I'equivariant Z,-graded vector bundle E over
X is itself a well-defined I'-equivariant bundle over A®. A smooth section of this
bundle, i.e., a family pseudodifferential operator P = (Pt)te 4c on the fibration
X — A€ that is elliptic along the fibres and I-invariant in the sense of Equation
[ is, by definition, a longitudinally elliptic pseudodifferential operator P on the
compact foliated manifold (V¢ F&). If we denote by ¥ (VY F&; E) the space
of such family operators and by ¥~ (V¢ F%; E) the ideal Ninez Y™ (VE FC E),
then we have again a short exact sequence:

0— ¢ VY FYE)—¢®VY F¢ E) — AVY F° FE) - 0.

The Schwartz theorem enables us to identify the ideal ¢y ~>°(V®, FY; E) with the
smooth convolution algebra C2°(Gx; End(E)). Therefore, and using the boundary
map in K-theory as we did for the flat bundle (V| F'), we define the equivariant G-
index Indg(P) of a longitudinally elliptic pseudodifferential operator P on (V& F%)
to be the image under this boundary map and the Morita equivalence, in the group
K% (C>(Gx)), of the K-theory class [0(P)] € K& (A(VY, F¢; E)) of the principal
symbol o(P) of P. We point out that the principal symbol o(P) of P also defines a
homotopy class in K& (F%*), where F¢* is the colongitudinal bundle to the foliated
manifold (V, F¥). The equivariant K-theory of the algebra C°(Gx) is isomorphic
to the equivariant K-theory of the crossed product algebra C*°(A%)xT. Therefore,
using the clopen inclusion of A® in T together with the Morita equivalences, we
can view the G-index of any longitudinally elliptic pseudodifferential G-operator P
on (VY FY) as an element of the group K% (C°(G)) or K¢ (C*(V, F)).
We are now in position to state the Lefschetz theorem:
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Theorem 2. [6] The Lefschetz class L(g; P) belongs to the image of K¢ (C°(Gx)),
in K¢(C>(G)),. More precisely, we have the following Lefschetz formula:

i*[o(P)]
A_1(NE®C)

where i* : Kg(F*)y — Kg(F%*), is the restriction morphism.

L(g: P) = (Ind ©R(G),) ( ) e K9(C(0)),.

In the RHS of the formula in Theorem [2, the fraction means that the class
A_1(N¢ ® C) becomes a unit when viewed in Kg(V%),, and the expression
Ind ® R(G), means that we have used the identifications

Eg(F%)y ~ K(F%) @ R(G)g and K9(CZ(Gx))y ~ K(CZ(Gx)) @ R(G),,

to replace Indg on (VE, FY) by Ind @ R(G),.

The first nontrivial application of such a theorem concerns the existence of fixed
points under the action of G. Since the K-theory groups which are involved are
not easy to compute in general, we need to construct additive maps from the G-
equivariant K -theory of the algebra C2°(G) to the scalars, which in addition must
agree with the localization at the prime ideal associated with g, used in Theorem

2. INVARIANT CURRENTS AND CYCLIC COCYCLES

This section is devoted to the construction of a morphism from the de Rham
homology of invariant currents on the smooth compact manifold 7 to the cyclic
cohomology of the smooth convolution algebra of the Lie groupoid G described in
the previous section. This construction admits an independent interest and should
give applications in relation, for instance, with the results of Hurder, Kaminker and
Douglas on foliated bundles [22].

Let again (V, F) be the foliated bundle defined in the previous section. We
denote by QF(7) the space of differential k-forms on the manifold 7. So QF(7) is
endowed with a smooth action of the discrete group I' corresponding to the pull-
back of differential forms. A transverse compactly supported differential k-form
on the groupoid G is a smooth I'-invariant section of the bundle A(v*) of exterior
powers of the transverse bundle v, with I'-compact support. This means that when
viewed as a smooth section over g the differential form is compactly supported. If
we denote by s the projection of M x M x T onto T, then a transverse compactly
supported differential k-form on G corresponds bijectively to a smooth section over
the groupoid M x M x T of the vector bundle 75 A¥(7) that is T-invariant with
I'-compact support. In the same way, for any F-transverse distribution H over V,
we can view a transverse differential form as a smooth I'-invariant section over G
of the bundle r*A(H*), which has I'-compact support.

While the “best” realization of the transverse bundle seems to be given by the
vertical tangent bundle to the fibration V' — M this transverse distribution will
not be equivariant for longitudinal Lie group actions in general. Therefore, we need
to work with a transverse distribution H, which is not necessarily integrable for
instance. Recall that the holonomy pseudogroup of the foliated manifold (V, F') acts
by local diffeomorphisms between transversals to F'. A holonomy-invariant current
corresponds to a family of currents (Cr)r where T runs through the transversals
of (V, F), which is invariant under the action of the holonomy pseudogroup. For
more details about holonomy-invariant currents, we refer the reader to [23].
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Lemma 1. Any closed T'-invariant k-current C' on the manifold T yields a holo-
nomy-invariant current on the foliated manifold (V, F).

Proof. We fix a fibre 7 of the fibration V' — M; so 7 is transverse to the leaves
of (V, F) and cuts all the leaves. If T' is any open transverse submanifold to the
foliation (V, F') that is contained in a distinguished chart, then there exists a path
~ drawn in a leaf such that s(v) € T, r(y) € T and the local holonomy diffeomor-
phism induced by 7 sends T" onto some open submanifold 7, of 7. Now, given a
smooth compactly supported differential form w on T, we can use the holonomy
transformation induced by 7 to pull back w to a differential form w’ on 7 and we
set
(Cr,w) = (C,u").

If 7/ is another path drawn in a leaf and whose holonomy diffeomorphism sends T'
onto some open submanifold 7. of 7 and the differential form w onto w”, then we
can easily assume that the source of v coincides with the source of 4" and construct
a path in a leaf whose source and range belong to 7, and whose holonomy local
diffeomorphism sends 7, onto 7, and w’ onto w”. But this last local diffeomorphism
is given by some element of the group I'; therefore, the I'-invariance of C' shows
that Cr is a well-defined current on T. It is a consequence of the definition of
the currents (Cr)r that they yield a holonomy-invariant transverse current on the
foliated manifold (V, F). O

A classical construction enables us now to associate to any holonomy-invariant
transverse current on (V, F') and any transverse distribution H, a cyclic cocycle on
the smooth convolution algebra C2°(G). More precisely, we set [16]:

QF .= 0 (G, r* AF(HY)).

The graded space Q* = @, QF is then endowed with the structure of a graded
algebra defined by -

(ww) [, M, t] = / wlm, i, ] A [, 7, tlw' R, m' t]dn.
N

We have used in this definition the action of the groupoid G on the vector bundle

D, r*AF(H*) given by holonomy. So w'[fi, 7/, t] belongs to A¥( (7,4) and the

path [, 7, 1] acts by holonomy from A¥( () tO AF( i)

Let us recall now the integration along the leaves, as defined by Haefliger in [23].
Let U be a fundamental open domain for the action of I' by deck transformations
on M. There exists a smooth foliated embedding of the manifold U x T with its
trivial foliation by copies of U, inside V' with the foliation F' such that V ~ (U x 7))
is longitudinally Borel negligible. By using a finite open cover (7;); of 7, we obtain
a finite open cover (U x T;); of U x T by open distinguished charts. Moreover, inside
each open set W; := U x 7;, we can assume that there exists a smooth transversal
T; that is tangent to the distribution H inside W; and that cuts all the plaques of
W;. Hence we have

WiZUXZZUXTi, Vi el.
We can even assume that the transversal T := |J, T; is a smooth (disconnected in
general) transverse submanifold of V. Then T cuts all the leaves of (V, F). Now if w
is a smooth differential form on the groupoid associated with the trivial foliation of
W;, then we can integrate the restriction of w to the unit manifold, on the plaques

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FIXED POINT FORMULAE 129

of W; and obtain a smooth differential form « on T;. Evaluation of the holonomy-
invariant current Cr associated with C' and constructed above, on the differential
form « yields a pairing of C' with w. A partition of unity argument then enables
us to construct the Haefliger map [23)]:

ot QF — QF(T).

If we denote by ¢’ the composite of ¢! with the projection Q*(T) — Q*(H/F),
then ¢’ is independent of the choices fixed in its definition, see [23]. Here we have
denoted by QF(H/F) the quotient space of QF(T) by the (nonclosed in general)
subspace generated by elements h*w — w where h is a local holonomy diffeomor-
phism on T and w is a smooth compactly supported differential form on 7. The
notation QF(H/F) is made legitimate by the fact that if we change T into some
other complete transversal T’ that is tangent to H, then the quotient spaces are
naturally isomorphic; see again [23].

By using a connection on the vector bundle H, one constructs locally a differential
on the sections of the exterior powers A(H*). By using a partition of unity, we
get in this way a global differential dz; on V. The same construction over the
groupoid G yields a differential that we shall also denote by dy. Note that G
is also endowed with a foliation Fg whose leaves are the projections in G of the
submanifolds M x M x {t} of M x M x T when t runs through 7. The de Rham
differential on the manifold G thus splits with respect to the transverse distribution
H into [34]:

d=dr +dy +0,

where dp is the longitudinal de Rham differential and 9 is an extra differential which
has bidegree (—1,2) with respect to the splitting Fg @& H = T'G; see also [16l, page
266]. The transverse differential dy; sends QF to QF! and is a graded derivation of
the graded algebra 2*. Moreover, by using the curvature of the connection used to
define dy, it is easy to show that the square d%_( of dy is given by the commutator
with a section © of AZH*:

d3(w) = Ow —wO, Vw e QF,

such that dy(©) = 0; see again [16], page 767]. To build out of the graded algebra
(Q*,dy) a new graded differential algebra (Q,d) such that d? = 0, we shall use
Connes’ trick. More precisely, we adjoin to the algebra Q*, a formal square-root of
© and modify the differential dy; according to the new algebraic structure. This
gives a vector space () := M>(Q) with a product given by

where

(o}
Il
7N
O =
O o
N———"

The new grading on ) is then given by
0w := 011 = 012 + 1 = Ola1 + 1 = Ogg + 2,
and the new differential d is defined by

o dnwir  dpwia 0 -©\ . , oo~ 0 1
“"_(—dHam —de22)+<1 o JerETel g o )
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One then shows, by straightforward computation for instance, that d2=0 [16, page
229]. For simplicity, we shall also and from now on denote by &’ the product @&’
and by d the differential d. The imbedding of 2* in Q* is defined by

wes [ ¢ 0
0 0 )°
It will be used in the sequel to view the elements of 2* as elements of Q. We
define Trg : QF — QF by
Tre (@) := @11 — (—1)*@920.
Now we can extend ¢’ to by setting
Y& = ¢ o Tre : OF — QF(H/F).

Proposition 1. With the above notation we have: ~

(i) The functional 1/1791 is a graded trace on the graded algebra €.

(il) If we also denote by d the differential induced on Q*(H/F') by the de Rham

differential, then we have
YEod=dod.

Proof. (i) For w € Q7 and for w’ € Q7', we need to show that

(4) ¢ (ww') = (-1 ¢M (Ww).
If this equality is proved, then we simply observe that for any (@,’) € QF x QF,
we have

Tro[@,&'] = [@11,@1,] + [0120, @5,] + (= 1) 11,0, G
+ (_1)k+k/+1[@22®a‘:}é2®]7

where the commutators are graded ones.

Now let us prove Relation (). Fix then w € (/ and o’ € Q7. We can assume
that w is supported inside a trivial chart of G. More precisely, we can assume that
w is supported in an open subset of G of the type W; x., W;, where W; ~ U x T;
and W; ~ U x T; are two distinguished charts for the foliation (U x 7, F) and
where W; x, W; denotes the subset of paths near the path v with source in W;
and range in W; and drawn inside a tunnel around v [I4]. The holonomy local
transformation of v is defined on W; and identifies any transversal inside W; with a
transversal inside W;. The chart W; x W; of G is then diffeomorphic to U x U x Tj
by using the holonomy local transformation associated with . Therefore, we have
(ww')(xz) = 0 if = ¢ W; and for z € W; and using the trivializations, we can write
with an abuse of notation:

(W) (& = (', 1)) = /U (W w,1) A (0, w, 1) (w, !, £))duo.

In the same way, we get (w'w)(z) =0 if z € W; and for € W;, we have
(Ww)(z = (w,t)) = / W (w,w' 1) A (w,w', 1) (w(w', w, t))dw'.
U
Therefore, we obtain

[07 (wu)](t) = / w(w', w, t) A (W', w, t)(w (w,w', t))dwdw’,
UxU
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while
(o7 (W'w)](t) = / W (w,w' 1) A (w,w, ) (w(w', w, t))dw dw.
UxU

Hence we see that as compactly supported differential forms on the transversal T;
in W; and the transversal 7} in W} respectively, we have

St ww’) = ()7 @30 (W'w),

where ¢, is the holonomy transformation induced by the fixed path . Thus the
proof of (i) is complete.
(ii) The computation of Trg od for a (k — 1)-homogeneous element @ of € gives

(TI‘@ Od)((j)) =dyo1 + (—1)kd7-[(:)229 — d%d}gl.

On the other hand, if 7* is the restriction to the unit manifold g0 = V', then it is
easy to deduce from the definitions that with respect to the splittings over G and
over V corresponding to the same distribution H, we have

dyoi* =1" ody.

But one can also easily check that [23]:
dtod=do¢™ and ¢"od=¢"ody.

Therefore, we can deduce that

oM ody =do g,
and finally,

(@™ oTreod)(@) = (do¢™)an1 + (=1)*(do ¢")o20
(do¢™)(@n — (1) 10220).
O

Theorem 3. Any I'-invariant closed k-current C' on T and any transverse dis-
tribution H induce a cyclic k-cocycle K on the convolution algebra C°(G) defined
for (fo,-++ , fx) € C(G)*+L by Connes’ formula:

7 (for--- o i) = (Co08 (fodfy - dfi))
where d is the differential constructed above, out of the transverse differential dy.

Proof. We shall use the graded algebra Q. We thus define for (fo, -, fr) €
C=(G)+1:

T (for o fr) = (Co 08 (fodfy - dfe)) -

Because the current C' is closed and using Proposition [, we deduce that the map
@+ (C, (¢ 0 Tre)(@))

is a graded trace on . This trace is, in addition, closed; so we deduce by classical
arguments that 7 is a cyclic cocycle on the algebra C°(G), see [17]. O
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3. LONGITUDINAL EQUIVARIANCE OF INVARIANT CURRENTS

In this section, we shall prove that any even cyclic cocycle on the algebra C°(G)
that arises from some I'-invariant closed current on 7 and a G-equivariant trans-
verse distribution, admits a well-defined pairing with G-equivariant K-theory and
localized G-equivariant K-theory. Because the pairing obtained in the present sec-
tion is a general phenomenon, we shall remove the condition used in Section [1] that
G is topologically cyclic. Therefore, and in this section only, we shall suppose that
G is a compact Lie group that acts by F-preserving isometries on V' and that G
is any subgroup that acts by leaf-preserving isometries. Our case of interest corre-
sponds as in Section [ to G1 being the dense subgroup of powers of g, where g is
now assumed to preserve the leaves.

Hence, we are given a lift to M x 7 of the action of Gy, which is defined by a
group homomorphism ( from G; to the group Aut(I") of automorphisms of I'. In
Section[l] this homomorphism was completely determined by its value at g, and we
denoted by g the value at g. So, any g € G is induced by a smooth diffeomorphism
G of M x T and is a leaf-preserving diffeomorphism. Therefore, § is defined by

g, t) = (g(t)(m), a(g)(t)), V(in,t) € M x T,

where g : T — Diff (M ) is a smooth map from 7 to the diffeomorphism group of
the manifold M and « is a smooth action of G; on 7.

Now since the group G preserves the leaves, the action a is actually given by
0 0 0 where § is some homomorphism from G; to I'. Therefore, and using the (-
equivariance of g, see Equation (2)), we deduce that we can assume that 3 takes
values in inner automorphisms of I'. More precisely, we can assume that

B(g.7) = 6(g)vd(9)~", V(g,7) € Gi x T

This discussion shows that if we replace the map g : 7 — Diff (M ) which defines
the action of g, by the map

g’ : T — Diff (M) given by ¢'(t)(1) := g(t)()d(g),

then we get a I'-equivariant lift of g.
To sum up, in the case where g preserves the leaves and replacing g(t) by ¢'(t)
if necessary, we can choose a I'-equivariant lift of g given by

g(m,t) = (g(t)(m),t), V(m,t) € M x T,

where g(o(y™1))(my) = g(t)(mm)y for any v € I'. This means that we can take
B(g,7y) = for any (g,7v) € G1 x I'. Hence the action can be reduced to an action
in the leaf direction by means of the smooth map g : 7 — Diff(M) which is T-
equivariant and « can be taken to be equal to the trivial action. Under these
assumptions, we can now define smooth diffeomorphisms of the manifold G by
setting

L(g)[ﬁl, ’I’h/, t] = [g(t)_l(ﬁl), ’I’h/, t]v R(g)[ﬁl, 771/, t] = [ﬁl), g(t)(’l’h/), t]
and fg[ﬁl,ﬁl/, t] = [g(t)(ﬁl),g(t)(m/), ).

These diffeomorphisms induce automorphisms of the algebra C2°(G) ~ Q°. We fix
again a ['-invariant Lebesgue measure dm on M that is, in addition, G-invariant.
We then define all the integrals with respect to this measure. We denote by 9k,
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by k9 and by gk the respective induced actions of g on k € Q°. So we set, more
precisely,

K[, i, 1] = k[, g(t) (), ], k9[m, i, ] := klg(t)~ (), ™, 1]

and gk[m,m' t] := k[g(t)~

The measure di on M induces a Haar system on the groupoid G. Since dm is
invariant under the action of the Lie group G, the transformation ¢ (g) for g € Gy,
defined on L?(G™#* ~ M, din) by

(g) (), t] = [m, g(t) (), 1],

is unitary and satisfies

b(g)om(k) = w(k) and (k) 0 () = m(k?).

Therefore, the action of G; on C2°(G) is also implemented by the unitaries 1 (g),
ie.,

P(g) om(k)op(g~") = m(gk).

In the above relations, 7 denotes, for any x € V, the regular representation of
C>°(G) corresponding to x in the L? space of the manifold (G* ~ M, drn).

We fix as in Section [I a G-invariant metric on V, obtained for instance by
averaging a given one with respect to the normalized Haar measure of G. The
orthogonal distribution to the longitudinal vector bundle F' in T'V with respect to
this metric is then a transverse distribution that we denote by H. We then denote
by Q* the graded differential algebra associated with H and by Q* the associated
one constructed in Section 2l Note that for any w € Q*, a new differential form
9w € QF is defined by setting

(Tw)lri, ', 1] == wlrim, g(£)(M), ¢].
Remark 2. Instead of fixing the measure dim on M, we could use half-densities.
Then we simply use the action on the vector bundle |A|Y/2(F) of longitudinal half-

densities over V, see also [1].

Lemma 2. (1) For any f € Q°, any w € QF, any g € Gy and any [m,m',t] € G,
we have

(9w, m’, 8] = [, g(t) " (), 1] ((f (“w)lg(t) "' (R), g(8) 7 ('), ]) -

Therefore, ¢"H((f9)w) = ¢"(f(9w)) in Q¥ (H/F).
(2) For any (w1,ws2) € Q* x Q*, we have

I (wrw2) = w1 (Ywa).
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Proof. (1) Let (1h,’,t) € M x M x T be fixed. We have

((fg)w)[ma mlv t] = fg[m’ n, t] [Th, n, t] (w[ﬁv m/a t])dﬁ

= [m,g(t)"

We deduce that, in restriction to any transversal {[g(t')~!(m),#'],t close to t}
around [g(t)~1(m),t], the differential form (fY%)w is equal to the pull-back by g
of the differential form f(Yw). Since the holonomy transformation induced by
[m,g(t)~1(m),t] on this small transversal around [g(t)~1(1n),t] is exactly given
by g, we deduce from the above computation that the class ¢"((f9)w) in QF(H/F)
is equal to the class ¢"*(f(Yw)).

(2) For any (m,m/,t) € M x M x T, we have

(wiwa)[m, g(t) (M), 1]

g(wch)Q)[ﬁL, ﬁL,, t]

Theorem 4. Let C be a I'-invariant closed r-current on the smooth compact man-
ifold T and let 7 be the associated cyclic cocycle on the smooth convolution algebra
C2°(G) given by Theorem[3. Then we have, for any (ko,--- , k) € (C=(G))™™ and
any g € G1,

T (kS Ky k) = 78 (Ko, ks oo k1,7 k).

Proof. Recall that H is the orthogonal bundle to F' in T'V with respect to a G-
invariant metric on V. Therefore, the vector bundle H is invariant under the action
of G1. As a simple consequence, we deduce that for any f € C°(G), we have

dn(7f) =7 (dr f)-

Note that if we choose a small transversal around [m, ¢] in V that is tangent to H
and use it to define a local chart, then the action of g becomes (u,t) — (¢q(u),t)
with ¢4 independent of the transverse variable ¢.
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Denote by & the element dk; ---dk,_1 of Q. The component [(k§)odk,],, of
the matrix (k)wdk, is obviously trivial. Let us then compute the component
[(k§)wdk,],,: we get

[(kﬁg)t:}dkr]n = (k(g))(bnd')-(kr + (kig)t:}lg@kr
Hence by using Lemma ] we obtain
V& ((K§)odk) O ((KS)@r1dyck, + (K§)0120k;)
= ¢ (ko[?(@11drikr) +7 (D120k,)])
= ¢ (ko[ (Ydykr) + @120 (9K,)])
o™ (ko[@11dn (k) + 0120 (%K,)]) .

Therefore, we finally get
& ((k§)odk,) = & (ko@d(%ky)).

We then apply the holonomy-invariant current induced by C to complete the proof.
O

Remark 3. The above proof simplifies noticeably when the action of g does not
depend on the variable t € 7. In this case, one can take the integrable transverse
distribution given by the vertical tangent bundle to the fibration V' — M.

A cochain that satisfies the equivariance relation of Theorem [4 for any g € Gy,
will be called Gy-equivariant, compare [28].

Let now x : G — End(X) be a finite-dimensional unitary representation of the
compact Lie group G. We define for any elementary tensor k®T € C°(G)®End(X)
and any g € G1:

(kT) =k9®[k(g)oT] and 9(kRT):=9k®[Tok(g).

If 7 is a cyclic k-cocycle on the convolution algebra C°(G), then we obtain a cyclic
k-cocycle 74 Tr on the algebra C2°(G) ® End(X) by setting [17]:

(T4 Tr)(fo @ Ao, -+, fr @ A) :=7(fo, -, fi) Tr(Ag o - - 0 Ay),
Vf; € CX(G) and A; € End(X).
Moreover, if 7 is G1-equivariant, then so is the cocycle 7§ Tr. Now we can state:

Theorem 5. Let C be a closed I'-invariant even current on the manifold T. As-
sume that G preserves the bundle F and let X be a finite-dimensional representation
of the compact Lie group G. For any G-invariant projection e in C°(G) ® End(X)
and any g € Gy, we define

<Tg’7 6> = (TgﬁTI‘)(eg, €y ,6).
Then the following properties hold:

(1) The map g — (t&,e) is a central function on Gi.

(2) The map e — (7, €) induces an additive map from the G-equivariant K -
theory of the algebra C°(G) to the scalars.

(3) For any fized conjugacy class [g] in Gy, (T[Cg],e> induces a pairing between
the de Rham homology of I'-invariant currents on T and the G-equivariant
K -theory of the algebra C°(G).
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Proof. We have for any (g1, g2) € G3:

<Tg‘1 92 ) €> =

This is a consequence of Theorem [ of the G-invariance of e and of the cyclicity of
the even cocycle Tg. Hence we get

(18 €) = (77 ).

Assume now that u is a G-invariant invertible element of the algebra A :=
(C*(G) ®C)®@End(X) and let p : A — A be conjugation by v in A. By Lemma
Bl below, we know that there exists a cyclic odd cochain ¢ on A such that

P (e Tr) — (TH Tr) = b(p),
and which is, in addition, G1-equivariant. Therefore, we deduce from the definition
of the Hochschild coboundary b and using that e is G-invariant, the relation:
b@(egaef o 76) = @(69567' o ,6).

In other words, the terms in by cancel each other out, except the last term. But

Lp(egaef" 76) = 50(67"' ae7ge)
= Sﬁ(e,"' aeaeg)
_go(eg,e,... 76).

Hence, we can deduce that bp(e?, e, - ,e) =0 and so that

(t2.,e) = (12.,€'), VgeGi.
Now by classical K-theory techniques, we can easily deduce from the above discus-
sion that if z = [e1] — [e2] € KF(C°(G)), then the complex number

(18)(x) := (7, e1) = (& €2)
only depends on the G-equivariant K-theory class x. We get in this way a group
morphism:

(78)« : K9(C2(G)) — C.
Finally, we point out that the class 1% (e9(de)?*) is closed for any idempotent e

and any k > 0. More precisely, define U := 2¢ — 1. Then U? = 1 and we have

U(de?) = —(de?)U  and U(de) = —(de)U.
Therefore, and since d)g is tracial, we get

V& (d(e?)(de)*™) = Y& (Ud(e?)(de)*")

= Y& (Ud(e?)(de)* U)

= —Y&U%d(e?)(de)*)

= —¢§(d(e?)(de)™").
If now C = dC’ with C' a I'-invariant current, then from the definition of the cyclic
cocycle 7)¢,, one thus deduces that (7). (z) = 0. O
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Remark 4. The pairing of Theorem [ only depends on the equivariant cyclic coho-
mology class of 7f, i.e., if we work with cyclic cochains ¢ that are Gy-equivariant.
Note that the Hochschild coboundary b as well as the cyclic operator B, see [17, 30],
preserve this equivariance property. We therefore have a well-defined subcomplex
of the cyclic complex. Moreover, the periodic operator S [17] also preserves this
subcomplex and the above pairing is easily seen to depend only on the equivariant
periodic cyclic cohomology class of 72f.

Remark 5. In the above proof, we have used an equivariant cyclic theory. This the-
ory is explicitly described in [0] with an explicit construction of the Chern-Connes
character from equivariant K-theory to equivariant periodic homology, which im-
plies the existence of the above pairing. Compare also with [28§].

Lemma 3. Let G be a compact Lie group and let Gy be some subgroup of G. Let A
be a unital G-algebra and let u be an invertible G-invariant element of A. Denote
by p the interior automorphism of A defined by w. Then for any cyclic cocycle T on
A that is G1-equivariant, there exists a G1-equivariant cyclic cochain ¢ on A such
that

p*T — 1 =bo.

Proof. This lemma is proved in the nonequivariant case by Connes in [17]. One
then only needs to check that the cyclic cochain ¢ constructed by Connes is actually
G1-equivariant. This is easy and is proved in [9]. O

Corollary 1. Any closed I'-invariant current on the manifold T induces a group
morphism:

(ré)- - K4(CZ(G))yy — C.
defined for any x € KG(C2(G)) and any x € R(G) with x([g]) # 0, by

oy (2) . )
(C)*<x> = e

Proof. If E is a finite-dimensional representation of G and if x = [e] — [¢/] €
K%(C2°(G)), then the definition of the map 72 gives

(8,e®E) = (¢, e) x Tr(glg) and  (74,¢' ® E) = (¢, ¢') x Tr(g|p).

Therefore, we have
<Tg~7$E> <TC7 > X T‘r(g|E)
which completes the proof. O

4. FIXED POINT FORMULAE

In this section, we shall investigate fixed point formulae for flat bundles. Our
main tools will be the longitudinal index theorem in cyclic cohomology [32, [I5]
together with the longitudinal Lefschetz theorem in K-theory [6], see Section [T

We keep the notation of the previous sections. So I' is the fundamental group of
the smooth compact manifold M, and we are given a smooth locally free action g of
T" on a smooth compact manifold 7. The universal cover of M is denoted as before
by M. We are again interested in the foliation F' of the smooth compact manifold
V := M xp T whose leaves are the projections of M x {t} in V when ¢ runs through
T. We assume again and from now on that the compact Lie group G is topologically
cyclic and generated by the leaf-preserving isometry g. The manifold M is again
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assumed orientable and oriented for simplicity. The longitudinal vector bundle F
is then oriented by the induced orientation. We denote again by X the smooth
transverse submanifold of M x 7T defined in Section 0l and whose projection in V'
coincides with the fixed point submanifold X = V& of G. Since the cyclic index
theorem for the compact foliated manifold (V¢, F&) will be used in the sequel, we
proceed now to recall it for the convenience of the reader. The main references are
116, 15, 32, 27].

In order to get an explicit geometric computation of the index of a longitudinally
elliptic pseudodifferential operator P on (X, Fx) by a universal formula, one uses
the pairing of K-theory with cyclic cohomology and the more computable image of
Ind(P) under the pairing with some cyclic cocycle on the algebra C°(Gx). In the
case of cyclic cocycles arising from I'-invariant closed currents on 7 as studied in
the previous sections, we get a cyclic index

Inde(P) := (rc,Ind(P)) € C.

Let us first treat the case where X = V, say when the fixed point submanifold V¢
is obtained by suspension of an action of I'. So, let 7 xr T*M be the total space
of the colongitudinal bundle of the foliation (V) F). Since the pseudodifferential
operator P is elliptic, its principal symbol defines, by classical K-theory arguments,
a class [0(P)] in the (compactly supported) K-theory group K°(T xp T*M) [A].
One then uses the Chern character Ch to send [o(P)] into a compactly supported
rational cohomology class

Chlo(P)] € H*(T xr T*M,Q).
Integration along the fibres of the oriented fibration
WFITXFT*MﬁV:TXFM,

then yields a cohomology class wr! Ch[o(P)] € H*(V,R), which is represented by a
I-equivariant differential form on M x 7. The cyclic index theorem then relates the
analytic C-index Ind¢(P) of the operator P defined above with some C-integral of
the geometric class mp! Chlo(P)]. More precisely, let ¢ be the integration along the
leaves constructed in Section 2] but with H being the vertical distribution of the
fibration p: V' — M. Then we can state more precisely:

Theorem 6. [32] [I5, [27] Under the above notation and for any even closed T'-
invariant current C on T, the following Atiyah-Singer formula holds:

Indo (P) = +(¢(mp! Chlo(P)]p* TA(M)), C),

where Td(M) is the Todd class of the vector bundle TM @ C and p : V. — M is
the projection. The sign in the index formula depends on the normalization of the
Chern character, see [4].

Note that 7p! Chlo(P)]p* Td(M) is a cohomology class of a I'-equivariant differ-
ential form on M x 7T so that the RHS in the index formula makes sense. One can
use any transverse distribution H to define the LHS Ind¢(P) of the index formula;
only the class of the cyclic cocycle 72 in cyclic cohomology is really involved.

We shall need a slight modification of the index formula of Theorem More
precisely, we need to deal with the closed submanifold X = V& of V, which does
not arise necessarily from a I’ suspension as before. Let X be the smooth closed
submanifold of M x T defined in Section [l and which is everywhere transverse to
the leaves M x {t} and globally T-invariant.
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A smooth differential form w on X can then be viewed as a I'-invariant differ-
ential form @ on X. The construction of the integration along the leaves ¢ on the
flat bundle V' can be slightly modified to deal with our compact foliated manifold

For any t € AY, let I';; be the subgroup of I' of those elements v € T' that
preserve the leaf submanifold (M x {t}) N X. Choose a fundamental domain U; for
the free and proper action of I'; ; on this leaf. Now we define, for any ¢t € AS,

o @)= [ att.mam,
U
and denote by ¢X (&) the class thus obtained in the homology group Ho (T, Q*(A%)).
This class does not depend on the particular choice of the fundamental domains
U;. So if we denote by Q”‘(X')F the space of [-invariant differential forms on X, we
get a well-defined Haefliger map [23]:

¢* 1 (X)T — Ho([,Q*(A9)), wr ¢¥(w).

If now C is a closed even I'-invariant current on 7, then C restricts to differential
forms that are supported inside the open submanifold A® and yields a closed I'-
invariant current on the smooth compact manifold A%. The integral of ¢* (w)
against C' thus yields a complex number (¢~ (w), C).

The Chern character of the class [o(P)] is then a compactly supported cohomol-
ogy class Ch[o(P)], which can be viewed as the class of a I'-invariant differential
form on F%. The index theorem for the compact foliated manifold (X, Fx) can
then be stated as follows:

Theorem 7. Let P be a longitudinally elliptic pseudodifferential operator on
(X, Fx) with coefficients in a vector bundle E. Let C be a T-invariant closed
current on T. Then the C-index Indc(P) := (t&,Ind(P)) of P can be computed
by the following formula:

Indc (P) = +(¢™ (np, ! Chlo(P)]p* Td(po(B)), C|ac).

This theorem is proved in [15] in a more general setting. The methods used in
[27] also enable us to deduce it.

We now introduce again the action of the topologically cyclic compact Lie group
G on our foliated flat bundle V. — M. We assume as in Section [3 that the dense
subgroup G of G generated by g acts on V by leaf-preserving isometries and that
g is induced by an isometry § for some I-invariant metric of M x 7.

Definition 4. Let P be a G-invariant longitudinally elliptic pseudodifferential op-
erator on (V,F;E) and let C be a closed I'-invariant current on 7. Then the
Lefschetz number L (g; P) of g with respect to P is defined as the image under the
morphism (7). : K¢(C2°(G)) — C of the G-index of P. So we have

Lo(g; P) = (&)« Inda(P)).

The Lefschetz C-number is intimately related with the fixed point submanifold
V& of g. More precisely, the pairing defined in Section [ between localized G-
equivariant K-theory and invariant homology enables us to view Lo (g; P) as the
image under the map induced by 72, of the Lefschetz class L(g; P). On the other
hand, a necessary condition that the number L (g; P) be nontrivial is that the
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solutions of P, are nontrivial for a C'-nontrivial subset of T. Therefore, this number
carries precious analytic information that we shall compute in topological terms.

We keep the notation of Section[ll. The equivariant class of the principal symbol
of P can then be restricted to a class i*[o0(P)] € Kg(F%*). We can define evaluation
z v+ x(g) at g for any x € Kg(F%*) ~ K(F%*)® R(G) by using the evaluation of
the character components. For z € Kg(F%*), the evaluation z(g) of x at g thus
belongs to the group K (F%*)® C.

Theorem 8. The C-Lefschetz number of the isometry g with respect to the longi-
tudinally elliptic pseudodifferential G-invariant operator P is given by the following
fized point topological formula:

Lot P) = (07 (mrot gy s Td(n(5))) (Clac ).

Proof. We apply the Lefschetz theorem in the g-localized G-equivariant K-theory
recalled in Section [[l We obtain

L(g: P) = (Ind 8R(G),) (

R

i*lo(P
%) € K4 (CZ(9)),-

Therefore, if we apply the additive map (7). to this equality, we get
i*lo(P)]
A1 (NG®CQC))"

But an easy inspection of the map (7Z). shows that it coincides, in restriction to
the elements of K%(C>°(Gx)),, and according to the isomorphism

K9(C2(Gx))g = K(CZ(Gx)) ® R(G)g,

with the map (7¢)« ® evy, where 7¢ = 74 and evy : R(G), — C is evaluation at g.
Thus we get

Le(g: P) = [(78). o (Ind R(G),)] (

Le(g; P) = (Inde ®evy) (
Finally, we point out that
(Inde ®evy)(x) = (Inde @C)(x(g)), Vo € K4(CZ(Gx))q-
To end the proof we simply use Theorem [ (I

Many applications of the cyclic Lefschetz theorem for foliated bundles can be
deduced by immediate generalization of classical ones; see, for instance, [5 @, 2l 24]
25]. When the T-invariant current C is, for instance, a I'-invariant positive measure
i, we obtain as a byproduct the results of [24].

In the case of invariant measures, all the results of the present paper can be
generalized to the case where 7 is not necessarily a smooth manifold, and is now
only a compact topological space on the one hand and to the case where the fixed
point submanifold is not necessarily transverse to the foliation on the other hand.
The definition of the normal vector bundle has then to be appropriately modified.
Then the action g is by homeomorphisms and the measure p of interest is any
positive measure that is invariant under the action ¢ of I". The characteristic
classes that appear then in the Lefschetz formula must be replaced by longitudinal
ones as in [I0]. There is an important application of this situation which concerns
the study of quasi-crystals a la Bellissard, where the space 7 is a Cantor space.
The image of the K-theory of the C*-algebra of the lamination (V, F') under the
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trace (or O-cocycle) 7, associated with g has been computed in [10], answering a
conjecture of J. Bellissard. The result is

(7)< (K (C*(V, F)) = p(C(T, 2)),

where C(7,Z) is the space of continuous integer-valued functions on the Cantor
space 7. As an easy consequence of this computation, one can deduce that the
characteristic numbers appearing in the RHS of the measured Lefschetz formula
belong to the subgroup R(G)(g) ® u(C(7,Z)) of complex numbers; compare with
the example treated in [24]. So when g is an involution, we deduce that such
numbers must belong to u(C(7,Z)).

Another interesting invariant current appears when one works with the I'-invar-
iant index theory of 7 as in [I8] [[9]. So assume, for instance, that the group
I" acts by orientation-preserving isometries of the smooth compact oriented even-
dimensional manifold 7. Denote by £(A%) the Hirzebruch L£-polynomial in the
Pontrjagin classes of the oriented compact submanifold A of 7 [4]. Then the
characteristic number

. @ o(Pg) .
[ <ch! o) Td(Po(BG))> £(A%)

belongs to the subgroup R(G)(g) of complex numbers. In particular, for involutions,
we get an integer.
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