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THE SPACE H! FOR NONDOUBLING MEASURES
IN TERMS OF A GRAND MAXIMAL OPERATOR

XAVIER TOLSA

ABSTRACT. Let u be a Radon measure on R%, which may be nondoubling. The
only condition that p must satisfy is the size condition u(B(z,r)) < C'r", for
some fixed 0 < n < d. Recently, some spaces of type BMO(u) and H'(u) were
introduced by the author. These new spaces have properties similar to those
of the classical spaces BMO and H' defined for doubling measures, and they
have proved to be useful for studying the LP(u) boundedness of Calderén-
Zygmund operators without assuming doubling conditions. In this paper a
characterization of the new atomic Hardy space H'(u) in terms of a maximal
operator Mg is given. It is shown that f belongs to H'(u) if and only if
f €LYy, [fdu=0and Mgf € L'(p), as in the usual doubling situation.

1. INTRODUCTION

The aim of this paper is to characterize the atomic Hardy space Hi;;o () intro-
duced in [To3] in terms of a grand maximal operator. Throughout the paper, u

will be a (positive) Radon measure on R? satisfying the growth condition
(1.1) pu(B(x,r)) < Cor" for all = € supp(u), 7 > 0,

where n is some fixed number with 0 < n < d. We do not assume that p is doubling
(u is said to be doubling if there exists some constant C' such that p(B(x,2r)) <
C (B(x,r)) for all x € supp(p), r > 0).

The doubling condition on p is an essential assumption in most results of classical
Calderén-Zygmund theory. Nevertheless, recently it has been shown that many
results in this theory also hold without the doubling assumption. For example,
in [ToT] a T(1) theorem and weak (1, 1) estimates for the Cauchy transforms are
obtained. For general Calderén-Zygmund operators (CZO’s) a T'(1) theorem in
[NTVT] and weak (1,1) estimates and Cotlar’s inequality in [NTVZ] are proved. A
T'(b) is also given in [NTV3]. For more results, see [MMNO], [NTV4], [OP], [T62],
[To3], [Tod] and [Ve], for example.

In [To3] some variants of the classical spaces BMO(u) and H!(u) are intro-
duced. These variants are denoted by RBMO() and H 7 (1) respectively. There,

atb
it is shown that many of the properties fulfilled by BMO(u) and H'(u) when p is
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doubling are also satisfied by RBMO (1) and H;Eo () without assuming p doubling.
For example, the functions from RBMO(u) satisfy a John-Nirenberg type inequality
(see Section Bl for the precise statement of this inequality), RBMO(p) is the dual of
Hit’go(,u), CZO’s which are bounded in L?(u) are also bounded from Hi;;o () into
LY(p) and from L®(p) into RBMO(u) and, on the other hand, any operator which
is bounded from Hig;o(u) into L'(x) and from L*(u) into RBMO(p) is bounded
in LP(p), 1 < p < 0.

Let us remark that if u is nondoubling and one defines BMO(u) and the atomic
space H>(u) = H'(u) exactly as in the classical doubling situation (see [GRI,
[Jo] or [Sf]], for instance), then these spaces still possess some of the properties
stated above [MMNO]. However, a basic one fails: CZO’s may be bounded in
L2(p) but not from H};*° () into L' (1) or from L (u) into BMO(y) (see [Ve] and
[IMMNO]). For this reason, if one wants to study the LP-boundedness of CZO’s,
the spaces BMO(p) and H;° (1) are not appropriate. This is the main reason for
the introduction of RBMO(u) and Hi;go (1) in [T03].

Before stating our main result, we need some notation and terminology. By a
cube @ C R? we mean a closed cube centered at some point in supp(y) with sides
parallel to the axes. Its side length is denoted by ¢(Q) and its center by zg. Given
p > 0, we denote by p@ the cube concentric with @ with side length p £(Q). Recall
that a function f € L} _(u) belongs to the classical space Ho;™(u) if it can be

written as f = >, A; a;, where \; € R are numbers such that ), |A;| < oo, and the
a; are functions called atoms such that

1. there exists some cube Q; such that supp(a;) C Q;,
2. /ai dp =0,
3. [laillpoe gy < m(Qi) ™

In order to recall the precise definition of Hit’go(,u), we have to introduce the
coefficients K r. Given two cubes @ C R, we set

1
Kon=1+ [ Cdu()
om\Q [T —2zq|"

where Qg is the smallest cube concentric with @ containing R.
For a fixed p > 1, a function b € L}, (1) is called an atomic block if
1. there exists some cube R such that supp(b) C R,
2. / bdu =0,
3. there are functions aj, as supported on cubes Q1,2 C R and numbers
A1, A2 € R such that b = Aja; + Agag, and

—1 .
lajll ooy < (W(pQ5) Kq,r) Jj=12.

We denote |b|H1,:<>(H) = |A1| + |A2] (to be rigorous, we should think that b is not
at
only a function, but a “structure” formed by the function b, the cubes R and @,

the functions aj, etc.). Then, we say that f € Hig;o(u) if there are atomic blocks
b; such that

(1.2) F=3 b
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with >, |b4|H1 o (u) < 00 (notice that this implies that the sum in ([2) converges
in L'(p)). The H> (1) norm of f is

atb
Il = 95 i

where the infimum is taken over all the p0551b1e decompositions of f into atomic
blocks.

The definition of H'>°(1) does not depend on the constant p > 1. The H° (1)
norms for different choices of p > 1 are equivalent. Nevertheless, for definiteness, we
will assume p = 2 in the definition. Compare the definitions of the spaces H, égoo (1)
and H);2°(pu): Tn Hy;>(u) the cancellation condition 2 and the size condition 3
are imposed over the atoms a;. On the other hand, in Hi;;o () the cancellation
condition 2 is imposed over the atomic blocks b;, and the size condition 3 is satisfied
by the “components” a; ; of b; separately for each j. It is not difficult to check that
Hy > (p) = HLX(p) if w(B(x,7)) ~ r for all z € supp(u), 7 > 0 (the notation
A ~ B means that there exists some constant C' > 0 such that C™' A < B < C A4,
that is, A < B < A). If the latter condition does not hold, then HY> (1) may be
different from H}2°(y), even when y is doubling (see [To3)]).

Now we are going to introduce the grand” maximal operator Mg, which is the

main tool in our characterization of H°(u).

Definition 1.1. Given f € L} (1), we set
/ f sodu‘

where the notation ¢ ~ z means that ¢ € L*(u) N C!(R?) and satisfies
(D) llellzrg <1, )
2) 0<9(y) <
@) 06l <

3) ¥ ()] < for all y € R

®) 170 < i

In this paper we will prove the following result.

Theorem 1.2. A function f belongs to H);> () if and only if f € LY (u), [ fdp =
0 and Mo f € L'(11). Moreover, in this case

1oy 2 1112wy + (1M e fll L)

Theorem [[.2] can be considered as a version for nondoubling measures of some
results that are already known in more classical situations. When p is the Lebesgue
measure on the real line, a characterization of H,;*(u) such as the one of Theorem
was proved by Coifman [Co|. This result was extended to the Lebesgue measure
on RY by Latter [Lal. Let us remark that in these cases, in the definition of Mg, for
each z it is enough to take the supremum over functions ¢, ,, r > 0, of the form

1 y—x
Sozc,r(y) = T_d r )

where 0 # ¢ € S is some fixed function.
If

(1.3) w(B(z,r)) = r" for all « € supp(u), r > 0,

Mo f(z) = sup

o

for all y € R?, and
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then supp(p) is a homogeneous space in the sense of [CW]. For general homoge-
neous spaces satisfying (I3)), Coifman, Meyer and Weiss showed that there exists
a description of HY* (1) in terms of a grand maximal operator (see [CW] for this
result and for the detailed definition of homogeneous spaces). They observed that
a proof of this description by Carleson [Ca| using the duality H*(u)-BMO(p) in
the case where u is the Lebesgue measure on R™ can be easily extended to the more
general situation of homogeneous spaces.

For a measure x4 on R? which is doubling but which may not satisfy (3], Macias
and Segovia ([MST], [MS2]) obtained a characterization of H (1) by means of a
grand maximal operator too (see also [Ud]). They showed that if x4 is doubling, then
taking a suitable quasimetric, one can assume that (T3] holds. Their result applies
not only to doubling measures on R¢, but to more general homogeneous spaces. On
the other hand, since H,;>°(u) may be different from Hi;go (n) if @ is a doubling
measure on R? which does not satisfy (I[Z3), the result of Macfas and Segovia (in
the precise case that we are considering) cannot be derived as a particular instance
of Theorem [[.2

The absence of any regularity condition on p, apart from the size condition
(L)), makes it impossible to extend the classical arguments to the present situation
without major changes. We will not consider any quasimetric on R? different from
the Euclidean distance, and we are not able to reduce our case to a situation where
(T3) holds.

Let us remark that the results of [Cdl, [Lal, [MST] and [MS2] concern not only
the Hardy space H' but also the Hardy spaces HP, with 0 < p < 1. However, it
is not possible to extend our proof of Theorem to 0 < p < 1, because we have
obtained it by duality (following the same approach as Carleson [Cal).

The paper is organized as follows. In Section Pl we deal with some preliminary
questions. In Section Bl we show that the grand maximal operator Mg is bounded
from Hit’go(,u) into L' (p), which proves the “only if” part of Theorem (the easy
implication). In the remaining sections of the paper we prove the other implication.
In Section M we explain how this can be proved by duality. A version of the John-
Nirenberg inequality suitable for our purposes is obtained in Section[E. In Section[6
dyadic cubes of a certain kind are constructed, and in the following section a suitable
approximation of the identity adapted to the measure u is obtained. Finally, Section
Rlcontains a construction which is the core of the proof of the “if” part of Theorem

2
2. PRELIMINARIES

The letter C' will be used for constants that may change from one occurrence
to another. Constants with subscripts, such as C7, do not change in different
occurrences.

We will assume that the constant Cj in (IT]) has been chosen big enough so that
for all the cubes Q C R? we have

(2.1) 1(Q) < Col(Q)".

Given a function f € L}, (i), we denote by mq f the mean of f over Q with respect

to p, i.e., mgf = m fodu.

Definition 2.1. Given o > 1 and # > a”, we say that the cube Q C R? is
(v, 3)-doubling if pu(aQ) < B u(Q).
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NONDOUBLING H! IN TERMS OF A MAXIMAL OPERATOR 319

Remark 2.2. As shown in [To3], due to the fact that u satisfies the growth condition
(L), there are a lot of “big” doubling cubes. To be precise, given any point
x € supp(u) and ¢ > 0, there exists some (a, 3)-doubling cube @ centered at x
with £(Q) > c. This follows easily from (LI]) and the fact that 5 > a™.

On the other hand, if 3 > a¢, then for p-a.e. x € R? there exists a sequence of
(c, B)-doubling cubes {Qy}r, centered at x with ¢(Q) — 0 as k — oo. So there are
a lot of “small” doubling cubes too.

For definiteness, if o and (3 are not specified, by a doubling cube we mean a
(2,29+1)-doubling cube.

Now we are going to recall the definition of RBMO(u). In fact, in Section 2
of [To3|, several equivalent definitions are given. Maybe the easiest one is the
following. Let f € L}, (). We say that f € RBMO(u) if there exists some constant

C such that for any doubling cube @,

(22) |17 = masidn < cin@
and
(2.3) Imof —mef| < CiKgr for any two doubling cubes Q C R.

The best constant Cy is the RBMO(1) norm of f, which we denote as || f||..

Given any pair of constants 0 < «,, with § > ", if in the definition of
RBMO(1t) we ask (Z2) and (23)) to hold for («, 5)-doubling cubes (instead of dou-
bling cubes), we will get the same space RBMO(y1), with an equivalent norm [To3].
In fact, RBMO(11) can be defined also without talking about doubling cubes: Given
some fixed constant p > 1, f € RBMO(u) if and only if there exist a collection of
numbers {fo}o (i-e., for each cube @ some number fg) and some constant Cy such
that

/Q |£(2) = fol du(x) < Ca p(pQ) for any cube Q C R

and
|fo — frl < CaKg r for any two cubes Q C R.
The best constant Cy is comparable to the RBMO(p) norm of f given by (222) and
23).
Recall that, given two cubes @ C R, Qg stands for the smallest cube concentric
with @ containing R. Without assuming @ C R, we will denote by @ the smallest
cube concentric with @) containing @ and R.

Definition 2.3. Consider two cubes Q, R C R? (we do not assume Q C R or
R C Q). We denote

1 1
6(Q, R) = max </QR\Q EEPAE dp(x), /RQ\R Tl dM(»’”)) :

Notice that ¢{(Qr) ~ {(Rq) ~ £(Q) + ¢(R) + dist(Q, R), and if @ C R, then
Ro =R and ¢(R) < {(Qr) < 2¢(R).

It is clear that if @ C R, then Ko r = 14 §(Q, R). Quite often we will treat
points = € supp(u) as if they were cubes (with £(z) = 0). So for z,y € supp(p)
and some cube @, the notations é(x, Q) and 6(z,y) make sense. In some way, they
are particular cases of Definition 23l Of course, it may happen that §(x, Q) = oo
or d(z,y) = 0.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



320 XAVIER TOLSA

In the following lemma we show that (-, -) has some very useful properties.

Lemma 2.4. The following properties hold:

(a) If £(Q) =~ £(R) and dist(Q, R) < 4(Q), then §(Q,R) < C. In particular,
6(Q,pQ) < Co 2™ p™ for p> 1.
(b) Let @ C R be concentric cubes such that there are no doubling cubes of the
form 28Q, k >0, with Q C 2KQ C R. Then, 6(Q,R) < Cs.
(¢) If Q C R, then
U(R)

5(Q,R)<C <1 —Hog@) .

(d) If PC Q C R, then
0(P,R) — [3(P,Q) + 6(Q, R)]| < .

That is, with a different notation, 6(P,R) = 6(P,Q) + 6(Q, R) £ 9. If P
and Q are concentric, then g = 0: 6(P,R) = §(P,Q) + 6(Q, R).
(e) For P,Q,R C RY,

6(P,R) < Cs +6(P,Q) +6(Q, R).

The constants that appear in (b), (c), (d) and (e) depend on Cp, n, and d. The
constant C'in (a) depends, further, on the constants that are implicit in the relations
~, <.

Let us insist on the fact that a notation such as a = b 4+ ¢ does not mean any
precise equality, but just the estimate |a — b| < e.

Proof. The estimates in (a) are immediate. The proof of (b) is also an easy estimate,
which can be found in [To3| Lemma 2.1], for example. The arguments for (c) are
also quite standard. We leave the proof for the reader.

Let us see that (d) holds. If P and @ are concentric, the identity 6(P, R) =
(P, Q)+0(Q, R) is a direct consequence of the definition. In case P and @ are not
concentric we have to make some calculations:

1
0(P,R) = (5(P,PQ)+/P\P m
RATQ

du(y)

1
= Q[ du),
Pr\Pq ly — 2p|
So we must show that
1
s=|[ o duty)-sQR|<C

Pr\Pg ly — zp|

We set
1 1 1
S < / 7ndu(y)+/ ( —+ n) du(y)
Po\Q ly — zql PrAQR ly — zp| ly — 2q]

/ 1 1

+ n - n
R4\ Pg ly — zp| ly — zql
= 51+ 855+ S;s.

du(y)
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The integral Sy is easily estimated above by some constant C, since |y — zp|,
ly — zq| < CU(R) for y € PRAQgR. An analogous calculation yields S; < C. For

S3 we have
2P — 2 2P — zq
S3<C LEPZEol gy < c B2l < ¢
ly—zol>0Q)/2 [y — 2" Q)
and we are done with (d).
We leave the proof of (e) for the reader too. O

Notice that if we set D(Q,R) =1+ 6(Q, R) for Q # R and D(Q,Q) = 0, then
D(-,-) is a quasidistance on the set of cubes, by (e) in the preceding lemma.

From (a) and the fact that Qg and Rg have comparable sizes and QrNRg # &,
we get that Qr and Rg are close in the quasimetric D(-,-). Also, if we denote by
@ the smallest doubling cube of the form 2*Q, k > 0, by (b) we know that @ is not
far from @ (using again the quasidistance D). So @ and @ may have very different
sizes, but we still have D(Q, é) <C.

In Remark we have explained that there are a lot of big and small doubling
cubes. In the following lemma we state a more precise result about the existence
of small doubling cubes in terms of §(-, ).

Lemma 2.5. There exists some (big) constant n > 0, depending only on Cy, n and
d, such that if Ry is some cube centered at some point of supp(u) and « > 1, then
for each x € Ry Nsupp(u) such that §(x,2Ry) > « there exists some doubling cube
Q C 2Ry centered at x satisfying

(24) |5(Q7 2R0) - a| < €1,
where €1 depends only on Cy, n and d (but not on «).

Proof. Let Q1 be the biggest cube centered at = with side length 27 ¢(Rg), k > 1,
such that 6(Q1,2Rgp) > a. Then, 6(2Q1,2Ry) < a. Otherwise, &k = 1, and since
E(Ql) = K(Ro)/2 and Z(QLRO) S 4£(R0), we get

5(Q1,2Ro) < / ! Co 8" U(Ro)"

T du(y) < =Cp 16",
0Q1)/2<y—z|,y€Q1 ry [Y — TI" U™

which contradicts the choice of @1, assuming 1 > Cy 16".
Now we have §(Q1,2R) < a+ §(Q1,2Q1) < a+ Cy 16™. Thus
|5(Q1, 2R0) — Oé| § C() 16”

Let @ be the smallest doubling cube of the form 2¥ Qy, k > 0. Then 6(Q1, Q) <
C3. Also, ¢(Q) < ¢(Ry). Otherwise, Ry C 3Q and

3(Q1,2Rp) < 0(Q1,3Q) =6(Q1,Q) +0(Q,3Q) < C3+6" Cp.

This is not possible if we assume 1 > C5 + 6™ Cj.
Now @ satisfies the required properties: since it is doubling, it is contained in
2R, and

16(Q,2Ry) — 16(Q,2R0) — 6(Q1,2Ro)| + 0(Q1,2Ro) — af

<
< 6Q,Q1)+Cp16™ < C34 Cy16™ =: ¢;.
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As in (d) of Lemmal[Z4] instead of ([24]), often we will write 6(Q,2Ro) = o+ ¢5.
Notice that by (e) and (a) of Lemma 24 we get

|6(Qa RO) - Oé| < |5(Q7 2R0) - a| + |5(Q7 2R0) - 5(@7 R0)|
< €1+5(R0,2R0)+C4
< g +C+Cyi=¢.

However, we prefer the estimate (Z4)), because we have Q@ C 2Ry but @ ¢ Ry, in
general. So the cube 2Ry, in some sense, is a more appropriate reference.

Results analogous to the ones in Lemma ZH can be stated about the existence
of cubes @ centered at some point x € Ry with @ D Ry, but since we will not need
this fact below, we will not show any precise result of this kind.

If @ C R are doubling cubes and f € RBMO(u), then

maf —mafl < (1+5(Q, R) |-
Without assuming () C R, we have a similar result:
Proposition 2.6. Let Q, R C R? be doubling cubes. If f € RBMO(u), then
mof —maf] < (C+28(Q,R) £l

Proof. Suppose, for example, ¢{(Rg) > ¢(Qr). Then, Qr C 3Rg.
Let 3R be the smallest doubling cube of the form 2¥ 3R, k > 0. We have

§(R,3R0) = 6(R, Rg) + 6(Rg,3Rg) < §(R, Q) + C.
Thus
(25) maf = mag fl < (1 +C+5(R, Q) || fll..
We also have
5(Q,3Rq) < C+5(Q,3Rq) + 3(3Rq,3Rq) < C +5(Q, Qr) + 6(Qr, 3Rq).

Since Qr and R¢ have comparable sizes, 6(Qr,3Rqg) < C, and so
3(Q,3Rq) < C +6(Q, R).

Therefore,
(26) maf = mag £ < (1+C +6(Q, R) Il
By (ZA) and (ZH), the proposition follows. O

3. THE EASY IMPLICATION OF THEOREM
In this section we will prove the “only if” part of Theorem
Lemma 3.1. The operator Mg is bounded from H) 2 (i) into L' ().

Proof. Let b = A1 a1 + A2 as be an atomic block supported on some cube R, with
Ai € R, where a;, i = 1,2, are functions supported on cubes ); C R such that
||ai||oo < ((1+5(Qi, R)) /.L(QQi))il. We will show that HM‘beLl(u) <C (|)\1|+|/\2|)
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First we will estimate the integral fRd\QR Mab du. For z € R?\ (2R) and ¢ ~ =,
since [bdu = 0, we have

ez —]/uww@wwmmmmﬂ

Nl < b(y d .
(3.1) < C/I zR|"+1 w(y)
Thus
((R)
Mgbdu < Clb / _ Y e
/]Rd\(QR) e 120226 Rra\(2R) |T — ZR["T! Hle)
(32) < bl < C A+ D))

Now we will show that
(3.3) / Mea; du < C,
2R

and we will be done. If z € 2Q; and ¢ ~ x, then
‘/aisﬁdﬂ

0 Moa;dp < Clla;l| Loy p(2Qi) < C
2Q;

For x € 2R\ (2Q;) and ¢ ~ z, we have

< Claillzoe(w el < Cllaill Lo (-

1
‘/alwdﬂ é C ||a’7;|‘L1(/") |x — 2Q; n
Therefore,
1
/ Maaidp < Cllail gy / =zl M
2R\ (2Q;) ’ i :
(3.9 < Clailligy (1+5(Qi B) < C.

4. AN APPROACH BY DUALITY FOR THE OTHER IMPLICATION

We have to show that if f € L'(u), [ fdu = 0 and Mef € L'(u), then f €
H itgo( ). We will obtain this result by duahty, following the ideas of Carleson [Cal.
So we will prove

Lemma 4.1 (Main Lemma). Let f € RBMO(u) with compact support and [ fdu
= 0. There exist functions hy, € L>=(u), m > 0, such that

(4.1) F(2) = holz +Z/%m () duy).

with convergence in L'(u), where, for each m > 1, oy m ~y, and

(4.2) D | < C ]
m=0
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Let us see that from this lemma the “if” part of Theorem (I.2)) follows. Consider
f € L'(p) such that [ fdu =0 and Mg f € L*(n). Assume first that f € L>(p)
and has compact support. In this case f € Hiio(u), and so we only have to
estimate the norm of f.

Since RBMO(p) is the dual of Hi;go(u) [To3], given f € L'(u), by the Hahn-
Banach theorem we have

1l = sup (£, 9.

“ llgll-<1

Since [ fdp =0, we can assume that g has compact support and [ g du = 0. Then,
applying the Main Lemma to g, we get

[ rhodu f;j [ @) o) 710 dutz) dt)

Since [ |y,m(z) f(z)| du(z) < Ms f(y), we have

I(f, 9l < +

o
(ool < Il ol + 3 [ Mofw) oy dus)
m=1 .
< 1z 1ol ooy + 1Mo fllie || D [hml
m=1 Lo (p)
< C (Iflpry + IMa fllLr ) Ngll«-
That is, || fll g0y < C (Ifllzige + 1Mo fllz)-
1,00

In the general case where we do not know a priori that f € H,;"(u), we can
consider a sequence of functions f, bounded with compact support such that

[ fadp =0, fr, = fin L*(p) and |[Moe(f — Jo)llor(wy — 0, and then we apply
the usual arguments. A detailed proof of the existence of such a sequence is given

in [Tobl, Lemma 9.1].
The rest of the paper is devoted to the proof of the Main Lemma.

5. THE JOHN-NIRENBERG INEQUALITY

In [To3] it is shown that the functions of the space RBMO(u) satisfy a John-
Nirenberg type inequality. Let us state the precise result.

Theorem 5.1. Let Q C R? be a doubling cube. If f € RBMO(u), then

u{wEQ:If—meI>A}SC5M(Q)eXp(_|?|6A), AS 0,

where Cs,Cg > 0 are constants that only depend on Cy, n, and d.

In the proof of the Main Lemma we will need a version of the above inequality
which appears to be stronger (although it is equivalent). In this section we will
state and prove this new version of the John-Nirenberg inequality.

Definition 5.2. Given a doubling cube @, we denote by Z(Q, \) the set of points
x € @ such that any doubling cube P with z € P and ¢(P) < ¢(Q)/4 satisfies
imp f—mqf| <A

In other words, @\ Z(@Q, A) is the subset of @ such that for some doubling cube
P with x € P, {(P) < {(Q)/4, we have [mpf —mqf] > .
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Proposition 5.3. Let Q C R? be a doubling cube. If f € RBMO(u), then

1(Q\ Z(Q,N)) < CLu(Q) exp (]?f A) Ao,

where Cf, C§ > 0 are constants that only depend on Cy, n, and d.

Proof. The arguments are quite standard. For any 2 € Q\ Z(Q, \) there exists some
cube P, which contains z, with ¢(P,) < ¢(Q)/4 and such that |mp, f —mqf| > A
Then by Besicovich’s Covering Theorem, there are points z; € Q\ Z(Q, A) such that
Q\Z(Q,\) C |, 2P;, and so that the cubes 2P;, i = 1,2, ..., form an almost disjoint
family. Observe that the Covering Theorem of Besicovich cannot be applied to the
cubes P, (they are not centered); however, we have applied it to the cubes 2P,,
which are also not centered, but fulfill the condition x € %2Px. That is, the point
x is “far” from the boundary of 2P,. Under this condition, Besicovich’s Covering
Theorem also holds.

Since for each i we have £(P;) < £(Q)/4 and P, N Q # &, it is easily seen that
2P, C %Q. Then,

mQ\Z(Q,2) < ZM(QH-)

IN

> /P exp ((2) — maf| k) exp(—\k) diux)

< c / P (I@) ~ ma[K) exsp(-Ak)dutz),
where k is some constant that wifl be fixed below. Now, we have
exp (1f(@) = mofIk) < exp(If(2) = mzqfI k) exp (Imzqf — mofIk)
< exp (|f(2) = mzofIk) exp (C|fI|. k).

The last inequality follows from |mzq f —mq f| < C'| f[|« (notice that the cube Q
is (2,2%71)-doubling).
Therefore, by Theorem[51] (which also holds for cubes that are (£, 2¢71)-doubling

instead of (2,2*1)-doubling, with constants C, and Cs instead of C; and Cy) we
have

W@\ Z(@Q,N)
< Cexp(—A) exp (C ]l ) /

7

4

exp (17(0) = m3 o111 ) du(o)
= Cexp(=Ak) exp (C| fll« k)
« /Ooou{xe Q: exp <|f(x)—mZQf|k) >t} dt
< Cu(GQ) (-2 e Cf18) [ Crewp (%) dt.
So if we choose k := Ca /(2| f]l+), we get

wavsamzeuia e (552) scmmen (52 o
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6. THE “DYADIC” CUBES

In [Cal], Carleson proves a result analogous to the one stated in the Main Lemma
for 11 being the Lebesgue measure on R%. He uses dyadic cubes of side length 274,
where A is some big positive integer. In our proof, we will also consider some cubes
which will play the role of the dyadic cubes with side length 2=4 of Carleson. In
this section we will introduce these new “dyadic” cubes, and we will show some of
the properties that they satisfy and that will be needed in the proof of the Main
Lemma.

As in [Ca], we will take some big positive integer A whose precise value will
be fixed after knowing or choosing several additional constants. In particular, we
assume that A is much bigger than the constants g, £ and 7 of Section[2

Definition 6.1. Suppose that the support of the function f of the Main Lemma
is contained in a doubling cube Ry. Let m > 1 be some fixed integer and = €
supp(p) N Ro. If §(x,2Ry) > m A, we denote by (s, a doubling cube (with
Qz,m > 0) such that

(61) |5(Qz,m; 2R0) - mA| S €1.

Also, D, = {Qim}icr,, is a subfamily with finite overlap of the cubes Qy ., such
that each cube Qim = Qu,.m is centered at some point y; € supp(p) N Ry with
d(yi, 2Rp) > m A, and

{z € supp(p) N Ry : §(z,2Ry) > m A} C U Qim
i€l

m

(this family exists because of Besicovich’s Covering Theorem).

If 6(z,2R0) < mA, we set Qum = {z}. We denote by D, the family of cubes
Qzm = {x} such that 6(z,2Ro) < mA and © € U;cp, Qim- We set D, =
D! UD!. ’

The cubes Qg m, ¢ € supp(p) N Ry (not necessarily from the family D,,), are
called cubes of the m-th generation.

Obviously, the whole family of cubes in D,, has also finite overlap. Notice that
if  is a point in supp(u) such that §(x,2Rg) = oo, then ¢(Qz m) > 0 for all m > 1.
Otherwise, there exists some mg such that £(Qz ) = 0 for all m > my.

It is easily seen that if A is big enough, then ¢(Qgm+1) < ¢(Qz,m)/10 (a more
precise version of this result will be proved in Lemma[6.2] below). So ¢(Q4 m) — 0
as m — oo.

If A is much bigger than 1 and Qg m # {2}, then 6(Qz,m,2Ro) ~ mA. However,
the estimate (B.I]) is much sharper. This will be very useful in our construction.

The constants g and €1 should be understood as upper bounds for some “errors”
and deviations of our construction from the classical dyadic lattice.

We will need the following result too.

Lemma 6.2. Assume that A is big enough. There exists some v > 0 such that if
Qum N Qymi1 # D, v,y € supp(p), then £(Qymi1) <277 UQu.m).

Proof. We can assume Qu m+1 # {y}. Let B > 1 be some fixed constant. If
UQym+1) > B (Qum), then Qum C 3BQy.m+1. So, if R, is a cube centered
at = with side length 6B ¢(Qy.m+1), we have Qz m, Qym+1 C Rq.
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By (c) of Lemma 2.4 we get

m)) <C(1+logB).

Since

5(Qy,m+17 2RO) = 5(Qy,m+17 R:c) + 5(R9c; 2}%O) + €0,
if we set B =274, we obtain

0(Rz,2Rp) > (m+1)A—e1—e9g— C(1 4 v Alog2).
Then for v small enough we have
§(Ry,2Ro) > (m+1)A—e1—e0—C— 1 A>mA+e.
This implies §(Qy m, 2Ro) > mA + £1, which is not possible. O
As a consequence, we obtain

Lemma 6.3. Assume that A is big enough. If x,y € supp(p) are such that Qg m N
Qymtk # D (with k> 1), then £(Qym+x) <277 A*¥ Q).

Proof. By the previous lemma, we have £(Qy j11) < 2774 4(Qy ;) and £(Qym+1)
<2774 0(Qu,m). This gives £(Qy.m+1) < 277 4*UQum). O

7. AN APPROXIMATION OF THE IDENTITY

The proof of the Main Lemma will be constructive. At the level of cubes of
generation m, we will construct a function h,, yielding the “potential”

Un(z) = /Soy,m(x) hon () d(y)

(to be precise, instead of one function h,,, for each m we will have N functions
hl.,...,hN but this is a rather technical detail that we can skip now). The poten-
tials U, will compensate the large values of f at the scale of cubes of generation
m. So the arguments will be similar to the ones of [Cal.

However, in our situation several problems arise, in general, because of the ab-
sence of any kind of regularity in the measure p (except the growth condition (I1I)).
For example, in [Ca] the potentials U,,, are convolutions with approximations of the
identity: U,, = @m * hy,. Using the previous notation, we have

Pym () = pm(y —x) = 274" (2 (y — 2)).

This is not our case. The measure p is not translation-invariant, and we do not
know how it behaves under dilations (notice that if  were doubling, we would have
some information, at least, about the behavior under dilations). We need to use
functions ¢y, such that |y m|lL1, = 1 (or at least equal to some value close
to 1). So ¢, ., cannot be obtained as a translation of ¢, ., for ¥’ # y, nor as a
dilation of ¢,/ r, k # m. In this section we will show how these problems can be
overcome.
We denote

o= 10ep + 10e1 + 12" 1.

We introduce two new constants ai,as > 0 whose precise value will be fixed
below. For the moment, let us say that g,e1,Cp,0 K a1 K as < A.
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Definition 7.1. Let y € supp(p). We denote by .}/,m’ @;‘/’m, Qi}m, @;m, Q;m
some doubling cubes (with positive side length) centered at y such that

0(Qy,m,2R0) =mA=xe,

(@
5( ym,2R0) mA—OéliEl,
(5( ym,2R0) mA—al—Uiel,
(7.1)
0(Q ym,2R0) mA—aoa; —ayteq,
(5( ym,2R0) mA—Oél—OéQ—O'iEl,
o( ym,2R0) mA—a1 —as —20 *eq.

By Lemma 2.5] we know that if 6(y,2Ro) > m A, then all the cubes @, ,,,, Qy ms

o @zQMrw Q3 ,, exist. Otherwise only some (or none) of them may exist. If any
of these cubes does not exists, we let this cube be the point {y}.

Notice that we can only assume that the estimates in (Z]) hold for the cubes Q
which are different from {y} (i.e., with £(Q) > 0). So if Q;,, = {y}, say, then we
only know that (5( 2Ry) <mA—a; —o+er.

y,m?
Lemma 7.2. Lety € supp(p). If we choose the constants ay, as and A big enough,
we have

(72) Qy,m C Q;,m C ley,m C Qz,m C Qi,m - Qz,m - Qy,me

Proof. Notice first that for a1, as and A big enough, the numbers that appear in

the right-hand side of the estimates in ([1]) form a strictly decreasing sequence.
Let us check the inclusion Qzl/ Qy m,» for example. Suppose first that Qim #+

{y}; then
§( ym,2R0) mA—a; —as teq.
If @;m = {y}, the inclusion is obvious. Otherwise,
o( ym,ZRo) mA—oa] —o+e;.
%ﬁen 5(Q1 yoms 2R0) > 6(Q3 ., 2Ro), and so @;m C Q3 ,,. Assumenow Q2 = {y}.
en,

0(y,2Rp) <mA— a1 —ag +e¢1.

In this case there is no cube @1 satisfying
6(Qy mi2Ro) =mA—oa; —ote,

and so, by our convention, Qy,m = {y}. That is, the inclusion holds in any case.
The other inclusions are proved in a similar way. O

For a fixed m, the cubes Q;’m may have very different sizes for different y’s. The
same happens for the cubes Q;m. Nevertheless, in the following lemma we show
that we still have some kind of regularity. This regularity property will be essential
for our purposes.

Lemma 7.3. Let x,y be points in supp(u). Then:
(a) If Q) ,, N Qy ., # D, then QL ,, Qy m, 0 particular x € @;m
(b) If Q% ,,NQ3% ,, # D, then Q3 ,, Qy m» in particular © € Q\zm
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So, although we cannot expect to have the equivalence

1 1
y € Qz,m AR Qy,m?
we still have something quite close to it, because the cubes @, ,,, and @;m are close

to each other in the quasimetric D(:,-), since &( im,éim) is small (at least in
front of A). Of course, the same idea applies if we change 1 to 2 in the superscripts
of the cubes.

Proof of Lemma[7.3] Let us prove statement (a). The second statement is proved
in an analogous way. Let x,y be as in (a). If £(Q) ,,) > €(QL ) (in particular,

vom 7 {y}), then Q.. C 3Q),, C @;m (the latter inclusion holds provided
§(QY ., 2Ro) < 6(QL ., 2Ry) — 6™Cy).

y.m y.m
Assume now £(Q, ,,) < €(Q} ). If Q) ,, = {«}, then z = y and the result

is trivial. If Q;lcm # {x}, we denote by P, a cube centered at y with side length
30(Q% ). Then, Q. ,, C P, C 6Q} ,, and so 6(Q} ., P,) < 12" Cy. Thus

x,m>

6(Py7 2R0) > 5( ;}c,mv 2R0) - 5( glc,ma Py) — €0
> 6(Qa,m:2R0) — 12" Co — €0
> mA-—a;—o+er.
Therefore, @;m # {y} and @;m DPyDQ O

Now we are going to define the functions ¢, ,,. First we introduce the auxiliary
functions 1y, m.

Definition 7.4. For any y € supp(u) N 2Ry, the function 1, ., is a function such
that

, 4 1
S = Comaire)]
(2) 1/’y,m($) = m ifz € Q\z,m \ Q@ll,mv
(3) supp(¥y,m) C Q3 .,

. 1 1
(4) |1y o (2)| < Cra min <€( Ty = x|n+1>'

y,m

It is not difficult to check that such a function exists if we choose C12 big enough.
We have to take into account that ZQ;m C Qg}m. This is due to the fact that
0(Q5 m>2Q5 1) < 47Co < (Q5 . Q) if £(QF ) # 0.

In the definition of 1y, if Q, ,, = {y}, then one must take 1/£(Q, ,,) = co.
If Qim = {y}, then we set 1, ., = 0. This choice satisfies the conditions for the
definition of v, ,, stated above.

For as big enough, the largest part of the L'(x) norm of ), ., will come from the

integral over z,m \ Q\;‘/m We state this in a precise way in the following lemma.

Lemma 7.5. There exists some constant €2, depending on n, d, Cy, o, €1 and o
(but not on ay, ag nor A), such that if Q) ,, # {y}, then

(7.3) ey mlizign — az2| < e
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and

1

(7.4) T

du(z)| < ea.

vl = [
QF,m\Qy,m

The proof of this result is an easy calculation that we will skip. A direct conse-
quence of it is

. 1
lim —
Qg —00 (X 2 A1
2 JQ5 m\Qy m

for y € supp(u) such that é(y,2Rg) > m A.

1

e

Definition 7.6. Let w; ., be the weight function defined for y € J;c;/ Qi,m (these
are the cubes of Dy, with ¢(Q; ) > 0) by

XQi,m (y)
Wi m(y) = Y .
2 jer, XQm()
If y € supp(p) N 2Ry belongs to some cube Q; », centered at some point y;, with
U(Qi,m) > 0, then we set ©y m(7) = g 3, Wi m(Y) y;.m(x). If y does not belong
to any cube Q; m with £(Q; ) > 0 (this implies 6(y, 2Ry) < mA and Q.. = {y}),
then we set
Pym(T) = agl Vy,m ().

Setting wi m () = XQi.. () if £(Qim) =0, we can write
@y,m(x) = OEI Z Wi,m (Y) wyi,m(x)a
i

for any y.

Let us remark that a more natural definition for ¢, ,, would have been the
choice @y () = ay ' 1y m(z) for all y. However, as we shall see, for some of the
arguments in the proof of the Main Lemma below (in Subsection [82)), the choice
of Definition is better.

In order to study some of the properties of the functions ¢y .., we need to
introduce some additional notation.

Definition 7.7. Given z € supp(u), we denote by @fcm a doubling cube centered
at x such that §( 03 2Rg) =mA—ay —as — 30 te1. Also, we denote by lecm

x,m>

and Q;m some doubling cubes centered at x such that

6(v1 2R0):mA—041+0':|:€1,

x,m?
5( vglc7m,2R0) =mA—oa;+20+e

(the idea is that the symbols ~ and ~ are inverse operations, modulo some small

errors). If any of the cubes Q;’m, Q;’m, @im does not exist, then we let it be the
point x.

So, when §(x,2Rg) is big enough, one should think that @\im is a cube a little
bigger than @im, while Qim is a little smaller than Q} . Also, lecm is a little
smaller than Q2 . but still much bigger than Qz,m-

x,m>

Lemma 7.8. Let x,y € supp(u). For oy and ay big enough, we have:
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() If £ € Quom and y & @goym, then @y m(x) = 0. In particular, @y m(z) =0
a;l

ifydQs,,.
(0) 17y € Qb then pyimfa) < O g,

(¢) Let es > 0 be an arbitrary constant. If aq is big enough (depending on
€3, Co, m, d but not on as), then

iy & Qg
and

Pym(r) > ify€Q2,\ Qb
(d) If z € Qug,m, then

1 1
|<p;m(m)| <Cay? min( ) )

UQk )Y |y — |t

Notice that, in Definition [74] of the functions ¢, ,, the properties that de-
fine these functions are stated with respect to cubes centered at y ( leym, Q?

y,m

;m, ...). In this lemma some analogous properties are stated, but these prop-

erties have to do with cubes centered at = or containing = (Qzy,m, Qi,ma Qi,mv
~o )
pms )

Proof. (a) Let zo € supp(p) and & € Quy,m- If @y m(x) # 0, there exists some
i With y € Qim = Qyum and x € Q3. . Then Q3 | NQ3 . # @, and so
yeqs , C @20% (as in Lemma [Z3)).

(b) Let y € lecm and let y; be such that y € Qy, m. We know that
1
UQy,m)"

Yi,m

Pyem(r) < Coy’t

So we are done if we can show that £( ;‘/m) >4 Vglg’m).
As in Lemma [T3] we have
Yy € Q;,m = Qli,m N Q;,m 7é 9 = Qi’,m - thm'
Thus £(Q} ,,,) < UQ}, ,.)-

(c) Let us show the first inequality. If y ¢ QL . and y belongs to some cube

z,m

Qy;.m With £(Qy, . m) > 0, then z ¢ Q;“m, because otherwise, as in Lemma

T3 we would get Q) ,, C Q) ,,. However, since we assume a; > o, the

cube lejm is bigger than @, » and contains y. So y € Q;’m, which is a
contradiction.
Since x ¢ Q;‘ﬁ!m and this cube is much bigger than Qy, m, if oy is big

enough we get
o' _ 0y (1+es)
lyi =l =y —=[
As this holds for all ¢ with w; n,(y) # 0, we obtain
oyt (14 €3)
ly—al*

Py,m(T) <
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This inequality also holds if ¢(Qy,.m) = 0 with 5 = 0, since in this case

Yi =Y.
We consider now the second inequality in (c). Let y € supp(u) be such

that y € Q%m \ Q\im If y € Qy,ym with £(Qy, m) > 0 for some i, by
Lemma [T.3] we get x € @?ﬁm \ Q;‘ﬁ’m. Since this is satisfied for all ¢ such
that w; m(y) # 0,

-

Py, m Z Wi, m — l‘|n
If o7 has been chosen big enough, then 6( ym) > 0(Qy;,m), and one has

ol eyl (l—e3/2)
lyi —x[* = |y -z

Thus
—1
ay (1 —e3/2)
7.5 Oym(w) > 22— L7
(7.5) (%) ly — x|
Ifye@,,\ @\im and y € Q;m with £(Q; m) = 0, then by Lemma [7.3] we

also get = € Q\Z’m \ Q,  (in particular, @\;m # {y}). Then ([5) holds in
this case too (with €3 = 0).

(d) Suppose first that y € QL o,m- In this case we must show that
—1
a
fo(2)] < C——2—.
60 < C gt

Let y; be such that y € Qy, m. We know that

-1
Qy

|y, m ()] < C W
By the definition of ¢, (x), it is enough to see that £(Q,, ,,) > (Q: Tom)-

This follows from the inclusion Q m D Qx o,ms Which holds because y €

vim N on ms and then we can apply Lemma[Z3 (in fact, a slight variant
of Lemma IE[)

Suppose now that y & QL It is enough to show that

To,m’
ot
ly — x|+t

Let y; be such that y € Qy, . By definition we have

loy,m (@) < C

|0y, m (@) < C
We are going to see that

(7.6) Y =il < ly —l/2.
Assume |y — y;| > |y — z[/2. Then, since z € 2Q}

lys — [t

zo.m (for a1 big enough),
(7.7) UQysm) > C My — [ > O Qg m)-
Note that from the first inequality in ([Z3), dist(x, Qy,.m) < CUQuy;m)-

In this situation we have on m CCQy,m C Q;m This is not possible,
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since by Lemma [.3 we would have @} ,, D Q. ,,, and then we would get

51 _ Al : : _ — = Ol =
zo,m = @y, m- This would imply zo = y; and also o = y; = Q, ,, =
51

yi,m» and then y = y;, which is a contradiction because we are assuming
that (Z6) does not hold.
So (T6) is true and |y; — x| = |y — «|. Thus
—1

/ Qg
[y, m(@)] < C PR

Since this holds for any i such that y € Qy, n, we get

ey, m (@) < C
m

Some of the estimates in the preceding lemma will be used to prove the next
result, which was one of our main goals in this section.

Lemma 7.9. For any €3 > 0, if o and as are big enough, for all x € supp(n) we
have

(7.8) [ um@)dute) < 14 2

If x € supp(u) is such that there exists some cube Q € Dy, with Q > x and £(Q) > 0
(in particular, if 6(x,2Ry) > m A), then

(7.9) - < / ym() duy).

Let us observe that if y were translation-invariant and ¢, () = ¢m(y — ),
then (Z.8) and (Z.9) would hold with e3 = 0 (choosing ||¢ym| L1 = 1)

Proof. Let us prove (7.9) first. So we assume that there exists some cube Q. € Dy,
containing & with £(Q;,m) > 0. Since © € Qim C Q},,, we have Q},, C Q},,. In

particular, £(Q}, ,,) > 0. By Lemma [T.5 and the second inequality of (c) in Lemma
(.8, we get

v

Jem@antw = [ @)

—1
@ 1-— €3 2
= / . % dpi(y)
Q. \or, ly—2l

> agl (g — 2e9) (1 — e3/2).

So (T9) holds if we take ag big enough.
Now consider (ZJ). By (a) in Lemma [[.8 we have

[ v duty) = /Q Gy () dii(y).

x,m

Thus we can write

(7.10) / ym(@) du(y) = /Q o Pum(@) )+ /Q oy () dpi(y).

51
z,m \%az,m z,m
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Let us estimate the first integral on the right-hand side of (ZI0). Using the first
inequality in (c) of Lemma [7.8] we obtain

a;t 1+e3/2
[ @ty < [ o 1He/2) )
G3,0\GL, Q:,\er,, ly—7l

= Qi Qi) oz (1 +e3/2)
(7.11) ayt (ag+40+26e1) (1 +63/2).

Let us consider the last integral in (ZI0) (only in the case QL ,,, # {z}). By (b)
in Lemma [7.8] we have

Cay? _
12 [ pn@d) < [ T du) < CCoa’.
QL or ., UQLm)

From (1)) and ([C12) we get ([T.8). O

8. PROOF OF THE MAIN LEMMA

IN

8.1. The argument. As stated above, A is a large positive integer that will be
fixed at the end of the proof. We assume that the support of f is contained in
some doubling cube Ry, and for each integer m > 1, we consider the family D,,
of “dyadic” cubes Q;m, i € I, introduced in Definition [6., and we set D =
U1 D Recall that the elements of D may be cubes with side length 0, i.e.,
points.

For each m we will construct functions g,, and b,,. The function g,, will be
supported on a subfamily D of the cubes in D,,. On the other hand, b, will be
supported on a subfamily D2 of the cubes in D,,. We set D¢ = U1 D¢ and
DB =J,,>, DE. The cubes in DY will be called good cubes and the ones in D
bad cubes (let us remark that in the family D,,, in general, there are also cubes
which are neither good nor bad).

From g¢,, and b,,, we will obtain the following potentials:

US@) = / Gy (@) Im(y) duy),

/ () b (4) duy).
Un(z) = US(@)+UE(@).

These potentials will be successively subtracted from f. We will set

Fr (@) = £(2) = > Us(a) = funlx) = Un(a)

Uy, ()

and

(8.1) ho=f—Y Un= lim f,.
- m— o0
The support of the functions g, bm, US, UB will be contained in 2Rj.
By induction we will show that the functions ¢,,, b, Uy, and f,, possess the
following properties.
() [gmls [bm] < Cs A f]]
(b) g fme] < Al Il if Q € D,y and £(Q) > 0.
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(¢) If gm £0o0n Q, Q € Dy, with £(Q) > 0, then |mg fr+1| < 2—70 Al Sl

(d) If Q € Dy and |mq fin| < 25 Al f |+, then Up, = 0 and gm = by, =0 on Q.

(e) If Q € Dy, and 6(Q,2Ry) < (m — &) A (so £(Q) = 0), then Uy, = 0 and
gm = by =0 on Q.

Finally, we will see that our construction possesses the following properties too.

(f) If 6(z,2Rp) < oo, then |ho(z)| < Cy A||f||«, and if @ € D,, and £(Q) = 0,
then [mq fm+1] = | fmt1(20)| < Co A| £

(g) For each m, there are functions g,, ..., gY such that

N
(g.1) US(z) = Z / @b m () gh, (y) du(y), where b is defined below,
p=1

(g2) |gh| <2Cs A|/f|« for p=1,...,N, and
(g.3) the functions E;v:l |g2,| have disjoint supports for different m’s.

(h) The family of cubes D? that support the functions b,,, m > 1, satisfies the
following Carleson packing condition for each cube R € D,,, with £(R) > 0:

(82) > Q) <Cu(R).
Q: QNR#@
QeDE  k>m
Let us remark that if some cube @ coincides with a point {z}, then we set
mqQ fm = fm/(z). Also, the notation for the sum in (h) is an abuse of notation. This
sum has to be understood as

S Q= Y @+ Y ufee2ns (o) eDf).
Q:QC2R Q:£(Q)>0,QC2R k>m
QEDE  k>m QEDE  k>m

On the other hand, the number N that appears in (g) is the number of disjoint
families of cubes given in the Covering Theorem of Besicovich, which depends only
on d.

The functions ¢# . of (g) are defined as follows. We set D,,, = D}, U---UD],
where each subfamily DP, is disjoint (recall that the cubes of D,, originated from
Besicovich’s Covering Theorem). Then we set

Wz,m () = Yy, m(T)

ify € Qi,m with @y, € D, and @’y”m(a:) = 0 if there does not exist any cube of
the subfamily DF, containing y.

First we will show that if there exist functions g,, and b, satisfying (a)—(h), then
the Main Lemma follows, and later we will show the existence of these functions.

It is not difficult to check that if ([I) and (£2) hold, then the sum of (B])
converges in L}, (1) (this is left to the reader). Since the support of all the functions
involved is contained in 2Rg, the convergence is in L*(u).

Let us see now that if (b) and (f) hold, then ||ho| () < C Al f]|+. Taking (f)
into account, we only have to see that |ho(z)] < C' A||f||« for z € supp(p) such
that 0(z,2Rg) = co. In this case, if Q € Dy, is such that z € @, then £(Q) > 0. We

are going to prove that
(8.3) (mQfm| < C A [l for @ €Dy, k <m—1

(not only for k = m—1, which is a direct consequence of (b) and (f)). Take Q € Dy,
k < m — 1. This cube is covered with finite overlap by the family of cubes D,,_.
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Moreover, if P € D,,,—1 and PN Q # &, then £(P) < ¢(Q)/10 by Lemma [6.2] and
so P C 2Q). Thus we get

mldp < mldu < C A « (2 <CA " ,
/Q mldn <3 /Q o Ul S C AN Q) < O Al Q)

and (B3)) follows (notice that, as remarked above, we have abused notation for the
cubes which are single points).

Then ho will satisfy |mgho| < C A||f||« for all Q@ € D containing x, because the
sequence { fi, }m converges to hg in L'(u). Then, by the Lebesgue differentiation
theorem we will get that |ho(x)] < C A||f]|« (this theorem can be applied to the
cubes Q € D which are not centered, because they are doubling) for p-a.e. = €
supp(p) with §(z,2Ro) = oo. Therefore, ||ho| ooy < C Al f|+

Observe that the functions g2, in (g.1) originate with the same potential as gy,.
In fact, they will be constructed by modifying the function g,, slightly so that they
are supported in disjoint sets for different m’s. By (g.2) we have

N
SN Igk ) < 2N Cs Allfl-

m p=1
The supports of the functions b, may be not disjoint. To solve this problem,
we will construct “corrected” versions (b2, p=1,...,N) of w; m by,. Moreover, as
in the case of g,,, the modifications will be made in such a way that the potentials
U2B will not change.

8.2. The “correction” of b,,. We assume that the functions b,,, m > 1, have
been obtained and they satisfy (a)—(h). We will start the construction of some new
functions (the corrected versions of w; ,, by,) in the small cubes, and then we will
go over the cubes from previous generations. However, since there are an infinite
number of generations, we will need to use a limiting argument.

For each j we can write the potential originated by b; as

UB(2) = 3 () / wi 3 () by (v) dp(y).

i€l
For a fixed m > 1 we are going to define functions v";, for j =m, m—1, ..., 1, and
all 7 € I;. The functions v;"; will satisfy
(84) supp(v;’y) C Qi

where Q; ; € D, the sign of v;"; will be constant on @; ;, and

(8.5) / o™ () duly) = / wi 3 (4) b3 () dp(y).

Moreover, we will also have

(8.6) DD i< CuAlf]..

j=1i€l;

We set v}, (y) = wim(y) bm(y) for all i € I,,. Assume that we have obtained
functions v , v ;U4 for all the i’s, fulfilling B4), (BH), and such that

i,m?
Yo > Il < BA|f]-

j=k+14€l;

m
i,m—1"""
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where B is some constant that will be fixed below. We are going to construct v}’
now.

Let Qi,.x € Dy be some fixed cube from the k-th generation. Assume first that
Qio .k is not a single point. Since the cubes in the family DP satisfy the packing
condition (82), for any ¢t > 0 we get

u{yeon’ Z Z|v” |>t}

j=k+1icl;

< i Y [ bl

j=k+11¢ i0,k

S bl

j=k+1i€l; Qig.k

Allf], Al fll«
M Z H(Q) < MM(Qio,k)'

t t
Q: QNQiy k#2
QeDP,j>k

INA
~+ | =

Therefore, if we choose t = 2C12 A|| f]|« and we denote

V;I)n, _{yEQ’im ZZlvz] |<t}

j=k+1i€l;

we have p(Vir,) > 21(Qig ). If we set Vil | = Cio e XVig x> Where ¢ € R is such
that (B3] holds for ¢ = 4, then

al £ = [ i) )l dut) < 25 A

io,
By the finite overlap of the cubes in DkB, we get

Y Rk <Ce20s A fl,

it Qio,kEDk
(Qig,k)#0

where Cp is the overlap constant in the Besicovich Covering Theorem. Now if we
take B := 2Cpg Cs + 2C12, we will have

(8.7) S il + Z > ol < BA|f]-

ioiQiO,kEDk j=k+1:i€l;
UQig,k)#0

If Qi is a single point {y}, then we set v;g’k(y) = wiy k(Y) be(y) = br(y). All
the cubes of the generations k + 1,...,m that intersect @Q;, » = {y} coincide with

{y} by LemmaE2] From (e) we get that bgy1(y) = br12(y) = --- = 0, which is the
same as saying that v, (y) = v} »(y) =--- =0 for all i. So we have
(8.8) ZZl’U” )| = 1br(y)| < Cs A|f]l« < B AJ[f]]+

j=ki€l;
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From (B) and (B8) we get

ZZIU | < BAf]-

j=kicl;

Operating in this way, the functions v, j =m, m —1,....1, ¢ € I;, will satisfy

the conditions (8.4), (85) and (8.6) ( Wlth Ci1 = B).

Now we can take a subsequence {mk}k such that for all ¢ € I; (i.e., for all the
cubes of the first generation) the functions {v;"}*}) converge weakly in L(u) to
some function v;1 € L>(u). We remark that the sequence {my}, can be chosen
independently of i, since, by the Besicovich Covering Theorem, there is a bounded
number N of subfamilies D}, ..., DY of D; such that each subfamily DY is disjoint.
If we denote by D¥'F the subfamily of bad cubes of D?, we can write

N
m m
E Vi1 = E E Vi1

i€l p=1. inle’D{“B
mg
and we can choose {mj} such that, for each p, > Qi ey B Uiy converges weakly

to Zl Qi eDp? Vil
In a similar way, we can consider another subsequence {my;}; of {my}r such

that for all ¢ € I, the functions {UZL;j }; converge weakly in L*°(u) to some function
v;,2 € L>(u). Going on with this process, we will obtain functions v; j, j > 1, that
satisfy (84), (BH) (without the superscript m) and

(8.9) D> il < Cu Al

j=licl;

=Y u(2) / vij(y) dp(y).

i€l
We define DE;B = DP N DE and
)= Y vim(y):
it Qi,mE€DHE

Recall also that ¢l . (z) = ¢y, m(2) if y € Qi With Qi m € D, and ¢} | (z) =0
if there does not exist any cube of the subfamily D?, containing y. Then we have

N
= / o m (@) b, (y) du(y).

Now we set h? = gP 4 bP | and we get

/() +ZZ/¢W ) 2, () dp(y),

p=1m=1

Also, we have

with C ¢y m ~ y for some constant C > 0, and

N oo
[hol + D > (W] < C Al f]l

p=1m=1

and the Main Lemma follows, by (g) and (89).
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8.3. The construction of g,, and b,,. In this subsection we will construct in-
ductively functions g,, and by, satisfying the properties (a)—(e). We will check in
Subsection B4 that these functions satisfy (f)—(h) too.

Assume that ¢1,...,9m_1 and by, ..., b, _1 have been constructed and they sat-
isfy (a)-(e). Let Q,, be the set of points x € supp(p) with §(z,2Rg) > m A
such that there exists some Q € D,,, ¢(Q) > 0, with Q > z and |mgfm| > %A.
For each =z € (,,, we consider a doubling cube S, ,, centered at x such that
5(Sz,m,2Rp) = mA — a1 — g — ag = €1, where as is some big constant with
100y < a3 < A, whose precise value will be fixed below. One has to think that
Szm is much bigger than Qi’m but much smaller than @, ,—1 (observe that all
these cubes have positive side length).

Now we take a Besicovich covering of ), with cubes of type Sy m, z € Qp:

Qm C USj’m’
J
where S; ,, stands for Sy, with z; € ,,. We say that a cube Q € D,, is good
(ie., Q € DY) if

3
QclJ 5Sim:
J
and we say that it is bad (i.e., Q@ € DB) if it is not good and
QcJ2Sjm.
J

Both good and bad cubes are contained in | J ; 25jm- Roughly speaking, the dif-
ference between good and bad cubes is that bad cubes may be supported near the
boundary of |J ; 25 m, while the good ones are far from the boundary.

Now we define g,, and b,,:

gm = Z Wi,m MQ;. . (fm),

1:Qi,mE€DE
b= Y Wimmq,,(fm)-

:Qi,mEDE
Because there is some overlapping among the cubes in D,,, we have used the weights
Wj,m in the definition of these functions. However, one should think that g¢,, and
b, are approximations of the mean of f over the cubes of D& and D2, respectively.

The following remark will be useful.

Claim 1. Let Qpm € Dy, be such that either g, 0, by, 0 or Uy, 0 on Qp -
Then there exists some j such that thm C 4Sj,m, and 50 Qn,m C 4Sjm.

Proof. In the first two cases, Qn,mMN2S;m # @ for some j. In the Latter case, by (a)
of Lemma[7.§ and our construction, there exists some j such that Q‘?L’mHQSj,m #+ .

So in any case, @flm N2S;m # @ for some j. Arguing as in Lemmal[6.2] for ag
big enough, it is easily checked that E(Q\;O’Lm) < U(Sjm)/4, and so @flm Cc4Sj,. O

Let us see now that (e) is satisfied.

Claim 2. If Q € Dy, and §(Q,2Ry) < (m— 1) A (s0 £(Q) =0), then Uy, = gim =
bm =0 on Q and Q ¢ DS UDE.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



340 XAVIER TOLSA

Proof. Assume that @ = {z} and that either g,, #Z 0, b, Z 0 or U, # 0 on Q, or
Q € DS UDE. By the preceding claim, @ C 45, for some j. Then,

(5(1’,2]:50) = (5(%,45]""1) +(5(4Sj7m,2R0) + e
> (5(4Sj7m, ZRQ) — &0
1
> 5(Sj,m,2Ro)—8nC0—€o> (m——> A.

10

The following estimate will be necessary in many steps of our construction.

Claim 3. Let Q be some cube of the m-th generation, and let x,y € 2Q. If
1y -y gm and by, ... by, satisfy (a), then

kZ:l Uk(z) — Ur(y)| < %O £l

We postpone the proof of Claim Bluntil Subsection B:H. Let us see that (a) holds.

Claim 4. If Q € DS UDE, then |mgfm| < Co Al f|l«. Also, we have |gm]|, |bm|
< Cg Al [l

Proof. First we prove the first statement. By Claim[2, we know that §(Q,2Rg) >
(m— &)A. Let R € Dy,—1 be such that @ N R # @. We must have ((R) > 0.
Otherwise, @ = R and §(R,2Ry) > (m — 15) A > (m — 1) A + £, which is not
possible.

Since £(Q) < £(R)/10, we have Q@ C 2R. We know that |mpfm| < Al fll«,
because (b) holds for m — 1. By Claim Bl (for m — 1 and R) we get

m—1 m—1
S |mem|+|me_me|+‘mQ(Z Uk) —mR( Uk)‘
k=1 k=1

< CA|flls+Imqf —mrfl.

The term |mqf — mpf| is also bounded above by C A || f||., because @ and R are
doubling, f € RBMO(u), and it is easily checked that 6(Q, R) < C A.

The estimates on g,, and b, follow from the definition of these functions and
the estimate |mq fin| < Cy A||f]|« for Q € DS UDE. O

Let us prove (d) now.

Claim 5. If Q € Dy, and |mqfm| < o5 A| fll«, then Uy, =0 and gn, = by, =0 on
Q.

Proof. Suppose that QQ = Qn,m € Dy, is such that either g, # 0, b, Z 0 or Uy, 0
on Qpnm. By Claim [ we have Qn,m C 4S5, for some j. By construction, the
center of S; ., belongs to some cube Q;  with [mq, , fm| = 2 A||f|. It is easily
seen that 6(Qhn,m,4S5.m), 0(Qim,4S;m) < C' + a1 + as + as. Thus,

Mm@, . f —mq, . f| < (C" +2a1 + 203 4 2a3) || f|.
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Since Qi m and @ ., are contained in a common cube of the generation m — 1, by
Claim [3] we get

|in,m fm - mQh,m,fm| < |in,'m.f - mQh,,mf|

m—1 m—1
+ g, (30 0) = ma,, (32 )|
k=1 k=1
(C" + 201 + 20 + 2a3 + A/100) || f]|.
15 Allf |

IN A

and so
Q0 | = (3 = 15) Allfll« > 55 AlIfIl+
O

The statement (c) is a consequence of the fact that if @ € DG, then Q is far
from the boundary of Uj 28 m. Then Uy, is very close to mgq fm on @, since we

only integrate over cubes of D& UDE in order to obtain U,, () for z € Q. On the
other hand, if Q € D2, this argument does not work because Q may be near the
boundary of | ; 25;.m, and so it may happen that we integrate on some cubes from

Dy, \ (DS UDE) for obtaining U,, (), * € Q.
Let us prove (c) in detail.

Claim 6. If Q € DS, and £(Q) > 0, then |mq frmi1| < Al f|+-

Proof. Consider Q; , € DS. We want to see that U,, is very close to mg, , fm on
this cube. By (a) of Lemma [T.8 we have to deal with the cube @fm

Let us see that if P € D,, is such that Pﬂ@f’!m # @, then P € DS UDE. Notice
that P C éﬁm Now, by the definition of good cubes, there exists some j such that
Qim N 38 m # @, which implies 6223;m N 3S;m # @. For az big enough, we have
E(Qim) < U(Sj,m), and then 531,” C 2Sjm. So P € DG UDE.

Let us estimate the term

sup |(9m(y) + bm(y)) - mQ7mfm|
yEQ?
Recall that

9m(Y) + b (y) = S wnm) gy fm-
h: Qn.m €EDEUDE

By the arguments above, if y € @fm and wp,_m (y) # 0, then @, has been chosen
for supporting g,, or by, i.e., Qn.m € DS UDE. Then,
I W) + b (W) = mq,  fm = Y. Whm(y) (MQ,,. fn — M, m)-
h: Qn,m€Dm

By Claim Bl we obtain

|mQh,mfm - in,m,fml < Wlo AH.f”* + |mQh,mf - in,7nf|
< s Alfl
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(we have used that 6(Qp,m, Qim) < C, with C depending on ai, az). Then we get
(8-10) |9WL(?J) + bM( ) meq;, mfm| > 50 LA Hf”

For x € Qi m, we have

Un(e) —mon, fu] < }Um(x>—in,,,,Lfm / soy,mmdu(y)}

(s.11) 1M ol \1 - [ Gt du(y)‘ |

Let us estimate the first term on the right-hand side. By (8:I0) and (Z.8§)) we obtain

‘Um(x) —MQ,  fm / Py,m () du(y)}

[ ©ym () (gm (Y) + bm(y) —mq, . fm) du(y)

Qlm
(1+¢3) 55 Allf ]«

On the other hand, by (Z.8), (.9) and Claim[4], the second term on the right-hand
side of (811) is bounded above by e3 Cs A || f||.. Thus we have

M@ frnt1] < ((1+¢3) 55+ €3 Cs) Allfll < 55 Al

if we choose €3 small enough. O

IN

Now we are going to show that (b) also holds.
Claim 7. If Q € D, and £(Q) > 0, then |mq fm+1] < A||f||+-
Proof. If Q € DS, we have already seen that [mq frmi1| < 55 Al f |«
If Q € Dy, \ DS, then Q N U; Sjm = @ (because £(Q) < (Sj,m) and Q@ ¢
U; 35;,m). By construction, we have
(8.12) imqfm| < 3 Al

If U, =0on @, then |mg fmt1] = [mgfm| < §A||f||*
Now we consider the case Q = Qpm N Uj Sjm = @ such that Uy, # 0 on Q. By

Claim [ there exists some j with @%m C 48;,m. Recall that by (a) of Lemma [Z.8]
if € Qn,m, we have

Un(@) = [ Gun(@) (9 (0) + b)) di(v).

h,m

Soif ¢y m(z) #0and y € Qi m, we have Qi,mﬂ@%’m # @. Therefore, Qi m C Q3 .-
Then,

5(Qi,’rﬂa Qh,m) é C + 6(Qi,m;

Therefore, |mgq, ., f —maq, ..

A

Sm )+5(ththm)<C+2a1+20&2 < 100"

fI < - |fll+. By Claim 1 we get
<

|mQ1‘,,m fm —MQh,m fm| |in,m,f — MQ,, 7nf

m—1 m—1

+fmaun (30 04) = mann (3 08)

k=1 k=1
(8.13) LAY

IN
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Recall also that, by (d),

(8.14) M@ frn] > 55 Al

From the definition of g, b,, and (8&13), (814), we derive that mgq, ,, fm and U, (x)
have the same sign.
On the other hand, from (8I2) and (BI3)) we get

34
<—A o
< Al

So by the definition of g,, and b, we have

|in,mfm|

H

< 5 Al

g + bm | Lo (1)
and by (Z.8) we obtain
34 34
AN [ Gun(e) duty) < (14 20) G5 AN < A5

(assuming e3 is small enough). By (812), (8I3) and since mq, . fm and Up(z)
have the same sign, (b) holds also in this case. O

(8.15)  [Un(2)] <

Therefore, (a)—(e) are satisfied.

8.4. Proof of (f), (g) and (h). The statement (f) is a direct consequence of the
following.

Claim 8. If 6(z,2Rp) < oo, and if Q@ = {z} € Dy, (i.e., £(Q) =0), then ho(z) =
fmy1(z) and |ho(z)] < Co Al ]

Proof. Take m such that (m—1) A < §(x,2Ro) < mA. By (e), we get Upqi(z) =0
for k > 1. Therefore, fy41(x) = fing2(x) =--- = ho(z). By (a) we have

[fmt1(@)] < [fm(@)] + [Un(2)] < |f(2)] +2Cs (1 +e3) Al f]]

So we only have to estimate | f,,(z)].
Take Qim—1 € Dm—1 with € Q; m—1. Since ¢(Q;m—1) > 0, by (b) we have
Mm@ s fin| < Alf] . Applying Claim[3, we get

A
Mm-S~ Sm@] < MGy ~ F@)]+ 15 1]
A
< ; — .
< € (148 Qun-1) + 755) 171
It is easily checked that d(z,Qim—1) < A+ eo + 1. Then we get |fin(z)] <
CA[f| O

Now we turn our attention to (g). Given some good cube Q;,, € DS with
0(Qs.m) > 0, we denote

Zism = Z(Qi,m, A| fll+/30)

(see Definition B.2; roughly speaking, Z; ,,, is the part of Q;,, where f does not
oscillate too much with respect to mq, .. f). If Qi n € DS and €(Q;,m) = 0, we set
Zi m = Qi,m. The set Z; ,,, has a very nice property:

Claim 9. Let k > m and Q; m € D,C,';. If P € Dy, is such that PN Z; ,, # &, then
g =b, =0 onP(mdPgD,?UDE.
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Proof. Consider first the case £(Q; ) = 0. If P € Dy, is such that PN Q;m # O,
then 4(P) < 4(Qi,m)/10 =0 and so P = Q; . Therefore,

§(P,2Ro) <mA< (k—15) A
By (e), we get by = g =0 on P.

Assume now ¢(Qim) > 0. Let z € PN Z; . From the definition of Z, ,,, we
have
A
< =

(5.16) ma.f ~msfl < 2171
for any S € Dp,4j, j > 1, with z € S. Also, by Claim [ we have

7
< — Al
M@y fntt] < 55 AN

Consider now P41 € D41 with @ € Pyq1. Observe that £(Py41) < £(Q4.m)/10
and P41 C 2Q;,m. We have

|um+1fm+1| < |in,m,fm+1| + |mQ1‘,,mfm+1 - um+1fm+1|

7
S 2_0AHfH*+|mQ7,mf_um+lf|

+ ‘in,m <k§m:_1 Uk) —mp, <k§m:_1 Uk) ‘

By (BI6) and Claim [ we obtain [mp,,, fms1] < 25 A f[«. By (d), on Pry1 we
have gm+t1 = b1 = 0 and also Upp1 = 0. Thus, fi42 = fimp1 on any cube
P11 € D41 containing x.

Take now Pp,19 € Dy,42 with © € Pp,4o. On this cube, fp42 = fin41, and then

we have

IN

|um+2fm+2| |in,m,fm+1| + |mQ1‘,,m fm-‘rl - um+2fm+1|

IN

7
2_0A Hf”* + |in,'m.f - um+2f|

+ ‘in,m (kzil:l Uk) —mp, ., (kzil:l Uk) ‘

Again by (d)v we get gmi2 = bpi2 = Upyo = 0 on Ppga. Thus, frq3 = fig1 on

Pio.
Going on, we will obtain gm4; = bt = Umyj = 0 for all j > 1 on any cube
P+ € Dy, containing . O

As a consequence of Claim @ Z; ., is a good place for supporting g,,. If, for
each m, g, were supported on |J; Z; m, then the supports of g,,, m > 1, would be
disjoint for different m’s. This is the idea that Carleson used in [Cal.

So we are going to make some “corrections” according to this argument. We
have

US@) = 3 um(a) [ i) om0 du(o).
=
For each Q; m with £(Q; m) > 0, we set
Zi,m (y)

X
Uim YY) = /wi,m Gm dp - .
) Zim)
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If0(Qim) = 0, we set wi m (Y) = Wi,m (Y) gm(y) = gm(y) (we do not change anything
in this case). Then US can be written as

Uﬁm=zn%mm/wmmWM.

€1y

As in the case of UZ in Subsection B2 if we set D& = DLCE U ... UDNC where
each subfamily D2 is disjoint, we can write US in the following way:

N
tﬁmzz/%am%@ww

with
W= > um)
i: Qi meDHC
and W;’},m(x) = Soyi,m(x) ifye Qi,m and Qi,m S ,Df«)n

By Proposition[5.3] if A is big enough we have u(Z; ) > u(Qim)/2 G €(Qim) >
0). Then it easily checked that ||u;m|lze(u) < 2/gmllzee(y) for all 4. Thus, from
(a), (g.2) follows. Moreover, because of Claim [@} (g.3) also holds.

One of the differences between our construction and Carleson’s is that, because
of the regularity of Lebesgue measure, Carleson can treat the bad cubes in a way
very similar to the way he treated the good ones. We have not been able to operate
as Carleson did. However, as it has been shown in Subsection B2 the packing
condition (&2) is also a good solution. Let us prove that this condition is satisfied.

Claim 10. For any R € D, with {(R) > 0, the bad cubes satisfy the packing
condition

> n@Q <CuR).

Q: QNR+£o
QEDE, k>m

Proof. Let k > m be fixed. We are going to estimate the sum

> u@.

Q: QNR#£Y
QeDp

Let Q € DkB be such that Q@ N R # @. Since @ is a bad cube, there exists some j
such that 255, NQ # @. Then we have Q C 45, . Since A > a1 + az + a3 and
45, s N R # &, we get £(S; ) < ¢(R)/20, and so 4S; 1 C 2R.

By the finite overlapping of the cubes @ in Dy, we have

> H(Q)SCH( U 2Sj,k>

Q: QNR#L j:S; kC2R
QeDp

<C Y ou@Sik)<C Y u(Sik)

jZSj,kCQR j:Sj,kCQR

Now, from the construction of g7, it is easy to check that

N
1(Sjk) < Cu(Sj,k n{d_lgkl # 0})
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This fact and the bounded overlapping of the cubes S; ;. give

> u<@><0u(2Rm{ﬁj|gi|¢o}).

Q: QNR#D
QeDP

Summing over k > m, as the supports of the functions g} are disjoint for different
k’s, we obtain

> u@=c Y u(2rn {i 971 #0}) < Cu(2R) < C u(R).

Q: QNR#L k>m
QEDE, k>m

8.5. Proof of Claim [l We only need to check that
= A
> Cad [ loan(o) = 0:a0)ldu(o) < 155
k=1

Let xg € supp(p) be such that z,y € 2Q4,.m. Obviously, we can assume £(Qzy.m) >
0. For each k < m we set

[1eas@ - pertldue = [+ [ =hut
RNQL, & Took
Let us estimate the integrals I; ;. Notice that if z,y € 2Q4,m, then z,y €
2Qqz0.1 C %Q}ka. Thus |z — 2| ~ |y — 2| = |xg — 2| for z € R\ lecmk. So by (d) of
Lemma [Z.8 we have

B |z —yl
Ly < Ca 1/ — —du(z
2 R"'\Qio,k |x_z|n+1 ()
g xTo,m
(8.17) < ca;M.
e( xo,k)

In case k > m, by Lemma [6.3] we get

Il,k < Ccfl K(Ql’oym) < O43 agl 2—7(m—k)A.

? E(mek)
Therefore,
m m—1 ¢
(818)  CsAY NLx<Csa; A 277 MAL CiCiza;" A Qo)
e e HQzom)

The first sum on the right-hand side is < C agl A2774 and for A big enough and
ag > 1itis <1< A/400. The second term on the right-hand side is also < A/400
if we choose ay big enough (or oy big enough, since then £(Qqym) > QL ,))-
Thus

m A
CeAS I, < =—.
8 ;1”“—200

We consider now the integrals I5 ;. By Lemma [7.8]

o' ()| < C o=
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for all u € Qz, k. Therefore,

—1 |z —y| _1 UQzo,m)
IQ,k S CO[Q / m d/,L(Z) S COéQ ﬁ
io,k ( xo,k) ( xo,k)
This is the same estimate that we have obtained for I ; in (BTT), and then we also
have
m
A
Cs A I < —
Z 2007
k=1
if we choose A and s (or ) big enough. O
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